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Fourier
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p qsrutwvyx{z}| ~

� �s������� ��� �����s� �����������
Fourier

����� � �������T�*�¡ £¢¤�2�T�\¥¡ 
¦ �\+65]1§F¨)=--0YBG(UQGTV;©¨SM-

(an), n ∈ N ' �^)M-K>]YBCD<?-E+6O¤5POQ8�FHGE<7CD3Q8
a1 + a2 + a3 + . . .+ an + . . .UQ>k/`:k5;-E)DnTR0:;)=<7Oª+.:;)M<7n ' ��-T<I) ©HFg«E8
an
UQ>¬/`:]5@-B)

n− GE+65d«E8b«E<7GE8�5POQ8�+.:;)M<?nT8 '��:@<I)=YE«4n?©g<?GB)+`Fg-ª5dOQ8�+.:;)M<7nE8�UQ>]FH:h5dOQJZ-TYEG(UQGEV;©HSM-
SN =

N∑

n=1

an.

��J¤O-TYBGIUQGEV;©¨S=-5]1�JªFg:@<I)eYEN�JZ-?©H<7GB),+.FHn05]1�J
SN

+`V?/.YTU0S J7:;)H+`:9>@J7-�-T<I) ©HFg«
S ® N → ∞ ® 57«(5d:UQ>@Fg:b«(57)`O4+`:@)M<?nK+.V?/.YEU0S J7:;)D+65@G

S
YB-B)6/`<7nECgGTV(FH:

∞∑

n=1

an = S.

¦ ��5@-EJfO4+.:;)=<?nK¯?:@Jf+.V?/.YEU0S J?:;)`UQ>@FH:�«(57)D-TR0GTYTU0S J?:@) '
°²±¨³B±¨´EµT¶¸·�¹}±HºQ±�»

(i)
�bJ

an = 1
2n
5d«(57:�:;S J?-E)D:]cIYBG(UQG4J?-¯7:;)`YE-EJ7:;S,8�«Q57)

SN =
1

2

1− 1
2N

1− 1
2

= 1− 1

2N
→ 1, N →∞

YE-B)`nE<7-
S = 1.

(ii)
�bJ7nTUQGI/`- ® -TJ an = rn

«TR0GTV |r| < 1 ® 57«(5d:
SN = r

1− rN
1− r →

r

1− r , N →∞&



A ¼�½b¾2¿hÀ*¿hÁPÂÄÃQÅÆ½�Á�Ço¿�È�É�È�Ê�ÇZË¡Á�ÇÄÇo½�Á�Ìo½*Ç
FOURIER

YE-B)`nE<7-
S =

r

1− r .
¦ ��5;-TJ |r| ≥ 1 ® 5d«(5d:�O4+.:;)M<?nK-TR0G0YEU0S J7:;) '

(iii)
�bJ

an = (−1)n+1 ® 5d«(57:
SN =

{
0

-EJ
N =

nE<757),GT8
,

1
-EJ
N =

RT:]<I)5P5d«E8
,G0RT«(5d:hO4+`:@)M<?nK-TR0G0YEU0S J7:;) ' ��R0GT¯?:;)=YEJ7c(:]5@-E)65;G-TYE«(UQGTV;©HGK#b:]N�<dOQFH-DÍ

Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD»ÓÑyÔªÕªÖ×EØ@Ù Ú`ÛK×gÜ?Ý.ÞPß`àáÕ;Ø@Ùeâ�ã@ädã¬Ø
an → 0, n→∞.

��G-EJd57S,+657<7GECDG45;GTViR0-E<7-TR0nEJd1�©g:]1�<73QFg-T5@GE8�¯?:]J¤)+`l6c(:@) '
å�ÐH¹}µT¶çæ�è¡Ð�»i��)¡)M¯?)M«(5dO(5d:@8�R0GEV4/`J71�<?SMé?GTV(FH:�/D)=-�5PO�+.c?/.YTU0),+6Os-TYBGIUQGEV;©¨)eN�J¤Fg:]5;-TCg>@<7GQJd5@-B)DYE-B)+65POK+.c?/.YEU0),+6O4+.:;)M<dN�J '
Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD»áêìë�ÛQÕiÖK×EØ@Ù ÚDÛ ∑

n an
×HÜ7Ý`Þ;ß`àíÕ@Ø@Ùeâîã@ädãkØ�ÖïTÞTðñß`ð;ÜQò(àáïªãôó�ÕZõîØöÚgÙ¸Þ0÷�ÕfïTò¬Úgð?Ù,×`õîÛ(øãôó�Õ

SN = a1 + a2 + . . .+ aN
Ø@àáÕ;ïTÙgùIÚ`ï7Ý(õîúdÕQÖBû

Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD»ýüÿþ���ð�Þ@ÚgÙ,ã��@ÚHÙeðbãkð;Ü
Cauchy ��� ×EØ@Ù Ú`Û ∑∞

n=1 an
×gÜ?Ý.ÞPß`àáÕ;Ø@Ù.ïQÕ?Õ ∀ε > 0

Ü��?Û@ÚBø
	 Ø@Ù¨ùBÜQ×.Ù¸ÞTä�
bï@ÚgÙ=ò(õîä�


n0
âîúPã@×.Ùg÷�×gã¬Ø ∀n,m ≥ n0

Ùe× 	� Ø@Ù��
|am+1 + am+2 + . . .+ an| < ε.

Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD»��{ë�ÛQÕ ∑∞
n=1 |an| <∞

ÞTïTÙ(ÖbïTÞTð�ß`ðPÜ(ò(àáï {bn} Ø@àáÕPï0Ù?ùIÚDïdÝQõ údÕQÖ(â6ã@ädã¬Ø ∑∞n=1 |anbn| <
∞ û
����� ´Bµ����QÐ���WªG7©H>@Jd5;GT8

ε > 0 ® >@+65]1 M
:;S J?-E)�>@J7-E8ªCDV(+D)eYB«E8i-E<?) ©HFH«T8i>]5d+`)�N�+657: |bn| ≤ M ®

n = 1, 2, . . .
' �hRT«K5@Gs#b:]N�<7OQFg- &('ý&(',a ® VIR0nE<7l6:;) n0 : ∀n,m ≥ n0

),+.l6c(:;)
|am+1|+ |am+2|+ . . .+ |an| < ε/M,nT<?- |am+1bm+1|+|am+2bm+2|+. . .+|anbn| < M ·ε/M ® ∀n,m ≥ n0

' �\R0GTFH>@J71�8 ® ∑ |anbn| <
∞ '
Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD»��ìë�ÛQÕ²Ö^×BØ]Ù ÚDÛ ∑∞

n=1 |an| < ∞
ã@ädã¬Ø ∑∞

n=1 an < ∞
þöï��7äXã¬ðXÞ@ÚHÙã��@ÚgÙeð�ãkð;Ü

Cauchy � û
Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD» � ∑∞

n=1 |an| < ∞
ïQÕ?Õ�ð7Ù�×BØ]Ù Ú`ú!
 ∑∞

n=1 a
+
n

ÞTïTÙ ∑∞
n=1 a

−
n

ã¬ó�ÕXò(Ø;ã;ÙíÞ0÷�ÕXÞEïTÙï]ÚHÕQÖBã@Ù¸Þ0÷�ÕfõîØ Ú.÷�ÕiãdÖ"
 ∑
n an

×gÜ7Ý`ÞPß`àáÕPðPÜIÕ(û
Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD»$#�þ

Leibniz � ë�ÛQÕ a1 ≥ a2 ≥ . . . ≥ an ≥ an+1 ≥ . . . ≥ 0
ÞEïTÙ9Ø;ÛQÕ

limn→∞ an = 0
â2ã@ädãkØ9Ö×BØ]Ù ÚDÛ ∑∞

n=1(−1)n+1an = a1 − a2 + a3 − . . .
×gÜ7Ý`ÞPß`àáÕ;Ø@Ùýû



ÃQÅ&%6Å�Ço½�Á�Ìo½*ÇyÇ('*)�¿hÌ9ËîÊbÇo½}É+) a

Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD» ,ÿþ.-ÔZò¬Úgð?Ùe×gÖiÞEï(ã;ÛZõîúöÚgÖ4ã¬ðPÜ
Abel � �îë�ÛQÕ {an} ÞEï0Ù {bn} Ø@àáÕ;ïTÙ0/ � ð�ïEÞ0ðñß`ð;ÜQò(àýØ1
¬âã@ädã¬Ø2�

a1b1 + . . .+ anbn =

n−1∑

k=1

(a1 + . . .+ ak)(bk − bk+1) + (a1 + . . . an)bn.

å�ÐH¹}µT¶çæ�è¡Ð��b$Än?©g<?GB)+.O�YE-T5dniFg>@<7O95@GEV
Abel

FH-E8�3TG0OP©HniJ7-iVIR0GIUQGI/DS,+.GEV(Fg:}+`:@)M<?>@8LRTGTVf>@l6GEV(J1�8�/`:@J?)=YB«4«E<7Gª/D) J?«TFH:@J7G4-TYEG(UQGEV;©H)=N�J '
4 ³5� è2¹ �76 Ñ`»ÒÑ`»�89- ë}×Dãôó§ädã@Ù {an} Ø]àíÕ;ïTÙDõHÙýïïEÞ0ðñß`ð;ÜQò(àáïIâ¡ò(ú;ãkð;Üdõ Ø2�

SN = a1 + . . . aN
ÞEï0Ù

σN =
S1 + S2 + . . . SN

N
, N = 1, 2, . . . .

� ×BØ]Ù ÚDÛ ∑∞
n=1 an

Ø@àáÕPï0Ù¡ï0ò¬ÚHð7à=×`ÙMõ�Ö�ÞTï(ãPÛ
Cesaro

�XØ]àíÕ;ïTÙ
(C1)

ïTò¬ÚHð7à=×.Ù õ2Ö�õ ØfÛTò¬Úgð?Ùe×.õDï�ÞTï(ã;Û
Cesaro

�fõ Ø
(C1)

ÛTò¬ÚHð7Ùe×.õDïfãkð
S
Ø@ÛQÕ

limN→∞ σN = S
û;:hØoïTÜ0ã��TÕ�ã7ÖTÕ<�7Ø Ú`à$�Iãôó�×gÖiÝdÚDÛEù`ðPÜdõ Ø

∑∞
n=1 an = S (C1)

û
Î µQÏ�³0ÐH¹}±§Ñ`»ÒÑD»ÓÑ0=ìë�Û(Õ ∑∞

n=1 an = a
â2ã@ädã¬Ø ∑∞

n=1 an = a (C1)
û

���.> ?w���T�*¥¡ @?BADCFEb�+GIH�¢¤��JKC
4 ³5� è2¹ �76 Ñ`»íêH»ÒÑL- ë}×Dãôó {fn} â n = 1, 2, 3, ...

â.Ø]àíÕ;ïTÙ?õ¨Ù ïbïEÞ0ðñß`ð;ÜQò(àáï�×gÜ(Õ;ï@ÚDã��T×BØkó�ÕM�7ðPÜ�ðñÚ`à NôðdÕIã]ï0Ù×Dã¬ðX× � ÕPðñß`ðªë þ Ü"�7ð7× � Õdð�ß`ð ã¬ð;Ü R � û�ë�ÛQÕ"Ö�ïTÞTðñß`ð;ÜQò(àáï"ã¬ó�Õ ï]ÚHÙ=ò(õ¡÷�Õ {fn(x)} ×gÜ?Ý`Þ;ß`àáÕ;Ø@Ù*Ý.ÙýïÞTÛTò(Ø
x ∈ E âîðñÚ`à Nôð;Üdõ ØhõHÙýïK×gÜIÕ(Û]ÚgãdÖT×gÖ f ú;ã;×.Ùg÷�×DãkØO�

f(x) = lim
n→∞

fn(x), x ∈ E, P &(',AB'ý&�Q
Ö4ð��7ð?àáïiÞEïPß0Ø]àeã]ï0Ù.ð�ÚgÙýïEÞ0�i×gÜ(ÕIÛ@ÚDãdÖT×HÖãdÖ"
 {fn} ×Dãkð E û2ë�ÛQÕfÙe× 	� Ø@Ù¡Ö þSRQû&T6û�R � â òQï�ß`ú@õîØ�Ø��7à=×gÖ"
ädã@Ù Ö {fn} ×gÜ7Ý`ÞPß`àáÕ;Ø]Ùg×HÖTõ Ø@ÙýïTÞEÛ4×DãdÖEÕ f ×gã¬ð E ûU õHð?à óF
¬âîïQÕªÖ ∑

n fn(x)
×gÜ?Ý.ÞPß`àáÕ;Ø@Ù¡Ý6ÙýïÞEÛTò(Ø

x ∈ E â ð�Ú`à N�ð;ÜdõîØ
f(x) =

∞∑

n=1

fn(x), x ∈ E, P &(',AB',A�Q
ÞTïTÙ¡Ö

f
ÞEï;ß0Ø@àeãkïTÙDÛTò¬Úgð?Ùe×.õDïsãdÖ"
b×EØ@Ù ÚDÛ�
 ∑

n fn
û

#b-Z:@[7:]5dnE+.GEV(Fg:\R0GB)M:@8})=¯I)M«(5PO(5d:@8o5POQ8}-TYBGIUQGEV;©¨S=-E8*+`V(J7-E<d5d3Q+.:]1�J {fn} ¯I)M-05dOQ<7GEc(Jd5@-B)(YE-B)(/D)M-95dOQJGT<I)M-0YE3�+.V(J?nT<75POQ+6O
f
-TVI5PN�J ' �b-T<?-T¯?:@S /`FH-05@GE8Ll6nE<dO ® :@nTJ�GB)E+.V(J?-E<d5P3Q+`:@),8 fn(x)

:;S J7-B)E+.V(J?:@l6:@S,8 ®3 ¯?)M-ECDGE<?S+D)=FH:@8 ® ),+.l6c(:;)*5@GÆSM¯I),G YE-B)�/D)M- 5POQJ�GE<I)=-TYT3�+.V(J7nE<75POQ+6O f ;
�\RTS,+6OQ8 ® ©H- :][?:]5dnE+.GTV(FH:-TJs),+.l6c(:;) O²+.l6>@+6O

limn

∫
fn(x) =

∫
limn fn(x) ® FH:Z5POQJR0<?G"VIR0«7©H:@+6O «(57)îO -0YBG(UQGTV;©¨SM-X5]1�J

{fn(x)} :@S J?-E)DGIUQGTYEU(OQ<dN�+`)MFgO ' �R0:@Jk©HV(F¨SMé7GEV(FH:h«(57)`O
f
:@S J?-E)D+.V(J?:]lB3Q8�+65;G

x
-TJ¤),+.l6c(:;)íÍ

limt→x f(t) = f(x).



j ¼�½b¾2¿hÀ*¿hÁPÂÄÃQÅÆ½�Á�Ço¿�È�É�È�Ê�ÇZË¡Á�ÇÄÇo½�Á�Ìo½*Ç
FOURIER

°²±¨³0W¨´Eµ�� ·�¹}±�� ¦ �\+.5]1
fn(x) = n2x(1− x2)n ® 0 ≤ x ≤ 1 ® n = 1, 2, 3, . . . . P &(',AB',a�Q

��R0:;)M¯d3K),+.l6c(:;)
limn→∞ nkλn = 0, ∀ k ≥ 1, |λ| < 1 ® >]l6GEV(FH:?Í

lim
n→∞

fn(x) = 0,
/D)M-KYEn?©H:

x ∈ (0, 1]. P &(',AB' j Q
�\C ¦ «T+.G0J

fn(0) = 0 ® O P &(',AB' j Q ),+.l6c(:;)./D)M-KYBn7©H:
x ∈ [0, 1]

'
��RT)=RQUQ>@GQJ ® l6<7OQ+`)MFHG0R0GB)=N�Jd5;-T8h5POKFH>�©HGE¯7G45POQ8�-EJd5?)eYB-T5dnT+.5@-T+.OQ8 ® VIR0G(UQG?/DSMé?GTV(FH:?Í

∫ 1

0
x(1− x2)ndx =

1

2n+ 2
,

+.V(J?:kR0N�8?Í
∫ 1

0
fn(x)dx =

n2

2n+ 2
→∞

YE-?©gN�8
n→∞ '�\nEJZ+65POQJ P &(',AB',a�Q -EJd5?)eYB-T5@-T+65d3Q+.GTV(FH:�5@G

n2 FH: n ® O P &(',AB' j Q ©H-s),+.l6c(:;) ® -TU(UQnf©H->@l6GTV(FH:
lim
n→∞

∫ 1

0
fn(x)dx = lim

n→∞
n

2n+ 2
=

1

2
,

:@JdN
∫ 1

0
lim
n→∞

fn(x)dx = 0.

X9-057n +.V(J7>]R0:;)M- ® 5@G «E<I)G�5@GEV�G(UQGTYTU(OQ<7N�FH-05@GE8K¯?:@J :;S J?-E)�R0nEJd5@- S,+.G FH:K5@G G(UQGTYTU(3Q<71�FH-�5;GTVGT<IS,GTV ® -TYE«EFH-ªYB-E)D-TJf5@-¯?c(G«T<I)M-4:;S J7-B).R0:]R0:@<?-T+`Fg>@J?- '
4 ³5� è2¹ �76 Ñ`»íêH»íêZY�ú@õîØ¤ädã@Ù2õ¨Ù ï�ïEÞ0ðñß`ð;ÜQò(àáïX×gÜ(Õ;ï@ÚDã��T×BØkó\Õ {fn} â n = 1, 2, 3, ...

âL×gÜ?Ý.ÞPß`àáÕ;Ø@Ù�ðPøõHð?Ù ä@õHð�Ú`ùgïb×Dãkðh× � ÕPð�ß`ð E ⊂ R ×EØoõ¨Ù ïf×gÜIÕ(Û]ÚgãdÖT×gÖ f âHï(Õ�Ý.Ù ïZÞEÛ0ò(Ø ε > 0
Ü"�?Û]Ú 	 Ø@ÙTúdÕ;ï"
où6Ü(×`ÙíÞTä[
ï]ÚHÙ=ò(õ ä[
�\�â2ã@úPã¬ð?Ù,ð[
h÷�×DãkØfÝ.Ù ïsÞTÛTò(Ø

n ≥ N Õ;ïK×gÜIÕ;Ø��?Û7Ý6ØPãkïTÙgädã@Ù
|fn(x)− f(x)| ≤ ε, ∀x ∈ E. P &(',AB',m�Q

ë}àáÕPï0ÙHùgï(Õ;ØöÚ`ä�ädã;ÙHÞEÛ0ò(Ø�ð@õ¨ð7Ù ä;õHð�Ú`ùDïª×gÜ?Ý.ÞPß`àáÕPðPÜ(×EïKïEÞTð�ß`ðPÜ(ò(àáïª×gÜ?Ý.ÞPß`àáÕ;Ø@ÙHÞTïTÙg×gÖTõ Ø@ÙýïEÞTÛBû
] >@FH:X«(57)LO +.:;)M<7n ∑

n fn(x)
+.V?/.YTU0S J?:;)LGTFHGB)M«TFHGT<7CD- +65@G +`c(J7G(UQG

E ® -EJ�O -0YBG(UQGTV;©¨SM- 5]1�JFH:]<I)=YTN�J9-?©H<7GB),+.FHn05]1�J {sn} R0GEVªGT<ISMé7:]5@-B).1�8
sn(x) =

n∑

i=1

fi(x)

+.V?/.YEU0S J?:;)DGTFHGB)M«TFHGT<7CD-4+65@G� '



ÃQÅ&%6Å�Ço½�Á�Ìo½*ÇyÇ('*)�¿hÌ9ËîÊbÇo½}É+) m

Î µQÏ�³0ÐH¹}±§Ñ`»íê¨»ýüÿþ�^�ÚHÙã��@ÚgÙeðbã¬ðPÜ
Cauchy �F� ïTÞTð�ß`ðPÜQò(àýïZãôó�Õ�×HÜIÕ;ï@Úgã��T×EØ]ó�Õ {fn} �7ðPÜ9ðñÚ`à N�ØPãkïTÙ×Dã¬ð

E
×gÜ?Ý`Þ;ß`àáÕ;Ø@Ù ð@õ¨ð7Ù ä@õ¨ðñÚDùDï×gã¬ð

E
ïQÕ?ÕÝ.Ùýï ÞTÛTò(Ø

ε > 0
Ü"�?Û]Ú 	 Ø@Ù¡údÕPï�
ZùBÜQ×.Ù¸ÞTä�
Zï]ÚHÙ=ò(õ ä[


Nã@úPã¬ð?Ù,ð[
h÷�×gã¬ØfÝ.ÙýïÞEÛ0ò(Ø
m,n ≥ N â�Õ;ïKÙe× 	� Ø@Ù

|fn(x)− fm(x)| ≤ ε, P &(',AB'`_�Q
Ý6ÙýïsÞTÛTò(Ø

x ∈ E û
Î µQÏ�³0ÐH¹}±§Ñ`»íê¨»��a- ë}×Dã¬ówädã@Ù

limn→∞ fn(x) = f(x), ∀x ∈ E. ÔªÕ
Mn = sup

x∈E
|fn(x)− f(x)|,

ã@ädã¬Ø
fn → f

ð;õHð?Ù ä@õHð�Ú`ùgïi×Dãkð�ë�ïQÕ?Õ
Mn → 0

Ý.Ùýï
n→∞ û

Î µQÏ�³0ÐH¹}±§Ñ`»íê¨»��b- ë}×Dã¬ó {fn} ïTÞTð�ß`ðPÜQò(àáïi×gÜ(Õ;ï@ÚDã��T×EØ]ó�Õc�7ðPÜªð�Ú.à NôðdÕ(ãkï0ÙD×Dã¬ðbë�ÞTïTÙgúô×gãôó
|fn(x)| ≤Mn, ∀x ∈ E

â
n = 1, 2, 3, ...,

ã@ädã¬ØfÖ ∑
n fn

×gÜ7Ý`ÞPß`àáÕ;Ø]Ùgð;õHð?Ù ä@õHð�Ú`ùgïi×DãkðbëìïQÕ ∑
nMn

×gÜ?Ý`Þ;ß`àáÕ;Ø@Ùáû
å�ÐH¹}µT¶çæ�è¡Ð��9��Gs-TJ757S,+65d<?GTCgGK¯7:@J¤)+`l6c(:@) '
����� ´Bµ����QÐ�����RT:@)M¯73iO ∑

nMn
+.V?/.YTU0S J?:;) ® /D)=-K5dV(l6-BS,G ε > 0

>@l6GTV(FH: ®
∣∣∣∣∣
m∑

i=n

fi(x)

∣∣∣∣∣ ≤
m∑

i=n

Mi(x) ≤ ε, ∀x ∈ E,

FH:f5POQJ4R0<?G�VIR0«?©H:]+.O�«(57)¡5@-
m
YB-B)

n
:;S J?-E)¡-E<dYB:]5dnXFH:k/`n0UQ- ' $£GEFgGB)M«TFHGT<7C`Os+.c?/.YEU0)+.O�>]R0:]5@-B)-0RT«K5@Gs#b:]N�<7OQFg- &(',AB',aB'

Î µQÏ�³0ÐH¹}±§Ñ`»íê¨» ��ë�ÛQÕ {fn} Ø@àáÕPï0ÙTõHÙýïZïTÞTð�ß`ðPÜQò(àáïb×gÜIÕ;Ø 	 ÷�Õ�×gÜ(Õ;ï@ÚDã��T×EØ]ó�Õh×Dã¬ðoë�ÞEïTÙTØ;Û(Õ
fn →

f
ð@õ¨ð7Ù ä@õ¨ðñÚDùDïª×Dã¬ðbë*â�ã@ädã¬ØfÖ

f
Ø@àáÕ;ïTÙD×gÜ(Õ;Ø 	 �"
b×Dãkð�ëhû

Î µQÏ�³0ÐH¹}±§Ñ`»íê¨»$#d- ë}×Dã¬ówädã@Ù {fn} Ø]àíÕ;ïTÙDúdÕ;ïK× � ÕPðñß`ðZð�ß`ðIÞPßHÖ@Ú6÷�×.Ù õHó�Õ¤ÞTï(ã;Û Riemann ×gÜ(Õ;ï@ÚEøã��T×EØ]ó�Õ ×Dã¬ð
[a, b]

â�Ý6Ùýï
n = 1, 2, 3, ...

â�ÞTïTÙ�ú¬×Dãôó�ädã@Ù
fn → f

ð;õHð?Ù ä@õHð�Ú`ùgï ×gã¬ð
[a, b]

â�ã@ädã¬ØsÖðñÚHÙýïTÞe�4×gÜIÕ(Û]ÚgãdÖT×gÖ
f
Ø]àíÕ;ïTÙDð�ß`ðIÞ;ßHÖ@Ú.÷�×.Ù õ2ÖÞEïIãPÛ

Riemann
×Dã¬ð

[a, b]
ÞTïTÙgÙ,× 	� Ø@Ù

∫ b

a
f(x)dx = lim

n→∞

∫ b

a
fn(x)dx. P &(',AB'gfhQ
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���Si jkEb¢4��lnmpoqG+rL�sm9�BGIt� LG\�L��uvJKCwmyx"�zG\�{o2Eb 
% ¦ -EVI5P3�5POQJ R0-E<?nQ/`<?-TCDG�VIR0:]J]©HV(F¨S=é?GEV(Fg:KFg:@<I)=YEGTc(8K5dcIR0GEV(8s-TR0«�5POQJ 5d<I) /.1�J7GEFH:]5d<?SM-�/D)=-�5dOQJ:@VIYEG(UQ«(5d:@<7OZYB-T5@-TJ?«0OQ+.O¤5]1�J¤:kRTGTFH>@Jd1�J9R0-E<7-0/`<?nTC`1�J '
�hRT«K5PO4+.5@GE),l6:;)=N�¯dOi5d<I) /.1�J7GEFH:]5d<?SM-i/`J71�<IS=é?GEV(Fg:h«(5?)

sin2 x+ cos2 x = 1, sin2 x = 1− cos2 x, cos2 x = 1− sin2 x,

sin 2x = 2 sinx cosx,

cos 2x = cos2 x− sin2 x = 1− 2 sin2 x = 2 cos2 x− 1,

sinx+ sin y = 2 sin

(
x+ y

2

)
cos

(
x− y

2

)
,

sinx− sin y = 2 sin

(
x− y

2

)
cos

(
x+ y

2

)
,

cosx+ cos y = 2 cos

(
x+ y

2

)
cos

(
x− y

2

)
,

cosx− cos y = 2 sin

(
x+ y

2

)
sin

(
y − x

2

)
,

1 + tan2 x =
1

cos2 x
, cos2 x =

1

1 + tan2 x
, sin2 x =

tan2 x

1 + tan2 x
.

��R0«K5@GEV(8�FH) /`-E¯?)=YBGTc(8h-E<I) ©gFHGEc(8�/`J71�<IS=é?GEV(Fg:h«(5?)
eix = cosx+ i sinx, e−ix = cosx− i sinx, x ∈ R«0RTGTV

i
:;S J7-B).O4Cg-EJd5;-T+65?)eYE3iFHGQJ7nE¯?- ® ¯7O(UQ-T¯73 i2 = −1.

�hR0«:@¯7N >@l6GEV(Fg:�«(57)
sinx =

eix − e−ix
2i

, cosx =
eix + e−ix

2
. P &(',aB'ý&�Q

���}| ~��}��uvJKCwmsx²�zG\�}��ln��m��Mm�ls�t�����x�E�G�E
¦ �\+65]1

n,m
CgV(+`)=YBGESD-T<I) ©HFHGES ' �*S J?-E)D:@cIYBGIUQGKJ?-K¯?:;).YB-EJ7:;S,8�«(5?)g),+.l6c(GTV(Jf5@-s-0YB«(UQGTV;©H-`Í

•
∫ T

−T
cos
(nπx
T

)
dx = 0.

•
∫ T

−T
sin
(nπx
T

)
dx = 0.
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FOURIER

f

•
∫ T

−T
sin
(nπx
T

)
sin
(mπx

T

)
dx =

{
0,

-TJ
n 6= m,

T,
-TJ
n = m.

•
∫ T

−T
cos
(nπx
T

)
cos
(mπx

T

)
dx =

{
0,

-TJ
n 6= m,

T,
-EJ
n = m.

•
∫ T

−T
sin
(nπx
T

)
cos
(mπx

T

)
dx = 0.

��)\-TR0GE¯7:;SM[?:@),8K5]1�J²R0-E<7-TR0nTJ71�:;S J7-B)\«TFHGB)=:@8 ' �*¯dNÄ©H- ¯?GTc(FH:45dOQJ²-TR0«T¯?:;)M[dO�F¨)M-T8s-TR0« -EVI5d>@8 '¦ �\+65]1
n 6= m ® 5d«Q5d:�YEnEJ7GQJ75@-T8�l6<73Q+6Oª5]1�JZ5@-TVI5;G(5P3(5]1�JZ5POQ8bRT-T<?-Q/`<?nECDGTV &(',a >@l6GTV(FH:h«Q57)

∫ T

−T
cos
(nπx
T

)
cos
(mπx

T

)
dx

=
1

2

∫ T

−T

(
cos
(nπx
T

+
mπx

T

)
+ cos

(nπx
T
− mπx

T

))
dx

=
1

2

∫ T

−T

(
cos

(
(n+m)πx

T

)
+ cos

(
(n−m)πx

T

))
dx

=
1

2

(
T

(n+m)π
sin

(
(n+m)πx

T

)
+

T

(n−m)π
sin

(
(n−m)πx

T

)) ∣∣∣∣∣

x=T

x=−T
= 0.¦ �\+65]1
n = m 6= 0 ® 5d«(57:

∫ T

−T
cos
(nπx
T

)
cos

mπx

T
dx =

∫ T

−T
cos2 nπx

T
dx

=
1

2

∫ T

−T

(
cos

(
2πnx

T

)
+ 1

)
dx

=
1

2

(
T

2πn
sin

(
2πnx

T

)
+ x

) ∣∣∣∣∣

x=T

x=−T
= T.

���.� ���w¢¤�2�T�\¥¡ 
Fourier

�^)M-K+`V(J7nE<d5dOQ+6O
f : R→ R

UQ>¬/`:]5@-B)`R0:@<?),GE¯?)=YT3iFH:hR0:@<ISGE¯?G
l ® -EJZ),+.l.c(:@)

f(x) = f(x+ l)

/D)M- YBn7©H:
x ∈ R YE-B) :]RT)=RQUQ>@GQJKG"-E<?) ©HFH«T8

l
:;S J7-B) G"F¨)=YE<?«(5d:@<7GT8f/D)M- 5;GQJKGTR0GBS,G"),+.l6c(:;)î-EVI5P3XO+.l6>@+6O '
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�^)M-4RT:]<I),GT¯I)=YT3i+.V(J7nE<75POQ+6Oª5PO4FH:]UQ:]5@GEc(Fg:�+.:b>@J7-¯?)MnE+65POQFH- ® Fg3(YEGEV(8�S,+.GsFH:h5POQJZR0:@<?S,GE¯7«45POQ8 '°²±¨³B±¨´EµT¶¸·�¹}±HºQ±�»
(i)
��)`+.V(J?-T<75P3Q+.:;),8

sinx, cosx
:;S J?-B)BR0:@<I)GE¯I)eYE>@8�Fg:�R0:@<?S,GE¯7G

2π
' ��)`+.V(J?-T<P_5P3Q+.:;),8

tanx, cotx
:;S J7-B).R0:@<I),GT¯I)=YE>]8�FH:hR0:@<ISGE¯?G

π
'

(ii)
��) +.V(J7-E<75P3Q+.:;),8

sinnx, cosnx, n ∈ N, :@S J?-E)¡:@cIYBGIUQG J7- ¯?:@)¡YE-EJ7:;S,8Z«(57) :;S J?-B)¨R0:@<?),GE¯?)=YE>]8FH:hR0:@<?S,GE¯7G
2π/n

'
4 ³5� è2¹ �76 Ñ`»��H»ÒÑL- ë}×Dãôó�õHÙýïª×gÜ(ÕIÛ]ÚgãdÖT×gÖ

f : R→ R
â��7ØöÚHÙ,ð�/?ÙíÞe�(âHõ Ø<�7ØöÚ.à=ð�/7ð

2T
û U ÕPð;õîÛ�N�ðPÜPõîØ×EØ@Ù Ú`Û

Fourier
�sïQÕIÛ��IãdÜ?ÝQõDï

Fourier
ãdÖ"
�×gÜIÕIÛ@ÚgãdÖT×gÖ"


f
ã7Ö×EØ@Ù Ú`Û

S[f ](x) =
a0

2
+
∞∑

n=1

(
an cos

(nπx
T

)
+ bn sin

(nπx
T

))
, P &(',mB'ý&�Q

äh�7ðPÜªð7Ù¨ï]ÚHÙ=ò(õHð?à
an, bn, n = 0, 1, . . .

â�/?àáÕPð7Õ(ãkï0Ùgï��7ä¤ã@Ù�
�× 	 ú¬×EØ@Ù�

an =

1

T

∫ T

−T
f(x) cos

(nπx
T

)
dx, bn =

1

T

∫ T

−T
f(x) sin

(nπx
T

)
dx

ÞTïTÙgðdÕPð;õîÛ�N�ðdÕ(ãkïTÙ`×gÜ(Õ(ã¬Ø ß0Ø¬×Dã@ú!

Fourier

ãdÖ"

f
ûs��ð¤Û0ò¬ÚHð?Ù,×`õDï

SN [f ](x) =
a0

2
+

N∑

n=1

(
an cos

(nπx
T

)
+ bn sin

(nπx
T

))

ß`údÝ6ØPãkïTÙ
N
ø ð7×Dã;äZõ ØöÚHÙíÞTäZÛTò¬Úgð?Ù,×`õDïãdÖ"
�×EØ@Ù Ú`Û"


Fourier S[f ](x)
ãdÖ"
�×gÜIÕIÛ@ÚgãdÖT×gÖ"


f
û

%oOQFH:@)=N�J?GTV(FH:f«(5?)¡O�RT-T<?-0RTnTJ71y+.:;)M<?n ¯?:@J4+.V?/.YEU0S J7:;) -TR0-E<7-BS5PO(5@- YE-B) «(5@-EJ4+`V?/.YTU0S J7:;)î¯7:@J4+`V7_/.YTU0S J?:;)`VIR0GQl6<?:k1�5?)eYBnK+65POQJZ57)MFg3
f(x)

'
4 ³5� è2¹ �76 Ñ`»��H»íêb- ë}×Dãôó õHÙýïZ×gÜIÕIÛ@ÚgãdÖT×gÖ

f : R→ R
�7Ø ÚHÙeð�/?Ù¸Þ0�(âDõ ØM�7ØöÚ.à=ð�/7ð

2T
û � ×gÜ(ÕIÛ@ÚDãdÖT×HÖ

f
ß`údÝ6ØPãkïTÙBºB¹*ÐH¹}±Hº5����W è����Bµh�7� 6 �Æè����Eµh��� 6 �¡±Hº"W ºB¹w�H¹}±HºQ± ïQÕh�

(i)
ãkð�/?ÙýÛ0×Dã7ÖTõDï

(−T, T )
õ*�7ð�Ú.Ø@à�ÕPï�/?Ùýï0Ù Ú`Ø@ò(Ø]à�×EØiúdÕ;ï��7Ø2�7ØöÚDï0×`õ údÕPðKï@ÚHÙ=ò(õ ä(/?Ù ïT×DãdÖEõîÛ(ãôó�Õs×EØÞTÛTò(Ø�úPÕPïKï��7äiãkïKð��7ð7àáïsÖ×gÜIÕ(Û]ÚgãdÖT×gÖ

f
Ø]àáÕPï0Ùg×gÜIÕ;Ø 	 �"


(ii)
Ö×gÜIÕ(Û]ÚgãdÖT×gÖ

f
Ø]àáÕPï0ÙgùIÚDïdÝQõ údÕQÖ4×gãkïsÛTÞ@Ú`ïãôó�Õv�?ï@ÚDïh�?ÛQÕ;ó�/?Ù ïT×DãdÖTõ�Û(ãôó�Õ(û

Î µQÏ�³0ÐH¹}±§Ñ`»��¨»ýüb�kåp�����;�z�¡µ 6 º��z�
Dirichlet - 1829)

- ë}×Dã¬ó
f : R → R

�7ØöÚgÙeð�/7Ù¸Þe�(âoõîØ�7ØöÚ.à=ð�/7ð
2T.

ÔªÕ¤ÖK×gÜ(ÕIÛ@ÚDãdÖT×BØ]Ù�

f
ÞEïTÙ

f ′
Ø@àáÕ;ïTÙDã;õ2ÖTõDï(ã;ÙíÞEÛ4×gÜIÕ;Ø 	 Ø@à�
h×Dãkð (−T, T )

ã;ädã¬Ø�ÖK×EØ@Ù Ú`Û
Fourier

ãdÖ"

f
×HÜ7Ý`Þ;ß`àíÕ@Ø@Ù`×DãdÖã;ÙMõI�ãdÖ"
h×gÜ(ÕIÛ]ÚgãdÖT×gÖ"


f
×gãkïª×gÖTõîØ@àáïiäh�7ðPÜ¤ïTÜ0ã��ªØ@àáÕPï0Ù6×HÜIÕ;Ø 	 �"
¬â/(ÖPßTï�/��

SN [f ](x)→ f(x), N →∞ÞTïTÙg×Dã¬ðiÛ0ò¬ÚHð?Ù,×`õDï f(x+)+f(x−)
2

×gãkï×gÖTõ Ø@àáïï0×gÜ(Õ?ú 	 Ø@Ùýï�
¬â*/QÖPßTï�/h�

SN [f ](x)→ f(x+) + f(x−)

2
, N →∞.
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 �R0:@Jk©HV(F¨SMé7GEV(FH:\«(57)TGB)0-E<?) ©HFHGES
f(x+), f(x−)

:;S J?-E)Q5;Gf«E<I)G9-TR0«f¯?:@[?)Mn�YB-E)0-T<I),+65d:@<?n�-EJ757S,+65@GB),l6-5POQ8
f
+65@Gs+6OQFH:;S,G

x
'

°²±¨³B±¨´EµT¶¸·�¹}±HºQ±�»��
i � $�+.V(J?nE<d5POQ+.O 1

x−1

¯?:@J})=YB-TJ?G0R0GB)=:;S?5?)8o+.V(J]©g3(YE:@8
Dirichlet

+.5@G9¯I)MnT+65dOQFg-
(0, 2)

/D)M-05?SD¯?:@Jf:;S J7-B)`Cg<7-0/`FH>@JdOi+65@G &('
�
ii � $ +.V(J?nT<75POQ+6O

cos
(

1
x−1

) ¯7:@J )=YE-EJ7GTR0GE)M:@S257),8+.V(J]©g3(YE:@8
Dirichlet

+65@G ¯I)MnT+.5POQFH-
(0, 2)/D)M-057SDO

f ′
¯?:@Jf:;S J7-B)`Cg<7-0/`FH>@JdOi+65@G &('�

iii � $�+`V(J7nE<d5dOQ+6O
f(x) =

{
1,

-EJ
0 < x < 1/2,

−1,
-EJ

1/2 < x < 1,)=YE-EJ7GTR0GE)M:@SD5?)8Z+.V(Jk©g3(YB:@8
Dirichlet

+65;GX¯?)MnE+65POQFH-
(0, 1)

/D)=-T57S¨:;S J7-B)H+65@-?©g:@<73K+65@-X¯I)M-T+.5P3QFH-05@-
(0, 1/2)

YE-B)
(1/2, 1)

:@J7N :;S J7-B)`-E+.V(J?:]lB3Q8�+65@-s+6OQFH:;S=-
0, 1/2, 1

'
Î µQÏ�³0ÐH¹}±§Ñ`»��¨»��9���f±z�Dº � º0Ðgº0±sº��z�

Parseval � ÔªÕ�Öb×gÜ(ÕIÛ]ÚgãdÖT×gÖ f Ù¸ÞTïQÕPð��7ð7Ù Ø]à0ã@Ù�
�×gÜ(Õ?ò��EÞ0Ø!
ã¬ðPÜ
Dirichlet

â2ã@ädãkØ�ú 	 ðPÜdõ Ø2�
1

T

∫ T

−T
f2(x) dx =

a2
0

2
+
∞∑

n=1

(a2
n + b2n). P &(',mB',A�Q

����� ´Bµ����QÐ�»�$ -TR0«E¯7:;)M[dO R0GTV�©H- ¯?GTc(FH: ¯?:]J�:;S J7-B)}-EV(+65POQ<73 ' Wª:@l6«EFg:@J?GE)L«(5?)L5;-�+.c(F53TGIUQ-5POQ8�G(UQGTYTU(3Q<71�+6OQ8�YE-B).5POQ8�n?©H<7GB),+6OQ8�FgR0GE<7GEc(JfJ7-K:@J?-0U(UQ-El(©HGTc(J�1�8bR0<?GT8b5PO4+.:;)M<7n:@CD-E<7FHG?/.3Q85@GEV(84YB-E)2YEnEJ7GQJ75@-T84l6<d3Q+.O²5@1�J�5dcIRQ1�J VIR0G(UQG?/g)+`FgGEcX57<?) /.1�J?GTFH:]5d<I)eYTN�JsGIUQGTYEU(OQ<d1�FHn05@1�JK5dOQ8R0-E<7-0/`<7nECDGTV &(' jK>@l6GTV(FH:?Í
1

T

∫ T

−T
f2(x) dx =

1

T

∫ T

−T

[
a0

2
+
∞∑

n=1

(
an cos

(nπx
T

)
+ bn sin

(nπx
T

))]2

dx

=
1

T

∫ T

−T

[
a2

0

4
+

( ∞∑

n=1

(
an cos

(nπx
T

)
+ bn sin

(nπx
T

)))2

+ a0

∞∑

n=1

(
an cos

(nπx
T

)
+ bn sin

(nπx
T

))]
dx

=
a2

0

2
+

1

T

∫ T

−T

[ ∞∑

n=1

(
an cos

(nπx
T

)
+ bn sin

(nπx
T

))]2

dx

=
a2

0

2
+

1

T

∫ T

−T

∞∑

n=1

[(
an cos

(nπx
T

)
+ bn sin

(nπx
T

))2

+2
∞∑

n=1

∑

m>n

(
an cos

(nπx
T

)
+ bn sin

(nπx
T

))(
am cos

(mπx
T

)

+ bm sin
(mπx

T

))]
dx
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=
a2

0

2
+

1

T

∫ T

−T

∞∑

n=1

(
a2
n cos2

(nπx
T

)
+ b2n sin2

(nπx
T

)

+ 2a2
n b

2
n cos

(nπx
T

)
sin
(nπx
T

))
dx

=
a2

0

2
+
∞∑

n=1

(a2
n + b2n).

¡ �¨¹}¹}±wÑD»��H»��
Riemann

ÔiÕ4Ö×gÜ(ÕIÛ]ÚgãdÖT×gÖ
f
ÙíÞEïQÕPð��7ð7Ù Ø]àHã;Ù�
b×gÜIÕ?ò��BÞ0Ø!
9ã¬ð;Ü

Dirichlet
â2ã@ädã¬Ø

lim
n→∞

an = lim
n→∞

bn = 0,

/(ÖPßTï�/��0�
lim
n→∞

∫ T

−T
f(t) sin

(nπx
T

)
dx = lim

n→∞

∫ T

−T
f(t) cos

(nπx
T

)
dx = 0.

����� ´Bµ����QÐ�»�hR0«�5@Gª©H:]N�<dOQFH-5;GTV
Parseval

>@l6GTV(FH:�«(57)HOs+.:;)=<?n P &(',mB',A�Q +.V?/.YTU0S J?:;)gYB-E)gYB-05dn+.V(J?>kRT:@)M-s-TR0«s5@GX#b:]N�<7OQFg- &('ý&('ý& RT-ESM<?J7GEV(FH:�«(5?)
a2
n + b2n → 0, n → ∞. ��R0«�-TVI5d345dO+.l6>@+6OR0<?G0YBcIRQ5d:;)D:@cIYEG(UQ-ª5;Gé7O(5@GEc(Fg:@J?G '

å�ÐH¹}µT¶çæ�è¡Ð�»f��-sRT-T<?-0R0nEJ71�:]R0:]YE5d:;S J7GQJ75@-B)DYE-B)H+.:�R0G(UQc4/`:]JI)=YE«Q5d:@<7:]8bYB-T5POI/`GE<?SM:@89+.V(J7-E<75P3Q+.:¬_1�J�-0RT«�-EVI5d>@8ªR0GEV²-TJ?-ECD>@<7GTV(FH: ' ��RT:@)M¯73²-EVI5dn^[7:@Cg:@c?/`GTV(J-TR0«�5@G^+6YBG0RT«"5;GTV²FH-7©g3QFH-05;GT8ªG-TJ?-0/`JdN�+65dOQ8hRTGTVª:@J7¯I)M-TCg>]<7:]5@-E).FgR0GE<7:;SDJ?-K-EJ?-05d<?>@[7:@)`+65POK+.l6:]57)=YE3¢3E)`30U0),G?/`<?-ECgSM- '
���S£ ¤ ��u¥Es¦L��lsH �yEb�w�b¢pG�Eb¢¢t§GIJKCÿ¢¤�2�T����C

Fourier

�b<7OQ+`)MFHG0RTGE)=N�Jd5@-E8�5;GTV(8b5dcIRTGTV(8 P &(',aB' &�Q 5POQ8�R0-T<?-0/`<7nECDGTV &(',A ¯?)M-TRT),+65PN�J?GTV(FH:h«(57)
an cos

(nπx
T

)
+ bn sin

(nπx
T

)
=
an − bni

2
ei
nπx
T +

an + bni

2
e−i

nπx
T

YE-B)`nE<7-4OK+.:;)=<?n P &(',mB'ý&�Q R0-ESM<?J7:;).5dO4FHGT<?CD3
a0

2
+
∞∑

n=1

(
an − bni

2
ei
nπx
T +

an + bni

2
e−i

nπx
T

)
.

#b>]5@GQJ75@-T8
c0 =

a0

2
, cn =

an − bni
2

, c−n =
an + bni

2
, n > 0O4+.:;)M<7n P &(',mB'ý&�Q /`<?nTCg:]5@-E)¸Í

c0 +
∞∑

n=1

(
cne

inπx
T + c−ne−i

nπx
T

)
=

∞∑

n=−∞
cne

inπx
T . P &('`_B'ý&�Q



ÃQÅ}¨;Å{Âª©�' Ì*Êy)h¿bÇw¼�¿hÁfËLÂL«\½hÉ�Ì�Êy¬"¿uËLÂc'
POISSON

&(&

$§5d:]UQ:@VI5@-ESM-fUQ>k/`:]5@-B)0¹��ç·2±¨´5�����"¹�¨³";�5POQ8�+.:;)=<?nE8
Fourier

5POQ8
f
YB-B)0GE)T-T<I) ©HFHGES

cn
UQ>k/`GQJd5;-E)¹��ç·�±¨´5�����î¶ªè����EºEµ[®gµ(èîº0¯ 6

Fourier
5POQ8

f ® +.V(F53TG(U0SMé7GQJ75@-B)�Fg:
f̂(n)

YB-E)\¯?S J?GQJd5;-E)�-0R0« 5PO+.l6>@+6O6Í
f̂(n) = cn =

1

2T

∫ T

−T
f(x) e

−inπx
T dx, n ∈ Z.

��<?n0/`Fg-T57)`-TJ
n ≥ 0

5d«(57:
1

2T

∫ T

−T
f(x) e

−inπx
T dx =

1

2T

∫ T

−T
f(x)

(
cos
(nπx
T

)
− i sin

(nπx
T

))
dx

=
an − bni

2
= cn.��J?nTUQG?/`- ® -EJ n < 0 ® 5d«(5d: m = −n > 0

YB-E)D>]l6GEV(FH:?Í
1

2T

∫ T

−T
f(x) e

−inπx
T dx =

1

2T

∫ T

−T
f(x) e

imπx
T dx

=
1

2T

∫ T

−T
f(x)

(
cos
(mπx

T

)
+ i sin

(mπx
T

))
dx

=
am + bmi

2

=
a−n + b−ni

2
= cn.%oOQFH:@)=N�J?GTV(FH:h«(57)g-TJfO

f
:;S J?-B)`+.V(J?nT<75POQ+6OªR0<?-Q/DFg-T57)=YEN�J�57)MFDN�Jf57«(5d:

cn = c−n.��-s-EJd57S,+65;GE),l6-¤©H:k1�<73QFH-05;-4R0GEV4>@l6GTV(J¤-TJ?-ECD:@<k©g:;S./D)M-57),89+.:;)=<?>@8b5POQ8fFgGE<7CD3Q8 P &(',mB'ý&�Q ),+.l6c(GTV(JYE-B)6/D)M-K57),8�+.:;)M<7>@8�5POQ89FgGE<?C`3Q8 P &('`_B'ý&�Q]'
 �R0:@Jk©HV(F¨SMé7GEV(FH:9«(57)¡F¨)M-X+.V(J?nE<d5POQ+.O

f : [−T, T ] → R
UQ>k/`:k5;-E)�W¨³Eº°�ô± -TJ

f(−x) = f(x)
/D)=-YEn?©H:

x ∈ [−T, T ] ® :@J7NÆUQ>k/`:k5;-E) � µ(³°� ºTº±��-EJ
f(−x) = −f(x)

/g)=-KYBn7©H:
x ∈ [−T, T ]

'
°²±¨³0W¨´Eµ�� ·�¹}±�»Z��)¡+.V(J?-T<75P3Q+.:;),8

x2, x4 − x2, cosx
:;S J7-B)HnE<d5?)M:]8 ® :]J7N§GB)¨+.V(J7-E<d5d3Q+.:;),8 x, x3 −

x5, sinx
:;S J7-B)`R0:]<I)5P5d>@8�+65@G

R '
���³² � ´bA��IHMCFEb dl<Ef�µG�m·¶!��� �ItMx¸E¹G�myA

Poisson

#b-�:@[7:]5dnE+.GEV(FH:f5dO UQ:k/`«TFH:@J7O ¦
Abel

+.c?/.YEU0),+6O ¦ 5POQ84+`:@)M<?nT8
Fourier

F¨)M-T8ª+.V(J?nE<d5POQ+.OQ8
f(x)

'WiO(UQ-T¯73 ® ©H-:@[7:]5dnE+.GEV(FH:�5dO4+.c?/.YEU0),+6Oª5POQ89+.:;)M<7nE8
u(r, x) =

∞∑

n=−∞
r|n|f̂(n)einx



&PA ¼�½b¾2¿hÀ*¿hÁPÂÄÃQÅÆ½�Á�Ço¿�È�É�È�Ê�ÇZË¡Á�ÇÄÇo½�Á�Ìo½*Ç
FOURIER

YE-?©gN�8�5@G
r → 1−

'
�\+65]1ÿ«(57)

f(x)
:@S J?-E)�F¨S=-wCD<?-0/`Fg>@JdO +.V(J?nE<d5POQ+.O ® 5d«Q5d:":@S J?-E)�:@cIYEG(UQG J7-�¯7:;)}YE-EJ?:@S,8"«(57)}YB-B)O�-TYBGIUQGEV;©¨S=-

f̂(n)
:;S J7-B)¡:]RTS,+6OQ8iCg<7-0/`FH>@JdO P ��%�X�$�%o$ Q YE-B)¡:]C ¦ «T+`GQJi/D)M-XYEn?©H:

0 < r < 1
O+.:;)M<7n ∑∞

n=0 r
n +`V?/.YTU0S J7:;) ® >]R0:]5@-B)?«(5?)?YE-B)7Oh+.:;)=<?n ∑∞n=−∞ r

|n|f̂(n)einx
+`V?/.YTU0S J?:@)IGEFHGE)M«EFgGT<7CD-+65@Gs¯I)=nE+65POQFH-

[0, 2π]
'

Î µQÏ�³0ÐH¹}±§Ñ`»º#g»ÓÑ
(Poisson)

ë�ÛQÕªÖ
f(x)

Ø]àíÕ;ïTÙD×gÜIÕ;Ø 	 �"
9ÞTïTÙeT°�;ø��7Ø ÚHÙeð�/?Ù¸Þ0�KÞEï0ÙgØ;ÛQÕ
u(r, x) =

∞∑

−∞
r|n|f̂(n)einx, r < 1,

ã@ädã¬Ø¬â
lim
r→1−

u(r, x) = f(x)ð@õ¨ð7Ù ä@õ¨ðñÚDùDïª×Dã¬ð
[−π, π]

û
�"RTGT<?GTc(FH:bJ?-/`<?n�»gGEV(Fg:�5POQJ

u(r, x)
FH:9FH)M-sRT),GX-0R0U(3FHGT<?CD3 ' ��J757)=YE-?©¨)+65;GTc(FH:b+65POQJ

u(r, x)5POQJf5?)MFD3ª5@GEV
f̂(n)

YB-E)D>]l6GEV(FH:
u(r, x) =

1

2π

∞∑

n=−∞
r|n|einx

∫ π

−π
f(t)e−intdt

=
1

2π

∞∑

n=−∞

∫ π

−π
r|n|ein(x−t)f(t)dt. P &('`fE'ý&�Q

��-E<?-05POQ<?GTc(FH:b«(57)HOs+.:;)M<?n ∑∞
n=−∞ r

|n|ein(x−t) +.V?/.U0S J?:;)¨GEFgGB)M«TFHGT<7CD-1�8fR0<?GT8 t ' �b<7n0/`FH-05?) ®>@l6GTV(FH:h57),8�/`:k1�FH:]5d<I)=YE>@8�+.:;)M<7>@8IÍ
∞∑

n=0

rnein(x−t) =
1

1− rei(x−t) ,

−1∑

n=−∞
r−nein(x−t) =

re−i(x−t)

1− re−i(x−t) .��<?GE+Q©H>k5;GTV(FH:�YB-T5dnKFH>]U(OiYB-B)`>@l6GTV(FH:�/D)M-
r < 1

Í
∞∑

n=−∞
r|n|ein(x−t) =

1− r2

1− 2r · cos(x− t) + r2
. P &('gfE',A�Q

�}N�<7- ® :kRT:@)M¯73bOf+.:;)M<7nZ+.V?/.YEU0S J?:;)TGEFHGE)M«EFgGT<7Cg-9FDRTGT<?GTc(FH:*J?-Z:@J7-TU(UQnE[7GTV(FH:�5dOQJhG(UQGTYTU(3Q<71�+6O�FH:5POQJZn?©H<7GB),+6Oi+.5POQJ P &('gfE'ý&�Q YB-E)`l6<7OQ+`)MFHG0RTGE)=N�J75@-T8h5POK+.l6>@+6O P &('gfE',A�Q ¯I)M-0RT),+65dN�J7GEV(FH:�«(57)¸Í
u(r, x) =

1

2π

∫ π

−π

∞∑

−∞
r|n|ein(x−t)f(t)dt ® (r < 1)
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POISSON

&Pa

=
1

2π

∫ π

−π

1− r2

1− 2r · cos(x− t) + r2
f(t)dt. P &('`fE',a�Q

$�+.l6>@+6O P &('gfE',a�Q UQ>k/`:]5@-B)DGIUQGTYTU(3Q<71�FH-ª5@GEV
Poisson

YB-E)`O4+.V(J?nT<75POQ+6O
Pr(x) =

1− r2

1− 2r · cos(x) + r2
® x ∈ [−π, π] ® r < 1 ,

UQ>k/`:k5;-E)`R0V(<73QJ7-E8�5@GEV
Poisson

' ��:]U0)=YBn4O4+.V(J?nT<75POQ+6O
u(r, x)

/`<?nTCg:]5@-E)¸Í
u(r, x) =

1

2π

∫ π

−π
Pr(x− t)f(t)dt, r < 1 . P &('gfE' j Q

���S½ ¤ �¡�}��l�¥  d¾À¿vEb�Fx�mu¤¥  ÁG�m�AÂ¶!��J��IHMx¸E�G�mb LG�m�A
Poisson

Î µQÏ�³0ÐH¹}±§Ñ`»�,¡»ÓÑL- ë}×Dã¬ó ädã@ÙDÖ
f
Ø]àíÕ;ïTÙEõ¨ÙýïZ×HÜIÕ;Ø 	 �"
�ÞEï0Ù±T°�;ø��7ØöÚgÙeð�/7Ù¸Þ0�Z×gÜ(ÕIÛ]ÚgãdÖT×gÖBû���ädã¬Ø ∀ε >

0
Ü"�?Û]Ú 	 Ø@Ù¨ãöÚHÙ ÝBó�ÕPð;õ ØPãöÚHÙ¸Þ0äÃ�7ð�ßBÜ(÷�ÕQÜdõHð

P (x)
úPã@×.ÙH÷�×Dã¬ØZÝ6ÙýïÞEÛ0ò(Ø

x ∈ [0, 2π]
Ù,× 	� Ø@Ù �

|P (x)− f(x)| < ε.

����� ´Bµ����QÐ�����R0«K5@G�#b:kN�<7OQFH-45@GEV
Poisson ® VIR0nE<7l6:;) r < 1

Í
|u(r, x)− f(x)| < ε/2, P &('`�B'ý&�Q

GEFHGE)M«EFgGE<7CD-f+65@G
[0, 2π] ® «0RTGTV u(r, x) =

∑∞
n=−∞ r

|n|f̂(n)einx
YE-B)

f̂(n)
:;S J7-B)EG¤+`V(Jd5d:]UQ:@+65P3Q8

Fourier
5POQ8

f
' ��R0:;)M¯d3ªO4-TYEG(UQGEV;©HSM-

f̂(n)
:;S J7-B)`Cg<7-0/`FH>@JdO ® VIR0nE<7l6:;) M > 0 ® >]5d+`)DN�+657:

∣∣∣∣∣∣
∑

|n|≥N
r|n|f̂(n)einx

∣∣∣∣∣∣
≤M

∑

|n|≥N
r|n| < 2M

rN

1− r . P &('`�B',A�Q

��R0:;)M¯d3
r < 1 ® VIRTnT<?l6:;) N -T<7YE:]5dn�FH:k/`nTUQG�>]5d+`)¡N�+65d:f5@G ¯?:@cI5d:@<7G�FH>]UQGE895POQ8 P &('`�B',A�Q J?-X:@S J?-E)

< ε/2 ® nT<?-K-0RT«K57),8 P &('`�B'ý&�Q YB-E) P &('`�B',A�Q >@l6GTV(FH:?Í
∣∣∣∣∣∣
f(x)−

∑

|n|≤N−1

r|n|f̂(n)einx

∣∣∣∣∣∣
< |f(x)− u(r, x)|+

∣∣∣∣∣∣
∑

|n|≥N
r|n|f̂(n)einx

∣∣∣∣∣∣
< ε/2 + ε/2 = ε.

Î µQÏ�³0ÐH¹}±§Ñ`»�,¡»áê
(Weierstrass)

- ë�×Dãôó ädã;Ù6Ö
f
Ø]àíÕ;ïTÙ0×gÜIÕ;Ø 	 �"
L×Dã¬ð<�7Ø��7ØöÚ`ïT×.õîúPÕdð�ÞTïTÙEÞ;ß0Ø@Ùe×Dã@ä/7ÙýÛT×DãdÖTõgï

[a, b]
ûy��ädã¬Ø¬â�/7ð?ò(údÕ(ã¬ð[


ε > 0
â�Ü��?Û@Ú 	 Ø]Ù*�7ð�ßBÜ(÷�ÕQÜdõHð

P (x)
úPã@×.ÙH÷�×Dã¬Ø2�

|P (x)− f(x)| < ε
Ý6ÙýïÞEÛTò(Ø

x ∈ [a, b] .

����� ´Bµ����QÐ�� ¦ �\+65]1
γ > max(|a|, |b|) ® FDRTGT<?GTc(FH: J7-ì:]R0:]YT5d:;S J?GTV(FH:�5POQJ f +`: F¨)M-Ä+.V(J?:@lB3+.V(J?nT<75POQ+6O 5;GTV

[−γ, γ]
' �^:k57n :]R0:]YT5d:;S J?GTV(FH:�5dOQJ

f
>]5d+`)�N�+65d:"J?- /DS J7:;) A /B_çR0:@<?),GE¯?)=YT3 YB-B)



& j ¼�½b¾2¿hÀ*¿hÁPÂÄÃQÅÆ½�Á�Ço¿�È�É�È�Ê�ÇZË¡Á�ÇÄÇo½�Á�Ìo½*Ç
FOURIER

+.V(F53TGIU0SMé?GTV(FH:s-EVI5P3QJ²5dOQJ�:kRT>kYE5@-E+6O FH:
F
' �}N�<?- ® ©H>]5@GEV(Fg: g(x) = F

(γx
π

) ' �b-T<?-T5POQ<7GTc7_FH:^«(57)hO
g
:;S J?-B) A RI_çR0:@<I),GT¯I)eYE3 ' ¦ �b<?- ® -TR0«§5@G�#b:]N�<dOQFH- P &('`�B'ý&�Q VIR0nT<?l6:;)h>@J?-w5d<?) /.1�J?GTFH:¬_5d<I)eYB« R0GIUQVIN�J?V(FHG

QN (x) =
∑N

n=−N ane
inx >]5d+D)�N�+657: supx|QN (x) − g(x)| < ε/2

nE<7-
|f(x)−QN

(
πx
γ

)
| < ε/2 ® ∀x ∈ [a, b]

' ¦ �*l6GTV(FH: ® UQGB)eRT«QJhR0<7GE+.:k/6/DS,+.:;)E5POQJ f FH:L5d<I) /.1�J7GEFH:]5d<?),_YEn�R0GIUQVIN�J?V(FH- ' ¦ �bFg1�8 ® YEn?©H:¤5d<?) /.1�J?GEFg:]5d<I)eYE«²R0G(UQVIN�J7V(FHG"R0<?GE+.:k/6/DS=é?:]5@-B)�GTFHGB)=«EFHGT<7CD-²-TR0«R0G(UQVIN�J7V(FH-4YB-B)`>]5d+`)g>]R0:]5@-B)`5@GZ©H:]N�<dOQFH- '
Î µQÏ�³0ÐH¹}±§Ñ`»�,¡»ýüÿþ���ð{Ys�TõîõDïiã¬ð;Ü

Riemann � - ë}×gãôó ädã@Ù`Ö
f
Ø]àáÕPï0ÙEõHÙýïZ×gÜ(Õ@Ø 	 �0


2π
ø��7ØöÚgÙeð�/7Ù¸Þe�×gÜIÕ(Û]ÚgãdÖT×gÖBûy��ädãkØôâ ∀n ∈ Z ú 	 ðPÜPõîØ2�

limn→±∞ f̂(n) = 0
û����� ´Bµ����QÐ��

f̂(n) =
1

2π

∫ π

−π
f(x)e−inxdx =

1

2π

∫ π

−π
(f(x)−QN (x))e−inxdx+

1

2π

∫ π

−π
QN (x)e−inxdx,

«0RTGTV
QN (x)

:;S J7-B)(>@J7-b5d<I) /.1�J7GEFH:k57<?)=YE«hR0G(UQVIN�J7V(FHG�3T-7©HFHGEc
N ® >]5d+`)QN�+65d: |f(x)−QN (x)| < ε/D)M-K¯?G?©g>@J

ε > 0
YB-B) ∀x P #b:]N�<dOQFH- (1.8.1)

Q]' ¦ �b<7- ® -EJ |n| > N
>@l6GEV(Fg:?Í

1

2π

∫ π

−π
QN (x)e−inxdx = 0

YE-B)
|f̂(n)| ≤ 1

2π

∫ π

−π
|f(x)−QN (x)|dx < ε.

���SÄ ÅBADx"¥�C\�  bE�¢¢lsH�¢i���I 
Æ � è��gÐHè Ð§Ñ`»}�bJ9O4+`V(J7nE<d5dOQ+6O

f
:@S J?-E)DnT<757)M-KJ?-K¯?:@SM[?:]5@-E)`«Q57)

an =
2

T

∫ T

0
f(x) cos

(nπx
T

)
dx, bn = 0, n ∈ N.

����� ´Bµ����QÐ��L�hRT«K5@GQJZGT<I),+.FH«K>]l.GTV(FH:�«(57)
an =

1

T

∫ T

−T
f(x) cos

(nπx
T

)
dx

=
1

T

∫ 0

−T
f(x) cos

(nπx
T

)
dx+

1

T

∫ T

0
f(x) cos

(nπx
T

)
dx.

X9nTJ?GQJ75@-E8L5dOQJ�-TU(UQ-Q/.3¤FH:k5;-h30U(O(5P3Q8
x = −u +.5@GªR0<7N�5@GªG(UQGTYTU(3Q<71�Fg-¤YE-B)B:]R0:;)M¯d3fOi+.V(J?nT<75POQ+6O:;S J?-B)`nE<d57)M- ® >@l6GEV(Fg:?Í

an = − 1

T

∫ 0

T
f(−u) cos

(−nπu
T

)
du+

1

T

∫ T

0
f(x) cos

(nπx
T

)
dx



ÃQÅ�Ç0ÅÆÀ('*¬^½+)�½*Çw¿�Ço¼fÊbÇo½�Á�Ç &Pm

=
1

T

∫ T

0
f(u) cos

(nπu
T

)
du+

1

T

∫ T

0
f(x) cos

(nπx
T

)
dx

=
2

T

∫ T

0
f(x) cos

(nπx
T

)
dx.

Èî)M-K5@GsVIR0GIUQGI/D),+.FH«45@GEV
bn
>@l6GEV(Fg:?Í

bn =
1

T

∫ T

−T
f(x) sin

(nπx
T

)
dx

=
1

T

∫ 0

−T
f(x) sin

(nπx
T

)
dx+

1

T

∫ T

0
f(x) sin

(nπx
T

)
dx.

¦ ��RQ1�8�YE-B)D+65@GQJ¤VIR0GIUQGI/D),+.FH«45@1�J
an

>k57+`)DYB-E)D:]¯7N YEnEJ7GEV(FH:�5POQJ¤-TU(UQ-Q/.34Fg:]5@-�30U(O(5P3Q8
x = −u+65@GR0<7N�5@GG(UQGTYTU(3Q<71�FH-ªYE-B)`:]R0:;)M¯d3iO4+`V(J7nE<d5dOQ+6Oª:;S J?-E)DnT<757)M-K>@l6GTV(FH:?Í

bn = − 1

T

∫ 0

T
f(−u) sin

(−nπu
T

)
du+

1

T

∫ T

0
f(x) sin

(nπx
T

)
dx

= − 1

T

∫ T

0
f(u) sin

(nπu
T

)
du+

1

T

∫ T

0
f(x) sin

(nπx
T

)
dx

= 0.

Æ � è��gÐHè Ð êH»�W4S J7:]5;-E)`O4+.V(J?nE<d5POQ+.O
f(x) =

{
0,

-TJ − 2 < x < 0,
2,

-TJ
0 < x < 2,

5POQJZGTR0GBSM-K5POQJZ:]R0:]YE5d:;S J?GEV(Fg:�RT:]<I),GT¯I)=YEn4Fg:�R0:@<?S,GE¯7Gªj '
(i)

��-c3T<?:�©HGEc(J9GB)D+.V(J75d:]UQ:@+65d>@8
Fourier

-EVI5P3Q8 '
(ii)

�b-ª/`<?-ECD:;S.O4+`:@)M<?n
Fourier

5POQ8
f
'

(iii)
��-�GE<?S,+.:]5d:i5PO"+.V(J7nE<75POQ+6O YB-05dnTU(U(O(UQ-"+65;-^+6OQFH:@SM-

x = −2, 0, 2
>]5d+`)�N�+657:iO²+`:@)M<?n"J?-+.V?/.YEU0S J?:;)D+65POK+.V(J?nT<75POQ+6Oi/D)M- |x| ≤ 2

'
����� ´Bµ����QÐyÍ

-6 -2 2 6 x’x

2
y’y

%LlB3QFH- &('ý& Í�$�/`<?-TCH)=YT3¤R0-E<7nE+65@-E+6Oi5dOQ8
f
'



&2_ ¼�½b¾2¿hÀ*¿hÁPÂÄÃQÅÆ½�Á�Ço¿�È�É�È�Ê�ÇZË¡Á�ÇÄÇo½�Á�Ìo½*Ç
FOURIER

(i)
��R0«K5@GQJZGE<?),+.FH«K>@l6GTV(FH:?Í

a0 =
1

2

∫ 2

−2
f(x) dx =

∫ 2

0
1 dx = 2.

Èî)M-
n = 1, 2, . . .

>@l6GTV(FH:?Í
an =

1

2

∫ 2

−2
f(x) cos

(nπx
2

)
dx

=

∫ 2

0
cos
(nπx

2

)
dx

=
2

nπ
sin
(nπx

2

) ∣∣∣∣∣

2

0

= 0.

��RTS,+6OQ8IÍ
bn =

1

2

∫ 2

−2
f(x) sin

(nπx
2

)
dx

=

∫ 2

0
sin
(nπx

2

)
dx

= − 2

nπ
cos
(nπx

2

) ∣∣∣∣∣

2

0

=
2

nπ
(1− cosnπ), n = 1, 2, . . .

(ii)
��R0«K5POQJ

(i)
R0<7GTYBcIRQ5d:;)D«(57)`O4+`:@)M<?n

Fourier
5POQ8

f
:;S J?-B).O

S[f ](x) =
2

2
+
∞∑

n=1

2(1− cosnπ)

nπ
sin
(nπx

2

)

= 1 +
∞∑

n=1

2(1− (−1)n)

nπ
sin
(nπx

2

)

= 1 +
4

π

(
sin
(πx

2

)
+

1

3
sin

(
3πx

2

)
+

1

5
sin

(
5πx

2

)
+ . . .

)
.

(iii)
$Æ+.V(J7nE<75POQ+6O�)=YB-TJ?G0R0GB)=:;SP57),8�+.V(J]©D3(YB:@8�5@GEV

Dirichlet ® nT<?-�O�+.:;)M<7nh+`V?/.YTU0S J7:;)?+65POQJo57)MFg3}5POQ8
f(x)

+.5@-�+6OQFH:;SM-�+.V(J7>@l6:;)M-T8�-EVI5P3Q8�YB-B)D+65;G f(x+)+f(x−)
2

/D)M-
x = −2, 0, 2

' X9-05dn�+.V(J?>kRT:@)M- ® O57)MFg3hR0GEV�R0<?>]R0:;)(J?-�>@l6:@)Q+65@G
x = −2

:;S J?-B)
f(−2) = 0+2

2 = 1 ® +65;G x = 0
:;S J?-E)

f(0) = 2+0
2 = 1YE-B)`+.5@G

x = 2
:@S J?-E)

f(2) = 0+2
2 = 1.

Æ � è��gÐHè ÐÆü¨»�W4S J7:]5;-E)`O4+.V(J?nE<d5POQ+.O
f(x) = x2, 0 < x < 2π



ÃQÅ�Ç0ÅÆÀ('*¬^½+)�½*Çw¿�Ço¼fÊbÇo½�Á�Ç &�f

5POQJZGTR0GBSM-:kR0:]YE5d:;S J7GEV(FH:�R0:@<?),GE¯?)=YEn4FH:hR0:@<?S,GE¯7G
2T = 2π

'
(i)

��-c3T<?:�©HGEc(J9GB)D+.V(J75d:]UQ:@+65d>@8
Fourier

-EVI5P3Q8 '
(ii)

�b-ª/`<?-ECD:;S.O4+`:@)M<?n
Fourier

5POQ8
f.

(iii)
�b-¯7:;SM[7:]5d:�«(5?)

∞∑

n=1

1

n2
=
π2

6
.

(iv)
X9nEJ?GQJd5;-T8�l6<73Q+6Oª5POQ8�5@-TVI57«(5PO(5@-E8b5@GTV

Parseval
J?-K¯?:;S=[?:]5d:�«(57)

∞∑

n=1

1

n4
=
π4

90
.

¡pÉ è Ð��
(i)

$�/`<?-TCH)=YT3¤5POQ8�R0-T<?nE+65@-E+6Oª¯IS J7:]5@-B)`-TR0«K5@G+`lB3QFg-DÍ

-4 Π -2 Π 2 Π 4 Π
x’x

40
y’y

%LlB3QFH- &(',A Í�$�/`<?-TCH)=YT3¤R0-E<7nE+65@-E+6Oi5dOQ8
f
'

�*S J7-B)
an = 1

π

∫ 2π
0 x2 cosnx dx.

X9nEJ7GQJ75@-E8²G(UQGTYTU(3Q<71�+6O YB-057n R0-T<?n0/`GQJd5d:@8"¯7c(GwCDGE<7>@8 /D)M-
n 6= 0

>@l6GEV(Fg:?Í
∫
x2 cosnx dx = x2 sinnx

n
+

2

n2
x cosnx− 2

n3
sinnx,

nT<?-DÍ
an =

1

π

[
x2 sinnx

n
+

2

n2
x cosnx− 2

n3
sinnx

] ∣∣∣∣∣

2π

0

=
4

n2
.

��5@-EJ
n = 0

>@l6GTV(FH:?Í
a0 =

1

π

∫ 2π

0
x2 dx =

1

π

x3

3

∣∣∣∣∣

2π

0

=
8π2

3
.

�bFHGES=1�8�VIR0G(UQG?/DSMé?GTV(FH:?Í
bn =

1

π

∫ 2π

0
x2 sinnx dx

=
1

π

[
−x2 cosnx

n
+

2

n2
x sinnx+

2

n3
cosnx

] ∣∣∣∣∣

2π

0

= −4π

n
, n = 1, 2, . . . .



&2� ¼�½b¾2¿hÀ*¿hÁPÂÄÃQÅÆ½�Á�Ço¿�È�É�È�Ê�ÇZË¡Á�ÇÄÇo½�Á�Ìo½*Ç
FOURIER

(ii)
��R0«K5POQJ P &(',mB'ý&�Q R0<?G0YBcIRQ5d:;)D«(57)DO4+.:;)M<7n

Fourier
:;S J?-E)

S[f ](x) =
4π2

3
+
∞∑

n=1

(
4

n2
cosnx− 4π

n
sinnx

)
, 0 < x < 2π.

�"RTGT<?GTc(FH:h:]RT)=RQUQ>@GQJfJ?-4RT-T<?-05dOQ<d3Q+.GEV(FH:h«(57)D-TR0«K5@G¤©g:]N�<7OQFH-45@GTV
Dirichlet

>]l6GEV(FH:
f(x) = S[f ](x), 0 < x < 2π.

(iii)
È�)M-

x = 0
O4+.:;)M<7n

Fourier
:;S J?-E)gS,+6OKFg:
S[f ](x) =

4π2

3
+

∞∑

n=1

4

n2
.

��J
x = 0 ® +`c(FgCD1�J?-�FH:î5@Gb#b:kN�<7OQFH-�5@GEV Dirichlet

O�+`:@)M<?n
S[f ](x)

+.V?/.YEU0S J?:;)7+65@G f(0+) + f(0−)

2
=

2π2 ® nT<?-
2π2 =

4π2

3
+
∞∑

n=1

4

n2
.

�hRT«:]¯7NÆRT<7GTYEcIRQ57:;)`«(5?)
∞∑

n=1

1

n2
=

1

4

(
2π2 − 4π2

3

)
=
π2

6
.

(iv)
��R0«K5POQJZ5@-EVI5d«(5PO(5;-K5@GEV

Parseval
YE-B).5POQJZR0-E<7-TR0nEJd1 ),+.«Q5PO(5@->@l6GEV(Fg:�«(57)

1

π

∫ 2π

0
x4 dx =

a2
0

2
+
∞∑

n=1

(a2
n + b2n)⇔

1

π

x5

5

∣∣∣∣∣

2π

0

=
64π4

18
+

∞∑

n=1

16

n4
+

∞∑

n=1

16π2

n2
⇔

32π4

5
=

64π4

18
+ 16

∞∑

n=1

1

n4
+

16π4

6
⇔

∞∑

n=1

1

n4
=

2π4

5
− 2π4

9
− π4

6
⇔

∞∑

n=1

1

n4
=

π4

90
.

Æ � è��gÐHè ÐÊ�¡»}�b-Ã3T<?:ñ©g:;S`O4+`:@)M<?n
Fourier

5POQ89+.V(J?nT<75POQ+6OQ8
f(x) =

{
1,

-TJ − π < x < 0,
x,

-TJ
0 < x < π.



ÃQÅ�Ç0ÅÆÀ('*¬^½+)�½*Çw¿�Ço¼fÊbÇo½�Á�Ç & �

-4 Π -2 Π 2 Π 4 Π
x’x

3

y’y

%LlB3QFH- &(',a Í�$�/`<?-TCH)=YT3¤R0-E<7nE+65@-E+6Oi5dOQ8
f
'

¡pÉ è Ðî»}$�/`<7-ECH)eYE3¤5POQ8bR0-E<7nE+65;-T+6O4¯?S J?:k5;-E)D-0R0«K5;G+.lB3QFH-DÍ
��+`l6c(:@)¸Í

a0 =
1

π

∫ π

−π
f(x) dx

=
1

π

∫ 0

−π
1 dx+

1

π

∫ π

0
x dx

= 1 +
π

2
.

Èî)M-
n = 1, 2, . . .

YE-B).YBnTJ?GQJd5;-T8�GIUQGTYEU(3Q<d1�+6OiYB-05dnKR0-T<?n0/`GQJd57:]8�>@l6GEV(FH:h«(5?)
an =

1

π

∫ π

−π
f(x) cosnx dx

=
1

π

∫ 0

−π
cosnx dx+

1

π

∫ π

0
x cosnx dx

=
1

π

1

n
sinnx

∣∣∣∣∣

0

−π
+ x

sinnx

nπ
+

1

n2π
cosnx

∣∣∣∣∣

π

0

=
cosnπ − 1

n2π
=

(−1)n − 1

n2π
.

��J?nTUQG?/`-¥3T<IS,+6YBGTV(FH:h«Q57)
bn =

(−1)n(1− π)− 1

nπ
, n = 1, 2, . . . .

��:]U0)eYBnK>@l6GTV(FH:?Í
S[f ](x) =

1

2
+
π

4
+

∞∑

n=1

(−1)n − 1

n2π
cosnx+

∞∑

n=1

(−1)n(1− π)− 1

nπ
sinnx.

��-BSM<7J?GQJd5@-E8X¯I)=-E¯?G(l.)eYB>]8�R0<?GE+.:k/6/DS,+.:;)8²+.5@GÆR0-E<?-0R0nEJd1 n?©H<7GB),+.FH- P 30UQ>]R0:X5;- RT-T<?-0YBnT5]1 +`lB3?_FH-05@- Q ® R0-E<7-T5POQ<?GTc(FH:f«(57)¡YB-7©gN�8Z5@G n FH:¬/`-TU(N�J?:@)¡>@l6GTV(FH:fYE-TUQcI5d:@<7OR0<?GT+.>k/6/D),+6OX+65@-"+6OQFH:;SM-+.V(J?>]l6:;)M-E8h5POQ8
f
'



Ah  ¼�½b¾2¿hÀ*¿hÁPÂÄÃQÅÆ½�Á�Ço¿�È�É�È�Ê�ÇZË¡Á�ÇÄÇo½�Á�Ìo½*Ç
FOURIER

-4 Π -2 Π 2 Π 4 Π
x’x

3

y’y

%LlB3QFH- &(' j.Í�$�/`<?-ECg)=YT3¤R0-E<7nE+65@-E+6Oª5POQ8
f
YE-B).5POQ8

S5[f ](x)
'

-4 Π -2 Π 2 Π 4 Π
x’x

3

y’y

%LlB3QFH- &(',m Í�$�/`<?-TCH)=YT3¤R0-E<7nE+65@-E+6Oi5dOQ8
f
YB-B).5POQ8

S10[f ](x)
'

�hRTGT¯?:;)eYBJ7c(:k5;-E)(«(5?)0-0YB«EFDOhYB-B)Q«(5@-EJ}5@G
n
FH:k/`-0U(N�J?:;)(>@l6GEV(FH:\-TR0«TYTU0),+6O�5POQ8L5dnT[?:]1�8*5@GEV

9%
+65@-+6OQFH:;S=-X+.V(J?>@l6:@)M-E8�YEGQJ75dns+65;GX+6OQFH:@S,GX-T+`V(J7>@l6:;)M-T8bYB-B)D5@GXCg-E) J?«TFg:@J7G-EVI5d«sUQ>k/`:]5@-E)HCg-B) J?«TFH:]J7G

Gibbs
_HR0<?GT8\57)MFg3h5@GTV��bFH:@<?)=YE-TJ7GTc}�^-?©DOQFH-T57)=YEGTc}YB-E)�ËLV(+`)=YEGEc

Josianh Willard Gibbs P &2�(a �_ & �  (a�Q R0GEVi5@GR0-T<?-T5P3Q<dOQ+`: '
�����+Ì �!¢¢lsH�¢i���I 
ÑÎÍsØ@à�Ï?ã¬Ø�äPã;Ù��

(i) 1 + 2 cos t+ 2 cos(2t) + . . .+ 2 cos(Nt) =
sin((N+ 1

2
)t)

sin( t2)
.

(ii)
1

π

∫ π

0

sin((N + 1
2)t)

sin
(
t
2

) dt = 1.

Ð��z� ´Eµ����0Ð
: (i)

��G(U(UQ-0R0UQ-T+`)MnEé7GTV(FH:�YB-E)`5@-¯?c(GKFH>]U(O4Fg:
sin(t/2)

YE-B).R0-BSM<7J?GTV(FH:?Í

1 + 2

N∑

n=1

cos(nt)


 sin

(
t

2

)
= sin

(
t

2

)
+ 2 cos t · sin

(
t

2

)
+ 2 · cos(2t) · sin

(
t

2

)
+ ... + 2 · cos(Nt) · sin

(
t

2

)
.�hRT«�5@GEV(8�57<?) /.1�J?GTFH:]5d<I)eYEGTc(8"5dcIR0GEV(8�5dOQ8^R0-E<7-0/`<7nECDGTV P &(',A�Q YB-E)�¯I)M-T¯?G(l.)=YE>]8�-0RQUQGTR0GB)=3Q+.:;)8>@l6GTV(FH:?Í

(
1 + 2

N∑

n=1

cos(nt)

)
sin

(
t

2

)
= sin

(
t

2

)
+sin

(
t+

t

2

)
−sin

(
t− t

2

)
+...+sin

(
Nt+

t

2

)
−sin

(
Nt− t

2

)
= sin

(
Nt+

t

2

)
.



ÃQÅ Ã[Ñ0ÅÆ¿�Ço¼fÊbÇo½�Á�Ç AB&

êìÔªÕªÖ×HÜIÕIÛ@ÚDã7ÖT×gÖ
f
Ø@àáÕ;ïTÙ7�7ØöÚgÙ,ãPã��×Dã¬ð

(−T, T )
â�Õ;ï(/7Ø@à�Ï@Ø;ãkØ�ädã;Ù

bn =
2

T

∫ T

0
f(x) sin

(nπx
T

)
dx, an = 0, n ∈ N.

üÒ\¤ï�Ó(Ú`Ø@ò(Ø@à¡Ö×EØ@Ù ÚDÛ
Fourier

ãdÖ"
b×HÜIÕIÛ@ÚDãdÖT×HÖ"

f(x) = x, |x| < π.

ÔÃ�Iû
S[f ](x) =

∞∑

n=1

2(−1)n+1

n
sinnx.

�Ô\¤ï<Ó(Ú`Ø@ò(Ø@à�ÖX×BØ]Ù ÚDÛ
Fourier

ãdÖ"
Z×gÜIÕIÛ@ÚgãdÖT×gÖ"

f(x) = x2

4 , |x| < π.
ÞEï0Ù¡×DãdÖ ×gÜ(Õ?ú 	 Ø@Ùýï²Õ;ï

/7Ø@à�Ï@Ø;ãkØ�ädã;Ù ∞∑
n=1

1
n2 = π2

6 .

ÔÃ�Iû
S[f ](x) =

π2

12
+
∞∑

n=1

(−1)n

n2
cosnx.

�Z\¤ï�Ó(Ú`Ø@ò(ð � ÕZð?Ùg×gÜIÕQã¬Ø ß0Øô×gã@ú!
 Fourier
ãdÖ"
b×HÜIÕIÛ@ÚDãdÖT×HÖ"


f(x) =

{
0

ïQÕ − π < x < 0,
x2 ïQÕ

0 < x < π.

^ªï(ã@äh�(ÙýÕ4Õ;ï(/7Ø@à�Ï@Ø;ãkØ�ädã;Ù ∞∑
n=1

(−1)n+1

n2 = π2

12 .

�Ò\¤ï�Ó(Ú`Ø@ò(Ø@à¡Ö×EØ@Ù ÚDÛ
Fourier

ãdÖ"
b×HÜIÕIÛ@ÚDãdÖT×HÖ"


f(x) =

{
0

ïQÕ − π < x < 0,
cosx

ïQÕ
0 < x < π.

ÔÃ�Iû
S[f ](x) =

1

2
cosx+

1

π

∞∑

n=2

n(1 + (−1)n)

n2 − 1
sinnx.

#Î\¤ï�Ó(Ú`Ø@ò(Ø@à¡Ö×EØ@Ù ÚDÛ
Fourier

ãdÖ"
b×HÜIÕIÛ@ÚDãdÖT×HÖ"


f(x) =

{
x

ïQÕ
0 < x < 2,

−x+ 4
ïQÕ

2 < x < 4

ÞTïTÙg×DãdÖs×gÜ(Õ?ú 	 Ø@Ù ïXÕ;ï(/7Ø@à�Ï@Ø;ãkØ�ädã;Ù ∞∑
n=1

1
(2n−1)4 = π4

96 .

ÔÃ�Iû
S[f ](x) = 1− 8

π2

∞∑

n=1

1

(2n− 1)2
cos

(2n− 1)πx

2
.



A(A ¼�½b¾2¿hÀ*¿hÁPÂÄÃQÅÆ½�Á�Ço¿�È�É�È�Ê�ÇZË¡Á�ÇÄÇo½�Á�Ìo½*Ç
FOURIER

,�ÔªÕ
f̂(n), ĝ(n)

Ø]àáÕPï0Ùgð?ÙHõHÙ Ý.ï�/?ÙíÞTð?àg×gÜIÕQã¬Ø ß0Ø¬×Dã@ú!

Fourier

ãôó�Õ
2T

�7ØöÚHÙ,ð�/?ÙíÞ0÷�Õf×gÜ(Õ;ï@ÚDã��E×EØ]ó�Õ
f
ÞEï0Ù

g
ïQÕ(ã@à=×gã¬ð7Ù 	 ï(â2ÕPïsÜ"�7ðñß`ð7Ý.Ùe×Dã¬ð � Õ¤ð?Ùgõ¨Ù Ý`ï�/7Ù¸Þ0ð?àg×gÜIÕQã¬Ø ß0Øô×gã@ú!


Fourier
ãdÖ"
�×gÜIÕ(Û]ÚgãdÖT×gÖ"


fgõ Ø9ãdÖ<Ó¡ðh�Tò(Ø@Ùýïãôó�Õ
f̂(n)

ÞEï0Ù
ĝ(n)

û
þáÔÃ�Iû

f̂g(n) =
∞∑

k=−∞
f̂(n− k)ĝ(k) ).

89- ë}×gãôó
f
ÞEï0Ù

g
/ � ðf×gÜIÕ;Ø 	 Ø@à�
n�7ØöÚgÙeð�/7Ù¸Þ0ú!
�×gÜIÕPï]Úgã��T×EØ@Ù�
hõîØ<�7ØöÚ`à=ð�/?ð

2T
û � ×gÜIÕ?ú ß`Ù�Ï0Ö þ

convo-
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f(t)
ÞTïTÙ

g(t)
ðñÚ`à N�ØPãkïTÙDï��7ä¤ã7Ö× 	 ú¬×gÖe�

h(t) = f ∗ g(t) =

∫ T

−T
f(t− x)g(x) dx.
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• ÔªÕ(ã@Ù õîØ;ã]ï0ò(ØPã@Ù¸Þe�
f ∗ g(t) = g ∗ f(t).

• Õ ÚHð7×EØPãkïTÙ ÚgÙe×Dã;ÙíÞe�
[f1 ∗ f2(t)] ∗ f3(t) = f1(t) ∗ [f2 ∗ f3(t)].

• ëy�(ÙMõîØöÚgÙe×Dã@Ù¸Þe�
f1(t) ∗ [f2(t) + f3(t)] = f1 ∗ f2(t) + f1 ∗ f3(t).

• ÔªÕ f̂(n), ĝ(n)
Ø@àáÕPï0Ù6ð?Ù.õHÙ Ý`ï±/?Ù¸Þ0ð?à6×HÜIÕ(ã¬Ø ß0Ø¬×Dã@ú!


Fourier
ãôó�Õ9×HÜIÕ;ï@Úgã��T×EØ]ó�Õ

f
ÞEïTÙ

g
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Fourier
ãdÖ"
f×HÜIÕIÛ@ÚDãdÖE×gÖ"


f ∗ g õ ØãdÖsÓ¡ð��Tò(Ø@Ù ïsãôó�Õ
f̂(n)

ÞTïTÙ
ĝ(n)

ûþáÔÃ�Iû
f̂ ∗ g(n) = f̂(n)ĝ(n) � û
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Fourier
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>���� á ¦}��Ey¿(m��}��lsH ��âo¬¢vJ�¢¢tLG�myA
Laplace

¢i� ¥*CFEsCkl<A{ls�b��lnã9¦{ok¢¢l<m
 �R0:@Jk©HV(F¨SMé7GEV(FH:�5POQJZ¯I)M-TCgGT<?)=YT3i:][IS,+61�+6O45@GEV

Laplace:

∇2u = uxx(x, y) + uyy(x, y) = 0 (x, y) ∈ R2. P AB'ý&('ý&�Q
$!SM¯?)M-:@[?S,+61�+6OK+.:�R0G(U0)=YE>@8b+.V(J75d:]5@-0/`Fg>@J?:@8

(r, θ) ® /`<7nECD:]5@-B) :
∂
(
r ∂u∂r

)

∂r
+

1

r
· ∂

2u

∂θ2
= 0 (r 6= 0). P AB'ý&(',A�Q

ägO(5@GEc(FH:ª5PO"UQc(+6O"5POQ8¯I)M-TCgGT<?)=YT3Q8ª:@[?S,+61�+6OQ8 P AB'ý&('A�Q /D)M-
r < 1 ® «(5;-TJ�F¨)M-�-E<?l.)eYE3²+.V(Jk©g3(YEO¯?SM¯?:]5@-E)D-0R0«K5dO4+.V(J?nE<d5POQ+.O

f(θ)
R0GEVªGE<?SMé7:]5;-E)`+65POQJ¤FHGQJ?-T¯I)=-ESM-ªR0:@<I)MCD>@<?:@)M- ® «Q5@-TJZ¯dO(UQ-E¯d3 :
u(1, θ) = f(θ) θ ∈ [−π, π] . P AB'ý&(',a�Q

��GKR0<?«h30U(OQFH--TVI5d«:;S J7-B)./`Jd1�+657«K1�8b°²³ ��å ®6ÐH¹}±Æº��z�
Dirichlet

'�*S J7-B)6:@cIYBGIUQGªJ7-ª¯?:@)BYB-EJ7:;S,8�«(57)6OZUQc(+6O
u(r, θ)

5POQ8 P AB'ý&(',A�Q R0<?>]R0:;)6J?-4)=YE-EJ7GTR0GE)M:@SE5?),8h+.V(J]©D3(YB:@8
:$

u(r, θ)
:;S J7-B) A RI_çR0:@<I),GT¯I)=YT3i+.V(J?nT<75POQ+6Oª5@GEV

θ ® ¯7O(UQ-T¯736Í
u(r, θ) = u(r, θ + 2π), θ ∈ [−π, π], P AB'ý&(' j Q
$
u(r, θ)

:@S J?-E)D+.V(J?:@lB3Q8b+.V(J?nE<d5POQ+.O ' P AB'ý&('m�Q
È�)=-�5PO�UQc(+6O�5dOQ8o¯?)M-ECDGE<?)eYT3Q8�:@[IS,+61�+6OQ8 P AB'ý&(',A�Q ©H-�l6<7OQ+`)MFgGTR0GB)=3Q+.GTV(FH:25dOb¹¯æ�F�¨´0����æ�³5� è2¹� Éº0æy��¹}µIºQ± å ®6Ðgº6Ïy� '$£FH>ñ©HGT¯?GE8Z-EVI5P3ª©H-²-EJ?nQ/`:;)¨5PO ¯I)M-TCgGT<?)=YT3s:@[?S,+61�+.O P AB'ý&(',A�Q +.:¤¯?c(G²+.V(J73P©H:@),8i¯?)M-ECDGE<?)eYE>@8Z:@[?),_+6N�+.:;),8 ' �b<7n0/`FH-05?) ® ©H>]5@GTV(FH:?Í

u(r, θ) = R(r)Θ(θ)

A(a
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FOURIER

ÇZË¡Á�ÇqçiÁ�¿K¾}Â\Ì�Á ¼f½*Ç²½�è�ÁñÇ�É*Ço½�ÁñÇ

$w)M¯7>@-b-EVI5P3Q8\5POQ8o-EJd57)=YB-057nT+65;-T+6OQ8\>k/.YE:;)5@-B)I+65@Gb/`:k/`GQJ?«T8\«(57)(GB)(FH:@<?)=YB>@82RT-T<?nQ/.12/`GB)?5POQ8
u(r, θ)©H-�FH-E89¯7N�+.GEV(Ji-TRQUQ>@89R0-E<7-0/.N2/`GEV(8�5]1�Jª+`V(J7-E<d5d3Q+.:]1�J

R(r)
YB-E)

Θ(θ)
' �b<7n0/`FH-05?) ® O P AB'ý&(',A�Q/DS J7:]5@-B)¸Í

∂(rR′Θ)

∂r
+

1

r
·R ·Θ′′ = 0,3

r2R′′Θ + rR′Θ +RΘ′′ = 0,
G0RT«(5d:�-EJf¯I)M-E)M<?>]+.GEV(Fg:hFg:

RΘ
>@l6GEV(Fg:?Í

r2R
′′

R
+ r

R′

R
= −Θ′′

Θ
.

��-E<?-05POQ<?GTc(FH:b«(57)H5@GXR0<dN�5;GXFg>]UQGE8f:;S J?-E)¨-TJ?:@[7nE<d5PO(5@G5;GTV
θ
YE-B)g5@G ¯7:@cI5d:@<?Gs:;S J7-B)H-EJ7:@[?nT<d5PO(5;G5@GEV

r
' ��R0:;)M¯d3ª5@-s¯7c(GFH>]U(Oª:;S J7-B)DS,+.-sVIRTnT<?l6:;)`F¨)M-K+65;-7©H:@<7n

c
>k57+`)DN�+65d:?Í

r2R
′′

R
+ r

R′

R
= −Θ′′

Θ
= c R,Θ 6= 0 .

¦ �\l6GEV(Fg:oUQGB)eRT«QJ�¯?c(GZ-0R0UQ>]8}¯I)M-TCgGT<?)=YE>@8o:][I),+6N�+.:;),8L¯?:]cI57:@<dOQ8o57nT[7OQ8o5@1�J
r
YB-E)

θ
'  �R0:@J]©gV(F¨SMé?GTV(FH:5PN�<?-«(57)`O4+`V(Jd3P©gOQ8�¯?)M-ECDGE<?)eYT3i:@[?S,+61�+.O

y′′ + ay′ + by = 0,«0RTGTV
a
YB-E)

b
:;S J7-B)�+65@-?©H:]<?>@8 ® UQc(J?:]5@-B)�©H>]5@GQJ75@-E8 y = ezx

YE-B)�UQc(J7GQJ75@-E8"1�8�R0<?GT8
z
' �bJUQGE)=R0«0J

z1, z2, (z1 6= z2)
:;S J?-B)gUQc(+.:;),8f5POQ8Zl6-E<7-TYT5dOQ<?),+657)=YT3Q89:@[?S,+61�+.OQ8

z2 + az + b = 0 ® 5d«Q5d:
y(x) = Aez1x + Bez2x ® «0R0GEV A, B :;S J?-E)*-TV;©H-BSM<7:]5d:@8s+.5@-?©g:@<?>]8 ' �\nEJ

z1 = z2 = z ® 5d«(5d:
y(x) = (A + Bx)ezx ® «0RTGTV A, B :;S J?-E) R0nTU0)�-TV;©H-BS=<?:]5d:@8¤+.5@-7©H:@<?>]8 '  �R0:@Jk©HV(F¨SMé7GEV(FH:Z:]RTS,+6OQ8«(57)DO4¯?)M-ECDGE<?)eYT3i:@[?S,+61�+.O

x2y′′ + axy′ + by = 0UQc(J7:]5@-B)�-TJ4©H>@+.GEV(Fg:
y = xz

YB-E)�UQc(+.GEV(FH:41�8sR0<7GE8
z
' �\nEJ ® z1, z2 (z1 6= z2)

:;S J?-B)2UQc(+`:@),85POQ8^l6-E<7-TYT5dOQ<?)+.57)=YT3Q8²:@[?S,+.1�+6OQ8
z2 + (a − 1)z + b = 0

57«(5d:">@l6GEV(Fg: UQc(+.:;),8"5dOQ8�FHGE<7CD3Q8
y(x) = axz1 + bxz2

«TR0GEV
a
YB-B)

b
:@S J?-E)}-TV;©H-BSM<7:]5d:@8 +65;-7©H:@<7>@8 ' �\nTJ

z1 = z2 = z ® 5d«(5d:
y(x) = (a+ b log x)xz

'
#b:]1�<7GEc(FH:L5PN�<?-¤5dOQJ

Θ′′+ cΘ = 0
5dOQ8hG0RTGESM-E8�Of/`:@J?)=YE39UQc(+6Oi:][?-E<d5dnT5@-B)E-0RT«i5@GiR0<?«T+.OQFgGi5@GEV

c
' �*S J?-E)D:@cIYBGIUQGKJ?-K¯?:;).YB-EJ7:;S,8�«(5?)

Θ(θ) =





Aei
√
cθ +Be−i

√
cθ, c > 0

A+Bθ, c = 0

Ae
√−cθ +Be−

√−cθ, c < 0

.

¦ �bFHGE)M- ® OKUQc(+.OK5POQ8Z¯?)M-ECDGE<?)eYT3Q8�:@[?S,+61�+6OQ8 r2R′′ + rR′ − cR = 0
:][?-T<75dnT5@-B)D-0R0«s5;GsR0<?«T+6OQFHG5@GEV

c
Í

R(r) =





ar
√
c + br−

√
c, c > 0

a+ b log r, c = 0

ari
√−c + br−i

√−c, c < 0

.

¦ ��5d+`) ® /D)M-¤R0-E<?nT¯?:;) /`FH- ® 30UQ>]R0GTV(FH:�«(57)BO (A+Bθ)(a+ b log r)
)=YB-TJ?G0R0GB)=:;ST5POQJ P AB'ý&(',A�Q]' Èî:@J?)=YEn ®YEn?©H:ª/D) J7«EFH:@J7G

R(r)Θ(θ)
R0GEV�R0<7GE+.¯I),GT<ISMé7:]5@-E)�-TR0« 5POQJ�SM¯?)M-�5?)MFD3^5@GEV

c
¯IS J?:;)�F¨)M-�UQc(+6O�5POQ8



%6Å ÃQÅÆÊéçiÁ�¿4¾}Â\Ì\Á ¼fÊì½wè�ÁñÇhÉ*ÇoÊuËLÂc'
LAPLASE

Ço½y½+)�¿�)ì¼q' ¼�À*Á�¼XÂBç4ÁñÇo¼sÂ A(m

P AB'ý&(',A�Q]'  �R0:@Jk©HV(F¨SMé7GEV(FH:h«EFg1�8�«(57)DYBn7©H:hUQc(+6O4R0<?>]R0:@)gJ?-s)=YE-EJ7GTR0GE)M:@S`57),8�+`V(Jk©g3(YB:]8 P AB'ý&(' j Q YE-B)
P AB'ý&(',m�Q]' È�)M-XYEn?©H:

r ® O u(r, θ)
:;S J?-E)¡F¨)=- +.V(J?:@lB3Q8Z+`V(J7nE<d5POQ+.Os+.5@G

[−π, π] ® nE<7-ª©H-XR0<?>kRT:@) J7-:;S J?-B)DCg<7-0/`FH>]J7O ' �\nEJZUQGE)=R0«QJ
c < 0 ® O457)MFD345POQ8 Θ

¯?:@JZ:;S J?-B)DCg<7-0/`FH>]J7Oi:]YE5d«T8�-EJ
A = B = 0

'¦ ��<?-¤/D)M-
c < 0

>@l6GTV(FH:�5POQJ�RT<7GECD-EJ73fFgOQ¯?:@J?)=YE39UQc(+.O ' ¦ �bFgGB)M- ® /D)M- c = 0 ® /D)=-4J?-4)=YB-TJ?G0R0GB)=:;S5@-E)O P AB'ý&(' j Q R0<7>]R0:;)LJ7- R0nE<7GEV(FH:
B = 0

' ��>]UQGT8 ® :@Cg-T<?FH«Té7GQJd5@-T8s5POQJ P AB'ý&(',m�Q +65POQJ
R
>@l6GTV(FH:

b = 0
/D)M-

c ≤ 0
' �hR0GEFH>@J7:;)gOR0:@<IS=RQ5]1�+6OX«0RTGTV

c > 0
' ��-E<?-05POQ<?GTc(FH:b-TYE«EFgOK«(5?)HOsUQc(+6Os5POQ8

Θ
:;S J7-B)

2π
_çRT:]<I),GT¯I)=YT3�-EJKYE-B)îFH«QJ7GQJK-EJKO √

c
:;S J?-E)î-TYE>@<?-E),GT8¤-T<I) ©HFH«T8 ® ¯dO(UQ-E¯73X«(5@-EJ c = n2 ®

n = 0, 1, 2, ...
' �\nEJ}5PN�<?-b/D) ¦ -TVI57>@8\5?),8*57)MFH>]8oé7O(5P3Q+.GEV(FH:�O

R
J7-f)=YB-TJ?G0R0GB)=:;SI5POQJ P AB'ý&(',m�Q >@l6GTV(FH:

b = 0 ® /g)=-T57Sg:@nTJ b 6= 0 ® br−√c →∞ ® r → 0
'

%LV(J7G"»HS=é?GQJd5;-T8�5@- RT<7GTOI/`GTc(FH:@J?- +`V(FDRT:]<?-BS J?GEV(Fg:�«(5?)LGB)oUQc(+.:;)8
u(r, θ)

R0GEV )=YE-EJ?G0R0GB)GTc(J²57),8
P AB'ý&(' j Q YB-E) P AB'ý&(',m�Q :@[7-E<75PN�Jd5;-E).-TR0«KYBn0R0GB),G

n = 0, 1, 2, ...
YB-E).5?)8�/`<?nECDGEV(FH:

:

un(r, θ) =

{
rn(Aeinθ +Be−inθ), n > 0

aA′, n = 0
.

�"RTGT<?:;SoYB-TJ?:@S,8 :@cIYBGIUQ-ÆJ7-Æ:]R0-TU(OP©H:]c(+`:@)}«(57)LO
un(r, θ)

:@S J?-E)LF¨)M-ÆFH:]<I)=YT3 UQc(+6O 5dOQ8 P AB'ý&('A�Q@'��RTS,+6OQ8 ® :@S J?-E)?Cg-EJ7:@<7«h«(57)I:@nEJ u1, u2, ..., uN
:;S J7-B)7UQc(+.:;),8�57),8 P AB'ý&(',A�Q ® 5d«(5d:�YE-B)7O u1+u2+...+uN:;S J?-B).UQc(+6O45POQ8 P AB'ý&('A�Q ® nE<7-4O

a0 +
N∑

n=1

rn(Ane
inθ +Bne

−inθ)

)=YE-EJ7GTR0GE)M:@SD57),8 P AB'ý&(',A�Q ®�P AB'ý&(' j Q YB-E) P AB'ý&(',m�Q]' �*nTJ¤5PN�<?-i©g>@+.GEV(FH:
An = f̂(n)

YB-B)
Bn = f̂(−n)«0RTGTV

f̂
:;S J?-E)DG+.V(J75d:]UQ:@+65P3Q8

Fourier
5POQ8

f
>]l6GEV(FH:�5dO4FH:@<?)=YE3¤UQc(+6O45POQ8 P AB'ý&(',A�Q Í

N∑

n=−N
r|n|einθf̂(n).

Èî)M-�J?-¸3T<7GEc(FH:ª5PO"/`:]JI)=YT3²UQc(+6O�5dOQ8 P AB' &(',A�Q O^+.V(J7OP©H),+.FH>@JdO�¯?)M-E¯?)=YE-T+`SM-^+ ¦ -EVI5dn^5@-�R0<?Gh30U(3?_FH-05@- P +.V(J?GT<I)M-0YEN�JX57)MFDN�J²3 R0<7G�30U(3QFH-05;- 5@GEV
Dirichlet

Q :;S J?-E)\O�UQ:k/`«EFg:@J7O^¹¯æ�w�¨´"� 6 ºQÐ 6� � ¯(³��\µ(è Ð 6 ' �bC`3QJ?GTV(FH:�5;G
N
J7-K5d:;S J?:;)D+65@GsnTR0:;)M<7G4YE-B)6/`<?nECDGEV(FH:7Í
u(r, θ) =

∞∑

n=−∞
r|n|einθf̂(n). P AB'ý&('`_�Q

�*+65]1
r < 1 ® R0<7GECg-TJ7N�8oGB)T+.V(J75d:]UQ:@+65d>@8 f̂(n)

:;S J7-B)TCD<?-0/`Fg>@J?GE)(YB-B)Q5;G¤¯7:@[I)=«fFH>]UQGE8o5dOQ8 P AB'ý&('`_�Q+.V?/.YEU0S J?:;) ' ��R0GE<7:;S¨YE-EJ7:;S,8f:@cIYBGIUQ-XJ7- :kRE)&3T:13T-B)=N�+.:;)¨«(57)¨O P AB'ý&('`_�Q )=YB-TJ?G0R0GB)=:;Sg5POQJ P AB'ý&(',A�Q +65@G:@+61�5d:@<?)=YB« 5;GTV FHGQJ?-T¯I)=-ES,GTV�¯IS+.YEGEV P r < 1
Q]' ¦ ��<?- ® FH:¤5;GTV(84+.V(J75d:]UQ:]+.5d>@8 Fourier 5POQ8 f(θ)>@l6GTV(FH:�YE-?©HGT<IS,+.:;)*5PO UQc(+.O 5POQ8 P AB' &(',A�Q]' �hR0GEFH>@J7:;)oJ7-Æ¯?GTc(FH:X-TJ�O P AB'ý&('`_�Q )=YE-EJ7GTR0GE)M:@S*5dOQJ-T<?l.)=YT3²+.V(J]©D3(YEO P AB'ý&(',a�Q]' %oOQFH:@)=N�J?GTV(FH:i«(57)2O P AB'ý&(',a�Q YB-7©HGE<?SMé7:;)îF¨)M-^FgG0J7-E¯?)=YT3XUQc(+6O

u(r, θ)5POQ8
(2.1.2)

R0GEV:;S J7-B)HO
u(1, θ) = f(θ)

' $ 5d:]UQ:@VI5@-BS=-²),+.«(5PO(5;-X+65;-XR0:@<?),+`+.«(5d:@<7-�R0<?Gh30U(3QFH-T5@-+.V(J?GT<I)M-0YTN�J�5?)MFDN�J¤+6OQFH-ES J7:;)D«(5?)`O4UQc(+6O
u(r, θ)

5POQ8 P AB'ý&(',A�Q P R0GEVª>@l6:@)gGT<I),+Q©H:@SD+.5@Gs:@+61�5d:@<I)eYB«5@GEV�¯?S,+6YBGEV Q +`V?/.YTU0S J?:@)\+65POQJ
f(θ) P R0GEV�GE<?SMé?:k5;-E)�+.5@G +.c(J?GT<?G Q YB-7©gN�8K5;G

u(r, θ)
5d:;S J7:;)�+.5@G
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FOURIER

ÇZË¡Á�ÇqçiÁ�¿K¾}Â\Ì�Á ¼f½*Ç²½�è�ÁñÇ�É*Ço½�ÁñÇ

+.c(J?GT<?G ' %oOQFH:@)=N�J?GTV(FH:¤«(57)2VIR0nT<?l6:;)îF¨)M-"FH:k/`nTU(OXR0GB)eY6)=U0SM-²R0<?Gh30U(OQFHnT5]1�J+.V(J?GT<I)M-0YEN�Jª5?)=FgN�J '��GªR0-E<?«QJbR0<7«�30U(OQFH-i5dOQ8�:]RTS=UQV(+6OQ8b5POQ8 P AB'ý&(',A�Q +.V(JIS+.5@-T5@-E)`+65;GQJ�5d<?«TR0G4Fg:�5@GQJ9GTR0GBS,GªO
u(r, θ)+.V?/.YEU0S J?:;)D+65POQJ

f
'��J O

u(r, θ)
:@S J?-E)�«0R01�8�+.5@G ©g:]N�<7OQFg- 5;GTV

Poisson ® >@l6GTV(FH: u(r, θ) → f(θ) ® r → 1− ®GTFHGB)M«TFHGT<7CD- +65;G
[−π, π]

' WiO(UQ-E¯d3 FgR0GT<?GEc(Fg:�J7- :]R0:]YT57:@S J?GTV(FH:s+.V(J?:@lBN�8X5POQJ
u(r, θ)

+65@G0JYTUQ:;),+65d«¯IS,+6YEG>]5d+`)DN�+.5d:
u(r, θ) = f(θ)

+.5@Gs+.c(J7GE<?G '$�UQc(+6O
u(r, θ)

:;S J7-B)gFgG0J7-E¯?)=YT3 ' ��<?nQ/`FH-T57) ® O u(r, θ)
:;S J7-B)g+.V(J7:@lB3Q8�YB-B)D-E<?FgG0J?)eYT34+.V(J7nE<75POQ+6O5@GEV²¯?S,+6YBGEVX1�8KUQc(+6O"5POQ8 P AB'ý&('ý&�Q YB-E)2-TR0«�5POQJX-T<?lB3 5;GTV²FH:k/DS,+65@GEV 5dOQ8KF¨) /`-T¯I)=YT3Q8ª-EJ7nTUQV(+6OQ8YEn?©H:hnTU(U(OiUQc(+.O

u(r, θ)
5POQ8 P AB'ý&(',A�Q R0GEV4)=YE-EJ7GTR0GE)M:@S.5dOQJ P AB'ý&(',a�Q 5;-TVI57SMé?:]5@-B)`FH:h5dOQJ

u(r, θ)
'��G²R0<7«�30U(OQFH- R0GTVX:@[7:]5dnE+.-EFg:Z+.V(J?-TJ75dnT5@-E) +65PO�3E)`30U0),GI/`<7-ECgSM-X1�8¤5;G²R0<7«�30U(OQFH- 5POQ8ª¯?)MnE¯7GE+6OQ85POQ89©g:@<?Fg«Q5PO(5@-E8¤+65;G"¯IS,+6YBG ' �\nTJ

f(θ)
:@S J?-E) O4©H:]<?FH«(5PO(5@-²+.5@G�+.c(J?GT<?G 5@GEV�¯IS,+6YBGTV�O

u(r, θ):;S J?-B).O9©H:@<7FH«(5PO(5;-K+65@Gs+6OQFH:;S,G
(r, θ)

-TVI5@GEc '
>��.> jkEb¢4��l9¥¡  ¥�CFCwm9�T�  dGIJKCê¦L��Es¿vmb�L��l¢�KC �*âL�I¢v��¢i��J�Cëx²�dx²�¡�}��l9¥¡ 

�sE��wEyuc�Ku¥myA� 
4 ³5� è2¹ �76 êH»íêH»ÒÑÎÍsÙýïTùDðñÚHÙ¸Þ0� ØìÏ?à=×Eó�×gÖ�þ}/IûMØPû � õ Ø õ ØöÚHÙíÞTú!
��?ï@Ú`ï7Ý6÷gÝ6ðPÜ�
�þ õ2û��Iû � ß`údÝ.ØPãkï0Ù�õHÙýïØìÏ?à=×Tó�×HÖª�7ðPÜB�7Ø ÚHÙ ú 	 Ø]Ù�õHÙýï Û7ÝTÕPó�×DãdÖ ×HÜIÕIÛ@ÚDã7ÖT×gÖµ/ � ðÀ�í�7ØöÚgÙe×.×BðPã;úöÚ6ó�Õ�õîØ;ã]ïìÓ0ßHÖBã@÷�Õ ÞTïTÙhã@Ù�
õ ØöÚHÙíÞTú!
<�?ï@Ú`ï7Ý6÷gÝ6ðPÜ�
�ãdÖ"
bóF
p�ñÚgð[
�ã@Ù�
bõîØPãkïæÓ0ßHÖBã@ú!
bïTÜTã@ú!
Pû
4 ³5� è2¹ �76 êH»íêH»íê@��Û�Ï0ÖXõ¨Ù ï"
¢/7ÙýïEù`ð�ÚgÙ¸Þ0�"
9ØìÏ?à=×Tó�×HÖ"
fõîØfõîØöÚgÙ¸Þ0ú!
Ã�?ï]ÚDï7ÝB÷gÝ.ð;Ü±
}ß`údÝ6ØPãkïTÙ2Ö"ãPÛ�Ï0ÖãdÖ"
�õ ØdÝ.ïPß � ã¬ØöÚHÖ"
n�?ï]ÚDïdÝ6÷gÝ.ð;Ü��7ð;Ü��7Ø ÚHÙ ú 	 Ø;ã]ï0Ùg×DãdÖ�/?ÙýïTùDðñÚgÙ¸Þ0�4ØìÏIà=×Tó�×gÖBû
°²±¨³0W¨´Eµ�� ·�¹}±��L$�:@[?S,+61�+.O

∂2u

∂x∂y
= 2(x+ y) P AB',AB'ý&�Q

:;S J?-B)`F¨)M-¯ ' : ' FH:�F ' R¯7:@cI5d:@<7OQ8�5dnT[7OQ8 ' $!+.V(J7nE<75POQ+6O
u
:;S J?-E)`O4:@[?-T<75POQFH>@JdOiFH:]5@-h30U(O(5d3ªYE-B).5;-

x, y
:;S J7-B)`GB)D-TJ?:@[7nE<d5PO(5d:@8�FH:]5@-�30U(O(5d>@8 '

4 ³5� è2¹ �76 êH»íêH»áüÒY � ×HÖõHÙýï"
s/7ÙýïEù`ð�ÚgÙ¸Þ0�"
hØìÏ?à=×Eó�×gÖ"
bõ ØbõîØ ÚHÙ¸Þ0ú!
n�?ï@Ú`ï7ÝB÷gÝ.ðPÜ�
\ß`údÝ.Ø;ã]ï0ÙHõHÙýï×gÜ7øÕIÛ@ÚDãdÖT×HÖî�7ðPÜªÙ¸ÞTïQÕdðh�7ð7Ù Ø@àHãdÖ�/7ÙýïTùDð�ÚgÙ¸Þ0�ªØìÏIà=×Tó�×gÖBû
4 ³5� è2¹ �76 êH»íêH» �Ôï�ØdÕ?Ù¸Þ0�4ß � ×gÖ�õHÙýï"
¥/?ÙýïTùDðñÚHÙíÞe�"
fØìÏIà=×Tó�×gÖ"
iõ ØiõîØ ÚHÙ¸Þ0ú!
v�?ï]ÚDï7ÝB÷gÝ.ð;Ü±
�ß`údÝ6ØPãkïTÙõHÙýïZß � ×gÖ¸�7ð;Üð�7ØöÚgÙ ú 	 Ø@Ù¡ÞEï0Ù ï0ÜQòQï0à Ú`ØPã¬Ø!
b×gÜIÕPï]Úgã��T×EØ@Ù�
¬â\ã¬ð��ôßz�Tò(ð�
Zã¬ó�Õªð��7ð?àMó\Õ¤Ø@àáÕPï0Ù¨à=×EðiõîØZãdÖTÕã;Û±ÏQÖsï0ÜTã��"
Pû
4 ³5� è2¹ �76 êH»íêH»��Zñ ØöÚHÙ¸Þ0�bß � ×gÖsõHÙýï�
s/7ÙýïEù`ð�ÚgÙ¸Þ0�"
�ØìÏIà=×Tó�×gÖ"
�õîØ�õîØ ÚHÙ¸Þ0ú!
<�?ï@Ú`ï7Ý6÷gÝ6ðPÜ�
bÞTïPß0Ø@àeãkïTÙÞTÛTò(Ø�×gÜ(ÕIÛ]ÚgãdÖT×gÖ��7ðPÜ¤Ù¸ÞTïQÕPð��7ð7Ù Ø]àDãdÖv/?ÙýïTùDðñÚHÙíÞ0�iØìÏ?à=×Tó�×HÖ4ÞTïTÙgÖ4ð��7ð7àáïv�ñÚHð?Þ � �Iã¬Ø@Ù`ï��7äfãdÖsÝ.ØPÕIÙíÞe�ß � ×gÖsõ Øb×gÜ7Ý`ÞTØ@Þ@ÚHÙMõîúdÕQÖ4Ø��(Ù ß`ð?Ý���ãôó�ÕiïTÜQòQï0à Ú`Ø;ã¬ó�Õf×gÜIÕPï]Úgã��T×EØ]ó�Õ(û



%6Å&%6ÅvòL¿bÇoÁ�¼9½oÇ�½+)y)4Â\Á ½*Ç�Ë�É+)ÊçiÁ ¿K¾}Â\Ì�Á�¼ªÉ+) ½�è�ÁñÇ�É*Ço½}É+)�¬�½�¬�½�Ì�Á�¼f½*Ç�©�¿�Ì�¿hÈ\É�ÈLÂc'�ÇLA�f

°²±¨³0W¨´Eµ�� ·�¹}±��L$�¯I)=-ECgGT<?)eYT3i:@[IS+.1�+6O P AB'AB'ý&�Q /`<7nECg:k5;-E)`+65POKFHGT<?CD3
∂

∂x

(
∂u

∂y

)
= 2(x+ y).

��UQG0YEU(OQ<7N�J7GQJd5;-T8h1�8bR0<?GT8
x
R0-BS=<?J?GTV(FH:?Í

∂u

∂y
= x2 + 2yx+ g1(y),

«0RTGTV
g1(y)

:;S J?-B).F¨S=-K-EV;©H-ESM<?:]5PO¤+`V(J7nE<d5POQ+.O¤5;GTV
y
' ��UQG0YEU(OQ<7N�J7GQJd5;-T8�5POQJ9R0-E<7-TR0nEJd1 1�8�R0<?GE8

y
R0-BSM<7J?GEV(Fg:�5dOi/`:@J?)=YE3¤UQc(+6O45POQ89¯ ' : ' Í

u(x, y) = x2y + y2x+ f(x) + g(y),

«0RTGTV
f, g

:;S J7-B)`-EV;©H-ESM<?:k57:]8b+.V(J7-E<75P3Q+.:;),8 '
¦ ��5@-EJ"+.:XFH)M- ¯ ' : ' FH:�F ' R ' é7O(5dnEFg:UQc(+`:@),8XR0GTV J7- )=YB-TJ?G0R0GB)GTc(J²+.V?/.YE:]YB<?)MFH>@J7:]8s+`V(Jk©g3(YE:@8 ®UQ>@Fg:h«(57)`>]l.GTV(FH:�>@J7-ªR0<7«�30U(OQFH-ªè����0�¨³5�ô±z� Ï��²º°�ô¹�Ïy�4YB-E).GB).+.V(J]©D3(YB:@8�UQ>¬/`G0Jd5@-B)6+`V(J7GE<?)M-TYE>]8+.V(J]©D3(YB:@8 '
°²±¨³0W¨´Eµ�� ·�¹}±��L��-KUQV;©H:;S`O P AB',AB'ý&�Q FH:h57),8�+.V(J]©g3(YE:@8

u(x, 0) = x, u(1, y) = 1 + y.

%o5@GXR0<?GTOI/`GTc(FH:@J7GsR0-E<7nE¯7:;) /`FH-v3T<d3(YB-EFg:�5PO/`:@J?)=YE3KUQc(+6Os5POQ8¤¯I)M-TCgGT<?)=YT3Q89:@[?S,+61�+.OQ8 ' Èî)M-�5dOQJ:@c(<7:@+6Of5POQ8hFg:@<I)=YT3Q8}UQc(+6OQ8�R0<7>]R0:;)BJ?-¤R0<7GE+.¯I),GT<IS,+.GTV(FH:o57),8
f, g

Fg:}5POn3TG03P©H:;)M-Z5]1�J�+.V(J7GE<I)=-TYTN�J+.V(J]©DO(YEN�J ' ¦ �\l6GEV(FH:?Í
u(x, 0) = f(x) + g(0) = x,

u(1, y) = y + y2 + f(1) + g(y) = 1 + y.��<?GE+Q©H>k5;GQJd5;-T8�>]l6GEV(FH:?Í
f(x) + g(0) + y + y2 + f(1) + g(y) = x+ 1 + y.

Èî)M-
x = 1

YB-E)
y = 0

>]l6GEV(FH:?Í
2(f(1) + g(0)) = 2.%LV(J7¯I)MnTé?GQJd5@-T8h5@-R0-T<?-0RTnTJ71 R0<?G0YBcIRQ5d:;)
f(x) + g(y) = x− y2,

nT<?-4O4é7O(5@GEc(Fg:@J7O¤UQc(+6OK:;S J7-B)¸Í
u(x, y) = x2y + y2x+ x− y2.



Ah�I¼�½b¾2¿hÀ*¿�Á;Â�%6Å4½�¾ ¿hÌ+¬wÂ\È�½*Ç�Ë�ÉF)ÆÇo½�Á�ÌhÉ+)
FOURIER

ÇZË¡Á�ÇqçiÁ�¿K¾}Â\Ì�Á ¼f½*Ç²½�è�ÁñÇ�É*Ço½�ÁñÇ

>��Si ó��FEsx�x���l9¥¡ ô¦}��Es¿vmb�L��l9¥¡ £��âL�I¢v��¢i���I 9¦*�7r{G\�¡�+t� LGF�sâ+t� 
$ì/`:]JI)=YT3¤FHGE<7CD3¤F¨)=-E8�/`<7-EFHFH)=YE3Q8�¯ ' : ' FH:hF ' R ' ¯7:@cI5d:@<7OQ8�5dnE[7OQ8�Fg: A -EJ7:@[?nT<d5PO(57:]8hFH:]5@-�30U(O(5d>@8:;S J?-B).5POQ89FgGE<?C`3Q8

auxx + buxy + cuyy + dux + euy + fu = g,«0RTGTVi5@-
a, b, c, d, e, f, g

:;S J7-B)`+`V(J7-E<d5P3Q+`:@),8�5]1�J
x, y

'��JªF¨)M-�¯ ' : ' Fg:fF ' R ' ¯?:]cI57:]<7OQ895dnE[dOQ8ZFg: A -TJ?:@[7nE<d5PO(5d:@89FH:]5@-�30U(O(5d>@8f¯?:@Ji:;S J?-B)g5POQ8ZR0-T<?-TR0nTJ71FHGT<?C`3Q8 ® UQ>¬/D:k5;-E)DFgOi/`<7-EFHFH)=YE3¤¯ ' : '��J
g = 0,

5d«(57:hOªRT-T<?-0RTnTJ71Æ¯ ' : ' UQ>¬/`:]5@-B)DGTFHGI/`:@Jd3Q8 ® :@J7N -TJ g 6= 0
UQ>¬/`:]5@-B)DFgO4GTFHGI/`:]J73Q8 '

��J?nTUQG?/`-4FH:h5;GTV(8�+.V(J75d:]UQ:@+65d>@8 ® OªR0-E<?-0R0nEJ71Æ¯ ' : ' UQ>k/`:]5@-B)
(i)

:]U(UQ:@)=RQ5?)eYE3 ® -EJ b2 − 4ac < 0 ®
(ii)

VIR0:@<23TGIU0)=YE3 ® -EJ b2 − 4ac > 0 ®
(iii)

RT-T<?-h3TG(U0)=YT3 ® -EJ b2 − 4ac = 0
'

�b-E<?-0YT5dOQ<?)+.57)=YE>@8�R0:@<I)=RQ5PN�+.:;),8�/`<7-EFHFH)=YEN�J�¯ ' : ' FH:�F ' R ' :;S J?-E)DGE)D-TYE«(UQGEV;©g:@8IÍ

• $�:@[IS,+61�+6O²¯?)MnE¯7GE+6OQ8Z5POQ89©g:@<?FH«(5PO(5@-E8 P heat equation or diffusion equation
Q ® +.:i>@J7-+6N�FH->@l6:;)`5PO4FHGT<?CD3

ut = k∇2u,«0R0GEV
u(t, x, y, z)

:;S J7-B)¨Oi©H:@<7FHGTYE<7-T+DS=-X:@J?«T8Z+.OQFg:;S,GEV5@GEVs+6N�FH-T5@GT8¤FH:Z+.V(J75d:]5@-Q/`FH>@J?:]8
(x, y, z)

5PO l6<7GQJI)=YT3�+657) /`Fg3
t
' %o5dOQJ"R0-E<7-TR0nEJd1�+.l6>@+6O 5@G

k
:;S J7-B)*F¨)M- +65@-?©H:@<7n R0GEV:][?-E<d5dnT5@-B).-0RT«K5@-l6-E<7-TYE5POQ<?),+657)=YEnª5@GEVª+6N�FH-05;GT8�+65@GsGTR0GES,G¯I)M-T¯IS=¯?:]5@-E).O9©g:@<?FH«(5PO(5@- '

��RTS,+6OQ8 ∇2u = ∂2u
∂x2 + ∂2u

∂y2 + ∂2u
∂z2

:;S J?-B).O ] -0RQUQ-E+`)M-EJd3¤5POQ8
u
'

%o5PO4F¨SM-¯I)MnT+65;-T+6O P UQ:kR05P3K<7n�3T¯7GE8 Q ® OªR0-E<7-TR0nEJd1Æ¯ ' : ' R0-BSM<7J?:;).5POKFgGE<?C`3
ut = kuxx, k > 0,

«0R0GEV
u(t, x)

:@S J?-E)`O9©H:]<?FHG0YB<7-T+`SM-K+65@Gs+6OQFH:;SG
x
5POKl6<?GQJ?)=YT3i+65?) /DFD3

t
'

• $!:][IS,+61�+6O45POQ8bRT-0U(UQ«EFH:]J7OQ8�l.GT<?¯d3Q8b+65POKF¨)M-K¯I)MnT+65;-T+6O
(wave equation)

:;S J?-E)
utt = a2uxx,«0R0GEV

u(x, t)
:;S J?-B)�O +.V(J7nE<d5dOQ+6O�R0GTV�¯?:;S,l6J7:;)\5PO ©H>@+6O�5;GTV�+6OQFH:;S,GTV

x
5POQ8 l6GT<?¯d3Q8s5POl6<7GQJI)=YT39+657) /`Fg3

t
YB-B)T5@G

a
+65@-?©H:@<7nZR0GEVf:@[7-E<d57n05@-B)T-TR0«¤5@-il6-E<7-TYE5POQ<?),+657)=YEnf5POQ8hl6GT<?¯d3Q8 '

• $!:][IS,+61�+6O45@GEV
Laplace P :@[IS+.1�+6OK¯7V(J?-TF¨)=YEGTc Q ® :;S J?-B).O

∇2u = 0

YE-B)`+.V(J?-TJ75dnT5@-B).+`V(l6J7n+65dO4CgV(+`)=YE3 '



%6Å�õTÅ�©�ÌbÂFòLÀLÊ�¬"¿KË¡¿{Ç('*)KÂ\Ì�Á�¿h¼4É+)uË¡Á³¬ É+) A �

Èî)M- 5dOQJ":]RTS=UQV(+6O F¨)=-E8/`<?-TFHF¨)=YT3Q8�¯?)M-ECDGE<?)eYT3Q8s:@[IS+.1�+6OQ8 FH:sFH:@<?)=YB>@8R0-E<7-0/.N2/`GTV(8�l6<7OQ+`)MFHG(_R0GB)GEc(FH:�5@-s-0YB«(UQGTV;©H-`Í
Î µQÏ�³0ÐH¹}± êH»áü¡»ÓÑ£þáÔLÚ 	 ��ãdÖ"
sÜ��7ØöÚ`ò(úô×BØ]óF
 � ÔªÕ u1, u2, . . . , un

Ø]àíÕ;ïTÙ`ß � ×EØ@Ù�
ªõHÙýï"
KÝ7Ú`ï7õ õ¨Ù¸Þ0�"
ð@õ¨ð7Ý.ØdÕPð � 
y/7ÙýïEù`ð�ÚgÙ¸Þ0�"
hØ!ÏIà=×Tó�×gÖ"
bõ Øbõ ØöÚHÙ¸Þ0ú!
<�?ï@ÚDïdÝ6÷gÝ6ðPÜ±
bã;äPãkØbÞEïTÙ¨Ö×HÜIÕIÛ@ÚDã7ÖT×gÖ
u =

n∑

i=1

ciui

äh�7ðPÜ
ci, i = 1, . . . , n

ïTÜ(òQïTà Ú.ØPã¬Ø!
i×Dã]ï0ò(ØöÚ`ú1
¬â�Ø]àíÕ;ïTÙDß � ×gÖ ãdÖ"
v/?ÙýïTùDð�ÚgÙíÞe�"
¤ØìÏIà=×Tó�×gÖ"
Pû�Ôc�7ð�/?Ø@ÙeøÞBÕ � Ø;ã]ï0Ùgädã@ÙHÞEÛ(ãôó�ï��7ä¤ÞTï(ã;ÛPß(ßHÖPß0Ø!
h×HÜIÕ?ò��EÞTØ!
�× � Ý`ÞPß`Ù,×HÖ"
�ÞEï0Ù¡Ö×EØ@Ù ÚDÛ
u =

∞∑

i=1

ciui

Ø@àáÕ;ïTÙDØ��7à=×gÖ"
\ß � ×HÖ�ãdÖ"
</7ÙýïEùDðñÚgÙ¸Þ0�"
hØìÏ?à=×Eó�×gÖ"
¤þ.�?ï@Ú`ïPß0Ø@à$�7ð;Üdõ Øbã@Ù�
*ß0Ø��Iã¬ð@õîú Ú`Ø@Ù Ø1
 � û
Î µQÏ�³0ÐH¹}± êH»áü¡»áê � Ý6ØdÕ?Ù¸Þe�iß � ×gÖ²õHÙýï"
ªÝ7Ú`ï7õ õ¨ÙíÞe�"
p/?ÙýïTùDð�ÚgÙ¸Þ0�"
9ØìÏ?à=×Eó�×gÖ"
ZõîØZõ ØöÚHÙíÞTú!
Ã�?ï@Ú`ï(øÝB÷gÝ.ðPÜ�
�Ø@àáÕPï0Ù¨ã¬ðiÛTò¬Úgð?Ùe×.õDïKõ¨Ù ï"
bõîØ ÚHÙ¸Þ0�"
*ß � ×gÖ"
fã7Ö"
�õ2Ösð@õ¨ð7Ý.ØdÕPð � 
�/?ÙýïTùDð�ÚgÙ¸Þ0�"
hØìÏIà=×Tó�×gÖ"
�ÞEï0ÙãdÖ"
ZÝ6ØdÕ?Ù¸Þe�"
\ß � ×gÖ"
9ã7Ö"
bð@õ¨ð7Ý.ØdÕPð � 
�/?Ù ïEùDðñÚgÙ¸Þ0�"
hØìÏ?à=×Eó�×gÖ"
Pû
>��}| ´��FmDöM�HMx�E�G�E ¢¢ADCwmb�L��E�l¢�KCaGL��x��KC
°²³ ��å ®6Ð¨¹}±��fW4S J?:k5;-E)¨UQ:]RQ5d3�<?nh3T¯?GT8fFH:Z+.V(Jd57:kUQ:@+65d3�¯I)=-E¯?«T+.:]1�895POQ8b©g:@<?FH«(5PO(5@-E8

k
YB-B)¨nTYE<?-5@- +6OQFH:;SM-

x = 0
YE-B)

x = L
+.5@GQJ nE[7GQJ?-�5]1�J

x
' $ :]RT)MCDnEJ?:@)M-�:;S J?-E)�FHGQJ71�FH>]J7O">]5d+`)�N�+65d:J7-sFgOQJiFgR0GT<?:;SgJ?-s¯7:@lB57:@SHGEcI5d:�J?-s-TR0Gh3TnTU(UQ:;)T©H:@<?Fg«Q5PO(5@-s+65@GsRT:]<I)`3Tn0U(UQG0J ® R0-E<7nsFH«QJ?G-TR0«s5@-n0YB<?-K5dOQ8 ' �\nEJ¤O-E<?l.)eYE39©H:@<?FgGTYB<d-E+`SM-

(t = 0)
:;S J7-B)

f(x)
YB-B)D5@GXnTYE<?G

x = 0
¯?)M-T5POQ<?:@S5;-E)g+.:©H:]<?FHG0YB<7-T+`SM-4FgOQ¯?>@Jf¯?)M-T5dVIRQN�+657:h5;GKR0<?«h30U(OQFH-K+`V(J7GE<?)M-TYTN�J�57)MFgN�JZ«(5@-EJ0Í

(i)
YE-B).5;GnTYE<?G

x = L
¯I)=-T5POQ<?:;S 5;-E)`+.:L©H:@<7FHGTYE<7-T+`SM-   ®

(ii)
5@Gsn0YB<?G

x = L
:;S J?-B)`FHGQJ71�Fg>@J?G ®

(iii)
5;G¯?:@[?SDnTYE<?G

x = L
-TYT5?) J?Gh3TG(UQ:@S`+65;GQJfR0:@<I)&3TnTU(UQGQJ75@-4lBN�<?GKR0GTVª>@l6:;)T©H:]<?FHG0YB<7-T+`SM-

u0.¡pÉ è Ðî»}�*S J?-B)`R0<?«h30U(OQFH-K¯I)MnT¯?GT+.OQ8h5POQ8�©g:@<?Fg«Q5PO(5@-E8�+65POKF¨)M-K¯I)MnT+.5@-T+.OªG0RT«(5d:�>@l6GEV(Fg:h5POK¯ ' : '

ut = kuxx 0 < x < L, t > 0. P AB' j 'ý&�Q

(i)
%o5POQJZR0:@<ISeR05]1�+6OK-EVI5P3ªYB-E)`5@-¯?c(GKnTYB<7-K:@S J?-E)D+.:L©H:]<?FHG0YB<7-T+`SM-   ® G0R0«Q5d:

u(0, t) = u(L, t) = 0, t > 0. P AB' j ',A�Q



ah I¼�½b¾2¿hÀ*¿�Á;Â�%6Å4½�¾ ¿hÌ+¬wÂ\È�½*Ç�Ë�ÉF)ÆÇo½�Á�ÌhÉ+)
FOURIER

ÇZË¡Á�ÇqçiÁ�¿K¾}Â\Ì�Á ¼f½*Ç²½�è�ÁñÇ�É*Ço½�ÁñÇ

$�-E<7l.)=YE3b©g:@<?FHG0YB<7-T+`SM-4:;S J7-B)
f(x) ® nT<?-
u(x, 0) = f(x), 0 < x < L. P AB' j ',a�Q

�*S J7-B)TCg-TJ?:@<7«9«(57)TO9+.V(J7nE<75POQ+6O�R0GTVbR0-E<I)+.5dnTJ?:;)(5dO�©H:@<7FHGTYE<7-T+`SM-9R0<7>]R0:;)TJ?-f:;S J?-E)TCD<?-Q/`FH>@JdObnE<7-
|u(x, t)| < M, 0 < x < L, t > 0, P AB' j ' j Q

nT<?-K>@l6GTV(FH:h5PO4¯ ' : P AB' j 'ý&�Q FH:�57),8�+.V(J7GE<I)=-TYE>@8h+`V(Jk©g3(YE:@8 P AB' j ',A�Q ®*P AB' j 'a�Q YB-E) P AB' j ' j Q]'
(ii)

��R0:;)M¯d3s5@G ¯?:@[?S¡nTYE<?G
x = L

:@S J?-E)¡FHGQJd1�FH>@J7G�>@l6GEV(Fg:f«(57)¨O�<?G03¤©H:@<7FH«(5dO(5@-T8Z+65@G²+6OQFH:;SG
x = L

©H- :;S J7-B)*S,+6O FH:5@G   ® nE<7-²©g- ),+.l6c(:;)*«(57)\YB-E)\+65POQJ"R0<7GTOI/`GEc(Fg:@J7O"R0:@<ISeR05]1�+6O FH:K5PO+.V(J]©D3(YEO
ux(L, t) = 0+65POf©H>@+6Oª5POQ8

u(L, t) = 0
'

(iii)
�hR0«�5@GEV(8^J7«EFgGEV(8"¯I)=nE¯?GT+6OQ8²5POQ8X©g:@<?FH«(5PO(5@-E8 /`J71�<?SMé7GEV(FH: «Q57)�O <7GT3^©g:@<?FH«(5PO(5@-E8"FH:FHGT<?C`3f-0YE57) J7G�3TGIU0SM-T8}-TR0«¤>@J?-¤+6N�FH-¤R0GEVf>]l6:;)B-TR0«IUQVI5dO�©H:@<7FHGTYE<7-T+DS=-

u1
+`:}>@J?-¤n0U(UQGi+6N�FH-iFH:-0RT«IUQVI5PO9©H:@<7FHGTYE<7-T+DS=-

u2
:@S J?-E)

a(u4
1 − u4

2),«0RTGTV
a
:;S J7-B)HF¨)M-X+65@-?©g:@<?n ' $ +.l6>@+6O�-EVI5P3UQ>k/`:k5;-E)¨J?«TFHGE89-0YE57) J?Gh3TG(U0S=-E8�5@GTV

Stefan
YB-E)¨>k57+`)>@l6GTV(FH:

−Kux(L, t) = a(u4
1 − u4

0), P <?G03�©H:@<?Fg«(5dO(5@-E8 Q«0RTGTV
K
:;S J7-B).O4+.5@-7©H:@<?n45POQ8}©H:@<7F¨)=YE3Q8h-0/.12/D)MFH«(5PO(5@-E8�YE-B)`«TR0GEV

u1 = u(L, t).��Jf5@-
u0, u1

:@S J?-E)`R0:@<?S=R0GEV4S,+.- ® 5d«(5d:
u4

1 − u4
0 = (u1 − u0)(u3

1 + u2
1u0 + u1u

2
0 + u3

0)

= (u1 − u0)u3
0

((
u1

u0

)3

+

(
u1

u0

)2

+

(
u1

u0

)
+ 1

)

= 4(u1 − u0)u3
0.��VI5d3ªOªR0<7GE+.>k/6/D),+6O4GQJ?GTFHnEé7:k5@-B).J7«EFHGT8s»Dc([?:]1�8h5;GTV

Newton
YB-B).R0-BSM<7J?GTV(FH:

−Kux(L, t) = b(u1 − u0),«0RTGTVi5@G
b
:;S J7-B)`+.5@-7©H:@<?n '

>��.� ¤ ¥0÷�ms¦wm� ôøcJ��}�?¢Ãx�myrùGIJKCúx²�zG�EDöM�tG��KC
¦ �\J?-T8}5d<?«TR0GT8L/D)M-¤5POQJb:]RTS=UQV(+6OZYEnTR0GB)=1�Jh¯?)M-ECDGE<?)eYTN�Jh:@[?),+6N�+.:]1�JbFg:}FH:@<?)=YB>@8oR0-E<7-0/.N2/`GEV(8}:;S J7-B)OsFH>ñ©gGE¯?GT89lB1�<I),+.FHGTc45]1�J4FH:]5@-�30U(O(5PN�J ' �^:9-EVI5P35POQJª5d:@l6J?)=YE3(»gnEl6J7GEV(FH:h/D)M-�UQc(+.:;),8Z:@)M¯I)=YT3Q8



%6Å��0Å�¬�½s«�Âwç"ÂoÇªûZÉ�Ì�Á�Ç�¬wÂv'�Ë�É+)Ô¬�½�Ë¡¿yòLÀ*ÊË�É+) aB&

FHGT<?C`3Q8 ' Wª:]l6«EFH-T+.5d:�«(57)¨F¨)M-UQc(+6OsFgR0GE<?:@S¨J7-�:]YECg<?-T+657:@SH+.-EJZ/D) J7«EFH:]J?G-0/`JdN�+65@1�Ji+.V(J?-T<75P3?_+.:]1�J ® O²YBn?©g:ªF¨)=-^:]Y^5]1�J�GTR0GBS=1�J�:][?-E<d5dnT5@-B)î-TR0«^F¨)=-^FH«QJ?G�Fg:]5@-�30U(O(5P3 ' �b),G�+.V?/.YB:]YE<I)MFH>]J7--TJ?-EédO(5@GEc(FH:�UQc(+.:;),8�5dOQ8�FHGE<7CD3Q8
u(x, t) = X(x)Y (t)

/D)M-hYB-7©HGE<?),+.FH>]J7:@82+`V(J7-E<d5d3Q+.:;)8
X,Y

'  �R0G7©H>]5@GQJ75@-E8�«(5?)IFDRTGT<?GTc(FH:2J?-D3T<?GTc(FH:�UQc(+6Oh5POQ8\¯I)M-TCgG(_<?)=YE3Q8�:@[?S,+61�+.OQ8*-TVI5d3Q8�5POQ8*FHGE<7CD3Q8�YE-B)I-EJd57)=YB-7©¨)+.5PN�Jd5;-T8�+.5PO�¯I)M-TCgGT<?)=YT3�:@[IS+.1�+6OhYB-05;-0U(3I/`GEV(FH:+.:b¯I)=-ECgGT<?)eYT3i:@[IS+.1�+6O4F¨)M-E8�FH:]5@-�30U(O(5P3Q8bR0GEVª[7>@<?GTV(FH:hJ7-K5POªUQc(J?GTV(FH: '
��:h5dO4FH>ñ©HGT¯?G4lB1�<I)+`FgGEc¤5]1�J¤FH:k5;-h30U(O(5PN�JfRT-ESM<?J7GEV(Fg:hFH«QJ?GKFH:]<I)=YE>@8hUQc(+.:;),8 '
°²±¨³0W¨´Eµ�� ·�¹}±��L��-KUQV;©H:;S`5;GKR0<?«h30U(OQFH-K5]1�JZ+.V(J?GE<?)M-TYTN�J�57)MFDN�J

ux = uy, u(0, y) = 2e−5y.

¡pÉ è Ðî» #b-w5@G�UQc(+.GEV(FH:"FH:²5PO�FH>�©HGE¯7G�lB1�<?),+.FHGEc 5]1�J FH:]5@-�30U(O(5PN�J '  �R0G?©g>]5@GEV(FH:²«Q57)�OédO(5;GTc(FH:@JdOiUQc(+6Oª/`<7nECD:]5;-E)`+65POKFHGT<?C`3
u(x, t) = X(x)Y (t).

��-E<?-Q/.12/DSMé?GQJd5@-T8�>@l6GTV(FH:
ux(x, y) = X ′(x)Y (y),

uy(x, y) = X(x)Y ′(y).��J757)=YB-7©¨)+65dN�Jd5;-T8�+65POK¯I)=-ECgGT<?)=YT3¤:@[IS,+61�+6O4R0-ESM<?J7GEV(FH:
X ′(x)Y (y) = X(x)Y ′(y).

Èî)M-J7-s),+.l6c(:;)D-EVI5P3ªO4+.l6>@+6Of©H-4RT<7>]R0:;)DJ?-K>@l6GEV(Fg:�«(57)
X ′(x)

X(x)
=
Y ′(y)

Y (y)
= λ,

/D)M-4YBnTR0GE)M-K-TV;©H-BS=<?:]5POª+65@-?©g:@<?n
λ
' ��JfUQGE)=R0«0JfVIR0nT<?l6:;).57>k5;GE)M-KUQc(+6O4R0<7>]R0:;)
X ′(x)− λX(x) = 0,

Y ′(y)− λY (y) = 0.��)�R0-T<?-0RTnTJ71Ä:;S J7-B) /`<7-EFHFH)=YB>]8i¯I)M-TCgGT<?)=YE>]8i:@[?),+6N�+`:@),8ªR0<dN�5POQ845dnE[7:]1�8 ' ¦ ��RQ1�8ª/`J71�<?SMé?GTV(FH:ZOUQc(+6O45@GEV(8b:;S J7-B)¸Í
X(x) = Aeλx,

Y (y) = Beλy,YE-B)`+`V(J7:]RQN�8
u(x, y) = ABeλ(x+y).



a(AI¼�½b¾2¿hÀ*¿�Á;Â�%6Å4½�¾ ¿hÌ+¬wÂ\È�½*Ç�Ë�ÉF)ÆÇo½�Á�ÌhÉ+)
FOURIER

ÇZË¡Á�ÇqçiÁ�¿K¾}Â\Ì�Á ¼f½*Ç²½�è�ÁñÇ�É*Ço½�ÁñÇ

�hRT«K5POQJZVIR0«?©H:@+6O4>]l.GTV(FH:?Í
u(0, y) = ABeλy = 2e−5y,nT<?-DÍ

AB = 2, λ = −5.��R0GEFH>]J71�8�O4é7O(5@GEc(FH:@JdOiUQc(+6O4:;S J?-E)`O
u(x, y) = 2e−5(x+y).

>��S£ á ��âo¬¢vJ�¢¢tüGIt�  �yE���Mãsx²��C+t� bø¥m��w¦IH� 
°²³ ��å ®6Ð¨¹}±�» ¦ �\+65@1�«(57)`Oª+.V(J7nE<75POQ+6O

u(x, t)
¯?S J?:;)65PO4FH:k5;-05d«TRT),+6Oi5@GEV¤+.OQFg:;S,GEV

x
5POQ8bl6GE<?¯d3Q85POl6<7G0J?)=YT34+657) /`Fg3

t
' $�¯?)M-ECDGE<?)eYT3ª:@[IS,+61�+6OKR0GEVªR0:@<I) /`<7nECD:;).5dOQJZY6S JdOQ+.OK-TVI5d3K¯IS J?:]5@-B)D-TR0«5dO+.l6>@+6O

utt = c2uxx.��Jf5@-sn0YB<7-45POQ8�:;S J?-E)D+65d:@<7:]1�FH>@J7- ® >@l6GEV(Fg:h57),8�+.V(J?GT<I)M-0YB>]8�+.V(J]©D3(YB:@8
u(0, t) = u(T, t) = 0.

�}Oªl6<?GQJ?)=YE3Z+65?) /DFD3
t = 0

O�©g>@+6OiYBn?©g:�+.OQFg:;S,GEVZ5dOQ8bl6GE<7¯73Q8�RT:]<I) /`<7nECD:]5@-B)6-0R0«45dOª+.V(J?nT<75POQ+6O
f(x) ® nE<7-K>@l6GEV(Fg:h5POQJ¤:][IS,+61�+6O

u(x, 0) = f(x). �R0G?©g>]5@GEV(FH:h:]RTS,+6OQ89«(5?)`O4-T<?l.)=YT3i5@-Tl6cI5dO(5@-+`:hYBn?©g:h+.OQFg:;S,G5POQ8�l6GE<7¯73Q8�:;S J?-E)`FgOQ¯?>@J ® ¯dO(UQ-E¯d3
ut(x, 0) = 0.

��-c3T<?:�©H:;S`O
u(x, t)

'
¡pÉ è Ðî» ] c(J?GTV(FH:�5@GKR0<?«h30U(OQFH-KFH:�5dOQJfFH>ñ©HGT¯?G4lB1�<?),+.FHGEcZ5]1�JZFH:]5@-h30U(O(5dN�J '  �RTG7©H>]5@GEV(Fg:h«Q57)O4é7O(5@GTc(FH:@J7O¤UQc(+6Oª/`<7nECg:k5;-E)`+65POKFHGT<?C`3

u(x, t) = X(x)Y (t).

��-E<?-Q/.12/DSMé?GQJd5@-T8�>@l6GTV(FH:?Í
ux(x, t) = X ′(x)Y (t)

uxx(x, t) = X ′′(x)Y (t)

ut(x, t) = X(x)Y ′(t)

utt(x, t) = X(x)Y ′′(t).��J757)=YB-7©¨)+65dN�Jd5;-T8�+65POK¯ ' : ' >@l6GTV(FH:?Í
X(x)Y ′′(t) = c2X ′′(x)Y (t),



%6Å ý(ÅÆÊ{½wè�ÁñÇhÉ*ÇoÊÿË¡ÊbÇk©h¿�ÀoÀfÂF¬"½+)�ÊbÇBûKÂ\ÌFçKÊbÇ a(a

G0RT«(5d:
Y ′′(t)
c2Y (t)

=
X ′′(x)

X(x)
.

Èî)M-J7-s),+.l6c(:;)`O4+.l6>@+6OK-EVI5P39©H-4RT<7>]R0:;)¸Í
Y ′′(t)
c2Y (t)

=
X ′′(x)

X(x)
= −λ

/D)M-4YEnTR0GB)=-4-EV;©g-BSM<7:]5POi+65;-7©H:@<7n
λ
' �bJ�UQGB)=R0«QJ9VIRTnT<?l6:;)657>k5;GE)M-4UQc(+6Oª5POQ8b¯I)M-TCgGT<?)=YT3Q8h:@[?S,+61�+6OQ8©H-4RT<7>]R0:;)DGB)D+.V(J7-E<75P3Q+.:;),8

X,Y
J?-)=YB-TJ?G0R0GB)GTc(J�57),8�+.V(J73P©H:;)8b¯I)M-TCgGT<?)=YE>]8�:@[?),+6N�+`:@),8

X ′′(x) + λX(x) = 0YE-B)
Y ′′(t) + λc2Y (t) = 0.�hRT«K57),8�+.V(J7GE<I)=-TYE>@8h+`V(Jk©g3(YB:]8b>@l6GEV(Fg:
u(0, t) = X(0)Y (t) = 0,YE-B)
u(T, t) = X(T )Y (t) = 0,nT<?-DÍ
X(0) = X(T ) = 0.��5d+`) ® >@l6GTV(FH:h5POK+.V(Jd3P©gO4GTFHGI/`:@Jd3Z/`<?-TFHF¨)=YT3i¯ ' : ' Í

X ′′(x) + λX(x) = 0, 0 < x < T, X(0) = X(T ) = 0.$�l6-E<7-TYT5dOQ<?),+657)=YT3i:@[?S,+61�+.O4-EVI5P3Q8�:;S J?-B)
r2 + λ = 0.W4)M-0YB<?S J?GTV(FH:�57),8�-TYE«(UQGTV;©H:@8�R0:@<I)=RQ5PN�+.:;),8IÍ

(i) λ = b2 > 0, b > 0.
��)2<?SMé?:@8i5POQ8Kl6-E<?-0YE5POQ<I)+657)=YT3Q8ª:@[?S,+61�+6OQ8:@S J?-E)

r = ±bi YE-B)�nT<?-²O/`:@J?)=YE3¤5POQ8�UQc(+6OK¯?S J7:]5@-B)`-TR0«K5POK+.l6>@+6O
X(x) = c1 cos bx+ c2 sin bx.�hRT«^5dOQJ -T<?l.)=YT3"+.V(J]©g3(YTO

X(0) = 0
RT-ESM<?J7GEV(FH:ª«(5?)

c1 = 0
:@JdN�-TR0«�5POQJ -E<7l.)=YE3"+.V(Jk©g3(YEO

X(T ) = 0
R0-BSM<7J?GTV(FH:h«(5?)

sin bT = 0
YB-B)`nE<7-

b =
nπ

T
, n = 1, 2, . . . .

��)D-E<I) ©gFHGBS
λn =

(nπ
T

)2



a j ¼�½b¾2¿hÀ*¿�Á;Â�%6Å4½�¾ ¿hÌ+¬wÂ\È�½*Ç�Ë�ÉF)ÆÇo½�Á�ÌhÉ+)
FOURIER

ÇZË¡Á�ÇqçiÁ�¿K¾}Â\Ì�Á ¼f½*Ç²½�è�ÁñÇ�É*Ço½�ÁñÇ

:;S J?-B)`GB)g)=¯I),G(57)MFH>@8�YB-E)DGE)D+`V(J7-E<d5P3Q+`:@),8
Xn(x) = An sin

(nπx
T

)

:;S J?-B)`GB)D-TJ757S,+65@GB),l6:]89)=¯I),GT+`V(J7-E<d5P3Q+.:;),8 '
Èî)M-K5POQJ¤:]c(<?:@+6Oi5dOQ8

Y (t)
>]l6GEV(FH:�5dO4¯ ' : '

Y ′′(t) + λc2Y (t) = 0.��:h5;-
λn

R0GEVª>@l6GTV(FH:h3Q¯dO4VIR0G(UQG?/DS,+.:;) ® Oi/`:@J?)=YE3¤UQc(+6OK¯?S J?:k5;-E)D-0R0«K5dO4+.l6>@+6O6Í
Yn(t) = cn cos

(nπc
T
t
)

+ dn sin
(nπc
T
t
)
,

«0RTGTV
cn, dn

-TV;©H-BSM<7:]5d:@8�+65;-7©H:@<7>@8 ' ��R0«K5POQJ¤-T<?lB3i5POQ89VIR0:]<]©H>@+.:]1�8 ® O
u(x, t) =

∞∑

n=1

(
cn cos

(nπc
T
t
)

+ dn sin
(nπc
T
t
))

sin
(nπx
T

)

:;S J?-B).UQc(+6O45POQ89¯?)M-TCgGE<?)eYT3Q8�:@[?S,+61�+6OQ8 ' �b-T<?-0/.12/DS=é?GQJd5@-T8h1�8bRT<7GE8
t
RT-ESM<?J7GEV(FH:h«(57)

ut(x, t) =
∞∑

n=1

(
−cn

nπc

T
sin
(nπc
T
t
)

+ dn
nπc

T
cos
(nπc
T
t
))

sin
(nπx
T

)
.

#b>]5@GQJ75@-T8
t = 0

YE-B)`:]R0:;)M¯d3
ut(x, 0) = 0

>@l6GEV(Fg:?Í
∞∑

n=1

dn
nπc

T
sin
(nπx
T

)
= 0.

Èî)M-J7-s),+.l6c(:;)D-EVI5P3ªO4+.l6>@+6Oª/D)M-4YBn?©g:
x
R0<?>kRT:@)

dn = 0, n ∈ N, GTR0«(5d:?Í
u(x, t) =

∞∑

n=1

cn cos
(nπc
T
t
)

sin
(nπx
T

)
. P AB'`_B'ý&�Q

��>]UQGT8�/D)M-KJ?-K>@l6GEV(FH:�5POQJ¤+.V(J]©D3(YEO
u(x, 0) = f(x)

R0<?>]R0:;)
∞∑

n=1

cn sin
(nπx
T

)
= f(x).

�hRT«K5PO9©H:]1�<?SM-K5]1�JZ+`:@)M<7N�J
Fourier

>@l6GEV(FH:7Í
cn =

2

T

∫ T

0
f(x) sin

(nπx
T

)
dx.

��:�5@GQJ¤RT-T<?-0R0nEJ71�VIR0G(UQGI/D)+`Fg«s5]1�J
cn
>@l6GTV(FH:�«(5?)gOsédO(5@GEc(FH:@JdO4UQc(+6Os¯IS J?:]5@-B)g-TR0«s5POs+.l6>@+6O

P AB'`_B'ý&�Q]'
(ii) λ ≤ 0.

X9-05;-0U(3I/`GEV(FH:h+.:�5d:]5d<I)MFHFg>@J?:]8hUQc(+`:@),8 '



%6Å}¨;ÅÆ¿�Ço¼fÊbÇo½�Á�Ç a(m

>��³² ��¢¢lsH�¢¤�2�? 
Ñ`»}�\[?:k57nT+657:�+`:�R0GE)MnKYE-T5POI/`GE<?SM-K-TJ73(YBGTV(J9GB)D¯ ' : '

3uxx + 2uxy + 5uyy + xuy = 0.

P �hR ' ��U(UQ:;)eR057)=YT34-ECDGEc 22 − 3.5 = −11 < 0
Q]'

êH» Wª:;SM[d57:²«(57)}UQc(J?GQJd5;-T8 5POÆ¯I)=-ECgGT<?)eYE3 :@[?S,+61�+6OÆ¯I)MnT¯?GE+6OQ8X5dOQ8s©g:@<?Fg«Q5PO(5@-E8²Fg: 5POÆFH>ñ©HGT¯?GlB1�<?),+.FHGEc¤5]1�J¤Fg:]5@-�30U(O(5PN�JfYB-E)DFg:b+.V(J7GE<I)=-TYE>@8�+.V(Jk©g3(YB:]8
u(0, t) = ux(l, t) = 0, x ∈ (0, l)R0<?G0YBcIRQ5@GEV(JfGE)D-TYB«IUQGEV;©H:]8b)M¯?),GE+.V(J7-E<d5P3Q+.:;),8 '

sin(πx/2l), sin(3πx/2l), sin(5πx/2l), . . . .

ü¨»}��-KUQV;©H:;S`OK¯ ' : ' 5POQ8�YEV(FH-T57)=YT3Q8b:][IS,+61�+6OQ8
utt = uxx, 0 < x < π,

u(0, t) = u(π, t) = 0,

u(x, 0) = sin(2x), ut(x, 0) = 0FH:h5POKFg>ñ©HGE¯7G4l61�<?),+.FHGEcZ5@1�JZFH:]5@-�30U(O(5PN�J '
�¡»}��-KUQV;©H:;S`5;GKR0<?«h30U(OQFH-+.V(J7GE<I)=-TYTN�J�57)MFgN�J

ut = 3uxx,

u(0, t) = u(1, t) = 0,

u(x, 0) = 2x,/D)M-
0 < x < 1, t > 0.

�H»�Wª:;S=[75d:b«(57)DOªUQc(+6O45POQ8�¯I)M-TCgGT<?)=YT3Q8�:][IS,+61�+6OQ8
ut = uxxFH:�+.V(J?GT<I)M-0YE>@8�+.V(Jk©g3(YB:@8

ux(0, t) = ux(π, t) = 0

u(x, 0) = f(x)/D)M-
0 < x < π, t > 0

:;S J?-B).O
u(x, t) =

1

π

∫ π

0
f(x) dx+

2

π

∞∑

n=1

e−n
2t cosnx

∫ π

0
f(x) cosnx dx.

WiN�+65d:�F¨)=-CDV(+D)eYE3ª:@<7FgOQJ?:;S=-K+ ¦ -TVI57«45;GKR0<?«h30U(OQFH- '
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p qsrutwvyx{z}| þ

� Ú��§ÿ ��� �àØ � �y� � Ú������ ����Þ·Û Ú
� �ëÚ�� �{�y� � ��� Ú��
� × � �LØ Ù������ �y� Ú � �ùÙüÞ��
	 ��� �£�¸Þ Û Ú
� ÿ�Ù��ùÙ�yÿ � Ú

i���� �êADCFEsx¸m�¢i���T�*¥¡ dlnEf��G�mú÷��� �ItMx¸E¹G�myA
Taylor

4 ³5� è2¹ �76 ü¨»ÒÑ`»ÒÑkñ Ùýïs×EØ@Ù Ú`ÛXãdÖ"
9õ¨ðñÚDùz�"
 ∑∞
n=0 an(z − z0)n

õîØ
an, z0, z ∈ C

ß`údÝ6ØPãkïTÙ7/?ÜIÕPïIøõHð?×EØ@Ù Ú`ÛKÞTúdÕ(ãöÚHð;Ü
z0
û

#b-ª¯?:@SM[?GTV(FH:}«(5?)6F¨)M-i+.V(J?nT<75POQ+6O¤:;S J7-B)B-EJ?-0UQVI57)=YE3f+.:�>@J7-ª+6OQFH:@S,G
z0
-TJbYB-E)6Fg«QJ?Gi-TJ�FgR0GE<7:;S6J?-:]YECg<7-E+65d:;S`-TR0«F¨)M-K+.V?/.YEU0S J7GEV(+.-¯?V(J7-EFHGT+.:;)M<7nª+`:bFH)M-KR0:@<?),GQlB3¤5;GTV
z0
'

Î µQÏ�³0ÐH¹}±Æü¨»ÒÑD»áêb- ë}×Dã¬ó ∑∞
n=0 an(z − z0)n

õHÙýïv/?ÜIÕPïdõ¨ð7×BØ]Ù ÚDÛIâ ã;ädã¬Ø9Ü"�?Û]Ú 	 Ø@ÙDõ¨ðdÕ;ï�/7Ù¸ÞTä�
hï@ÚgÙ=ò7øõ ä[

R ≥ 0

âîðZð��7ð7à=ð[
�ÞTïPß0Ø@àeãkï0ÙgïEÞEã;àáÕ;ïª× � Ý.ÞPß`Ùe×gÖ"
9ã7Ö"
s/?ÜIÕ;ï7õHð?×EØ@Ù Ú`Û"
¬â ã;ú;ãkð7Ùeð[
h÷�×DãkØfÖ×EØ@Ù Ú`Û0�
þ
i � Õ;ïK×gÜ?Ý.ÞPß`àáÕ;Ø@ÙHï��7ä�ßBÜTãkï�Ý6Ùýï |z − z0| < R

â
þ
ii � ÕPïïh�7ðIÞPß`àáÕ@Ø@ÙHÝ.Ùýï |z − z0| > R

ÞEï0Ù
þ
iii � ÕPï9×gÜ7Ý`ÞPß`àáÕ;Ø@ÙTð@õ¨ð7Ù ä@õ¨ðñÚDùDïfÝ.Ù ïZÞEÛ0ò(ØoÞ;ß0Ø@Ùe×Dã;äM/7à=×DÞ0ðy�7ðPÜp�7ØöÚHÙ ú 	 Ø;ã]ï0ÙT×Dãkð�/7à=×DÞ0ð

D(z0, R) =
{z : |z − z0| < R}.

$�-TR0«T¯?:;)=[7Oi+65POQ<ISMé7:]5@-B)D+65@Gs-TYE«(UQGEV;©gG ] 3QFgFH-45@1�J
Abel-Weierstrass

'
¡ �¨¹}¹}± ü¡»ÒÑ`»áü����7ð?ò(úPã¬ð;ÜdõîØiädã;Ù |an|rn0 ≤ M

â ∀ n â�äh�7ðPÜ
r0 ≥ 0

ÞTïTÙ
M

×gãkï0ò(ØöÚDÛEû ��ädã¬ØÝ.Ùýï
r < r0

Ö4×EØ@Ù ÚDÛ ∑∞
n=0 an(z− z0)n

×gÜ?Ý`Þ;ß`àáÕ;Ø@Ù`ð@õ¨ð7Ù ä;õHð�Ú`ùDïiÞEï0ÙDï��7ä�ßBÜTãkïª×EØ�ÞTÛTò(Ø�ÞPß0Ø@Ùe×Dã@än/7à=×DÞ0ð
a�f
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FOURIER

Ar = {z : |z − z0| ≤ r}
û����� ´Bµ����QÐ��<Èî)M-

z ∈ Ar
>]l6GEV(FH:?Í
|an(z − z0)n| ≤ |an|rn ≤M

(
r

r0

)n
.

¦ �\+65]1
Mn = M( rr0 )n ® :]R0:;)M¯73 r

r0
< 1 ® O�+.:;)=<?n ∑∞n=0Mn

+.V?/.YEU0S J?:;) ® nE<7-^-TR0«^5@G�YE<I)5P3Q<?),G
Weierstrass

O4+.c?/.YEU0),+6O4:;S J7-B)`-TR0«(UQVI5POªYE-B)`GEFHGE)M«EFgGT<7CDO '
����� ´Bµ����QÐ�º��z� Î µQæh³±�¨¹}±Hº�� 6 ü¡»ÓÑD»íê P /D)M- z0 = 0

Q Í}�bJiOs+.:;)M<7nX-0R0GTYEU0S J?:;)D/D)M-sYBn?©g:
z 6= 05d«(5d:�R0<7GECg-TJ7N�8

R = 0
' ��J O�+.:;)M<7nw+.V?/.YEU0S J7:;)}/D)M-�YBnTR0GE),G

z 6= 0 ® ©H>]5@GTV(FH: S = {z :∑∞
n=0 |an||z|n <∞, |z| < r} YE-B)`GE<?SMé?GTV(FH:

R =

{
supS,

-EJ
S
Cg<7-0/`FH>@J7G

∞, -TJ S ¯7:@Jf:;S J?-E)DCD<?-Q/`FH>@J7G .

P i Q Èî)M- YEn?©H: |z| < R
VIRTnT<?l6:;)

p > 0 : |z| < p < R
FH:

p ∈ S ® ¯I)M«(57)o¯I)M-TCgGT<7:]57)=YEn 5;G
R 6= supS

' ¦ �b<7-4O4+`:@)M<?n ∑∞
n=0 anz

n +.V?/.YEU0S J7:;) ® +.V(J?:]R0:;S=-5@GEV ] 3QFHFH-05@GE8 aB'ý&(',aB'
P ii Q �bJhOZ+.:;)M<7ni+.V?/.YTU0S J?:@)B+`:LYBn0RTGE),G z1 : |z1| > R

5d«(57:�©H-¤+`V?/.YTU0S J?:@)B-TR0«(UQVI5@-f/D)M- |z| < |z1|P R0<7GTOI/`GEc(Fg:@J?G ] 3QFHFH- Q]' ¦ �b<7-
z1 ∈ S ® n05;G0R0G '

P iii Q $�GEFgGB)M«TFHGT<7C`O4+.c?/.YTU0),+6OK5POQ8 ∑∞
n=0 anz

n /D)=-sYEn?©H: z : |z| ≤ R0 < R ® >]R0:]5@-B)g-TR0«5dOQJ
(i)

YE-B)`-TR0«K5@GYE<I)5P3Q<I)Gª5;GTV
Weierstrass

'
å�ÐH¹}µT¶çæ�è¡Ð��fWª:@J9/`J71�<?SMé?GTV(FH:h-TJZ+.V?/.YEU0S J?:;)`34-TR0G0YEU0S J7:;).O4+.:;)M<7n4/D)=- |z| = R

'
Î µQÏ�³0ÐH¹}±Æü¨»ÒÑD»��a- ë}×Dã¬ó�Ö�/?ÜIÕ;ï7õHð?×EØ@Ù Ú`Û ∑∞

n=0 an(z − z0)n.

þ
i � ë�ÛQÕªã¬ð limn→∞

∣∣∣ an
an+1

∣∣∣ Ü"�?Û]Ú 	 Ø@Ù,âîØ@àáÕ;ïTÙDà=×EðZõ Ø9ãdÖTÕiïEÞBã@àáÕ;ï4× � Ý`Þ;ß`Ùe×gÖ"

R
û

þ
ii � ë�Û(Õ p = limn→∞ n

√
|an|

Ü��?Û@Ú 	 Ø@Ùeâ�ã;ädã¬Ø R = 1
p

Ø@àáÕPï0Ù¨ÖsïEÞEã;àáÕ;ï4× � Ý.ÞPß`Ùe×gÖ"
Pû
å�ÐH¹}µT¶çæ�è¡Ð��9$

(i)
+65POQ<ISMé7:]5@-B)D+65@GYB<?)5P3Q<I),Gª5@GEV¤UQ«I/`GEV¤YE-B).O

(ii)
+65;GKYB<I) 5d3Q<?),Gª5POQ89<?SMé?-T8 '

Î µQÏ�³0ÐH¹}±Æü¨»ÒÑD»��uþ�ÍsÙýïTùDð�Ú.à=×.Ù õ2ÖcÍ ÜIÕ;ï7õHð?×EØ@Ù Ú`Û � - ë}×gãôó
f(z) =

∑∞
n=0 an(z − z0)n

õHÙýï�/?ÜIÕPïIøõHð?×EØ@Ù Ú`Û4õîØbïEÞBã@àáÕ;ï4× � Ý`Þ;ß`Ùe×gÖ"

R
â�ã@ädã¬Ø2�

þ
i �M� f

Ø@àáÕPï0ÙgïQÕPï;ßBÜTã@Ù¸Þ0�K×Dã¬ð¥/?à=×`Þ0ð
D(z0, R).þ

ii �M� f ′(z) =
∑∞

n=0 nan(z − z0)n−1 ú 	 Ø]Ù¨ïEÞEã;àáÕ;ïª× � Ý.ÞPß`Ùe×gÖ"

R
û

þ
iii � ï�ÙýïÞEÛTò(Ø

n = 0, 1, ...
âîÙe× 	� Ø@ÙHädã@Ù an = f (n)(z0)

n! .



�0Å ÃQÅµçÀ'*)�¿�¬wÂoÇo½�Á�Ì*½*Çw¼�¿�Á9ËLÂd«\½hÉ�Ì�Êy¬"¿ Ë}ÂÃ'
TAYLOR

a �

Î µQÏ�³0ÐH¹}±Æü¨»ÒÑD» �ÿþ
Cauchy-Taylor � - ë�×Dãôó

f
õHÙýï×gÜIÕ(Û]ÚgãdÖT×gÖ�ïQÕ;ïPßBÜ0ã;ÙíÞe�K×z-?úPÕPïsã@ä��7ð

A ⊆ CÞTïTÙ
z0 ∈ A

û2ÔªÕ
D(z0, r) = {z : |z − z0| < r} Ø@àáÕ;ïTÙ`údÕ;ï"
hïQÕPð?Ù¸ÞEã@ä[
M/7à=×`ÞTð[
s�7ð;Ü(�7ØöÚHÙ ú 	 Ø;ã]ï0ÙD×Dã¬ð

A
â�ã@ädã¬ØfÝ6ÙýïÞEÛTò(Ø

z ∈ D(z0, r)
Ö×EØ@Ù Ú`Û ∑∞

n=0
f (n)(z0)

n! (z − z0)n
×gÜ?Ý.ÞPß`àáÕ;Ø@ÙHÞTïTÙgÙe× 	� Ø@Ù��

f(z) =

∞∑

n=0

f (n)(z0)

n!
(z − z0)n.

Î µQÏ�³0ÐH¹}±Æü¨»ÒÑD»$#d- ë}×Dã¬ó
f
ðñÚHÙe×.õ údÕQÖ¤×gã¬ðdÕfã@ä��7ð

A
û � f

Ø@àáÕPï0Ù6ïQÕPï;ßBÜTã@Ù¸Þ0�¤×Dã¬ð
A
ïQÕ?ÕfÝ6ÙýïiÞEÛ0ò(Ø

z0 ∈ A
Ü��?Û@Ú 	 Ø]Ù r > 0

ã@úPã¬ð?Ù,ðX÷�×Dã¬Ø
D(z0, r) ⊂ A

ÞEï0ÙoÖ
f
Ø@àáÕPï0Ù�à=×gÖ�õîØKõHÙýï^×gÜ?Ý`Þ;ß`àáÕdð;ÜQ×Tï/7Ü(Õ;ï7õHð?×EØ@Ù Ú`Ûª×Dãkð¢/?à=×`ÞTð

D(z0, r)
û

��µ(³°����W ±7�B± � º É ·�¹}±HºQ±
Taylor

P i Q ez =
∑∞

n=0
zn

n!

/D)=-KYBn7©H:
z ∈ C.

P ii Q sinz = z − z3

3! + z5

5! − ... =
∑∞

n=1(−1)n+1 z2n−1

(2n−1)! .

P iii Q cosz = 1− z2

2! + z4

4! − z6

6! + ... =
∑∞

n=0(−1)n z2n

(2n)! .

°²±¨³B±¨´EµT¶¸·�¹}±HºQ±k�¡±��i±¨è����¨è�µ�� 6 Ñ`» �\nTJGE) +`:@)M<?>@8 ∑∞
n=0 anz

n =
∑∞

n=0 bnz
n +.V?/.YEU0S J7GEV(J+��,:@J7-EJf¯IS+.YEGKYB>]J75d<?GTV   YB-B)`-TYT57S J?-T8

r ® J?-K¯?:;)l(©H:;SD«(57) an = bn
/D)M-KYEn?©H:

n
'¡pÉ è Ð��ðX9n7©H:Z+.:;)=<?nXR0-E<?),+657nTJ?:@)¡+65@G"¯?S,+6YBG

D(0, r)
F¨)M- -EJ7-TUQVI57)=YT3s+.V(J?nT<75POQ+6O

f
5dOQ8iG0RTGESM-E8GE)HR0-E<7n0/.12/`GE)H:@S J?-E)g5POQ8ZFHGE<7CD3Q8

f (n)(0) = n!an = n!bn ® n = 0, 1, ... ® nE<7- an = bn
/D)M-sYBn7©H:

n
'
êH»9�b-K-EJ?-0RQ57V(l(©gGEc(J9+`:b+.:;)=<?>@8

Taylor
/`c(<d1�-TR0«K5@G

z0
GE)D+`V(J7-E<d5d3Q+.:;)8IÍ

P i Q f(z) = sinz2 ® z0 = 0,

P ii Q f(z) = e2z ® z0 = 0.

¡pÉ è Ð��

P i Q ÈîJd1�<ISMé7GEV(FH:¤«(5?) /D)M-"YBn?©g:
z ∈ C ® sinz =

∑∞
n=1(−1)n+1 z2n−1

(2n−1)! ® nT<?- ® :@C ¦ «E+.GQJ5@G z2¯?)M-T5d<7>@l6:;).«(UQG45;GF¨) /`-T¯I)=YE«4:]RTS=R0:@¯7G
C ® >@l6GEV(Fg:?Í

sinz2 =
∞∑

n=1

(−1)n+1 (z2)2n−1

(2n− 1)!
=
∞∑

n=1

(−1)n+1 z4n−2

(2n− 1)!
.

P ii Q e2z =
∑∞

n=0
(2z)n

n! =
∑∞

n=0
2n

n! z
n, z ∈ C.
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ü¨»9�b-K-EJ7-TRQ5dV(l(©H:;S`+.:b+.:;)M<7n
Maclaurin P +.:;)=<?n Taylor

FH:
z0 = 0

Q Oª+`V(J7nE<d5dOQ+6O
f(z) = 1

1−z
'

¡pÉ è Ð��K$
f(z)

¯7:@Ji:;S J7-B)¨-TJ?-0UQVI5?)eYE3K+65@G
z = 1

YE-B)H>@l6:;)HR0-E<7-0/.N2/`GEV(8b/D)M-
z 6= 1

Í
f (n)(z) =

n!
(1−z)n+1 ® n = 0, 1, ...

' ¦ ��<?-
f (n)(0) = n!

YE-B)Q:]R0GEFH>]J71�8 1
1−z =

∑∞
n=0 z

n ' ��<?GECD-TJdN�8\O�-TYT5?S J?-+.c?/.YEU0)+.OQ8�:;S J?-B)
R = 1 ® ¯7O(UQ-E¯d3ª>@l6GTV(FH:�+.c?/.YEU0)+.Oi/D)M- |z| < 1

'
å�ÐH¹}µT¶çæ�è¡Ð��Z�bFHGBS=1�8 ® >]l6GEV(FH:h«Q57) 1

1+z =
∑∞

n=0(−1)nzn
/D)M- |z| < 1

'
�¡»9�b-K-EJ?-0RQ57V(l(©g:;SD+.:b+.:;)M<?n

Maclaurin
OK+.V(J7nE<75POQ+6O

f(z) = 1
z2−5z+6

'
¡pÉ è Ð��

1

z2 − 5z + 6
=

1

(z − 3)(z − 2)
=

1

z − 3
− 1

z − 2
=

1

2
· 1

1− z
2

− 1

3
· 1

1− z
3

.

�b<7OQ+`)MFHG0RTGE)=N�Jd5@-E8�5dOQJfR0<?GTOI/`GTc(FH:@JdOinE+6YEOQ+6O4+.V(FgR0:@<7-BS J7GEV(FH:h«(57)¸Í
f(z) =

1

2

∞∑

n=0

(z
2

)n
− 1

3

∞∑

n=0

(z
3

)n
=
∞∑

n=0

((
1

2

)n+1

−
(

1

3

)n+1
)
zn.

�b<7OQ+`)MFHG0RTGE)=N�Jd5@-E8�5;GQJf5dcIR0GDÍ
R = lim

n→∞

∣∣∣∣
an
an+1

∣∣∣∣ = lim
n→∞

3n−2n

3n2n

3n+1−2n+1

3n+12n+1

= lim
n→∞

6

3
· 1− (2

3)n

1− (2
3)n

= 2,

+.V(FgR0:@<7-BS J7GEV(FH:h«(57)`O4+`:@)M<?nK+.V?/.YEU0S J7:;)./D)M- |z| < 2
'

�H»9�b-K-EJ?-0RQ57V(l(©g:;SD+.:b+.:;)M<?n
Maclaurin

OK+.V(J7nE<75POQ+6O
f(z) = log(1 + z) ® «TR0GTV |z| < 1

'
¡pÉ è Ð�� ¦ �\l6GEV(FH:

f ′(z) = 1
1+z =

∑∞
n=0(−1)nzn, |z| < 1 P 30UQ>]R0:bnT+.YTOQ+6O a�Q ® +.V(J7:]RQN�8IÍ

f(z) = log(1 + z) =

∫ z

0
f ′(ω)dω + f(0) =

∞∑

n=0

∫ z

0
(−1)nωndω =

∞∑

n=0

(−1)n

n+ 1
zn+1.

¦ �\l6GEV(Fg:f©H:]1�<d3Q+.:;)25@G0J�R0<71�5d:@c(GQJd5;-�YEUQnE¯7G ® +`V(J7:]RQN�8 log 1 = 0
' ��5;-TJX«EFg1�8

log 1 = 2kπi>@l6GTV(FH:?Í
f(z) = log(1 + z) =

∫ z

0
f ′(ω)dω + 2kπi = 2kπi+ z − z2

2
+
z3

3
− z4

4
+ ...

�¨»i�\nEJ¤GE)g+`:@)M<?>@8 ∑∞
n=0 anz

n YB-B) ∑∞
n=0 bnz

n >@l6GEV(JZ-TYT57S J?:@8�+.c?/.YTU0),+6OQ8fFg:k/`-TUQcI5d:@<7:@8b3S,+.:@8:@J7«E8ª-T<I) ©gFHGEc
r0
YB-B)î:@nTJ

cn =
∑n

k=0 akbn−k ® J7-�¯7:;),l(©H:;Sî«Q57) ∑∞n=0 cnz
n = (

∑∞
n=0 anz

n) ·
(
∑∞

n=0 bnz
n)
/D)=- |z| < r0

'
¡pÉ è Ð�� ¦ �*+65]1

f(z) =
∑∞

n=0 anz
n YE-B) g(z) =

∑∞
n=0 bnz

n ® GB) f(z)
YB-B)

g(z)
:;S J?-E)6-EJ7-TUQVI57)=YE>@8+65@G

D(0, r0) ® nT<?-4YB-E).5;G4/D) J7«EFH:@J7«ª5@GEV(8 f(z) · g(z)
' ��R0«K5@GZ©H:]N�<7OQFg-45@GEV

Taylor
>@l6GTV(FH:?Í

f(z) · g(z) =

∞∑

n=0

(f · g)(n)(0)

n!
zn



�0Å ÃQÅµçÀ'*)�¿�¬wÂoÇo½�Á�Ì*½*Çw¼�¿�Á9ËLÂd«\½hÉ�Ì�Êy¬"¿ Ë}ÂÃ'
TAYLOR

j &

/D)M-
z ∈ D(0, r0)

' ��R0:;)M¯73
(f · g)(n)(z) =

n∑

k=0

(
n
k

)
f (k)(z)g(n−k)(z),

«0RTGTV ( n
k

)
= n!

k!(n−k)! ,
>]l6GEV(FH:?Í

(f · g)(n)(0)

n!
=

n∑

k=0

1

k!(n− k)!
· f (k)(0) · g(n−k)(0) =

n∑

k=0

anbn−k = cn,

«0RTGTV
ak = f (k)(0)

k!

YB-E)
bn−k = g(n−k)(0)

(n−k)!

' �hR0«Æ5;G�©H:]N�<dOQFH-
Taylor ® O +.:;)M<7n ∑n

n=0 cnz
n+.V?/.YEU0S J?:;)D+65@G

D(0, r0)
'

#D»9�b-KVIRTGIUQGI/D),+Q©HGTc(JfGB)`R0<dN�5;GE)D«E<?GE).5@GEVª-TJ?-0R05dc?/`FH-05;GT8
Taylor

5dOQ8 ez

1−z
'

¡pÉ è Ð���È J71�<?SMé7GEV(FH:�«Q57)g/D)M- |z| < 1 ® 1
1−z = 1 + z + z2 + ...

YB-E)
ez = 1 + z + z2

2! + ... ® /g)=-
z ∈ C

' ��R0«K5POQJ¤nT+6YEOQ+6O _ ® /D)M- |z| < 1
>@l6GTV(FH:?Í

ez

1− z = (1 + z + z2 + ...) ·
(

1 + z +
z2

2!
+
z3

3!
+ ...

)
=

= 1 + (z+ z) +

(
z2

2
+ z2 + z2

)
+

(
z3

6
+
z3

2
+ z3 + z3

)
+ ... = 1 + 2z+

5z2

2
+

16z3

3!
+ ...

,¨»9�b-KVIRTGIUQGI/D),+Q©H:@SDO4+.:;)=<?n
Taylor

5dOQ8
J(z) =

∑∞
n=1

1
nz
/D)M-

z0 = 2
'

¡pÉ è Ð��§$
J(z)

:;S J7-B)�O�é73(5@- +.V(J?nT<75POQ+6O^5@GEV
Riemann

O G0R0GBSM- :;S J?-B)�-EJ7-TUQVI57)=YE3�+65@G {z :
Rez > 1} ' �b<7GECD-EJdN�8IÍ

J ′(z) = −
∞∑

n=1

(log n)n−z,

J ′′(z) =
∞∑

n=1

(log n)2n−z,

YE-B)6/D)M-
k = 1, 2, ...

J (k)(z) = (−1)k
∞∑

n=1

(log n)kn−z,

G0RT«(5d: ® -TR0«K5@G¤©g:]N�<7OQFH-45@GTV Taylor
>@l6GEV(Fg:?Í

J(z) =
∞∑

k=0

(−1)k

k!
·
( ∞∑

n=1

(log n)k

n2

)
· (z − 2)k,

O4GTR0GESM-s),+.l6c(:;)./D)M- |z − 2| < 1
'
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FOURIER

i��.> ?w���T�*¥¡ 
Laurent

l<Ef�ªEsC���x�E��ME ¢¢tMx²��o2E
��GÆ#b:]N�<dOQFH-

Taylor
Fg-E8X:@[7-E+.Cg-0U0SMé?:;)�5@G -EJ7nTRQ5dV?/`FH- F¨)M-T8X-TJ?-TUQVI57)=YT3Q8�+.V(J?nT<75POQ+6OQ8

f
+.:F¨)=-"R0:@<?),GQlB3 :]J?«E8i+.OQFg:;S,GEV

z0
' Wª:@JsFDRTGT<?GTc(FH:¤J?-²R0GEc(FH:¤5@G�SM¯?),G�«(5@-EJK5@G

z0
:;S J?-B)î-EJdN�FH-TUQG+6OQFH:;SG 5POQ8

f ® R ' l ' -TJ f(z) = ez

z2 ® «TR0GEVKR0<?GECD-EJdN�89O f(z)
¯?:]J4:@S J?-E)¡-TJ?-0UQVI5?)=YT3+65@G

z0 = 0
'Èî)M-ª5d>]5@GE)M:@8h+.V(J?-T<75P3Q+.:;),8�VIRTnT<?l6:;)6-TJ?n0R05dV?/`FH- ® 5@G4GTR0GBSGK),+.l6c(:;).+.:�YBnTR0GE),Gi¯I)Mn057<dO(5@Gª¯?S,+6YBGi5;GTV5d«TR0GTVBÍ

0 < |z − z0| < r
' ¦ �*l6GTV(FH:h5@Gs:@[d3Q89#b:kN�<7OQFH-45@GEV

Laurent
Í

Î µQÏ�³0ÐH¹}±Æü¨»íê¨»ÓÑL- ë}×Dã¬ó§ð¥/PïEÞBã � ß`Ùeð�

A = {z : R1 < |z − z0| < R2}

õ Ø
0 ≤ R1 < R2 ≤ ∞ÞTïTÙgú¬×Dãôó

f(z)
ïQÕ;ïPßBÜ0ã;ÙíÞe�4×HÜIÕIÛ@ÚDã7ÖT×gÖ×Dãkð�Ôiû���ädãkØ9Ý.ÙýïÞTÛTò(Ø

z ∈ A âîÙe× 	� Ø@Ù��
f(z) =

∞∑

n=−∞
an(z − z0)n

âîä��7ð;Ü
an =

1

2πi

∫

c

f(z)

(z − z0)n+1
dz,

äh�7ðPÜ
c
Ø@àáÕ;ïTÙDúdÕ;ï"
�ðh�7ð?Ùeð7×°/��e�7ðdã¬Ø�Þ � Þ;ß`ð[
hõîØbÞTúdÕ(ãöÚHð

z0
ÞEïTÙgïEÞBã@àáÕ;ï

r
�
R1 < r < R2

û
$wRT-T<?-0RTnTJ71�+`:@)M<?n9YE-TUQ:;S 5;-E)0±7�0W � º"�`·2¹}±

Laurent
º0Ð 6

f
YB-E)0+.V?/.YEU0S J7:;)T-0R0«(UQVI5@-9YB-B)0GTFHGB)=«Q_FHGT<?CD-K+.:�YEn?©H:h+.V(FgR0-0/`>@8bVIRTGT+.c(J?G(UQG45@GEVi� '

�f±7�5�}� � ¹*Ð¨è ÐÆ±z�6æ�¹Wz®gæy�^è ÐH¹}µT¶çæy�
�\nEJ4O

f : C → C
¯?:]JK:;S J?-E) -EJ7-TUQVI57)=YE3s+65@G

z0 ® 57«(5d:Z5@G z0
©H- UQ>k/`:]5@-B) ±7�BÏ�¹}±z®���è ÐH¹}µT¶$� '#b-�UQ>]FH:"«(57)�O

f
>@l6:;)�¹}µ(¹���6æ�¹¯h�0Ð ±7�6æ�¹}±z®¨¶ ±ÿ+65;G

z0 ® :@nEJ�O f :;S J7-B)�-TJ?-TUQVI57)=YT3 +65@G
0 < |z− z0| < R ® -0U(UQni5@G z0

:;S J?-B)B-EJ7N�Fg-TUQGi+6OQFH:;SG ' %o5POQJ�R0:@<ISeR05]1�+6Oª-TVI5d3ZO
f
/`<7nECg:k5;-E)B+.:+.:;)M<7n

Laurent
Í

f(z) =
∞∑

n=−∞
an(z − z0)n, 0 < |z − z0| < R. P aB',AB'ý&�Q

�\J?-FH:@FHGQJd1�FH>@J7G4+.OQFg:;S,G
z0
5dOQ8

f
YE-TUQ:;S5@-B) �z� ®�� 6

m � º0W7�QÐ 6 ® -TJZ+65dOK+.l6>@+6O P aB',AB'ý&�Q ),+.l6c(:;)
a−m 6= 0

YB-B)
a−κ = 0

/D)M-
κ > m + 1

' % ¦ -EVI5P3QJK5POQJR0:@<IS=RQ5]1�+6O"VIR0nT<?l6:;)î+.V(J?nT<75POQ+6O
g(z)-TJ?-TUQVI57)=YT3i+65;G

0 < |z − z0| < R
>]5d+`)DN�+65d:

f(z) =
g(z)

(z − z0)m
.

%o5POQJ²R0:@<?S=RQ5@1�+6O�RTGTV�5;G
z0
:@S J?-E)�R0«(UQGT8sR0<7N�5POQ8�5dnE[7:]1�85dOQ8

f ® 57«(5d:UQ>@FH:«(57)*:;S J?-B)�-TRQUQ«E8R0«(UQGT8i5dOQ8
f
' %o5dOQJR0:@<ISeR05]1�+6O²R0GEVX5@G�-EJ7nTRQ5dV?/`FH-

Laurent
5POQ8

f
R0:@<I)=>@l6:;)în0RT:@)M<?G R0U(3P©gGE8+.V(J75d:]UQ:]+.5PN�J

a−n, (n > 0) ® 5d«(57:5@G z0
YE-TUQ:;S5@-B)�GEV(+`)=N�¯dOQ8�-EJd1�FH-TU0S=- 5POQ8

f
' ��>]UQGE8 ® :@nEJ5@G

z0
:;S J?-E)*-EJ7N�Fg-TUQG +.OQFg:;S,G YB-E)L)+`l6c(:;)

a−n = 0
/D)=- YBn7©H:

n > 0 ® O -TJ71�FH-0U0SM- YE-TUQ:;S5@-E)µ � �z�gèF�ôÏ�´Bµ 6 �Æ± � ±z®gµT¶����ô¹*Ð '
Î µQÏ�³0ÐH¹}±Æü¨»íê¨»áêìë�ÛQÕ�Ö

f
Ø@àáÕPï0ÙEïQÕPï;ßBÜTã@Ù¸Þ0�f×Dã¬ð7Õbã;äh�7ð

G
ÞTïTÙTú 	 Ø@ÙBõ Ø@õHð7Õ;ó�õ údÕQÖZïQÕ;ó�õDïPß`àáï�×Dã¬ð×gÖTõ Ø@à=ð

z0
â�ãkð

z0
Ø@àáÕPï0Ù�ï��?ï;ß0Ø@à��gÙMõ�Ö"ïQÕ;ó�õgï;ß`àáï"ïQÕXÞTïTÙ2õîädÕPð�ïQÕ�Ùe× 	� Ø@Ù�õHÙýï^ï��7äXã@Ù�
��?ï@Ú`ïEÞTÛ(ãôó×gÜIÕIò��EÞ0Ø!
2�
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LAURENT

¼�¿�Á*¿�)¤É+¬"¿hÀo¿�ÇoÊy¬�½*Á ¿ j a

þ
i �M� f

Ø@àáÕPï0ÙgùIÚ`ï7ÝQõ údÕQÖ4×BØ�õ¨Ùýï(/7ÙýÛ(ãöÚHÖBãdÖî�7ØöÚgÙeð 	 �sãkð;Ü
z0
â

þ
ii � Ü"�?Û@Ú 	 Ø@Ù¨ã¬ð limz→z0 f(z),þ
iii � limz→z0(z − z0)f(z) = 0.

°²±¨³B±¨´EµT¶¸·�¹}±HºQ±Ê�¡±��b±¨è����¨è�µ�� 6 �
Ñ`»9�b-Ã3T<?:ñ©HGTc(J95@--EJ?-0RQ57c?/`Fg-T5@-

Laurent
5]1�J¤+.V(J7-E<d5d3Q+.:]1�J0Í

P - Q
f(z) = z+1

z , 0 < |z| <∞,

P 3 Q
f(z) = 1

z(z+1) , 0 < |z| < 1.

¡pÉ è Ð��

P - Q z+1
z = 1 + 1

z

nT<?-
a−1 = 1 ® a1 = 0

YB-E)
aκ = 0 |κ| > 1 ® nE<7-5@G z0 = 0

:;S J?-E)gR0«(UQGT8 & OQ85dnT[7OQ8 '
P 3 Q ��R0:;)=¯734«(5@-EJ |z| < 1

),+.l6c(:;) 1
z+1 = 1− z + z2 − ..., >@l6GTV(FH:?Í

1

z(z + 1)
=

1

z
− 1 + z − z2 + z3 − z4 + ..., 0 < |z| < 1,

¯dO(UQ-E¯d3i5@Gs+6OQFH:@S,G
z0 = 0

:@S J?-E)`R0«(UQGT8 & OQ8b5dnE[dOQ8 '
êH»9�b-4YB-?©gGE<?),+65d:;S.O45dnT[7Oi5@1�JfR0«(U(1�Jf5]1�JZYEnT5]1¡©¨)`+`V(J7-E<d5d3Q+.:]1�J9YB-E)`-EJ71�FgnTU(1�Jf+6OQFH:@S=1�JTÍ
P - Q cosz

z2 , z0 = 0,

P 3 Q ez−1
z2 , z0 = 0,

P / Q z+1
z−1 , z0 = 0.

¡pÉ è Ð��

P - Q ��R0:;)=¯73
cosz

z2
=

1

z2

[
1− z2

2!
+
z4

4!
− ...

]
=

1

z2
− 1

2!
+
z

4!
+ ...,

O4+.V(J7nE<75POQ+6O cosz
z2

>@l6:;)`R0«(UQGK5dnT[7OQ8 A +65@Gs+6OQFH:;SG
z0 = 0.

P 3 Q �\C ¦ «E+.GQJ
ez − 1

z2
=

1

z2

[
z +

z2

2!
+ ...

]
=

1

z
+

1

2!
+
z

3!
+ ...,

O4+.V(J7nE<75POQ+6O ez−1
z2

>@l6:;)D-0RQUQ«KRT«IUQG+.5@Gs+6OQFH:@S,G
z0 = 0.
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FOURIER

P / Q $�+.V(J7nE<75POQ+6O z+1
z−1

¯7:@Jf>@l6:;)`R0«(UQGTV(8�¯?)M«(5?)`:;S J?-B)`-EJ7-TUQVI57)=YE3¤+.5@G
z0 = 0

'
ü¨»h�b-hYE-?©HGT<IS,+.:]5d:�-EJ*5@Gb+6OQFH:;S,G

z0 = 0
:;S J?-B)7-TR0-TUQ:;S�»H)MFgO}-EJ71�Fg-TU0SM-�5]1�JoYBn05@1¡©H)?+`V(J7-E<d5d3Q+.:]1�J0Í

P - Q sinz
z ®

P 3 Q ez

z ,

P / Q (ez−1)2

z2 ,

P ¯ Q z
ez−1 .

¡pÉ è Ð��

P - Q ��G+6OQFH:;SG
z0 = 0

:;S J?-E)D-0RT-0UQ:;S�»g)MFgOª-TJ71�FH-0U0SM-K¯?)M«(57)¸Í
sinz

z
= 1− z2

3!
+
z4

5!
− ...

P ¯7:@JfVIR0nE<?l6:@) k > 0 : a−κ 6= 0).

P 3 Q �\C ¦ «E+.GQJ ez

z = 1
z + 1 + z

2! + ... ® 5@Gs+6OQFH:;SG z0 = 0
:;S J?-B)`-TRQUQ«T8bR0«(UQGT8 '

P / Q $�+.V(J?nE<d5POQ+.O
f(z) = ez−1

z

>@l6:@)b-TR0-TUQ:@S�»H)MFDOw-TJ71�FH-0U0SM-y+65@GÄ+6OQFH:@S,G
z0 = 0 ® ¯?)M«(5?)

limz→0 zf(z) = 0 ® nE<7- YE-B)�5@G 5d:]5d<7n0/.1�J?G�5POQ8 f(z)
>@l6:@)*-0RT-0UQ:;S�»g)MFgO^-TJ71�FH-0U0SM- +65;G

z0 = 0
'

P ¯ Q f(z) = z
ez−1 → 1

«(5@-EJ
z → 0

¯I)M«(57) ez−1
z = 1+ z

2! + z2

3! +...→ 1 ® nE<?- zf(z)→ 0, z → 0 ®+.V(J7:]RQN�8b5;G+6OQFH:;S,G
z0 = 0

:;S J7-B)`-TR0-TUQ:@S�»H)MFDOª-TJ71�FH-0U0SM- '
�¡»9�b-K-EJ?-0RQ57V(l(©g:;SD+.:b+.:;)M<?n

Laurent
O4+.V(J?nT<75POQ+6O

f(z) = 1
z(z−1)(z−2)

'
¡pÉ è Ð�� � Æ ºE³ �z� � 6 �

1

z(z − 1)(z − 2)
=

1

z
· 1

1− z ·
1

2
· 1

1− z
2

=
1

2z
·
(
1 + z + z2 + ...

)
·
(

1 +
z

2
+
(z

2

)2
+
(z

2

)3
+ ...

)

=
1

2z
·
(

1 +
3

2
· z +

7

4
· z2 +

15

8
· z3 + ...

)
,

nT<?-DÍ
f(z) =

1

2z
+

3

4
+

7

8
· z +

15

16
· z2 + ...+

2n+2 − 1

2n+2
· zn + ..., n = −1, 0, 1, ....
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� Æ ºE³ �z� � 6 �

f(z) =
1

2
· 1

z
+

1

1− z +
1

2
· 1

z − 2
=

1

2z
+

1

1− z −
1

4
· 1

1− z
2

=
1

2z
+
(
1 + z + z2 + z3 + z4 + ...

)
− 1

4

(
1 +

z

2
+
(z

2

)2
+
(z

2

)3
+ ...

)

=
1

2z
+

3

4
+

7

8
· z +

15

16
· z2 +

31

32
· z3 + ...

i��Si Åªmu4�I¢Ãx�ãb @�k��mMls�t��{JqGIl¢�KC��{�ym{�Mmpo]�nJKC
È J71�<?SMé?GTV(FH:L«(57)B-EJhO

f : A→ C
:;S J7-B)E-EJ7-TUQVI57)=YE3�+65;Gi¯I)Mn057<dO(5@G¤¯IS+.YEG {z ∈ C : 0 < |z− z0| <

R} ® 5d«(5d:�-TJ?-0R05dc(+.+.:]5@-B).+.:�+.:;)=<?n Laurent FH:h+.V(J75d:]UQ:]+.5P3 a−1 = 1
2πi

∫
c f(z)dz

R0GEVZYB-0UQ:;S5@-B)�°®��z�7®6ÐH³6æhº°��� � � �z� ®��*� � �
(Residue)

º0Ð 6
f
+65@G

z0
YB-B)`+.V(F53TG(U0S=é?:]5@-B)`FH:

Res(f, z0)
'

Î µQÏ�³0ÐH¹}±Æü¨»áü¡»ÓÑyë}×Dã¬ó£ädã@ÙhÖ ×gÜ(ÕIÛ]ÚgãdÖT×gÖ
f : A → C

Ø@àáÕPï0ÙLïQÕPï;ßBÜTã@Ù¸Þ0� ×Dã¬ð7Õ ã@ä��7ð
A
âfõ ØØìÏ¬ïTà Ú.Ø¬×gÖ4údÕ;ïî�7Ø��7ØöÚ`ïT×.õ údÕPðÃ�ôßz�Tò(ð�
bõîØ@õHðdÕdð@õ údÕ;ó�ÕZïQÕ;ó2õîÛPß.ó�Õf×HÖTõ Ø@à ó�Õ

a1, a2, ..., an
ã¬ðPÜ4Ø¬×Tó�øã¬ØöÚgÙ¸ÞTð � ã¬ð;Ü�ã@ä��7ð;Ü

A
û²ë�ÛQÕ

γ
Ø@àáÕ;ïTÙ�ïh�ôßz� Þ;ß0Ø@Ùe×Dã���ÞEïdõ�� � ßHÖ �7ð;Ü��7ØöÚgÙ¸Þ;ß0Ø@àýØ@Ù�ãkï

a1, a2, ..., an
âã@ädã¬Øbú 	 ð;ÜdõîØ2�

∫

γ
f(z)dz = 2πi

n∑

κ=1

Res(f, ακ).

����� ´Bµ����QÐ���b-ESM<?J7GEV(Fg:bYBcIYEUQGTV(8
Cκ = {z : |z − ακ| = rκ}, κ = 1, 2, ..., n

+65@G²:@+61�5d:@<?)=YB«5POQ8�YTUQ:;),+65P3Q8bYE-EFgR0cIU(OQ8
γ ® FH: Ci ∩ C1 = ∅ ® i 6= 1

' ��R0«K5@Gs#b:]N�<7OQFH-
Cauchy

/D)M-KR0G(U(UQ-0RQUQn+.V(J?:kYE57)=YBGTc(8h5d«TR0GEV(8 ® >]l6GEV(FH:?Í
∫

γ+

f(z)dz =
n∑

κ=1

∫

Cκ+

f(z)dz,

«0RTGTV4GE)
γ
YB-B)

Cκ
¯I)=-0/`<?nTCDGQJd5@-B).YE-T5dn5POZ©g:]57)=YE34CgGT<?n ' ��R0«5@GQJ¤GE<I)+`Fg«5@GTV4G(UQGTYTU(OQ<71�57)=YEGTcVIR0G(UQGES=R0GEV

Res(f, ακ) =
1

2πi

∫

Cκ+

f(z)dz,

R0-BS=<?J7GEV(FH:?Í
∫

γ+

f(z)dz = 2πi
n∑

κ=1

Res(f, ακ).

Î µQÏ�³0ÐH¹}±Æü¨»áü¡»áê þ
i � ë�ÛQÕªã¬ð z0

Ø]àíÕ;ïTÙgïh�?ïPß0Ø@à��DÙ õ2ÖKïQÕ;ó�õgï;ß`àáï(âîã@ädã¬Ø2�
Res(f, z0) = lim

z→z0
f(z)(z − z0) = 0.
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þ
ii � ë�Û(Õªã¬ð z0

Ø@àáÕPï0Ù7�7äñß`ð�
sR0Ö"
fã;Û�Ï0Ö"
¬â�ã;ädã¬Ø2�
Res(f, z0) = lim

z→z0
(z − z0)f(z).

þ
iii � ë�ÛQÕªã¬ð z0

Ø]àíÕ;ïTÙ7�7ä�ß`ð[
T.Ö"
9ã;Û±ÏQÖ0
ôâ2ã@ädã¬Ø2�

Res(f, z0) = lim
z→z0

d

dz

(
(z − z0)2f(z)

)
.

����� ´Bµ����QÐ��{#b-Æ¯?:;S=[?GEV(Fg:s5POQJ�RT),GÆ+.c(Jk©H:]5PO R0:@<?S=RQ5]1�+.O
(iii)

û���)LR0:@<?)=RQ5PN�+.:;),8
(i)

YB-B)
(ii)R0<?G0YBcIRQ5@GEV(J�FH:}5@GQJ�SM¯I)G¤57<7«TR0G ' $Ä+.V(J?nT<75POQ+6O

f(z)
-EJ7-TRQ5dc(+`+.:]5@-E)B+`:�+.:;)M<7n

Laurent
1�8h:@[d3Q8IÍ

f(z) =
a−2

(z − z0)2
+

a−1

z − z0
+ a0 + a1(z − z0) + ...,

nT<?-DÍ
(z − z0)2f(z) = a−2 + a−1(z − z0) + a0(z − z0)2 + ...,+.V(J?:kR0N�8?Í

d

dz

(
(z − z0)2f(z)

)
= a−1 + 2a0(z − z0) + ....��:]U0)eYBnDÍ

lim
z→0

d

dz
[(z − z0)2f(z)] = a−1.

å�ÐH¹}µT¶çæ�è¡Ð��

(a)
�\nTJf5;G+6OQFH:;S,G

z0
:;S J?-E)`R0«IUQGE8

N
_ç5dnE[dOQ8 ® 5d«(57:7Í

Res(f, z0) =
1

(N − 1)!
lim
z→z0

d

dz

(
(z − z0)Nf(z)

)N−1
.

(b)
�\nEJ�GE)6+.V(J?-E<d5P3Q+`:@),8

g(z)
YB-E)

h(z)
>@l6GTV(J�-TFHCg«(5d:@<7:@8�+65@G4+6OQFH:;SG

z0
R0«IUQG

m
_ç5dnE[7OQ8 ® 5d«(5d:O4+.V(J7nE<75POQ+6O

f(z) = g(z)
h(z)

>@l6:;)D-0R0-TUQ:;S�»g)MFgOi-EJd1�FH-TU0SM-4+.5@G
z0
'

(c)
�\nTJoGB)?+.V(J?-E<d5P3Q+`:@),8

g(z)
YE-B)

h(z)
:;S J?-E)?-EJ7-TUQVI57)=YB>]8 ® g(z0) 6= 0, h(z0) = 0

YB-B)
h′(z0) 6= 0 ®5d«(5d:�O4+.V(J?nT<75POQ+6O

f(z) = g(z)
h(z)

>@l6:;)D-TRQUQ«KR0«(UQG+65@G
z0
YB-E)

Res(f, z0) =
g(z0)

h′(z0)
.

(d)
�\nTJbO¤+.V(J?nT<75POQ+6O

g(z)
>@l6:@)6+65;Gª+6OQFH:;S,G

z0
<ISMé7-i5dnE[dOQ8

k
YB-E)BO¤+.V(J7nE<d5dOQ+6O

h(z)
>@l6:;)6+65@G

z0
<ISMé7-ª5dnT[7OQ8

k+ 1 ® 5d«Q5d:�Oi+.V(J?nE<d5POQ+.O f(z) = g(z)
h(z)

>@l6:;).+65@GK+6OQFH:;SG
z0
-TRQUQ«ªR0«(UQGªYE-B))+`l6c(:@)¸Í

Res(f, z0) = (k + 1)
g(k)(z0)

h(k+1)(z0)
.



�0Å��0ÅÆÀfÂ\È¡Á�Ç�¬§ÂoÇ�Â\À9Â\¼�ÀoÊhÌ}É�Ë ¼4É+)§'�©KÂ\ÀfÂ*Á³©fÉ+) j f

°²±¨³B±¨´EµT¶¸·�¹}±HºQ±Ê�¡±��b±¨è����¨è�µ�� 6 �
Ñ`»9�b-KVIRTGIUQGI/DS,+.:]5d:�5@G

Res(f, z0) ® «TR0GEV f(z) = tan(z).

¡pÉ è Ð��b�\C ¦ «E+.GQJ
tan(z) = sin(z)

cos(z) ® 5@-i-EJdN�FH-TUQ-Z+6OQFH:;SM-i:;S J7-B)EGB)B<?SMé?:@8}5POQ8�:@[IS+.1�+6OQ8 cosz = 0
'�*S J7-B)`:]cIYBG(UQGªJ?-4¯7:;)6YB-TJ?:;S,8h«(57)`GE)`<?SMé?:@8�5POQ8b:@[IS,+61�+6OQ8

cosz = 0
:;S J7-B)65@-K+6OQFH:;SM-45@GTci+.V(J?«IUQGEV

{
zn = (2n+1)π

2 : n ∈ Z
} ' ��<?GECD-TJdN�8*5@-Z+6OQFH:;S=-

zn
:;S J7-B)0-TRQUQGESTR0«IUQGB) ' #b>k5;GTV(FH:

g(z) = sin z ®
h(z) = cosz ® G0RT«(5d:?Í

Res(f, zn) =
g(zn)

h′(zn)
=
−(sin(zn))

sin(zn)
= −1.,

êH»9�b-K¯?:;),l(©g:;SD«(57)
Res

(
z2

sin2z
, 0)

)
= 0.

¡pÉ è Ð�� ��<?nQ/`FH-T57) ® 5d«E+.G^O"+`V(J7nE<d5dOQ+6O g(z) = 1
sin2z

«E+.G^YE-B)�YE-B)�O"+.V(J?nE<d5POQ+.O
h(z) = 1

z2>@l6GTV(JZ+65@G
z0 = 0

R0«(UQGK5dnT[7OQ8 A ® nT<?-4O4-TJ71�FH-0U0SM-K:;S J?-B)`-TR0-TUQ:@S�»H)MFDO '
ü¨»9�b-K¯?:;),l(©g:;SD«(57)

Res
(
ez

2

z−1 , 1
)

= e.

¡pÉ è Ð��
Res

(
ez

2

z − 1
, 1

)
= lim

z→1
(z − 1)

ez
2

z − 1
= lim

z→1
ez

2
= e.

�¡»9�b-K¯?:;),l(©g:;SD«(57)
Res

(
ez

2

(z−1)2 , 0
)

= 0.

¡pÉ è Ð��9�ñ+.l6c(:;) ® /D)M-057SDO4+.V(J?nE<d5POQ+.Oª:;S J7-B)`-EJ?-0UQVI57)=YE3i+65@G z = 0
'

�H»9�b-KVIRTGIUQGI/D),+65d:;SD5@G
Res

(
z2−1

(z2+1)2 , i
)
.

¡pÉ è Ð��f��R0-E<7GQJ?GEFg-T+65d3Q8
(z2 + 1)2 = (z + i)2(z − i)2 >@l6:;)`¯I)eRQU(3ª<ISMé7-K+65;G z = i

' ��R0:;)M¯d3i5@G
z0 = i

¯7:@Jª:;S J?-E)¡<?SMé?-�5@GEVs-E<?) ©HFgO(5P3 ® O�+.V(J?nT<75POQ+6O f(z) = z2−1
(z2+1)2

>@l6:;)¨R0«(UQG A OQ8Z5dnE[dOQ8¤+65@G
z0 = i

' �\l6GEV(Fg:�UQGE)=R0«QJTÍ
Res(f, i) = limz→i

d

dz

(
(z − i)2f(z)

)
= limz→i

(
z2 − 1

(z + i)2

)′

= limz→i
2z(z + i)2 − 2(z + i)(z2 − 1)

(z + i)4
=

2i(2i)2 − 2(2i)(−2)

(2i)4
= 0.

�¨»9�b-KVIRTGIUQGI/D),+Q©H:@SD5@G
I =

∫

c

dz

z2(z − 1)
,

«0RTGTV
c
:;S J?-B)íÍ

(i) |z| = 1/2
3

(ii) |z − 1| = 1/2
3

(iii) |z| = 2
'
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¡pÉ è Ð��
(i)

$
f(z)

>@l6:;)H¯?c(G�-TJ7N�FH-0UQ-s+6OQFH:;SM-�5@-
z = 0

YB-E)
z = 1

:]Y�5]1�JªGTR0GBS=1�JiFH«QJ?GQJZ5@G
z = 0

3T<IS,+6YE:]5@-B)DFg>@+.-+.5@GQJfYBcIYTUQG |z| = 1/2 ® nE<?-`Í I = 2πi Res(f, 0) = −2πi ® ¯I)=«Q57)¸Í
Res(f, 0) = limz→0

d

dz

(
z2 1

z2(z − 1)

)
= limz→0

−1

(z − 1)2
= −1.

(ii)
�^«QJ?GQJ GwR0«IUQGE8

z = 1
3T<IS+.YE:]5@-B)�+65;G§:@+61�57:]<I)=YE«�5@GEV YBcIYEUQGTV |z − 1| = 1/2 ® nT<?-DÍ

I = 2πi Resz=1f(z) = 2πi,
¯?)M«(5?)íÍ

Res(f, 1) = limz→1

(
(z − 1)

1

z2(z − 1)

)
= limz→1

1

z2
= 1.

(iii)
X9-B)DGE)D¯?c(G4RT«IUQGB)

z = 0
YB-E)

z = 1
3T<?S,+6YBGQJ75@-B)`+65@Gs:@+61�5d:@<?)=YB«45@GTViYBcIYTUQGEV |z| = 2 ® nT<?-`Í

I = 2πi (Res(f, 0) +Res(f, 1)) = 2πi(−1 + 1) = 0.

#D»9�b-KVIRTGIUQGI/D),+Q©H:@SD5@GG(UQGTYTU(3Q<71�Fg-
I =

∫

γ

dz

z2 + z + 1
: γ(t) =

eit

2
, t ∈ [0, 2π].

¡pÉ è Ð����)¨<ISMé7:@895@GEV4R0-E<7G0J7GEFg-T+65d3K:;S J?-B)
z1,2 = −1±i

√
3

2

' ��R0:;)=¯73 |z1| = |z2| = 1 ® R0<?GTCg-EJdN�85@-K-EJdN�FH-TUQ-ª-EVI5dnK+6OQFH:@SM-c3T<?S,+6YBGQJd5;-E).>@[d1 -0R0«45@G0J�YBcIYEUQG¤/ YE>@Jd57<7GEV
0
YB-E).-TYE57S J7-E8

1/2 ® nT<?- ®-0RT«K5@Gs#b:]N�<7OQFg-
Cauchy I = 0

'
,¨»9�b-KVIRTGIUQGI/D),+Q©H:@SD5@G

I =

∫

γ

dz

z4 + 1
dz,

«0RTGTV
γ
:;S J7-B)DOKYEUQ:;)+.5P34YB-EFDRTcIU(O4R0GTVKGE<?SMé?:]5@-E)g-TR0«s5@G�nEJ71�OQFH)=YBcIYTU0),G {2eit : t ∈ [0, π]} YB-B)5@G¯I)MnT+.5POQFH-

[−2, 2]
5@GTVªnE[?GQJ7-ª5]1�J

x
'

¡pÉ è Ð��ÿ��-y-TJ7N�FH-0UQ-w+6OQFH:;S=-§5POQ8
f(z)

:;S J7-B)hGE)
4
<ISMé7:@8�5dOQ8�:@[IS,+61�+6OQ8

z4 = −1
Í
z0 =

eπi/4, z1 = e3πi/4, z2 = e5πi/4, z3 = e7πi/4.
��R0:;)M¯739FH«QJ?GfGB)E<?SMé7:@8

z0 = eπi/4
YB-E)

z1 = e3πi/4YE:;S J75@-E)D:]J75d«E8�5POQ8bYEUQ:;),+65P3Q8bYE-EFgR0cIU(OQ8
γ ® >@l6GTV(FH:?Í

∫

γ
f(z)dz = 2πi (Res(f, z0) +Res(f, z1)) .

��)D<ISMé7:@8
z0, z1

:;S J7-B)`-TRQUQGBS`RT«IUQGB) ® nT<?-DÍ
Res(f, z0) = limz→z0 ((z − z0)f(z)) =

1

4e3πi/4
=
eπi/4

4eπi
= −e

πi/4

4
,

:@JdN
Res(f, z1) = limz→z1 ((z − z1)f(z)) =

1

4e9πi/4
=
e−πi/4

4
.



�0Å�õTÅb'*©KÂ\À9Â\È¡Á�Ç�¬§ÂoÇª©�Ì�¿hÈ*¬"¿Ë¡Á ¼ªÉ+) Â\ÀfÂ\¼�À*Ê�Ì}É+¬^¿KË�É+) j �

��:]U0)eYBnDÍ
I =

2πi

4

(
−eπi/4 + e−πi/4

)
= −2πi

4
· 2i sin

(π
4

)
= π sin

π

4
.

8¨»9�b-KVIRTGIUQGI/D),+Q©H:@SD5@GG(UQGTYTU(3Q<71�Fg-
I =

∫

γ

(1 + z)dz

1− cosz : γ(t) = 7eit, t ∈ [0, 2π].

i��}| ���ym��Mmu4�I¢Ãx�ãb  ���FEyuÃx�E�GL��l¢�KC@m{�Mm�ly�t��{JKx¸�MGIJ�C
�£VIR0G(UQGI/D),+.FH«T8f5]1�J4YBn05@1¡©H)¡G(UQG0YEU(OQ<71�FgnT5]1�JZ/DS J?:]5@-E) Fg:f5POXFH>ñ©gGE¯7G�5]1�JKG(UQG0YEU(OQ<d1�5?)=YTN�JiV7_R0G(UQGES=RQ1�J '
Ñ`» 4 ®��z�7®.ÐH³6Ïh¹}±Hº0± º��z� º É�� �z�îÍ

I =

∫ ∞

−∞
f(x)dx,

«0RTGTVOX+.V(J7nE<75POQ+6O
f
:;S J?-B)¡-TJ?-0UQVI5?)=YT3+.5@G

C ® :kYE5d«E8fR0:]R0:@<?-T+`Fg>@J?GTVKRQU(3P©HGTV(8i-TJ71�FHn0U(1�Jª+6O?_FH:@S=1�JsRTGTV²¯?:@JYB:@S J75@-B)�+65@G0J�nE[7GQJ?-²5]1�J
x
' ��RTS,+6OQ8 ® VIR0G?©H>k5;GTV(FH:ª«(57) |f(z)| ≤ M |z|−a ® /D)=-

|z| > R
YB-E)

a > 1
'

°²±¨³B±¨´EµT¶¸·�¹}±HºQ±��iÑD»9��-VIR0G(UQG?/D),+Q©H:;S`5@GsG(UQG0YEU(3Q<d1�FH-
I =

∫∞
−∞

dx
x4+1

.

¡pÉ è Ð�� $ +.V(J?nT<75POQ+6O
f(z) = 1

1+z4

>@l6:;)�57>]+`+.:@<?),8 -TRQUQGEc(8 R0«(UQGTV(8
z0 = eiπ/4, z1 =

e3iπ/4, z2 = e5iπ/4 YB-E) z4 = e7πi/4 «0R0GEV |z| = 1, i = 1, 2, 3, 4.
�}N�<7-^«TRQ1�8K:;SM¯7-EFH:i+65POQJnT+.YTOQ+6O � +`:kU '\mB& Í

Res(f, z0) = −e
πi/4

4
,:@JdN}Í

Res(f, z1) =
e−πi/4

4
.

��J
Cr = reit, t ∈ [0, π] ® r > 1 ® 5d«Q5d:h5@GKG(UQGTYTU(3Q<71�FH-iYE-T5dn4Fg3(YBGT8h5dOQ8�YEUQ:;)+.5P3Q8�YE-EFgR0cIU(OQ8 γR0GEVªGT<ISMé7:;).5@GsnTJ71ÆOQF¨)eYBcIYEU0)GKFg:�YE>@J75d<7G45POQJ¤-T<?lB3i5]1�J¤-T[?«QJd1�J9YE-B)`-TYT57S J?-

r
/`<?nTCg:]5@-B)íÍ

∫

γ

1

1 + z4
dz =

∫ r

−r

dx

1 + x4
+

∫

Cr

dz

1 + z4
=⇒

2πi(Res(f, z0) +Res(f, z1)) =

∫ r

−r

dx

1 + x4
+

∫

Cr

dz

1 + z4
,

«0RTGTV
z0, z1

:;S J7-B)`GE)`R0«(UQGE).5dOQ8�+.V(J7nE<d5dOQ+6OQ8
f(z) = 1

1+z4

R0GEVp3T<IS+.YEGQJ75@-B).+65;GnTJ71ÆOQFH)M:]RTS=R0:@¯7GYE-B).R0:@<I)M>]l6G0Jd5@-B).+65;G:@+61�57:]<I)=YE«45dOQ8bYB-TFgR0cIU(OQ8
γ
' �bJ

r → +∞ ® >@l6GTV(FH:?Í
lim

r→+∞

∫ r

−r

1

1 + x4
dx =

∫ +∞

−∞

dx

1 + x4
,
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:@JdN
limr→+∞

∫
Cr
f(z)dz → 0 ® ¯?)M«(5?)gVIR0nT<?l6:;) M > 0 ® >k57+`)gN�+657:?Í |f(z)| = 1

|1+z4| ≤ M
|z|4

/D)=-FH:¬/`nTUQG
z ® G0RT«(5d:?Í
∣∣∣∣
∫

Cr

dz

1 + z4

∣∣∣∣ ≤
M

r4

∫

Cr

|dz| = M

r4
(
Fg3(YEGE8

Cr) =
M

r4
πr → 0

«(5@-EJ
r → +∞,

nT<?-DÍ
∫ +∞

−∞

dx

1 + x4
= 2πi(Res(f, z0) +Res(f, z1)) =

π√
2
.

å�ÐH¹}µT¶çæ�è¡Ð��nÈî:]JI)=YE«Q5d:@<7- ® :@nTJ |f(z)| ≤M |z|−a, a > 1, M
+.5@-7©H:@<?n ® |z| > R ® 5d«(5d:?Í

∫ +∞

−∞
f(x)dx = 2πi

∑
{Res 5POQ8

f
+65@GsnEJd1ÆOQF¨)M:]RTS=R0:@¯7G },

3
∫ +∞

−∞
f(x)dx = −2πi

∑
{Res 5POQ8

f
+65@GYBn05@1ÆOQF¨)M:kRESeRT:]¯?G }.

êH»9�b-KVIRTGIUQGI/D),+Q©H:@SD5@GG(UQGTYTU(3Q<71�Fg-
I =

∫∞
0

dx
x6+1

'
¡pÉ è Ð��K$ +.V(J?nT<75POQ+6O

f(x) = 1
1+x6

:@S J?-E)¨nE<d57)M- ® nE<7-DÍ I = 1
2

∫ +∞
0

dx
x6+1

' $ +.V(J?nE<d5POQ+.O
f(z)>@l6:@)L5@GEV(8²-TRQUQGEc(8 R0«(UQGTV(8

z1 = eπi/6, z2 = eπi/2
YB-E)

z3 = e5πi/6 +65@G�nTJ71 OQF¨)M:]RTS=R0:@¯7G '��<?GECD-TJdN�8 |f(z)| ≤M |z|−a, a > 1
YE-B)

Res(f, zi) = lim
z→zi

(z − zi)f(z) = lim
z→zi

1

6z5
, i = 1, 2, 3,

nT<?-DÍ
I =

1

2
· 2πi

(
1

6
e−5πi/6 +

1

6
e−5πi/2 +

1

6
e−25πi/6

)
=
π

6
.

êH» 4 ®��z�7®.ÐH³6Ïh¹}±Hº0± º0Ð 6 ¹�¨³0�� 6 Í
I =

∫ 2π

0
R(cos θ, sin θ)dθ,

«0RTGTV
R
:;S J7-B)`<7O(5P34+.V(J?nE<d5POQ+.OiR0GEVª¯?:]JZ>]l6:;)`R0«(UQGEV(8b:]RTSg5@GTVªFHGQJ?-T¯I)=-ES,GEVfYBcIYTUQGEV '

°²±¨³B±¨´EµT¶¸·�¹}±HºQ±��iÑD»9��-VIR0G(UQG?/D),+Q©H:;S`5@GsG(UQG0YEU(3Q<d1�FH-`Í
I =

∫ 2π
0

dθ
2+cos θ

'
¡pÉ è Ð��Z#b>]5@GEV(Fg:

z = eiθ, cos θ = 1
2

(
z + 1

z

)
, dz = izdθ ® nE<?-`Í

I =

∫

γ

1

2 + z2+1
2z

dz

iz
= −i

∫

γ

2dz

z2 + 4z + 1
,



�0Å�õTÅb'*©KÂ\À9Â\È¡Á�Ç�¬§ÂoÇª©�Ì�¿hÈ*¬"¿Ë¡Á ¼ªÉ+) Â\ÀfÂ\¼�À*Ê�Ì}É+¬^¿KË�É+) mB&

«0RTGTVb/¡Í |z| = 1
' �\l6GEV(Fg:L5;GTV(8�R0«IUQGEV(8

z1 = −2 +
√

3
YB-E)

z2 = −2−
√

3
' ��R0«i-TVI5@GEc(8�FH«QJ?GQJG

z1
3T<IS+.YE:]5@-B)D+65@Gs:@+61�5d:@<?)=YB«45@GTV¤/ ® nE<?-`Í

Res

(
2

z4 + 4z + 1
, z1

)
=

2

2z1 + 4
=

1√
3
.

��:]U0)eYBnDÍ
I = −i · 2πi ·Res

(
2

z4 + 4z + 1
, z1

)
=

2π√
3
.

êH»9�b-KVIRTGIUQGI/D),+Q©H:@SD5@GG(UQGTYTU(3Q<71�Fg-DÍ
I =

∫ 2π
0 cos6 θdθ

'
¡pÉ è Ð��Z#b>]5@GEV(Fg:

z = eiθ, cos θ = 1
2

(
z + 1

z

)
, dz = izdθ ® nE<?-`Í

I =

∫

|z|=1

1

26

(
z +

1

z

)6 dz

iz
=
−i
26

∫

|z|=1

(z2 + 1)6

z7
dz.

�\l6GEV(Fg:�R0«(UQG:�3T¯?«EFDOQ8�5dnE[dOQ8�+65@Gs:@+61�5d:@<I)eYB«45POQ8�YE-EFgR0cIU(OQ8 |z| = 1 ® nE<7-DÍ
Res(f, 0) = limz→0

1

6!

d6

dz6

(
z7(z2 + 1)

z7

)6

= ... = 20.

��:]U0)eYBnDÍ
I =
−i
26
· 2πi ·Res (f, 0) =

5π

8
.� Æ ºE³ �z� � 6 �

�\J?-T8"-0RQUQ«E8 57<7«TR0GE8²VIR0G(UQG?/D),+.FHGEc 5@GEV
Res

(
(z2+1)6

z7 , 0
) :;S J?-B)LJ?- RTnT<?GTV(FH:�5;G -EJ7nTRQ5dV?/`FH-

Laurent
+65@G

0
Í

(z2 + 1)6

z7
=

1

z7

6∑

j=0

6!

j!(6− j)!z
2j =

6∑

j=0

6!

j!(6− j)!z
2j−7,

nT<?-45@G
Residue

:;S J7-B)`G+`V(Jd5d:]UQ:@+65d3Q8
a−1

¯7O(UQ-T¯73ª«(5@-EJ
2j − 7 = −1⇒ j = 3 ® 6!

3!3! = 20.ü¨»9�b-KVIRTGIUQGI/D),+Q©H:@SD5@GG(UQGTYTU(3Q<71�Fg-DÍ
I =

∫ 2π
0

dθ
1+a2−2a cos θ

, 0 < a < 1
'

¡pÉ è Ð��
∫ 2π

0

dθ

1 + a2 − 2a cos θ
=

∫

|z|=1

1

1 + a2 − a
(
z + 1

z

) · dz
iz

= −i ·
∫

|z|=1

dz

−az2 + (1 + a2)z − a.

�}<?S,+6YBGTV(FH:�5@GEV(8*R0«(UQGTV(8o:]YB:@SQR0GEV�FgOQ¯?:]JISMé7:]5@-B)(Fg«0J7GQJ}G9R0-T<?GQJ?GTFH-T+65P3Q8\5@GEVhYEUQnT+`Fg-T5@GE8*¯dO(UQ-E¯d3+65@-s+6OQFH:;SM-
z1 = a

YB-E)
z2 = 1

a

' ��RT«IUQGE8
z1 = a

:;S J7-B)D+65@Gs:@+61�5d:@<?)=YB«45POQ8
γ ® G0RT«(5d:?Í

Res(f, a) = − 1

a2 − 1
.
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��:]U0)eYBnDÍ
I = −i · 2πi

(
− 1

a2 − 1

)
=

2π

1− a2
.

ü¨» 4 ®��z�7®.ÐH³6Ïh¹}±Hº0± º0Ð 6 ¹�¨³0�� 6 Í
∫ ∞

−∞
f(x)einxdx, n > 0,

«0RTGTVbO
f(z)

:;S J?-E)T<7O(5P39+.V(J?nE<d5POQ+.O�R0GTV9¯7:@Jh>@l6:@)TR0«(UQGTV(8}+65;GQJhR0<7-0/`FH-05?)eYB«9nE[?GQJ7-9YE-B) |f(z)| ≤
M
|z| , |z| ≥ R

' �ñ+.l6c(:;)¸Í
∫ +∞

−∞
f(x)einxdx =

m∑

i=1

Res(f(z)einz, zi
:@S J?-E)`R0«(UQGE)`5POQ8

f(z)
+65;GsnTJ71ÆOQF¨)=:]RTS=R0:@¯?G

).

��G-TYE«(UQGTV;©HG ] 3QFgFH- P Jordan
Q :;S J7-B)`l6<73Q+`)MFHGK+65dOQJZ-TR0«E¯7:;)M[7OZ5;GTViR0-E<7-TR0nEJd1 57cIR0GTVBÍ

¡ �¨¹}¹}± ü¡» �¡»ÒÑ§ë�ÛQÕ |f(z)| ≤ M
|z| , |z| ≥ R

ÞEï0ÙHïQÕ
CR = {Reit, t ∈ [0, π]} â2ã@ädã¬Ø2�

∫

CR

f(z)einzdz → 0, R→ +∞, n > 0.

��J
CR

:;S J7-B)`«0RQ1�8b+.5@G ] 3QFHFH-ª5;GTV P Jordan
Q ® 5d«(5d:h5@GGIUQGTYEU(3Q<d1�FH-iYB-05dnKFg3(YEGE8h5POQ8�YEUQ:;),+65P3Q8YE-EFgR0cIU(OQ8

γ
R0GEV"GE<?SMé?:;)�5@G nEJ71�OQF¨)=YEcIYEU0),G^Fg:4YB>@Jd5d<?G�5POQJ -E<7l63²5]1�J -E[?«QJd1�JsYE-B)�-TYT57S J?-

R/`<7nECg:k5;-E)¸Í
∫

γ
f(z)einzdz =

∫

CR

f(z)einzdz +

∫ R

−R
f(x)einxdx.

��CD3QJ?GQJd5@-E8
R→ +∞ FH:b:]Cg-E<7FHG?/.3¤5@GEV ] 3QFHFH-T5@GT8

Jordan
RT-ESM<7J?GEV(Fg:�57:kU0)=YBn`Í

2πiRes(f(z)einz, zi (zi
:;S J?-E)`R0«IUQGB)`5POQ8

f(z)
+65@GsnEJd1 OQFH)M:]RTS=R0:@¯7G Q

) =

= limR→+∞

∫

CR

f(z)einzdz + limR→+∞

∫ R

−R
f(x)einxdx =

∫ ∞

−∞
f(x)einxdx.

°²±¨³0W¨´Eµ�� ·�¹}±����b-KVIRTGIUQGI/D),+Q©HGTc(J95@-sGIUQGTYTU(OQ<7N�FH-05@-DÍ
J =

∫ ∞

−∞

x sin(mx)

x2 + a2
dx, K =

∫ ∞

−∞

x cos(mx)

x2 + a2
dx, a > 0.

¡pÉ è Ð�����-ÆG(UQGTYTU(OQ<7N�FH-05@-
J
YE-B)

K
:;S J7-B)o5@GÆR0<7-0/`FH-05?)eYB« YB-B)*5@G Cg-TJ75@-E+657)=YB« FH>]<?GE8�5;GTVGIUQGTYEU(OQ<dN�FH-05;GT8IÍ

I =

∫ ∞

−∞

xeimx

x2 + a2
dx.



�0Å�õTÅb'*©KÂ\À9Â\È¡Á�Ç�¬§ÂoÇª©�Ì�¿hÈ*¬"¿Ë¡Á ¼ªÉ+) Â\ÀfÂ\¼�À*Ê�Ì}É+¬^¿KË�É+) m(a

��R0:;)M¯d3 ∣∣∣ z
z2+a2

∣∣∣ ≤ M
|z| , |z| > R0

),+.l6c(:;)`5@G ] 3QFHFH-
3.5.1 ® nE<7-DÍ

I =
k∑

j=1

Res

(
z

z2 + a2
eimz, zj

:@S J?-E)`R0«(UQGE)`5POQ8
f(z)

+65;GnEJ71ÆOQFH)M:]RTS=R0:@¯7G )
.

$y+`V(J7nE<d5dOQ+6O
f(z) = z

z2+a2

>@l6:;)T¯?c(GZ-0R0UQGTc(8LR0«(UQGEV(8
z1 = −ia YB-B) z2 = ia

YE-B)T:]Cg«E+.GQJ
a > 0FH«QJ7GKGKR0«(UQGE8

z2
:;S J7-B)`+.5@GsnTJ71ÆOQF¨)M:kRESeRT:]¯?G ® nT<?-`Í

I = 2πi Res(f(z)eimz, z2) = 2πi limz→ia
zeimz

z + ia
= πie−ma.

��R0:;)M¯d3
I = K + iJ ® >@l6GTV(FH:?Í

J = πe−ma, K = 0.

�¡» 4 ®��z�7®.ÐH³6Ïh¹}±Hº0± ¹}µ � µ � µ(³E±¨è2¹¯h�0� � ®e�0�F� 6 ± � ®HÏ�� �z� ®Hæy�^è�º����qW7�0���B± º0æy�
x
»

#b-l6<?:@)M-E+65@GEc(FH:�5;G-TYE«(UQGEV;©gG ] 3QFgFH-DÍ
¡ �¨¹}¹}± ü¡» �¡»íêÄë�ÛQÕ Ö

f
Ø@àáÕ;ïTÙ�ïQÕ;ïPßBÜ0ã@Ù¸Þe� ×BØ¤údÕPï(Õ�/7ÙýÛ(ãöÚHÖBã¬ð(/?à=×`ÞTð

0 < |z − z0| < R
ÞEï0Ù2ïQÕã¬ð

z0
Ø@àáÕPï0Ù�ïh�ôß`ä[
c�7äñß`ð�
ªãdÖ"


f(z)
â}ã@ädã¬ØiïQÕ

Cr = {z ∈ C : z = z0 + reiθ, θ ∈ [0, π]} Ø@àáÕ;ïTÙÖTõHÙ¸Þ � Þ;ß`ÙeðZÞTúdÕ(ãöÚgðPÜ z0
ÞEï0ÙHïEÞEã;àáÕ;ï"


r < R
âîú 	 ð;Üdõ Ø2�

limr→0

∫

Cr

f(z)dz = iπRes(f, z0).

°²±¨³0W¨´Eµ�� ·�¹}±����b-KVIRTGIUQGI/D),+Q©H:@SD5@GG(UQGTYTU(3Q<71�Fg-DÍ
I =

∫∞
0

sinx
x dx

'
¡pÉ è Ð��9#b-ªG(UQGTYTU(OQ<7N�+.GEV(Fg:L5PO¤+.V(J?nE<d5POQ+.O

f(z) = eiz

z

YB-05dnªFg3(YEGE8}5;GTVZ+.V(J?«T<?GEV�5@GEVZlB1�<?S,GEV
r < |z| < R

+65;GZnEJd1^OQF¨)=:]RTS=R0:@¯?G ' �b<7GECg-TJdN�8\O9+.V(J?nT<75POQ+6O
f
>@l6:;)T>]J?-TJ�-0RQUQ«fR0«(UQGf+.5@G

z = 0
'�hRT«K5@Gs#b:]N�<7OQFg-K5@GEV

Cauchy
>@l6GTV(FH:?Í

∫ −r

−R
f(x)dx−

∫

Cr

f(z)dz +

∫ R

r
f(x)dx+

∫

CR

f(z)dz = 0,

«0RTGTV ∫
CR

f(z)dz → 0, R→ +∞ P 30UQ>kRT:�U(3QFgFH- 3.5.1
Q]' ��R0«K5@G ] 3QFHFH-

3.5.2
>@l6GTV(FH:?Í

limr→0

∫

Cr

f(z)dz = iπRes(f, 0) = iπ,

+.V(J?:kR0N�8bYE-?©gN�8
r → 0

YE-B)
R→ +∞ >@l6GEV(Fg:?Í

iπ =

∫ 0

−∞

eix

x
dx+

∫ +∞

0

eix

x
dx = 2i ·

∫ ∞

0

sinx

x
dx.
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p qsrutwvyx{z}| �

� Ø � ��� �! "	�Ø � �£���àØ # �
Fourier

|9��� ¾Æ�I¢ÃEyucJKupH

$£R0:]<I) /`<7-ECD3s+6OQFHnT5]1�J ®FP YBV(<?S=1�8¤R0:@<I)GE¯I)eYEN�J Q ® GE¯7OI/`:@Sî+65dOQJ>@J7J?GE)M-X5]1�JCg-T+.FHnT5]1�J4R0GTVX:;S J7-B)-0RT-T<?-ES5PO(5;-K+65POQJZR0-E<?-0YBGIUQGTc;©gOQ+6Oi5]1�JfRQU(OQ<?GECDGE<?)=N�J�R0GEVªFg:]5@-ECg>]<?GTV(J�5@-s+63QFH-05@- '
�ìFH:]5@-E+.lBOQFH-05?),+.FH«T8

Fourier
l6<dOQ+D)=FHGTR0GB)=:;S5@-B)TYE-T5dn¤5POQJ�:]RTS=UQV(+6O¤R0<?Gh30U(OQFHnT5]1�J�:]R0:@[?:@<P/`-E+`SM-T8+6OQFHn05@1�Jª+65@-XR0U(OQ<7GECDGE<I)=-0YEns+.V(+.5P3QFH-05;-X:]RT)=YBGE) J71�J?SM-T8 ® +65@- +`V(+65P3QFH-05;- -TVI5@GEFHn05;GTVK:kUQ>k/`l6GEVYE-?©gN�8bYB-E)g+65POQJª-TJ?nTUQV(+6Oi/`<?-TFHF¨)=YTN�JZ+.V(+65POQFHnT5]1�J ® +65POsFg:]UQ>]5POK5]1�J¤YE:@<?-E)=N�J ® +65POsFgG0Jd5d:]UQGQ_R0GBS,OQ+6O4Y ' U ' R '

4 ³5� è2¹ �76 �¡»ÒÑ`»ÒÑL- ë}×Dãôó
f(t)

õ¨Ùýï^×gÜIÕ(Û]ÚgãdÖT×gÖÊ�ñÚ`ï7Ý(õgï(ã@Ù¸Þ0�"
4õ ØPãkïæÓ0ßHÖBã��"
Pû U Ú.à NôðPÜPõîØKã¬ð ð�ß`ðPøÞ;ßz�@Ú.ó�õDï
F (ω) =

∫ ∞

−∞
f(t)e−iωt dt, ω ∈ R. P j 'ý&(' &�Q

ÔiÕiïTÜTã@ä4Ü��?Û@Ú 	 Ø@Ù Ý.ÙýïsÞTÛTò(Ø ω ∈ R, ã@ädãkØfÖs×gÜIÕIÛ@ÚgãdÖT×gÖ F (ω)
ß`údÝ.ØPãkïTÙgðñß`ðIÞ;ßz�@Ú.ó�õDï

Fourier
�õ ØPãkïT× 	 ÖTõgïIã;Ùe×.õ ä[


Fourier
ã7Ö"


f.

È :@J?)=YBnªOK+.V(J7nE<75POQ+6O
F (ω)

:;S J?-E)D+.V(J7nE<75POQ+6O4FH) /`-E¯?)=YEN�Jb5?)MFDN�JfYB-E)DnT<?-ª/`<7nECg:]5@-E)`+65POKFHGT<?C`3
F (ω) = R(ω) + iX(ω) = A(ω)eiϕ(ω),

«0RTGTV�O�+.V(J7nE<75POQ+6O
A(ω) =

√
R(ω)2 +X(ω)2

UQ>¬/`:]5@-B)ICgnE+.FH-
Fourier

5POQ8
f,
O
A2(ω)

UQ>k/`:k5;-E)CDnE+.FH-K:@J?>]<d/`:;)M-T8�5dOQ8
f
YB-E)`O

ϕ(ω) = tan−1
(
X(ω)
R(ω)

) /.1�J?SM-CgnT+`:k1�8 P phase spectrum
Q]'

m(m
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|9�.> ~µrL�smb LGIt� ôEsC+GL�?¢¢G\�wmy¿cH� 
��-TYB«IUQGEV;©HGT8�5dcIR0GE8fFH-T89:]RT)5d<?>kR0:;)HJ7-R0-E<7-E+65d3Q+.GTV(FH:�5dOQJ

f
FH:b5POc3TG03P©H:;)M-K5POQ8

F ® «Q5@-EJfO f:;S J?-B).YB-05dnTU(U(O(U(Oª+.V(J?nE<d5POQ+.O ' %LV?/.YB:]YE<I)MFg>@J7-4-0R0GE¯?:@)=YBJ7c(:k5;-E).«(57)
f(t) =

1

2π

∫ ∞

−∞
F (ω)eiωt dω. P j ',AB'ý&�Q

$
f(t)

UQ>k/`:]5@-B)`-EJ757S,+65d<?GTCgGT8bFH:k5;-T+.lBOQFH-T57),+.FH«T8
Fourier

5POQ8
F (ω)

'
����� ´Bµ����QÐ�»*%o5dOh+.V(J?>]l6:;)M-�¯?S J?GTV(FH:2F¨)=-bCDGE<7FH-TU0)+65?)eYE3}-TR0«E¯7:;)M[dO}5POQ8�R0-E<7-TR0nEJd1²),+.«(5dO(5@-T8\lB1�<?S,8FH-7©gOQFH-05?)eYE3i-TV(+.5POQ<7«(5dO(5@- ' ��R0«K5POQJh©H:]1�<IS=-K5]1�JZYE-T5@-EJ7GEFDN�J9>@l6GEV(Fg:�«(57)

1

2π

∫ ∞

−∞
eiωt dω = δ(t).

�hRT«K5POQJZ+.l6>@+6OK-EVI5P3ªYB-E).YBnEJ7GQJ75@-T8�-0U(UQ-0/.3ª+65dOK+.:;)=<?nKG(UQG0YEU(3Q<71�+6OQ8�>@l6GEV(FH:
1

2π

∫ ∞

−∞
F (ω)eiωt dω =

1

2π

∫ ∞

−∞
eiωt

∫ ∞

−∞
f(x)e−iωx dx dω

=
1

2π

∫ ∞

−∞

∫ ∞

−∞
f(x)eiω(t−x) dx dω

=
1

2π

∫ ∞

−∞

∫ ∞

−∞
f(x)eiω(t−x) dω dx

=

∫ ∞

−∞
f(x)δ(t− x) dx

= f(t).$ R0-E<7-TR0nEJd1²),+.«(5PO(5;-b),+.l6c(:;)d/D)M-�+6OQFH:;SM-�+.5@-bG0RTGESM-hO�+.V(J?nE<d5POQ+.O�:@S J?-E)?+.V(J?:@lB3Q8 ' �hRTGT¯?:@)=YBJ7c(:k5;-E)«(57).Gi5dcIR0GE8h5POQ8�-TJ757),+65d<?GTCD3Q8�),+.l6c(:;)6YE-B)B«Q5@-TJ�+65@-4+.OQFg:;SM-4-T+.V(J?>@l6:;)=-E8}5POQ8
f
),+.l.c(:@)6Oi),+.«(5dO(5@-

f(t) =
f(t+) + f(t−)

2
.

��),8h+.l6>@+.:;),8 P j 'ý&('ý&�Q YB-E) P j ',AB'ý&�Q FgR0GE<?GTc(FH:�J7-ª57),8h>@l6GEV(FH:L/D)M-ªFH:k/`nTUQ:]8�YEUQnT+.:;),8h+.V(J7-E<75P3Q+.:]1�J '��G(U(UQ>@8fCDGE<7>@895POQJªcIR0-E<?[dO-EVI5PN�Ji5]1�J4GIUQGTYTU(OQ<71�FHn05]1�JZ5dOQJ�©H:]1�<7GEc(FH:b+`-TJª-E<7l.)=YE3457)MFg3K5;GTV
Cauchy - (Cauchy principal value) ® ¯7O(UQ-T¯73�©g>]UQGEV(FH:hJ?-KVIR0nE<7l6:;)`5@G«E<I)G

lim
T→∞

∫ T

−T
f(t)e−iωt dt

YEnT57)`R0GEVª:@S J?-E)D-T+0©g:@J?>@+65d:@<7GK-0RT«K5@GGE<?),+.FH«45@GEV¤/`:@J?)=YB:]V(FH>@J7GTV¤GIUQGTYTU(OQ<7N�FH-05@GE8 '
Èî)M-¯7c(G+.V(J?-T<75P3Q+.:;),8

f
YB-E)

F
R0GEVª+.V(J7¯?>@GQJ75@-E)`Fg:�57),8�+.l6>@+.:;),8 P j ' &('ý&�Q YE-B) P j ',AB'ý&�Q /`<7nECgGTV(FH:

f(t)←→ F (ω).��)DFH:]5@-�30U(O(5d>@8
t
YE-B)

ω
UQ>k/`GQJ75@-B)`+.V(Jd3P©g1�8�l6<?«QJ7GE8hYE-B)`+`V(l6J7«(5dO(5@--EJd57S,+65;GE),l6- '



õTÅ��0ÅÆ½�Á�çiÁ ¼f½oÇª¬�Â\Ì�¾�½*Ç�Ç('*)h¿�Ì�ËîÊbÇo½}ÉF) m�f

|9�Si ¾Æ��¦}��l9¥¡ ôx¸mb�F¿4¥¡  ¢¥ADCwEb�IGIH�¢i��JKC
¦ �\+65]1

f ←→ F.
È :@JI)=YEn²),+.l.c(:@)

f(t) = f1(t) + if2(t)
YE-B)

F (ω) = R(ω) + iX(ω) ® «TR0GEV�GE)
f1, f2, R, X

:;S J?-B)`+.V(J?-T<75P3Q+.:;),8�R0<?-Q/`FH-T57)=YTN�J�5?)=FgN�J ' ��R0«K5POK+.l6>@+6O
eiωt = cosωt+ i sinωtR0<?G0YBcIRQ5d:;)D«(57)¸Í

R(ω) =

∫ ∞

−∞
(f1(t) cosωt+ f2(t) sinωt) dt P j ',aB'ý&�Q

X(ω) =

∫ ∞

−∞
(f2(t) cosωt− f1(t) sinωt) dt P j ',aB',A�Q

YE-?©gN�8�YE-B)`GB)D-0YB«IUQGEV;©HGE)65dcIR0GB)D5POQ8�-EJ757),+65d<?GTCD3Q8IÍ
f1(t) =

1

2π

∫ ∞

−∞
(R(ω) cosωt−X(ω) sinωt) dω P j ',aB',a�Q

f2(t) =
1

2π

∫ ∞

−∞
(R(ω) sinωt+X(ω) cosωt) dω. P j ',aB' j Q

åp���B±¨³Eº��¨è�µ�� 6î� ³B±H·2¹}±Hº°��� Ïy�²º5�ô¹�Ï��
 �R0G?©H>k5;GTV(FH:f«(5?)¨O

f
:;S J7-B)¡+.V(J?nT<75POQ+6OsR0<?-0/`Fg-T57)=YEN�J¤57)MFgN�J ' ��«(5d:f5@G²Cg-TJ75@-E+657)=YB«�FH>]<?GE8:;S J?-B)

0 ® ¯dO(UQ-E¯d3 f2 = 0
YE-B)`nE<7-

f = f1
' �hRT«K57),8�+.l6>@+.:;),8 P j 'aB'ý&�Q YE-B) P j ',aB',A�Q >@l6GTV(FH:?Í

R(ω) =

∫ ∞

−∞
f(t) cosωt dt P j ',aB',m�Q

X(ω) = −
∫ ∞

−∞
f(t) sinωt dt. P j ',aB'`_�Q

�hRT«:]¯7NÆRT<7GTYEcIRQ57:;)`«(5?)íÍ
R(ω) = R(−ω),

¯7O(UQ-T¯73iO
R
:;S J?-E)DnT<757)M-K+.V(J?nT<75POQ+6O

YE-B)
X(−ω) = −X(ω),

¯dO(UQ-E¯73¤O
X
:;S J7-B)`R0:@<?)5P5P34+`V(J7nE<d5dOQ+6O '

X9-057n+.V(J7>]R0:;)M-K>@l6GEV(FH:h«(5?)
F (ω) = F (−ω).��+`l6c(:@)DYE-B).5@Gs±7�Tº`¶¸è�ºB³"�7+�%$¨¯7O(UQ-T¯73

-TJ
F (ω) = F (−ω)

5d«(5d:�O
f
:;S J?-E)`R0<7-0/`FH-05?)eYEN�J�57)MFgN�J '

��<?n0/`Fg-T57)`-0R0«K5dOQJ P j ',aB' j Q >@l6GEV(FH:
f2(t) =

1

2π

∫ ∞

−∞
(R(ω) sinωt+X(ω) cosωt) dω



mh� ¼�½b¾2¿hÀ*¿hÁdÂíõTÅ�Âª¬"½�Ë ¿bÇwûbÊ�¬�¿Ë¡ÁñÇ�¬�ÂoÇ
FOURIER

YE-B)Q:kRT:@)M¯73hO�GIUQGTYEU(OQ<d1�5d>@-�+.V(J?nT<75POQ+6O�RT<7GTYEcIRQ57:;)(R0:@<?)5P5P3�+.V(J?nT<75POQ+6O�5@GEV
ω P -0R0«95POQJ�VIR0«?©g:@+6OR0<?G0YBcIRQ5d:;).«Q57).O

R
:;S J7-B).nE<d5?)=-4+.V(J?nT<75POQ+6OiYB-E).«(5?).O

X
:;S J7-B)6R0:@<I)5P5P3ª+.V(J7nE<75POQ+6O Q ® >@l6GTV(FH:�«Q57)5@GG(UQGTYTU(3Q<71�FH-4:@S J?-E)   YB-E).YB-T5dnK+.V(J?>]R0:;)M-

f2 = 0 ® ¯7O(UQ-E¯d3iO f :;S J7-B).RT<7-0/`FH-057)=YEN�J�57)MFgN�J 'åp���B±¨³Eº��¨è�µ�� 6 ¹��ç·2±¨´°��� Ïy�²º5��¹�Ï��
 �R0G?©g>]5@GEV(FH:h«(5?)`O

f
:;S J7-B)`+.V(J?nE<d5POQ+.OªF¨) /`-T¯I)=YTN�J�57)MFDN�J ' ��«(57:

f1 = 0
YB-E)`nE<7-

f = if2
' ��R0«57),8�+.l6>@+.:;),8 P j ',aB'ý&�Q ®�P j ',aB',A�Q >@l6GEV(FH:h«(5?)íÍ

R(ω) =

∫ ∞

−∞
f(t) sinωt dt

X(ω) =

∫ ∞

−∞
f(t) cosωt dt.�hRT«:]¯7NÆRT<7GTYEcIRQ57:;)`«(5?)íÍ

R(ω) = −R(−ω),
¯7O(UQ-T¯73iO

R
:@S J?-E)`R0:@<?)5P5d34+.V(J7nE<d5dOQ+6O

YE-B)
X(−ω) = X(ω),

¯dO(UQ-E¯d3iO
X
:;S J7-B)`nE<757)M-4+`V(J7nE<d5dOQ+6O

.X9-057n+.V(J7>]R0:;)M-K>@l6GEV(FH:h«(5?)
−F (ω) = F (−ω).��+`l6c(:@)DYE-B).5@Gs±7�Tº`¶¸è�ºB³"�7+� ® ¯dO(UQ-E¯d3-EJ − F (ω) = F (−ω)

5d«(5d:�O
f
:;S J?-E)DCD-EJ75@-T+.57)=YTN�J�57)MFgN�J '

��<?n0/`Fg-T57)`-0R0«K5dOQJ P j ',aB',a�Q >@l6GEV(FH:
f1(t) =

1

2π

∫ ∞

−∞
(R(ω) cosωt−X(ω) sinωt) dω.

��R0:;)M¯d3XO G(UQGTYTU(OQ<71�5d>@- +.V(J?nE<d5POQ+.OX:;S J7-B) R0:@<?)5P5P3 +`V(J7nE<d5dOQ+6OX5@GTV
ω P -TR0«²5POQJsVIR0«?©g:@+6OXRT<7GQ_YEcIR05d:;)D«Q57)`O

R
:;S J?-B).RT:]<I)5P5P3K+.V(J7nE<d5dOQ+6OªYB-E)D«(57)DO

X
:@S J?-E)DnE<d5?)=-+.V(J7nE<75POQ+6O Q ® >@l6GEV(Fg:�«Q57)`5;GGIUQGTYEU(3Q<d1�FH-4:;S J7-B)   YB-B).YE-T5dn+.V(J7>]R0:;)M-

f1 = 0 ® ¯dO(UQ-E¯73¤O f :;S J?-E)DCD-EJ75@-T+.57)=YTN�J�57)MFgN�J '
Æ � ³Eº°�ôµ 6 � � µ(³5�çºTº0¯ 6 è����B±¨³Tº±�Hè2µ�� 6
��JfO

f
:;S J7-B) � ³B±H·�¹}±Hº5����� �¡±��<W¨³Eº°�ô±�5d«(57:�-TR0«K5POQJ P j ',aB',A�Q >@l6GTV(FH:�«(57)

X(ω) = 0,¯dO(UQ-E¯73iGFH:]5@-E+.lBOQFH-05?)+`Fg«E8
Fourier F (ω)

:;S J?-E)`R0<?-Q/`FH-T57)=YT3i+.V(J?nE<d5POQ+.OiYB-E)D-0R0«K5dOQJ P j ',aB',m�QR0-BS=<?J7GEV(FH:
F (ω) = R(ω) =

∫ ∞

−∞
f(t) cosωt dt = 2

∫ ∞

0
f(t) cosωt dt.

��R0:;)M¯d3ªO
R
:;S J?-B)`nE<d5?)=-K-TR0«K5POQJ P j ',aB',a�Q R0-BSM<7J?GTV(FH:

f(t) =
1

π

∫ ∞

0
R(ω) cosωt dω.



õTÅ��0ÅÆ½�Á�çiÁ ¼f½oÇª¬�Â\Ì�¾�½*Ç�Ç('*)h¿�Ì�ËîÊbÇo½}ÉF) m �

��+`l6c(:@)6YB-B)B5@G4±7�Eº`¶¸è�ºE³0�7+� ® ¯dO(UQ-E¯d3¤-EJbO F YB-E)BO
f
:;S J?-E)6R0<7-0/`FH-05?)eYEN�J�57)MFgN�J�5d«(5d:�O

f
:;S J?-B)nT<757)M- '

��JfO
f
:;S J7-B) � ³B±H·�¹}±Hº5����� �¡±�� � µ(³5�çºEº±�"5d«Q5d:�-TR0«K5POQJ P j ',aB',m�Q >@l6GEV(Fg:�«(5?)

R(ω) = 0,¯dO(UQ-E¯73ªGsFH:]5@-T+`lBOQFH-057),+.FH«E8
Fourier F (ω)

:@S J?-E)gCD-EJd5;-T+65?)=YT3ª+.V(J?nT<75POQ+6O4YE-B)D-TR0«5POQJ P j ',aB'`_�QR0-BS=<?J7GEV(FH:
F (ω) = iX(ω) = −i

∫ ∞

−∞
f(t) sinωt dt = −2i

∫ ∞

0
f(t) sinωt dt.

��RTS,+6OQ8f:]R0:;)=¯73iO
X
:;S J7-B).RT:]<I)5P5P34-TR0«K5POQJ P j 'aB',a�Q >@l6GTV(FH:

f(t) = − 1

π

∫ ∞

0
X(ω) sinωt dω.

��+`l6c(:@)�YE-B)�5;G�±7�Eº`¶¸è�ºE³0�7+� ® ¯dO(UQ-E¯73"-TJ�O F :@S J?-E)�F¨) /`-T¯I)=YTN�J57)MFgN�J�YB-E)2O
f
R0<7-0/`FH-05?)eYEN�J57)MFgN�J ® 5d«(5d:�O f :;S J7-B).RT:]<I)5P5P3 '�*S J7-B)6:@cIYEG(UQG¤J?-i¯?:;)EYB-TJ?:@S,8�«Q57)6F¨)=-iº����î±î¶ö± � ³B±H·2¹}±Hº°����� +.V(J?nT<75POQ+6O

f(t)
FDR0GE<?:@S6J?-Z/`<?-TCg:;S+.-EJZn7©H<7GB),+.FH-4F¨)=-E8bnT<757)M-E8�+.V(J?nT<75POQ+6OQ8

fe
YE-B)`F¨)M-T8�R0:@<I)5P5P3Q8�+.V(J?nT<75POQ+6OQ8

fo ® «TR0GEV
fe(t) =

f(t) + f(−t)
2

, fo(t) =
f(t)− f(−t)

2
,

¯dO(UQ-E¯73
f(t) = fe(t) + fo(t).%LV(F53TGIU0SMé?GTV(FH:fFg:

Fe
YE-

Fo
5;G G(UQGTYTU(3Q<71�FH-

Fourier
5@1�J

fe
YE-B)

fo
-EJd5?S+.5@GE),l6- ' ] «I/.1§5@1�JR0-E<7-TR0nTJ71 +.l6>@+.:]1�J O

Fe
:;S J7-B)�R0<7-0/`FH-05?)eYEN�J�57)MFgN�J :@JdN O

Fo
:@S J?-E)hCg-TJ75@-E+657)=YTN�J�5?)=FgN�J '��RTS,+6OQ8f:]R0:;)=¯73

R+ iX = Fe + Fo
>@l6GTV(FH:�«(57)

R(ω) = Fe(ω), iX(ω) = Fo(ω),

fe(t)←→ R(ω), fo(t)←→ iX(ω),

R(ω) = 2

∫ ∞

0
fe(t) cosωt dt, X(ω) = −2

∫ ∞

0
fo(t) sinωt dt,YE-?©gN�8�YE-B).5@GEV(8�-0YB«(UQGTV;©HGTV(8h5dcIR0GEV(8b5POQ89-TJ757),+65d<?GEC`3Q8

fe(t) =
1

π

∫ ∞

0
R(ω) cosωt dω, fo(t) = − 1

π

∫ ∞

0
X(ω) sinωt dω.

°²±¨³B±¨´BµT¶í·�¹�±gº0±�»
ÑD»L�b-Ã3T<?:ñ©H:@SDGFH:]5@-E+.lBOQFH-T57),+.FH«T8

Fourier
5@GEViGE<]©gGI/.N�JI)GTVZR0-TUQFgGEc '

pT (t) =

{
1 |t| ≤ T,
0

-0U(UQGEc
.
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FOURIER

¡pÉ è Ð�� ¦ �\l6GTV(FH:�«Q57)
F (ω) =

∫ T

−T
e−iωt dt =

2 sinTω

ω
, ω 6= 0, F (0) = 2T.

-5 Π -3 Π -Π Π 3 Π 5 Π
x’x

2

y’y

%LlB3QFH-Xj 'ý& Í9%o5@G"+.lB3QFH-²OXFgRQUQ:f/`<?-TFHFg3sR0-T<I),+65dnEJ7:;)¨5;G²CgnT+`Fg-
Fourier

∣∣∣∣
2 sinω

ω

∣∣∣∣
5;GTV�GE<]©gGQ_

/.1�J?S,GEViR0-TUQFgGEc
p1(t) (T = 1) ® :@J7NÆO4YE«TYTY6) JdOZ/`<7-EFHFg3ª¯7:;S,l6J7:;)`5@GQJZFH:]5@-E+.lBOQFH-05?),+.FH« Fourier

2 sinω

ω

5;GTVªGE<k©HGI/.1�J?S,GEVfRT-0UQFHGEc
p1(t)

'
�hRT«K5POQJ¤)M¯I)=«Q5PO(5@-45POQ89l6<7G0J?)=YT3Q8�FH:]5@-T5d«0RE)+.OQ8b>@l6GEV(Fg:?Í

pT (t− t0)←→ 2 sinTω

ω
e−iωt0 .

êH»}�hRT«K5@GKR0<?GTOI/`GTc(FH:@J7G4R0-T<?nT¯?:;) /`Fg-ªYB-E).5dOQJ¤)M¯?)M«(5dO(5@-45POQ89+.V(FHFg:]5d<ISM-T8bR0<7GTYBcIRQ5d:;)
sin at

πt
←→ pa(ω).

ü¨»}��-c3T<?:�©H:;SDGFH:]5@-E+.lBOQFH-057),+.FH«E8
Fourier

5dOQ8�+.V(J?nT<75POQ+6OQ8
f(t) =

{
e−at t ≥ 0,
0 t < 0, a > 0.

¡pÉ è Ð�� � Æ ºE³ �z� � 6 »L�b-E<7-T5POQ<?GTc(Fg:�«Q57)
F (ω) =

∫ ∞

0
e−ate−iωt dt

=

∫ ∞

0
e−at(cosωt− i sinωt) dt

=

∫ ∞

0
e−at cosωt dt− i

∫ ∞

0
e−at sinωt dt.



õTÅ��0ÅÆ½�Á�çiÁ ¼f½oÇª¬�Â\Ì�¾�½*Ç�Ç('*)h¿�Ì�ËîÊbÇo½}ÉF) _B&

��UQG0YEU(OQ<7N�J7GQJd5;-T8hYE-T5dnKFH>@<7Oª>@l6GTV(FH:�«(57)
∫
e−at cosωt dt =

e−at

a2 + ω2
(ω sinωt− a cosωt),

∫
e−at sinωt dt =

e−at

a2 + ω2
(ω cosωt− a sinωt)

YE-B)*nE<7- -TR0« 5@G0J"GE<I)+`Fg« 5@GEV^/`:@J?)=YB:@V(Fg>@J7GTV^GIUQGTYEU(OQ<dN�FH-05@GE8sYE-B)\5POQJ^VIR0«7©H:@+6O «(5?)
a > 0 ®R0<?G0YBcIRQ5d:;)D«(57)

∫ ∞

0
e−at cosωt dt =

a

a2 + ω2
,

∫ ∞

0
e−at sinωt dt = − ω

a2 + ω2
.

%LV(J7¯?V(nEé7GQJd5@-E8h5@-KR0<?G0OI/`GEc(FH:@J7-ªR0-BSM<7J?GEV(Fg:?Í
F (ω) =

a

a2 + ω2
− i ω

a2 + ω2
=

1√
a2 + ω2

e−i tan−1(ω/a).

� Æ ºE³ �z� � 6 »}�hR0«5POQJZG(UQG0YEU(3Q<71�+6O¤5@1�JZF¨) /`-T¯I)=YTN�J9+.V(J?-T<75P3Q+.:]1�Jf>@l6GEV(FH:?Í
F (ω) =

∫ ∞

0
e−ate−iωt dt =

∫ ∞

0
e−t(a+iω) dt =

1

a+ iω
e−t(a+iω)

∣∣∣∣∣

∞

0

=
1

a+ iω
=

a− iω
a2 + ω2

=
a

a2 + ω2
− i ω

a2 + ω2
.

�¡»}��-c3T<?:�©H:;S`5@GsCDnE+.FH-
Fourier

YB-E)`Oi/.1�J?SM-CgnT+`:k1�8b5POQ8�+`V(J7nE<d5POQ+.OQ8
f(t) = e−3tU(t).

-10 -5 5 10
x’x

0.2

0.4

0.6

0.8

1

y’y

%LlB3QFH-4j ',A Í�$�+.V(J?nE<d5POQ+.O
U(t)

'
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FOURIER

¡pÉ è Ð��}�hR0«K5;GKR0<?G0OI/`GEc(FH:@J7GªR0-E<?nT¯?:;) /`FH-4>]l6GEV(FH:?Í
F (ω) =

∫ +∞

−∞
e−3tU(t)e−iωt dt =

∫ +∞

0
e−3tU(t)e−iωt dt

=
3− iω
9 + ω2

=
1√

9 + ω2

(
3√

9 + ω2
− i ω√

9 + ω2

)
.

%LV(FgR0:@<7-BS J7GEV(Fg:�UQGB)=R0«QJf«(57)D5@GCgnE+.FH-
Fourier

:;S J?-B)
|F (ω)| = 1√

9 + ω2

YE-B).Oi/.1�JISM-CgnT+.:]1�8b:;S J7-B)
ϕ(ω) = tan−1

(−ω
3

)
.

|9�}| jkEb¢4��l9¥¡ ÿ��¦L��ã{GItG\�  
��)2-0YB«IUQGEV;©H:]8ª)M¯I)=«Q5PO(5d:@8i5@GEV Fg:]5;-T+.lBOQFH-T57),+.FHGTc

Fourier
:;S J?-E)�nTFH:@+6O²+.V(J?>]R0:;)=-"5@GEV GT<I),+.FHGTc5@GEViYE-?©gN�8hYB-E)`5@GEV¤57cIR0GTVª5POQ8�-EJ757),+65d<?GTCD3Q8 ' %o5POK+.V(J?>]l6:;)M-KVIR0G?©H>k5;GTV(FH:�«(57)

f ←→ F.

• & ³B±¨¹}¹���� � º0Ðgº0±î»��!FH:k5;-T+.lBOQFH-T57),+.FH«T8
Fourier

:;S J7-B)6/`<?-TFHF¨)=YT3¤R0<?nT[7O ® ¯7O(UQ-T¯73i-EJ
f1 ←→ F1, f2 ←→ F2,5d«(5d:

a1f1 + a2f2 ←→ a1F1 + a2F2,«0R0GEV
a1, a2

-TV;©H-BSM<7:]5d:@8�+65;-7©H:@<7>@8 '
• åp�g¹}¹}µIºE³`¶ö±�»

F (t)←→ 2πf(−ω).

• �ª±0�\¹�æ�º±���î³ � �0�z� P time scaling
Q]' ��J

a ∈ R, 5d«(5d:
f(at)←→ 1

|a|F
(ω
a

)
.

• ' ³0���5����� ¹}µIºQ±Hº �z� � è Ð P time shifting
Q

f(t− t0)←→ F (ω)e−iωt0 .
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• ��µIºQ±Hº �z� � è¡Ð è������ � ºQÐHºQ± 6 P frequency shifting
Q

eiω0tf(t)←→ F (ω − ω0).

• ( ��±7 � ³°� è Ð�º��z�B�î³ � �0�z� P time differentiation
Q]'  �R0G7©H>]5@GQJ75@-E8f«(5?)¨G FH:]5@-E+.lBOQFH-057),_+.FH«T8

Fourier
5POQ8

f (n) VIRTnT<?l6:;) ® >@l6GEV(Fg:�«(57)
f (n)(t)←→ (iω)nF (ω).

• ( ��±7 � ³°� è Ð º0Ð 6 è������ � º0ÐgºQ± 6 P frequency differentiation
Q

(−it)nf(t)←→ F (n)(ω).

• åp�*)"�`·*� 6 è����0W¨³Tº0ÐHè Ð P conjugate function
Q

f(t)←→ F (−ω).

• åp���0¯[®7���QÐ èîº��ô��³ � �"� P time convolution
Q]' ¦ �\+65]1£¯?c(G +.V(J?-T<75P3Q+.:;),8

f1
YE-B)

f2
FH:Fg:]5@-E+.lBOQFH-T57),+.FH«

Fourier F1
YE-B)

F2
-TJ757S,+65;GE),l6- ' �bJ

f(t) = f1 ∗ f2(t) =

∫ ∞

−∞
f1(t− x)f2(x) dx

5d«(5d:
f(t)←→ F1(ω)F2(ω).

• åp���0¯[®7���QÐ^è�º0Ð^è������ � ºQÐHºQ± P frequency convolution
Q]' ¦ �\+.5]1 ¯?c(G¤+.V(J7-E<75P3Q+.:;),8

f1
YE-B)

f2
FH:�FH:]5@-E+.lBOQFH-T57),+.FH«

Fourier F1
YE-B)

F2
-TJ757S,+65@GB),l6- ' �bJ

F (ω) = F1 ∗ F2(ω) =

∫ ∞

−∞
F1(ω − x)F2(x) dx

5d«(5d:
f1(t)f2(t)←→ 1

2π
F1 ∗ F2(ω).

�¢�q�*µQÏh³0Ð¨¹}±Æ³0� � � 6 P moment theorem
Q]' ¦ �\+65]1w«Q57)

mn =

∫ ∞

−∞
tnf(t) dt, n = 0, 1, 2, . . . ,

5d«(5d:b>@l6GEV(Fg:
(−i)nmn = F (n)(0).
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FOURIER

����� ´Bµ����QÐ�»�Èî)M-
n = 0

:;S J?-B)BCg-TJ?:@<7« ' È <7nECgGQJd5;-T8}5POQJ�+.V(J?nE<d5POQ+.O
e−iωt

+.:�+.:;)M<7n¤YB-B)BGIUQGTYTU(O?_<dN�J?GQJ75@-E8h«E<7G4RT<7GE8b«E<7GK>@l6GEV(FH:
F (ω) =

∫ ∞

−∞
f(t)

[ ∞∑

n=0

(−iωt)n
n!

]
dt

=
∞∑

n=0

(−iω)n

n!

∫ ∞

−∞
tnf(t) dt

=
∞∑

n=0

(−i)nmn
ωn

n!
.

�hRT«K5@G-EJ7nTRQ5dV?/DFg-
Talyor

5POQ8
F (ω)

>]l.GTV(FH:�«(57)
F (ω) =

∞∑

n=0

F (n)(0)
ωn

n!
.

�\[I)+.N�J7GQJ75@-E8h5@GEV(8�GTFHGB)G�3Tn7©HFH),GTV(8�«T<?GTV(8�R0<?G0YBcIRQ5d:;)`O4édO(5;GTc(FH:@JdO4),+.«(5PO(5;- '
°²±¨³B±Hº��¨³QÐ¨è Ðî»{Èî)M-i5@GiRT-T<?-0RTnTJ71 -TR0-E)5P3Q+`-TFH:}J?-ª),+`l6c(:@)6O¤«T<?G¤R0<?GT8h«T<?GiG(UQG0YEU(3Q<d1�+.O ' �bVI5d«:;S J?-B)`¯?V(J7-T5d«KFH«QJ7GK«(5;-TJfGB)D<?G0R0>@8�5dOQ8

f
:;S J7-B).RT:kR0:@<?-T+`Fg>@J?:@8 '

Î µQÏ�³0ÐH¹}± º��z�
Parseval.

��R0GT¯?:;)=YEJ7c(:]5@-E).«Q57)g),+.l6c(:;)`O4-TYB«IUQGEV;©gOi),+.«Q5PO(5@-DÍ
∫ ∞

−∞
|f(t)|2 dt =

1

2π

∫ ∞

−∞
|F (ω)|2 dω.

È :@J?)=YB«(5d:@<7- ® -EJ
f1 ←→ F1, f2 ←→ F2,5d«(5d:?Í

∫ ∞

−∞
f1(t)f2(t) dt =

1

2π

∫ ∞

−∞
F1(−ω)F2(ω) dω.

|9�.� ¤ �zG�Eb¢¥øptMx�E�GL�I¢Ãx�ãb 
Fourier

GIt�  ¢¥ADCF�b�IGIt�¢¢t� 9¦\¥z�G�E
�hRT«K5@GQJZGE<?),+.FH«45POQ8�+`V(J7nE<d5dOQ+6OQ8b¯?>]U(5@- P ©g:]1�<ISM-45@1�JfYE-T5@-EJ?GTFgN�J Q ® >@l6GEV(FH:h«(5?)

∫ ∞

−∞
e−iωt δ(t) dt = 1,

¯dO(UQ-E¯736Í
δ(t)←→ 1.�hRT«K57),89)=¯I)M«(5PO(5d:@8�R0GEVª>]l6GEV(FH:�-TJ?-TCg>@<7:@)6R0<?GTYEcIRQ5;GTV(J95@-s-0YB«(UQGTV;©H-`Í

1←→ 2πδ(ω),

δ(t− t0)←→ e−iωt0 ,

eiω0t ←→ 2πδ(ω − ω0). P j ',mB'ý&�Q
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|9�S£ ´9E��wEs¦\��o�uÃx�E�G�Ei�
1
' ��-c3T<7:ñ©H:;SDGFH:k5;-T+.lBOQFH-T57),+.FH«E8

Fourier
5]1�J¤+.V(J?-T<75P3Q+.:]1�J

cosω0t, sinω0t.

¡pÉ è Ð��}��R0:;)=¯73
cosω0t = 1

2(eiω0t + e−iω0t),
-TR0«K5POQJ P j ',mB'ý&�Q >@l6GEV(Fg:�«(57)

cosω0t ←→
1

2
(2πδ(ω − ω0) + 2πδ(ω + ω0))

= πδ(ω − ω0) + πδ(ω + ω0).

¦ �bFHGE)M-K>@l6GTV(FH:?Í
sinω0t←→ iπ[δ(ω + ω0)− δ(ω − ω0)].

êH»}��-¯?:@),l(©H:;S`«Q57)DGFH:]5@-E+.l '
Fourier

5POQ8�+`V(J7nE<d5dOQ+6OQ8
f(t) = sgn(t)

:;S J?-E)
F (ω) =

1

iω

'

-10 -5 5 10
t

-1

-0.5

0.5

1

SgnHtL

%LlB3QFH-4j ',a Í�$�+.V(J?nE<d5POQ+.O
sgn(t)

'
¡pÉ è Ð��}�hR0«K5;GQJf5dcIR0G5POQ89-TJ757),+65d<?GTCD3Q8�>@l6GEV(Fg:�«(57)

f(t) =
1

2π

∫ ∞

−∞

1

iω
eiωt dω =

1

π

∫ ∞

0

sinωt

ω
dω.

�hRTGT¯?:;)eYBJ7c(:k5;-E).«(5?)
1

π

∫ ∞

−∞

sinωt

ω
dω =

{
1 t > 0
−1 t < 0YE-B)`nE<7-

f(t) = sgn(t).ü¨»��-î3T<7:ñ©H:;S¡G²FH:]5@-E+.lBOQFH-T57),+.FH«T8
Fourier

5POQ8i+.V(J?nT<75POQ+6OQ8¤5@GEV�FgG0J7-E¯?)M-ES,GTVc303QFH-05@GE8
U(t) ®P 30UQ>]R0:b+.l ' j ',A�Q]'

¡pÉ è Ð��}��R0:;)=¯73
U(t) = 1

2 + 1
2sgn(t) ® +.V(J?¯?V(nTé?GQJd5@-E8�5;-KR0<?G0OI/`GEc(FH:@J7-4>@l6GEV(Fg:?Í

U(t)←→ πδ(ω)− 1

iω
.
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FOURIER

�¡»b��-v3T<?:ñ©g:;SHGsFH:]5@-E+.lBOQFH-T57),+.FH«T8
Fourier

/D)M-5@G�¯I)M-TFHGE<7C`1�FH>]J7G+63QFH-s:@J?«T8�R0-0UQFHGEc P pulse
modulated signal

Q ® ¯7O(UQ-T¯73¤5dOQ8�+.V(J?nT<75POQ+6OQ8
f(t) = pT (t) cosω0t.

¡pÉ è Ð��i��R0« 5;G²R0-E<7nE¯7:;) /`FH- & -TVI5d3Q8¤5POQ8ªR0-T<?-0/`<7nECDGTVKYB-B)¡5POQJs)M¯?)M«(5dO(5@- 5POQ8ª+.V(J?>]U0)=[7OQ8i+657),8+.V(l6J?«(5PO(5d:@8�>@l6GTV(FH:�«(57)DGsFg:]5@-E+.lBOQFH-T57),+.FH«T8
Fourier F

5POQ8
f
¯IS J?:]5@-B)`-0RT«K5POQJ¤),+.«(5dO(5@-DÍ

F (ω) =
1

2π

∫ ∞

−∞
F1(ω − t)F2(t) dt

«0RTGTV
F1

YB-E)
F2

:;S J7-B)`GB)DFH:k5;-T+.l6OQFg-T57),+.FHGBS.5@1�J
pT (t)

YB-E)
cosω0t

-TJ757S,+65@GB),l6- ' ��RT:@)M¯73
F1(ω) =

2 sinTω

ω
, F2(ω) = π(δ(ω − ω0) + δ(ω + ω0)),

>@l6GTV(FH:?Í
F (ω) =

1

2π

∫ ∞

−∞
F1(ω − t)F2(t) dt

=

∫ ∞

−∞

sin(T (ω − t))
(ω − t) (δ(t− ω0) + δ(t+ ω0)) dt

=
sinT (ω − ω0)

(ω − ω0)
+

sinT (ω + ω0)

(ω + ω0)
.

� Æ ºE³ �z� � 6 » ��R0:;)M¯73
pT (t) cosω0t =

1

2
(eiω0tpT (t) + e−iω0tpT (t)),

-0RT«K5POQJ¤)M¯I)=«Q5PO(5@-45POQ89Fg:]5;-05d«TRT),+6OQ8b5POQ8�+`V(l6J7«(5dO(5@-T8�>@l6GTV(FH:?Í
pT (t) cosω0t←→

1

2
(F1(ω − ω0) + F1(ω + ω0)),

«0RTGTV
F1

:;S J7-B)`GFH:]5@-E+.lBOQFH-T57),+.FH«T8�5POQ8
pT (t)

Í
F1(ω) =

2 sinTω

ω
.

�H»}��-c3T<?:�©H:;SDGFH:]5@-E+.lBOQFH-057),+.FH«E8
Fourier

5dOQ8�+.V(J?nT<75POQ+6OQ8
f(t) = pT/2(t+ T/2)− PT/2(t− T/2).

¡pÉ è Ð��Z�hR0« 5POQJ)M¯?)M«(5dO(5@-�5dOQ8il6<7GQJI)=YT3Q8fFH:]5@-T5d«TRT),+6OQ8ZYE-B)¨5@GQJKFg:]5;-T+.lBOQFH-T57),+.FH«
Fourier

5@GEVGT<]©HG?/.1�JIS,GTVZR0-TUQFHGTcª>]l6GEV(FH:h«Q57)
F (ω) =

2 sin(ωT/2)

ω
(ei(ωT/2) − e−i(ωT/2)) =

4i sin2(ωT/2)

ω
.



õTÅ ý(Å�©�¿hÌ\¿yçi½*Á È�¬�¿KË¡¿¤Å _�f

�¨»}��-c3T<?:�©H:;SDGFH:]5@-E+.l '
Fourier

5@GTVi5d<I) /.1�J?)=YBGTcZR0-TUQFHGTcBÍ
qT (t) = 1− |t|T , |t| ≤ T.¡pÉ è Ð��}�"R0GE<7:;S`YB-TJ?:;S,8�J?-K¯I)=-TRT),+65PN�+`:@)D«Q57)

qT (t) =
1

T
(pT/2 ∗ pT/2(t)),

nT<?-K-TR0«K5@Gs#b:]N�<7OQFg-K5POQ8�+`V(J7>]U0)M[dOQ8b>@l6GEV(FH:hnEFH:]+`-`Í
qT (t)←→ 1

T
F (ω)2,

«0RTGTV
F (ω) =

2 sin(ωT2 )
ω

:;S J7-B)HGXFg:]5@-E+.lBOQFH-T57),+.FH«T8
Fourier

5@GEVKGE<k©HGI/.1�J?S,GEViR0-TUQFHGTc
pT/2(t)

'��:]U0)eYBnDÍ
qT (x)←→ 4 sin2(ωT/2)

Tω2
.

å�ÐH¹}µT¶çæ�è¡Ð��}��R0«K5POQJ¤)M¯I)M«(5PO(5@-K+`V(FgFH:]5d<ISM-T8b¯I)M-0RE)+.5PN�J7GEV(FH:�nEFH:@+.-`Í
4 sin2

(
tT
2

)

Tt2
←→ 2πqT (ω).

��-+6OQFH:;)=N�+.GTV(FH:�«(57)DO4+.V(J?nT<75POQ+6O sin2 at
πat2

UQ>k/`:]5@-E)`R0V(<73QJ?-T8�5@GEV
Fejer

'
#D»!%L: )=¯?-EJ?)=YE« +.c(+65POQFH-Æl6-EFgO(UQG0R0:@<?-05;GTc^CHSeU(57<7GEV P ideal low pass filter LPF

Q :;),+.>@<?l6:k5;-E)+63QFH-
f(t)

FH:LCgnT+.FH-
Fourier |F (ω)| ' %o5POQJb>][?GE¯7G9YB«h3TGQJ75@-B)QGB)EVh»`O(UQ>@8}+.V(l6J?«(5PO(5d:@8

(|ω| > a).��-c3T<?:�©H:;S`5@Gs+63QFH-:@[7«E¯7GEV ® fa(t) '¡pÉ è Ð��}�hR0«K5dOQJZVIR0«?©H:]+.Oi5dOQ8�-TR0G0YBGTRQ3Q8�5]1�JZVh»DO(U(N�JZ+.V(l6J7GQ5P3(5]1�JZ>@l6GEV(FH:h«(5?)
fa(t)←→ Fa(ω) = F (ω)pa(ω),«0RTGTV

pa(ω)
O4+.V(J?nT<75POQ+6Oª5@GEVªGT<]©HG?/.1�JIS,GTVZR0-TUQFHGTc ' �*SM¯7-EFH:�«TFg1�8b«Q57)

sin at

πt
←→ pa(ω).

�hRT«K5POQJ¤)M¯I)=«Q5PO(5@-45POQ89+.V(J?>kU0)M[7OQ8b+65@Gsl6<?«QJ7GK>@l6GTV(FH:�«(57)`O4+`V(J7nE<d5dOQ+6O4:][?«E¯7GEVZ:;S J7-B)`O
fa(t) = f(t) ∗ sin at

πt
=

∫ ∞

−∞
f(x)

sin(a(t− x))

π(t− x)
dx.

,¨» %L:"+.c(+65dOQFg-§:;),+.>@<?l6:k5;-E)�+63QFH-
f(t)

FH:"FH:]5@-E+.lBOQFH-057),+`Fg«
Fourier F (ω)

' %o5POQJ >@[?GT¯?GYE«�3T:]5@-B)`O
f(t)

/D)M- |t| > T.
��-v3T<?:�©H:;SgGsFH:]5@-E+.lBOQFH-057),+.FH«E8

Fourier
5POQ89+`V(J7nE<d5dOQ+6OQ89:][?«T¯?GEV

FT (ω).

¡pÉ è Ð���%Lc(FgCD1�J?-KFg:�5POQJZVIRT«7©H:@+6O4+65POQJ¤>@[7GE¯?G4>@l6GTV(FH:?Í
fT (t) = f(t)pT (t)←→ FT (ω),
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FOURIER

«0RTGTV
pT (t)

O4+.V(J?nT<75POQ+6Oª5@GEViGE<]©gGI/.1�JISGEVZR0-TUQFgGEc '
�}nT+.:;)`5POQ8f)=¯I)M«(5PO(5;-T8�5POQ8�+.V(J?>]U0)M[dOQ8b+65dO4+`V(l6J7«(5dO(5@-KR0<?G0YBcIRQ5d:;)

fT (t)←→ 1

2π
(F ∗ pT ) (ω).

��R0:;)M¯d3
pT (t)←→ 2 sinωT

ω ,
R0<?GTYEcIRQ57:@)D«(57)
FT (t) =

1

π

∫ ∞

−∞
F (ω)

sin (T (t− ω))

π(t− ω)
dω.

|9�³² ?BADCF�b�+GIt�¢ptüG�myA ¢¥A�¢¢GIHMx�E�G�mb 
¦ �\+65]1

h(t) = L(δ(t)) P impulse response of the system
Q YB-E)

g(t) = L(f(t)).
��R0GT¯?:;)=YEJ7c(:]5@-E)«(57)

g(t) = (f ∗ h)(t) =

∫ ∞

−∞
f(t− x)h(x) dx.

��J
f(t) = eiω0t ® 5d«Q5d:?Í

g(t) =

∫ ∞

−∞
eiω0(t−x)h(x) dx

= eiω0t

∫ ∞

−∞
e−iω0xh(x) dx

= eiω0tH(ω0),

«0RTGTV
H(ω0) =

∫ ∞

−∞
e−iω0xh(x) dx

:;S J?-B)`GFH:]5@-E+.lBOQFH-057),+.FH«E8
Fourier

5dOQ8�+.V(J?nT<75POQ+6OQ8
h(t)

' WiO(UQ-E¯d3
L(eiωt) = eiωtH(ω).

$�+.V(J?nT<75POQ+6O
H(ω)

UQ>k/`:]5@-B)`è����0W¨³Eº0ÐHè Ð º��z� è��Dè�º±�H¹}±Hº�� 6 »
�hRT«K5@GZ©H:]N�<dOQFH-45POQ89-TJ757),+65d<?GEC`3Q8�>@l6GEV(FH:

h(t) =
1

2π

∫ ∞

−∞
H(ω)eiωt dω.
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¬�Á ¿�Çª©�½�Ì�ÁdÂwçiÁ�¼fÊbÇ§Ç('*)�¿hÌ�Ë ÊbÇoÊbÇ _ �

|9�S½ ¤ �zG�Eb¢¥øptMx�E�GL�I¢Ãx�ãb 
Fourier

x^��Eb ���� �L�[my¦}��lsH� £¢¥ADCF�b�IGIt�¢¢t� 
¦ �\+65]1

f : R→ R
F¨)=-KR0:@<?),GE¯?)=YT3i+.V(J?nT<75POQ+6O4FH:hR0:@<IS,GT¯?G

T ® ¯dO(UQ-E¯d3
f(t+ T ) = f(t),

/D)M-4YBn?©g:
t ∈ R.

��JfO
f
©H:]1�<dOP©H:;S`YE-T5@-EJ7GEFD3iFgR0GE<7:;SDJ?-ª/`<?-TCg:;S`+65dO4FHGE<7CD3

f(t) =
+∞∑

n=−∞
ane

inω0t, ω0 =
2π

T

P +.:;)M<7n Fourier
FH)M-E8

T
R0:]<I),GT¯I)=YT3Q8�+.V(J7nE<75POQ+6OQ8 Q ® «0RTGTV

an =
1

T

∫ T/2

−T/2
f(t)e−inω0t dt.

¦ ��<?-KGFH:]5@-T+`lBOQFH-057),+.FH«E8
Fourier

5dOQ8
f
:;S J7-B)

F (ω) = 2π
+∞∑

n=−∞
anδ(ω − nω0).

|9�SÄ ¶������+tMx�EÂ¦\�2��uÃx�E�G�m��t,+îoOEb 
% ¦ -EVI5P3s5POQJ4R0-E<?nQ/`<?-TCgGi©g-²¯7:;SM[7GEV(FH:�5@GK©H:kN�<7OQFH-X¯?:@) /`FH-T5@G(U(O�»gSM-T8 P sampling theorem

Q ® 5@GG0RTGES,G>@l6:;)`+.OQFg-EJ757)=YE>@8�:@Cg-T<?FHG?/`>@8h+.57),8b5PO(UQ:]RT)=YBGE) Jd1�JISM:@8 '
Î µQÏ�³0ÐH¹}±Ê�¡»�8¡»ÓÑL- ë}×Dã¬ó

f ←→ F,
õ Ø9ãdÖTÕ¤Ù�/?Ù ädãdÖBãkï

F (ω) = 0
Ý.Ùýï |w| > wc.

��ädã¬Ø9Ö
f(t)

ÞTïTò(ð�Ú.à N�Ø;ã]ï0ÙDï��7äiã@Ù�
9ã@Ù õîú1
�×Dãkï×gÖTõ Ø@àáï nπ
ωc
, n ∈ Z. - × 	� Ø@Ùz/(ÖPßTï�/h�

f(t) =
+∞∑

n=−∞
fn

sin(ωc t− nπ)

ωc t− nπ
,

äh�7ðPÜ
fn = f

(
nπ

ωc

)
, n ∈ Z.

°²±¨³B±Hº��¨³QÐ¨è Ðî»���G�©g:]N�<7OQFH- FH-T8XUQ>@:;)L«(5?)*/D)M- 5POQJ�-TJ?-TR0-T<?-Q/.12/.3�5@GEV +63QFH-T5@GT8²-E<dYB:;SoJ?-/`Jd1�<ISMé7GEV(FH:�57),8b57)MFg>@8b5@GEViFH«QJ?GK+65@-s+6OQFH:;SM- nπ
ωc

'
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FOURIER

����� ´Bµ����QÐ�»L�hRT«K5@GZ©H:]N�<dOQFH-45POQ89-TJ757),+657<7GEC`3Q8�>@l6GEV(FH:h«(5?)
f(t) =

1

2π

∫ ωc

−ωc
F (ω)eiωt dω, P j ' � 'ý&�Q

G0RT«(5d:
fn = f

(
nπ

ωc

)
=

1

2π

∫ ωc

−ωc
F (ω)eiω

nπ
ωc dω.

��J?-TRQ5dc(+.+.GEV(FH:h5POQJ
F (ω)

+.:b+.:;)M<?n
Fourier

+65@Gs¯I)MnT+65dOQFg-
(−ωc, ωc)

YB-B)`>@l6GTV(FH:�«(57)
F (ω) =

∞∑

n=−∞
Ane

−inπω
ωc , |ω| < ωc,

«0RTGTV
An =

1

2ωc

∫ ωc

−ωc
F (ω)ei

nπω
ωc dωYE-B)`nE<7-

An =
π

ωc
fn.��J757)=YB-7©¨)+65dN�Jd5;-T8�+65POQJ P j ' � 'ý&�Q >@l6GEV(FH:7Í

f(t) =
1

2π

∫ ωc

−ωc

+∞∑

n=−∞

π

ωc
fn e

−inπω
ωc eiωt dω

=
+∞∑

n=−∞

π

ωc
fn

1

2π

∫ ωc

−ωc
e
iω
(
t−nπ

ωc

)
dω

=
+∞∑

n=−∞

fn
2ωc

1

i(t− nπ
ωc

)

(
e
iωc
(
t−nπ

ωc

)
− e−iωc

(
t−nπ

ωc

))

=
+∞∑

n=−∞

fn
2ωc

1

i(t− nπ
ωc

)
2i sin

[
ωc(t−

nπ

ωc
)

]

=
+∞∑

n=−∞
fn

sin(ωc t− nπ)

ωc t− nπ
.

Î µQÏ�³0ÐH¹}±Ê�¡»�8¡»áê/.�Ø]÷DÚgÖTõgïî/7Ø@Ù ÝQõDï(ã¬ðñßHÖ0�Dàáï�
ZÝ.Ùýï ã;Ù�
f×gÜ 	 Õ?ädã7ÖBã¬Ø!
þ frequency sampling � ûÃ- ëoø×Dãôó
f ←→ F,

õ Ø9ãdÖTÕiÙ�/?Ù ädãdÖBãkï
f(t) = 0

Ý.Ùýï |t| > T.��ädã¬Ø9Ý.Ùýïsã¬ð¤õ ØPãkïT× 	 ÖTõgï(ã@Ùe×.õ ä Fourier F (ω)
Ùe× 	D� Ø]Ù¨ädã@Ù

F (ω) =
+∞∑

n=−∞
F
(nπ
T

) sin(ω T − nπ)

ω T − nπ .

$�-TR0«T¯?:;)=[7Oi:;S J?-B)`-EJ7nTUQG?/.O¤5dOQ8�-TR0«E¯7:;)M[dOQ8h5@GEViR0<7GTOI/`GEc(Fg:@J?GTV�©H:k1�<73QFH-05;GT8 '



õTÅ Ã[Ñ0ÅÆ¿�Ço¼fÊbÇo½�Á�Ç fE&

|9���+Ì �!¢¢lsH�¢i���I 
Ñ`»}��-c3T<?:�©H:;SDGFH:]5@-E+.lBOQFH-057),+.FH«E8

Fourier
5@1�JZ+6OQFHnT5]1�J

(i) 2 cos 3t cos 4t

(ii) g(t) = f(2t− 1),FH:h5POQJZR0<7G V̈IR0«?©g:@+6O4«(57)DGFH:]5@-E+.lBOQFH-05?),+.FH«T8
Fourier

5POQ8
f
:@S J?-E)./`Jd1�+.5d«T8 '

êH»�Wª:;S=[75d:b«(57)g-TJ
eiϕ(t) ←→ F (ω)YE-B).O

ϕ(t) ∈ R ® 5d«(57:
cosϕ(t)←→ F (ω) + F (−ω)

2

sinϕ(t)←→ F (ω)− F (−ω)

2i
.

ü¨»�Wª:;S=[75d:b«(57)
e−a|t| ←→ 2a

a2 + ω2
.

�¡»o�^:*5dOs3TG03P©H:;)M-95;GTV�©g:]1�<73QFH-05@GE8o5@GEV
Parseval

YE-B)05POQ8}RT<7GTOI/`GTc(FH:@J7OQ8onE+6YEOQ+6OQ8}J?-Z¯?:;S=[?:]5d:«(57)
∫ ∞

−∞

1

(t2 + a2)(t2 + b2)
dt =

π

ab(a+ b)
.

�H»}��-¯?:@SM[?:]5d:h«Q57)
∫ ∞

−∞

sin2 at

t2
dt = aπ.

�¨»}��-¯?:@SM[?:]5d:h«Q57)
e−a|t|(1 + a|t|)←→ 4a3

(a2 + ω2)2
.

#D»}��-¯?:@SM[?:]5d:h«Q57)¸Í
(i)

��J
f ←→ F

5d«(5d:
f ′(t) ∗ 1

πt
←→ |ω|F (ω).

(ii)

− 1

πt2
←→ |ω|.

,¨»}��-c3T<?:�©H:;S`O4+.V(J?nT<75POQ+6Oª5@GEVª+.V(+65P3QFH-T5@GE8
g(t) = f ′(t)

' P �hR ' H(ω) = iω).



fIA ¼�½b¾2¿hÀ*¿hÁdÂíõTÅ�Âª¬"½�Ë ¿bÇwûbÊ�¬�¿Ë¡ÁñÇ�¬�ÂoÇ
FOURIER

8¨»}��-¯?:@SM[?:]5d:h«Q57)
f(t) ∗ eiωt = F (ω)eiωt.�b<7OQ+`)MFHG0RTGE)=N�Jd5@-E8b5POQJiR0-E<7-TR0nTJ71�+`l6>@+6OsJ7-�-TR0GT¯?:;SM[7:]5d:�5;Gi©H:]N�<7OQFg-�+.V(J7>]U0)M[dOQ8�/D)M-5;G�FH:]5@-Q_+.lBOQFH-05?)+`Fg«

Fourier
'



p qsrutwvyx{z}| 1

� Ø � ��� �! "	�Ø � �£���àØ # � 2�� �y�

����� �ì�L�I¢Ãx�ãb 
4 ³5� è2¹ �76 �H»ÒÑ`»ÒÑL- ë}×Dãôó õHÙýïªïEÞ0ðñß`ðPÜ(ò(àáï {f(n)} þ}/?ÙýïTÞ@ÚgÙ,ã@äb×��TõDï � û U Ú`à N�ðPÜPõîØ�ã¬ð9õ ØPãkïT× 	 ÖTõDï(ã;Ù,ø×.õ ä¥N��Bãkïï0ÜTã��"
fÕPï4Ø@àáÕPï0Ù¨Ös×gÜIÕIÛ@ÚDã7ÖT×gÖ

F (z) =
∞∑

n=−∞
f(n)z−n.

ï`ÚDÛTùDð;ÜdõîØ
f(n)←→ F (z).

� R0-T<?-TR0nTJ71�FH:]5@-T+`lBOQFg-T57),+.FH«E8GE<?SMé?:k5;-E)�Fg«0J7G^/D)M-�5@GEV(8�FH) /`-E¯?)=YBGTc(8
z
/D)M- 5@GEV(8sGTR0GBSGEV(8OR0-E<7-TR0nTJ71Æ+.:;)M<?nK+.V?/.YEU0S J7:;) '

°²±¨³B±¨´EµT¶¸·�¹}±HºQ±�»
(i)

�bJ
f(n) = U(n)

:@S J?-E)`O4-TYEG(UQGTV;©¨SM-ª5@GEVªFHGQJ7-E¯I)=-ES,GTVn303QFH-05;GT8�57«(5d:
F (z) =

∞∑

n=−∞
U(n)z−n

=

∞∑

n=0

z−n

=
z

z − 1
, (|z|−1 < 1).

(ii)
�bJ

f(n) = δ(n− k) ® 5d«Q5d:
F (z) =

∞∑

n=−∞
δ(n− k)z−n

= z−k.

fIa
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(iii)
�bJ

f(n) = 5δ(n− 1) + 3δ(n+ 7),
5d«Q5d:

F (z) =
∞∑

n=−∞
(5δ(n− 1) + 3δ(n+ 7)) z−n

= 5z−1 + 3z7.

(iv)
��J

f(n) = anU(n)
«0R0GEV

U(n)
:;S J?-B).O4-TYEG(UQGEV;©HSM-ª5;GTVªFHGQJ7-E¯I)=-ES,GTVn303QFH-T5@GT8b5d«(5d:

F (z) =
∞∑

n=0

anz−n

=
1

1− a
z

=
z

z − a, (|z| > a).

���.> 4e¦L��ãGItG\�¡ 
• �bJ757),+65d<?GTCD3 5@GEV Fg:]5;-T+.lBOQFH-T57),+.FHGTc z ' �hR0GE¯?:@)=YBJ7c(:k5@-B)L«(57)�FH)M-�-0YBG(UQGTV;©¨SM-

f(n)
5POQ8G0R0GBSM-T8�GFH:k5;-T+.lBOQFH-T57),+.FH«T8

z
:@S J?-E)gS,+.GT89Fg:bF¨)=-¯7GE+.FH>@JdOª+.V(J?nT<75POQ+6O

F (z) =
∞∑

n=−∞
c(n)z−n

VIR0GIUQGI/DSMé7:]5@-B)`-TR0«K5POK+.l6>@+6O
f(n) = c(n)

YB-E)`:;S J?-E)DFgG0J7-E¯?)=YT3 '
°²±¨³"W¨´Bµ��ç·2¹}±�»L��J

F (z) = 4z + 7z−4 − 6z−12,
5d«(5d:?Í

f(−1) = 4, f(4) = 7, f(12) = −6, f(n) = 0
-TU(UQGTc

.

• ' ³0���5����� ¹}µIºQ±Hº �z� � è Ðî»L��J
f(n)←→ F (z),

5d«Q5d:
f(n−m)←→ z−mF (z).

• åp���0¯[®7���QÐyè�º��Î��³ � �"� P time convolution
Q]' ¦ �\+.5]1ì¯7c(G²-0YBG(UQGTV;©¨SM:@8

f1(n)
YE-B)

f2(n)Fg:bFg:]5@-E+.lBOQFH-T57),+.FH«
z ® F1(z)

YB-E)
F2(z)

-TJ757S,+65@GB),l6- ' �bJ

f(n) = (f1 ∗ f2)(n) =
∞∑

k=−∞
f1(k)f2(n− k)

5d«(5d:
f(n)←→ F1(z)F2(z).



�0Å��0Å�Ç('*)�¿hÌ�Ë¡Ê�ÇoÊ{Ç('�ÇZË�Ê�¬"¿KËLÂoÇ fIm

���Si ?BADCF�b�+GIt�¢pt ¢¥A�¢¢GIHMx�E�G�mb 
¦ �\+65]1

f(n) = zn
:;S J7-B)¡O²+.V(J7nE<75POQ+6O :;)+`«T¯?GTV�+.:i>@J7- /`<7-EFHFH)=YB«X+`c(+65POQFH- ' �bJ

h(n)
:;S J?-E) O+.V(J?nT<75POQ+6O4:@[7«E¯7GEVZ5POQ8�-TYBGIUQGEV;©¨S=-E8�¯7>]U(5@- ® ¯dO(UQ-E¯73

L(δ(n)) = h(n)

5d«(5d: ® UQ«I/.1 5POQ8�+.l6>@+6OQ8 f(n) =
∞∑

k=−∞
f(n− k)δ(k)

>@l6GTV(FH:?Í

L(f(n)) =
∞∑

k=−∞
f(n− k)L(δ(k))

=

∞∑

k=−∞
zn−kh(k)

= zn
∞∑

k=−∞
h(k)z−k

= znH(z)

«0RTGTV
H(z) =

∞∑
k=−∞

h(k)z−k,
¯dO(UQ-E¯d3ªGFH:]5@-E+.lBOQFH-057),+`Fg«E8

z
5POQ89-0YBGIUQGEV;©¨SM-T8

h(k)
'

$
H(z)

GQJ7GEFHnTé?:k5@-B).è����0W¨³Tº0ÐHè Ð º��z� è��gè�º��¨¹}±Hº�� 6 '
°²±¨³B±¨´EµT¶¸·�¹}±HºQ±�»

(i)
È�)=-K5;G+.c(+65dOQFH-

g(n) = f(n− 1)
©H:k1�<7N�J75@-T8b«(57)

f(n) = zn
>@l6GEV(Fg:

g(n) = zn−1 = znz−1

YE-B)`nE<7-4OK+.V(J7nE<75POQ+6Oª5@GEV¤RT-T<?-0R0nEJ71Æ+.V(+65P3QFH-T5@GE8�:;S J?-B).O
H(z) = z−1.

(ii)
Èî)M-K5@Gs+.c(+65POQFH-

g(n) = af(n)
©H:]1�<7N�Jd5@-E8�«Q57)

f(n) = zn
>@l6GTV(FH:

g(n) = aznYE-B)`nE<7-4OK+.V(J7nE<75POQ+6Oª5@GEVi+`V(+65P3QFH-05;GT8�:;S J?-E)`O
H(z) = a.

���}| ��¢¢lsH�¢¤�2�? 
Ñ`»}��-c3T<?:�©H:;S`O4+.V(J?nT<75POQ+6Oª5@GEVª+.V(+65P3QFH-T5@GE8bR0GEVª¯?S J?:k5;-E)`-TR0«K5POQJ¤-TJ?-E¯7<7GTF¨)eYT3i:@[IS+.1�+6O6Í

6g(n) + 5g(n− 1) + g(n− 2) = f(n).
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êH»}��-¯?:@SM[?:]5d:h«Q57)
f(n) ∗ zn = F (z)zn.�b<7OQ+`)MFHG0RTGE)=N�Jd5@-E8�5POQJiR0-T<?-TR0nTJ71�+.l6>@+6OJ?-s¯?:;S=[?:]5d:�5;Gi©H:kN�<7OQFH-+`V(J7>]U0)M[dOQ8b/D)M-5;G�FH:k5;-T+.lBO?_FH-057),+.FH«

z
'


