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IIporoyog

H xatavonon tov 0epueAlowddv d1ad1Kacidv Tov puolKob KOGHOL BocileTal Katd Leyaro
HEPOG GTIC dopopikég eElomaelg pe pepikéc mopaydyove (M.A.E.). O1 e§1omoelc avtég
GUUTATN POVOVTOL KOTO KAVOVO LE KATAAANAEG CUVOPLAKES, 1| UPYLIKEG KAl GUVOPLUKEG
GLVONKEC 0VTOC MGTE VA TEPLYPAPOLY KOTA LOVOILKO TPOTO TN AVGN TOV TPOoPANUATOV
TO, OTTO10. LOVTEAOTIOLOUY. ¢ TapadelyUATA PULVOUEV®Y TOL TTEPLYpapovTal and M.A.E.
OVOPEPOLLE TT] POT) TOV PELGTMV, TN SAYLGT YNUK®OV OLCLIAV, TN d1adoct NG Oepuo-
™Tag, TN O14d06™M KLUUAT®V, KOl TNV TOAGVIMGT) CTEPEDV.

AOY® TOV TOAADOV EQPAPUOYDOY TOLG OTN HOVTEAOTOINGCT QLOIKAOV GULVOUEV®V, Ol
M.A.E. anotelovoav péypt kat Tov 0EKATO £VATO O1dVO OLVGLUCGTIKA £vay kAL TN Du-
G1kNG. Me TV mapodo Tov ¥ povoL Opmg N padnuatikn Bewpia tov M.AE. avartoyOnke
g T€to10 Babuod, dote 0 KAAS0C Toug va. petatoniobel mAéov 6To emikevtpo TV Madn-
HOTIK®V KOl Vo, 0ToTEAEL oNUEP KIVNTHPLo duvaun tTov Madnuatikov. H peiétn tov
M.A.E. éxelr odnynoel oe véeg pabnuatikéc Bempieg, ol onoieg avantbooovtal paydaio
Kol £xovv eNNpedoel oe oNUAVTIKO Babud cuyyeveic KAGOOLS, OTwg 1 Avaivom kol N
I'eopetpia.

‘Ocoa oyetifovtol pe ™ Oeopia kot tn perétn wrotnteov Avcewv M.AE. dtokpivo-
VTOL Y10 TNV OHOPPLE KAl TNV KOPYOTNTA Tove. To mpoPAnuatiko pépog apyilet étav
Kaveig tpoonadnoetl vo tpocdiopicel mpaypuatikd Avoeig M.A.E.. Movo ce ondvieg kat
TOAD OTAEG TEPIMTMOGELS UTOPOVV VO, TPocdloplahovv avoivtikd ot Aboeig M.AE., va
TOPOLIE ONADT TN AVCT] TOVG GE KAELOTN HOPPT. ZuVHO®G KOTUPEVYOVIE GE TPOCEY-
YoM ™G AMoemg pe aptBuntikéc pebdoovg, yeyovog mov £xel odnynoel oe dvoien tov
KAGS0 TG ApBuntikng Avaivonc mTov acyoAeital akpiPag pe avtod to 0Epa, SnAad pe
TNV KATAoKELN, avdivon kot vAormoinon pebddwv tpocéyyiong AMcewv M.AE..

Mo Tp®TN HOPPT| TOV CNUEIDCEDV CLTOV YpAETnke T0 1993 yia Tovg mpomTuyla-
K00 portnTég Tov Tunpatoc Mabnpatikov tov [Mavemiotnuiov Kpntng. Ztnv napoivca
HOPOT] Ol CNUELDGELS YPAPTNKOV Y10, TOVG TPOTTLYLOKOVS po1tNnTéC Tov Tunpatog Ma-
Onuatikov kot Xtatietikng tov [aveniotnuiov Kdnpov. X opiouéva onueio akoiov-
Oovue to Piprio “Walter A. Strauss: Partial Differential Equations: An Introduction. John



Wiley, New York, 1992”.

Ot onpelnoeig arotelovvtal omo €61 ke@iAialo. XTO TPMTO, ELCAYOYIKNG PVOEMG KE-
@aiaio divovtal mapadeiypato M.ALE., HeAeTOVTAL €V GUVTOULO YPUUULKES, OAAL KOl UN
vpapuikég, M.ALE. tpatng tdEews, avapépetotl 0 pOAOG apyIK®DY KOl GLVOPLUK®OV CLV-
Onkov, opifoviotl koAmg tefetpéva tpofAanuata kot tagivopodvrol ot ypouutkég M.AE.
devtépag taEems oe eAlentikéc, vepPorikéc kat mtapaforikéc eElonoeic. To devtepo
KOl TO TPLTO KEQAANLO 0.POPOLV TIG OVO ONUAVTIKOTEPES Suvaptkéc M.ALE., TV KOPATIKN
e&lowon katl Tny eEicmon tng Oepuodtntac, avrictorya. To tétapto kepdiaio eival fon-
ONnTiko6. Te avtd mapovsidloviatl facikd otolyeia Tng Bewpiag twv celpadv tov Fourier.
210 TEUNTO KEPAAALO avTipeTONTiLovTol opiopéva BEpata yia Tig 61600 ELg Tov KO-
TOC KOl TNG OgpUOTNTAC UE TNV TEYVIKT TOL YOPLOUOV TOV UETUPANTOV, pe TN Pondeia
TOV ATOTEAECUATOV TOL TETUPTOL KEPaAOiov. To TeEAELTOIO KEPAANLO OVAPEPETAL OTT|
onuoavtikdtepn ototiknl M.AE., tnv e€icwon tov Laplace.

Ot poirtntég Tov Ba pabovv 660 AvVEEEPOVTAL GTIG TAPOVCEG CNUELDCELS, Ba eEot-
kelmboby anmlog pe opiopéva Poaocika 0Epata g Bempiog TV daEopik®dy e£1IGHOGEDV
UE HEPLKEC Tapay®@Yovs. Baotkdg oKomog Tov pabnuatog eival n Katavonomn Tov poAoL
TOV 0PYIKDV KOl GLVOPLOK®OV GLVONK®OV Tov 001 YoV 6€ Karng Tefetuéva TpofAnuata
vio T1G TPl Pactkég eElomaelg devtépug TaEEmS, TNV KLHOTIKT e€icmon, tnv e&icmon
¢ Oepuotnrog kal tnv e&icwaon tov Laplace. To avtikeipevo eival extevéotato, n Pa-
0VTEPN KOTOVONGN TOL amalTel TPOYWPNUEVES YVOGELG MabnuaTik®VY Kal KAt avaykny
OVTIHETOTILETAL GUOTNUATIKA LOVO CE EMIMESO PLETATTLY UKDV GTOLOMV.

Ynapyet tAnOdpa mord KoAdV BLpAloV yio Slapopikés E1I6MOELS P HEPLKES TALPUL-
YOYOLE, KOTO KAVOVA LETUTTLUYL0KOV emimédov. Optouéva and ta Pifiia eival yevikd,
aAl0 avapépovtal oe 01KE BEpata, pep’ ewmely g eEloMOEL EVOC GLYKEKPIUEVOL TO-
ov. Aedopévou 0T 1 TEPLOYN €lvar evpdTaTn, €ival TOAD dOGKOAO Vo Kalvebel ce 1ka-
vorontikd Babud axdun kat oe Pifiio petantuytokot emnédov. And ta yevikd Bifiia
e€alpeTiko Bewpeital ovtd Tov Evans, BA. Biprioypaeio.

YentéuPprog 2003
I'. Axpipng
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1. Ewoayoyn

210 e100Y®Y1KO avTd kKe@aiato Oa yvopicovue dtapopa mapadeiypata M.AE.,
0o Avcovpe optopéveg omAéc M.ALE., Oa dolpe kamoleg anmiég 101OTNTES YPOLL-
KOV Ka0dg xat un ypappikov M.AE. tpdtng taEems, 0o LIAGOVUE Y10 ApyLKES
Kol cuvoplakég ouvinkeg, Bo opicovpe Kahdg tefeitpnéva TpoPAnuata Kat, té-
Aog, Ba ta&vopnoovpe T M.ALE. devtépag tdEemg.

1.1 TIlopaosiypota

M.A.E. (partial differential equations) koAoOvTal YeViKA €EIGOGELS LE AYVOGTN
L0 GLUVAPTNGT, TOLAAYLGTOV 000 HETUPANTAOV, OTAV GE ALTEG TIG E10MOELS, Té-
paV €VOEYOUEVMG ATTO TNV AYVOGTN GLVAPTNOT Kol TG avedpTNTES LETUPAN-
T€G, epeavilovTal Kol HEPIKES TOPAY®YOL TNG AyvmOOTNG CLVAPTNGNG, PEP’ El-
nelv F(z,y, u, uz, u,) = 0 pe dedopévn F kot dyvootn ™ u. Xtigc MLA.E. éyovpe
dNA0dN meplocoTEPEC amd pia aveEaptnTeg peTaPANTEC.

Ké&0e opoin ocvvaptnon u 000 petafintodv opiopuévn o éva ywpio (dnia-
oM avolktd, un kevd odvoro) 2, yio tnv omoia woybvel F(z,y, u(x,y), us(z,y),
uy(z,y)) = 0, yia k60 (x,y) € €, xaleitar Aoy M| kAaoiky Aban TG dSLuEOPLKNG
e&lowong F(x,y, u, uy, uy) = 0. O 6pog KAAGIKN AOGT LTOdINA®VEL OTL 1| GLVEP-
TNoM €lval TOGO OUOAT ®CTE OAEG Ol TAPAYWYOl TOL ERPAVILovTal oTNV eElomon
va €lvol cLuVEYELS KOl Y PNOLIUOTOLEITOL KAT OVTILOIUCTOANV TPOG TOV Opo acble-
VG Abay, 0 0moilog LITOINAMVEL OTL N ADCT GLTT 1KOVOTOLETL “KaTd kdmola Evvola.”
v e&lomon (évvola 1 omoia dSlapEPEL A TEPIMTMOT CE TEPITTOGN), OEV €ival
OUMOC OPKETE OPOAT DGTE VO, E1VOL KAAOIKT ADON.

Taén (order) pog M.A.E. xoAieitatr 1 vynAotepn TaEn UEPIKNE TOPAYDYOL
mov eppaviletal oty eEicwon, eep’ euneiv n zu, + y?u, = f(z,y, u) elvor npd-
™G TaEEMS, N Uyy + (z +y)uy, = f(2,y, u,) elvor devtépag taEems, Kat 1 TaEn g

1



2 1. Etcayoyn

f(@, Uy, Upgry) = 0 elvon TéCCEPO.

Av M AYVOGTN GLVAPTNON KOl Ol LEPLKEG TNG TOPAY®YOL ELPAVILOVTAL Y PapL-
pwkd e po M.ALE., 161€ n eElcwon kaieiton ypauuixy. Topadeiypatog yapiv,
ol eE16DCELS

Uy — Uyy = f(xay)a
Ugz + Uyy + (2% + Y7 )u = f(z,y)

elvor ypappikéc. H e€iocmon u, + uu, = 0 dev eivor ypappikn, eivat, Onog Aépe,
un ypopuiy. Axpiéctepa, pia ypappIkn 1600 1val TNG LOPONG

(1.1) Lu=f,
Omov L &vac ypaupikog o1apopikog teAeatng, dOnhodn T€To10¢ OGTE
L(u+v)=Lu+ Lv, L(cu)=clLu, cée€R,

Kol f pio cuvaptnon tov aveEaptntov petapintov. H ypoppikn egicmoon (1.1)
Aéyetal ouoyevig orapopiky eCiowan av f = 0, S10POPETIKA KOAELTAL 1y opoyeVHS.

Eivat yevikd aivopevo ata MoOnuatikd, to ypopptkd tpofAnuata vo, eival
KOTE TOAD amAobOTEPO TOV U1 YPOUUIKAOV. To TAEOVEKTNUA TNG YPOUULKOTT-
tag pog eEicwong Lu = 0 eival 011, av uq, .. ., u, €lvol AOVGELS TNG, TOTE Kl Ol
YPOUULKOT CLVOLOCHOL

cuy + -+ ey, ¢ €R,

elvat emiong Moelg Tne. Avtd To YEYOVOS KOAELTAL LEPIKEG POPESG apyh THS LTTEP-
Oéaewc (superposition principle) | akOUO KAl apy THS ERAAINALGC.

Av t0pa uy glval AOomn plag opoyevols Ypopkng eElocwoewc Lu = 0 Kot us
AVGTM TNG Un opoyevolvg Lu = f, TOTE M u1 + us OWOTEAEL EMIONG AVGT TNG UN
opoYEVOULG £E10MGEMG.

A¢ mpoonadnoovpe tdpa va Abcovpe optopéveg aniovcstatec M.AE.. 'Ecto
o011 {nteitor pua cvvéptnon u 00O HETAPANTOV, T KAl Y, TETOL0 OCTE Uy, = 0. H
(uz)e = 0 onpaivel puokd 6TL N u, ival aveEAPTNTN TOL T, GLVETOS U, (T, Y) =
f(y), 6mov f puo tuyxoio opoAn cuvaptnon. (Ztn cvvéyela otav Ba prddpe yio



1.2. I'pappikéc M.ALE. Tpdtng ta&emc 3

OUOAEC cLVOPTNOELS, Ba evvooLpe TaVTO GLUVAPTNOELS TOGO OHOAEC, OGO aTolL-
TELTAL Y10 VA €1Vl GUVEYELC OL TOPAY®YOL TOL ERPAVICOVTAL KAl VO £XOLV VOO
600 avaeépovtat.) OLOKANPOVOVTAG TAAL OC TPOG T, SLOTLCTMOVOLUE AUECHS OTL

(1.2) u(z,y) = f(y)r +g(y),

OmoL f KAl g TVXaiEC OUOAEC GLVAPTNGELS TOL ¥y. Ac BuunBodue TOpa Alyo T0
TPOPANUa Yoo TNV avticTtolyn avvily dtapopikn eElcwon: Av {nteital pio ovo-
vaptnon u tov z tétota mote u”’ = 0, T0TE N AVON €lval TPOPAVDG

(1.3) u(z) = ax + 5,

omov a kot [ tuyaieg otabepéc. Tov poro TV Tvyaioyv otabfepdy a Kal G otnv
(1.3) avarappdvoov dniadn otnv (1.2) Tuyoieg GLVAPTNCELS TOL Y. ZNUELOVOL-
pe 61t M.A.E. mov mepléyovy HEPLKEC TOPAYDYOLS HOVO MG TPOG pic HETAPAN-
™, €lvatl oty ovcia cuvnBelg droPopilkég EE10MTELS, O VTOAOITEG AVEEAPTNTES
petapAntéc mailovv anAdg Tov poro mapapétpov. Me avtnv Tnv €vvola ava-
eepOnkape tponyovuévog otn v’ = 0 ®¢ avtictoyng g Uz, = 0. o M.AE.
TOL TEPLEYOLV TOPOYDYOLS MG TPOG OVO 1 TEPLOCOTEPEG LETUPANTES, OT®G QEP’
el M Uyy = 0, dev vIApPYOLY OVTicTOYEC GLVNOELS d10POPIKEG EELCDTELS.

Kot n ugy = 0 Movetan evkora: OLokAnpmdvovrag og tpog y, Oewpaviag o x
ot0bepo, Aappavovpe u,(x,y) = f(z). OLOKANPOVOVTAG GTN GLVEYELN OG TPOG
x £YOVLUE

(1.4) u(z,y) = F(z) + G(y),

omov F tétown dote F' = f. Zvvolikd, n Abon G uy, = 0 divetar and v (1.4),
omov F xat G Tuyoieg OpoAEG GLVAPTNOELS.

1.2 TI'popmkéic M.A.E. npotng taEemg

Xe avthv v evotnta Ba acyoinbodue pe ypoppikéc M.AE. npodtng tdemg.
21N HEAETN TV €V AOY® €El0DGE®MV TOAD ONUOVTIKO pOAO Tailovy ol KaTd Ko-
tevBuvvon mapdywyot. ITptv apyicovue pe to Kupimg BEpa pag, vrevOvpilovpe ev
GLVTOULO OpIGUEVE POCTKA TPAYHAT Yo KATA KaTeDOLVGT TOpaymYOLE.
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1.2.1 Kot katevbovven napaymyor

‘Eoto u : R x R — R puo cuveyodg mapoyoyioun covaptnon, u = u(z,y). Av
¢ : R — R gival o cuveymg mapayoyioiun covaptnon, Bewpodue tnv KOUmTOAN
v {(z,p(z)) : € R}, tpocavatolopévn €161 OCTE va 10y paPETOL KOTA TN
@opd Tov LEAVEL TO .

Ytafeponolodpe éva = kar Bempolue 10 onueio (z,¢(x)) ™G KaumOANG 7.
H xata xatevOvvan mapdywyos tng u oto onpeio (z, p(x)) atyv katebGovan g
KaumbAng v opiletal mg to 6plo

- u(s, p(s)) — u(x, (x))
skz |(s,0(5)) — (z,0(2))]

omov |- | eivar n Evkieideia voppa otov R?2, dnradn |(a,b)| := Va2 + b2. Inpeid-
voupe OtL T0. onpeia (s, p(s)) Ppiokovtal 6TNV KOUTOAN v, s > z, [(s,¢(s)) —

(z, ¢(x))| eivar n Evkdeideto andotoom peta&d tov onpeiov (s, ¢(s)) kot (x, p(x)),

(s, 0(s)) = (2, ()] = \/(8 —2)? + (p(s) — ()",

Kol To onpeio (s, ¢(s)) Kiveitor Katd PNMKog TG KOUTOANG v TPOG TO Gnueio
(x,p(x)). Atnpdvtag optOUNTn Kol TOPOVOHUCTH HE S — T, YPTOLLOTOLDVTAG
10 Bedpnua TG HEONG TIUNG TOL dLOPOPIKOL AOYIGHOV KOl TO YEYOVOS OTL Ol
GLVOPTNCELS U KOL 0 E1VAL CLVEYDG TOPUYOYICIUES, OLATICTMOVEL KOVELG EVKOAN

0Tl
L ulspls) —ul () el (@)
sl,:c\/( — )2+ (p(s) (:c \/1 ¢'(z)) 2
L uepls) —ulmp@) <>><>
B St () —e@) 1t ()

OTOTE UPULPAOVTUG KOl TPosHETOVTAS TO U, ¢(s)) vmoroyilovpe e0KOAN TNV Ko~
16 KatevBvvon Tapdywyo kot 0dnyobuedo 6To GLUTEpPUcua

Ll () —ul(e, 0(@) el 0(e) + uy (o, 0(@)' ()

45 e o = @ e@)] 1+ (¢'(2))”

[Tapatnpodpe 611 0 apBuntng ot oyéon (1.5) eivar to EvkAieideio ecwtepikd
yvopevo tov dtavvopatav (1,¢'(z)) kat (u.(z, o()), uy(z, ¢(z))), 0 8 Tapovo-
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LOGTNAG KOVOVIKOTOLEL TO SLAVUCLLO, (1, go’(x)), dniadn to dibvuopa

—(1,¢/(2))
1+ (¢'(2))

etvar povadiaio, £xel Evkdeideto pétpo ico pe tn povada.

ENUELDOVOLUE AKOUT OTL Vv 000 KOUTOAEC ¥ KOl v d1€pyovTal and £vo Gnueio
(x, go(x)) Kol £y0uv o€ auTO TNV 1010 €QumTopéVn, TOTE 1N Katd kotebBvven ma-
PAY®YOC TNG CLVAPTNONG U GTO GMNUELD (x, gp(m)) KOt UKOG TNG ~y Tavtileton
HE TNV KOTO KOTELOLVGN TOPAYWYO TNG u GTO 1010 oNUElo KATA UNKOG TNG 7.
Idwoitepa  xatd KotelOBLVOM TOPAYOYOS TNG U GTO CNUELO (x, go(a:)) tavtiletal
pe TNV Kotd katevbuvon Tapdywyo TG v 6TO 1010 oNUELD KATA UNKOC TNG EPU-
TTOUEVNC TNG Y GTO GNUELD (m, go(x)). H xatevBoven g ev AOY® epamtopévng
Sivetat puotkd amd to dtvuopa (1, ¢ (z)). Avtég o1 1810TNTES pHag 08N yovV GTOV
eENg opiopod: Av (a, b) givar éva pun undeviko didvuopa tov R?, 101e N T05OTHTA

aug(x,y) + buy(z,y)

(1.6)

Va? + b?
KaAgital Katd katevOvvan mapdywyog TG u 610 onueio (z,y) otV rarebbovan
(a,b).

OLoxAnpadvovpe avtn T PonONTIKN LTOEVOTNTO LE UL OTTATN, OAAG 10101TE-
PO Y PNOLUN Y10 TN cvvéyela Tapatnpnon: ‘Ectm 61t n kotd katevbuven mopd-
YOYOG TNG u Kotd TNV KotebBuven g v undeviletar oe kabe onueio g . loyv-
pilopaote 0Tl M u €ivol otabepn KaTd PRKOG TG v, ONAadn Aappdver tnv idwa
TIUN o€ O0Ao ta onueio Tng. Ilpayupatt, av opicovpe ™ Bondntikn cvvdptnon
g:R =R, g(x) :=u(z, p(r)), Sramotdvouvpe 6TL N Tapdym®yos TG undeviletat,

9 () = uz(2, p(x)) + uy(z, 0(2))¢ () = 0,

GULVETMG M g €lval otabepn|, onoTE M u €ival 6Tabdepn KUTA UKOG TNG 7.

1.2.2 H opoyevi|g e€icmon

v evotnta avtn cvpfoAilovpe pe u o cuvéptnon dvo petaPAntov, u : R x
R — R, u = u(z,t).
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Apyilovpue TN peAétn opoyevav ypouukov M.AE. tpotng tdEemg pe éva
anmAo0GTATO TAPAdELYHA. AV N TPOTN LEPIKN TAPAYM®YOS TNG U MO TPOG TNV TPO-
™ TG HETUPANTN 1o00TOL e UNOEY, TOTE M U E1VOL PLGTIKE GLVAPTNON LOVO TNG
debTeEPNG HETAPANTNG TNG, ONANON Ol AVCELS TNG eElGmGNG

(1.7) Uy =0

elvar g popoeng u(z,t) = ¢(t), 6TOL Y Hlo GLVEYNG GLVAPTNON.
A¢ Bempnoovue topa TV eEicwon

(1.8) up + u, = 0.

®a LAboovpe avtnv Vv e&iocwon pe 6vo TpdéTOLC:
H éxopoon

L (ux(x, t) + uy(z, t))

V2

elvol n katd kotevbuven mopdymyos ™ u oty katevbvvon (1, 1), kat apov,
ocoppwva pe v (1.8), avty 1 rocotnta undeviletat, N u eival otadepn ce OAEC
T1¢ gvbeiec mov eivarl mopdAinieg tpog to dtdvoucpa (1,1), dniadn tig gvbeieg
™G HopoN¢ = — t = otabepd. Emopévmg o1 Aboeig g (1.8) eivar tng popeng

(1.9) u(z,t) = fz —1),

OmoL f Hio cvvey®g Topay®YiciUn cuvdptnon. Ot gvbeieg x — t = otabepa
KoAOOVTAL yaparxtnpiotikég ypouués ™G (1.8). Ot yapaktnplotikéc ypappés eivat
TOPAAANAEC pHeTaElh Tovg Kal kabhg n otabepd Aappdver dSAeC TIC TPAYUATIKES
TIHEG, O1 XaPAKTNPLOTIKES KaAVTTTOLY OA0 T0 KapTtestavo erninedo xt. Ot AOGELS
u NG (1.8) eivar otabepéc KaTd UNKOG TOV Y APUKTNPLOTIKOV YPUUUDV TNC.
[Tpoywpodue t@pa oTNV TAPOLSIAGT EVOS OELTEPOL TPOTOL ENIALONG TNG
(1.8), ovolactikd 1G0dvVapoL pe tov Tponyovuevo. H 1déa eivar n slocaywyn
véov petapfintov owote 1 (1.8) va avaybei oe pio e€icmwon tg popong (1.7).
I'vopilovtag 1on 611 o1 Aoelg g (1.8) eivar otabepéc kotd PKoc TV ya-
POKTNPIGTIKDV YPOUUAOV TNG, QAIVETUL ATOADTMG AOYIKO VA Y PN GLULOTOI|GOVUE
€va cOGTNUO GUVTETOYUEVOV €N, GTO OToil0 0 é€vag dEovag, 0g TOVIE 0 GEovVag
TV &, vo elvol TopUAANAOG TPOC TIG XUPAKTNPLOTIKES, OTOTE Ol YOPUKTNPLOTL-
k&G Oa €yovv eElomoelg TG LopeNS n = otabepd. OETovpe LomoOV KAt apyic
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n = x — t. TNV emA0Y1 ToL GAlov a&ova, Tov AEova TV 77, OEV LLAPYEL TEPLO-
PLGUOG, TEPAV TOL VA UMV E1VOL TOPUAANAOG TPOG TOV GEova TV &, PA. Kol TNV
Aocknon 1.1. Xaptv anidtntog emthéyovpe €dm tov afova TV 1 KaBeTO TPOog
Tov GEova tov &, BEtovpe dNAadn & = = + t. AvaKePaAOLOVOVTAG EMAECAIE TNV
alAoyn avedptnTOV HETABANTOV

E:=ax+t
n:=x—1.

Tote, pe U(E,n) == u(x,t) €éxovpe
uszg—FUn, Ut:Ug—Un,

GUVETMG
U + Uy = 2Ug,

onote M (1.8) ypaoetar otn popen Ue = 0, BA. tnv (1.7). Enopéveg 0o £xovpe
U(&n) = f(n), dnhadn

(1.9 u(x,t) = f(x —1t),

OTOL f P10 CLVEY DG TAPAYOYICIUT CLVAPTNOT).
Ag Bewpnoovpe tdpa N yevikdtepn eEicwon

(1.10) au; + bu, =0,

pe a kot b mpaypatikéc otabepéc, mov dev givar Kat ot dvo undév. H nepintwon
a = b = 0 dev mapovctaletl kavéva evotapépov, yiati n (1.10) ekpuAiletal otnv
0 = 0, dev eivatl dNAodn Kav dtapopikn eElcmon Kot OAEC O1 CLVOUPTNGELC UTOTE-
AobV AOGelg ™G. Ava = 01 b =0, 1 dtepopikn e&lcwon eival Tng popeng (1.7)
(M ™™g popPN ¢ u; = 0, aAhl ELGIKA LTAPYEL TPOPAVTC AVOAOYIN HETAED TV OVO
avt@v e&lodoemv). [lapd 1o 6Tt pe v adrhayn petapintov U(z,t) = u(bzx, at)
n (1.10) Aappaver ™ popon U, + U, = 0, avayetor oniodn oty (1.8), 6a wpo-
YOPNOOLUE OTNV EMIALCT TNG ar’ gvBeiog, ETAVOAUUPAVOVTAC OLCLACTIKA OGO
avapépOnkayv oyetikd pe v eElowon (1.8). Oa dovpe mtail 600 TpdTovg emilv-
ong g (1.10).

H éxopaon ﬁ (bum +aut) dev glvatl timote GALo and TV Kotd kKatevBuvon
Tapdy®myo TG u otV katevBuvon (b, a). Ot tapdAinieg tpog to dibvocua (b, a)
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evbeieg elvar ol yaparxtypiotikés ypouués e (1.10) kar Eyxovv eElomoelg ax —bt =
otabepd, PA. Zynua 1.1. H xatd katevbovon tapdywyog tng u oTnVv Kotevbvveon
(b,a) eivar undév, cuven®dg N u gival otadepn OTIG XOPAKTNPLOTIKES YPOUUUEC.
Enopévog n Avon divetat dwa

(1.11) u(z,t) = flax — bt),
OTOoL f TLY 010, GLUVEYMC TAPAYMYIGIUN GLUVAPTNON Hiog HETAPBANTIC.
t
A
t=fx
Qo 2
; .

Yynpo 1.1: O yapaktnpiotikég ypaupég e (1.10) Exovv eElowoelg ax — bt =
otabepd, Kal eivol TopaAAnAeg Tpog TNV gvbeia mov dtEpyeTatl and TNV apyn
v afovov kat To onpeio (b, a).

"Evog dArog tpomog mov odnyet oty (1.11) elvor n arlrayn avedptnrtov pe-
TafANTOV
E:=br+at

{ n:=ax — bt.
To xivntpo YU avt)v v aAlayn peTtaBAnTtdv eival mdit to 1610, OT®OE GTNV
nepintoon g eElomdoeng (1.8): O afovag tov £ eival TopAAANAOG TPOG TIC (-
POUKTNPLOTIKEG YPOUUES TNG e&lomong Kat o dEovag Tov 1 eivol kKGOETOG TPOS TOV
agova tov &. Topa, pe U(E,n) := u(z,t) éxovus

u = alUg — bU,,

u, = bUg + aly,
GULVETMG

auy + bu, = (a® + b2)U§,

ono6te N (1.10) ypaoetar otn popen Us = 0 kot ot Aboelg avtng eivar U(E,n) =
f(n), cvvenmg

(1.11%) u(z,t) = flax — bt),
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OTOL f TLY 010, GLVEYMC TUPAYMYIGLUT GLVAPTNON KOG LETAPANTNC.

Ag dobpe Tdpa Alyo T @uoikn onpacio Tng eElomoewg (1.10) kabhg kot piag
Aoemg g (1.11). Onwg cuvnbiletal, Bewpobue 611 T0 t TaploTd Y POVO, Elval
OMAOON N X POVIKN HETAPANTN, EVD TO = €lval YOPIKN HETAPANTY. OETOVNE € (=
b/a xar ypaoovpe Tnv eEicwon (1.10) otn popon

(1.10%) up + cuy = 0.
H (1.11) hapBavet tdpa tn popen
(1.11") u(r,t) = f(r — ct).

H u mopiotd éva kdpa, To omoio tagidedel mpog to 6e&id (av ¢ > 0) pe otabepn
TayLINTO ¢, XOpig va allalel oynua. Av “potoypagicovus” £vo T£T010 KO
KOTO TIC Y POVIKEC oTIiypuégt = 1, ¢t = 2, t = 3 k.Am., Ba odnynbodbue ce ypa-
PNHOTO OT®G OLTA Tov epeavifovial 6to Zynua 1.2. Adyw avthc akpipog g
101G TV Aboemv ¢ (1.10), n e&iocwon avt koAeital eCiowan petapopds.
INUELDVOLLE OTL TO YEYOVOG OTL T €V AOY® KOpato dtadidovtal pe otadepn ta-
xOTNTA YOPIic Vo aAAGlovy Hopen, opeiletol oTN YPOUKOTNTA TG eElo®ONG
(1.10) kot 6T0 YEYOVOC OTL 01 CLVTEAECTEG a Kot b elvatl otabepol. Zta pn ypap-
UK KOpOTo 1 TOXVTNTO S10PEPEL YEVIKA amd onuelo e onueio Kol avtd £xel
®G ATOTELECUA TNV TOPOUOPPOGT TOVC.
u(-,t)

A

NN

—c—

Yyfpa 1.2: Kopo mov ta&idetet mpog ta de&1a pe otabepn tayxvinta c.

O1 Moeig g eiomong (1.10) £xovv Tpoeavdg TNV 1d1a TIU o€ kabe yapa-
KTNPLOTIKN YPOUUN = — ct = otabepd g e§icmwong, PA. to Zynuo 1.3.
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x — ct =otabepa

Yynpo 1.3: Otkoyévela Y opaKTNpLoTIKOV YPOUU®OV TNG Elocmonc LeTapopdc.

®a yevikeboovpue topa Alyo Tnv (1.10) pe tmv évvora 611 Ba Bewpncovpe ta
a kol b ¢ cuvoptNoelg TV x Kal t. Ag Bempnoovue pep’ eimeiv v e§icmon

(1.12) tuy + uy = 0.

Yopeova pe v (1.12) og ka0e onpeio (z,t) N Katd katevBuvon Tapdy®yos Tng
u otV katevuvon (1,¢) undeviletar. Ot KapumdAeg 6T0 eNinedo xt, 01 OMoieg e
KaOe onpelo (x,t) éxovv epantopevo dvuoua (1,t) itkavomotody Tnv

dt .
de 7

ocvvenmg t = Ce”. Or KOUTOAEC AVTEG KOAOVVTUL YOPAKTHPIGTIKES KOAUTUAES TNG
M.A.E. (1.12). KaBobc n otabepd C dratpéyet 1o R, o1 xopokTnploTikEG KOUTO-
Aeg yepilovv OLo TO emimedo xt ywPig va TEUVOVTIAL o€ Kamolo onueio. X ke

pio omd avtég TG KaumOAEG N u elval oTabepn: TPAYHATL PLE
9(x) == u(z, Ce")

EYOVLUE
g (x) == uy + Ce"uy = uy + tuy = 0.

Enopévag
u(z, Ce*) = u(0,Ce") = u(0,C).
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®étovtagt ;= Ce” éxovpe C = e "t, onoTE
u(z,t) = u(0,e"t).
H yevikn Aoon ¢ (1.12) eivor cuvenmg
u(,t) = f(e "),

Omov f pia tuyaic, CLVEYMOS TOPUYOYICIUN CLVAPTNGT, Hiag LETUPANTNAG.

1.2.3 H pn opoyevig e€icmon

2& auTthV TNV evotNTa 00 LEAETIIGOVE T U OHOYEVN YPOUUIKT eElGOGN TPH-
™G teEemG. Oewpolpe Lotmdv Ty e&lomon

(1.13) uy + cuy = f(z,1),

OTOL ¢ €VOg TPAYHOTIKOS aptOuds kat f @ R x R — R po dedopuévn cuveyng
Guvaptnom.

v mepintowon ¢ = 0 1 AVo™ TPOKUTTEL APECHOS LE OAOKAT pP®MON MG TPOG T,
ac mobpe anod 0 £mc t,

(1.14) u(z,t) = /tf(x, s)ds + u(x,0).
0

Ymv (1.14), 1 apyikn Tpn u(-,0), n Aon dnradn ot ypovikn otiyun t = 0,
umopel va eMAEYEl MG L0 TUY 010 GUVEYMC TAPAYMYIGIUT GLVAPTNON.
YrnoOétovpe Aowmdv otn cvvéyeta 6Tt ¢ # 0 kot Bo 0dnynbodue otn Abon pe
300 TPOTOLG.
Oewpovpe TpdTo Eva onpeio (y, s) Kot apkel va tpocsdiopicovpe TV u(y, s).
H yapoaktnplotikn ypapupn tne avtictoyng opoyevoig eElomoemd, v + cu, = 0,
Tov d1€pyetal and To onueio (y, s) Exet e&icmon

r=y+c(t—s).

Me 7 :=t — s, n e€lowon avtn ypdeetol 6T popen = = y + ¢r. H cuvaptnon
g, 9(7) :==u(y + c7, s + 7), pog divel Tig TIHES TG ADONG u KOTE PNKOG TNG Y00~
KTNPLOTIKNG, N omoia Stépyetat amd to onpeio (y, s), TNG AVIIGTOLYNG OROYEVOVG
eElonoeng. ITpopavamg,

g (1) =cuz(y+cr,s +7)+u(y +cr,s + 1),
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ondte, cOpQova pe v (1.13),

g(r)=fly+ecr,s+71).

Topa, u(y,s) = g(0) kot u(y — ¢s,0) = g(—s), oLOTE OLOKANPOVOVTAG TNV OLVO-
tépw oyéon and —s £mg 0 Aappdvovpe

u(y, s) — uly — ¢s,0) = g(0) — g(—s) = / §(r) dr

—S

0 s
— [t ersandr= [ o+ co-9).0)do
—s 0

OTOL TNV TEAELTALN 1GOTNTO Y PTNCILOTOINCOUE TNV GAAQYN HETAPANTNG 0 =
T + s. Enopévag €yovpe teAkd

(1.14) u(y, s) :u(y—cs,O)+/sf(y+c(0—s),a)da,
0

napdfare pe v (1.14). v (1.14'), 6nog kot oty (1.14), n apycn tpn u(-, 0),
N AVo™ dNAadN TN LPOVIKN GTIyun ¢ = 0, UTopEL Vo EMAEYEL OG [ TV L0 GL-
VEX MG TOPUY®YIoIUN Guvaptnon. Znueidvovpe 0Tt M (1.14) tpokdntel apéEcmg
ano v (1.14) yia ¢ = 0. Avakgporaidvovtog, N TN u(y, s) Tg Abong u g
un opoyevovg eEicwong (1.13) divetal wg €ENg: OempodUE TN YAPUKTNPLOTIKN
NG 0VTIoTOLY NG OLOYEVOVG eElcmANG oL di€pyetat and 1o (y, s). Ev cuveyeia,
oyxnpatilovpe 1o afpoiopo g (Tpoxaboplopévng) apykng TIUNG 6TO onpeio
(y — ¢s,0), onpeio TOUNG ALTAG TNG YOPAKTNPLOTIKNG KUl TOL GEOVa TV =, KOl
TOL OAOKAN PAOUOTOG TOL U1 OHOYEVODS OpoL f Ge £va, eVOVYPAUIO TUNA, TO HE-
POG TNG XOPAKTNPLOTIKNG atd To onpeio (y—cs, 0) o 1o (y, s), PA. Kot To Zynpa
1.4.

[Tpoympodue tdpa ce Evav debtepo TpoOmo eniivong g (1.14), 6tav n ota-
Oepd c elval d1a@opmn ToL UNdEVHS. AT TN POPE dgV Ba Y PNCIULOTOI|GOVUE TNV
eE1OMOTN TOV YOPAKTNPLOTIKOV YPOUUDV, OTOTE OEV LTAPYEL AOYOG VO, ELCOYA-
youpe Kat £vo onpeio (y, s), Tpoy®POovLLE dNAUST GTOV TPOGILOPIGUS TNG u(Z, t).
®u Y PNGIULOTOIGOVIE TNV AAALYN LETAPANTOV

E:=t
{ o U&n) = u(x, 1),
n:i=x—ct
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Y — CS Y

Yyfpa 1.4: Zynuatikn eneEnynon g (1.14): Oswpodue tn LopoKINPIGTIKN
YPOUUN TNG opoyevolg e&icmong mov diépyetatl and to onpeio (y, s). H Avon
™™g un opoyevovg e&icwong (1.13) eivar to dBporopa g (Tpokadoplopéving)
TIUNG TNG U GTO GMNUELO TOUNG TNG XOPOKTNPLOTIKNG HE TOV ASova TOV T Kol
TOL OAOKAT POUATOG TOV U1 OLOYEVODLG OPOL GTO €LOVYPUUIO TUAHO TNG YO~
PAKTNPLOTIKNG HETAED TV onpeiwv (y — ¢s,0) kat (y, s).

YnrevOopilovpe OTL | EXLAOYT TOL 77 LTOYOPEVETAL ATTO TO YEYOVOS OTL BEAOLUE O
a&ovag Tov € va gival TapdAANAoc TPOG TIG Y APAKTNPLOTIKES YPUUUES TG eEi-
CMONG. ZTNV €MAOYN TOL £ LTAPYEL eAevOepia N CLYKEKPIUEVT OLEVKOADVEL
waitepa TIg TPAEELG TN CLVEYELN. APECMG S1OTLOTOVOLUE OTL

{ut:Ug—cU77

,  OmoOTE U + cuy = Uk.
uy, = U,

Enmopéveg, otig véeg petafintég n A.E. (1.13) ypaeetar otn popen Ue(€,n) =
f(n+ ¢, &). OhoxAnpdvovtag and 0 émg £ naipvovue

3
Ul = [ fln+co.0)da+ gl
0
HE pa avBaipeTn, GLUVEYMG TAPAYMYICIUT, GUVAPTNOT] §. ZUVETMOC, EYOVUE
t
u(z,t) = / flx+cloc—t),0)do+ g(x — ct).
0

IMa t = 0n oyéon avtn divel g(x) = u(x,0), LTOPOVULE GLUVETAS VO, TN YPAWYOLLLE
KOl GTN HopON

(1.147) u(z,t) =u(z — ct,0) + /tf(a: +c(o —t),0)do,
0

BA. v (1.14%).
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Aoknoelg

1.1 Xpnolpononete Ty aAL0y HETAPANTOV
& :=ax+ bt
n=x—1

pE a + b # 0 yio vo Aboete v e&icoon u + u, = 0.
1.2 Xpnoiponotfote v allayn HETAPANTOV
& :=br+at
{ n:=ax — bt

vio va Aboete Ty e§iocmaon
aug + bug + cu =0,

OTOV a, b KOl ¢ un undevikoi wpayuatikol apbuoi.
1.3 I[Tpocdiopicte Tig AVGELS TNG e&lomong
Sy + Uzy = 0.
1.4 IIpocdiopiote TI¢ AVoelg TG e&lowang
(1+2%)uy +uy = 0.

1.5 T[Tpocdiopiote pio cvvaptnon u : (—1,1) x R — R tétowa dote

{\/1—x2um+uy:(), ze(—1,1), yeR,
u(0,y) = v, yeR.
1.6 ITpocdiopicte po cuvaptnon v : R? — R tétota dote

Up +uy +u ="t (z,y) € R?

u(z,0) =0, x €R.
[Yrodeitn: Mmopeite vo odnynbeite oto amotéhecpa pe 600 TPOTOLG. AV E1GAYOLLE TN
Bonbntikn cvvaptnon g, g(7) := u(z + 7,z + 7), N A.E. ypdoetatr 6tn popen

(7) + g(r) = e H ),

Kol OAOKANpOVOVTAC 0md —y £mg 0 0d1yovpacTte 6To {nTtovpevo. EvoiiokTikd, e1od-
YOLUE TIC VEEG HETAPANTEG 1 = o — ¥ (Ywotl;), € = x + y, Tapadelyuatog xapty, Kot
U(&,n) = u(z,t), karn A.E. ypaoetor 6tn popon

1 1 _» 3¢
Us+ -U = —e 2¢e2.
¢ty 2
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Odnynbeite todpa 6T YEVIKN AOoN 0vTHG TS e€icmong, dniadn otn yevikn Aven u(x, t)
G apy KNG e£l0MONG, KOl €V GLVEYELD Y PNOILOTOLCTE KOl TNV a.py LK1 cuvOnKkn u(x, 0)
=0.]

1.3 Mn ypoppikéc MLALE. tpatng tagemg

H fswpio tov un ypoppukov M.AE. tpdtng taemc eival ToAD TAoOC10 Kol ap-
KeTA TOAOTAOKT, PA. .%. TO BiAio Tov K. Aagépuov [6].

Onwg avaeépape NoMN, GTIC UN YPOUUKES eElodoelg epeavifovtatl TOAD TLo
TOAVTAOKO QALVOUEVO T OTL 6TIC YpoupkéES. Edd Oa apkesbodpue oty mopov-
cloon piag un ypapukng M.A.E. tpotng td&emg kot Oa dovue dtapopeg SusKo-
Aleg mov TpoKOTTOLV.

Ocwpolpe Lomdv T Un YPoUUIKn e&icmon TpdTNg TaEemg

(1.15) us+uu, =0, xeR, t>0.

O1 1o poKTNPLOTIKEG KAUTOAEG GE ALTNV TNV TEPITTOON €ival ot Aboelg Tng e&i-
CMONG

dr
dt

u

(1.16)

KoL, AOY® TOL OTL

2
ZTZ = % (Cfi—f) = %u(m(t),t) = uy +umz—f = Uy + uu, = 0,
GULUTEPALIVOLUE OTL Ol YOUPAKTNPIGTIKEC KOUTOAEC €ival gvbeiec Ypappés. Zn-
UELMVOLUE OUMG OTL 1 KAIGT TOV YOPAKTNPLOTIKOV YPOUUOV deV €lval 1 1010
€ OLTNV TNV TEPINTOGT, ONAAIT Ol YPAPPES OEV €1Vl TAPAAANAEG. ZUVETMOC,
GTNV MEPINTOGT TOL Ol YUPUKTNPIGTIKES YPOUUES TEUVOVTOL, M| u Ba AapPdvet
GTO GMUELO TOUNG YEVIKA OVO OLapOPETIKES TIHES, O elvatl TAgldTIUN, dNAOON
dev Oa eivar cvvaptnon! H taydtnta pe tnv omoia dtadidovial Ta KOUOTO TOL
neptypagel n e&lcwon (1.15) eival yevika S10popeTIKN G€ SL0POPETIKA ONUEL,
veYOVHG TOL 0dNYEL o€ AALOLOGT TOL CYNUATOS TOVG.

Ocwpole TOPU TN YOUPAKTNPLIGTIKN YPUUUN, N OTola OLEPYETAL ATO TO GN-
peio (£,0), € € R. Tote, ovppova pe tnv (1.16), Ba éxovpe 0@’ evoc

dz
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Kot o’ etépov z(0) = £, GLVETAOG
(1.17) x=u(&0)t+ <.

Emopévac, av pag 600ein u yro t = 0, dniadn n u(+, 0), Ba propécovpe va Tpoc-
dtopicovpe T Avon ¢ e€icmong (1.15). 'Eotw, pep’ simeiv ot1

2, v x < 0,
(1.18) u(z,0) =< 2—x, o 0<x<1,
1, v x> 1.

Ynuetdvoovpe NdM og avtd 1o onueio 611 M dobeica cuvaptnon u(-,0) dev &i-
Vol GuvEYDS Tapayoyiowun ot onpeio 0 kot 1, cuvendg dev unopel vo vItapyet
KAOOLKN AOGM TOL TPOPANUATOS HOG. ZOUPOVA LE TO TPONYOVUEVE, EOKOAN GU-
UTEPUIVOLIE OTL Ol YOPUKTNPLGTIKEG YPAUUES divovTal dla

x=2t+¢, v € <0,
(1.19) r=02-t+¢ yw 0<E<1,
r=t+E¢, v & > 1.

Avvovtog ™ x = (2 — &)t + £ og mpog € kat aviikabiotdvtag otnv (1.18) £xovpe

x—2t_2—a:
1—¢ 1—t

u(,0)=2—-¢6=2— yio 0 <¢E<1

Kol €Tt 00Myovueda otn aglevi AMOon 1oL TPOPANHATOC HOg

2, v x < 2t,
(1.20) u(z,t) = 1;? v 2t <z <t-+1,
1, vy z >t+ 1.

[Tpopavacg, oto t = 1 n Abon pog tapovctdlet tdtopopeio kot yiot > 1 0ev €yel
vOnua. Avto oQeIAETUL GTO YEYOVOS OTL Ol YUPUKTNPLGTIKES YPOUUUES

r=(2-t+¢ 0<6<1,

Téuvovtal oto onpeio (z,t) = (2,1), PA. Zxnqua 1.5.
To npoBANUG pag £xel GuVETDS AVoT povo yio t < 1. H ypovikn otiypn t = 1
KOAELTAL ypovog Opadoewe Tov KOUATOG. ATO PUGTKNG ATOYEMG AVTO GNUAiVEL OTL
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r=t+1(£=1)
x=2t (£=0)

> T

Yynpa 1.5: Ot yopoktnplotikés ypoappés x = (2 — &)t + &, 0 < & < 1, A
(1.19), tépvovtar oto onpeio (z,t) = (2,1). Xto oynuo eaivovtal ot gvbeieg
v & =0xkot € = 1.

1N KAiom Tov KOpATOC avgavel kaBhg to ¢t TAncldlel Tpog T povada Kal anelpi-
Cetot yio t = 1. ENUEIDCTE TN GNUAVTIKT O10POPd CLTOV TOL PALVOUEVOL UTO TLG
AVGELS €ELOMCEMVY HETUPOPAS, Ol OTOLEC TEPLYPAPOLY KVUATA TOL dEV UALALOLY

oyNua.

1.4  Apykég kon ovvoplokég ovvOnkeg

Ornwg eidape nom, ot M.A.E. éyxovv yevikd moAlég Avoels. Ta va Eexmpioovue
Kamolo AveT, emiBdiiovpe Bondntikég cuvOnkec. Ot cuvONKkeg Tpémel va ivat
TE£T01EC OGTE VO Tpocdlopiletal pia povadikn Abon. Ymapyovv 000 UEYOAEC
KaTnyopieg T€1010V cuvOnkmv, ot apyikéc (initial conditions) Kal ol gvvopiaxég
ovvOnres (boundary conditions). ‘OAeg avTéC 01 GLVONKEC TPOEPYOVTOL ATO TN
dvoikn: 10 €100¢ TOV KATAAANA®V cuvOnKOV Yo Kabe eElcwon egaptatot and
v o010 Vv e€lowon (akpiPéatepa, amo KATOL0 Y oPAKTNPLOTIKA TNG, OTMC £ivat
0 TUTOG TNG, M TAEN NS K.AT.).

Mo apyikn cuvOnKn Tpocdlopilel TN PLOIKN KOTACTAGT GE Ui 10toiTEPN
Y POVIKN GTIYUn to. [ v elicwan e Oepuotntac (heat equation),

(1.21) uy = Au,

omov u = u(z,t), t > tyg,x € Q, Q ywpio (dnhadn avolKto, un kevd GHVOLO) TOV
R? d = 1,2, 3, ka1 A o tedeatic tov Laplace v, Onog cuviBng Aépe, N Aarlaciavy,
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d
Av = E Vs
i=1

N KATEAANAN apy 1K cuvON KN elvol TNG HOPENG
(1.22) u(z,ty) = p(z), x €.

H u otV eEicwon tng Bepuodtntag meptypldeetl TNV Kotavoun tg 0eppdtntac oe
éva opoyevég ocopa 2, u(z,t) eivar n Beppokpacio oto onueio = KATA TN Y PO-
VIKT oTiyun t. X2mnv apykn covOnkn (1.22), n ¢ meptypleel TNV KOTOVOUN TNG
OeppodtTnTog oto Q Kot TNV apyLKn oTiyun Lo, ¢(z) elvar n apykn Oepuokpacio
GTO GMNUEio .

IMa v kvpatixy eCiowan (wave equation)

(123) Ut = AU,

omov u = u(z,t),t > to,x € Q, Q yopio Tov RY, d = 1,2, 3, éxovue éva {evyog
APYLKDOV cLVONKOV

(1.24) {“(x’tO) =p(x), z€Q,

w(z,to) = (x), =€ Q.

H v otv (1.23) diver t Oéon (tn petatomian) evog TAALOUEVOL GONATOS €2, pep’
gumelv VoG TUUTAVOL 1 Lo X opdNG, u(z, t) elvar n BEom evog onpeiov x Kot
LPOVIKT GTIYUN T > to. ZT1G apy1kEG cuvOnkeg (1.24), o1 ¢ xat ¥ divovv tnv apyt-
K1 0€om Kot TNV apyikn ToxvTNTo KAOE ONUELOL TOL COUATOC KOUTAH TNV APYLIKN
GTLYUN to.

ENUELDVOLUE OTL O €E10MCELG TNG BEPUOTNTAC KOl TOL KOUATOC ELVOL TPTHS
KOl 0e0TEPNG TAEEWS WG TPOG TN YPOVIKN HETAPANTN ¢, AVTIGTOLY O, KOl Y1 OVTEC
ATOLTOVVTAL (o KOl 0V 0pyIKEG GLVONKES, AVTIGTOLY M, OTMG AKPLPDS Kol GTNV
nePINTOON GLVNOOVY dLAPOPIKAV EEICDOCEMV.

Ye kaOBe uokd mpoPfinua, po M.AE. avagépetal oe Eva ympio €2, 610
omoio 16y 0EL, KOl TEPLYPAPEL Hio dtadtkacia n orola unopel va eival eite ara-
Tiky €1t ovvauikn (M eCelikting), vo eival ONhodn aveEapTnTn TOL Y POVOL N VO
eCaptatar and avtdév. H M.AE. Aéyetar 161e atatiky M dvvauikn (eCeliktikng),
avtictolya.
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To gbvopo tov §2 To cupPforilovpe pe 0. XNV TEPITTOOT HLOG TAAAOUEVNC
xopdng, to 2 eivar éva dthotnua [0, £], Kot uolKd TO GVVOPO TOL amoTELELTUL
and 600 HOVO CNUELM, TO AKPO TOL SLAGTHUATOG, GTNV TEPITTMOOT EVOG TUUTAVOL
Exovpe éva eninedo YwPio Kot To cOVOPS TOL €ival o KAELGTN KOUTOAN.

Ta tpio oNpovTIKOTEPA €101 CLVOPLOK®V GLVONKOV Eival Ta EENG:

o XvvOnies tov Dirichlet: mpokaBopiletarl  AVoM u 6To cvvopo IS (dNAadn ot
TIHEC TNG GTO GUVOPO), T.Y. Yo TG e§lomoelg tng Beppotnrog (1.21) kar tov
Kopatog (1.23)

u(z,t) = g(x,t), x €I, t>to,

Omov g dedopévn cuvapTNoN.

o 2vvOnkes tov Neumann: tpokabopiletal n kot KotevOvvon Tapdywyog GtV
KotevOLVeT TOL EEMTEPIKOL KAVOVIKOD O1ovOGHOTOG 1 (TO oTolo gival kaOETO
oo 0f)) oe kGBe onueio tov OS2, m.y. yiu T1g e§lomwaerg (1.21) xat (1.23)

0
S t) = glat), TEN =t
o XvvOnies tov Robin: yia dedouévn cuvaptnon a, tpokabopileTal 0 YPUUUIKOS
GLVOLOGHOG g—x + au oto 0L, m.x. Yo Ti¢ e§lomoetlg (1.21) kot (1.23)
ou
a—(:v,t) +a(x, t)u(z, t) = g(x,t), x€IN, t>to.
n
Ot cuvoplokég ocuvOnkeg touv Dirichlet Aéyovtal kot cvvoplakéc cuvOnkec
TPAOTOL El0OVS, 01 GLVOPLUKEG GLVONKEC TOL Neumann Kol GLVOPLAKEG GLVONKEC
0EVTEPOL El0OVS, KAl 01 GLVOPLAKEG cuvOnKkeg Tov Robin gite cuvoplakég cuvOn-
KEG TPITOL €I00VS E1TE UEIKTES GLVOPLAKEG GLVONKEC.
YNV mEPITTOGT HovodidoTat®v TpofAnudtoyv, 6mov 2 = (0, /), ot cuvopla-
k€g ouvOnkeg Tov Dirichlet, tov Neumann kat tov Robin, avtictotya, ypaeovtal

oTN HOPON

u(0,8) = g(t), u(l,t) = h(t), t > to,
Uz<0at) = g(t)v ua:(fvt) = h(t)a t > o,
uz(0,t) + a(0,)u(0,t) = g(t), u.(l,t)+a(l,t)u(l,t) =h(t), t>t,

avtictolya.
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Alyo AOYlo TOPO Y10 TN PUIIKY GHUATIL TOV GLVOPLEKOV GuvOnk®dv. Ag ap-
yloovpe pe v moAiopevn xopdn. Ot cuvoplokég cuvOnkeg tov Dirichlet on-
paivouv OTL Ta AKpa NG XopodNg maAAovTal (ToAavTovVTAL, KIvobvial dnAiadn)
KOTO £vav GUYKEKPLUEVO TPOTO, 1dlaitepa ol ouoyeveic cuvOnkeg tov Dirichlet
u(0,t) = u(l,t) = 0 onuaivovv O6TL Ta Gxpa TS LopdNg Tapapnévovy otabdepd,
dev kivovvtal kabdrov. Ot cvvoplokéc cuvinkec tov Neumann onuaivouvy 0Tt
npokabopilovpe TNV KALoM TNG X 0PONG ot GKpa. TNG. Idwaitepa ot ouoyeveic cuv-
Onkec tov Neumann u,(0,t) = u,(¢,t) = 0 onuaivovv 6TL 1 X0pdN GTO AKPA TNG
Exetr opilovtia KALom, ONAadn OTL Ta AKpa TNE XoPONS KivovvTal eAeVBepa Kot
YOPIg TPIPN KatakopLea, kabeta atny katevbuven tov dova tov z. Ot Guvo-
plakég cuvOnkeg Tov Robin onpaivouy 6Tt TpoxabopileTatl KATO10G GLVILACTUOG
™G 0écemc TV GKpmV TNG XOPONGS KAl TNG KAIGNG TNG OTA AKPa. TNG.

v mepintoon ¢ e&lomong g OeproTnNTog 01 GLVOPLEKESG CLVONKES TOL
Dirichlet onpaivovv 61t Tpokabopiletar n Oeppokpocio 6To cOVOPo, WaitepPa
ol opoyeveic ouvoplakég cuvOnkeg tov Dirichlet onpaivovv 611 1 Oeppokpacia
670 GUVOopo dtatnpeital otabepd ion pe to unoév. Ot opoyevelg CLVOPLOKES
cuvvOnkeg Tov Neumann onpaivovv 0Tt 1o €2 gival Beppikd andOALTA LOVOUEVO,
o0TE dLaPeLYel BepudtnTa and to 2 Tpog 10 meEPLPAAAoV 0UTE E1GPEEL GE OVTO
Oeppotnta and to mepifarrov.

1.5 Koidg teberipéva npofrinpata

Kaing tebeipéva npopinpata (well posed problems) cuvictavtat anod pio M.AE.,
N omola 1oy VEL G Eva Y ®Pio, KuODS Kut and apylkéc KoM cuvoplakég (1 okoun
Kot GAAeg BonOntikég) cuvOnKeg, kKot £xovv Tig €ENG OLOTNTEC:

o Yrapén Aboews: Ymapyel TOLAAYIGTOV piot AODGT u, 1| OTOLd IKOVOTOLEL TOGO
v eiocmon 660 kat Ti¢ fondntikég cuvOnkec.

o Movadikotnta: YOpyel To TOAD pio AOGMN TOL TPOPANUATOC.

o Evotaleia (M avveyns edptnan): H povadikn Adon u eEaptatal cuveymg anod to
dedopéva Tov TpofAnuatog, dnAadn “uikpn” (vwd kdmwolo £vvola) peTaBoin
TV 000UEVOV €Y el OC GLVETELD HKPT (LTTO KATOlL £vvola) HETAPOAN TNG
AVCEMG.
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Av Bécovpe tepiocdTEpeg PondnTikéc cLUVONKEG amd OGEG AmAITOOVTAL Y £V
TpOPANua, T6TE dev Ba £yovue yevika vIaPEN AoV, av BEcovue AlydTEpPEC
10TE dev Ba £xovpe HOvVadIKOTNTA.

To mpoPANUA Apy KOV KAl CLVOPLOK®V TILOV Yo TNV eElomon Tng Beppudtn-

TOG

Uy = Ugg, YIS <07€>7 t> 07
(1.25) u(0,t) = g(t), u(l,t)=nh(t), t=>0,

u(+,0) = ¢, x € (0,0),

etvat, vd KatdAAnieg cuvOnKeg cupPaTOTNTUS TOV dESOUEVMV g, h KOL (0, KAADG
tebeipévo. To avtiotolryo TpoOPANUE TPOG Ta TICW GTOV Y POVO

Up = Ugyy, z e (0,0), t<0,
(1.26) u(0,t) = g(t), u(l,t)=n(t), t<0,
u(+,0) = ¢, x € (0,0),

dev elval koAmg tefeitpévo. Avto eival co@ég and QUGIKNE andyemc Kot Ba To
peAetTnoovpe Kol 0md HOOMUATIKNG ATOWYE®S APYOTEPOL.

Q¢ éva aGALO TopAdELYo UN KOAMG TEOEUEVOL TPOPANUATOC AVOPEPOVILE TO
egng:
(1.27) { Ugg + Uyy = 0, reR, y>0,

u(-,0) =g, uy(-,0) =h, otov R.

[Tpbypatt, yio kataAANAQ g Kat A €Y OVUE TIG AVGELG
L _m :
up(z,y) = —e~ V" sin(nx) sinh(ny).
n

Tote, TpoPavag, u,(x,0) = 0 kot

ou,,
dy

(,0) = e V" sin(nz),

KOl Ol TILEG ALTEC TElVOLY 0TO UNOEV KubBMG To N TElvELl GTO dmelpo. AALG, Yo
x =1, pep’ ewmelv, kary # 0, uy(z,y) /A 0 kabdg n — 00. ZUVENAOG, LE AVLTNV TNV
Evvolo m AOom 0ev eEaPTATAL GLVEYXMOC ATO TO UPY LKA OEOOUEVA.
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1.6 Toa&wvopunon ML.A.E. dcvtépag 1dEemg

®a tagivouncovpe edm Ti¢ Ypapuikéc M.ALE. devtépag talews pe 000 ave&dptn-
teg petaPaAntéc. H yevikn popon piog té€totog e£10mM0emg eivatl

(1.28) 11Uy + 2012Uzy + A22Uyy + a1t + G2Uy + aou = f,

OTOoV a5, a; KOl f CLUVAPTNGELG TOV T KO Y.
Xapv ariotntog, Oempovpe kat’ apyls TG CLVAPTNCELS a;; Kot a; atabepéc,
Qij, A € R.

Opwopog 1.1 (Tagivéunon ypaupikwyv M.AE. deutépag Tagews.) Oswpovue tnv &i-
coon (1.28) pe a;j,a;, € R. H eficoon avtn koieitar eAdenticy (elliptic), av
(a12)? < aiiagy, keleitar vrepPoiixi (hyperbolic), av (ai2)? > aiiass, kai, TEAOG,
kaAeitar wapafoluci (parabolic), av (ai2)? = ajjage. [0 TNV €NEKTACT OLTOV TOV
eVvol®V 6NV mepintmon ypaputkdv M.AE. devtépac 16Eewg e mepiocdTEpEg
dlootdoelg tapanéunovpe otnv Acknon 1.12.]

Ynueioon. Epiotodpe TV mpocoy ) ToL avoyvaceTn 6To YEYOVOS OTL O TUTTOS TNG
eglonoemg (1.28) kabopiletal amd TOLG GLVTEAEGTEG TOV Op®V dELTEPUG TALEMG
KOl HOVO, Ol GUVTEAEGTEC OPOV YOUNAOTEPNG TAEEMG dev Tailovy kavEva poLo.
O

Iopatipnon 1.1 (Eme€riynon ovouatohoyiag.) H kaumdin
anx? + 2a107y + a22y2 + a1z + asy +ag =0

glvat, katd to yvootd, éleyn, av (a12)? < ajjass, vrepfoli, av (a2)? > aiass,
Ko wapafols, av (a12)? = a11ass. & 0OVTO TO YEYOVOG 0QEilOLY THV Ovopacio
TOVG O1 d1APOopPES LOPPEC TNE eElodoemc (1.28). O

O op1oudE TNG EALEITTIKOTNTUS, TNE LTEPPOAIKOTNTAC I TNG TAPAPOALKOTN-
Tag TG e§lonoeng (1.28), TNV TEPINTO®GT TOL Ol GLVTEAECTEG ELVOL GLUVAPTT-
GELS TOV T KAl ¥, ElVOL EVIEAMG 0VAAOYOG EKEIVOL TNG TEPINTMOCEWS GTUOEPDOV
SUVTEAEGTAOV. ZUYKEKPIUEVO, 0V | TOcOTNTA [a1s(, y)]? elvar pikpdtepn, peya-
AOtepn M lom, avtictolya, ™G ai1(x, y)asn(z,y), tote N e€icwon gival 6To oM-
peio (z,y) elhentikn, vnepPfoiikn N mopafoiikn, avtictorya. Duoikd, otnv
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TPOKEPUEVN TTEPINTOOT, €lvar duvatov N e€locmon va eivot d1aPopETIKOD THTTOL
oe dibpopeg meproyéc Tov emmédov xy. H eliowan tov Tricomi, u,, — yuy, = 0,
eep’ emely, eivar eArentikn ywo y < 0, viepfoiikn yia y > 0 kKot Topafoilkn
vy = 0.

H eliowan tov Laplace vy, + u,y,, = 0 eival edhewntikn, n eliowon Tov kKbuatog
Uy = Uge ELVOL VTEPPOALKN, KoL M EClowan THS OepuotnTag Uy = Uy, €LVOL TOPO-
BoAlkn, OT®G SLOMIGTMOVEL KOVELC OUEc®S. AvTtég ot Tpelg eElomoelg Ba amote-
AEGOLV TO KUPLO AVTIKEIUEVO HEAETNC LG OTT CLVEYELC.

210 akoAiovbo Bedpnua Bo dodue OTL, GTNV TEPINTOON CTUOEPDOV GLVTEAE-
oTMV, 01 0pot devtépaug ThEemg ¢ (1.28) £xovv ovclactikd pia and Tpelg dvva-

T€G HOPPEG:

Ozopnpo 1.1 (Baoikég Hop@EG EAANEITTTIKWY, UTTEPBOAIKWYV Kal TTAPABOAIKWY EEICWOEWY
o€ dUo dlaoTdoelg.) Ocwpovue tnv e€iawan (1.28) kar vrolétovue o6t1 01 GLVTEAETTES
a;; eivar atabepot. Tote, pe pua ypopuixy alioyn petafintav, n eliowon avdyestal
atTi] poppn

Uee + Upy + - =9,

TNV MEPITTWATN TOL EIVAL EALEITTIKY, TTH UOPPH
Uee = Up+-- =9,
aTNY TEPINTWATN TOV EIVal VILEPPOMIKY, Kal aTn Lopen
Ue + - =g,

oty mepintwon mov eivar rapaforiky. Or --- avufoirilovy 0w opovg TpwTHS N
Unoevikng taéewg.

Arooerén. Ta ovolactikd onpeio tapovstdlovtol oM oTNV TEPITTOCN a1 = ay =
ap = 0 kot f = 0- vmoBétovpue LomOV, Y®PIC TEPLOPIGUS TNG YEVIKOTNTAGS, OTL
a; = as = ag = 0xar f =0.
Awaxpivoope Tmpa 600 TEPINTOGELS: (a1 # 0N azy # 0) Kot aj; = agy = 0.
2NV TPOTN TEPINTOGT, TAAL Y OPIC TEPLOPIGUO TNG YEVIKOTNTAG, LITOBETOV-
pe kot apyag ot a;; = 1, agobd 1 mepintoon a;; = 0, INAadn ax # 0, eivat
evieAmg avaroyn. H eElomon pag eivoarl dniadn

Uz + 2a12umy + 22 Uyy = 0
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(85 -+ 2@12818y —+ amaz)u =0.
[TpocBagpaipovpe Topa Tov 6po CL%QGE Y10 VO TPOKVYEL TEAELO TETPAYMOVO KAl M
eElooon Aappdver Tn popoen
(129) (895 + am@y)Qu + (a22 — a%Q)a;u =0.

H 18é0 topa eivarl va etcaydyovpe véeg petafAntéc katd tpodmov mote KGO dpog
™G (1.29) va ypagel o¢ (0e0TEPN) LEPIKN TOPAY®YOS GTIC VEEG HETAPANTES (Ka-
Tevhivoelg). Ztnv mapaPOoAlKN TEPIMTMOOTN O GLVIEAEGTNG TOL OEVLTEPOL OPOL
unodeviletat, oty eAAeInTiKN eivor 0eTikdg Kot otV vTEPPOALKT OPVNTIKOG.
Apyilovpe pe v eAMLEITIKN TePinTOOT, ONdTE £YOVUE aty < age. OfTOVE
T0T€ b := m KOl €160 YOVHE TIG VEEG avelaptnTeg LETAPANTEG £ Kal 7 o

r=¢, y=api+tbh
dnAoon

1
521’7 n:g(y_a12l’)>

0 a&ovag TV 1 cuurintel ONAdN HE ToV AEova TV ¥ Kal 0 dEovag tov & e TNV
evbela y = apox, kot 0€tovpe U(E,n) = u(x,y). [Ipopavas 0 = 0, + a120, Kot
0, = bo,, emopévag n e€icmon (1.29) AapPdaver tn popen

Ugg + qu = 0.

Ztnv unepPoAlkn TEPITTOOT EXOVUE aty > ago. TOTE OETOLUE b := /a2, — a9y KOL
glofyovpe TG véeg aveEaptnteg LETUPANTEC € KUl 77, OTOG KOl TPONYOLUEVMG,
o

r=2E& y=aps+n.

H e&iocwon (1.29) AapBdavel t1otE TN pOopON

Téhog, oty TopafoAikf Tepintmon £XOVUE a2y = ag Kot 1 (1.29) ypaeeTat og

(130) (8$ + a,lgay)QU = 0.
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Me v aAroyn petafAntodv

Tr = 67 Y= a’l?S + n
EYOVUE TOTE O = Oy +a120, k01 0, = 0y, koM e&icwon (1.29) hapuPaver tn popen

Uee = 0.
2y nepintowon a;p = axp = 0 n elowon ypaeetar o u,, = 0. Me v

alAoyn HeTAPBANTOV

=&+, y=8§—n
N e€lowon avtn Aappdavet T popen

Uee — Uy = 0.

H ocvykexpiuévn arloyn HETAPANTOV GE QLTNV TNV TEPITTOGT LIAYOPEVLETAL

amod o yeyovog 0Tt 1 e&lomon Uy, = 0 ypaeetal 160d0VOLN GTN HOPPT

(90 + ,)u — (9, — 8,)%u = 0. 0

Aoknoelg

1.7 IIpocdiopicte Tov TUTO KAOE piag Tov akolobbwv eElohoewy, dNAadN aropavieite
KOTG TOGOV 0UTT €lval EAAEITTIKN, LTEPPBOALKN 1| TAPAPBOALKN:

(i) U — Bty = 0,
(i7) Ay — 12Uy + Yuyy +uy = 0,

(ii7) Az + 6Ugzy + YUy = 0,

(iv) Ugg — Ugy + 2Uy + Uyy — Uy, + 4u = 0,
(v) gy + Ogy + Uyy + ugy = 0.

1.8 X¢ moleg meproy€g Tov emmEdOL xy ivar M| eElocmon
(14 2) gy + 22Yusy — Y2y, =0

eALenTIKn, vTEPPOALKT| KOl TAPUPOALKT, AVTIGTOLY W,

1.9 Anodei&te O6TL peto&h TV e€lomoemv TG popeng (1.28) ue otabepoic cuvteAeoTEg,
01 LOVEC TTOL HEVOLY OTIMG €1VaL GE OAEG TIG TEPLGTPOPES TOL EMTESOL (1vat, OTMG AEE,

avalrioiwTes o€ TEPITTPOPES),

19 _ c?sﬂ sin 1 x . 9e0,2m),
n —sind cosd /) \y
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elvar ekelveg mov €xouvv Tn Hopon

a(Ugg + Uyy) +bu = f.

Yynpoe 1.6: [lepiotpoer| ToL CLOTNHATOG TOV AEOVOV KATA Yovia ¥.

1.10 Ocwpodpe Tn M.AE. 3uy + ugzy = 0.

a) ITotov tomov givar avtn N e€lcwon;
B) ®ftovtag v := uy, TPocdlopicTe TN YEVIKN TNG Abom, BA. TNV Acknon 1.3.

v) Tt umopeite va meite oyetikd pe dmopEn Kol povadikotnta g Abcews ¢ M.ALE.
Yo TNV omoia 1oy vEL

u(r,0) =e 3 wuy(z,0)=0, zc€R;
1.11 ®swpovpe pia un opoyeviy M.A.E. mpdTng ta&emg TG LOPONG Ut + cuy = h(x + ct),

omov h : R — R pio ocvveyng ocuvaptnon Kat ¢ £vog Tpayprotikoc aptbpog. Amodeite

0Tl 0L ADGELG OLTNC TNE €ELCMCEMS ELVOL TNG LOPPNC
u(z,t) = f(xz+ct) + g(z — ct),

OmoVL f KOl g GLVEXMG TAPUYWYICIHES GLVAPTNGELS TETOLEG DoTe [/ = %ch. Idwitepa
oniadn pio e101kn Abon tng e&lo®oemg eival M

u(z,t) = f(z+ ct).
Oodnynbeite 610 CLUTE pAGHLA [LE ODO TPOTOLG:

a) Me v aAroyn petopintové =z +ct,n =x —ct ko U(E,n) := u(x, t), yphyte Kot
apybg v e&locwon otn popen 2cUs (€, 1) = h(§).
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B) Zopewvo pe tnv (1.147) éxovpe
t
u(z,t) = u(zr — ct,0) + / h(z + c(o —t) 4 co) do
0

t
=u(x — ct,0) + / h(x — ct + 2co) do
0
z+ct

=u(x — ct,0) + 2i /x h(s)ds

c —ct
=u(x —ct,0) + f(x +ct) — f(z —ct).

1.12 Avtietoyilovpe oty e€icmon (1.28) Tov un undevikd cOPRETPLKO Tivoko A,

a1l a2
A= .
al2 a2

[EE icov Loyiko Ba ftav va Bewpricovpe tov —A atn 0€6m ToL A, dNAadn va ToAlaTAo-
oldoovpe v (1.28) eni —1.] Amodei&te O6TU

e Avn (1.28) eivar eAdetntikn, ol WO10TIHEG Tov A givarl opdonueg. [IMati pmopodpe vo
vrobécovpe 6Tt eival OeTikég;]

e Avn (1.28) elval vrepPoiikn, ot 1d10TIHEC Tov A glval eTEPOCTUEG.

e Avn (1.28) eivol mapafoArikn], pia 1610Tiun tov A gival To undév kot 1 GAAT €ival un
undevikm.

[H avtictoyn g (1.28) ypappkn e€icmon devtépag taEemg pe otade povg CLVTELEGTEG
OTIC 1 010G TACELG ElvVaL

n n
Z aijumix]. + Zaiuggi + apu = f,
ij=1 i=1
onov, xopic meplopiopd g yevikotnTag (yiati;), propodpe vo vrobésovpe Ott a;; =
aji,i,j = 1,...,n. H e&loowon avth kaAieitar eAdeimtirs, ov OLEG OL 1OLOTIHEG TOL GUUE-
TPLKOU Tivaka A,
a1 @12 ... Gin
A=
apl Ap2 ... Qpp
elvar Betikég (M Oheg apvnTIKEG, PLGLKE), KOl KaAgiTal vepfotikn N mapafolikn, avti-
otoly 0, av 1 — 1 1dtoTiuéG Tov A gival OeTikég Ka pia eival apvnTikn N Unodév, aviieTot-
xo]
1.13 YrnobBétovpe 6t 1 e&icwon (1.28) eivor eAdeintikn kot 0tt ag; > 0. Anodeifte 6110
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air a2
A= ,
aiz a2

eivat Oetikd oplopévoc, dSnhadn yra kade un undevicd dbvuopo z € R? 1o Evkieideto

avtioTolyoc mivokag A,

£6OTEPLKO Y1IVOUEVO Tov Az Kat z gival Ostikd, 2T Az > 0. T1 propeite vo neite Y10 Tov
nivako A oty nepintoon a1; < 0;
1.14 Ipocdiopicte xat’ apyc T yevikh Aon u : R? — R, u = u(z,t), mg e&icoong
ut + 2u, + 3u = 0, x,t € R, xal ev cuveyeia tpocdlopicte T AHON TOL TPOPANUATOC
OPYLKADV TIUDV

{ut + 2u, +3u=0 otov RQ,

u(z,0) = 22, z e R.

1.15 ITpocdiopiote tn Abon u : R? — R, u = u(x,t), Tov TpoPAfjuatog

w4 2uy + 4u = e* 2" otov RZ,
u(-,0) = ¢ otov R,
omov ¢ : R = R, p(z) = 22.

1.16
a) Mpocdiopicte tn yevikn Abon u : R? — R, u = u(x,y), g e&icmong
Uy + 22uy =0, xz,y €R,

Kol 0KOAOVO®E EMAVGTE TO AVTIGTOLY O TPOPATLO CLPY KDV TILOV LE 0PYLIKT) CLUVON KT
u(0,y) =siny, y € R.
B) Oempovpe 10 TPOPANUA OPYIKDV TILOV
Uy + 2zuy =0, 2,y € R,
u(z,0) =g(z), zeR,
omov ¢ : R — R o aptia opoAn cvvaptnon. Tt unopeite va meite oy eTikd pe TNV
vmopEn Aoemg, KaBDS Kot pe To TEdIO0 OPIGHOD TNG;

v) Av 1 g dev glvor GpTio, TL UTOPELTE Va TelTE;



2. H xvpoatikn eicoon

Ye avutd t0 KepaAalo Ba peretnoovue TNV kvuatiky eCicwon ce pia (YopiKn)
dbotaon. H e€lowon avtn eival, Onmg mpoavagEpape, vrepPoAilkn kot eivat
n aniovotepn M.A.E. devtépag tagemc.

2.1 H xvpotikn eiocmwon o¢ 6ho 10 R

Zg autnv ™V tapdypago Bo HeAeTNGOLUE TNV KLUATIKY €Elocwon o OAN TNV
npaypatikn evbeia. Ta mpaypatikd puoikd eoaivopevo Aappavovv cuvnbwg yo-
pa 6e epaypéva otactripata. O Adyog Yo Tov onoio HEAETAUE TNV eElo®ON GE
OAN Vv evbeia eivat 6Tt amd HOOMUATIKNC ATOYEWMS UTAOTOLO0VTAL TA TPAY LT
o€ onNUovTiKd PBadud yiati 6e avtnv Vv tepintwon anoiriaccodueda and T1¢ oG-
voplakég ouvOnkeg. Aéov vo onuetmbei 6tL ot o Pacikéc 101détTeg Tov M.ALE.
epeavifovtal NoM otnv mepintoon mov T1¢ e&etalovpe oe GAOV TOV Y M®PO, Kal
aLTN M TPUKTIKY akolovBeitatl oe peydio Pabuo Kot otny £pgvva oV TEPLOYN
aLTN GTNV TAPOVGA GAcT. AALE Kol A PLUOIKNG ATOYEMC £XEL ALTT N LEAETN
£Vvolo Yo TNV KOpatikn e§icmon, yiati to KOpato dtadidovtotl oy etikd “apyd”
KO Y10 LIKPA Y POVIKE S1aGTHNATA, OTAV EIHOCTE HOKPLA amd TO GLVOPO, Ol G-
voplakég cuvOnkeg oev ennpealovv tn Abon. 'paeovpe Loimdv TNV KLUHATIKN
eElomon otn popoen

2.1) Uy = Clye, @, ER,
pe ¢ > 0. Enpetdvovpe 6Tt pe TNV 0AAayn HETAPANTOV v(z,t) = u(cx,t) n &&i-

ocoon (2.1) AapPavel TNV amAOVCTEPT HOPON Uy = Uy TAPE TAOTO TPOTILOVUE
VO LEAETNCOLIE TNV KLUATIKT e&locmon ot popoen (2.1).

29
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IIpotaon 2.1 (Mevikr) AUon TnG KUPATIKAG egiowaong.) O1 Avaeis g eCiamaews (2.1)
otvovtai dia,

(2.2) u(z,t) = f(x +ct) + g(x — ct),
OTov f Kal g TOYAIES OUALES TUVAPTNGEIS Hiag HETAPANTHG.

Amooeiln. Aivoope TNV amddelEn pe 00O TPOTOLG.
12 pomog: I'pagovpe Ty eElomon 61N Hopon

‘Ecto v := uy + cu,. Tdte n v ikavomoiel tnv akdAovdn eEicwon TpdTng TaEEMS:
vy — cv, = 0. HAbom avtng ¢ eElodoemg divetal dta

(2.4) v(x,t) = h(zx + ct),

omov h tuyaia opain covaptnon piag petafAntng, PA. tig (1.11) xar (1.10). Zop-
POV LE TOV OPIGUO NG v Kot TN (2.4) Eyovue

(2.5) ur(,t) + cug(z,t) = h(z + ct).
H yevikn Abon u; g avticTotyng opoyevoig g (2.5) eivar
U1<$,t) = g(l‘ - Ct):

BA. tig (1.11"7) xar (1.10"). Emiong evxola diamictdvel Kaveic, PA. tnv Ackn-
on L.11, 671 pia 1d1kn Aon us TG (2.5) elval

us(w,t) = flw + cb),

omov f tétowa wote f/ = 2ich. H yevikn Abon g (2.5) eivar u; + uz, onOTE M
vevikn Avon g (2.1) divetar anod T (2.2).
Og r 4 I4 ’ /4
2 = tponog: Eichyovtog Tig véeg aveldptnteg petafAntéc £ kot n o

E=x+ct, n=x—ct

kot 0étovtag U(&,n) = u(x,t) éxovpe dyu = 0:U + 0,U xat Qyu = cO:U — c0,U.
2ovenag Jyu—cou = —2c0,U xat Qyu+cou = 2c0:U, ondte  e€lcwon hapPdavet
™ HOPPT

(—2¢0,)(2c0¢)U =0,
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BA. TN (2.3). [Me mpaelg 00NYOVUAGTE GTO OVOTE P CLUTEPACTHO O EENG: €Y 0V-

ue
Upy = Uge + 2Uey + Uy, gy = EUge — 262Ugy + Uy,

OUVETOG Uy — gy = —4*Ugy.] Emopévag éyovpe Uy, = 0, ondte

U(&,n) = f(&)+gn),

BA. v (1.4), amd TV omola énetal apéomng N (2.2). To kivntpo yia TN cvyKe-
Kppévn emhoyn tov afdvov € Kal 1 eival puolkd avtol vo gival tapdiiniol
TPOG TIC YUPUKTNPLIGTIKES YPAUUUES TNG KVHATIKNG £610MONG. TNV TPOKEIUEVN
TEPINTTOOT £YOLUE dVO OIKOYEVELEG Y APOUKTNPLOTIKADOV, ETOUEVMG OEV LITAPYOLY
neplloplo yio avboipetn emAoyn €vOg TV 0EOVMV, KAT AVTIOIOGTOANV TPOG
TNV TEPITTOOT YPOUUUKDOV EEICDGEMV TPOTNG TAEEWS pe oTabepolc cuvtede-
otég, PA. TV evotta 1.2.2. O

H xvpotikn elomon €xel o anAn kol opoia yeopetpia. Ymapyovv 600
OlKOYEVELEG LOPUKTNPLOTIKDOV YPUUUDV, T + ¢t = cTabepd.

t

A

x — ct =otobepa

x + ct =otabepd

Yynpo. 2.1: O1koyEveleg Y opaKTNPLOTIKOV YPUUUOV Y10 TNV KUUOTIKT e£lom-
on.

H g(x — ct) mopiotd £va KOpo, to onoio Ta&dedel mpog ta de&id pe TayxdTNTe

H f(x + ct) mopiotd £va KOpa, T0 0moio TaELdEVEL TPOG TA UPLOTEPQ, TAAL LLE
TayvTNTe . H yevikn Avon (2.2) eival n cOvBeomn d0o TETOLOV KUUATOV.
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t=1 t=2 t=3

FN N

C

Xynpo 2.2: Kdpo mov ta&idevet mpog ta 0e&1a e ToyvTNTa. C.

2.1.1 To npopinpa apik®@v TIPOV

To npdPANUA APYIKOV TILDV Yo TNV KLUOTIKTY €E16MGT GE OAN TNV TPAYHATIKN
evbeia eivatl: Aldovtatl 000 oparéc cuvaptnoelg p, v @ R — R kot {nteital po
oparn cvvaptnon u : R x [0,00) — R, té1010 ©®OTE

(2.619) Uy = gy 610 R X (0,00)
Kol

(2.6ii) {u(-,O) =¢ otov R,

u(-,0) =1 otov R.
2oppovo pe ) (2.2) n yevikn Avem TG Kupatikng e§icmong (2.67) eival
(2.7) u(z,t) = f(x +ct) + g(z — ct).

®étovtag €0 t = 0 KOl Y PNOILOTOLOVTAC TNV TPOTN Gy éomn ¢ (2.611) Aappad-
VOULLE

(2.8) = f+g otov R
EE arlov mapaymyilovtag T (2.7) o¢ mpog t £xovpe
u(z,t) = cf'(x + ct) — cg'(x — ct),

omote B0étovtag t = 0 Kal Y pMNGIHLOTOLDOVTOG TN 0eVTEPT o) Eon TNG (2.647) AapPd-
VOULLE

(2.9) v =cf —cg otov R.



2.1. H xvpatikn e€icwon o€ 6Lo 1o R 33

O1 (2.8) xat (2.9) anmotelolby éva cOGTNHO €El0MOGE®Y Y1 TIG 000 AYVWOOTEG GL-
vaptioelg f kat g. opaywyilovrag ) (2.8) kot cuvdvdlovtag To anoTéEAEGUA
pe ™ (2.9) Aappdavovpe

1 1 /[
(5 = 3906 + 5. | v(rdr +a
¢ Jo
(2.10) ] 1 e
g(s) = 5@(5) - %/0 Y(r)dr + 3,
omov « xat 3 otabepéc. And tic (2.8) kot (2.10) émetar 6T1 a + [ = 0. Zuvendg
Eyovue
1 x+ct
flx+ct)+glx —ct) = =p(z +ct) + — W(r)dr
2 2c Jo
tyete—ct) -2 [ ud
gl —c 2%/, T)dT,
onAoon

1 atet
flatet) +glo = ct) = oot o) +pla—et] + 50 [ w(r)an
r—ct
Xopeova pe ) (2.7) copnepaivovpe 6ttt 1 Abon Tov TpoPAnpatog (2.6) etvar
x+ct

(2.11) u(z,t) = % [o(z — ct) + p(z + ct)] + % t Y(T) dr.

Tr—C

AvokeQaAalOVOVTOS, amd To TPONYOOUEVA EMETAL AUECMG TO EENG AMOTEAE-

opa:

Ipétaon 2.2 (AUon Tou TTPOBAAUATOG OPXIKWY TIUWV YIO TNV KUPATIKA €§iowaon.) Eatw
Y R — R wia ovveyawg napaywyioun aovaptnoy, kat ¢ - R — R uia ovvdptnon, n
omola eivai 000 popés avveywe mapaywyiayuy. Tote vmapyel axkpifas pia Aben u Tov
npofinuatog (2.6), n omoia eivar 000 Popés aLVEYMS TaPAyWYITILY, KOl OIVETAL OO
Tov tomo (2.11). O
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Inuetdvouvpe akoun ott and v mopdotacn (2.11) tpokdntel 1 opardTNTO
™G AOOEMG u TNG KLHOTIKNG EE10ONG: AV N ¢ €lval m popEG CLVEYMS TUPUY®-
yiowun Kat n ¥ givatr m — 1 popég cvveymg Topaywyiotun (vrevlopilovpe OTL M
Y aVTIGTOLY EL OTN Uy, EYOVHE ONAAON NON TapaywYicel pia opd), TdéTE N u elval
m QOPEG GLVEYMC TAPULYDYIGTUN.

Mopatipnon 2.1 (Apvntikoi xpévol.) Eivair mord e0kolo vo d10MIGTOGEL KOVELS
OTL M ovvaptTNnomn u, Tov divetat and tov tomo (2.11), yio ¢ < 0, iIKovomolel TV
Kopoatikn e&lomwon kat yio avtd to t. 'Evag GAhog Tpomog yia va del Kaveig 0Tl TO
TpOPANpa (2.6) propet va Avbel kot yia apvnTiko t eivorl 1 aAAoyn HETUPANTNAG
s = —t. And eLGIKNG andYEMC aLTO oNUOivEL OTL YvopilovTag oe pia ¥ povikn
OTLYUN to TA YOPUKTNPLOTIKG u(+, to) Kot ug(+, tp) TOL KOPHATOG, Ot HOVO UTOPOVULE
va TtpoPAéyovpe pe motov Tpomo Oa dradobel To kKo Yot > ty, aAAG HTOPOVUE
Kol vo, Tobpe and mob TponAfe avtd To KO, TO HTAV T YOPAKTNPLOTIKA TOV
ava T Y POVIKN OTIYUN 610 TapeABoV. Mmopodue pe GALa AOYL0 va, LEAETT-
covpe TNV 16Topia Tov. Pilikd dtapopeTikn €ival 1 KATAGTACT GTNV TEPITTOGT
¢ e&iowong g 0eppdTNTOC, OTMS B dOVUE GTN GLVEYELN TOVL LA LOTOG.

2vveyng e€aptnan Tng AVang amo Ta apyiKd oeoouéva. XOpUemvo, e tn (2.11), €xovpe
|u(z, )] < sup |o(Z)] + tsup [1(T)].
Z€R Z€R
Av Aowmov u glval 1 Avon tov (2.6) kot @ n AOGT TOL AVTIoTOlL oL TPOPANHATOG

He apyiké dedopéva @ kot 1, otn BEon TV © Kot 1, avTioTolya, TOTE GONPMV
LE TNV TPONYOVUEVT EKTIUNON

[u(e, t) — a(z, )] < sup |p(F) — G(F)] + tsup [(Z) — &(F)],
Z€R Z€R
dMAaodn, pHe avTNV TNV £vvola, N AOcn e€aptdtal cLVEYNDS ATd TO APYLKE dEJOUE-
va.

2.1.2 EE&aptnon ko emippor)

Amo tov 10mo (2.11) cuvdyovtal eOKOAN OPLOUEVA Y PTCLULN CUUTEPAGLATO Y10
N ADGT TOL TPOPANUOTOS APY LKAV TIUDV Y10 TNV KLUATIKT €§icmon otV Tpay-
HoTiKn evbeia.
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H tipn g AMboewg u e éva onpeio (xo, ty) e€aptdtot HOVo omod TIg TIES TNG
© 070 OVO CNUELN T — Cly KOL T+ Ctp, KAODG Kl amd TIG TILES TNG 1) GTO OLACTN O
[xg — cto, xo + cto]. To ypr pépog oo Lynpa 2.3 xareitor nepioyn elaptioews 1oL
onpeiov (xg,tp). Enpetd@vovpe OtTL T0. AKpa TG TEPLOYNG £EUPTNOEMS Eivar Ta
onueia TOUNG TOV YOPUKTNPLOTIKOV TN KUUOTIKNG £E16MGEMG TOL O1EPYOVTAL
and 10 onueio (xg, ty) He TOV AEOVO TOV .

O To — Cto To + Cto

Zynpa 2.3: eproyn eEdptnong tov onpeiov (g, to).

Avto onpoivel 6Tt onoladNmote PHETAPOAT TV ¢ Kl ¢ £E® and 1o d1doTN-
po [zo — cto, xo + cto] dev yivetar aviidnmtn 610 onpeio (zo,%y). ATO PLGIKNG
ATOYEMG 0VTO GNHOIVEL OTL HETUPOAEC GTA apyLKd dedopéva dradidovTal e Ta-
xOTNTO KPOTEPT M 1M TOL ¢, akpifécTtepa ot LETUPOAEG TNG ¢ dladidovTal pe
TayVTNTO AKPLPOG ¢, EVAO 01 HETAPOAEC TNE Y UE TOXVTNTO TO TOAD C.

BAémovtag ta mpaypoto and pio Katé Kamolo £vvola aviicTpoen TAELPJ,
domioTdvovue, AL and tov tomo (2.11), 611 o apyik”n cvvOnkn oe Eva on-
HELD g, Umopel va eMNpeacel T AOGN HOVO GTN YKPL TEPLOYN OTO Xynuo 2.4,
1 omoia mePLEYETOL HETAED T®V VO YOPUKTNPLOTIKOV TNG KLUATIKNG £E10MONG
mov d1€pyovtal anod to onpeio (zg,0), Kot AEyeTal mepLoyn enippons Tov Gnueiov
(x0,0).

YrnoOétovpe Tdpa OTL Ta APy LKl dEOOUEVA, p KOl 1, E1VAL GUVOPTNOELS LLE G-
umoyn eopéa, undevifovral Omiadn £Em and £vo KOTAAANAO KAELGTO KAl QpOy-
pévo draotnpa, ag to movpe [a,b]. 'Eoto z* € R. To gpodtnpa mov Oa pog ana-
OYOANCEL TOPA EIVOL Y10 TOLEG TILEG TOL ¢ UTOPEL M u(x*, 1) VO TAPEL YEVIKE U1
unodevikég TIpéG. Oa drakpivovpe dVo mepTT®oels, Y = 0 kot Y # 0.
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< z
& &

%

O (I‘O, O)

Xynpna 2.4: Iedio emppong tov onpeiov (xp, 0).

12 Iepintoon: ¢ =0
Ze autnv TV epintoon N (2.11) Aappfavel Tn popon

u(z,t) = %[gp(x — ct) + oz + ct)].

Emopévac, n u(z*,t) pmopel vo mapet yeEVIKO Un UNOEVIKES TIHEG Yo t TETOLM
oote z* —ct € (a,b) | z* + ct € (a,b), INhadn

a—x* b—x* , 2¥—a z*—b
<t < >t > .
c c c c

Aok pivovpEe TOPO OLAPOPEC TEPIMTDOCELS:

o Mo z* > béyovpe =0 < < =0,

o T z* < a éyovpe =28 <t < =2t
C C

b—x* m*—a)

o Mua < z* < béyovpe 0 < ¢ < max (=5, 2

Avto onpaivel 6Tt To apykd KOUO YIVETAL OVTIANTTO GE £VOV TOPUTN PN TN, TOV
Bploketal oto onueio x*, LOVO KATA TO Y POVIKO d1UGTN LA TOL AvVOPEPONKE TPON-
YOLUEVMC, avaAoya pe TN B€om Tov x*, BA. To Zynua 2.5.

Avagépovpe akdun 6Tt TaPOUOLO PALVOUEVO, ONACOT KOUOTO LLE GUUTAYT) (PO-
péa va, Yivovtol avTIANTTd, o€ Kabe onpeio, yio @payuéva, y poviKd S1aoTHHoTA,
TOPUTNPELTOL OTIG TEPLTTEG OLACTACELS d > 3, AKOUN KOl Yo U1 UNOEVIKA ) UE
ocvunayn eopéa. H puoikn onuacio avtod Tov yeyovoTog £ival TPOPAVNG GTI
TPELG OLOOTACELS TOL {ovue: av avtd dev Ntav 6ctd, Ba akovyape tov 06pvpo
OTOLOLONTOTE OKOVGTIKOV KOUATOG €T AmeLpov!
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O a b a*

Yynpe 2.5: Ztnv nepintoon mov Y = 0 Kol 0 QOpPEAG TNG ¢ MEPLEYETUL GTO
dthotnua [a, b], n Ao u tov TpoPfrfuatog (2.6) undeviletar €€ amd ™ yKpt
meploynN Tov oynuotog. H meproyn avtn mapdyetol anod Tig XOpOKTNPLGTL-
KéG Nevbeieg g e&iocwong mov Egkivovy and éva onpeio (x,0), kabdg To
x Sy pheel OL0 1O ddotnpa [a, b]. Katd cuvéneila, £€vag mapatnpnng mov
Bpioketal otn 0éon z* aviiAaufdvetal To KOUO Yid EKELVO TO Y POVIKO Ola-
oTNua Tov aroteleitol omd ta ¢ Yo o omoia Ta onpeia (z*,t) avikovy o

YKPL TEPLOYN.

22 Iepintoon: ¢ # 0

Y& authv TNV mepintoon apkel vo oydet (z* — ct, z* + ct) N (a,b) # 0, dnhadn
¥ 4 ct > axarx* — ct < b, GLVETMOG

o ¢t >max (=X, =)yt <afzt>b

C

okat>0 7ywa<zx*<b.

TNV TPOKEIUEVT TEPINTMOOT dINACON TO APy LKO KOUW YIVETUL AVTIANTTO o€ Evav
TOPUTNPNTN, TOL BplokeTal 6TO oNUeio ¥, and pio ¥POVIKY CTIYUN Kol HETA
oLVEYXMGS, PA. TO Xynpa 2.6.

[Mapodpoto earvopevo, oMAadn KOHATO HE CLUTTOYT) POPEN VA, YIVOVTOL AVTL-
ANTTE €T ATELPOV, TEPAV TNG TEPIMTOCEMS TNG MO YOPIKNS dtboTaone, d = 1,
Topatnpeitol eniong otig Aptieg owuotdcelc d = 2,4, ... . Evtuymg mov fobue
OTIC TPELC OO TACELS!
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(2, t)

O a b a*

Zynpa 2.6: X yevikn mepintwon mov ¥ # 0 kot o1 popeis TV ¢ Kot P Te-
pLéyovtal ato dthotnua [a,b], n Abon u tov TpofAnpatog (2.6) undeviletat
€€ amd TN YKpL TEPLOYN TOL oxNuatog. H meproyn avtn mapdyetal anod to
GOVOAO TOV GMUEL®V TOL TEPIKAELIOVTUL UTTO TIG YUPAKTNPLOTIKEC NieLOeieg
¢ e&icwong mov Eekivoly and éva onueio (x,0), Kabdg To = dtoypdpet OLO
10 dthotnua [a, b]. Katd cuvéneia, évag mapatnpng mov Bpioketal otn O¢-
on x* aviihapuPavetal To KOO Y10 AreELpo Y poviko dtaotnpa (t*, 00), dmov t*
0 HKpOTEPOS 0ptOUOG Y10 TOV 0Toio To onpeio (z*, %) Bpioketar 6To GHVOPO
™G YKPL TEPLOYNS TOL GYNLUATOG.

2.1.3 Evépyew

INa va gipoocte BEPatot 6TL To OAOKANPOUATO Y10, To OTola Bo pAGUE 6T G-
véyela Tpaypatt vapyovy, 0o vrobécovpe Ge avTO TO €0APLO OTL OL OPYLIKES
ocuvOnkeg undevifovtat €€ and éva dtbotnpa [—R, R], 6nov R tuyoiog OeTtikdg
apBpdc. Tote, ovppmva pe ta tpoavapepfévta, yio ke ¢ > 0, n u(-,t) undevi-
Cetat éE® and to daotnpa [—R — ct, R + ct]. [ToAhanhactdlovtag TV KUPOTIKY
eE1OMOM HE Uy KAl OAOKANPOVOVTUC MG TPOS T EYOVUE

/ utt(:p,t)ut(x,t)d:p:cz/ Uz (T, V) uy(z, t)dx

—00 o0

00 R+ct
/ u(z, t)ug(x, t)de = 02/ Uge (T, V) Uy (2, t)dx.

[e) —R—ct

OloxAnpavovtog Katd uépn to 0eE1d HEAOG ALTNG TNG GYECEMC KAl Y PTOLUO-
TOLOVTAG TO YEYOVOS OTL M u, undeviletarl ota onueia (—R — ct, t) kot (R + ct, t)
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AopBavovue
/ [utt(a:, g (2, ) 4 g (@, t)ug (T, t)]dx =0.
Topa,
1
U Uy = 5((Ut)2)t KOl UglUpy = UgUgt = §<(U:p)2)t;

KOl 1) AVOTEP® OYECT YPAPETAL GTT LOPPN

1 (o0}
5/ (uf + Pul),(z,t) dz =0

—00

1

d [ 9 29
(2.12) pr (uf + Pul) () doz = 0.
To péyebog E(t),

B0 = [ (et + lus(a, ] da,
elval n evépyera, kar cOpeova pe ™ (2.12) n evépyeta eivot ave&aptntn Tov Y poO-
vov, £yovpe dNAadN datipnan g evépyelug. Tovenmg E(t) = E(0), yeyovog to
OTO10 YPAPETAL KAl GTT LOPPN

o

@1y [ [l 0f + et = [ [P+ @), 2 0

ISwitepa, and T oxéon (2.13) énetat 6TL Yo p = ¥ = 0 n Abon u undevi-
Cetar tavtotikd. TETOlEC 1OLOTNTEC UTOPOVV VA PUVOLV Y PNGLUEC GE ATOOEIEELS
HOVAdIKOTNTAG TNG ADGNG YPAUULKDOV TPOPANUATOV, 1OLUITEPO GE TEPIMTOCELS
OV 0€V £YOLUE TAPACTACT) TNG AVONG, KATL TOL ATOTEAEL KOl TOV KAVOVO OTLG
M.A.E.

Inpeioon. H nopdaoctacn (2.11) tng Avocewg tov TPoBANUATOC APYIKOV TILOV
(2.6) yia v xvpotikn eElowon anedeiydn and tov d” Alembert to 1746 xat Ka-
Aettal tomog tov d’ Alembert.
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Aoknoelg

2.1 'Eoto v pa Adon g kopatikng eéicowong (2.1). Amodei&te OTL 01 GUVAPTNGELS
vy,w,v(x,t) = ulx — y,t),w(x,t) := ulax,at), pe dedopéva y,a € R, glvarl eniong
Aboelg e kopatikng e&icoong. Eniong, omolwadnmote pepikn mopdymyos e u, eep’
ELTELV M Uy, ELVOL AOGTN, AV E1VAL OPKETA OLOAT.

2.2 'Ecto u AOGM TNG KLHOTIKNG EI0MONG Uy = Uyy- ATOSEIETE OTL
u(lx+h,t+k)+ulx—ht —k)=u(lzx+k,t+h)+ulx—Fk,t—h),

v xka0e x, t, h, k € R. TTowa glval 1 YEOUETPIKT EPUNVELD AVTNG TNG OYECENG;
2.3 ’Ectm 0Tl o1 apy1KEC TIUEG o Kal ¢ €lvol TEPLTTEG CLVAPTNGELS. ATOdEIETE OTL KAl 1
AbGN u TOL TPOPANUATOG aPY KOV TIHAOV (2.6), €ivat, yia kG0e t > 0, TePITTN cLVAPTNON

T0L x, dnhadn 6Tt N cuvaptnon u(-, t) elvar TEPLTTN.

2.2 Avaxioon Kopatov

2g avtnVv TNV napdypaeo Bo peletnoovps 1o anAoboTEPO TPOPAN UL avakAdaems
KOUATY, TNV TEPITTOGT ONAAdT OTOL LTAPYEL VO LOVO CNUELD AVOKALGEMG, TO
axpo pog nuievbeiac. Oswpodpe Aomov 1o akdAoLO0 TPOPANUL APYLIKOV Kol
GLVOPLAKOV GLVONKOV Y10 TNV KLPATIKN e§iomon oty nuievbeia: Znteitol pio
oparn cvvéptnon v : [0,00) x [0,00) — R, n omoia 1KovomoLEL TNV KLUOTIKN
eElowon

(2.149) Uy = CUgp, x>0, >0,
TIG OPYIKEC oLVONKEC

v(z,0)=v, x>0,
(2.14i) {( )=¢

v(x,0) =1, x>0,
Kol TNV opoyevn cuvoplakn cvvOnkn Dirichlet
(2.14417) v(0,t) =0, t>0.

IMa mpogaveic Aoyovg cupfatotnrag Exovpe ¢(0) = (0) = 0. Enexteivoupe
TG ¢ KOl ¥ KaTh TEPLTTO TPOTO GTOV 0pvNTIKO NubEova, opilovpe dNAadN Tig
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GUVOPTNCELS Prep.; Unep. - R — R d1a

_ ) wl2), x>0 o @) x>0
Prep7) { —p(—x), <0 ’ Yrep (1) { —(—z), <0 '

Youporilovpe pe u = u(x,t) Tn Aon tov TPOPAAUATOS APYIKOV GLVONKOV Yio
TV kopatikt e&icmon oe OAn TNV eVOeia, e aPYLKES TIHES Prep. KOL Yrgp . KaTh
v Acknon 2.3, yio. Ka0¢ ¢,  u elval TEPLTTN CLVAPTNON TOL . LLVETMG LOYVEL
u(0,t) = 0,t > 0, dnAadN N u Kavomolel TN Guvoplokn cuvOnkn (2.1447). Xv-
vendc N v,v(x,t) := u(z,t),x > 0, > 0, eivar Aoon tov TpoPAnuatog (2.14).
Zoppomva pe tov Tomo (2.11) €xovpe, Yoz > 0,

z+ct
(2.15) v(z,t) = u(z,t) = %[gongp, (z = ct) + @rep.(z + ct)] + 2—0/ Unep.(T) dT.

Awokpivovpe Tdpo 600 TEPINTOCELS: = > ct kol 0 < z < ct (t > 0).

t

A

r <ct

x> ct

Yynpe 2.7: Zta yopio z > ct kol x < ct, avtiotolyd, 1 AOom ToL TPOoRANUATOC
(2.14) divetar ano tig (2.167) ko (2.1647), aviicTorya.

INo z > ct 610 68816 péhog g (2.15) eppavifoviatl TIES TV Prep. KO Yrep.
HOVO GE UM apvNTIKG GNueid, 6To OTOolo PUGTKA GVTEC GUUTITTOLY HE TIG © Kal
¥, avtiotolya. Emopévmg oe autny TNV mepintoon n v YPAPETOUL GTN LOPON

x+ct

[o(x = ct) + @z + ct)] + — t W(r)dr, x> ct.

(2.167) v(z,t) = 5e >

N —

T—C

Mo x < ct €XOVUE Yrep (T — Ct) = —Prep.(ct — x) KoL GLVETDG M (2.15) diver Tdpa

v(x,t) =

N —

ct+x 1 ct—x
[o(z + ct) — p(ct — )] + — W(7)dr + Be /I_ct Ynep. (T) d.

20 ct—x
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O televtaioc 6pog 1GovTAL HE UNOEV, MG OALOKAN PO TEPLTTNG CLVAPTNGNG GE
EVO GUUUETPLKO OC TPOG TO UNOEV SLUGTNUA, ETOUEVWDS

ct+x

[z +ct) = plet — )] + o b(r)dr, 0<z<ct.

1
(2.16i7)  v(z,t) = 3
Avoxke@alaldvovtog Aotmdv Exovue 0Tt N AVGT Tov TpoPAnuatoc (2.14) dive-
tat and ™ (2.16). Av o1 YopuKTINPLOTIKEG TOL dLEPYovTaL 0md Vo onpeio (x,t)
TEUVOLV TOV dEova TV T TPV TUHCOLY ToV afova ToVv ¢, TOTE 1oYLEL O TOTOG
(2.167) kar 060 avaeépape OGOV 0Popd TNV TEPLOYN €EAPTNONGS Y10 TO TPOPAN UL
APYLKAOV TILAV Y10, TNV KLUHOTIKN e€icmon og OAN TNV gvbeia. Av pia yopoktn-
PLGTIKTN TEUVEL TOV GEOVA TOV T TPLV TUNGEL TOV AEOVO TOV 7, OTMOC PUIVETAL GTO
Yynuo 2.8, tote N meploynN eEUPTNOEMS E1VaL TO YKPL HEPOG ALTOD TOL GYNHATOC.
t

A

0.t -2)

<

T —ct 0] ct—x x+ct=x

Yyfpa 2.8: [Teproyn eEaptnoems yio to TpoPfinua (2.14).

IMapotipnon 2.2 (OuardtnTa apxikWV TiRwY.) ‘Eoto 611 ¢ € C?(0,00) kat ¢ €
C1(0,00). Tote, unopet ebkora vo eréyEet kKaveig, £k TOV VOTEPOV, OTL N GLVAP-
™on v Tov divetal anod ™ (2.16) anotelel Ovimg Abon Tov TpoPAinuatocg (2.14).
ITavTOG, N Prep. Elval YEVIKAO pOVO pia @opa cuveymg tapaywyioiun oto 0. I'a
va 1vVaL M @rep. 800 POpEC GLVEY MG TapayOyioun, tpénet ent TALoV vo voOE-
ocovpe 0t ¢”(0) = 0. Av {ntoovpue va tkavornoteital n e&icmon yo x > 0 Kot
t > 0 (ko 61 poévo ywo x,t > 0 énwg otn (2.147)), T6TE LT M GLVONKN glvar
QLGLOAOY1IKT cLVONKN GLUPATOTNTOC.
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2.3 To mpoPAinpa apylk®V Kol GUVOPLEKAOV cLVONKOV

o€ £V0, TEMEPUGUEVO OLAG TN

Ocwpolpe T0 akOA0LVOO TPOPANLUA APYIKDOV KOl GLVOPLEK®Y CLVONKOV Y10, TNV
Kopotikn eélowon oe éva TEMEPACUEVO dAoTnua, AdYoL Yaplv To ddoTNua
[0, 4]:

(2.174) Uy = Uy, 0<z <l t>0,
TIG OPYIKEC ocLVONKEC

(2.17ii) { v(@,0) = p(z), 0<z<t,

v (z,0) =P(z), 0<ax <Y,
KOl TIG OpoYeVeig ouvoplokég ouvinkeg Tov Dirichlet
(2.174i7) v(0,t) =v(l,t) =0, t>0.

Movaoicotnta: Ao amodelOvUE HOVAIIKOTNTA TNG OHOANG ADGEMS TOL TPOPAN-
patog (2.17). IMoArarmracialovtag ) (2.17:) eni vy, OLOKAN POVOVTOS WG TPOG T,
and 0 £mg £, oAoKANpOVOVTAS GTO 0510 HELOG KOTE LEPT KOL Y PNOIULOTOLDVTAG
TIG GLVOPLOKEG GLVONKEC, Aappdvovpe

¢
/0 [vtt(x, tvy(z,t) + vy (z, t)vg (2, t)}d:v =0.

"Eto1 cupnepaivovpe 0t

1

3 /0 (vf + czvi)t(:p, t)dx =0,
omoTe

d l
(2.18) (vf + *v2) (z,t) dz = 0.

dt Jy

Ano ™ (2.18) cuumepaivovpe GUEGHOS OTL TO OAOKAN POUO TOL ERPAVILETAL OTN
(2.18) eivar aveEdptnrto ToL £, dpa

(2.19) /05 [[vt(x,t)]Q + cQ[Ux(:p,t)]Q} dr = /05 [[@/J(x)]Q + A (2))? |dx, t >0,
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omov 10 0e£16 péAog Aappavetal yio t = 0 ypnoiponotwvtac t (2.17i).

Ao ™ (2.19) énetan Wdwaitepa 6t av ¢ = 1 = 0, 161€ 1660 vi(x,t) = 0
600 Kot v, (x,t) = 0. And kaOe pio omd avTég TIC OYECELS CUUTEPAIVOLLE VKO-
A0, X PNOILOTOLDOVTOG TIC APYLIKES KOl TIG CLVOPLOKEC GLVONKES, avTioTolya, 0Tl
v(x,t) =0,0<x </ t>0. Aviopa vy, vs AOGELS TOL TPOPANpaTOS (2.17), TOTE
N v = v — vy IKavonotel ™ (2.177) kot Ti¢ GuvopLaKEG CLVONKES, KAl ETTL TAEOV O1
avtioTolyec apyIKEG TIUEG UNOEVILOVTOL TAVTOTIKA, OTOTE, COUPOVA [LE TO, TPOT)-
yobueva, v = 0 M v; = vg. H 1€ VKN pe TNV onola anodeifope T povadikdtnta,
aAVOPEPETUL GLY VA OC uébooos e evépyelag.

IHapdataon g Avang: 'Evac T1pOTOC Y100 va TOpOGTNCOVUE TN AVGT TOL TPOPAN-
poatog (2.17) eivar o akdrlovboc: Enexteivovpe Tn Guvaptnomn ¢ mePLTTa 6To Old-
otmuo [—4,0), Kol GTN GUVEYELN ETEKTELVOVUE TN VED GLVAPTNON TEPLOJIKE LE
neplodo 20 oe 6A0 10 R. Opilovpe dnNAadn Tnv TEPLOdIKN, pe Tepiodo 24, cuvdp-
TNON Perex. OLOL

Penex. (Z‘) =

o(z), 0<ax</
—po(—z), —l<z<0,

QOETCSK.CE + 26) — @gngm(»r) V]J c R

ZNUELOVOLUE aKOUN OTL Y PNOIULOTOLOVTOG AVLTEC TIC OVO 1OLOTNTES TNG Penex.,
SATIOTAOVOLUE EDKOAD OTL N Perer. ELVAL EMIGNG TEPLTTN OC TPOG TO £, dNAAON
Genex. (L + ) = —Pener. (£ — ), Y10 KGO mpaypatikd z. [Ipaypartt, Exovpe

Spanmc.(é + ZU) = _9081181(.<_€ - ZL‘) = _Sosnalc.<2€ — (- ZL‘) = _SOST[SK.<€ - x)
ENUELDVOLUE OTL Y10, AOYOUS GLUPATOTNTOG TOV OEOOUEVOV TOL TPOPBANUATOS

(2.17) €yovpe ©(0) = @(¢) = 0 ka1 ¢"(0) = ¢"({) = 0. ZOVENDG Penex (—0) =
Yenex. (0). Emexteivovpe katd tov 1610 akpifdg TpOTO Kal T GuvapTnomn ¥, Kot
SLUPOALOVIE UE Pere. TN CLVAPTNGT TOL TPOKVTTEL. 'EcT® TdOpa u n Abon Tov
TPOPANHATOG OPYIKDV TILAOV

Upp = Uy, teR, >0,
(2.20) u(+,0) = @erex.  OTOV R,

ue(+,0) = Yenee.  oTOV R.
H u(-,t) elvar mepitn, apa u(0,t) = 0, kot Teplodikn pe mepiodo 2¢, GLVETMS
u(l + z,t) = u(—l + x,t) = —u(l — z,t), ondte u({,t) = 0. O neproptopds v TG
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u 010 [0,/] x [0,00) givar toTe Adom ToL TpoPAnpatog (2.17). Tvvendg, katd To
YVOGTA,
x+ct

1
t) = = | Venex. t nEK. —ct o TEK. d )
oy @D T glemmlat ) b pmla =+ 30 | V() dr

Av topa BeAnoovpe va ekppldcovpe 1o 0eE1d péLog ¢ (2.21) cuvaptnoset Tov
 Kal 1 poévo, Ba dobe 6TL 0 TOTOC Tov Ba T povpe deV glval o 1d10¢ Yo OAa Ta
onueia (z,t). Dep’ ewmeiv, yio Evo onpeio (x,t) Tov y\patog 2.9 Eyovpe

v(x,t) :% [o(z + ct — 20) + @z — ct + 20)]

1 x—ct+20 x+ct
+ — |:/ wsnsm (T) dr + / Q/anm (T) dr|.

2c —ct r—ct+2/

(1)

x—ct —¢ O / \Z 2 :c-i—ct:x
r4ct—20 x—ct+20
Tyqpa 2.9: Avaxioon Kopdtov: oxnuotikn eEnynon tov tomov (2.22).
Topa and Tov TpOTO TOL EMEKTEIVAUE TNV ¥ E1VOL EVKOLO v dOVUE OTL TO
OAOKANpOUE TNG o€ kKABe dbotnuo unkovg 2¢ unodevifetatr. 'Etol o avotépom
TOTOG YPAPETUL GTN LOPON|

1 z+ct
v(z,t) = = [ple — ct +20) + p(z + ct — 20)] + — / Yerex. (T) dT.
2 2c r—ct+24
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Topa,
z+ct z+ct r—ct+2¢
/ ¢8TESK. (T) dr = / 1/]81'{81(. (7—) dr — / ¢8ﬁ8]{.(7—) dr.

—ct+2/¢ xr+ct—20 z+ct—20

‘Onmg TPpoNyOLHEVMG, TO TPMTO OAOKAN PpOUA 6TO deE16 pELOG undeviletat, omod-

[ betryar=- [ T e an

—ct+2/¢ +ct—20

1€

ZOVOALK( ETOPEVWOG £XOVUE EYOVUE

1 1 r—ct+2/¢
(2.22)  w(z,t) = < [p(@ — ct +20) + p(z + ct — 20)] — — / P(s) ds.
2 2¢ Jayet—2t

Xe KaOe évav and Tovg poéuPoug xatl Ta Tpiywva tov Xynuatog 2.10, Tov oynuo-
tilovtal amd To GOVOPE KoL TIC YUPUKTNPLOTIKES YPUUUES, EYOVUE JLUPOPETIKN
popen tov Tomov (2.22).

> T

O 14

Yyfpa 2.10: Xto tpiyova Kot Toug poUfoug Tov oyHatoc, Tov oyxnuotifovrat
amd To GOVOPO KAl TIG Y OPUKTNPLOTIKES YPAUUES, OL0POPETIKOL TOTOL Hog Oi-
Vouv 1 Ao Tov TpoPAnuatog (2.17).

H dwadikacia mov meprypbyope eival apketd ToAOTAOKT, av 0EAeL Kaveig va
dmoel TN AOon 6€ popen avdioyn tov tomov (2.22). Apyotepa Ba yvopicovue
Kot GAAOLE TPOTOVE TAPUCTAGEMG TNG AVGEMG.

2.4 H pn opoyevic Kopotiki e€iocowon

‘Eoto f : R x [0,00) = Rxot o, ¢ : R — R dedopéveg oparés cuvaptnoeLs.
Ocwpovpe 16TE T0 €ENG TPOPANUA APYIKDOV TIUDV Y10, L0, U1 OHOYEVT KLUOTIKN
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eElomon: Znteitat po oparn cuvaptnon w: R x [0,00) — R, této10 dote
(2.234) Uy = gy + f(2,t) o710 R X [0, 00)

Kot

u(+,0) = ctov R,
(2.23i) { (,0) =

w(+,0) =1 otov R.

To npdPAnua (2.23) meprypdeet TV TaALVTOCT (G ATeELPNS X OPONG HE dEOUE-
vn Béom kat tayvTNTo 6T L POVIKN oTiyun t = 0, 6tav n eEackoduevn ewtepixy
ovvaun 6to onpeio x ™ LPOVIKN oTiyun t eivar f(z,t).

Movaoikotnyta. 'Eoto uy Kol us Acelg tov tpoPAnpotog (2.23). Toéte n v =
U] — U ELVOL TPOPOVAOS AVGT) TOL TPOPANUOTOC

Uy = Uy oto R x [0, 00),
(2.24)

v(-,0) =v,(-,0) =0 otov R.

I'vopilovpe dpmg 0t To TPOPANUa (2.24) £xer akpifog pia Advon, ) v = 0. Xv-

VETAG U = Us.

Ozopnpa 2.1 (Avon Tou TTPORBAANATOG APXIKWY TIHWV YIA TN PN OPOYEVH) KUPOTIKN €&i-
owaon.) Av to npofinua (2.23) éyer pia Aban u, Tote avty oivetal anod tn ayéan

(2.25) u(z,t) =

| —

[go(:v+ct)+go(x—ct)}+ L w(r)d7+2ic//f,
A

2¢ r—ct
omov A o yapaKInplaTiKo Tpiywvo Tov anueiov (x,t), mov paivetal ato Xynua 2.11.

[Ipwv mpoympnoovpe oty anddeEn tov Oewpnuatog 2.1, onueld®vovpE OTL
TO O1MAO OAOKAN poUa 6T (2.25) givat To povo onueio og oLTOV TOV TOTO, GTO
0010 LELGEPYETUL O U1 OHOYEVNG OpOg f. To OLOKANpOUO AVTO YPAPETOL KOl

oTN HOPON .
x+c T
/ / T) dy dr.
c(t—T)

H emippon g f ot Abon u og éva onpeio (z,t) divetar oniadn and to oro-
KANpopa TNe f 6t0 medio eEupTtGEMS TOL CNUELOL AVTOV.
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O (z—ct0) (@ +ct,0) 7
Zynpa 2.11: Xapoktnplotikd tpiymvo tov anpeiov (z,t).

Ynuetdvovpe eniong o0t av ut kot u? eival Moelg Tov TpoPfAnudTov

2.261 ul, = ul oto R x [0, 00
( ) tt T [ ) )
u'(-,0) =¢ otov R,
(2.26i4) 1( )=¢
u,(-,0) =1 otov R,
Ko
(2.271) ul, = c*u?, + f(z,t)  oto R x [0,00),
(2.27i1) uw?(-,0) =ul(-,0) =0 otov R,

16TE M Mon u Tov TpoPfrnuatog (2.23) sivar Tpogavdg To Gdpoioua Tov ul kat
u?, u = u' +u.
Mopatipnon 2.3 (Avon Tou TTPOBAAUATOG APXIKWY TIMWY YIO TN N OPOYEVH KUUATI-
KA e€iowan, oTnV TTEPITITWON PNJEVIKWY apXIKWV TIHWV.) Aapupavovtac v’ dyiv ta
avotépm xat ) (2.11), cOppmva pe Tnv onoia
1 z+ct
wat) = 5lete+ e+ ol —et] + 5 [ wirn

cuumepaivovpe apécmg 0Tt To Oedpnua 2.1 givol 1GodOVARO PE TO YEYOVOS OTL
av 1o TpdPinpa (2.27) éxetl pia Abon u?, 10te

(2.28) u?(x,t) = 2% / / f,
A

o6mov A 10 ¥ apaKTNPLETIKO TPIY®VO ToL onpeiov (xz,t), BA. To Zynua 2.11. O
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Apyny tov Duhamel. TOpeovo, pe 060 TPOOVAPEPAUE, | AOoT u? ToL TPoPAYa-
TOG aPYIK®OV TIH®V (2.27) yio TN 1N opoyev Kuppotikn e&lowaon divetal and

z+c(t— 7')
(x,1) / / T) dy dr.
2C z—c(t—T)

Oau yphyovpe avtn TN 6XEGN GTN GLVEYELD AlYO dLOPOPETIKA, GTN LOPPT TOL

oyéom

elval yvoot og apyn tov Duhamel. Apyilovpue cvpporilovtag pe w(r;x,t) v
TIUn oto onpeio (x,t) TNG AVGNS TOL AKOAOVOOL TPOPANUATOS APYIKDOV TILAV
Y10, TNV 0poyevy KOpotikn e&iocmon

Wy (757, +) = Cwae(T;+,-) o610 R X (T, 00),

w(r;-,7) =0 otov R,

wy(r; 1) = f(-,7) otov R.

ToviCovpe 611 o€ ALTN TN OYECM Ol APYIKEG cLuVONKEG divovTal GTN X POVIKN
oTlYyUn t = 7, € aVTIOOTOAN UE 6,11 GuVERaLVE PEYPL TOPO TOov EEKIVOLGU-
UE TAVTO O TN X POVIKY OTIYUN UNdév, Kat akdpa OTL O PN opoyeEVNSg 0pog f
VTELCEPYETAL TOPO, OTO, APYLKA OESOUEVA. APECHG SLATIOTOVOVLUE OTL

1 z+c(t—T)
wre =g [ s
T—c(t—7

BL. T (2.11). Svumepaivovpe rowwdv 6TL N Abon u? Tov TPOPANOTOC APYIKDY
TV (2.27) yphoetal Kol 6T HOPON

t
u2(x,t):/ w(T;x,t)dr,
0

oy £0M Tov avapEpeTul ¢ apyn Tov Duhamel.
®au arodeifovpe TOpa o Ocodpnpa 2.1 pe 00O dLAUPOPETIKOVS TPOTOVC.

12 Amnoodeién tov Ocwpnuatos 2.1 (Me T péB0S0 TOV Y UPAKTNPLGTIKOV. )
Ewsayovtac tic véeg aveEdptnteg petaPAntéc £ kot n g cuvnimg dta

E:=x+ct, n:=x—ct,
kot 0étovtag U (&, n) == u(x,t), n e€icwon (2.237) ypaeetol TN LOPON

(2.29) —4PUg (€,m) = f(a, 1),
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ynpa 2.12: Xapoktnplotikd Tpiymvo Tov onpeiov (xo, to).

OloxAnpavovpue t (2.29) g mpog 1, and ng €0g & (€ = n elvar 0 dEovag TV ),
KOl €YOVUE

Ue(£,€) — Ue(€.m0) = /f€+ My

Topa, kot Ta yvoota,
1 1
Ue(&m) = -unlw,t) + Sua(z,t).
AapBavovtag v’ Oyv v Haparnpncn 2.3 Bewpodpe, Yo va ATAOTOICOVUE
KOTOC To TPAYUOTA, TO TPOPBANUA 0pYIKOV TILOV (2.27). & ALTAV TNV TEPITTOON
EYOVLUE PLOTIKA

Uel€,€) = -u(€,0) + 5. (6,0) =

ondTE, GOUPMVA LLE TO owoarapco

Ue(€,m0) / f( €+77 526n)d77

OloxAnpadvovpe avth I 6xEcn o¢ Tpog &, amd 1y £m¢ &y, Kol £YOVUE

o
U(&o,m0) — U (105 m0) 42/ /f§+n€ n)dﬁd&

omdte, AOy® oL 0TL U (&p, m0) = u(xg, to) Ko U(ng, o) = 0,

o
230) o) = 33 | / TN ya.
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Emiotpépovtag thpa otig petaPaAntéc o, t,

et/ AP St
2 2c

Kot Aapufavovtag v’ OYv To YEYOVOG OTL 1) OAOKANPMOGT YIVETUL GTO TPLY®VO

eEapTnong tov (g, tp) Kot n lokwProvi J Tov HeTaoy NUOTIGHOL Eival

85 s 1 c
2.31) ] det o ‘ - ‘ det ‘ — 2
1 1 —c
836 ot

N (2.30) diver

(2.32) w(zo, to) = / F(x,t) dz dt,

dnAadn ) (2.28), yeyovog mov OLOKANPOVEL TNV ATOOELEN.
nuetdvovpe eniong 0t M (2.32) unopel va ypogel Kot 6T LOpen

xo-l—c to— t)
(2.33) u(zo, ty) = / / f(x,t)dxdt. O

0— Cto t)

9l Arooeién tov Ocwpruatos 2.1 (Me 1o Oemdpnpo tov Green.)
Yopeovo pe 1o Bempnuo tov Green, yio 000 opoAEG cuvaptnoelg P Kat @
1o VEL

(2.34) //(Px — Q) dtdz = /M(Pdt +Qdu),
A

OTOL TO EMIKAUTOALO OAOKAN p®U 6TO 3§10 HELOG AapuPdavetal oe popd avtibe-
N TOV SEIKTOV TOL ®POAOYiO.
OloxAnpaovovtag ™ (2.237) oto A xat epapuolovtac ™ (2.34) Eyxovpe

(2.35) / / Fat)dt do = /8 (—updt = uyda).
A

AapPavovtag v’ oy v Ioapathpnon 2.3, Bewpovpe TaAL, Y10 VO OTAOTOLN-
GOLUE KAT®G To TPAYHATA, TO TPOPANUL apyKOV TIH®V (2.27). e avthv TV
TEPITTOGCT £YOVUE PLGIKE,

(2.361) / (—cPuy dt — uy dx) = —/ uy dx =0,
Lo Lo
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t
A
(w0, t0)
L2 Ll
A
» T
O ((EQ — cto, 0) Lo (CEO —+ cto, 0)

Zynpa 2.13: Xapoktnpiotikd tpiyovo tov onpeiov (zo, to).
BA. to Xynua 2.13 yio tov cupforicpd. Topa otnv Ly Eéyxovue x + ct = x¢ + cty,
EMOPEVOG dx + cdt = 0, omoTE

—Puy dt —uy dr = cuy dr + cuy dt = cdu,

GULVETMG

/ (—c*ug dt — uy dx) = c/ du = cu(xg, ty) — cu(xg + cto, 0),
L1

L1

Kol QUGTKA Yo To TPpOPANua (2.27), to onoio e£etalovue €dm,
(2.36ii) / (—cPug dt — uy dx) = cu(zo, to).
L
Axp1pac avtictoryo £yovpe
(2.36iii) / (—cPug dt — uy dx) = cul(xo, to).
Ly

Amo t1g (2.35) kot (2.36) émetor apécme M (2.28), yeyovdg mov OALOKANPAOVEL THV
andoelgn. O

Ynpeioon. Xto Oeopnua 2.1 vrobécape ot 10 TPOHPANUa (2.23) £xel Abon u
Kot anodeifope 6T avtn divetal tote and T oyxéon (2.25). T'a va givor n ov-
vaptnon u mov divetat and ™ (2.25) dviwg Adomn, ondte Ba £yovpe kol OTaPEN
AVGEWMG, 0pkel ALTN Vo €lval VO POPEC GLVEYMS TUPAYMOYIGIUN: OLTO UTOPEL VA
anodelyOet, av vrobécovpe oparotTnTo TG f.
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2.4.1 H pn opoyeviig kopatikn e€icmon oty nuievdseia

Ocwpolpe 10 aKOAOLOO TPOPANUA APYIKDOV KOl GLVOPLOKOV CLVONKOV Yo TN
un opoyevn kopatikn e&icwon oty nuigvbeia: ‘Eoto f : [0,00) x [0,00) — R,
0, @ [0,00) — R oporéc cvvaptnoels. ZnTeitol o OHOAN GuvaptTnon v :
[0,00) x [0,00) — R,  omoia ikavornotei tnv e&icmon

(2.374) Vg = gy + f(z,t), x>0,t>0,

TIG OPYIKEC oLVONKEC

(2.37ii)

{v(aj,O) =p(r), =>0,
Ut(xvo) = w(x)a x>0,

Kol TNV opoyevn cuvoplakn cvvOnkn Dirichlet
(2.37ii7) v(0,t) =0, t>0.

Kot apydc n povadikdtnto tng AOcemE ETETUL AUECOS ATO TT LOVAILKOTN T
¢ AbGEmG ToL TpoPAnpatog (2.14).

INa v dmapEn opaing AVcemc TPEMEL LKA TO. OEGOUEVA VA, TKAVOTOLODV
opiopéveg ocuvnkeg cvpPatotntag, eep’ emeiv p(0) = ¥(0) = 0, 2¢"(0) +
f£(0,0)=0.

"Exovtog nom peretnoet to npofinua (2.14), yia vo Abcovue to TpdPANUa
(2.37), apkel va Aboovpe 1o akoiovdo TpodPAN AL

(2.381) Wy = Cwyy + f(2,1), x>0,t>0,
(2.38ii) w(z,0) =w(z,0) =0, x>0,
(2.38iii) w(0,t) = 0, t>0.

Eivat ebkoAro va dovue 6t1 p Adomn tov TpoPAnuatog (2.38) divetar dwa

1
(2.39) w(z,t) = — [ [ fly.7)dydr, x>0,
2c é/

omov D 10 ykpt puépog touv Xynuatog 2.8. Eilvar BEPara mpoeavég 60Tt N w Tov
opiletar pécm g (2.39) wavonotei tig ouvOnkeg w(z,0) = w(0,t) = 0,z,¢t > 0.
Ot n w minpot ™ (2.38¢) kot ™ wy(z,0) = 0, > 0, unopel va 1o el Kaveig
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gvkoho mopoaywyilovtag tn (2.39), avtd dpmg Emetal Kat and To yeYovog OTL I
Abom tov wpoPAnpatog (2.27) divetar and tn (2.28), On®G SOMIGTOVEL KAVELS
TOAD €VKOAQL.

Oa e£eTGoOLIE TOPA GOVTOUM TNV TEPITTOGT I OHOYEVODG GLVOPLAKT|C GUV-
ONknc. Oewpodpe Lomodv To TPOPAN UL

(2.404) Wy = Cwae + g(x,t), >0, >0,
w(z,0) =p(x), x>0,
(2.40i) (2,0) = ()
wy(x,0) = Y(z), >0,
(2.40ii) w(0,1) = h(t), t>0.

Ynobétovtag 6t Ta dedopéva Tov TpofAnpatog (2.40) eivar copfotd kot 0€-
TOVTUG
v(x,t) :=w(x,t) — h(t),

BAEmovpe TOAD eOKOAN OTL M v €1val AOVGT TOL TPOPANLATOG

(2.417) Vg = g + g, t) = W'(1), x>0,t>0,
(2.41i0) v(z,0) = p(z) — h(0), x>0,

' vi(x,0) = ¥(x) = 1'(0), x>0,
(2.414i7) v(0,t) =0, t>0,

10 omoio givatl euolkd TG popeng (2.37).

Iopatipnon 2.4 (EvarakTiki gopen TG (2.39).) Emexteivoviag v f meplttog
®G TPOG T,
f(x7 t)? X Z 07

Jrep. (2,1) = { — f(=z,t), =<0,

(M frep. LTOPEL PLOIKA VO PNV eival cvveyng Yoz = 0) n (2.39) propet vo ypaget
KOl GT1 HOPON

1
(2.42) w(zx, t) = e // Jrep (y, T)dydr, x,t >0,
c
A

6mov A 10 X apuKINPLETIKO TPiy®Vo ToL onpeiov (z,t). O
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2.4.2 H pnopoyevig kvpotikn eEicwon o€ £va gpaypévo ordotnpo

Ocwpolpe 10 aKOAOLOO TPOPANUA APYIKOV KOl GLVOPLOKAOV CLVONKOV Yia TN
un opoyevn kvpotikn e€icoon oe éva epaypévo dtdotnua: Eoto f : [0,/4] x
[0,00) = R, ¢,7 : [0,4] = R oparég cuvaptnoels. ZnTeitot pio opar Guvaptn-
onv:[0,¢] x [0,00) = R, n onoia tkavonotei tnv e&icwon

(2.431) Vg = g + f(m,t), O0<a <l t>0,

TIG OPYIKEC oLVONKEC

(2.43i) { v(@,0) = p(z), 0<z<L,

Ut<x>0) = ¢(I)> 0 S X S ga
KOl OOYEVELG GuvoplokéG cuvOnkec Dirichlet
(2.43411) v(0,t) =v(l,t) =0, t>0.

H povadikdtnta g AOoemg EmeTol OUEGHOS O TN LOVAIIKOTNTO TG AVGEMG
oL TpoPAnuatog (2.17).

[Ma vo vapy et opain Ao Tpénel ELGIKA To OEOOUEVO. VO LKAVOTTOLOUV OPl-
opéveg ouvOnkeg cuuPatdtnrog, (0) = ¢(f) = 1 (0) = ¥ (£) = 0,c2o"(0)+ £(0,0)
=c*"(0) + f(¢,0) = 0.

‘Exovtag nom peietnoet 1o mpdPfanua (2.17), yia va Abcovpe to (2.43), apkel
va AbGovpe 1o akoiovBo TpdPAN A

(2.444) Wy = Cwae + f(2,t), 0<x<{ t>0,
(2.444i) w(z,0) = w(z,0) =0, 0<az<VY,
(2.44ii1) w(0,t) =w(l,t) =0, t>0.

Enexteivovpe v f mepitté og mpog x 6o dtdotnpa (—4, 0) kot 6Tn cuvéyela
EMEKTEIVOLE TN VEW CLVAPTNGN TEPLOOIKA WG TPOC = UE TEPL000 2/ 5 dAo TO R.
Opilouvpe dnAadn TV (Mbavads acvveyn Yo z = nl, n € 7Z) TePLOSIKN OG TPOG
x, pe mepPiodo 24, cuvaptTNoM ferex. OO

f(z,1), 0<z</{t>0,
— fl=x,t), —l<x<0,t>0,

fSTtSK.(x7 t) = {
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fSTESK.(x + 267 t) = fST[SK.(‘,L‘7t)’ x E R) t Z O

Aappavovtog v’ OYIv TN PEYPL TOPA LEAETN HOC GE ALTNV TNV TAPAYPAPO, OEV
eivat 00oKOAO Vo dOVPE OTL 1| AVGT ToL TpofAnuatog (2.44) divetat dta

1
(2.45) w(z,t) = % // fenee (y, T)dydr, 0<x </l t>0.
A

®ua kAegioovpe oLTO TO KEPAANLO UE ULOL CUVTOUT AVOPOPH GTNV TEPITTOGN
Un opoyevav cuvoplak®dv cuovinkdv Dirichlet. @cwpovue Aoimdv 10 TpdPANUa

(2.461) Wy = gy + g(x,t), 0<xz <L t>0,
(2.46i7) w(z,0) = p(z), 0<z<l,

) wi(z,0) = (z), 0<a <Y,
(2.46ii7) w(0,t) = h(t), t>0,

| w(l,t) =k(t), t=0

O¢toviag v(z,t) == w(z,t) — 3[({ — x)h(t) + zk(t)], SlemoTtdvovpe apécng
OTL M v AOVEL TO aKOAOVOO TPOPANUA OPYIKDOV KOl GLVOPLAKDOV GLVONKAOV:

(2471) vy = gy + g(x,t) — %[(f —z)h"(t) + k" ()], 0<z<{( t>0,

) o(,0) = p(z) — %[(z —Oh(0) +2k(0)], 0<z<t,
(2.4741) 1
ve(z,0) = (z) — 7 (0 — )W (0) + 2K (0)], 0<a <,

(2.47ii7) v(0,0) =v(l,t) =0, t>0.
Kat’ avtdv tov tpdmo 1o mpdPAnpa (2.46) avdayetal e Eva TpOPANUO TS LOPPNC
(2.44).

v kopotikn e€icwon Ba emavéABovpe apydtepa, Otav Ba dtubéTovpe TIg
ATOLTOOUEVES YVADGELS Y10, VO GUVEYICOVIE TN HEAETN TNG.
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Aoknoelg

2.4 'Ecto 611 01 apy1KEC TIHEG ¢ Kal P glval ApTieg cuvapTtoels. Amodei&te OTL KoL N
AbGN u TOL TPOPANHATOG apylkdV TIH®V (2.6) givatl, Yo kaBe t > 0, dpTio cuvapTNoN
TOUL .

2.5'Eocto ¢ : R — R pio dptio opoin cuvaptnon. Anodeite 6t ¢ (0) = 0.

2.6 (ZuvOnkm tov Neumann.) @cwpolpe 10 akOAovh0 TPOPANHO 0PYIKOV KOl GLVOPLO-
KOV cuvONKoOV Yo TNV Kopoatikn e£icmon otny nuievbeio: Znteital pio opain covap-
mon v : [0,00) X [0,00) — R, n omoia wkavorotel Tnv Kupatikn e&icmon

(2.481) Vit = gy, >0, >0,

TG aPYIKEG CLVONKEC

(2.48i7)

{ v(x,0) =¢(x), x>0,
ve(z,0) = Y(x), x>0,

KOl TNV OHOYEVN GLVOPLaKT cvbvONK™ Tov Neumann
(2.48i17) v:(0,8) =0, t>0.

Amodei&te 6T 01 cuvOnkeg ¢’ (0) = ¢'(0) = 0 eivar avaykoieg cuvOnkeg cupPotdTnTOg
vio TNV Oropén opadng Abcemg Tov TpoPAnuatog (2.48). Exekteivete TIG GLUVOPTNOELS ¢
KOl ¢ KOTd GPTLo TPOTO GTOV ApVNTIKO NULAEOVa, Kal dMOTE Ui TOPAGTACT TNG AVCEMC
Tov wpoPAnuatog (2.48), avtictoiyn g (2.15) oV mePinTOOT OPOYEVODE CLVONKNG
tov Dirichlet.

2.7 (Mn opoyevng eEiocmon kot cuvOnkm Tov Neumann.) @swpolpe 10 TpOfANHA

(2.497) vt = Cvge + f(z,t), >0,t>0,
v(z,0) = ¢o(x), x>0,
(2.49ii) (@,0) = ()
vi(z,0) = ¥(z), x>0,
(2.49ii7) v:(0,8) =0, t>0,

omov f, Kol P dedopévec Kal cVUPaTEG e TO TPOPANHO OHOAEG CUVAPTNOELS. ADCTE
plo TopAoTaoT NG Aeemg Tov TpoPAnuatog (2.49), avtictoyn g (2.42) otnyv mepi-
TT®OGTN opoyevovs cuvinkng Tov Dirichlet (kat ¢ = 1 = 0).

2.8 (Mn opoyevng eEiocmaon kot pun opoyeving ouvinkn tov Neumann.) Ogmpovpe 10
TPOPAN U

(2.509) Wiy = Cwee + g(x,t), x>0, >0,



58 2. H xopotikn e§icmon

(2.504i) w(z,0) = p(z), x>0,
. wi(z,0) =¢Y(x), x>0,

OTOV g, v, 1 KoL h 0ed0UEVES Kal GUUPATEC LE TO TPOPANUA OUOAEG CLUVAPTNGELS. XP1)-
Glponotnote TNV oAlayn e&aptnuévng HeTafAnTig

v(z,t) = w(z,t) —xh(t), =>0,1t>0,

yio va, avaydyete autd To TpoPANUa og Eva TpoPAnUe TS popeng (2.49).

2.9 Ocwpolie T0 TPOPANUA
(2.51%) Vg = gy, 0< <l t>0,
v(z,0) =p(x), 0<x</,
(2.51i) (@0) = ¢(2)
ve(x,0) =Y(z), 0<a </,
(2.51iii) 02(0,8) = v, (£,1) =0, ¢>0.

o) Amodeifte 0TL 10 TPOPANUO (2.51) £y €l TO TOAD pio opain AoT.

B) Ilpocdiopiote pla mapactacn TG AVoE®S v Tov Tpofinuatog (2.51), vrobétovrog
OTL LY VLOLV KATAAANAEC GLVOTKEC CLUPBATOTNTAG Y10, TAL SESOUEVH ¢ KOL 1) TOVL TPO-
BAfpatoc.

[ Yrodeitn yia to B): Opiote pia cuvaptnom Perex. : R = R @g

(), 0<z<l{,
9081181(.(33) =
o(—z), —Ll<x<O0,

Sosnmc.(x + 25) = SosnSK.(-T) Vz € R.

Opiote xat’ avaloyiay Kol TN cuvapTNoN Yerex. -]
2.10 ®@cwpovpe o TPOPANUC

(2.524) Vit = Cge + fz,t), 0<z <l t>0,

(2.52ii) { v(,0) = ¢(z), 0<z<{,

ve(z,0) =Y(z), 0<a <Y,
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(2.52iii) 02(0,8) = v, (£,1) =0, ¢>0.

YrnoOétovtag 6Tt 1oyvovy KataAANAeg cLuVONKES GLUPBUTOTNTOC Y10 T dEDOUEVO, TPOC-
dlopiote pa Tapdotact Tng AVCEMG u TOL TPOoPATHaTOg (2.52).

2.11 ®ewpovpe o TPOPANUC

(2.531) Wy = Cwye + g(x,t), 0<x <l t>0,
(2.53ii) w(z,0) = p(z), 0<z <L,
. ’(Ut(.’IJ,O) = w(.%'), 0 <z S &

(2.531)

OTOoV g, @, Y, h xou k 6edopUEVEC OHOAEG Kol GUUPATEG e TO TPOPANHO CLUVAPTNOELS.
XpNoononote KOTAAANAN aAlayn eEaptnUévng HeToPANTNG Yo Vo avaydyete
ovTo T0 TPOPANHA G Eva TPOPANUa TG Hopen g (2.52).
[Yréderén: v(x,t) = w(z,t) — [zh(t) + & (k(t) — h(1))].]
2.12 Av ta apyikd dedopéva ¢ Kot 1 gival TEPLOdIKEG CLVAPTNOELS LE TEPLOdO £, amo-
oei&te 6TL Ko M Avom u Tov TpofAnuatog (2.6) eival, yia k60e t > 0, TEPLOdIKT GLUVEP-
TNoM Tov = e mePiodo .
2.13 Av to apyikd dedopéva ¢ Kal ¥ eivol TEPLOOIKEG GLVAPTNGELC UE TEPLOOO £, Kal O
uUn opoyevng 6pog f eivat, yio kae ¢ > 0, TEPLOSIKN GLVAPTNOT TOL & HE TEPL0dO £,
anodei&te OTL KAl n Avon u Tov TpofAnuatog (2.23) eivat, yia kabe t > 0, meplodikn
GLVAPTNGT TOL & UE TEPLOdO L.

2.14 Ocwpovpe To TPOPANUC

(2.544) Vg = Cge, 0<az <l t>0,

(2.54i0) v(z,0) = p(x), 0<z<Y,
' vp(z,0) = ¥(z), 0< <l
(2.54ii7) v(0,t) = v, (L, t) =0, ¢>0.

a) Amodeifte 6TL T0 TPOPANLO (2.54) £y el TO TOAD pio opain Avom.
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B) Ipocdiopicte pa ToploTaoTn TNG AVCEMG v TOL TPoPAnpatog (2.54), vroBétovrag
0Tl 1Y VoLV KATAAANAEC cuVONKeG cvpPatdTnTag Yo To dedopéva ¢, Y ToL TPOPAN-

HOLTOG.

2.15 Ocwpovpe To TPOPANUL

(2.55%) Vit = Cuge + fz,1), 0<z <L, t>0,
v(z,0) =p(x), 0<x<Y,
(2.55i17) (,0) = ¢(z)
ve(x,0) =Y(z), 0<a </,
(2.554i1) 0(0,1) = va(L,t) =0, ¢>0.

YnoBétovtag 6Tt 16 VoLV KUTAAANAEC GLVONKEC GLUPUTOTNTOS Y10 TA OESOUEVA, TPOC-
dlopioTte pa Topdotaot NG AVGEMS U TOL TPoPANUATOS (2.55).

2.16 ®cwpovpe o TPOPANUC

(2.561) vy = e +g(x,t), 0<ax <l t>0,
(2.56i1) v(z,0) = p(x), 0<xz<Y,

. Ut(.’IJ,O) = 1/)(1')7 0 S T S g)
(2.56ii1) v(0,t) =h(t), t=0,

| vz (€, 1) = k(t), t>0,

OTOoV g, @, Y, h kot k 6edopUEVES OHOAEG Kol GUUPATEG PE TO TPOPANA CUVAPTAOELS.
XPNOHOTOINGTE KATUAANAT OAACYT] LETUPANTOV, Y10 VA AVAYAYETE QLTO TO TPO-

PANuo oe éva mpodPANUE TNG LopeNS (2.55).

2.17 Ilpocdiopicte TN AVGT TOL TPOPANUOTOC APYIKDV TIHMV

Upp = 02um + xt, rzeR, t>0,
u(z,0) = u(z,0) =0, xR

2.18 I1pocdiopicte TN AVGT TOL TPOPANLOTOC APYIKDV TIHMDV

U = gy + %%, reR, t>0,
u(z,0) = us(z,0) =0, z€R,
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OTOV a Jlo TPAYUATIKN aTabepd, a € R.
2.19 I1pocdiopiote TN AVGT TOL TPOPANUOTOC APYIKDY TIUDV.
Upp = CQum +cosz, z€R, >0,
u(z,0) = sinz, z e R,
u(z,0) =1+, x €R.
2.20 ITpocdiopicte TNV TIUN NG AVCEMC U TOL TPOPANUATOC
Uyt = Ugyz + €7, O<z<1,t>0,
u(z,0) = us(z,0) =0, 0<z<1,
ug(0,t) = ug,(1,6) =0, t>0,
1 3)

cto onueio (3, 3).

2.21 'Ecto ¢ € C0,1].
a) Av p(0) =0, anodei&te 611

< 1/2 ), /111/2
max |p(z z)| < V2l l]V2,

omov [[¢] == ( f, \de)1/2.
[Yrodeiln: (o(x) ) =2/, y) dy.]

B) Avp(0) =p(1) =0, Bsknmcrs NV AVOTEP® OVICOTNTO OF

< /2 |11/2.
qmax ()] < [lell ™l

2.22 Av p € C[0,1] ko1 (0) = 0, amodeifre 6T
lell < 2[1¢'])-

2.23 (Zvveyng e£dptnon tng AOoEME TOL TPOPANUATOG APY LKAV KOl GLVOPLEK®DOY GLVOT-
KOV Yo TNV Kopatiky eEicmon and to apyika dedopéve.) Eoto u kol v ot Moelg tav
aKoALoVO®V TPoBANUATOV:

U = Uge + fx,t), 0<2x<1,t>0,
uw,0) = p(z),  0<w<l,

ug(x,0) = (), 0<z<1,

u(0,t) = h(t), t>0,

u(1,t) = k(t), t>0,
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Uy = VUpp + fx,t), O0<2x<1,t>0,
v(z,0) = §(x), 0<z<1,
vy(,0) = (), 0<z<1,
v(0,t) = h(t), t>0,

v(1,t) = k(t), t > 0.

a) Amodeifte 611
lua (- t) = v (O < 190 = & + 1" = &Il t>0.
B) Amodei&te o011, Yo kébe t > 0,

e [u(,t) = oz, 1)] < V2[|lv =9l + [l¢' — &ll]-

2.24 (To Afppo tov Gronwall)

a) Eoto ¢ : [0,T] — R, cuveyng cuvaptnomn, t€10l0 OcTE

¢
o) <a+p [ wrdr vee 1)
0
pe a, 8 € Rxon 8 > 0. Tote woyvet

o(t) < ae’ vt €[0,T].
[Yrodeiln: Twa e > 0, éoto 9 (t) := (a + ¢)et. Tote
t
Y(t)=a+e+ ﬁ/ Y(r)dr xov @(t) <y(t) Vte|0,T].]
0

B) Eoto ¢ : [0,7] — R, cuveyds mopaymyiciiun Guvaptnao, TETol0 OCTE
¢'(t) < a+ Be(t) Vtel0,T],
Omov « un apvnTikn otabepd kot 5 Oetikn otabepd. Tote 1oy ver

o(t) < [p(0) + TaePt vt e [0,T].

2.25 (Zuveyng EapTnom TG AVCEMG TOL TPOPRANHOTOS OPYIKDY KOl CLVOPLUKOV GLVOT-
KOV Y10, TNV KOpotikn eEicmon and tov Un opoyevn 6po.) ‘Ectm u n Adomn tov Tpofin-
Hotog

Uy = Cgy + f(z,t), 0<z<1,0<t<T,

u(z,0) = u(z,0) =0, 0<z<1,

u(0,t) =u(l,t) =0, 0<t<T.
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Amodeifte OT

%[Hm(-,t)HQ + ua (L OIP] < IFCOIP + Nue( O + llua (- )2

Kot .
(- )% + [l (-, )] < / e TNfC )P dr, 0<t<T,
0
2.26 [Tpocdiopiote ™ YeVIK AOGT NG vIEpPOAIKNG eElcmong
Ut — AUzt + Uge =0
UE TPELS TPOTOLE, 0kOAOLOMVTAC OO AVOPEPOVTAL GTT) GLVEYELA!
o Ipayte kat apyc v eéicoon oty popen (0; — 20, )%u — 3uz, = 0 Kol ypNGLUOTOLT-
oTE €V GLVEYELD TNV OALOYN HETAPANTOV
t=¢ x=-26+V3y
kar U(&,n) := u(x,t) yia va v avaydyete o€ popet kopatikig eéicwong Uge — Uy, =
0, BA. Tnv Am6deEn tov Oempnpatog 1.1.
o Adym tov 6T1 72 — 410 + 0% = (1 — (2+ V3)o) (T — (2 — V3)0), n apyik e&icwon
umopel va ypa@el 6T Hopoen
(8 — (2+V3)0,) (3 — (2 — V3)0y)u = 0.
¢ Emlbote T1g e£lodoElC
vt—(2—|—\/§)vz:0 Kot ut—(2—\/§)ux:v,
BA. v Tpodtn Anodeign g [pdtaong 2.1. TToreg eivatl o1 0O1KOYEVELEG TOV Y AP
KTNPLOTIK®V YPAUU®VY TNG opy kg e&lowong devtépag TaEemc;
e XPNOUOTOLNGTE TNV AAAAYN HETAPANTOV
E=x4+2+V3)t, n=x+(2-V3)t

kat U (&, n) = u(x,t), ka1 ypayte v e&icoon ot popen Uye = 0, BA. tn debtepn
Amnddeén g [potaong 2.1.

2.27 XpnGLHOTOINOTE TN YEVIKN AOGN NG €£16000MG Uy — dUgs + Uge = 0, PA. TNV ACKT)-
on 2.26, yia vo TPpoodlopicETE [0, TOPACTACT] TNG ADGTNEC TOL TPOPANUOTOC OPYLIKDV
TILDOV

U — Qg + Uz = 0 010 R % (0, 00),

u(-,0)=¢ otov R,

ut(+,0) =9 ctov R,



64 2. H xopotikn e§icmon

OTOV ¥ KOl 1) 0ESOUEVEG OLOAEG GUVOPTNOELG.
2.28

o "Eoto u MOom g KOPATIKNG EE16MONG Uyt = Plgy. ATOdeiETE OTL
u(z +ch,t+ k) +u(x — ch,t — k) = u(z + ck,t + h) +u(x — ck,t — h),

v ké0e x,t, h, k € R, PA. ko1 tnv Acknon 2.2. Adyo akpiBdg avtig TG oy Eoemc
Aépe OTL 01 ADoELS TNG KVHOTIKNG €E10MGNC £ OV TNV I016THTA TOV TAPALINAOYPALILOD
(7wotis).

o Amodei&te 071, avtioTpoa, KaBe 600 POPEG GLVEXMG TOPAYMYIGIUT CLVAPTNOT U, N
omoia £yel TNV 1610TNTA TOL TUPUAANAOYPAUIOD, OTOTEAEL ADGT TNG KLUUATIKNG &Ei-
oMGCTC.

[ Yrooeiln: Avantogte katd Taylor, uéypt kot 6povg dedtepng taEemg, kibe 6po TNV
1016TNTO TOL TOPUAANAOYPAULOL KOl €V GUVEYELD APNOTE T k KAl h VO TElVOLV GTO

undév. Ot mpa&elg dievkoivvovtal oe onpavtikd Pabuo, av emAaégovpe gite k = 0
elte h =0.]

2.29 Amodeifte, ue tn pnEBOdO NG EVEPYELAG, LOVAIIKOTNTO OUOA®MY ADGE®MY TOL TTPO-
BANUATOC apYIKOV KAl GUVOPLUK®DY TIUOV

x,t), O<z<d, t>0,

) 0<z <Y,

ug(x,0) = (), 0<z<{,

uz(0,) — 2u(0,1) = g(t),  £=0,

ug (€, t) + 3ug(L,t) = h(t), t >0,

utt = Ugy + f

(
u(z,0) = ¢(z)

pe f:[0,4] x [0,00) = R, ¢,9 : [0,¢] = R, xat g, h : [0,00) — R dedopéves oparéc kot
ovuPatég pe To TPOPANUA CLVAPTHOELS.
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2 auto to keeaialo Bo peietnoovpe v eEicwon g Beppdtntag oe pia (Y-
p1k1) otdotacon. H diddoon tng Oeppotntog yivetal Kot TPOTO OLCLAGTIKA 010~
(QOPETIKO aTO T1 O1AO00T TV KLUUAT®V, YEYOVOC TO OTOL0 AVTAVAKANTAL KOl OTLG
HaONUATIKEG 1OLOTNTEG TOV OV0 EEIGDGE®V, O1 OTTO1EC OEV TUPOLGLALOLY TOAAEC
OUOLOTNTEC. ZMNUEL®VOLUE eTiong OTL N 101a €Elc®GN, TOL TEPLYPAPEL T1| O1d-
doomn g BepudINTaC, TEPLYPAPEL EMIGNG KOL TN OLAYLON OPLCUEVOV YNUIKOV
ovoldv. H eficwon tng Oeppdtntog oe pia yopikn dtaotacn €YEL TN LOPON

(31) Uy = kumxa

omov k o fetiky otabepd.

3.1 H apy1n tov peyiotov

Mio and TIg GNUOVTIKOTEPES OLOTNTEC AVCEMV TNG £E10MGEMG TNG BEpUOTNTAC
elvatl 0t Y10 avTég 1oy veL M AeyOuevn apyh Tov ueyiotov. Y Tapyovv dV0 HOPPES
aLTNC TNG OPYNG, N aclevic xal M woyvpd popen. H acBevng popen amodeikvie-
TAL TOAD EVKOAOTEPO Kol 1O 0T AL TY AToPPEOLY 01 PAGTIKOTEPES OLOTNTES TOV
AOGE®V.

Ocopnpa 3.1 (Apxn Tou peyioTou, aobevig popeny.) Eotw ¢, T > 0 kar u : [0,4] x
[0,T] — R avveyic avvaptnan, Aban g eéocdaews (3.1) ato (0,4) x (0,T]. Tote n
u dapfaver ty puéyiaty tiun s ato opboywvio [0, (] x [0,T] kat o¢ pia ano tig Tpeg
nievpés {(2,0) 1 0 < x < L}, {(0,¢) : 0 <t < T} war {({,t) : 0 <t < T} zov
oploywviov.

Arooerln. 'Ectw M 1o PEYIGTO NG U OTIC TPELS TAELPES TOL AVAPEPOVTUL GTO
Oedpnpo (Yrati vtapy el pEyloto;). Avtd mov BElovpe vo arodei&ovpe TOTE givat

65
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¢
A
Tl
o 8
] I
~
9) =0 v >

Yynpoe 3.1: Avceig tng e&lcwong tng Beppotnrog Aappdvovy 1o HEYLeTd TOLS
o710 opboydvio [0, 4] x [0,T] kot o€ pio omd TG TPELG TAEVPES TOL TOL GYEJL-
GTNKOV LE GUVEYTN YPOUUT.

0Tl

(3.2) u(z,t) <M, 0<z</{0<t<T.

‘Ecto € > 0. Opilovpe tn cvvaptnon v dwo v(x,t) := u(x,t) + ex?. Oo arodei-
Eovpe OTL

(3.3) v(r,t) < M4el?, 0<x</l 0<t<T.

[Tpwv amodei&ovpe TV (3.3), onuetdvovpe 6Tt amd avTN £METAL APUECWOG OTL
(3.4) u(z,t) <K M +e(l>—2%), 0<a<(0<t<T.

H (3.4) 1oy bet yio 6ha ta Oetikd € ko1 £t61 cuunepaivovpe Ot 1oy vel n (3.2).
Amopével cuvendg vo amodeiEovpe TV (3.3). I'a ™ v 1oy vEL TPOPOUVAOS

Uy — kvge = up — k(u+ €2%) 0y = uyp — klgy — 26k,
GUVETMG
(3.5) vy — kvg, = —2ek < 0.

Topo n v dev AapPaver 1o péyiotd g oto {(z,t) : 0 <z < (¢, 0 <t < T} ce
éva onpeio (xo, tg) Té€t010 dote 0 < 19 < ¢, 0 < to < T. Ipdypatt, av cuvéPaive
avtd, tote Ba ioyve

ve(20,t0) = 0, Vpp(w0,t0) <0,
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veyovdg to omoio avtikertal otny (3.5). 'Eoto topa 611 v AapPdver to péyiotd
mgoto {(z,t) : 0 <z </ 0<t<T}oeévaonueio (z9,T), 0 < zg < {. Tote
Oa ioyve

Ve (20, T) = 0, vge(,T) < 0.

Eni mAéov emedn, ocvppova pe to avotépo, v(xg, 1) > v(xe, T — 0),6 > 0, 6o
elyope tote
(20, T) — v(wo, T — 6)
Ut<5170, T) - }SII% 5
ZOVOALK(G dNAOON KOl GE GLTNV TNV TEPITTOGN

> 0.

/Ut('r()aT) Z 0, UJEm(anT) S Oa

veyovdg mov Al avtikettor oty (3.5). Emopévmg n v Aappdver to p€yiotd g
oto opboydvio {(z,t) : 0 < x < /¢, 0 <t < T} ovoyKaoTIK( GE (0 TOV TAELPOV
o {(2,0) : 0 <2 </}, {(0,t):0<t<T}n{((,t):0<t<T} AopPavovtag
TOPO LT OYLV TOLG OPLOUOVG TOV M Kal v SLOTICTOVOLUE OUECMG OTL KAl GTLG
Tpelg avtég TAevpEG woybel v(w,t) < M + ef?, kor cvournepaivovpe Ot 1oydeL 1
(3.3). Kat’ avtdv tov TpOTo oAOKANpOVETAL 1 atdOEEN TOL Be®pPNLOTOC. O

Mopatipnon 3.1 (KivnTpo yia TNV elcaywyn TG BondnTiknAg ouvdpTtnong.) O Adyog
Y10 TOV Omoiov glcayayope T fondnTIKN GUVAPTNON v GTNV TPONYOVUEVT ATO-
de1gn eivar o €€ng: 'Eotm 011 1 u AapPavetl to pé€yloto g, 6to ophoydvio mov
eEetalovpe, og £va ecmOTEPLKO TOL onpeio (xo, ty). Tote Ba ioyve

(o, to) = 0, gy (xo,t0) <O0.

Av yvopilape Ot uy,(z0,t9) # 0, TOTE Ba 00N y0OUEDN GTO GLUTEPAGHD OTL N U
dev kavorotel v (3.1) oto onpeio (zo, to). ['a ™ v dpwg, RN 10 YEYOVOG OTL

Ut(an tO) = 07 sz(ﬂfo,to) S 0
pog odnyet og Atomo, d10TL Yo TN v oy vel 1 (3.5). O

Hopatipnon 3.2 (Apxn Tou peyiotou, 1Ioxupd poper.) H 1oyvpd popen g apyng
TOL peyiaTov Aéet 6Tl av pia Avon u g (3.1) Aappdavet 1o péyiotd g oto opbo-
yovio {(z,t) : 0 <z </, 0<t<T}karoe évaonueio Tov ophoydviov, To omoio
dev PBpioketar o€ pia and Tig Tpelg mhevpéc tov {(x,0) : 0 < x < ¢}, {(0,¢) : 0 <
t < T} {(t):0<t<T} t6te N u eivar grabepd ce 610 T0 0pHOYDOVIO TOVL
egetalovpue. O
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IMopatipnon 3.3 (Apxn Tou “eAayiotou”.) Avtikabiotovtag T AEEN péyioTto pe
™ AEEM EAGYLOTO BTNV 0PpY 1| TOL HEYIGTOL, 0dNYovuEDD otV apyn Tov “elayi-
oTov”, TG0 TNV aohevn 660 Kol GTNV Woyvpd popen tTns. H apyn tov “elayi-
GTOV” £METAL OUECMOC ATO TNV APYN TOL HEYIGTOL, @OV OTAV M U £1val ADGN TNG
(3.1), t61e Ko M —u Kavonolel tnv idwa eEicmwon. O
Ynpeioon. H puoikn onuocia tov apydv peyiotov xat “glayioctov” ival tpo-
QOVNG.

Movaoicotnyza. Q¢ o TPpOTN EQUPHOYN TNG APYNG TOL HEYICTOL AVAPEPOVLE TN
HovVad1KOTNTO OUAANG ADGEMG TOL TPOPANUATOG APY KDY KOl GLVOPLUK®DV GLV-
Onkov yio v eEicmon g Beppdntac oe Eva payUEVO d10CTNH:

(3.6i) U = kg, + f(z,t), 0<ax <l t>0,
(3.617) u(z,0) =@(x), 0<z<Y,

(3.6ii) {MQﬂIQ@,tzQ
u(l,t) = h(t), t>0.

[ToAV gbkola dtamioTdVEL Kaveig OTL N HOVAIIKOTNTA TNG AVGEMG TOL TPOPAN-
potog (3.6) eivatl 1oodvvaun pe to yeyovog 0t 1o TpdBAN U
vy = kg, O<zx<{ t>0,
(3.7) v(z,0) =0, 0<z</Y,
v(0,t) =v(l,t) =0, t>0,
£y el g OV opoA Abon TNV teTpupévn, v = 0.

Topa, cOpEOVO pe TNV 0pyn TOL HEYiIoTOL, Yo TVYXOV T > 0 Kot Yo KaOe
AOom v tov TpoPAnpatoc (3.7) woydet v(x,t) <0, 0 <z </, 0 <t <T.Opoing,
ocOpeva pe TV apyn tov “glayictov”, éyovpe v(x,t) >0, 0 <z < ¢, 0<t <
T. Enmopévog v(z,t) =0, 0 <z < ¢, 0 <t < T, xot enetdn 1o T eivar tuyaiog
BeT1k0¢ ap1Opds, suunepaivoope 611 v = 0.
2oveyng e€aptnon tne Aaewe ano Ta apyika ocoouéva. Oewpodue 1o TPOPAN UL
Znteital cvveyng cvvaptnon v : [0, 4] x [0,00) = R tét010 doTE

vy = kUgg, O<zx<{ t>0,
(3.8) v(z,0) = p(z), 0<z <Y,
v(0,t) =v(l,t) =0, t>0.
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ZOUQ®VO, LE TNV 0pYN TOL UEYIGTOL Y OVLUE, Yot > 0,

<
v(z,t) < max |o(z)],

KOl COULPOVA LE TNV apyn Tov “ehayictov”

> — .
v(z,t) 2 — max |o(z)]

ZUVOALK( GUVETMOC

(3.9 max |v(z,t)| < max |p(x)], t>0.

0<z</ 0<z</

ATo 0 avOTEP® £METAL AUECWHG OTL, OV Uy KAl Uy €1VOL OPAAEC ADGELS TOV

TpoPANHATOV
(3.109) U = kg, + f(z,t), 0<ax<{ t>0,
(3.1044) w(z,0) =pi(x), 0<a</Y,
u(0,t) = g(t), t>0,
(3.104i7) (0. (¥
u(l,t) =h(t), t>0,
Kot
(3.114) U = kg, + f(z,t), 0<ax </l t>0,
(3.1144) u(z,0) = @o(x), 0<z </,
u(0,t) = g(t), t>0,
(3.114i7) (0.9 (¥
u(l,t) = h(t), t=>0,

avticTolyd, TOTE

(3.12) max |uy (z,1) — ua(2, )] < max |y (x) —a(x)], 0.
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Aoknoelg

3.1 (EuoTdBeia TG AUoswg Tou TTpoBAAuaTog (3.8) otnv L2 vopua.) Arnodeifte ott, av v
opaAn Avom tov TpoPAnuatog (3.8), tote

(313) H'U(,t)H < WH: > 07

omov ||| := (f(f [v(x)|? d:v)l/Q. Tuykpivete v (3.13) pe v (3.9).
[Yrooeitn: Tlolamlacidote tn daeopikn e&icmon oty (3.8) el v Kol oOAOKAN p®OOTE
670 6e&16 pérog kot pnépmn.]

Xpnowonotiote v ovicotta || f|| < £||f/||, yia f € C0, 4] tétowa dote f(0) = 0,
BA. kat Tig Aoknoeig 2.21 kat 2.22, yio vo feAtiooete v (3.13) otn popon

k
(-0 <e = lell, ¢ >0.

3.2 (Zuvexng e€aptnon NG AUCEwWG aTTd TOV N OJoYevr 0po.) Oswpodue to eENG mpo-
PANUG 0py KOV KOL GLVOPLAKDOV CLVON KOV

vp = kvge + f(x,t), 0<az </, t>0,
(3.149) v(z,0) =0, 0<z <Y,
v(0,t) =v(¢,t) =0, t>0.

Amodeifte 671, av v OPOAT GLVAPTNON, TOTE

ool <2 ( [iseas)”

H | - || éxet tnv 1dwa évvola 6mwg otV Tponyoduevn Acknon.

BeAtidote TNV avoTEP® EKTIUNGT GTN HOPON

|lo(-, )| < %(/Ot 17, )2 d5>1/2.

3.3 (EvoAroxTikn amodei&n tng opyng Tov HeYIoTOoL.)

a) Tap > 1, opilovpe otov C|0, 4] T1g vopueg || - ||, St

l
ol = ( [ W@ az)”

Amodeilte 6Tt

A ([Pl = max, | ().
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[Yrooeiln: 'Ecto M := maxo<.<¢|¥(x)| xor z* € [0,¢] tétolo dote M = |¢(z*)].
‘Ecto e > 0. Tote vrapyet 6 > 0 kat vrodidotnpua I tov [0, ], pNKOLS 4, TETOLO OGTE

e I xat
Veel [Y(x)]>M-—e.

Enopévag,
SP(M =) < ¢l < /P M.

XPNGILOTOIAGTE TO YEYOVOC OTL 81/P — 1 ko £1/P — 1, kabd¢ to p Teivel 6T0 dmetpo,

Y10 va, arodei&ete OTL LIAPYEL Py TETOLO OGTE, YA P = Po, VO 1GYVEL

(M —2¢) < [[¢fl, <M +e]

B) Hoiranhacidote T Swapopikn eéicoon oty (3.8) ent (v(z, t))Qn_l, ohokAnpOGTE
070 6eE10 HELOC KOTA PEPT, KOL Y PTCLULOTOLGTE TO TPOTYOUUEVO ATOTELECLO, Y10l

va ddceTe pia aAAN anodetén g (3.9), Yo apkeTd opain v.
3.4 'Ecto u opaAn AOG™M NG YEVIKNG YPUUUKNG TAPUBOAIKN G eElo®GEmS
u = a(x, t)ugy + b(z, t)uy + c(z, t)u
o710 [0, /] x [0,T7], 6mov ming ; a(z,t) > 0.
a) Avc(z,t) <0070 [0, x [0,T], arodeilte 6T
lu(z,t)] < max{|u(y,7)]: 0<y <L 0<7<T xor y=0ny=¢n7=0}

[Ynéoeiln: Amodei&te 0Tt 1 u dev Aappaver 1o péyiotd g oto [0,4] x [0,7] oto
ecmteptkd Tov | otV mhevpd {(z,T) : 0 < z < £} €KkTdG €0V TO péyioto oo [0, 4] X

[0, T] eivar un Betikod.]
B) Amodei&te o611

lu(z,t)] < e“ max{|u(y,7)]: 0<y <L 0<T<T xamt y=0qy=4~

ﬁTZO}v

6mov C' := max(0, max c).

[Yrodeiln: ®écte v := e u, 6mov v > C, kal eQappoOGTE 10 i. 6TN v.]
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3.2 H &liocmon tng Ocppotntog o€ 6L0 T0 R

Ocwpolpe To TPOPANUG APYIKOV TILOV Y1 TNV eEIGMOOT NG OepuotTnTog o€ OAN
NV TPOYUOTIKT gvOeia

(3.159) Uy = kg, reR, t>0,

(3.15:3) u(z,0) = p(x), zeR.

H éXAeryn cvvoprokmv cuvOnkmv oto tpdPAnua (3.15) ariomnotel KAT®S T0 TPO-
BANUO TOL TPOGOLOPIOUOY UG TOPUCTAGEMS HOG AOCEMS, G TPOPANUATA LE
cuvvoplakég cuvOnKeg Ba avapepbodue oTn cLVEXELN. ZNUEIOVOLUE TAVTOG OTL
v va eEaocpailcfel povadikotnta tng Aboewg Tov tpoPinuatoc (3.15) Ba amat-
tOoVV oplopévec GLUVONKEG 6T AVGT, Ol OTTOLEC BLPOPOVV T1) GUUTEPLPOPE. TNG
GTO AmeLpo.

Mpn povaoicotnta: Oempoue to TPOPAN O
(3.167) Uy = kUgy, reR, t>0,
(3.16ii) v(z,0) =0, zekR
And tov Anetpootikd Aoyiopd Bvpopacte 6t n ocovaptnon f : R — R,

e_?lz, t >0,

ft) =

0, t <0,
elvar drelpeg popéc cuveyde nopayoyicun. Idwaitepa Aownov ioydel £ (0) =
0, n € N. Opilovpe topo TN GLVAPTNON v,
(3.17) Z o kt ., TER, >0,

Amodeikvoetal 6Tt | v glval ATELPEG QPOPEC CLVEYDS TapOYOYioUn 610 R X
[0,00), Kot ot Tapaywyicels propody va yivouv katd 6povg. Evkoia toHte d1a-
TLOTOVOLUE OTL M} v AOVEL TO TPOPAnua (3.16): TIpdypatt 1tkavomolel TPOPUVAOS
v apyikn covOnkn (3.16:7), kot

i) = 3 S 3

(n+1)
W(z,1) _ka (kt) (%)‘,
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GULVETMG M v tKavorotlel kat tnv (3.167).

To mpofAinua (3.16) £xel cuven®G dVO OHOAEC ADGELS, TNV TETPLUUEVN Kl
™ v mov divetal and v (3.17). Ilpogavag, kat kabe mollanidcio Tng v eivat
Avom, Gpa to TpdPAnua (3.15) £xel drnelpeg Moelg. Ano 0Aeg avtég TIg AOGELS
HOVO 1 UNOEVIKTN €Y €l UGIKN onuocia. Yo opiouéveg cuvOnkeg otn Abon
eEacPuAileTol OU®G povadikdTNTA, OTWS B OOVEE GTN GLVEYELA.

Movadikotnta: Onmg eldape POALG, xpig kKATolo GLVONKN OTIG AVGELS TOV, TO
TPOPAN UL AP IKOV TIU®V Y10 TNV eElcwon g Bepudtntag pnopel va £xel ToOA-
Aéc Mooelc. Idwaitepa dev 1oy bel YU aLTO M APy TOL LEYIGTOV.

210 Oempnua 3.2, otn cvvéyela, Bo dovue 6TL VIO P opkeTd anobevn cuvon-
KN oT1g AMOGELG, TOL 0POPE T1) CLUTEPLPOPE TOLG KAONDC TO = TELVEL GTO ATELPO,
LOYVEL M APy TOL LEYIOTOL Kal 1 ADOT €1VOL LOVASIKN GE ALTHV TNV KAGGT.

H anddoeign tov Oempnpotog 3.2 dev eivar anin. [o va dievkorbvovpe
KOTMEC TOV AVOYVAOGTN GTNV KOTovonon g, €&etalovpe kot apyag pio TOAD
anAovotepn mepintwon. Ynobétovtag, cuykekpiuéva, Ot pio Abon u tov (3.15)
elval epaypévn mpog o Tave,

VeeR Vte|0,T] u(x,t) <M,

omov T > 0 ka1 M € R, Ba amodeifovpe 6t 16y 0EL N a.pyN TOL HEYIGTOV, ONAUON
0Tl
VeeR Vte[0,T] u(z,t) <supp(z).

2€R
Oétovpe m = sup,p ¢(2), emAéyovpe éva y € R, kot apkel va arodeifovpe
0Tl
Vi e [0,T] u(y,t) <m.
(ITpopavmg, ympic TEPLOPIGUO TNG YEVIKOTNTAC UTOPOvUE Vo LTOBEGOLUE OTL
M >m.)
INa évav Betikd apbud e, opilovpe T Pondntikn cuvaptnon v,

v(z,t) = u(z,t) — e[kt + %(m —y)?*].

Apéong damiestdvouvpe 0Tl N v kavorolel v eficwon tg Beppdtntog, vy =
kv,.. MTOopoOpe AOITTOV VA, EPAPUOGOLLE TNV APy TOL HEYIGTOL 6TO 0pbHoydvio
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[y —p,y+p] x[0,T], pe onorodnmote Oetikd p. ['a Adyovg Tov Ba yivouv gvkora
KOTAVONTOL GT1 CLVEYELN, EMIAEYOVE

2(M —m)
—

pi=
Topa, yro 7 € [0, 17,

v(x,0) = u(z,0) — 6%(:16 — )% <u(,0) = ¢(x) < m,

1 1
o(y+p,7) =uly+p,7) — e[kt + 5/)2} <M — €§p2 =m
KoL, akpipdg aviicTolya,
U(y =P T) <m.

YUVETMG, COLPOVA LE TNV OPYN TOL HEYIGTOVL Yio TNV e§icmon Tng Beppotnrog
o€ éva ppayuévo ddotnua, €00 To [y — p, y + p|, cupmepaivovpe apEcmS OTL

v(y,t) < m.
ANAG, Tpogavag, u(y,t) = v(y, t) + ckt, ondte

u(y,t) < m+ekT.

AoV avTtn M ekTiunon woyveL Yo kabe BeTikd €, 0dNyobHooTE 6TO EMOLUNTO
GUUTEPAGHA OTL OVTMG
u(y,t) < m.

[Tpoywpodpe Tdpa oTn daTOTO®ON KoL ATOIEEN TNS APYNS TOL HEYIGTOL YU
T1G Aboelg Tov mpoPAnuatog (3.15) ce pio ToAD gvPLTEPT KAAOCT GLUVAPTNCEWMV.
Ev cvveyeia Oo copnepdvovpe ebkoAa OTL  AVGT G€ GLTHV TNV KAOGT Guvap-
TNOEW®V €1VOL LOVAILKT].

OzoOpnpo 3.2 (H apxni Tou peyioTou yia 1o TPORANHA apXIkKwy Tipwy.) Eotw T > 0,
karu : R x [0,T] — R avveye, téroia date uy, g, avveyeic ato R x (0,T), Aban tov

TPOLIANUATOS APYIKDY TYLWDV

(3.18i) Uy = kttgy, reR 0<t<T,
(3.18i3) u(z,0) = p(x), zeR,
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Y10, THY oTola 1Ty Vel
(3.19) lu(z, t)] < Me™, zeR,0<t<T,
yia kanoles atalepés M kar . Tote 1ayvel

(3.20) lu(z,t)] <suple(z)], zeR, 0<t<T.

Amnooerén. Apkel puoikd va arodeifovpe 0Tl
(3.21) u(z,t) <supp(z), ze€R 0<t<T,

d10TL o1 vrobéoelg Tov BePNUOTOC 1KOVOTOLOVVTOL KOl amd T —u kot 1 (3.21)
Y10 TG u KOl —u oLVETAYETOL apécwg TNV (3.20).
Apxel topa va arodeifovpe v (3.21) vd tnv vodBeon

(3.22) 4kaT < 1.

[pdypott, propodue vo ywpicovpe to didotnua [0,7] o€ 1GOUNKN LTOSLUGTN-

L

T -
Tha? oTl

HoTo. PNKOVG 7 < KOl VO, GUUTEPAVOLUE B10d0) KA, Yo n = 0,1,..., =,

u(z,t) < supu(z,nt) < supu(z,0),

ywwnr <t < (n+ 1)r. Yrobétovpe Aoindv 61t ioyel n (3.22). 'Eoto tdpa e > 0
TETOL0 OCTE

(3.23) Ako(T + ) < 1.

INa otabepd y, Oewpovpe Tdpa 11 GLVAPTNGCELS vy, 1t > 0,

1 (z—y)?

vy(x,t) :=u(z,t) — eTR(T+e=1) |
) = ulet) G —

r €R, 0 <t <T. Eivar edbxkoro va dobpe 011
(Uu)t - k(v,u)zac = Uy — Klgg,
GULVETMG

(3.24) () = k(Vy)ee, 2€ER0<t<T.



76 3. H e€icwon tng Oepuodtntag

Oewpovpe Tdpa 0 ophoydvio [y — p,y + p] X [0, T]. Zouewva pe to Osdpnua 3.1
gyxovpe 10te, Yoy —p < <y+pxu 0 <t T,
(3.25) vu(z,t) <max{v,(s,7) 1y —p<s<y+p, 07T

kol (s=y—pfHs=y+pn7=0)}

Topa Ttpopavadg

(3.260) v,(x,0) < u(x,0) < sup p(z).
lMoz=y—phz=y+pxat € [0,T] €& drlov, ypnoporotdvrag TV (3.19),
EYOVLUE
o2 1 (z—y)?
v, (z,7) < Me™ —p e AR (THe=7)
Vakm(T +e — 1)
< Meyl+r)? _ 1 e%.
N Ak (T + ¢€)

AapBavovtog v’ oyy Tnv (3.23), dtamicTtdvovpe 0Tt TO 0€E10 HEAOG TNC AVIGO-
TNTOG Umopel va yivel LIk poOTEPO ad OTOLOVONTOTE APVNTIKO aplOud, av mTipov-
HE TO p APKETE PHEYALO. ZUVETAOC, Y10 OPKETA LEYAAO p,

(3.26i4) Vuly = po7); Uuly + . 7) < supp(2).
Amo t1g (3.25) kot (3.26) Emetal tHpa
(3.27) vu(y,t) <supp(z), 0<t<T.
Topa

1

Uu(yvt) = U(y,t) _M\/4k37T(T+€—t)7

kot M (3.27) divel
1
+ .
Vakm(T + & —t)

Aopnvovtag 1o 4 va Telvel oto Undév, GuumEpaivovpe 0Tl

u(y,t) < sup ©(2)

u(y,t) < sup p(z),
Kol amo avtn TN oy éon énetal apécwc n (3.21). O

Ano 1o Oempnua 3.2 £metat OTL TO TPOPANUO P IKOV TIUOV Yo TNV eElomon TG
Oeppotnrag (3.15) €xetl to modd pia Avom u, Yo TNV omoid 16 vEL Pla EKTIUNGN
™G popeng (3.19).
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3.2.1 Ilepactaon tng Aveemwg u tov (3.15), mov winpoi tnv (3.19)

Apyilovpe pe TV elo0y®yn TS AEYOUEVNC guVEAIENS GUVAPTNOE®MYV, UG O1adL-
KOO10G KOTOOKEVNC ULOC GUVAPTNOE®MS LE GLVOLACHS dVO AALOV GLVAPTNCEDV
HE TOAD EVOLAPEPOVGES 1OLOTNTEG KAl TOAAEG EQPAPHOYEG, YEVIKOTEPA GTNV A V(-
Avon kot ta Egappoopéva Madnpatikd.

YuvéMmén ovvaptioemv. 'Eoto S, g : R — R 000 KatdAANAEC GUVOPTHCELG,
TETOLEC MOTE VA LTLAPYEL TO OLOKAT PO

/_OO S(r—y)gly)dy, =eR.

o0

H ocvvéptnon S+xg: R = R,
(S *g)(x / S(z —y)g(y) dy,

Aéyetar ovvédilny tov S Kal g. Me aAloyn HeETAPANTNG, UTOPEL TOAD €0KOAM VA
anooelyBel 6T1 n ocuvEMEN elvar avtipetaBeTikn, S+ g = g x S.

Mo v Omapén g cuVEMENC Skg apKel, PEP’ ELTELY, VO LTAPY.EL TO OLOKAN-
popa 7 1S(y)| dy xar va elvar 1 g ppaypévn. Aev gival uotkd VIOYPEOTIKO
va opifovtal 000 cvvapthcelg oe dLo 10 R yio va pmopovpe va oplcovpe T Go-
vEMEN Tovg. Av opilovtal oe £va LTOGUVOAO Tov R, TOTE TIG EMEKTEIVOLHE MG
UNOEVIKEG GUVAPTNOELS GTO CLUTAN PO TOL TEOLOL OPLGUOV TOVG.

"Evog Bacikog AOY0g Yo To evOOQEPOV Y1 T GLVEAMEN, £1val TO YEYOVOC OTL
OTOLUONTOTE KAAN 101OTNTA EYEL £VAG €K TOV “yovEmV” S KOl g TNV KANpOVOouel
Kot TO0 “motdl” Toug S * g, AOYOG Yo TOV 0moio ot padnuotikol apécKovTal va
avoEEPOVTOL TN CLVEAMEN OC TOV “TELELO YOUO™.

Yvveyilovpe pe OPIGUEVA TPOKATAPKTIKG OTOTEAEGHATA, TIC PUCIKES 1O1OTN-
TEG OVAALOLDTOL NG eElomoemg (3.157).
a) Avy € R kot u(x,t) Aoon g (3.159), 16t ko n v(z,t) = u(x — y,t) elvar
AOom g (3.159).

B) Av u givar Aon ¢ (3.157), 16Te Kl KGOE TOPAYOYOC TNG U, T.Y. Uy, Us, Ugs,
., amotehel Abon g (3.154).

v) Kébe ypappikdg cuvovaouog Aboewv g (3.157) anotelel emiong Avomn TnG.
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d) 'Ecto S(z,t) Abon g (3.157), ka1 g : R — R tuyaia covaptnon. Toéte kot n
cuvéMEN v TtV S(+, 1) Kot g,

ety = [ " S~y Dgy) dy.

anoteAiel Avon g (3.157), av 10 yeVIKELUEVO OAOKANPOUA GLYKAIVEL LTTO
KOTAAANAN €vvola OGTE N OELPG LEPIKNG TAPAYDOYICEMG MG TPOG ¢, T, T KAl
OAOKANPpOCE®MG Vo uropel va aALaEel. Oa emavérBovpe o avtd T0 GNuEio
apyotepa, A. to Aqupa 3.1.

€) Av a 0gtikog apuog, kat u(z,t) Aon g (3.157), toéte ka1 n Guvéptnon v,
v(z,t) = u(y/ax,at) eivor eniong Aon g (3.157), OT®G d1aTIGTOVEL KAVELS
AUECMG.

®u mtpoonudncovue TOPA Vo, TPoGdlopicovpe Evayv TOTO Yo TN ADGN © TOL
npoPAnpatog (3.15) yio tnv onoia toyver i (3.19).

Oa ntpocdiopicovpe TpdTa pio Aven Q(z, t) g (3.159) vtd TV €131k APy LKA
cuvOnKn

(3.28) Q(z,0)=0 ywz<0, Qz,00=1 yw z>0.

INa tov Tpocdlopioud g Avcewg Ba arartnBolyv tpia frparta.
(0] , , , . ,
1= Brjua: ®o ntpocrodnoovpe vo Bpode pia AOGN TNG LOPONG

X

(3.29) Q(x,t) = g(p), omov p = Jin

KOl g AYVOGTN ouvaptnon piag petaPAntng, tnv onoia BEAovpe vo Tpocdto-
picovpe. O AOYOC Yo TOV OMOLOV GVOUEVOLUE VA €YEL 1| ADCT TNV OVOTEP®
popoen eivor o €ENG: Adym® TG €101KNG EMAOYNC TNG APYLIKNG GLVON KNG EYOv-
pe Q(ax,0) = Q(x,0) yio orotovénmote Oetikd apbud «, ondTe, KUTA TNV €),
av ) givar Avomn tov mpoPAnuatog apyik®dv Tinav (3.157), (3.28), 161e ko1 M
Q(Vax,at) o givar eniong Aon. Ady® TG HovadikOTNTOG TG AMCEMS, Yia
Vv omoia toyvel N (3.19), Ba Eyovpe GuVETMOC

Q(z,t) = Q(vax,at) Va >0,



3.2. H eficmwon tn¢ Oeppdtnrag o€ 6ho 10 R 79

emopuévog Q(x,t) = f(%). O napaywv \/% Y PNOLUOTOLELTAL OTAMS KOl LOVOV Y10,
va amAonoin el Kanwe o {ntovpevog TOTOC.

22 Brua: H (3.29) pog diver T duvatdtnta va petatpéyovpe v (3.154) oe pa
cuvvnOn dtapopikn eEiocmon yio TV g: £xovue

_dgdp_ 1z __l ,
Qt—dp o = o @g(p)— Qtpg(p)

_dgdp 1
Qz—dp dx—\/mg(p)

o 1 " dp o "
Quz = \/mg (p) 7 = i’ (p),

EMOUEVOC
1 1
Q= kQaz = — [pg'(p) + 59" (0)],

Kol M Q; = kQ,, cLUVETAYETAL

(3.30) 9" (p) +2pg'(p) = 0.

And v (3.30) émetan 611 ¢'(p) = e P, ue ¢1 6TadEpd, KOl GUVETAC

(3.31) g(p) = /Op e ¥ ds + cy, €1, Co 0TAOEPEC.
Amo 11 (3.29), (3.31) émeton
(3.32) Qz,t) = c1 /“_ e dp+cy, t>0,
0
pe ¢, co € R.

32 Brijua: Oo tpocdlopicovpe Tdpa TG oTabEPEC 1, co Y10, VA 1KAVOTOINH0o0V 01
apy1kéG cuvinkec. Ou Y PMNGILOTOLTGOVIE TO YVOGCTO, OALL Kol EDKOAM ATOOEL-
KVUOUEVO HE JITAT] OLOKAN POCT KAl Y PNOT TOAK®OV GUVTETAYUEVOV, YEYOVOC
ot [e P dp = L.

Mo Betikd z, hapPavovpe and tig (3.32) xat (3.28)

1 =lmQ(z,1) = 01/ e dp+cy = clﬁ + .
t10 0 9

Opoiwg, yio apvntikd z, £XOVUE

0 =limQ(z,1) :Cl/ e dp + ¢y = —C1ﬁ+02.
£10 0 9
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Yuvenmg Exovpe ¢; = 1/y/m, e = 1/2, ka1 m (3.32) pag odnyei otnv

(3.33) Q(x,t) = ¢_/V%epdn t>0.

Eivar ebkolo va dodpe 0tTL av gnekteivovpe v @ mov divetat and v (3.33)
ouvexdckatyat = 0, 6tav (z,t) # (0,0), 16TE ALTA AOVEL TPAYLATL TO TPOPAN LA
(3.151), (3.28).

"Exovtag Abcel To TpdPANUa Yo P 101KT] 0Py LK TIUY], EXLGTPEPOVUE TOPO.
o710 yeviko npdPAnua (3.15). Etcayovpe tn cuvéptnon S, S := @, n onola kotd
T1G B) Kat 0) aroteArel Avon g (3.157), xar opilovpe T cvvaptnomn u oo

(3.34) u(z,t) = /00 Sz —y,t)p(y)dy, t>0.

21 cvvéyela Ba dovpe OTL, Yo epaypévn ¢, N (3.34) 6ivel tn {ntovpevn Avon
tov mpoPinuatog (3.15). [Ipodta dpme oplopuéveg TapaATNPNGELS.
Ioapaywyilovtac v (3.33) ®¢ TPog = S10TIGTOVOLE OTL
1 a2

k

S )
2vmkt
Eniong, yiot > 0, £yovpe, pe q := \/ZT“’

o 1 o0 2
S(x,t)dr = 4kzdx__ e dg,

|&z

(3.35) S(z,t) =

IS
B

t> 0.

GULVETMG

(3.36) /)S@JMx:L t>0.

H (3.36) eivar puoikd avopevopevn, aeov yio otafepn apyikn TIUN, oG TOVUE
e(x) = 1, n Abom tov TPOBANUATOG APYIKAOV TILOV TOL LG EVILOPEPEL Elval
emMiong otabepn, Kol 1loovTAl HE TNV 1010 oTAdEPH OTME KL 1 APYIKTY TIUN.

Me v aAlayn petafAntne z = = — y, 1 (3.34) ypdoetal otn popen

(3.37) u(z,t) = /OO S(z,t)p(x — z)dz,

KO QUTT) HE TN CELPA TNG, HE P = ﬁ, YPAPETUL

(3.38) (e, t) = e~ p(z — pVkD) dp

R
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ITpwv mpoywpnoovpue, Bupilovpe éva yvootd and tov Anelpocstikd Aoyiopnd
ATOTEALEG L.

Aqppa 3.1 Eotw [ = f(x,t) kar f; ovveyeic avvaptioeg ato (—oo,00) X (¢, d).

Eatm 0Tl T0, YEVIKEVUEVA O AOK AN POUATA.

/_Oo f(z, 1) da, /_°° )| i

[e.o] o0

VYK AIVOLY OUOIOHOPPa. TE KAEITTA Kal Ppayuéva vroabvola [¢,d] Tov (¢, d), oniaon,
Qep’ EITELY VLA TO TPTO, DILAPYEL 110, TOVAPTHON § TETOLA (DTTE

Vteleé,d Ve eR |f(z,t)] <g(z)

Kal TO 0AOK AN pwUa. ffooo g(x) dx va ovykdivel, onladn va vrdpyer. Tote

%/_(:f(x,t)dx:/_(:ft(x,t)dx yat € (¢, d). O

Znueiwon (YevlOuion oxeTIKA pe Tnv opoloyia o1o Afupa 3.1.) 'Ecto t € (¢, d) kot
f omm¢ oto mponyovuevo ANppa. AEpe 6T T0 OLOKAN PO

JCe

—00
oLYKALVEL, av Yia k6Oe OeTiKo €, vTapy el katdAinio Stbotnua [a, b] Tétolo dote
TO OLOKANpOUA £ amO avTd TO dIUCTNHA VO, E1val KPOTEPO TOV &,

/ |f($,t)|da7+/b |f(z,t)]dx < e.

[Tpopavag to didotnua [a, b] propel vo aviikotactadel kot pe Stdotnua tng pop-
ONG [—n, n}, Yo katdAAniov eLolkd aptBud n, omdte GOYKALGN TOL OLOKAN P®-
HOTOC onpoivel 6Tt

e 1

Ve >0 dneN /

!f(x,t)ydx+/ e )lde < e

Tdpo, 0 6pog T0 OLOKANPOUE GLYKALVEL opotduoppa 6o [¢, J] LTTOONAMVEL OTL

Yo KaOg € > 0 vrapy el LGIKOG N, 0 i010¢ y1a dAa ta t € [¢, d], T€T010G dOTE

/_n |f(,t)|dz + /:o f(,1)|dz < <.

oo
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Ozopnpo 3.3 (H (3.34) divel TN Avon Tou TTpoBAAuatog (3.15).) Eotw ¢ : R — R
ovveyns, ppayuévy avvdptnan. Tote oo g (3.34) opiletar pia avvaptnon u, n owoia,
elval amelpes popég avveyas mapaywyiowun, yia x € Rt > 0, ikavoroiei tyv (3.157),

rxalwg kar tyy (3.1547) vrd Ty évvoia ot

(3.39) !fiirrolu(a:,t) =p(x), ek

Arooeiln. Kat’ apyag and v (3.38) énetat

1
Su
vV 471' zp

(BA. xar v (3.20)), GUVETAOC TO YEVIKEVUEVO OAOKAT POUO GUYKALVEL OPOLOHOp-

(3.40) lu(z,t)] <

o0 p2
e [T dp=suplo(a),

oo xat andéivta. Topa

(z—y)>

0o B 1 00 rT—y _
| 15— ey = s [ e S il ay
c [
:%/ [pe™ T p(a — pVkt) |dp,

omov ¢ pa BeTikn otabepd. Zuvendg

00 2 e’} _ﬁ
4y | ISe—utplldy < Zswle) [ pe T dp,
e Vit o 0
Kot pe tn fondeta tov Aqppatog 3.1 copnepaivoovpe 6T LTAPYEL N U, KL OIVETAL
o
(3.42) w(et)= [ S(e-yte)dy >0
Me tov 1810 TPOTO ATOOELKVOOVUE OTL LTAPYOLY O Uy, Uyt Uy, Uge, - - - - KAOE PO-

pa 611G avtictolyec ¢ (3.41) eKTIUNCELS KOTOANYOVUE GE OAOKAN POUATO TNG

HopENS . )
/ pe” T dp,
0

Omov n glvol M TAEN TNG TOPUYDYOL, TA OTolo PLOIKA vrdpyovy. Kat’ avtov
TOV TPOTO GULUTEPOIVOLUE OTL M u €1VOL ATELPEG POPEG GLVEY MG TOPUYDOYICIUN
KOl 01 Tapay®yol TG divovtal 410 TopayOYIGE®S TNG S, OTwg 6Tov TOTo (3.42).
Eivat topa mpoeavég 6t n u tkavorotel tnv (3.157), agod 1 S 1kavomolel Tnv
idwa eicmon.
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Amopévetl va arodeifovpe v (3.39). Adyw g (3.36) £xovpe
wat) = ple) = [ St =p.00p(w) — pla)ldy

m/ e [o(a — pVIE) — o(x)] dp.

INa ctaBepod x, BEAovpe va arodeifovpe OTL TO OAOKANPOUA GTO OeEL0 PELOG
telvel oto unodév kabmg to t teivel 6to undév. Avto Ba yivel pe dtdomacn tov
S0GTNHATOG OAOKAN PMOGTG GE dVO LTOJLUGTNUOTO: GTO VO LTTOOLACTNHA O OEV-
TEPOG TOPAYOVTOS TNG TPOS OAOKANPMOGT cuviptnong Ba eivol pKpoOg KoL GTO
dAro o mpotoc. 'Eotm ¢ > 0. Adym g cuvéyelag tng ¢ vrapyet 6 > 0 tétolo

moTE
g
@) =l <35 Vyelr—da+dl
Torte
_% oz —pvkt) — @(x)| dp
\Tﬂfpk_ [ola — pV/RT) — ()] dp
1 *_p?
< ma; S e 1
< max lo(@) — ¢ @)’r/_oo p
9
d — _
2\/471’/ P=3
Eni tAéov

‘m/m &~ ol — pVRT) — ()] dp

1 2
< —=—=2sup |p(2)| e 7 dp.
Am 2 P>
To ohokANpopa 610 8§16 PEAOG TElIVEL TPOPAVDOG GTO UNOEV KUOMG TO T TELVEL
07O UNJOEV. ZLVETMG, Y10, APKETA UIKPO t, 1| OAN TOPACTAGT YIVETAL LKPOTEPT
TOV 5. ZUVOMKE ETOUEVMG

uz,t) — p(z)] <e,

vio apKeTO pikpd t, To omoio amodeikvoel Tnv (3.39). O
Me Bbon 1o Oedpnua 3.3 dtamictdOvovpre 6Tt 1 AOOT © TOL TPOPRANHATOG
(3.15), n omoia tkavomotel TV (3.19), eivar Yo @poayuévn apyikn TIUN Anelpeg
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QOPEG CLVEY MG TOPUYOYICIUN, OKOUN KOl AV 1 ¢ €lval HOVO GUVEYNS Kal Oyl
TOPOYOYICIUN. X€ aLTO TO GNUELO LTAPYEL L0, OVCLOONG dLOPOPE HETAED TNG
eE10MOEMS TNG BEPUOTNTAC KOL TNG KVHATIKNG €E100DCEWMS, OTMOG PAETEL KOVELg
apéocmg ypnotponotovtog t (2.11).

Onwg dramiotdvel Kaveig apéomg and T (3.34), (3.35), 6tav petafariovpe
TNV OPYLIKN TIUN @ GE KATOL0 TEPLOY N, ALTO EMNPEALEL TIG TILEG TG ADCEMG U,
yio. ortotodnmote t > 0, 6e Ao ta z € R. I't’ avtd cuvnbog Aépe 6T N Beppotnta
draoidetor pe “aneipn” taydtnTa. Avto givol TPoPavAs Eva UGk Tapdooto, N
OepuotnTa ot QUG dev dradidetal pe anelpmn tayvINTa. OpIGpEveS OU®S PLOT-
KEC TapadoyEC, TOL yivovTal yio va odnynbodue otnyv eficmon tng Oeppdtntac,
EYOLV OC ATOTEAECUO, VO 1GYVEL Y10 TN AVo™M TG e§lomoemg avTd TO TaPAdo-
£o. Tovilovpe maviwg 011 N e§icwon g Bepuotnrtog, mapd to yeyovog avto,
TEPLYPAPEL KOTO TaL AAAC TN 010006M TNG OeppodTNTOC LE HEYAAN okpifeta.

3.3 H &Eiocmon g Ocppotntog oty nuicvdeio

Ocwpolpe 10 €N TPOPANUA APYIKAOV KOl GLVOPLAKDOV cLVOINKOV Yo TV &&i-
cmomn TG OeppdTnTOg otV Nuievdeia:

(3.430) vy = kvgs, x>0,t>0,
(3.43i1) v(x,0) =p(z), x>0,
(3.43ii1) v(0,t) =0, t>0,

21006 HoG TOPO £lval va TPoodlopiGovLE o OpoAn, cuvey 1 oto [0, 00) X [0, 00),
AVo™M Tov TpoPAnpatog (3.43) tétola doTe

3.44 v(z,t §Me°“2, x>0,t>0,
(

vio kamoleg otabepéc M Kal a, vroBEToVTac OTL M APYLIKT TIUN  €lval GLVEYNC
Kot epayuévn covéptnon. Eivoal modd evkoAdo vo domiestdcovpue 6Tl avoyKaio
ocuvOnKn cupPBatdédtntac Yo v Omapén pog AOCEMS, OTWG TNV TEPLYPAYAUE
avatépm, gival p(0) = 0. YroBétovpe Aowmdv 611 ¢(0) = 0. Tote n ¢ pnopel
va emektafel cuveydg GTOV APVNTIKO NUAEOVO MG TEPLTTY GLVAPTNON,

o (l’) _ {@(I)a x>0,
" —p(—z), =<0.
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H ¢rep. elvar mpogavog epaypévn. Osmpodpe Tdpa T0 TPOPANHO 0P KOV TLUOV

Uy = kg, reR, t>0,
(3.45)

w(z,0) = @rep. (), x €R.
H Adon u tov mpofAnpartog (3.45) yia tnv onoia woyvet n (3.19) eivar Aoyw ¢
HOVASIKOTNTAG TEPLTTT GLVAPTNOT TOL x, Kol dlveTal, cOpP®ve pe v (3.34),
S

(3.46) wwt) = [ Ste-n. 00wy 10

Emedn n u eivor meprttn, woydet u(0,t) = 0, kot e0KOAX SOTIGTOVOLHE OTL M
povadikn Avon v tov (3.43), yia tnv omoia 1oy el N (3.44), eival 0 TEPLOPIGUOG
NG U Y10 U1 apVNTIKE ,

(3.47) v(z,t) =u(x,t), x>0,t>0.

Topa

ulz,t) = / " Sz — g, )ply) dy — | st -ye iy

/0 1S — 1) — S(a 4+ . D)]e() dy,

GUVETMG

1 o (z—y)? (e+2)>
3.48 v(z,t) = / e Akt —e Kkt dy.
(3.48) (z,1) T ) [ Je(y) dy

3.4 To npoPfinpa apyik@Vv Kol GLVOPLEKOV cLVOINKOV
o€ £Eva QPAYREVO OLAGTI O,

Ocwpolpe T0 aKkOA0LOO TPOPANLUA APYIKADOV KOl GLVOPLEK®OV CLVONKOV Y10, TNV
eElomon ¢ Oepuotntag o Eva Ppayrévo ddaTnpa, AdYou xapn 6To SAGTN O
[0, 4]:

(3.49:) vy = kUgg, 0<z</{ t>0,

(3.49ii) v(z,0) = p(z), 0<z<U{,

(3.49ii1) v(0,t) =v(l,t) =0, t>0.
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Avaykaieg ouvOnkeg cupPatdtTnTog Yoo va €xel To TpoOPAnua (3.49) o opoAn
AOom, cvveyn oto [0, 4] x [0, 00), elval, OTMG SLAMIGTOVOLLE AUECOG,

(3.50) (0) = p(0) = 0.

H povadikotnto tng Abcemg tov (3.49) anedeiydn oty mapaypago 3.1. 'Evag
TPOTOG, Oy 1010iTEPA EVY PNOTOGC, Y10, VO TOPUCTHCOVUE T AOGN TOL TPOPANHa-
106 (3.49) eivat o axorovbog: Enekteivovpe ) cuvéptnon ¢ nepittd oto [—£, 0],
KOl €V cuveyela EMEKTEIVOLUE TN VEN GLVAPTNGCT TEPLOJIKG Le TEPLodo 2/ o¢
oLo 1o R. Opilovpe dNAad™ TNV TEPLOOIKT, HE TEPLOOO 2/, GUVAPTNGT Yerer. OLO
{ (@), 0<z <,

enex. \T) =
oo (2) —p(—x), —l<x<O,

@snak.(x + 26) = @sngx.(l‘) Vo € R.
Av M ¢ givar cuveyng oto [0, 4], tote, AoY® ™G (3.50), KOl N Perex. ELVAL GUVEYNG
ot0 R. Eniong N @erer. €1VAL TOTE, ®G GLVEYNC KOL TEPLOOIKT, PPAYUEVT. Ogw-
POVLE TOPA TO TPOPANUA APYLIKDV TIUDV
(3.514) Uy = kg, reR, t>0,
(3.5141) w(z,0) = Qepex. (), x €R,
Kot TN AOom oL u, Tov tkavorotlel v (3.19). Eivatl edxoro va d1omieTtdcovpe 0Tt
N u €lval TEPLOSIKT] GLUVAPTNON TOL & HE TEPLOOO0 2/, E1VAL TEPLTTT KOl GUVETMOC
u(0,t) = 0, ko avaroya 6tL u(f, t) = 0. Zuvendg, o TePLoptopds s u 6to [0, £] X
[0, 00) elvar m Avon v tov mpoPfAnpatog (3.49). And v (3.34) 161e £metan 6Tl

(3.52) v(z,t) = / S(@ =y ) penex (y) dy, 0< 2 <L, ¢t>0.

3.5 H pn opoyevig e&iocmon tng Oeppotnrog

‘Eoto [ : R x [0,00) - Rkat ¢ : R — R dedopéveg oparés cuvaptnoels.
Ocwpolpe TOTE TO €ENG TPOPANUA APYIKOV TILAOV Y10 10 U1 opoyevn eEicwon
g Oeppodttog: Znteitor pio opodn Abon u: R x [0,00) — R 100 TpoPAniuatog
(3.531) u = kuge + f(z,t), z€R, t>0,

(3.53ii) u(z,0) = ¢(x), zr € R,
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yio v ool oy vet 1 (3.19), yia kbmowa M, a. H povadikdtnto tng AVGEMS TOL
npoPAinuatog (3.53), mov ikavorotei tnv (3.19), Emetot apécmg amnd T LovadIKO-
™NTO TNG AOGEMG TOL AVTIOTOLY OV TPOPANUATOC Yo TNV OpoyeV eElomon NG
Oepuotnrag, 0tav n Avon tkavorotel v (3.19). Apéowg dS1anIoTOVOLHE OTL TO
dBpotopa twv Avcemv tov TpoPfAnudtov (3.15) kot

(3.544) up = kug, + f(x,t), xR, t>0,
(3.5411) u(z,0) =0, r € R,

armotelel Abom Tov TpoPAnpatog (3.53). Apkel cuvendg va ADGOLUE TO TPOPAN-
po (3.54). 'Ecte 6t n f(-, t) eival gpaypévn, yuo kabe t € [0, 0o).

Kat’ avaroyiav mpog ) (2.28) yia tnv kvpoatikny e&iocmon, Oa anodeiovpe
0T M Abon tov TpofAnuatog (3.54) yia tnv omoia 1oy vel N (3.19) divetar oa

t o]
(3.55) u(z,t) = / / S(x—y,t —s)f(y,s)dyds.
0 —00
Yopeovo pe to Osopnua 3.3 (BA. Tnv (3.34)), T0 OLOKAN PO

/ T S(e -yt — 5)f(y,s) dy

e e}

elval  Tiun oto onpeio (x,t) TNg AVGNG v TOL TPOPAUATOG UPYIKAOV TIHAV Y1
Vv opoyevn eEicwaon g Bepuotnrog

v = KUy, rEeR, t>s,
v(z,s) = f(z,s), x€R.

2& oLVOLOGCUO UE OVTO TO YEYOVOC, M (3.55) avagépetal o¢ apyn tov Duhamel.
Kot apydc, tpoeavadg, n u mov divetor and tnv (3.55) ikavonoiel tnv (3.5447).
Iopaywyilovtac v (3.55) o¢ mpog t, AapBdvovtag v’ dyiv o Afupo 3.1

KOl EKTIUNGCELG TOL £Yvayv oTnVv anodelén tov Oempnuotog 3.3, kabmg kot To

veyovdg 0t to t = 0 elvatl 1d1afov onpeio g S, daTIGTOVOLUE EDKOAM OTL

o0

u(z,t) = // Si(z —y,t —s)f(y,s )dyds+hntl S(x—y,t —s)f(y,s)dy.

—00

Topan S n?m poi TNV opoyevn eEiocmon tng BepUOTNTAC, CLVETMG
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U

(3.56) ur(z,t) = kg (x,t) + lim Sz —y,e)f(y,t —e)dy.

el0 S
Me evteA®d¢ avdloyo tpomo exkeivov ¢ anddetEng g (3.39), Oo anodeifovue
o711 GLVEYELD OTL 0 dEVTEPOG OPOg 6To de&10 PHEAOG NG (3.56) 1oobtan pe f(x,t).
Topa,
| se—vase-ad -

[e.e]

:/msm_%@U@J—@—fmwwy

_(a-y)?
2\/% Ahe (y,t—é‘)—f(l‘,t)]dy
2\/_/ x—p\/_t—s) f(z,t)] dp.

‘Eoctw ¢; > 0. Tote vndpyet 6 > 0 1€1010 DoTE
|f(z,t) — fly,s)] <e1/2 v |s—t <6 xou |y — x| < 6.
Enopévag, yo e < 9,

‘2\/_/p|< _p4 fle—pVke,t —e) — f(x,t)]dp

<&
—22\/_

Eni ntiéov,

’2f/|p> e f(x— pVIet— &) — f(a )] dp

2
p
< sup |f(z,7)| e Tdp—0 yw e —0.
2 T 5
\/7 TE[tG—RE,t] ‘p|>‘/k_

Ao T1g 600 TPONYOOUEVEG EKTIUNGELS ETETAL OTL

o0

lim S(a:—y,e)f(y,t)dy:f(x,t),

el0 J_

omote ano v (3.56) dramiotd@vovpe 6TL 1 u Tov divetatl and Tnv (3.55) ikavomotel

Kot TNV (3.547).
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3.5.1 H pn opoyeviig eElcmwon tng Beppotnrog otnv nuicvdeio

Ocwpolpe 10 €ENG TPOPANUA OPYIKOV KAl GUVOPLUKDOV GLUVONK®OV Yo |10, 1N
opoyevn e&iocwon tng Beppdtntog otnv nuigvbeia: ‘Ecte ¢ : [0,00) — R ov-
veYXNGS, epaypnévn ovvaptnon, ¢(0) = 0 kot f : [0,00) x [0,00) — R ocvveyng
oLvapTNGT TETON MOTE, Yo KaBe t > 0, n f(-, 1) va gival gpaypévn cuvaptnon
NG TPOTNG TNG LETUPANTNAG. Znteital o opaAn, cuveyng oto [0, 00) x [0, 00),
AVGT TOL TPOPANHATOG

(3.571) v = kvge + f(z,t), x>0,t>0,
(3.57i1) v(z,0) = ¢(x), x>0,
(3.574i7) v(0,1) = 0, >0,

T£TOL0 OOTE
(3.58) lo(z,t)] < Me®™, x>0, t>0,
v karotleg otabepéc M kot a.
H povadikoétnto tng Acemg tov mpofanuatog (3.57) énetatl opécmc and ™

povadikotnTa TNG Aboemc Tov TpofAnuatog (3.43), mavta vo tn cuvOnkn (3.58).
Topa to dBpoiopa v Avcewv Tov TpoPfAnuatog (3.43) kat

(3.591) v = kvge + f(z,t), x>0,¢t>0,
(3.59i1) v(x,0) =0, x>0,
(3.59ii7) v(0,4) = 0, t>0,

etvatl Avom tov mpoPinuatoc (3.57). Apkel cuVETHE VO TPOGILOPIGOVUE [L0L TTOL-
pactocn T Avcemc Tov (3.59) yia tnv omoia 1oy vet 1 (3.58).
Enexteivoupe v f xotd meptttd TpOTO, VOEYOUEVAOS GLVEY DS, GTOV O.P-

vNTiKo nuagovo Tov z, opilovtag T cuvaPTNOT frep. Ol
f(z,t), x>0,t>0,
— f(=x,t), ©=<0,t>0.

fnsp.(xa t) - {

XPpNOIHOTOIOVTAC TIC HEYPL TOPA YVAGELS HOG Y10 TNV eElcwon tng Oeppdtntac,
dev givorl SUGKOAO Vo OLATIOTMOVOLHE OTL M| {NTOOUEVT] AVGT TOL TPOPANUATOC
(3.59) divetar oo

t 00
(3.60) v(x,t) = / / S(x —y,t —5) frep.(y,s)dyds, x,t>0.
0 —o0



90 3. H e€icwon tng Oepuodtntag

Avaloya epyalopedo Kat yio Tov TPOGOLOPIGUO TNEG AVGEMS TOL AVTIGTOLY OV
npoPAnuatog og Eva epayuévo ddotnua. Apyotepa opmg o Avcovpe avtd TO
TPOPANUa e GALOV TpOTO, cuykekpLUEVE otV TTapdypaeo 5.3 pe v TEXVIKN
TOL YOPIGUOL TOV HETAPANTAOV, KOl YU avtd dev velcepyopneda €0® oe Aento-
HEPELEC.

Aoknoelg
3.5 Anodeifte 0T1 TO TPOPAN U

up = ktgy, O<x<t, t>0,
u(z,0) = p(x), 0<z<Y,
ug(0,t) = ug(6,t) =0, t>0,

£Y€1 TO TOAD pia OHOAT AVOT.

[Yrooeién: Tloto mpodPANHa AOVEL N uy; Apyn LEYIGTOVL.]

3.6 Xpnowonotdvtog Tn EBodo tng evépyelag, arodei&te 6TL 1o TPOPANUA

U = ktgy, O<x<t, t>0,
u(z,0) = p(x), 0<z <Y,
u(0,t) =ugy(¢,t) =0, t>0,

€Y €1 TO TOAD pio opaAn AoT.

3.7 Anodei&te 6T1 M e&icmon
ur = a(x, t)ugy + b(z, t)uy + c(z, t)u
umopel va ypapel 10000VaLd GTN LOPOT
v = a(x, t)vgg + b(x, t)vy + [e(x, t) + v,

OToVL 7y TVY L0 oTadEPAL.

3.8 Ocwpodpe 10 TPOPAN A
up = a(z, t)ugy + b(x, t)ug + c(z,t)u, 0<z <l 0<t<T,

(3.61) u(z,0) = ¢(x), 0<z <Y,
uz (0, 1) = ug(£,1) = 0, 0<t<T,
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pe opoAéc CLVOPTNCELS a,b, ¢, @, TéToleg ®ote a(z,t) > a > 0. Anodei&te Ot1, av
c(z,t) < o < 0 pe v apketd pikpod, T0TE 1oYVEL

[uC- O <llell, 0<t<T,

omov || - || m L2—véppa oto Staoctnua [0, £].
3.9 Ocwpovpe to TpoPANa (3.61), dev vrobEéTovpe Op®S THpa OtL c(z,t) < v < 0.
Amodei&te 6TL vIAPYEL oTAOEPA ¥, OVEEAPTNTN TOL (v, TETOLN MOTE
lu( )| <ellell, 0<t<T
omov || - || m L2—véppa oto dtactnpa [0, £].
[Yrodeiln: Oéote v(x,t) := e Mu(x,t), pe katdAinio ~.]
3.10 'Ecto ¢ : R — R ocvveyng, meplodikn cuvaptnon pe mepiodo L. Anodei&te 6TL 1O

TPOPAN U
{ut:kum, rEeR, t>0,

u(z,0) = ¢(x), xR,
£y el okpPmg pio OpaAn, TEPLOSIKT MG TPOC &, AOGT, Kal OTL N TEPL0dHS TNG eivar L. [En-
HELOVOLE OTL UTOPEL VO LTLAPYOLY KOL U TEPLOdIKEG AVoELS, PA. Tig (3.16) xo (3.17).]
3.11 Gempovpue T0 TPOPAN L
up = kg + f(z,t), x>0,t>0,
u(z,0) = p(x), x>0,
u(0,t) = h(t), t>0.
No avay0eil avtd to TpdPANUE 6€ £va avTioTOL O UE OLOYEVH GLVOPLOKT CLVONKT.
3.12 Oewpovpe 10 €£NGC TPOPANHO APYIKDOV KO GLVOPLAKAOV GLVONKAOV yia TNV e€icmon
¢ Beppotntag otny nuievdeia:
v = kUgy, z>0,t>0,
v(z,0) = p(z), x>0,
v(0,¢) =0, t > 0.
No avaydel avtd 1o TpoPAnua e £va avTioTolyo TPOPANUA OPYIKOV TILOV Y10 TNV 1010
eEiowon.
3.13 Oempovpue T0 TPOPAN L
vy = kvge + f(x,t), x>0,t>0,
(3.62) v(z,0) = p(z), x>0,
vz(0,1) =0, t>0.
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Na avayfei avtd t0 TPOPAN UG o€ Eva AVTIGTOLYO TPOPANUL APYLIKAOV TIHDV.

3.14 Na avaybei to mpofinpa

wy = kwyy + g(x,t), = >0,t>0,
w(z,0) = p(z), x>0,
w,(0,t) = h(t), t>0,

o€ &va TPOPANUO TNG HopeNGS (3.62), dNAadn LE OLOYEVT GLVOPLOKN GCLVONKN.

3.15 (To TpoRANa yia TNV gicwan TnG BeppdTNTAG dev gival KAAWGS TeBeIEVO yia t<0.)
®Ocwpovpe TNV akorovbia tpofinudtav (pe k > 0)

(un)t = k(un)ze, 0<z<2mt<O0,

IN

up(z,0) = — sin(nz), 0 <z <2m,

n
un(0,t) = up(2m,t) =0, t<0.

, . —n2 ’ , , ’
Ot cuvaptnoelg uy(z,t) = % sin(nz) e glvar Mcelg tov TpoPrinuatoc. Anodeifte
OTL
1
max |up(z,0)]=— — 0, n — oo,
0<z<2m n
Kot

1 an
0£%§W|un(x,—l)| = e —00,m— 00

3.16 (H apxn Tou peyioTou dev IoxUEl yia TNV €€iCwan Tou KUPATOG.) Osmpovpe Guvop-
mmoeigp, v : R —- R

o) = {xQ(l—x)Q, 0<z<1,

0, S10pOPETIKA,
© 000 POPEG CLVEYMG TOPUYOYICIUTN KL TETOLN OOTE
px)=1, 0<z<1, 0<¢p)<1yaze][-1,0)U(1,2],
Kot p(x) = 0 Srapopetikd. Arodei&te 6TL 1 AOOM TOL TPOPANUATOG

Ut = Uz, reR, t>0,
u(z,0) = p(x), x€R,
ut(x,0) =9Y(t), = €R,
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AapPavet To PEYLGTO TG HOVO GTO oNpeio (%, %)

3.17 Ocwpovpe 10 eENG TPOPANUA APYIKOV KOl GLVOPLOKOV GUVONKOV Y10 TN U OMOYE-
vn e€icmon g OepuotnTag

ut:2um—|—f(:c,t), OSCCSf,tZOa
u(z,0) = p(x), 0<z<Y,
u(0,t) = k(t), t >0,

uzy(l,t) + au(l,t) = h(t), t>0,
omov a > 0. Xpnowpornoate t HEBodo g evépyetag yio va amodei&ete O6TL TO TPO-
PANua avtd £xel To TOAD pia opoin Abom.
3.18 @ewpovue 10 €ENG TPOPANUO OPYIKDV KOl GLUVOPLOKDY CLVOT KDV Y1 [0 U1 YPap-
pik” topaforikn e&icmwon

U = Ugy + fz,t,u), 0<az<L t>0,
u(z,0) = p(x), 0<z</,
w(0,t) = k(t), t>0,

u(l,t) = h(t), t>0,

omov f,p, k kol h dedopéveg OUaAEC GLVOPTNGELS. Xprolpononote 1 PEBodo g
EVEPYELAG YO VO, 0T0deIEeTE OTL TO TPOPANUA ALTO €Y EL TO TOAD Uic OHOAT ADGT, OTAV

N f woavomnotel pio anod Tig akdilovbec cuvOnkeg:

o H f eival cuvaptnon povo tng tpitng petaPintng kot eivor divovcsa oto R.

o H f eival ocuvéptnon pévo g tpitng petaPAntng, eival cuveyds tapoyoyioun Kat
N mapdymyog g eival opoldpopea @paypévn Tpog ta thve, f(s) < ¢, yia ke npay-
HOTIKO aplBuo s.

o T k@Oe x € [0,¢] kart > 0,m f(z,t,-) elvar eBivovsa cuvaptnon.

o T x@Oe x € [0,4] xov ¢t > 0, M f(z,t,-) elvol CLVEYDS TEPAYOYICIUN ®C TPOG TNV
TPITN HETAPANTN TNG KOL M TAPAYOYOS TNG MG TPOS TNV €V AOY® HETOPANTN €ivor
OLOLOLOPOO PPAYUEVT TPOG T TV, J5f(x,t,s) < ¢, yia kKGbe = € [0,4], t > 0, kot
KG00e TpaypoTiKd aplbuod s.

o H f wkavomotel tn povénievpny cuvOnkn tov Lipschitz mg mpog tnv tpitn petafinn,
OUOLOHOPPO. MG TPOC TLC OVO TPDTEG LETAPANTES, ONAadN

(f(a:,t, s1) — f(z,t, 52))(51 —59) < 51— s2)2 Vs1,s0 €R,

v kabe x € [0, 4] kot > 0, pe otabepd ¢ aveEapTNIN TOV T Kot t.
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IMoteg, Katd TN yvoun cag, and T aveaTEP® CLVONKEC YEVIKEDOVTAL EVKOAN Y10, GL-
vapticelg f @ [0,4] x [0,00) x RY — R? A ko1 akopa yEVIKOTEPA Y10, GUVOPTHGELS
f:[0,€] x [0,00) x H — H, 6nov (H, (-,-)) évag Evkheiderog ydpog, dnhadn mpay-
HOTIKOG YPOUUKOG Y DPOC LE EGOTEPLKO YIVOUEVO;

3.19°Ecto £ > 0 kot f : [0,4] x [0,00) x R — R pto. opoAn cuvaptnon, T€Tolo OcTe
(f(z,t,81) — f(2,t,52))(s1 — s2) < 10(s1 — 82)%, x €[0,4], t€[0,00), 51,82 € R.

Amodei&te povadikOTNTA OUAADY ADGEMY TOL TPOPANUATOS APYIKDY KOl GLVOPLOK®DV
TILOV

Ut = Uy — ug + f(x,t,u) oto [0,4] x [0,00),

u(-,0) = ¢ oto [0,4],

uz(0,-) = 2u(0,-) + h o710 [0, 00),

1
u(l,-) = —gux(ﬁ, )+ k oto [0, 00),
omov ¢ : [0,4] — Rkat h, k : [0,00) — R dedopéveg oparéc GLVOPTNOELS.

3.20 'Ecto u : [0, 1] x [0,00) — R pia opoAn cuvaptnomn, €100 OcTe

Up = Ugy + sin(xt)u, — ety oto [0, 1] x [0, c0),
u(0,-) =u(l,-) =0 oto [0,00),
U(-, 0) =@ G10 [07 1]7

omov ¢ : [0,1] = R, p(z) = 22(1 — ). Anodeitte 611

Vo e [0,1] Vt € [0,00) wu(z,t) <

e

[Yrodeién: BA. tnv vmodeién otnv Acknon 3.4a0.]
3.21 'Ecto u xal @ AVoglg Tov ENG TPOPANUATOV APy KOV KOl CLVOPLOK®OV GLUVONKOV

(U = uge + f(2,1), 0<2<l0<t<T,

u(z,0) = ¢(x), 0<z<Y,
u(0,t) = k(t), t >0,
u(l,t) = h(t), t >0,
KOt R

Up = Ugy + fx,t), 0<2x<l 0<t<T,
(x,0) = p(x), 0<z<Y,
a(0,t) = k(t), t>0,

L 4(L,t) = h(t), t>0,
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avtiotouya, 6mov T > 0 ko f, f, @, k Kot h dedopéveg oparég cuvaptnoetc. Av f(x,t) <

flz, )yl <z <, 0<t<T, anodeilte Ot u(z,t) < d(x,t)ywwd <z <, 0<t<T.

3.22°Eocto (,T > 0,xaru : [0,¢] x [0,T] — R, u = u(z,t), pia oparn cuvéptnon, tétota

wote
Up = Uy — tu oto [0,4] x [0,T7,
u(0,-) =u(¢,-) =0 oto [0,7],
u(-,0) =¢ oto [0, /],

omov ¢ : [0,4] — R e opalny cuvaptnon.
a) Amodei&te 611

<
Vo e (0,6 ¥ e 0.7 fu(@,t)| < max [¢(s)]

B) Amodei&te o611
Vi€ [0,T] lu(, )l < lell,

i91= ([ wpas)”

v) XpNoHonooTe KOTAAANAN oAloyn HETABANTAG YiO VO avaydyeTe To 600EV Tpo-
BAnue oto akoiovbo

orov || - || n voppa

Uy = 2054 oto [0,4] x [0,T7,
v(0,-) =v({,-) =0 o7o [0,T],
v(-,0) = cto [0, /).

8) Amodeifte 6TL

< o 1?/2 .
Ve € (0,0 Ve € 0,T] Jule,t)] < e max |o(s)

€) Amodeifte oOTL
v e [0,T] [lu(,t)]| < e 72|gl.

3.23
a) XPNOIUOTOLNGTE TNV OAALYN UETUPANTOV
E:=ax—-2t, n:=t, U((,n) :=u(x,t),
yio va yphyete TV e&icwoon

up + 2uy = kugy + f(x,t), x€R, t>0,
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GTN HOPPT
Edd f : R x [0,00) — R eivor pa opedn cvvéptnon kat k pio 0etikn otadepd.
B) Adote po topdotacn tg Aongu : R x [0,00) = R, u = u(x,t), Tov TpoPfANpatos
APYLIKAOV TILDOV
ug + 2uy = kugy + f(z,t), TR, t>0,
u(z,0) = ¢(x) z €R,
omov k Oetikn otobepd kar f: R x [0,00) = R, ¢ : R — R oparég cuvaptnoeic.

3.24 YnoBétovpe 611 10 TPOPANUO APYIKDOV KOl GUVOPLAKAOV TIUDV

U = gy, O<z<d, t>0,
u(z,0) = ¢(x), 0<z<Y,
u(0,t) = u(l,t) =0, t>0,

Exel o 0pkeTd opoAn Abom oto [0,4] x [0,00). Oewpodue 115 GuvopTRoE m, M :
[0,00) = R,

m(t) = Orélgggu(:c, t), M(t):= Orélgggu(:c, t).

Amodei&te 6TL  m eival avEovoo kot M ebivovoa.
[Yrodeiln: 'Eotw 0 < t1 < to. BeParmbeite 611 n u AapPavel 1600 10 HEYLOTO TNG OGO

KOl TO €AGY16TO TG 6T0 0pboydvio [0, £] X [t1, ta] kot oty mhevpd {(x,t1) : 0 < x < £}.]



4. Xroyyela Osowpilog ocrpd@v tov Fourier

To kepdAoro avtd eivar BondnTtikd, dev avaeépetot apeca otn Bewpia TV dia-
QOPIKOV eEloMOEMV Le PEPIKEG Topaydyovs. Edd Ba yvmpicovpus opiopéva
otoyeia and ™ Bewpio TV celpav tov Fourier, Ta onolo ota endpeva KePh-
Aot B0 pog eltval A pNoIUe 6T HEAETT TPOPANUATOV OPYIKDV KUl GLUVOPLUKOV
ocuvONKOV Yo TNV Kopatikn e§icmon kot v e§icwon g Oeppdtntac, Kadmg
eMioNG Kal ylo TpoBANHATO GLVOPLOK®OV cLVON KOV Yo TNV e&lcwaomn Tov Laplace.

4.1 TIlpokatopktikd

‘Ecto (H (o -)) EVOG TPOYHOTIKOS YPOUUUIKOG Y DPOG HE ETWTEPIKO YIVOUEVO, OT|-
radn évag EvkAeidelog ydpog. Xe Evav TETOL0 YMPO LOYVEL N AVIGOTHTO TWV
Cauchy—Schwarz

(4.1) Veye H o |(z,y)] < Vi(w2) V(y,y) .

H (4.1) eivar mpopaving ywo y = 0. Av y # 0, tote Bempobue T cvvéptnon
0 : R =R, p(A) = (2 — Ay, x — Ay). lIpopavag ¢(A) > 0, yia k60e Tpaypatikod
aptBuo A, kat o(A) = (y,y)A? — 2(z, y)\ + (z,z). AQov T0 TPLOVLHO © deV aA-
AGCel TPOGN O, CLUTEPAIVOLIE OUEGHOC OTL 1) OLaKPivOLGA Tov glval pun OeTikn,
GULVETMG

A[(2,9)* = (2,2)(y,y)] <0,

KOl amo avtn T oy éon Enetal apécmc M (4.1).

Me ) BonBeta ¢ avicotntog twv Cauchy—Schwarz dtamictdvoupe evkora

1/2

ottn angwodvion || - || - H — R, ||z]| := (z,z)"/?, anotehel vopua ctov H- hépe

OTL ALt M VOpUO Tapdyetal 0nd To EGOTEPLKO YIvopevo. loyvpilopacte dniadn

97
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ot

(N1) Vee H |z|| =0, eavkotpdvo eavz =0,
(N2) VAXeR Ve e H |Az| =M |z,

(N3) Ve,ye H oz +yll < [zl + [lyll.

O1 (N1) xat (N2) érovtot apéows and ToV OpIGHO Kal TIC 1O01OTNTEG TOL ECMTEPL-
KoV yivopévov. ‘Ocov agopd t (N3), ypnoponoidvtac tnv (4.1) Exovue

lz +yllI* = (= +y, 2 +y) = 2]* + 2(z,y) + |yl

2
< lllI* + 20zl lyll + lyl* = (=l + llyl)",

amd v onoia émetal apéowg o anotéiecpa. H (N3) xkaieitat, yio euvontoug
AOYOLG, TpryVIKY aviaoThTa, PA. Zyqua 4.1.

oY

X

ynpa4.1: Zynpotikn e€nynon g Tptyovikng avicotntag: To pnkog ||z+y||
NG prag TAevpdg givat 1o ToAD 660 kat to Gfpotopa ||z|| + ||y|| TV unkdv tov
300 GAL®OV TAELPOV TOL TPLYMDVOL.

Avyw z,y € H woyvet (z,y) = 0, 1ote Aépe 611 T0. 7 Kot y givat opboydvia, )
rdfeta petagd Tovg, Kal ypaeovpe cvpPoiikd xly . Onwg katr otnv Evkieideia
Isopetpia, woyvel kot €dm 1o [TuBaydpelo Oedpnua, N €VKOAN ATOOEEN TOL
OTO10V GPNVETOL GTOV AVOYVAGTN.

Afppa 4.1 (MuBayopeio Oewpnua.) Av z,y € H xai (z,y) = 0, tdte
(4.2) 2+ ylI* = [lz]* + [lyl1*. O

Eniong yia vOppeg mov mopayoviol and €GOTEPLKO YIVOUEVO 1GYDEL, OTMG
SOMIGTOVEL KOVELS AUECWS, M IGOTHTA TOV TLAPALANAOYPALLULOD.



4.1. IlpoxkatapktiKd 99

Aqupa 4.2 (loétnta Tou TTapalAnAoypdupou.) Eotw (H , (s )) EVag ympog UE G-
TEPIKO YIVOuEVo, Kal || - || n mapayduevn ané to eawtepikd yivouevo vopua. Tote 1oyier

(4.3) VeyeH oty + e —yl* = 2ll=l* + 2]yl

Inpeioon. Kabe voppa mov mapdyetal and Eva ecmTEPIKO YIVOUEVO LKOVOTOLEL,
OT®G eldaUE, TNV 16OTNTA TOL TAPAAANAOYPapOL. AVTIGTPOQPQ, UTOPEL VO ATTO-
deryBel 0TL kaBe VOpUO M OTOl0 1KAVOTOLEL TNV 1GOTNTA TOL TAPAAANAOY POV
ToPAYETOL Od EVa ECOTEPLKO YIVOUEVO, GUYKEKPIUEVA ATO TO ECMOTEPLKO YIVO-
pevo mov opiletatl and tov TONo

1
(4.4) VoyeX o (ay)i=glllz+yl” = e —yl?].

Aivovpe tdpa Evav xapaktnplopnd féitiatwy npoaeyyigewy (Ph. Opiopnd 4.1).
Me 1 Bonbeto avtod ToL YapakTNPlopov Ba amodeiEovpe GTN GLVEYELN, Yo
TNV TEPITTOGT Tov Tpooeyyilovue and VIO OPOLE TETEPUCUEVNC OLAGTUONC,
vrapén Kot povadikotnta, Kat o ddcovpe eniong Evav TPOTO LTOAOYIGHOV TNG
BEATIOTNG TPOGEYYIGNG.

Opwopoc 4.1 (BéAtiotn mrpocéyyion.) 'Ecto (H (4 -)) EVaC YPOUUIKOG Y DPOG UE
£0OTEPLKS YIVOUEVO KOl || - || M mapayopevn voppa. ‘Eotm H évag vmdympog Tov
H,xatz € H.'Eva ototyeio y € H (av vmapyet), yio 10 onoio 1oy vet

VzeH |lz—y| <=,
Léyetat fédtiaty mpoaéyyion Tov & amd tov H.

ITpwv anodeifovpe Oapém, 6tav o LVIOYWPOC elval TETEPATUEVNC O1ACTACNG,
divovpe évav yopaxTnpiepo g BEATIGTNG TPOGEYYIONG.

Ocdpnpe 4.1 (Xapaktnpiouog BEATIoTwy mpooeyyioewv.) Eotw (H, (-,-)) évac -
poc e eowtepuicd yvépevo, H évac vréywpoc tov H, kar x € H. Eva otoryeio y € H

eivar PéAtioTy mpoaéyyion tov & and tov H, av kai uévo av 1oyver
4.5) Vue H (z,u)=(y,u)
N 1Goovvaua.

4.5") Yue H (z—y,u)=0.
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Anédeién. 'Eotm kat’ apydg 0tt toydet 1 (4.5). Tote yua z € H éyovpe ||z — y| <
|z — z||. paypott, apod y—z € H, M (4.5) diver (z—y, y—2) = 0, ond1e cOPQOVA
pe to IMTuBayodpero Bempnpa £xovpe

2
lo = 2I” = [|(@ —9) + (= 2" = llz = yI* + lly — 21” > [|l= — »]*.

[Mapatnprote v avoroyio avtng TG anodeténg pe v anddegn mg Ev-
kAeidetog N'empetpiag pe 1o [MubBaydpeto Bedpnua, 6Tt av and onueio x eEpov-
pe ™ zy k6feto o€ éva eninedo H kot z € H, 1618 10 ev0OYpApo THANA 22 deV
umopel va €xel ukpdtepo unkog and to zy (Zynuo 4.2).

\
\
\
\
\
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t
\

\

\
\

\

\

\

\

\

1 -
L —

H y

Yynpo 4.2: (4.5) = y eivar BEATIOTN TPOGEYYLIO.

Avtictpoga thpa, £0te y € H pwa Bértiot tpocéyyion tov x and tov H,
Kol £6TO 0Tl VTApYEL z € H 161010 BoTE (x —y,z) # 0 (ondte puoikd z # 0).
Topa yia tn cvvaptnon

p:R=R, @)= Hx— (y+/\z)||2,

EYOVLUE
e AN)=(r—y—Az,x—y— Az)
= [l2[]PA* = 2 (z —y, 2) A + |z — yl%,
onote ( )
. - r—Y,z _ o 2

dtomo, yati 1o y eival BELTIoTN TPocEyyion Tov x amd tov H. Enopévoc toyvet
(x —y,2z) =070 KGO 2z € H, dnhadn wavonoteitat n (4.5).
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\\\1
\

ﬁ[ -

Yyfpa 4.3: y eivar BEATIOT TpOoGEYYIon = (4.5).

Tsopetpikd avtd epunvedetarl ¢ €N Av 10  — y dgv gival kKGOeTO GTO 2,
t61e M K0OeTOC Ao 1O * TNV gvbeia y + Az, n omola eivat TapAAANAN TPOG TO
z, 0ev etvar n zy (PA. To ZyMua 4.3). O

Movaoucotnra tng fértiatns npoaéyyions: And 1o Ocsopnua 4.1 Enetal apécmg
N povadikdétnta e PéATIoTNC Tposéyyione. Ipdyuartt, éotw y,§ € H PértL-
061G TPpoceYyioelg tov x. Tote

Vue H (z—y,u)=0,
Vue H (x—7,u)=0,

GLVETAGC, OPALPOVTOC KOTA LEAT,
Vue H (y—g,u)=0.
®¢tovtag og autn T oxéon u = y — § Aapfavovpe ||y —g|| = 0, dnradny = 5.0

Yrapén e pélniatne npocéyyionc: Oa vrobécovpe edd Ot 0 VIOYWpPOg H,
amd tov omoio mpooeyyilovpe, eival memepacudvyc dtdotaong, dim H = n. Av
{z1,...,2,} elvor pa Baon Tov H, 16t 1 (4.5) tKavomoleital, Tpoeavos, av Kot
HOVO OV 1oy VEL

(4.6) (y,z;) = (z,2;), i=1,...,n.
Enewdn y € H xat {z1,...,2,} elvar Baomn tov H, 10 y pmopel vo napoctodei
KOTO LOVASIKO TPOTO GTN HOPPN Y = (g Ty + - + Q Ty UE Q4. .., 0 € R AVTL-

K0O1oTOVTAC TOPO AVTRV TNV Tapdotactn otny (4.6) Aappdvovpue 1o Aeyduevo
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aUGTHUA KAVOVIKQV EC1GMDTEDY

(x1,m1) a1 + (21, 22) ag + - + (1, Tp) vy = (T, 27) )

(22, 21) ag + (T, x2) g + -+ + (T2, ) vy = (, 22)

(4.7) . ,

(.Tn,ffl) 071 + (J;na x?) (&%) + tee + (J;na xn) Oy = (wan))

OMAOON €va n X n YPAUULKO GOUGTNUO Y10 TOVG 12 0Ly VADGTOVE vy, . . ., . b 2 = 0
EYOLUE TO AVTIGTOLYO OHOYEVEG GUGTNO, TO OTOL0 €Y EL MG LOVN AVCT TNV TE-
TPLUUEVT], APOV M LOVT PéATIOTH TTPoTEYyian TOL PNOEVIKOD S0 VOGHATOS ATd TOV
H givat 1o undevikd dievuopa. Zuvendg To oOotnpa (4.7) AMOVETAL HOVOGTHaVTa,
KOl 0VTO amodelkvieL 0Tt Yo k0e © € H vrdpyetl akpipog pia BEATIOTN TPOCEY-
Y1OM ¥ TOL Z 07O £VAV TETEPAGSHEVNC dLAGTUOTC VTOY PO H Tov H. TONQoV, e
™y (4.5)  Pértiom mpocéyyion y € H evog otoyeiov 2 € H gival To povadi-
k6 ototyeio tov H pe tnv dotta (z — y, 2) = 0 yio k4O z € H, y’ avtd Kat
Léyetat opfoyivia Tpofols Tov x 6ToV VTOYWPO H.

O mivaxac Tov cueTpotog (4.7)

Glar,ooywn) = ((@02)), oy

elval yvoot6g o¢ nivaxag tov Gram Yo T0, GTOVYELD T, ..., Ty, N O OVIICTOLYN
opilovoa
det G(xq, ..., xp)

Aéyetar opilovoa tov Gram. Av To S10VOGUATO X1, . .., T, EIVOL YPOUUUIKOS OVE-
Eaptnta, 1o1€ 0 Mivakac tov Gram gival Aowmov aviieTpéyipos. Evkoia pdit-
070, OLOMIGTMVEL KOVELG OTL 0 TIVOKOG 0VTOG elval ETIONG CUUPETPLKOG Kot OeTIKA
oplopévog, PA. tnv Acknon 4.2.

To cbotnua TOV KavoviK®OV €E1IGHGEMYV ATAOTOLEITOL GTO UEYLGTO dvVATO
Babuo, 6tav n Baon eivar opbouovadiaia (oporxavovikn), yiati TdTE 0 TIVAKAG TOV
Gram yivetal povadiaiog. Ouvpilovpe 6Tt €va cvatnua {ej,...,e,} oTolyEl®V
tov H Aéyetal opbopovadiaio, av

1 w =]
(€i76j):5ij = Y J s i,jzl,...,n.
0 7ywi#j
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Av 10 opBopovadiaio cbotnpa {ey, ..., e,} eivar faon Tov H, 161e avtd Aéyetat
opbopovadiaia Paon tov H. Eexivdvrag and pa faon tov H propodpe vo Ko-
Tackevdoovpe po opbopovadiaia Pdon tov pe pla dadikacia, 1 onoio €ivat
YVoot ©¢ oplokavovikonoinan katd Gram—Schmidt, Bh. tnv Acknon 4.4.

‘Eoto {e1,...,e,} wmo opbopovadiaio faon Tov vroymdpov H, amd Tov onoio
npooeyyilovpe. ToHTE amd 10 GUGTNUHO TOV KAVOVIKOV eElo®oewv (4.7) Emetal
apéc®s OTL oy = (, €;), Kot EMOUEVAOC M BEATIOTN TPOCEYYIoN ¥ € H gvbc otot-
xELOL x diveTal amd TN oy éon

(4.8) y=(z,e1)er+ -+ (z,e,) €n.

[Mapactéoelg Tov €idovg (4.8) Aéyovtal avantiyuata tov Fourier | opQoydvia ava-
ntoyuata. H mo yvootn nepintoon eival o1 geipés tov Fourier mepPLOdIK®OV G-
VOPTNOEMV, LE TIG 0TolEG B aoyoAnBobue GTNV EMOUEVT EVOTNTO.

Oa 600lE TOPA OPLOUEVES Y PNCIUES 101OTNTEG TNG PEATIOTNG TPOGEYYIONG.
Kot apydc, and v (4.5) énetar 6t (x —y, y) = 0, cuvendg katd to [Tubayodpeto

Oedpnuo

l2)* = Itz = v) + 9l = lyll* + [l — g%,
oniodn
(4.9) yll* = llzl* — flz — yl*.

Idwoitepa emopévmg
(4.10) [yl < [z,

ONAadN M VOPUA TNG TPOGEYYIGNC OEV UTOPEL VA E1VOL LEYOADTEPN ATO TN VOPL
TOL GTOlYELOL OV TpocEYYilEt.

2NV mePInTOoN Tov npoceyyilovpue and Evav YOPO TETEPAGUEVNG O100TA-
cems, N PEATIOT TpocEyyion ¥ divetal and v (4.8). Topa

n n

“yH2 = (yay) = (Z(mvei>€iaz<xvej)ej)

i=1 j=1

— Z (z,€;) (z,€;) (e, €;)

1,7=1

= Z(x, e;) (z,e;) b,

1,j=1
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oniodn

(4.11) Iyl =) (x,e:).

=1
Apeon ocvvéneta tov (4.10) kat (4.11) eival n avicotnto

n

(4.12) > (we) < laff?,

=1
1 omoia eivol YvowoTn ®G aviaotyta Tov Bessel.
Opropog 4.2 (MAApn opBopovadiaia cucTipata.) 'Eocto (H, (- )) EVaC YPOUUULKOG

YOPOG e ecwtePLKd yivopevo. ‘Eva opBopovadiaio cbotnpa {ey,es,...} C H
Méyeton whpes otov (H, | - |), av ioydet

(4.13) Vee H Ve >0 3n €N 3Jz, € span{ey,...,e,} ||z —z,| <e.

Av woyvel 1 (4.13) ywo kamoto x,, € span{ey, ..., e,}, tOte Ba Eyovpe puokd
Kot ||z —y,|| < g, 0mov y, N BEATIOTN TPOGEYYLIOT TOL = And TOV span{ey, ..., e, },
onAoon

n

Yp = Z(x, e;)e;.

=1
Yuvenmg, 0o éyovpe oe aLTAV TV TEPinTOoN ||z — yu|| — 0, n — oo, YEYOVOg
mov cvpPoriletat pe ¥y, — x, n — 00. Xpnoiponowwvrog topa tig (4.11) kat
(4.9), cuumepaivovpe 6TL GE ALTNV TNV TEPITTOGT LGYVEL

[e.9]

(4.14) D (we) =|z|*, zeH
=1
H (4.14) Aéyetan igétnta tov Parseval. EvkoAo S10mioTd®VOLEE OTL 1) 1GOTNTO, TOL
Parseval eivat po tkavn kot ovaykaio covOnkn yio vo gival Eva opbopovadiaio
GUCTNHA TANPEG GE EVAV Y DPO LE ECOTEPLKO YIVOUEVO.
YNUELDOVOLUE OTL 1| GELPA

[e.e]

Z(x, e;)?

=1
cuykAivel ywo ka0e x € H xat yio kd0e opBopovadiaio cOotnpa, Onmg paivetal
apéong anod v (4.12). H icotnta tov Parseval pog Aéet 6t1 avtn n oelpd divel
|z]|?, 6tav to choTNUO elvarl TARpES.
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4.2 Xepég tov Fourier

2vpPorilovpe pe Crep TOV XDOPO TOV GLVEXDV KOl TEPLOSIKOV, pe TEPiodo 2,
cvvaptnoewv. Eltcdyovpe otov Crep. 10 EG0TEPIKO YIVOUEVO (-, ) Sl

(¢, v) :/OWQO(@@/)(x) dx.

XpNo1Uomol®dvTac POcKES TPLYMVOUETPLKES TOVTOTNTES OLATLGTMVOLIE TOAD EV-
KOAQ OTL TO GUGTNO GUVAPTNGEDV (€4)nen,,

1 1 1
eo(z) = Nirs eom—1(x) ;= —= sin(mz), egy(x) := —= cos(mz), m €N,

NZS NZS
eivar opbopovadiaio 61ov (Crep. (-, ). ZupPoliCovpe pe |- || tnv napayopevn and
70 (+,-) voppa 6ToV Crep -

‘Ecto f € Crep.. H BéLT10TN TPOGEYYION S, f NG f b TOV Y OpO span(eg, €1,
..., €y OlveTal, cOpQvo pe v (4.8), dwa

2n
(4.15) Suf = e,
m=0
OToL
2w
4.16 m = m(x)dz.
(4.16) a /0 f(z)en(z)dx

Yoppova pe tnv avicdtnto tov Bessel £xovpe

2n
(4.17) > az <l
m=0

H S, f xoieitor n—a1o pepkd dBpowopa s aeipds Fourier tng f. ITohd edxola
domieTOvVovuEe OTL M S, f YPAPETAL KOL GTT LOPPN

(4.18) (Spf)(z) = % + mZ: [anm cos(mz) + by, sin(ma)],
omov
1 27
Uy 7= — (x) cos(mzx)dx, m=0,1,...,
4.19) 0

7T
1 27

by, 1= —/ f(x)sin(mx)dx, m=1,2...,
T Jo
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ol avvtedeatég Fourier g f.

SNUEI®OTE OTL PE OLTOVE TOLG GLUPBOALoHOVG N (4.17) YphpeTal GTn HopPN|
(4.20) laQ—ki:(aQ +l)2)<l||f||2
. 2 0 — m m) — T .

ErnavolapBavoope o6t1 S, f eivar n BéEAtiot npocséyyion g f otn vopua
| - || amd ToV XOPO TV TPLYOVOUETPIKAOV TOAVOVOU®OV T, TOV YPOUUKOV GLV-
LACUOV TOV cuvapTNGE®Y 1, cos(mz), sin(max),m = 1,... n.

To gpdtnua T@pa €ival, Le TOLOV TPOTO GLUTEPLPEPETAL N S, f KOODG TO n
TELVEL GTO AMELPO. XE GLTN TN YEVIKOTNTO TO €A €lvat TOAD SVGKOAO Kal Amo-
TeAEL TO AVTIKEINEVO HEAETNG TNG APUHOVIKNG AvAAvong, oniadn tng Oewplog
Tov celpdv Fourier. Xtnv nepintmon g vopuag || - || 0pmg 1o epdtnpa propel
va anavtnBel modd ebkoAia, 6mmc Bo dovue apéowg Thpa.

Ou dtoTLTOGOLEE TPDOTA, YWPIC ATdIEIEN, TO YVOGTO 0nd TOV ATELPOGTIKO
Aoyiouo Bedpnuo tpooeyyicemc Tov Weierstrass y10 TEPLOOIKEG GLUVAPTNOELS.

OzoOpnpo 4.2 (Oewpnua Tpooeyyioewg Tou Weierstrass yia TreplodikéG GUVOPTATEIS.)

Eotow [ € Crep.. Tote, y1a kdbe € > 0, vrapyern € N kat f, € T, této1o wote

(4.21) max | f(z) — fu(z)] < e. O

zeR

Tapo yio k60e ¢ € Crep. 1OYVEL TPOYAVAG
(4.22) lell = v max|p(z)].

And v (4.22) kou to Oeopnua 4.2 Enetor 0T, Yo f € Crep. ka1 € > 0, vTAPYOLY
n € Nxat f,, € T, tét0100 DOTE

1f = full <,
ondte, Wwitepa, || f — Suf] <en
(4.23) Vf € Crp Ve>0 INEN YR >N |f—S.fl <&,
onAodn

(4.24) Vf € Crp If = Sufll =0, n— oo
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Me aAho Aoy to opBopovadiaio cOGTNUO (€,)nen, ELVOL TApES GTOV Y DPO
(C’ngp., (-, -)), N oelpd tov Fourier pog cvvaptioens f € Crep, SNA0dN M KO-
rovbia (S, f)nen, ovYKAVEL GTNV f TN Vvopua || - ||.

2tn ovvEyea Oa dodpe Ott, av pia cvvaptnon f € Crgp elvar cuveydg TOpOL-
yoyiown, 10te N (S, f)nen oLYKAIVEL Opo1OpOpRa otV f. [IpdTo dpmg oplopé-
veg Bondntikéc mapatnpnoets. ‘Eotm howndv f € Crep , cUVEXDS TOpOy@YICIUN.
YvpPoiilovpe HE apy, by, KO @), bl TOVG GLVTEAECTEG Fourier tov f kot f/, avti-

otorya. Tote aj = 0, ko

1 2m
a, = — f'(z) cos(mx) dx
T Jo

~ Z{fa) cosma)lzZ+ 2 [ po)sin(me) do

=mb,,, meN,

Kal, EVIEADG avéroya, bl = —ma,,, m € N. Zovoiikd Aotndv
1 / 1 /

(4.25) p =——0,,, bp=—a,, meN.
m m

INa o, 5 € Rxoarm € N, Osopodpe tdpa tn cvuvaptnen ¢, ¢(z) := [asin(mz) —
3 cos(mx)]?. Tote
o(x) = a?sin®(mx) + (2 cos?*(ma) — 2[a cos(mx)] [Bsin(maz)]
< o?sin®(max) + (2 cos?(mx) + o cos?*(max) + (7 sin?(mx)
=ao’+ 7,
OnAadn

(4.26) Ve € R |asin(mz) — [ cos(mz)| < \/a? + (2.

(AKOHO EVKOAOTEPO ATOOEIKVOETOL N AVTIOTOLYT EKTIUNGOT HE £VOV TapdyovTa
dv0 6710 0€&16 HEAOG.)
[Tpoympodue Tdpa TNV AnOIEIEN TOL ATOTEAECUOTOS TOL TPOUVAPE PALLE.

Ocopnpa 4.3 (Opoidpopen olykAion oeipwv Fourier.) Eotw [ € Cyrep. ovveyws ma-
paywyiayn. Tote n (S, f)nen ovyKAivel opotopoppa atyv f, onlaon

(4.27) Ve>0dINeNVn>N rggﬂi(]f(x)—(Snf)(xﬂ <e.
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Amooeién. Me Tovg GUUBOALGHOVE TOL E1COYAYAUE TPOTYOLUEV®GS, O amodeiov-
HE KaT™ apyag OTL 1| GELPA

- § VP

ovykAivet. Ipdaypatt, yio n € N, ypnoiponoidvrog v avicotnta tov Cauchy—
Schwarz €yovpe
~ 1 TN O 1/2
- )2 b2 < ( _) ( 1 \2 b2 )
;m\/(am)+(m) < mZImQ ;[(am)+(m)} )
omorte, kata v (4.20),
"1 Lo e 112
> V@< I )

m
m=1

Hoepd y  *_, # oLYKALveL, OTmG Yvmpilovpe, GUVETHOC Kol 1 GELPA TOL €EETA-

Covpe ouykAivet.
Topa, 6nwg eidape otnv (4.25), Exovue

|am, cos(max) + by, sin(mz)| = —la,, sin(max) — b, cos(mz)],
m

omote, cLUPMV He TNV (4.26),

(4.29) |, cos(mx) + by, sin(ma)| < %\/ (ah,)?+ (b,)2.

And v (4.29) xai T cVyKALo™ NG GELpdc (4.28) émetal Ot 1 oelpd Tov Fourier
me f,

o)

1
50+ mZ::l [am cos(mz) + by, sin(ma)]
GLYKALVEL OMOALTO KOl OpOlOpopea. ATouével Tdpa va arnodeifovpe 6Tl oLY-
KALVEL TPOC TO GGTO Oplo, dNAadn wpog TV f. 'Eotm 611 cuykiivel mpog pa
cuvvaptnon ¢. Tote pe Baon v (4.22) counepaivovpe 0Tt

lp = Sufll =0, n— oo,

OTOTE Y PNOIHOTOLOVTOG TNV (4.24) SamioTdVOoLpE OTL p = f. O

Ag dolpe TOPU TMOG £XOLV TA TPAYUOTO GTNV TEPITTMOSCT TOL 1) TEPLOOOC lval
p # 27. 'Boto Aowndv f : R — R po cuveyng, TePLodIKn GLUVAPTNOT HE TEPLOJO
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p. Tote n ouvaptnon g : R — R, g(z) := f(&x) elvar mpopavog meplodikn pe
neplodo 2. Eniong, apéowmg d1amioTdVOuUE OTL Loy VEL

(4.30) g(%ra:) = f(x) VreR.

Topa yra tovg cvvteheotéc Fourier tng g, pe tnv aAlayn petafintic y = £z,

£YOLUE
1/27r 2/1’ 2m 2m
ay = — g(x)cos(nx)dr = — g(—y) cos (—ny) dy,
- | gt@eosinyde = = [ g(ZTy) cos (Sony)
1 [ 2 (P 27 2m
bn:—/ g(x)sin(nx da::—/g—y sin (—ny) dy,
=) () sin(n) o ), (p ) (p )

GLVETMG, Kotd TNV (4.30),

an = 2 /pf(as) COS(Q—WTLJZ) dx,
P Jo p

(4.31) 5 v o

bn:]—) /0 f(zx) sm(?nx) dx.

I'vopilovtag ™ oepd Fourier tng g kot Aappdvovtag v’ dyiv néit tnv (4.30),
odnyovpeda otV eENg celpd tov Fourier yia v f

%ao + HZ:; [an CoS (%Tnx) + b, sin (%Tnx)]

[Tepi ovykhicemg K.AT. 1oybdovy 6G0, avaEEPONKAV TPOTNYOLUEVODS GTNV TEPT-
TTOOM p = 2.

AoKNoeg

4.1 Ecto (H, (-,-)) évag xdpog pe e60TEPIKS Yvopevo, kat || - || n tapayopevn and to
ECMOTEPLKO YLVOUEVO VOPLA.

a) Amodeifte 6TL vio x,y € H 1oybel

(%) lz +yl? = llzl® + lyl* + 2(z, y).

B) Xpnowonotdvtag Ty o), anodei&te ta Aqppata 4.1 ko 4.2.
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4.2 'Ecto (H, (-,-)) évag xdpog He E0OTEPLKO YLVOPEVO, KOL T1, ..., Ty € H YPUPHIKOG
aveaptnta drovocpota. Amodeite 6T1 0 mivakag tov Gram G yid 0 X1, .. ., Ty, TOL
omoiov ta otovyeia didovrar dwa Gy := (xj, x5), 1,5 = 1,...,n, elvar BeTikd oplopéEVOG.

4.3 'Ecto f € Crep.. Anodeite 611 n 6e1pd tov Fourier tng f dev nepiéyel nuitova, av n

f elvar dptia, kot dev mepL€y el cuvnuitova, av n f eivol TepiLTTn.

4.4 (Opbokavovikoroinon katd Gram—Schmidt.) Ectw (H, (-, -)) évag xdpog pe ecwte-

PLKO YIVOUEVO, KOl X1, ..., T, € H ypoppikog aveEaptnta dwavoopata. Opilovpe tote
T0, SLAVOCUOTO, €1, . . . , €, OVAOPOULKE d1al
/
61 =T
/
o (3727 61) /
€y =X2— €1
(€1, €1)
/ !/
el = g — (z3.€5) . (z3,€1) o
3 ! 2 ! 1
(€5, €5) (e1.€1)
/ /
o (l'nven—l) / (377“61) /
€y =Ty — < €] — " — - €.
(en—l? en—l) (617 61)
Opilovpe T@PA TO SLAVOCUOTO €1, . . . , €5 OLOL €; = ”61,_” ei=1,...,n.
K3
o) Amodei&te OtLta €l ..., €} elvatl ypoppukods aveEaptnta, kot odnynbeite 6to ov-
UTEpacpa 6T T0 €) opiletol KoA®dS.
B) Amodei&te otL T €l,. .., €l eivar avd dOo opBoydvia petadd Tv.
v) Amodei&te 6TLTA €1, . . . , €, ATOTELODY EVa 0pBopovadiaio cOGTN .

d) Amodeifte 0Tt z), — €], eivar 1 PEATIOTN TPOGEYYION TOV T, ATO TOV Y MDPO TOV TALPY-

YOOV TU Z1,...,Lk_1.

4.5 Eoto f € Crep., 000 Qopég cuveyms mapaywyiciun cvvaptnon. Anodeifte 611 M
((Snf)’) nEN? omov S, f T0 n—ao1d pepkd dbpoioua tng oeipdg Fourier tng f, cuykAivel
opotopopea otny f’.
4.6 Amodei&te OTL Yo o # 2k 1oy VEL
n : 2n+1
1 rsin (==
Z cos(mx) = 5 [M - 1]

)
Sin 5
m=1 2

[Yrodeiln:
Hparog tpomog: sin £ cos(mz) = 1 [sin (22tlg) —sin (%x)} .
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Agbtepog Tpoémog: cos(ma) = Re(e™?). ]
4.7 'Eoto r € R. Yroloyiote 10 GOpoiopa

n

Z r"™ cos(mx).

m=1

4.8 Eival yvooto 011 ta pepikd abpoicpata tng oeipdg tov Fourier piog cuvaptnong
f € C[0,27] (61 avaykaoTikd TepLodikng) cuykAivovy tpog v f otn vopua || - ||,

ol = ([ lewiPas) ",

[Mowa eivar  oepd Fourier tng cvvaptioeng f(x) = = — m,x € [0,27); Anodei&te 0T
and v 166t To Tov Parseval yi’ avtn 1 cuvaptnon Kal 1o Guykekpipuévo ophopova-

dlaio cvoTNpo EMETAL N GYEOT
2

> 1 7T
2w
n=1






5. Xoopiopog petafint@v yio tig EE16MOELS
NG OEpproTnNTog Kot Tov KOROTOG

Y€ autod TO KEQAANLO Oa Y PNOIUOTOIGOVUE TIG YVAOOELS HOG Y10 TIG OELPEG TOV
Fourier xat tnv teyViKn TOV ywpiouod twv uetaffAntay Y10, Vo Tpoco10piooLLE
TOPUOTAGELS TOV ADGEMV TOV TPORANUATOV APy KOV KOl CLVOPLOK®OV GLVONKOV
o€ £VO QPUYUEVO OLACTNUA Y10 TNV KVHATIKT €§icmon kot yia TNV e€iocmon g
Oeppotntac.

[Mpdta Oo peAeTnooLUE TNV TEPITTOGT GLVOPLAKOV cuvONnKdV Dirichlet, Ee-
YOPLGTA Yo TIC €E16DGELS TNG BEpUOTNTAG KOl TOL KOHATOG, KOl GTT GLVEYELN
TNV TEPITTOOT GLVOPLAKOV cuvONKdV Neumann yia tnv e£locmwon g Oeppudn-
tag (N mepintwon ¢ e£10MGE®S TOL KOUATOS AVTIHETOTILETAL AVAAOYA) KAOMC
KOL TNV TEPITTMOOT TNG U1 OHOYEVOLG £E10MGEMG TNG B prOTNTAG.

5.1 ZXvvopuokég ovvOnkeg Dirichlet

Onwg avaeépape NO1, Oa peretnoovpe EexmpLotd Ti¢ E16MGELG TNG OeppdTnTag
Kol TOL KOPATOC. Apyilovpe pe Tnv e&lomon g BepuotnTag.

5.1.1 H e€icwon g Oeppotmrog

Ocwpobde 10 TPOPANUA APYIKOV KOl CLVOPLAKAOV GLVONKOV Yo tnv e&iocwon
™G OeppdTNTOC GE £V PPAYUEVO OLACTN O

Uy = Ky, O<ax<l, t>0,
(5.1 u(0,t) =u(l,t) =0, t>0,
u(z,0) = p(x), 0<x<V/.

113
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®u tpooTadNGOoLE KOT APy S VO TPOGOLOPIGOVUE TOAAEC ADGELS TOL TPOPAN-
HaTOg

vy = kUgg, O<zx<{ t>0,
(5.2)

v(0,t) =v(l,t) =0, t>0,

TIG OTO1eG B0 Y PMNGILOTOIGOVIE EV CLVEYELD Y10, VO TPOGOLOPIGOLHE TN AboM
tov mpoPAnuatoc (5.1). Oa mpocnadncovue va Bpovue AOcGeELC v Tov (5.2) g
HopPONS

(5.3) v(z,t) = X(z)T(t),
YU a0TO KOl JUAGUE Y0 yawpioud Ty uetafintov. o o cuvaptnon v tng Hop-
oNg (5.3) n drapopikn e&icwon vy = kv, YpaeeTOL
X(2)T'(t) = kX" (2)T(t).
Awopovtog oo kX (z)T(t) AapPavoous

) X"(x)
KT(H) ~ X(x)

To apiotepd pé€Pog avTNS TG 1IodTNTOG Elval aveEapTnNTo TOL = Kol T 0e&16 elvat
aveEAPTNTO TOL t. ZOVETAG AUPOTEPA Elval avEEAPTNTO TOV = KoL ¢, ONAAOT €lval
otubepd. Oétovtag
() _ X"(z)
ET(t)  X(x)

= —)\ = otubepd

odnyovpeda otig cuvNBelg dLaPopPiKEG EE10MGELS

(5.4) T'(t) = =AkT(t), t>0,
(5.5) - X"(x)=XX(x), O<z</.

O1 Mboeig g (5.4) divovTal Tpoeavag oo
(5.6) T(t) = Ae ™ ¢ >0,

6mov A tuyaia otabepd. ['a va TAnpodvtal ot cuvoplokég cuvbnkeg v(0,1) =
v(,t) = 0 amd ™ cvvaptnon g popeng (5.3), dedopévov 6t n T dev undevi-
Cetat, mpémet kot apkel yia tig Aboeig X g (5.5) va woyver X(0) = X (¢) = 0.
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I'pagovpe Lotmdv avtd to TpdPANHa g eENe: Zntovvtotl A € R kat oparég, un
UNOEVIKEG GLUVAPTNGELG X TETOLN DOTE

{—X”:AX, 0<z</t,

C-D X(0) = X(¢) =0.

To npoPAnua (5.7) eivor éva mpofinua iotyucmv. Ta A yio Ta omoia LTEPYOLY UN
UNdeVviKEG AVGELS KaAoOVTal 010Tiuég, Ta avtiotorya X kaAlobvial 0i0avvapty-
oeig. Tlorhamiacialovtag T dapopikn e§icwon oty (5.7) ent X, oAoxAnpo-
vovtag 610 [0, £], OAOKAN pOVOVTOG KOTA HEPT) GTOV APLGTEPO OPO KOl Y PNCLUO-
TOLOVTOC TIC CLVOPLUKEC cLVONKES Aapfavovue

(5.8) /OE (X' (2)]* da = )\/Oé (X (2)]” da.

Amo v (5.8) ocvunepaivovpe apéomg 0Tt ot 110TIHEG Tov TpoPAnuatoc (5.7)
givor Oetikot apOpoi. Oétovpe Aowwov A = 32, pe 8 > 0, ot dapopikn eicmwon
otV (5.7) kot £xovpe X7 + B2X = 0. Ot Moeig authg tng eElodoeng eivat g
popong X (z) = Ccos(fx) + Dsin(fx), pe otabepég C kot D. T va ikavomotet
avtn M Abom T1g Guvoplukég cuvOnkeg mpémet va £xovpe X (0) = 0, dniadn C =
0, kabodg kot X(¢) = 0, dnradn Dsin(Gl) = 0. I'a va ntAnpovtar n debtepn
ocuvOnNkn ywo D # 0 npémer va £xovpe B¢ = nm, dnhadn 3 = “F. Zuvemag ot
OLOTIHEG A\, KOL 0vTioTOUYEG LOtocLVOPTNGELS X, n = 1,2, ..., TOL TPOPBANUATOC
(5.7) divovton dwa

n_w)z’ Xn(z) = sin@, n € N.

1 14

Amo 11¢ (5.3), (5.6) ka1 (5.9) AapPavovue éva drerpo tAnboc Abcewv v,

(5.9) An = (

(5.10) Up(2,t) = ATk gin ?, n €N,

oL TpoPAnuatog (5.2), 6mov A, tuvyoboeg oTabepEc.

Enotpépovpe topa oto mpofinua (5.1). T'a Adyovg cupfatotnrog Eyovpe
©(0) = p(¢) = 0. Ag dobpe kat’ 0pylc G€ TOLEG TEPITTAOCELG UTOPOVLLE, EVOE-
YOUEVMG, VO TEPOLIE TN AVGT Tov TpoPAnuatog (5.1) o¢ memepaauévo ypoppIKod
GLVOLAGHO TOV GUVAPTNCEMV vy, ..., vy, N € N, BA. v (5.10). IIpopavag, yia
omolgadnmote otabepéc a, € R, n u,

N

_(nmy2py . ML
u(z,t) = g ane (l)ktsmT,
n=1
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Kavomolel 160 TN JLeoplkn €§icmoN OGO Kal TIC GLVOPLUKES GLVONKEG TOL
npoPinuatog (5.1). H apyikn ocuvOnkn tkavomoleital, Tpoeavag, av Kal Hovo
av 1 ¢ glval g HopeNG

N
. nnxw
ola) = o sin 77

dNAadn av N ¢ elval £va TePITTO TPLYOVOUETPIKO TOALMOVLHO UE TEPiodo 27.
AvokepoAoldvovTag, 1 AVoT Tov TpoPfAnuatog (5.1) ypheetal mg TENEPUCUE-
VOG YPOUUKOG GUVOLAGHOG GuVaPTHCE®Y NG Hopens (5.10), av kat povo av n
apyIKN cLVONKN ¢ €ival TEPLTTO TPLYOVOUETPIKO TOALMVLUO UE TEPLOdO 2/ N
akpipéotepa o neplopiopds oo ddotnua [0, £] evog TETOLOV TPLYOVOUETPIKOD
TOALMOVOLOV.

21N YEVIKT TEPINTWOGT, EMEKTEIVOLIE TN © KATA TEPLTTO TPOTO GTO JAGTN O
[—¢,0) ka1 ev cuveyeia oe OAN TNV gvBeia TEPLOdIKA pE TEPL000 2. 'EGT® Yere.
N ovvaptnomn mov AapPdvovpe Kot avtdv Tov TpOTO. AV M ¢ glval cuveXdg
TOPAYOYICIUN, TOTE, OTMOC JLUTIGTOVOLUE EVKOAN, KUl M Ygrer. ELVOL GLVEYDC
ToPpOyOYioIUN. @e®povpe T 6e1pa Tov Fourier TG Yerec., M OTOLA E1VOL QLOIKA
GELPE MUTOVAOV, AQOD M Yerer. €LVOL TEPLTTN cLVAPTNGOT. YToBETovpe OTL M @
elval ovveymg tapaymyictun. Tote n oeipd tov Fourier TG @erex. OLYKALVEL
aTOALTO, KOl OLOLOPOPPO TPOG TN Pernex.

= T
5.11 ETEK. = bn I - ) Ra
(5.11) Cenex. () ; sin (gnx) T €
Omov
5 [t
(5.12) b, =~ [ ¢(x)sin (znx) dx,
¢ Jo 14

BA. v (4.31). Aoppavovtag v’ oyiv 11g (5.10) ko (5.11) woyvpldpeba 6T N
AVo”M u Tov TpoPAnpatog (5.1) divetal wg

(5.13) u(at) =3 bue CFH gin ? 0<a <l t>0,
n=1

omov b, o1 cuvteleotég Fourier TG weree. oL divovtatl and v (5.12). (TNa va
elval M u ATELPEG POPEC GLVEYMC TAPOYOYIoIUN Yo 0ETIKO ¢, apkel N cuvEYELn
™G . YroBéoape 0TL N ¢ €lvol cuveEX®G TOPAYOYICIUT, Y10 Vo eEaocpaiicov-
pe ocuvéyeto ™G u Yo t > 0.) ENUELOVOLUE KOT 0pyas OTL X PTNOIULOTOLDOVIAS TO
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yeyovog o1t e~ (T < 1 kar TNV OpOAOTNTO TNG Perer., HTOPOVHE EVKOAM Va
anodeifovpe 611 N oepd otV (5.13) GLYKAIVEL OHOLOLOPPA, CLVETMOG 1 % TOL
dtvetatl and v (5.13) eivar cuveyng. Topa eival Tpoavéc OTL N u IKOVOTOLET
T opoyeveig ouvoplakéc ouvOnkeg Dirichlet, kot pe ™ Bonbewa g (5.11) da-
nietovovpe e0koAa 0Tt u(z,0) = ¢(x), 0 < x < L. TEAOG Y PNOILOTOLOVTIOG TO

oo 2
n=1 bn

YeYovog OTL KaTd TNV avicdtnta Tov Bessel n oeipd D ovyKAivel, kabmg
KOl YVOOTEG 1010TNTEG TNG EKOETIKNG GLVAPTNCEWMS, SLOTLIGTOVOLUE OTL 1| U TOL
divetar amd v (5.13) eivor yro t > 0 drelpeg PopEéG GLVEYDS TTaPAYOYIGIUN
KoL OTL M Tapaydylon aviipetatifetal pe to cOpPoro tng GdOpotong, onodTE Y PN-
GLLOTOIMVTOG TO YEYOVOS OTL Ol v, 1KAVOTOlovV TNV e&icmon ¢ Bepudtntag
GULUTEPUIVOLHE OTL KAl Y10 TN U LOYVEL Uy = KUyy, 0 < x < £, > 0, INAadN N u
etvatr Ao tov mpofAnuatog (5.1).

[Tpopavacg, 6Ga avagépdnkay yio TNV TEPITTOGT TOL 1 APy LIKN cuvOnkn &i-
val Teplopiopds 6to dtdotnpa [0, 4] evog mepttTod TPLYOVOUETPIKOD TOAVMVY-
LoV HE TEPL0O0 2/ TPOKVTTOLY G £101KN TEPITTOGT Kol ATO TN YEVIKN HEAETN,
onAadn n celpd Fourier £yel 101 menepacuévou TAN00vE PN undevikovg cuvTe-

AECTEG.

5.1.2 H xvpoatiki) e€icmon

®ao acyoinbodue tOpa v cuvTopia e TO AVTIGTOLYO TPOPANUE Y10 TNV KLUATL-
k1 eElowon. Oewpovpe AOmOV T0 TPOPANUA APYIKAOV KOl GLVOPLUKAOV GLVON-
KOV Yo TNV KUpotikn e€lomon pe opoyeveic suvoplakég cuvinkeg Dirichlet oe
EVa QPaYUEVO d1OoTN !

;

U = gy, O<z</l t>0,
w(0,t) =u(l,t) =0, t>0,
(5.14) (0.9 (£:1)
u(z,0) = p(x), 0<zxz<VY,
| ue(w,0) = (), 0<z<d,

OTOL ¥ OVO POPEC GLVEY MG TAPAYMOYIGIUT GCLVAPTNOT, KAl P Uid POPE GLVEYMC
nopoyoyiocwun. IIdAil 0o tpocsrtadncovpe TPpMOTA VO TPOGOL0PICOLUE TOAAEG AD-
GELC TOL TPOPANUOTOC

(5.15)

Vit = Py, O<zx<il t>0,
v(0,t) =v(l,t) =0, t>0,
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™G HOPPNG

(5.16) v(x,t) = X(2)T'(t).

INa pua v g popenc (5.16) n drapopikn e&icwon cto (5.15) ypheetor
X(2)T"(t) = X" (2)T(t),

ondte Starpmdvrag dwa 2 X T Eyovpe

T”(t) B X”(l’) B B )
AT - X)) A = otobepaq,

GLVETMG Yo TNV T 001N yobueba otn dtapoplkn e&icmon
(5.17) T"(t) = =\ST(t), t>0,
vio o€ ™ X, av AdPovpe v’ OYv Hog Kot TIG GLVOPLUKEG GLVONKES, GTO TPOPAN-

po. 10TV (5.7). To tpdPAnua (5.7) to £xovpe Aboel O TOPA, YL A = N, =
(Z5)2, BA. v (5.9), ot Mdoeg g (5.17) elvar g popenig

nmct nmct
+ B, sin ,
14 /?

omov A, xat B, tuyovcec otabepéc.

(5.18) T,(t) = A, cos n €N,

Amo 11¢ (5.3), (5.9) kot (5.18) Aaupavovpue Eva dneipo TAn00¢ AbGe®V v,,,

nmct nmct nmwx
T + B, sin 72 ]sin%, n € N,

Tov TpoPAnuatog (5.15), 6mov A, kat B, Tuyovcec ctabepéc.

(5.19) Un(z,t) = [A, cos

Emiotpépovpe thpa oto mpofinua (5.14). I'a Ldyovg copufototntog Eovue
2(0) = (€)= ¥(0) = () = "(0) = ©(£) = 0.'Omes KuL i@ T £Eicwon TS
OeppuoTTag, 0g doVUE KOl €00 KAT 0PYAG COE TOLEC TEPINTAOGELS LTOPOVLLE, EVOE-
YOUEVMG, VA TAPOLE TN ADoM Tov TpoPAnuatoc (5.14) wg nerepaauévo GOpotcpa
GULVAPTNCEWV v1,...,Ux, N € N, ¢ popeng (5.19). Ipogoavag, yio omolecon-
note otabepés a,, b, € R, n u,

N
(5.20) u(z,t) = ; [a,, cos m;d + by, sin m;d} sin ? ,

wKavornotlel 16co T dlapoplkn e£icmomn OGO Kal TIC GLVOPLUKES GLVONKES TOL
npoPAnuatog (5.14). Amopévelr, cuven®G, va SOVUE KOTO TOGOV Kl GE TOLEG
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TEPIMTOCELS L0 u TNG HopPN ¢ (5.20) ikavormotel Kat Ti¢ apyikég cvuvOnkeg. Kat’
apyag £YOvUE

N
nmwx
5.21 = n SN —— .
(5.21) u(z,0) ; @y Sl —
Emniong
w(z, t) = i@[—a sinmmt +b cosmmt] sin 2%

t ) - ot f n f n f f )

onoTE
N o nmwx

(522) ut(x,O) :C; TbnSIDT

Baoeti tov (5.21) kot (5.22) 0dnyobueba 6to cuunépacua 6t1 1 A6 ToL TPOoPAN-
patog (5.14) eivor tng popeng (5.20), edv xat pdévov edv ot apytkég TIHES ¢ KAl ¥
elVOL TEPLTTO TPLYOVOUETPIKA TOAVMVLUA ILE TEPLOOO0 20. e ALTNHV TNV TEPITT®-
omn Bempovpe OTL 01 ¢ Kot 1 opilovTal, WG TPLYOVOUETPIKA TOAVMOVLUW, GE OLO
10 R. MdAiota, G€ LTV TNV TEPINTTOGT TA @, ELVOL, TPOPAVAOCS, Ol GUVTEAECTEC
Fourier tng . Ocov agpopd ta b, Tapatnpodue 0Tl 1 6xécn

nnx

N
¢(x) = CZ n%bn SiHT s
n=1

BA. v (5.22), divel

. N
/ zﬁ(s)ds:C—chncosnlg,
0 n=1

oniadn ta —b,,n =1,..., N, elvar ot cuvtereotég Fourier tng cuvaptnong V¥,

v) = [ uts)ds

dtarpepévol o c. XovnBiletar va ypagovpe v (5.20) otn popen

N

1
5200 ule ) = Y foncos " = Dasin ™ s 7

n=1

WOTE TO a, Kal b, va eival Topa ot cuvteleotég Fourier tov cuvaptioemy ¢ Kat
¥, avticTolyd.



120 5. Xoplopog petaPAntov yia tic eEloncelg Tng 0epuoTnTac Kol Tov KOUOTOG

21N YEVIKN TEPIMTMOT, ENEKTEIVOLUE TIG p KOl ¢ KOTO TEPLTTO TPOTO GTO
dtaotnuo (—¢,0) Kot ot cuvéyelo og OAN TNV TPOYHOTIKY gVOeia TEPLOSIKA PLE
nePl0do 20. ZopPoALOVUE UE Yerer. KO Yene. TIG CUVOPTHOELS TOL AAUPAVOLLE
KOT OLTOV TOV TPOTO. XPNGULOTOLDVTOG TO YEYOVOG OTL O ¢ Kal P glval VO
QPOPEC KOL PO QOPE GLUVEY DG TAPUYDOYIGIUES, AVTIGTOY O, GUUTEPOIVOLIE EVKO-
A0 OTL O Yere. KOL Ygrer. €1VAL 000 QOPEC KL Pic POPE GLVEYDS TAPAYDOYICIEG,
avtiotolyo. Enl TAEOV Ol Ygrer. KOL Yene. E1VOL TEPLTTEG GUVAPTNOELS. Opilovpe
TOPO TN GLVAPTNON

Yernex. / ¢8n£1< z € R.

[ToAV ebkoAa dromicTOvVoLUe OTL M Were. E1VAL APTLO GUVAPTNON. Eni wAéov,
Y PNOIUOTOIMVTOG TO YEYOVHGS OTL

a+2¢ l
emek. ds = EMEK. d :0;
[ (s = [ (o) s

OlOTIGTOVOLUE AUECMG OTL M Wene. €lvOLl TEPLOOIKT pe TTEPiOdO 2¢. Ocwpovue
Thpa T1¢ oelpéC Fourier TV GuVAPTNCEDV Yerer. KO Pgrey , OL OTOLEC PLOIKE £lvait
GELPEC NUITOVOV KoL GUVNULTOVOV, avticTolyd. Kotd to yvmoTtd o1 GELPEC aVTEG
cLYKALvouy opotdpopea. ‘Exovpe

> nww
5.23 TEK - n 1 >
(5.23) Poner () Z sin =

bo > nmwx
(5.24) Uere () = B + ; b,, cos 7

OOV a,, Kat b, ot suvteAecTéEC Fourier TOV pgnee. Kol Yergy , AVTIOTOLYA. ZOUQOVO
UE TO ATOTEAEGUOTO TOVL TPONYOLUEVOL KeQaiaiov N oelpd Fourier TG Ygrer.
GLYKALVEL OLOLOHOPPU TPOG TNV Yerer. KOL OLVETUL 10

(5.24) — Z by X gin @

AapBavovrtog vr’ dyiv tic (5.9), (5.18), (5.23) xat (5.24) woyvpilopeba 611, vd Ka-
TAAANAEG GUVONKEG OUAAOTNTAC TOV 0E00UEVMVY, ) AOom TOL TpoPANpatog (5.14)
dtvetot ¢

> nmct 1 . nmet\ . nrx
(5.25) u(z,t) = Z (an cos —— = an sin — ) sin ——,
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OToV a,, Kot b, Otmc ot1g (5.23) kat (5.24-24"), dnhadn ot cuvtereostég Fourier tov
GLVOPTNOEDV Pener. KUl Yerer , AVTIGTOLYO. 100 TN GLUVAPTNGN ¢ TOL diveTOL AT
v (5.25) éyovpe: IIpoeavac u(0,t) = u(¢,t) = 0, t > 0. Eni tAéov, cOpupova pe
mv (5.23),

Zansm@:go(x), 0< <Vt

Topa tapaywyilovtag tn cepd atnv (5.25) o¢ Tpog ¢ kot AapuBavovtac v’ oyiv
TNV OLOAOTNTA TOV Penex. KO Perer , PAETOLHE EDKOAN OTL M VEQ GELPA GLYKAIVEL
OUOLOHOPQa, Gpa M u ElVOL TAPAYOYICIUN ®G TPOG t Kal 1GYVEL

o0
nre . nmwet  nw nwet\ . nwT
w(z,t) = E — ——a, sin — —0b,, cos sin ,

14 14 4 14 14

n=1

ondte, chpeava pe v (5.24),
Z 7 nsin@ =¢(z), 0<z<UL.

‘Ocov agopd thpo ™ Sta(popucn eElowon, og vrobéoovpe TPog 10 TaPOV OTL Ol
debtepeg mapdymyol TG u mov divetal and v (5.25) happavovial topaymyi-
Covtag ™ oelpd 6po mpog 6po. Tote, YpNOIUOTOIOVTAS TO YEYOVOS OTL Ol v,
ov divovtat otV (5.19) tkavomolovv TV KvpaTikny e£icmon, SUMIGTOVOLUE
apécm OTL KOl M % IKOVOTOlElL TNV KLUATIKY €E10WGT. AV Ol Yeree. KO Yerer
elvaol TPELG POPEC GLVEY MG TAPAYWDYICIUES, TOTE Y PNOLULOTOLOVTOS TO OeDpn-
po 4.3 S10moTOVOLHE AUECMG OTL 01 de0TEPES TAPAYWYOL AGUPAVOVTAL TPAYUATL
d10 TAPAYOYIGEMG TN GELPAG OPO TTPOg Opo. ALTO TAVTIMG EMLTPETETAL KAl LTTO
acOevéotepeg ovvOnkeg, otig omoieg dev Ba avapepOodie €0® YLaTi amatTovV
AEMTOUEPEGTEPES YVAOGELG 0O TN Bewpia TV oelpdv Tov Fourier.

5.2 Xvuvoprokég ovvOnkec Neumann

Ocwpolpe 10 TPOPANUE OPYIKOV KOl GUVOPLAKDOV cuvONKOV Y100 Tnv eEicwon
™G OepuoTnNTOg € EVva PPAYUEVO OLAGTNUO LE OLOYEVELC GLUVOPLAKEG GLVONKEC
Neumann:

Uy = Ky, O<ax<{ t>0,
(5.26) uz(0,8) = u, (¢,t) =0, t>0,

u(z,0) = p(x), 0<zx<V/.
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®u epyacHovue OTMC KoL GTNV TEPIMTMOT OLOYEVDOV GLVOPLAK®OV GLVONK®V Diri-
chlet, ka1 Bo Tpoomadncove TPMOTU VO TPOGILOPIGOVUE TOAAEG ADGELS TOL TTPO-
PAMpaTOS

vy = kUgg, O<xz<{ t>0,
(5.27)

v(0,t) = v (£,t) =0, t>0,
™G HOPPNS
(5.28) v(x,t) = X(2)T'(t).

INa va tainpoi n v mov divetar and v (5.28) T dopopikn eEicwon 610 TPoO-
BAnua (5.27) mpémet va apkel vo 1oy vovV

(5.29) T'(t) = =\ET(1), t>0,
(5.30) —X"(x)=XX(x), O<z<{,

BA. 15 (5.4), (5.5). O1 AMboerg g (5.29) divovtal Tpopavmg dia.
(5.31) T(t) = Ae™ ¢ >0,

6mov A tuyovoa otabepd. o va tAnpodvtar ot cuvoplokég cuvOnkeg v, (0,t) =
vz (£,t) = 0 amd ™ cvvaptnomn e LopeNg (5.28) mpémet kat apkel yio T1g AOGELS
X g (5.30) va woyver X'(0) = X'(¢) = 0. I'papovpe Lotwdv avtd 10 TpdPinpo
®¢ TPOPANUA 1010TIHOV G €ENG: ZnTtobvTal A € R kot oparég, Un UndevViKES
cuvapTtnoelg X T€T0o10 OCTE

— X" = )\X, 0<z<d,
(5.32)

X'(0)=X'(¢) =0.
[ToAb evkora dramicT®VoLpe OTL O 1010TIHEG elval un apvntikol apbuoi. Ta
A = 0 ot Aoelg g dtapopikng e€lodcemg eival g popeng X(z) = C +
Dx, C;D € R, kot yia vo, TANpodVTal 01 cLVopPLakéEC cuvOnkeg mpénet D = 0.
Apa otnv dotipn A = 0 avtiotoryel 1 wWocvvaptnon Xo(x) = 1,

(5.33) =0, Xoz)=1, 0<az<Cl

o A > 0 0étovpe A = 32 ko yevikf Aoon g dropopikng eElodoeng ypaee-
tat ot popon X (z) = Ccos(Bz) + Dsin(Bx), C, D € R. Tote puowkd X'(z) =
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—CpBsin(fzx)+ Dj cos(fx). Zuvenmg X' (0) = DG, ondote n X' (0) = 0 cuvendyetot
D = 0. Enopévog X' (¢) = —CFsin(5¢). T'a vo mipovpe GUVETDS U1 TETPLUUEVES
Moeig npénel B0 = nw M B = °F, ondte X () = cos "“FF. Aoppavovtog v’ Oyy
kot TNV (5.33), &yovpe T1g €ENG 1O10TIHEG KO AVTIGTOLYEG 1OLOGLVAPTNCELS TOL
npoPAnpatog (5.32):

nw. 2 nmw

(5.34) Ap = (7) , Xp(z) = cos 7 n € Ny.

Amo 11¢ (5.28), (5.34) xat (5.31) Aappavovpe Eva dreipo TAN00¢ AOGE®V vy,

vp(z,t) = Ao~ Uk cog %, n € Ny,
Tov mTpoPAnuatog (5.27), 6mov A, tvyovceg otabepéc.

Eniotpépovpe topa oto mpofAnua (5.26). Yrobétovpe 6TL 1  elval cuveydC
nopayoyiciun oto [0, /]. I'a Adyoug cupatdtntog Exovpe ¢’'(0) = ¢'(¢) = 0. Ag
dovpe KAt 0Py OG GE TOLEG MTEPINTOCELS UTOPOVLE, EVOEYOUEVMC, VA TAPOLLE TN
Abom Tov mpoPAnpatog (5.26) wg menepacuévo ypappIkd cuVOLAGHS TOV GLVOP-
TACE®V 1y, ..., vy, N € Ny. IIpogavdg, yio otolecdnnote otabepés a, € R, n

u7
a al nmwx
0 _(nm)2
——+§ ane” T cos —=
2 14
n=1

Kavomolel 160 TN JLeoplkn €§icmon OGO Kal TIC GLVOPLUKES GLVONKES TOL
npoPAnuatog (5.26). H apyikn cuvOnkn 1Kavomoleital, Tpopavag, av Kol Hovo
av 1 @ glvol g HoPeNG

nwx
+ E ancos—,

ONAadn eivat Eva GPpTLo TPLYOVOUETPLKO TOAVOVLHO e TEPLOdO 2.

21N YEVIKT TEPITTOOT, EMEKTEIVOLUE TN ¢ KOTA GPpTLO TpOTO 670 (—4,0) Ko
ev ouveyela Kotd TEPLOOIKS TPOTO e TEPL0O0 20 og OAN TNV TPAYUATIKT vOEial,
KoL AOUBAVOVIE TN CLVAPTNGN Perer., N OO0, E1VAL APTLO KOL GUVEYMOC TAPALY -
viowun. H oeipd Fourier g @enec. GLYKAIVEL ATOALTO KOL OLOLOPO PP TPOG TN

9081'[8](. Y

(5.35) e + Z 1, COS @ reR,
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omov

nmTx
——dr, neN,

9 [t
a, = —/ () cos
t Jo
BA. v (4.31). Onwg ko1 otV mepintwon opoyevav cuvOnkadv Dirichlet, dtamt-
ot@vovpe 6TL N AN Tov TPoPANHaTog (5.26) diveTal ®g

(5:36) (o) =3+ ;ane*%%t cos =, 0T <L t>0,

o6mov ot cuvteheotég Fourier a,, divovtal and tnv (5.35).

Avaroyo odnyovuebo ot AVGT TOL TPOPANUATOS APYIKDOV KOl CLVOPLUKOV
ocuvONKOV pe opoyeveic ouvoplakég cuvOnkeg Neumann yio tTnv kvopotikn e&i-
ocwon.

5.3 Mn opoyeveig eElomoerg

®Ou TPoSTAONGOLE M VO Y PNOLUOTOINCOLUE TIG YVOOCELS Lo Yo 6elpéG Fouri-
er yio. vo. AOCOLUE TO TPOPANUA OPYIKOV KOl CLVOPLOK®OV GLVONK®OV e OpoyE-
velg ouvOnkeg Dirichlet yio ™ un opoyevn e§icmon g Bepuotntac. H Bewpia
mov Ba yvopicovps €3® KOl O1 TPONYOVUEVEG YVDOCELS HOG, HOG EMLTPETOLY [LE-
Té e0KoAN Vo TpaypuoteLOovLE Kal TO TPOPANUA Yo cuvoplakEG cuvOnkeg Neu-
mann, KaOmd¢ Kat yio TNV KLPATIkn e§icmon.

Ocwpolpe Lotmdv T0 TPOPANUO

up = kg, + f(x,t), 0<xz <l t>0,
(5.37) uw(0,t) = u(l,t) =0, t>0,
u(z,0) = p(x), 0<zx<V/
‘Exovtag nom peretnoet to mpdPinua (5.1), apkel va HeAETHCOLIE TOPA TO TPO-
PAnua
up = kug, + f(x,t), 0<xz <l t>0,
(5.38) u(0,t) =u(l,t) =0, t>0,
u(z,0) =0, 0<z<U/.

Enexteivoope v f(+, 1) Kotd meptttod (Kot evoeyOpEVOS 0GLVEYT) TPOTO GTO
dtaotnuo (—¢,0) Kot 6T GLVEYELD TEPLOJIKG Pe TEPL0d0 2¢ GTNV TPUYHATIKY
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evbeia. ZopuPorilovpe HE feree. TNV TPOKVTTOLGA GUVAPTNON. Avdioyd Guppo-
MCOVUE HUE Ugrec. TN CLVAPTNOT] TOL TPOKONTTEL OOl EMEKTACEMG LE TOV 1010 TPOTO
™G (Ayveoog) cuvaptNong u. Ot feree (v, 1) KO Ugrer (+, 1) E1VOL QUOIKE TEPLTTES
ocuvoptnoels. upfoirilovue pe B, (t) kot b,(t) Touvg cvvteheotég Fourier avtov
TMOV GLUVOPTHOEDV,

9 [t
b (t) = z/ u(z,t) sin%dz, neN, t>0,
(5.39)

0
9 [t
Bn(t):Z/O f(x,t)sin?dx, neN, t>0.

YnoBétovpe thpa 6TL N u €lval apkeTE OUOAT, YEYOVOS oL eEacpaiiletal dTav
n f vrotebei oparn, Kot PAETovpe e0koLa OTL 01 GuvTeAEaTEG Fourier tov wy(-, t)
KO Uy (-, ) £lvan 8, (t) kon —(25)2b,(t), avtiotolya: BA. Aoknon 5.8. Zuvendg yia
va 1oy bel N uy = kug, + f TpéENEL Kot apKel va Eyovpe

nm

14

To yeyovdg 6t 1oybet u(z, 0) = 0, cuvendyeTal GLOLKH

(5.407) W, () + k(=) ba(t) = Bu(t), t>0, neN,

(5.40i7) b,(0) =0, neN.

Ot ayvoctotl cuvteheotég Fourier b, vmoAoyilovtal amd Tovg YvOGTOUC GUVTEAE-
otéc Fourier B,, Abvovtag to tpofAnuoto apyikdv tipov (5.40). To tpofinuata
VT AOVOVTOL TOAD EOKOAN KOl €Y OVUE

t
(5.41) ba(t) :/ e CFVRI=9IB (s)ds, t>0, neN.
0

H Mdon u tov mpofinpatog (5.38) divetar tdte mg
0 t

(5.42) u(zx,t) = Z [/ e_(%)gk(t_s)Bn(s) ds| sin nlg, 0<z</l t>0,
n=1 0

OTov o1 cuvapTtNoeLg B, divovtat and tnv (5.39).

YV nepintwon mov 1 oelpd oty (5.42) eivan menepacuévo aBpoicua, on-
A0 0Tav povo memepacuévo TAN00¢ Tov B, eival un UndevikEéG CLVUPTNGELG,
pe aAho Aoyo 6tav n f(+, t) elval TepLTTtd TPLYOVOUETPIKO TOAVAVLLO LE TEPLo-
00 2/, ¢ mPOC TNV TPOTN TNG UETAPANTY, OLOTICTOVEL KOVELC auéomg OTL M u
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7ov divetor amd Vv (5.42) ikavornolei tn dtapopikn e§icwon u; = kug, + f Kat
anotehel AOan Tov TpoPAnuartog (5.38).

21N YEVIKN TEPINTOOT, Y10 VO OLOKAN pOEl avTn M peAétn OBa Empene va ano-
deifetl xaveig 0tt, VIO KATAAANAEG cLVONKEC OHOAOTNTAC TNG f, N © TTOL diveTaL
and Vv (5.42) eival apKeETO OHOAT OGTE Ol TOPAYDOYOL Uy KO Uzy VO VTOAOYILO-
vtat mapayoyifovtag ) oeipd Fourier g u(-,t) 6po mpog 6po.

AoKNoEg

5.1 ' Eoto u n TEPLOdIKN O TPOG TNV TPDTT LETAPANTN, LE TEPLOdO £, ADGT TOL TPOPAN-
HOTOG
U = ktgy, reR, t>0,
{u(az,O) =p(z), zeR,

OTOVL (P 10 GLVEYMG TO.POYOYICIUN Kol TEPLOOIKT e TePiodo ¢ cuvaptnon. Xpnoipo-
ToldvTog TN oelpd Fourier tng ¢ mpocdiopiote pia Tapdotocn TNg u.

5.2 ®swpodpe 1o TPOPAN U

up = kgy, O<x<t, t>0,
(*) u(0,t) =ugy(¢,t) =0, t>0,

u(z,0) = p(x), 0<z</,

OTIOL Y U0 GUVEY DG TOPUYDYIGIUT CLVAPTNGON, TETOLN OGTE TO TPOPANUA VA €Y EL OUUAT
Abom. Amodei&te KAt apydg OTL Ol SLOTIUEG KOL Ol AVTIGTOLYES 1310GLVAPTNGELS TOV
TPOPANUATOG 1510TIHAOV

X"+ 2X =0, 0<ax </,
X(0)=X'(6) =0,

dlvovral da

1 1. mx

M= n+32)(2)2 Xu(x)=sin[(n+ )], neN,
27 M0 274

KOl Y PNOIULOTOLNGTE OVTO TO UTOTELEGHA Y10, VO, TPOCOIOPIGETE UL0 TAPACTACT TNG AD-

GEWMC TOL TPOPANUATOS (%).
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5.3 (Xvvopraxég ouvOnkeg Robin.) @cwpolie to Tpofinpo

up = kg, O<z<d, t>0,

uz(0,t) —au(0,t) =0, t>0,

ug (€, t) + Pu(l,t) =0, t>0,

u(z,0) = p(x), 0<z<Y,
oOmov a, 3 > 0, Kal (o CLVEYNG GLVAPTNCT. XPNCIUOTOLDOVTAG TN UEO0SO NG evEpPYELaC
anodei&te 0Tl TOo TPOPANUA (*) £X €L TO TOAD pic OHOAT AVO.

5.4 ®cwpodpe 10 TPOPAN O LOLOTIHOV

X"+ AX =0, 0<z<t,

X'(0) —aX(0) =0,

X'(0)+pX () =0,
omov o, B > 0, a + B > 0. [Ipocdiopiote kamorec e£1600ELS Yo TiG dtoTipég. [On
eElomoelg avtég 6ev umopolby yevikd va AvBodv eVkoA, YU avTtd Kot dev gival eDKOAO
VO TPOGOLOPICOLLE L0 TOPAGTACT] TNG AVGEMS TOL TPOPANUATOS (%) TNS Acknong 5.3
xpnoponotwvtog oetpéc Fourier].

5.5 T1pocdiopiote T AOGT TOL TPOPANUATOG APYIKDOV KOL GUVOPLAK®DV TIUDV

up = gy oto [0,7] x (0, 00),
u(-,0)=¢  oto [0,7],

u(0,-) = oto [0,00),
u(m,-)=0  ot0 [0,00),

omov ¢ : [0, 7] = R, ¢(x) = 2sinx — sin(2z) + 3sin(5x).

5.6 IIpocdiopicte TN AOGT TOL TPOPANUATOG OPYIKDV KOL GCLVOPLAK®DV TIUDV

Up = Uy +u oto [0,7] x (0, 00),
u(-,0) =¢ oto [0, 7],

u(0,-) =0 oto [0,00),

u(m,-) =0 oto [0,00),

o6mov ¢ : [0, 7] = R, p(x) = 2sinx — sin(2z) + 3sin(5x), pe dvo TpdNOLS:

e Me yoplopd HETAPANTOV.

e Avayovtog, pe Tv arhayn petaPAntig vz, t) = e tu(x, t), 10 TpoPAnua ot exeivo
™¢ Aoknong 5.5.
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5.7 llpocdiopicte ™ Avon u = u(x, t) TOL TPOPAALATOS OPYLKDV KOl GUVOPLUKADV TIHAV

Ut = AUy oto [0,7] x (0, 00),
u(0,-) =u(m,-) =0 oto [0,00),

u(-,0) =¢ oto [0, 7],

ut(+,0) =9 oto [0, 7],

omov ¢, : [0, 7] = R, p(z) = 2sinz—sin(2z)+3sin(5z) kot Y (z) = 3sin(2z)+sin(4x) —
5sin(6x).

5.8 Mg tov ovuPoriopd g (5.39) kar vrobétoviag 6Tl 01 GLVAPTNON U E1VOL APKETA
opoAn, anodei&te 6TL N cuvtedeotég Fourier TV uy Kot ug, ivon b, (t) kot —(”T’T)an(t),
avtiotolyd.

Ynooeiln: Tt Uy, OLOKATp®OTE 000 QOPEC KOTH UEAT] GTO OALOKAT POUOL

4
%/0 U,m(x,t)sinnl%wdm.]

5.9 [Ipocdiopicte tn Aon w : [0, 7] X [0, 00) — R, u = u(zx,t), TOL TPOPANUATOS APYIKOV

KOl CLVOPLAK®DV TIUAV

Ut = gy, O<zx<m, t>0,
ug(0,t) = u(m,t) =0, t>0,
u(x,O):cosg, 0<z<m,

3 7
ut(a:,()):2cos7x—5cos;, 0<z<m



6. H efiomon tov Laplace

YopPoirilovpe pe A n Aaniaciovh o€ 000 Kol TPELS O10GTAGELS

AV 1= gy + Uy,

AV 1= Vg + Vyy + Vs,

Y10, GLVOPTACELG SO Kal TPLOV PETUPANTOV, avtictorya. H elicwan tov Laplace
elvat g popeng Au = 0, n un opoyevng e&iowon Au = f xoieitor eéiowan
7ov Poisson. 'Ect® D éva @payprévo GuveKTIKO Yopio (Yopio = avolkTd un kevo
cOvoro) otov R% 1 otov R3. e avtd 1o kepaiaro 0o acyoindovpe pe to TpOPAN-
Lo, CLVOPLOKAOV GLVON KOV Yo TNV e£lomon tov Poisson e cuvoplokéc cuvOnKeg
Dirichlet: Znteitor po suvéptnon v : D — R, cvveyfc 6to D kot V0 @opéc
GLVEY MG TOPAYOYIGIUN 6T0 D, T€T010 MOTE

{Au:f ct0 D,

(6.1)
u=nh oto 0D,

omov 0D 10 cvvopo tov D Kkat f, h dedopévec cuvaptnoels. Oa anodsiovpe
HOVAIIKOTNTA TNEG ADGEMG, KAl Y10 OPIGUEVESG TEPITTMTELS O Tpocdlopicovpe
TOPOUCTACELS TNG AVCEWG.

To npofinua (6.1) dtaondtor ebkola ce 60O €101kdTEPA TPOPANHAT, £V
vio TV e€lowon tov Poisson pe opoyeveic Guvoplakég cuvOnKeg Kal £va yio TNV
eElowon tov Laplace. ITpdypatt, av u; Kot us €ival AVGELS TOV TPOPANUATOV

Au=f ot0 D,
u=20 cto 0D,

Kot

Au=0 oto D,
u=nh oto 0D,

129
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avtiotolya, TOTE TO AOPOIGUA TOVG Uy + Us ATOTEAEL ADOT TOL APYLKOL TPOPAN-
potog (6.1).
Erniong, av u; elvot po omotadnmote opoin Abon g e£icwong tov Poisson,
Au = f, a1l ug AOGM TOL TPOPANUATOC
Au=0 cto D,
u=h-—u; oto dD,
10T€ T0 GOPOIGUA TOVG Uy + Uy amoTEAEL ADGM TOL apy koL TpoPfAnpatog (6.1).
Avrtioctolyo, av u; €lval po OToladNTOTE OUUAT] GLVAPTNGT, TOL CUUTITTEL UE
™V h 670 0D, Kal us AOGM TOL TPOPANUOTOC
Au=f:=—Au +f ot0 D,
u=20 oto 0D,

TOTE TAAL TO AOPOICHO Uy + Uy OTOTEAEL AVGT TOL APy KoL TPoPANaTog (6.1).

Yyfpa 6.1: To tpoPinua yia tnv e&iocman Tov Poisson e cuvoplakég cuvon-
kg Dirichlet.

6.1 H apy1n tov peyiotov

Mo cuvéptnon u 00O N TPLOV HETAPANTOV KaAEITAl apuoviky 6 €va. yopio D,
av oyvelt Au = 0 oto D.

OzoOpnpo 6.1 (H apxn Tou peyiotou.) Eatw D éva ppayuévo GuVEKTIKO ywpio a€ 0bo
1 tpeic daotdoels. Eotw v : D — R wa covdptnon, coveync ato D kai appoviki
ato D. Téte 1600 10 1éyioto 600 Kar to eAdyioto g u ato D laufdvovrar kai 6o
oD.
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Amrooeién. Av n u glval appovikn, TOTe KoL 1 —u elval appovikn. Apkel, cove-
MG, VO 0TOOEIEOVIE TO ATOTELECUA Y10 TO HEYLGTO. Oa dMGOLE TNV UTOOELEN
yio D C R?, yia D C R3 i anddeién yivetar evieddg avaroya. Eotm e > 0.
Opilovpe T ouvaptnon v : D — R, v(x,y) = u(x,y) + e(2?® + y?). Torte, ya
(z,y) € D,

Av = Au+ 4e = 4e > 0.

Av n v AMpPave to péyiotd g oe éva onueio (x,y) € D, tote exel Ha ioyve
Voo (7,7) <0, Uyy(xay) <0,

atomo. Emopévag n v AauBavel 1o péyiotd tg oto D o £vo onueio (zg, ) €
OD. 'Ecto ¢ > 0 této10 wote Y10 k4de (2,9) € D va woydel (22 + 3?)Y2 < L.
Této1o £ viapy el uoika, aeol To D gival ppayuévo. Tote, yia kabe (z,y) € D,
Ba &yovpe

U(l’, y) S U(ZE, y) S U($07y0) = u(x())y()) + 5(37(2) + y(Q)) S U(l’o, yO) + 6627

GUVETMG
u(z,y) < (S{gg)acDu(s, t) + el?
1
(;,Igl,?é{f) u(z,y) < (s%ggD u(s,t) + el?,
onote
(:EE?GXD u(z,y) = (;gg}gD u(s,t). O

Iopatipnon 6.1 (MNa Tnv apxr Tou PeyioTou apkei n ouvOnkn Au > 0.) XtV avoTé-
PO ATOOEIEN Y PNOIHOTOMGAUE LOVO TO YEYOVOGS 0Tt Au > 0 6t0 D. ZOVETHS TO
HEPOG IOV AVAPEPETAL GTO PEYLIGTO GTO Oedpnua 6.1 1oyxvEL KOl LT CLTAV TNV
npovmofeon (Yo to eldyioto anatteitor Au < 0). To anotélecua tov Ocwpn-
potog 6.1 avapépetal axpiféctepa ¢ aodevng LOPEN TNG APYNS TOL HEYIOTOL
Y10 APHOVIKEG CUVOPTNGELS. ZTN AEYOUEVN LOYLPE LOPOT TNG APYNS TOL UEYI-
otov Ba avaeepBodpe TPOg TO TELOC TOL KEQUANLOL. O

Movadikotnta tng Abaews tov wpofiinuartos (6.1): H povadikotnta tng AOcemc Tov
npoPAnuatog (6.1) émetor apécme and to Oedpnua 6.1. Tlpdypatt, av u; Kot us
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elvatl 600 AoELg TOL, TOTE Y0 TN ¥ = Uy — Us B0 £yovpe

Av=0 ot0 D,
v=_0 cto 0D,

omoTE KAt T0 Ocvpnua 6.1 Exovpe v = 0 oto D, ONAUON up = us.

2vveyng eCaptnon g Abaews u tov mpofinuatog (6.1) ano ta dedouéva f kar h:
Xpnoponoiwwdvtag kat tTnv [opatnpnon 6.1 propodue va arodeiovpe cuveyn
e€dptnon g Aboewc u Tov TpofAnuatog (6.1) and ta dedopéva f kat h. 'Eoto

M= max |f(z,y)|

(z,y)eD
O¢tovpe v(z,y) = u(z,y) + A (z* + y?). Tote

Av=Au+M=f+ M >0,

GULVETMG
M M
< )+ —02 < h(s,t)| + —02,
vley) < max uls,t) + 00 < max [h(s 6] + 5
ondte
2 _
6.21 < h(s,t — t D.
(6.21) u(z,y) (3%235‘1)' (s, )] + 7 (gtl)agyf(s )N, (z,y) €

AvtikaOiotdviag otny (6.27) ta u, h, f ue —u, —h, — f Aaupdavoope
2

¢
2ii < — .
(6.2i1) —u(z,y) (SrgggD\h(s B+ e |f(s,0)], (z,y) €D

Amo v (6.2) émeTtal OpUEGOC
2

14
6.3 max_|u(z,y)] < max |h(s,t)|+ — max |f(z,y)],
©) (x,y)eD| (@)l < (S,t)eaD| (s,1)] 4 (:c,y)eD|f( y)|

TOL €1VUL TO EMOIOKOUEVO ATOTELECLO.
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6.2 To npoPfinpa cvvoplok®v TIH®OV o€ Eva opfoydvio

Q¢ éva mapddetypa TPoPANUATOS GLVOPLOK®Y GLVONK®VY Yo TNV e§icmon Tov
Laplace oe £éva opBoymvio Ba peretrcovpe 1o akdrovbo Tpofinua

;

Upg + Uyy =0 oto (0,a) x (0,b),
u(x,0) = f(x cto |0,al,
64 (@.0) = f(2) 0.0
u(z,b) =0 oto [0,al,
| w(0,y) =u(a,y) =0 oo [0,0].
Y
A
b u(z,b) =0
o =
I =
= Uge + Uyy = 0 <
=3 I
= o
>
O u(z,0)=f(x) @

Yyfpa 6.2: Iapaotaon cvvOnkmv Dirichlet yio tnv e§icwon tov Laplace og
éva opboymvio, BA. o TpoPANUO (6.4).

To 611 vroBécape opoyeveic cuvoplukEC GLUVONKES GE TPELS TAELPEC TOL Op-
Doywviov 0ev amoterel TEPLOPIOUO TNC YEVIKOTNTAC. AV £YOVUE PEP’ ELTELV UN
opoYeVELG GUVONKEC KOL OTIC TEGTEPELG TAEVPES, TOTE TO TPOPANUA avayETOL E0-
KOAQ GTN AOGM TECGAPOV TPOPANUATOV, GE KAOE VO TOV OTOI®V €Y OLILE OPOYE-
velc ouvOnKeg o Tpelg TAgvpEC Tov opBoywviov: BA. TNV Acknon 6.1. Enueio-
voupe eniong 6tL mpoPAnuata pe cuvoprakég cuvOnkeg Dirichlet oe oplopéveg
nhgvpég Kat Neumann 6Tig VTOAOLTEC AVVOVTOL EVIEADS avaioya. Epyalopevol
pe xoplopd Tov HeTafANTdOV 0o TpocTadGovUE VO TPOGOIOPICOLIE AVGELS TOL
TPOPANHATOG

Upy + Uyy = 0 oto (0,a) x (0,b),
(6.5) uw(0,y) =u(a,y) =0 o710 [0,0],
u(z,b) =0 oto [0, al,
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TO OTOL0 €Y €l OPOYEVELG GLVOPLAKEG GLVONKEC OTIG TAEVLPEG TTOL KAl GTO TPO-
BAnpa (6.4) Eyovpe OHOYEVELG GLUVOPLOKEG GLUVONKES, TNG LOPPNG

(6.6) v(z,y) = X(2)Y (y).

INa vo givar plo cuvdptnon g popeng (6.6) appovikn TpEMEL Kal apkel va
16 0L

X"(@)Y (y) + X(2)Y"(y) = 0.
Awopovtac ot XY Aapupavovue

X'(x) _ Y"(y)
X@) © YW

=—-)\, XeR,

Kot AopUBavovTag v’ Oylv Katl TI¢ cuvoplukéG cuvOnkeg odonyovuebo Gta Tpo-
BAnpata

6.7) {X"(@ =-AX(z), 0<z<aq,
X(0) = X(a) =0,

(6.8) { Y'(y) =AY (y), 0<y<b,

Y(b)=0.

To npdPANua (6.7) eival to 1010 pe to TpoOPANUa (5.7) Kot ot AVGELS TOL divovTal
g
nmwx

)2, Xp(x) =sin—, neN,
a a

(6.9) Ay =

BL. TV (5.9). H e&icoon Y (y) = (25)?Y (y) £xe1 MOGELG TNG HOPPNS

Y(y) = Csinh [%T(b —y)] + D cosh [%T(b — )]
kot and v Y (b) = 0 cvpnepaivovpe 6t D = 0. Zuvends yia A = A, = (2F)?
TpOPAN U (6.8) £xel tn Abon

10

Y, (y) = sinh [%ﬂ(b )],

KOl TO TOAAATAACLE TNG QUGTKA. XVUVETMOC Ol GLVAPTNOELG

(6.10) vn(z,y) = sin " Ginh [nl(b —y)], neN,
a a
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amoteloby A0S TOL TpoPAnuatog (6.5).
Topa yia Aoyovg cupfatdtnrag Exovpe f(0) = f(a) = 0. YroBétovpe 6tin f
glval cuveymg mapaymyioun oto [0, a] Kot tv avantbocovpe oe celpd Fourier

nma

6.11 = psin—, 0<uz<a,

(6.11) f(z) ;a sin — r<a
2 a

(6.12) 4 =2 | f2)sin Tl dy, neN.
aJo a

(Zromnpd vrobécape 6t enexteivape v f nepittd oto (—a, 0) Kat v cuveyeia
TEPLOdLKE e TePiodo 2a.) Oa TPocTadNGOVUE TOPA VO GLVOLVAGOUVUE TIG AVGELG
Up, PA. TNV (6.10), Y10 va 0dmynOovue otn Ao tov TpofAnuatog (6.4). Avoykaio
ocuvvOnNk”M Yo va arotelel n cuvaptTnon

Zan Sln— Slnh[ (b— v)]

AOom eilval, mpoeavdg, vo tkavomolel tn cuvoplakn cuovOnkn u(z,0) = f(z),
dNA0dN va 1oy vEL

nTx . . nwb
E a, sin — sinh — .
a

Zuykpivovtag avt T oxéon pe v (6.11), odonyovuebo 6to cvpnépacpo

1
| nmb n7rb

ay, = Qy,
sin
Me avtfiv TV Tapatnpnon o Kivntpo, woyvpiliopedo tdpo 0tL 1 Adon u Tov
npoPAnpatog (6.4) divetal wg
nmwx

S 1 nm
— n : . h s b_ 7
(6.13) u(w,y) ;a sinh"T”b sin —— sin [ ” ( y)}

0<z<a, 0<y<h.
XPNGIHOTOLDOVTOG TNV OHOAOTNTO TNG f KaODS KOt TO YEYOVOS OTL

sinh [2Z(b — y)]

sinh 2zb
a

<1, o0=y<o

dOmIGTOVOLE EVKOAOD OTL 1] GELPE 3TNV (6.13) CLYKAIVEL OHOLOUOPPO, GUVETMOC
N u givor ocvvexng oto [0, a] x [0,0]. "Etor PAémovpe gdkolo OTL 1 u 1kavoTolel
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TIG OLOYEVELC CLVOPLOKEC GLVONKEG, KOl X pNCGLHOTOLOVTOS Kot TV (6.11) £yovpe
u(z,0) = f(z), 0 <z <a Topa

sinh ["Z(b — y)] oy 1 — =225 (b—y)

_ 2nwb ?

sinh"T”b 1—e "a

Kot €0koAo, SamiaTd@VoLE OTL, Yo e > 0, oto [0,a] X [, b] av Tapovpe onolec-
ONTOTE TTAPAYDYOLG GTOVG OPOVE TNG oELPlS otnV (6.13) TPOKLTTTEL OLOLOHO PP
GLYKALVOLGU GELPA. XVVETMC M u €1Vl ATELPEG POPEC CLVEY DG TAPAYWOYICIUN
0710 [0, a] x (0, b] kot o1 mapdywyor TG u AapPivovTot o Tapuy®YIcEMS TG GEL-
pag 6po mpo¢ 6po. 'Etotl dramictdvovpe ebkola Ott, 0.pod ot v, (BA. Tnv (6.10))
elvol appovikég, Kot n u eivat appovikn oto [0,al x (0, b]. Zovolikd Aowmov N u
mov divetatl and v (6.13) eivar Abon (GOUE®VA Le TNV 0py 1 TOL HEYIOTOL HOoVa-
d1kn) tov TpoPAnuatog (6.4), kat eni TAéov eivat 6to [0, al x (0, b] aneipeg Popé
GLVEY DG TOPAYOYICIU.

6.3 O tomog tov Poisson

[ToA0 o evdlaeépov and To TPOPANUE TS TPONYOVIEVNS TUPAYPAGOL Elval TO
TPOPANUA cLVOPLAKOV TIH®V pe cuvOnKkeg Dirichlet yia tnv e€icmon Tov Laplace
e £vav KOKAO.

ITpwv wpoywpnoovue, Ba ypdyovue tnv eEicwon tov Laplace 6e moAlkég ov-
VIETAYUEVEG: Me o = rcost), y = rsind €yovue

— = 008.192 + sin ¥ —,

or ox oy
9 __ ing — + U —
55 = TS e T COS ay
GUVETMG
9 osd 0 sint 0
or o r o
(6.14) 9 0 cosd O
— =gin?d — —
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Enopévog £xovpe

0? 0 sind 0O 0 sind 9

gz~ (st o= = g5) (cos V5 === 55)
0 0 sinYd 0 sind 0 0 sind 0
_COS'&E<COS'§§—T%>—Tﬁ(COS'ﬁE— , %)

o) 0*  sind cos?y 9 sind cosy) 0 sin® ¢ 0

or? r2 oy r Or Y + r Oor
B sind cos?d 0? sind cos 2 sin?9 0?2

r oY Or + 72 oV + r2 o2’

omote

0? 5 o O sind cosd 0 sind cos? 92
a2~ " ﬂﬁjLQ r2 %_2 r or 09
sin?d 9 sin®*9 02
roor 2 o
92
o2
9> 9* 9 19 1 0
o2 B o Tror oo

Avaroyo vroroyilovpe Kot TO Kol TpocBétovtag Aapupavovue

(6.15)

H e&icwomn tov Laplace € moAkéc GUVTETAYUEVEG YPAPETUL GLVETTAG GTN LOPPT

1 1
(6.16) Upp + = Up + — Ugy = 0.
r r

Ocwpode TOPO TO TPOPANUA GLVOPLUKDY CLVONKOV LE GLUVOPLUKEG GLVONKEC
Dirichlet yia tnv e£icwon tov Laplace o€ évav kOKAO pe KEVTIPO, YOPIg TEPLOPL-
GO NG YEVIKOTNTAG, TNV 0pYN TOV aEOVOV Kl OKTIVO a:

1
uma—i-—u,«—l——QuM:O, 0<r<a, 9€R,
(6.17) r r
u(a,d) = h(d), JER

OTOL h [0 OHOAT) TEPLOJIKN CLVAPTNGT, LE TEPL0OO 27. O TpocTadNGOoLE VO
AVvcovpe to TpofAnua (6.17) pe ™ néBodo tov ymplopov Tev petafiAntov. ITpog
T0o0T0 B Tpocdlopicovpe KAt apydc ADGELS TOL TPOPANUATOG

1 1
(6.18) Upp + =0+ 509 =0, 0<r<a, JeR,
r r

™G HOPPNG

(6.19) o(r,¥) = R(r) ©(0),



138 6. H e&iocwon tov Laplace

ot onoieg givatl cuveyeig 610 [0, a] X R kot TePLodIKEG G TPOG ¥, |E TEPLOSO 27.
INa va ikavomotel pio cuvaptnon T popeng (6.19) ™ dwapopikn e&icwon
(6.18) mpémet xat apkel va 1oyvEL

R"(r)©(v) + %R’(r)@(ﬁ) + r—12R(r) 0"() = 0.

Aarpodvrag S RO kot toArlondacialovtog eni r? AauBavovpe

LR RG)_O'W)
Br) TR0 T e)

KOl KOTO To YVOoTd 0dnyodueda otic eElomoelg
(6.20) O"(9) +  \O(W) =0, ¥ eR,
(6.21) rR'(r)+rR'(r) = AR(r) =0, 0<r<a.

[MoAlamracialovtag Tnv (6.20) eni O(1)), ohokAnpmdvovtag cto [0, 27| Kot oro-
KANPOVOVTOG KATE HEPT, OLATIOTOVOLHE VKOO OTL Y10 VO LTLALPYEL UM TETPLU-
pévn meptodikn Avomn g (6.20) wpénet A > 0. 'ia A = 0 €yovpe wg Avomn
O(v) = 1 xot ta ToALOTAACLE TNG,

(6.22i) Xo=0, ¥ =1 veR.

Ta aAra CeVyM OLOTIHAOV KOl TEPLOIIKDV UE TEPLOOO 27 1010CLVUPTNGEMV 0100-
vtat oo

(6.22i7) Ao =17 O,(9) = A, cos(nd) + B, sin(nd), 9 €R, neN,

omov A, B, Tuyovceg otabepéc.
YUVOALKE Ao1moV £xovpe TG €ENG OLOTIHES KOl 1O010CGLVOPTHCELS PLE TEPLOOO
27 Tov TpofAnuoatog (6.20)

(6.23) Ao=n2 0,(9) = A, cos(nd) + B, sin(nd), 9 €R, neN,.
®&tovpe TOpa A = \g = 0 otnv (6.21) kot AapPavoope
rR'(r)+ R'(r) = 0.

Abo ypappkd avegaptnteg AOGELS avTod Tov TPOPANHATOg givat ot Ry(r) = 1
Kot Ro(r) = Inr. H Ry 0moppintetol o¢ acuveynie 6to 0, a] (amerpiletarl oo 0).
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Oétovpe topa A = n?, n € N, oty (6.21) kot {ntodue va tpocsdropicovpe §Ho
YPOoppkd aveEaptnteg AVoeLS TNG. Oétovtag R(r) = r® éyovpue

ala —1)r* +ar® —n*r* =0

(a® —n?)r* =0,

ondte o = +n, SNAadN Exovpe TG AGEl Ry(r) = ™ kat Ry(r) = " Ot R,
anelpiloviol oto UNoéV Kot 0eV €lval AmMOOEKTEG. XLUVOALKA AOITOHV Yo A, =
n?, n € Ny, ot arodektéc Aoeig tng (6.21) eivar, avtictorya,

(6.24) R.(r)=71", n €N,
Amo to Tponyobueva £TETAL OTL Ol GUVAPTNGELG
(6.25) vn(r,9) = [Ay cos(nd) + By, sin(nd)]r",  n € Ny,

etval Aboelg Tov TpoPAnpatog (6.18), ppaypévec Kol TEPLOOIKES G TPOS ¥, HE
neplodo 2.

‘Ecto tdpa 6t1 ) A €lvarl cuveydg mtopayoyicun. Toéte n oeipd Fourier tng
GLYKALVEL OLOLOHOPPO GTNV h,

(6.26) h(9) = % + 3" [an cos(nd) + b,sin(nd)], 9 € R,

n=1

Omov

h(p) cos(ny) dep, n € Ny,

>1|H

2
h(p)sin(ny)dp, n € N.

>1|H

(6.27) /0
ST

Ioyvpilopeda topa 61  Abon u Tov TpoPAnuatog (6.17) divetar wg

| =
3 3

ancos (nd) + by, sm(m?)] 0<r<a, 0<9<2m,

Qo
(6.28) u(r,9) = > Z::

OTOL Ol GLVTEAECTEG a,, Kal b, divovtal and v (6.27). XpnolHoToldVIaG TO
veYOVHS 0Tl < a KaBmG Kol TNV OHOLOHopeT GOYKALGT TG 6e1pdg Fourier (6.26)
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ocvumepaivovpus eOkoAd OTL 1 oelpd (6.28) CLYKAIVEL OHOLOLO PP, GUVETHOC M U
elvat ocuveyNe. XpNoLHomoldvTag Tail TV (6.26) Eyovpue

u(a,9) = h(¥), o €]0,2n].

Erniong evkoia damictdvouvpe 0TL yio r < a 1 cLVAPTNGN Tov divetal and TNV
(6.28) eival amelpeg PopEG cLVEY DS TOPUYOYIoIUN Kol OTL OL TaPAyw®yol AapBd-
vovtal Tapaymyifoviag Tn cepd 0po mpog 6po. Eme1dn kdbe dpog tng cerpdc
wavornotlel v eEicwon oty (6.17), PA. v (6.25), Kotd T0. AVOTEP® GLUTE-
paivouvpe OTL Kol 1 u mov oivetatl and tnv (6.28) tkavoroiel tnv idwa e§icmon.
ZOVOALKG Aodv M u mov divetal amd v (6.28) eival AvcM Tov TPOPANUOTOC
(6.17), xat eni TAEOV €lval Y1007 < a ATELPES POPES TOPUYOYICTIUN.

To evivnwolakd topa ival 0tL n oepd (6.28) abpoiletal kot pog diver
AVOT O€ KAELGTN HOPOT, GTOV AeYOUEVO TOmo Tov Poisson. Tlpdypatt xpnoipo-
moldvtac TV (6.27) ypdeovpe tnv (6.28) 6t popoen

u(r,9) = i/0 7rh(go)dcp + Z i/ 7rh(g@) [ cos(ng) cos(nd) + sin(ng) sin(nd) | dp

2w — ma" Jo
1 2m o0 rn 2m

= — h(p)d — h V) —)|d
o | M@)ot > | h(p)cos [n( — )] dg

EvkoAa tdpa dtamictdvoupe 6T1 1 G0poiomn Kal 1) OLOKAT pOOT OVTIHETATIOEVTAL
— 1 GE1PA GLUYKALVEL OPOLOHOPPU — KOl GLVETHDG

2

u(r,v) = S /027r h(p) [1 + Qi (g)ncos [n(d — go)]]dgp.

ZELPEC AVTNC TNG LOPPNG OVAYOVTOL EDKOAN GE YEMUETPIKEG OELPES, KUL CLVETMS
aBpoilovtal evkora, PA. Ti¢ Acknoelg 4.6 kot 4.7. To anotéAeopo eival

a2 . 742 2w h((ﬂ)
2 = .
(6.29) u(r,9) 27 /0 a? — 2ar cos(V — ) + r? d¢

O tomog (6.29) koAeital tomog tov Poisson.

®Ou dOGOLUE TOPO UK TLO YEOUETPIKN HLOPPT Tov TOTTOL Tov Poisson. ‘Eoctw
x = (x,y) éva onpelo pe molkég cuvtetaypéves (r,9) kot € = (a, @) éva on-
pHelo ¢ mePLPEPELOG TOL KUKAOL, BA. To ZyNua 6.3. Ta unkn Tov TAELPOV TOL
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L

Yynpoe 6.3: To npoPinua yia tnv e&icmon Tov Poisson ctov kOKAO e GLVO-
plakég ovvOnkeg Dirichlet.

TpLydVOL avtov eival r = |x|,a = || xot |z — &|. Kotd ta yvootd and tnv
Tpryovouetpio £yovpe

| — &> = a® +r? — 2ar cos(V — o).

To pnKog s TOEov yoviag ¢ diveTol QLOIKA dla s = ay, GLUVENMG ds = a dy. 'Etot
0 TOTog tov Poisson (6.29) unopel va ypoagel Kat 6T LopoN

(6.30) u(x) = M/ Lj’? ds, |z| < a.

Amo6 tov TOTo Tov Poisson émoviatl d10popeS 1O1OTNTEC UPLOVIKDOV GLVOPTN-
GE®MV. AVOQEPOLILE GTN GLVEYELN TPELG OO QVTEG:

I316TNTa péong TiPRG: 'Eotm u pio cuvaptnon, apuovikn o€ Evav KOkAo D, Kot
ovveyng otov D. Todte 1 Tium TS u 610 KEVTPO TOL KUKAOL 1600TAL [E TOV PHEGO
OPO TOV TIUOV TNG GTNV TEPLPEPELN TOL KVUKAOV.

Amnooeiln. EmAéyovpe €va KopTEGLOVO GOGTNUA 0EOVOV LE UpYN TO KEVTPO TOV
KUKAOL Kol ypnotporotovpe tov 1Omo (6.30) pe & = 0, ondte Aapfdvoovpe

6.31) u(0) = %a (@) ds,

|Z|=a
dNA0dN to {NTOvUEVO OTOTELECLAL. O

Apxn Tou peyioTou — loxupd popen: Xt1o0 Ocdpnua 6.1 eidape tnv acOevn popen g
apyns tov peyiotov. H toyvpd popon eival 011, av o Guvaptnomn u, GLVEYNS
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oto D kot appoviky 6to D, AapPdvel To pEy1otd g (| T0 AaY16TO TNGS) 6T0 D
Kol o€ £€vao onpeio Tov D, tote gival otabepd.

Arooeiln. 'Eotw xy € D 161010 OGTE
(6.32) u(xz) <u(xy) VaeD.

Oétovpe M = u(xy). Duoikd vrapyet 16te éva a > 0 161010 OOTE 0 KOKAOG
HE KEVTIPO TO Ty KOL OKTIVO @ VO €1VOL LTOGVVOAO Tov D. Oa anodeifovpe 0Tl
u(x) = M v k40e x oTov KOKAO avtdv. Apyilovpe pe Ty meplpépeta. Xpnot-
pomoldvtag Tig (6.31) xat (6.32) xat vroBétoviag 6Tl Yo KATOL0 & oTNV TEPLPE-
peLa avTod TOL KVKAOVL toyvel u(x) < M odnyoduebo 6to dtomo

u(xpr) < M.
INa éva ecoteptkd onpeio  Tov KOHKAOL TO CLUTEPAGHO ETETUL LE TOV 1010 TPO-

7o, av Bewpnioovue Evav AGALO KUKAO LE KEVTIPO TO Xy TETOLOV MOTE TO T VA
aVNKEL GTNV TEPLPEPELE TOV, BA. TO ZyNua 6.4.

D

Yyfpa 6.4: To tpofinua yia tnv e&iocwan Tov Poisson pe cuvoplaxég cuvon-
k&g Dirichlet.

Kot avtov tov 1poOTo cupnepaivovpe 6T | u €ivol 6Tov Ykpt KOKAO GTO XyN-
po 6.4 otabepn. To 1d10 16 deL Katl Y10, 0TO1LoVONTOTE KOUKAO UE KEVTPO £VO ON-
HELO TOL YKPL KUKAOL, OV OLTOC TEPLEYETAL 0TO D). & 0TO1001TOTE GNELO Tov D
odnyobueba pe menepacpuévo TAN00¢ t€TolwV Pnudtmy, dpo n u eivol otadepd
og 6L0 10 D. O

OpaAoTnTa appovikwy guvapthgewv: I'pdeovpe tnv (6.30) otn popon
2 (.2 2 =~
u(x,y) = e -\w Ty (" +y) / - uQ(x,y)N 5 ds,
(6.33) 2ma #1r=a? (T — 2)> + (§ — y)
22+t < B+ 77
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Evkoia dtamiot@voupe 0Tt 10 9§10 HEAOG QLTNG TNG oY EONC lval ATeLpeC Ppo-
péc mapaymyicipo. ‘Etol cvpunepaivovpe 6Tt pio dpUOVIKT] CLVAPTNGT GE VAV
KOKAO €lval anelpeg opég ocuveymg mapaymyiowun. To 1010 woyvel kol o€ Eva
VY al0 Y®PLo, aPOD TAVTA UTopovUE va Bpodue Evav KOKAO TOL va TEPLEYETAL
o010 D kot va tepiéyet éva tuyaio onueio (x,y) € D. O

AoKNoEg

6.1 Eoto a,b > 0 kat D 10 opfoydvio (0, a) x (0,b). @cmpodpe 10 TpdfAnpHo GuvopLakdv
Tuov oto D yia tnv e€icmon tov Laplace, pe cuvopraxég cuvOnkeg Dirichlet,

Uge +Uyy =0 ©70 D,
u=nh oto 0D,

6mov h : [0,a] x [0,b] — R dedopévn cuvaptnon.

a) Yrmobétovtag 6tL A undeviletal otig kopueéc Tov opboymviov, arodeite OTL N
AboM Tov TPOPANUHOTOS Hog elval TO GOPOLCUE T®V AVCEMY TECGAP®Y AVTIGTOLY WOV
mpofAnudtov, pe opoyeveic ouvoplokég ocuvinkeg Dirichlet oe tpeig mAgvpég Tov
opBoywviov, BA. o TpOPAN UL (6.4).

B) XN yevikn mepintwon, Oempovue T0 TOALOVLUO P,

1
p(,y) = —[1(0,0)(z — a)(y = b) = h(a,0)z(y = b) = h(0,b)(z — a)y + h(a, b)ay],
T0 omoio TapeUParietar 6TNV h 6TIG KOPLEES Tov opboywviov. ATodeite Topa OTL
1N A0om ToLv apy Kol TPoPANUATOG €lval TOo ABpoIGHa v + p, OTOL v 1] ADGT TOL TPO-

pAfpatog
{ Vez +0yy =0 o710 D,

v=h-—p oto 0D,
070 OTOil0 avapepONKape TPONYOLHEVRS. (ENUel®oTe OTL TO p €lval APUOVIKT GL-
VEPINON, Poz + pyy = 0.)
6.2 Xpnoiponotnote T nEBodo g evépyetag yia vo, anodeifete 0Tt To TPOPAnua (6.1),
6mov D C R? éva @paypévo GUVEKTIKO ympio pe “opold” chvopo £xel TO TOAD pia
ouaAn AVoT.
[Yrooeitn: Xpnoiponoinote tov TOo Tov Green

(*) / / vAwdzdy = — / / (Vo, Vw) dzdy + / W ds,
oD an
D D
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. . , ow , ,
6mov Vv 10 310VUGHO. HE CUVIGTACES Uy, Uy, KOL G- = MWy + Nawy N KATE TNV KOTED-
Buven tov kabeTov eE®TEPIKOV HOVAdLELIOL d1OVOGUATOS N TOPAYWOYOS TNG w.]

6.3 Amodei&te o011 avaykaio cuvONKN Yo vo £y el AOGT TO TPOPAN U GLVOPLOKDOY GLVOT-
KoV yio. TNV e£icmon tov Poisson pe cuvoplokég cuvOnkec Neumann

Au=f oto D,

(%)
@ =h o710 0D,
on

6mov D C R? &va ppaypévo GUVEKTIKO Y 0Pio PE OPOLO GHVOPO, eival

/j/f(x,y) dx dy = /ﬁ)D h(z,y)dS.

[Yrodeién: Xpnoonoimote tov Tomo Tov Green (x) tng vddeEng otny Acknon 6.2 e
v(z,y) = 1]

6.4 T 10 mPOPANpa (x*) TG Acknong 6.3 dev £XovHE TPOPAVASG HOVOIIKOTNTA TNG
Aboemg. Xpnotpononote tn nEBodo tng evépyetag Kat Tov Tomo Tov Green Yo Vo 0o-
dei&ete OTL OV up, ug AOGELS TOV (*x), TOTE ui(z,y) — u2(x,y) = cTobepaL.

6.5 Me ) pnéBodo g evépyelag amodei&Te HOVOSIKOTNTA TNG ADGEWMS TOL TPOPANUATOG

Au—u=f ot0 D,

ou
e h ot0 0D,

6mov D C R? &va ppaypévo GUVEKTIKO X OPio e OPULO GHVOPO.

6.6 (Apy1 tov Dirichlet.) 'Ecto D C R? éva @paypévo GUVEKTIKO 0Pio Le Opaid GHVOPO
0D. Eot® u m AVom Tov TpofANuaToc

Au=0 oto D,
u=nh ot0 OD.

H “evépyeia” piag opoing covaptnong w : D — R opiletal g

E(w) := %//(Vw,Vw) dx dy.
D

Anodei&te 6t Yo KGOe opoAn cuvapInom v, 1é€tola dcte v = h 610 D, woyvel E(u) <
E(v).

[Yrodeiln: ®éote w := u — v KOL {PNOIUOTOINGTE TOV TOTO TOL Green yio vo, anodeilete
ot E(v) = E(u) + E(w).]
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Iotopio ayoiio: O Dirichlet didaoke oTa HOONUATE TOL TNV TEXVIKT TOL TOPOVGLAGAUE
oe avtnv v Acknon. 'Evog and toug podntég tov, o B. Riemann, Oedpnoe 6Tt avtog o
GUAAOYIGUOC ATOOELKVVEL DTLAPEN TNC AVGTC TOL d00EVTOG TPOPANUATOS KAl TOV ATOKA-
rece apyn tov Dirichlet. To emiyeipnud Tov NTav kanwg £totl: Ag cupfolricovps pe X
TOV 1MPO TOV GLUVUPTHGEMV pE TIC akdrlovdeg 1810TNTEC: Vo gival cuveyeic oto D, §bo
(POPEC GLVEY DS TUPUYDYICIUES GTO D, KOl VO, LKEVOTOLOVV TIC GLVOPLOKEG cuvOnKeg, on-
A00M oto abvopo AD va maipvouy Tig TIREG TNG h. [Ipopavag, yia kdbe w € X, 1oyvet
E(w) > 0. Apa 0o vrapyet éva otoryeio u € Xj, oto onoio 1 evépyeto E va Aopfavet
NV eAAYIOTN TIU TNG. ZOUQ®VA [E TO TPOoovapePBEVTa, N u amoteAel TN {nTtoduevn
AvoT.

Avotuydg, To emiyxeipnua avtd eivatl Aavlaouévo, To povo mov yvapilovpe eival 6Tt
vrapy et To inf tng evépyelag E atov Xp kot eival un apvntikd, aAld avtd eV Gnuaivel
OTL LTLapYEL TO EAAY1GTO. Opmg TOTE dEV NTOV GaPNG 1 dapopd petald inf kot min .

Avapépovpe TavTog 6Tl peTayevEGTEPA LGN ONCAV KATUAANAOL Y BPOL GTOVG OTOi-
ovg N E oviog Aappavetl ehdyioto, kal dtopdmidnke 1o cedipa oTov GLALOYIGUS. AV del
Koveig To {ntnua pe Oetikn dudbeom, uropel va wet 6t ot Dirichlet kot Riemann éBAenav
TOAD HOKPLA, NTAV GLOVEG UTPOCTAE ATTO TNV ETOY TN TOLS, OTOTE TO LOVO Tov deV d1EBeTaV
Yo TNV TAN PN ETIALGT TOL TPOPANUATOG TOVS HTAV T ATULTOVIEVO EPYAAELD.

H npoonddeia tov poadnuatik®v vo GUUTAT POGOLY KEVE G& TETOLOVSE GUAAOYLGIOVE
&y el amodely0el ouyva Kapmo@dPO KAl GUVEITEPEPE OLGLOGTIKG GTNV TPOOdO TNG ETL-
OTNHNG.

211 e€etdoelg TAVTOE KAAd €1voL VO amopedYOVTAL OKOUA KOl dLTOD TOL €100VC T
AGOT ..., TOL O€ AAAEG KATAGTACELS E1VOL EVTPOGIEKTAL.

6.7 Eoto D C R? éva @poypévo cuvektikd yopio pe opord covopo kot k : D — R
L0, OLOAT] GUVAPTNOMN UE UM apVNTIKEG TIUEC. Me ) pnéBodo tng evépyelag anodeifte
HOVAdIKOTNTO TNG AVCEMG TOL TPOPANLATOG

Au—ku=f oto D,
u=nh oto 0D.

6.8 Anodei&te 611 ot cuvaptoeg u ¢ [0,1] — R, u(z) = asin(rz), a € R, anotelodv
AVCELG TOL TPOPANHOTOC

{u”—i—wQu:O oto (0,1),
w(0) = u(1) = 0.
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X€ TO10 GLUTEPACHE UTOPOLUE va 0dNyNBodie GuVELALOVTAG AVTO TO ATOTEAECUA LE
v Acknon 6.7;

6.9 XpNGIULOTOINOTE TNV TEYVIKT TOL Y ®PIGHOL TOV HETUPANTOV Y10 Vo Tpocdlopicete
{10 TaPpAoTAoT TNG AVGTG TOL TPOBANUATOC GLVOPLIKOV GLVON KOV

Ugy + Uyy =0 cto (0,a) x (0,b),
u(,0) = () 510 [0,a],
u(z,b) =0 cto [0,al,
u(0,y) = uz(a,y) =0 o7o [0,0],

avaioyn g (6.13), 6mov a, b > 0.

6.10 Ecto D C R? éva @paypnévo GuvekTikd xopio pe opard chvopo, A € R xat u pia
OHOAT, U1 UNOEVIKT ADOT TOL TPOPANUATOG

—Au= M u o710 D,
u=~0 oto O0D.

Me tn péBodo g evépyetog anodei&te 6Tt A > 0, dnAadn OTL Ot 13LOTIHEG TNG avTifeTNg
¢ Aamlaciavig, —A, pe cuvoprakéc cuvinkeg Dirichlet eivat Oetikol apiBpoi.

6.11 'Ecto D C R? éva gpaypévo cuvektikd yopio pe opord oovopo, A € R kot u pia
OHOAT, U1 UNdEVIKT ADOT TOL TPOPANUATOG
—Au= M u o710 D,

ou
— = D.
- 0 oto 0

Me ™ pébodo g evépyetag anodeifte 6tL A > 0, dnAadN 611 01 1810TIHEG TNG 0vTifETNg
¢ Aarlactiovig, —A, pe cuvoprlakéc cuvinkeg Neumann givol pn apvntikoi apipoi.
6.12 Eoto D C R? éva @paypnévo GuVEKTIKS xmpio pe opard chvopo, A € R xat u pia
OUOAN, U1 UNOEVIKN ADGT TOL TPOPANUATOG

—Au+u=Au oc10 D,

% =0 oto 0D.
Me tn nébodo tng evépyelag anodei&te 6TL A > 1.
6.13 Me toug cuppoiicpovg tng Acknong 6.2, anodeifte 6T1 0 TOmOg Tov Green (x) GTNV
LooElEN TN Acknong 6.2 £TETAL A0 TOVE TUTTOVE

(o) //vwx dxdy = — //vxw dxdy +/ vwny dS,
oD
D D
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// vwy dxdy = — //vyw dxdy +/ vwng dS |
oD
D D

o1 0moiot 16 VOLY Y10 GLVEYEIC 6T0 D KOl GUVEYMOC TUPAY®YIGIHES 6T0 D GLVUPTHGELS

Kot

UV Kol w.

6.14 Xpnolponol®viag oOAOKAN PO KaTd HEPN o€ £va d100TNNHa, 0Todei&te TOV TOTO
(o) TNg Aoknomng 6.13 atnv g1d1k1| mepintwon wov 1o D gival £va opBoydvio e TAELPESG
TaPUAANAES TPOG TOVG AEOVEC.
6.15 XpnGlpHomoi®dvTag To YEYOVOS OTL O TUTOG TNG OAOKANPOGNG KOTE HEPTN o€ Hio d1d-
oTao™ 1o OEL KO Y10, GUVEYELC KOl KOTH TUNLOTO GUVEY MG TUPAUYWOYICIUEG GUVAPTIGELS
(BePoarwbeite y1’ avtd Be@p®dVTOG (0 CLVAPTNON, N OTOL0 EV E1VAL TOPUYOYICIUN CE
€va oTMELO TOV SLOGTNHATOS OAOKAT POGE®MG), amodEiETe TOV TOTO (0) TG Acknong 6.13
Y10 YEVIKO QpayUEVO GUVEKTIKO ywpio D, pe opoid ocvvopo 0D, TNV TEPINTOOT TOL
pio Tov cuvepTNoEmVY, ag TOOUE 1 v, undeviletal ato dD.
[Yrodeiln: Oewpnote éva opboydvio O pe TAELPEG TAPAAANAEC TPOC TOVG AEOVES, TO
omoio mepiéyel to D, enekteivete T v 610 O \ D ¢ pndeviky cuvaptnomn, Kot Qopuo-
ote 10 amotélecpo g Acknong 6.14. Agyteite 611 pa cvvaptnon w € C(D) N CY(D)
uropet va enextadel oe pa cuvaptnon w oto O katd Tpoémov dote w € CH(O0).]
6.16 'Ecto D C R? £&vo gpaypévo GUVEKTIKO Y®Pio Kat u, & OLaAEG ADGELC TOV TPORAN-
pétov
Au(z,y) = f(x,y) oto D, Ad(z,y) = f(z,y) oto D,
{u(:c,y) = h(xz,y)  oto ID, o {&(x,y) = h(z,y)  oto ID,
avtictotya, 6mov f, f,h : D — R dedopéveg oparéc cuvaptiosic. Av f(z,y) > f(z,y)
v k€0 (x,y) € D, anodei&re o0t u(z,y) < a(z,y) yo k4be (z,y) € D.
6.17 'Ecto D C R? éva ¢paypévo cuvekTikd yopio pe opolod ovvopo 0D. Eoto f : R —
R pio mapay@yiciun cuvaptnon He un apvytiky napaywyo. Amodeifte povadikdtnTo
OUAADY ADGEDV TOL TPOPANUATOC
Au(z,y) = f(u(z,y)) oto D,
{u(az,y) = h(z,y) oto 0D,
6mov h: D — R o dedopévn cvvaptnon.

6.18 'Eoct® D 10 e00TEPIKO TOL KOKAOL HE KEVTPO TNV APy TOV aEOVOV Kol aKTiVe, iom
pe dvo. Ipocdiopicte Tn Abon u, u = u(x,y), TOL TPOBAAUATOS GLVOPLAKDOV GLVON KOV
Au(z,y) =0 cto D,

{ u(x,y) = 2> +y* oto dD.
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[Yrodeién: Xpno1pomotote TNV apyn TOL LEYIGTOV. ]
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