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Lecture 2 Canonical Forms or Normal Forms

By a suitable change of the independent variables we shall show that any equation of the
form

Aty + Bugy + Cuyy + Dug + Euy + Fu+ G =0, (1)

where A, B, C, D, E, F and G are functions of the variables x and y, can be reduced to a
canonical form or normal form. The transformed equation assumes a simple form so that

the subsequent analysis of solving the equation will be become easy.

Consider the transformation of the indpendent variables from (z,y) to (£,n) given by

§=¢&(x,y), n=nlzy). (2)
Here, the functions £ and n are continuously differentiable and the Jacobian
b il I SR 0
in the domain where (1) holds.
Using chain rule, we notice that
Uy = Uy + Unly
Uy = ugly + ughy
Use = Ugels + 2enSalle + tnyns + Uear + UnNaa
Usy = Ugelaly + Uen(Ealy + EyMa) + UnyTlally + Uebay + UnTay
Uyy = “6555 + 2ugn&yny + Umﬂﬁ + uelyy + UnTlyy

Substituting these expression into (1), we obtain

A(&m gy)u& + B({m, §y§ N 77y>u§77 + 0(77507 ny)unn = F(f, n, u({, 77)7 u§(§, 77)7 un(f, 77))7 (4)

where

A&, &) AL + B&:&y + CE,
B(fzz, Eys N ny) = 2A&m, + B(fxny + fyn:v) +2C&yny

C(naesmy) = Ans+ Bneny + Chy.
An easy calculation shows that

B? —4AC = (&my — &me)? (B — 4A0). (5)
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The equation (5) shows that the transformation of the independent variables does not
modify the type of PDE.

We shall determine & and 7 so that (4) takes the simplest possible form. We now
consider the following cases:
Case I: B2 —4AC >0 (Hyperbolic type)
Case II: B2 —4AC =0  (Parabolic type)
Case III: B2 —4AC <0 (Elliptic type)
Case I: Note that B2 — 4AC > 0 implies the equation Aa? + Ba 4+ C = 0 has two real
and distinct roots, say A1 and Ae. Now, choose £ and 7 such that

9y 08 q 9n_y on
8x_)\18y and 81‘_)\28?;. (6)

Then the coefficients of u¢e and w,,, will be zero because

A= A& + B&&, + O = (AN + BAL + ), =0,
C = An; + Bnany + Cny = (AX3 + Bha + O = 0.
Thus, (5) reduces to
B? = (B* — AC)(&my — &me)* > 0
as B2—4AC > 0. Note that (6) is a first-order linear PDE in ¢ and n whose characteristics
curves are satisfy the first-order ODEs

d
T M@y =0, =12 (7)

Let the family of curves determined by the solution of (7) for i =1 and i = 2 be
filz,y) =c1 and  fao(z,y) = c, (8)
respectively. These family of curves are called characteristics curves of PDE (5). With

this choice, divide (4) throughout by B (as B > 0) and use (7)-(8) to obtain

82
05(517 = ¢(§7na U,U§,U7]), (9)

which is the canonical form of hyperbolic equation.

EXAMPLE 1. Reduce the equation g, = :czuyy to its canonical form.
Solution. Comparing with (1) we find that A =1, B =0, C = —a.
The roots of the equations Aa? + Ba 4+ C = 0 i.e., a® + 22 = 0 are given by \; = +x.

The differential equations for the family of characteristics curves are

dy
— +x=0.
dx v
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2

whose solutions are y + %xZ =c; and y — %x = ¢9. Choose

An easy computation shows that

Ug = ugly + Uy,
Upe = Ueely + 2enbane + U + Uebar + UnTae
= u55x2 — 2u§nx2 + um,a:Q + Ug — Uy,
Uyy = %555 + 2ugn&yny + urm”Z + uelyy + unyy,
= Uge + gy + Upy-

Substituting these expression in the equation ug, = a;2uyy yields

4562“5?7 = (ug — uy)

or 4(& = nugy = 4(51_77)(% — Uy)
B 1
or Uen = 4(57_,'7)(“5 = up)

which is the required canonical form.

CASE II: B? — 4AC = 0 = the equation Aa? + Ba + C = 0 has two equal roots, say
A1 =Xy = A. Let fi(x,y) = c¢1 be the solution of % + AMz,y) = 0. Take £ = fi(z,y) and
7 to be the any function of z and y which is independent of &.

As before, A(&;,&,) = 0 and hence from equation (5), we obtain B = 0. Note that
C(ng,my) # 0, otherwise n would be a function of £. Dividing (4) by C, the canonical form
of (2) is

Upn = ¢(£an7uvu§7un)' (10)

which is the canonical form of parabolic equation.

EXAMPLE 2. Reduce the equation Uzy + 2Uzy + Uyy = 0 to canonical form.

Solution. In this case, A =1, B =2, C = 1. The equation a® +2a+ 1 = 0 has equal
roots A = —1. The solution of% —1=0isz—y=c Take { =z —y. Choose n =x+y.
proceed as in Example 1 to obtain u,, = 0 which is the canonical form of the given PDE.
CASE IIT: When B? —4AC < 0, the roots of Aa? + Ba+ C = 0 are complex. Following
the procedure as in CASE I, we find that

Ugny = ¢1(£7Tla u,u5,un). (11)
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The variables &, n are infact complex conjugates. To get a real canonical form use the

transformation ) )
a=g(&+n), ==
to obtain .
ugy = 7 (Uaa +upg), (12)
which follows from the following calculation:
1 1
Us = UqQg +ugfe = §ua + ZUB
1 1
ugn = 5(Uaatn + tagfy) + o (upats + ugphy)
1
= (taa +ugp).
The desired canonical form is
Uaa T UBB :qu(aa5)u(aaﬁ)aua(aaﬁ)auﬁ(avﬁ))' (13)

EXAMPLE 3. Reduce the equation Uz, + a:guyy =0 to canonical form.

Solution. In this case, A =1, B = 0, C = 2. The roots are \; = iz, \y = —iz.

Take £ = iy + %xQ, n=—iy+ %x? Then o = %:c2, B = y. The canonical form is

Uga T UG = —%ua.

PRACTICE PROBLEMS

1. Reduce the following equations to canonical/normal form:

(A) 2ugy — dugy + 2uyy + 3u = 0.
(B) uze + yuyy = 0.
(C) Uy + Uz + uy = 2.

2. Show that the equation
Ugy — OUgy + 12uyy + 4du, — u = sin(zy)
is of elliptic type and obtain its canonical form.

3. Determine the regions where Tricomi’s equation wu,, + zuy, = 0 is of elliptic,
parabolic, and hyperbolic types. Obtain its characteristics and its canonical form in

the hyperbolic region.
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