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ΠΡΟΛΟΓΟΣ

Το παρόν τεύχος περιέχει συνοπτικές σημειώσεις Μερικών Διαφορικών Εξισώσεων
(ΜΔΕ) για χρήση από τους φοιτητές του Τμήματος Ηλεκτρολόγων Μηχ. στο μάθημα
Εφαρμοσμένα Μαθηματικά ΙΙ. Περιοριζόμαστε σε ΜΔΕ πρώτης και δεύτερης τάξης με δύο
ανεξάρτητες μεταβλητές και εξετάζουμε την επίλυση ΜΔΕ με τις μεθόδους των
χαρακτηριστικών, του χωρισμού μεταβλητών και των ολοκληρωτικών μετασχηματισμών. Επίσης
χρησιμοποιούμε και μερικά στοιχεία αριθμητικής επίλυσης, κυρίως για να τονίσουμε την
συγγένεια των ΜΔΕ με τις συνήθεις διαφορικές εξισώσεις. Το ύφος της παρουσίασης δεν είναι
αυστηρό και παραλείπεται η συζήτηση ζητημάτων ύπαρξης και μοναδικότητας των λύσεων.
Γενικά οι σημειώσεις είναι προσαρμοσμένες για να διαβαστούν από μηχανικούς. Το παρόν
τεύχος αφιερώνω στην φίλη μου Σολίτα.

Θανάσης Κεχαγιάς

Θεσσαλονίκη, Μάιος 2000
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n*� BC 2e*! U > 34$'6 5�a $ 07895 W,+*# +&a /�0@j�(*- (*.*a $ - ! 3,a ! .*/�0������@���������@�������@�������@�������@�������mV `
n*� `C8?$&��6 + <,5 0 $ :� 21 ! 34/�3,$���> 6 (*a +*:9�����@�������@�������@���������@�������@�������@�������@�������mV _
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A5B C�DFE GHB I�J KLJ M B N OPN�J B K0QRJSQRJ GHB I�J KLT C GUC VUOHVUE W K 5 ! 0 (4! X*e - +*),(*0 /�: X 5 1 ! 34/�3,5 ! :�3,a ! :�+*e +4! 5 :�5 6 )�(*0 ! Y + 0 a (4! 6 5 - ! .*5 :
e ( - ( <,/=<,+4! �&;@� b��'e (4! - 0 +*> 6 576*! (?3,> 0 (*- a $ 3,$L# > +9(*0 5 1 (*- a $ a /�0'6 5 a ( T*U $ a /�0 �

u(x, t)
.*(4!�34> 6 T + U ! Y +*> 6 5&a ! :

6 5 - ! .*5 :Ne (*- ( <,/=<,+*> :"6 5
ux
X
ut
X
uxx
X
uxt
X
utt
.*a U�Z �=SN+ a 5N+4! e (*- (*.*(*a /?5 ! 0 (4! # ! (*)�+*- ! .*5 :"5 1 ! 3,/�345 ! :�6 5N6 5 - ! .*5 :

e ( - ( <,/=<,+*> : �

ux + ut + u = 0

utt = a2uxx

u · ut = ux

ut = uxx − u

utt = uxx + f(x, t)

ut = uxx + uyy + uzz.

��(&b4- $ 3�! 6 +*e +4! +*> 6 5�3,> 0 $ W�/�:�a $ 07(*e U +*> 34a 5 - $75 .*)�- (*3,$ QRJ GHB IU[9\ B C�DHE GHB IU[9J M B N OPNH[;] ^;A9_a` �
h 34> 0 (*- a $ 34$

u
6 e +*- 5 !�0 (I5 1 (*- a (*a (4!�(*e + B�X"`?$I.*(4!=e 5 - ! 343,+ a 5 - 5 :L6 5 a ( T*U $ a 5 :"b e4� b��

x, y, ..., t, ... c �dfe E(T C GHE g@QUC�h�[�QUCih CiC�N jSE kF[�h E W QHJ;QFE g E"QHJ;NFW g C G e [�N�J B K"\ W E"QHJ e C l kH[ e Omg n
u(x, y) o u(x, t) I e k �	��(b4- $ 3�! 6 +*e +4! +*> 6 5?a $ 0I6 5 a ( T U $ a $

t
<�! (D0 (D# $ U /�34+*> 6 59b4- + 0 + .*(4!"a ! :I6 5 a ( T U $ a 5 :

x, y
<�! (D0 ( # $ U /�34+*> 6 5

b4/=- +,����e /�:"W,(7# +*> 6 52(*- <,+ a 5 - (FX +4! 8?%7 Ie +*>�5 6 e U 5 .*+*> 0�b4- + 0 ! .*5 :"e (*- ( <,/=<,+*> :"5 b4+*> 0N(*- .*5 a (@# ! (*),+*- 5 a ! .*$
34> 6 e 5 - ! )�+*- ('(*e +&(*> a 5 :�e +*>75 6 e U 5 .*+*> 0@6 + 0 +&b4/�- ! .*5 :�e (*- ( <,/=<,+*> : �
p q9r s t u r vSw�x s r vLy z {0| { s { u { z };~�{�� s � y t � x | x t � y x � � rau { t z x �0� z r � r y z t u x�� y � � � x � t y�� x

Dxu � Dtu � Dxxu
u z ���

�
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h e C M�[ a $ :N5 1 ! 3,/�34$ :N5 ! 0 (4! $�> � $ U + a 5 - $�a (*1 $�e (*- ( <,/=<,+*>�e +*>�5 6 ),(*0 ! Y 5 a (4! 34a $ 0�5 1 ! 34/�3,$*��;@� b��=(*e +7a ! :
e ( - (*.*(*a / 5 1 ! 3,/�345 ! :7$&e - /�a $'5 ! 0 (4!,B $ :@a (*1 $ : X,$'# 5 > a 5 - $&5 e*! 34$ :@# 5 > a 5 - $ :�a (*1 $ :@.*(4!4$'a - ! a $&5 ! 0 (4!,a 5 a (*- a $ :
a (*1 $ : �

uxx = utt

ut = uxx

utt + u · uxxxt = 0.

dfe E T C GHE g QUC�h [�QUC9h C5C�N jSE kH[�h E W QRJfQFE g E�QRJS^@A _ T GUO e [�K0I�C�BF\ J W e J GF[�K e C M [�K �
o�e +'a ! :�e (*- (*.*(*a / 8?%7 LX4$&e - /�a $75 ! 0 (4! E QFE VFJ g [�K .*(4!4$&# 5 > a 5 - $ QR[5E QFE VFJ g [�K �

ut − uxx = 0.

ut − uxx = f(t).

o�e +&a ! :@e (*- (*.*(*a / 8?%7 LX4+4!4# > +&e - /�a 5 :�5 ! 0 (4!*<,- (*6 6*! .*5 :�6 5�34a ( W�5 - +*> :�34> 0 a 5 U 5 3,a 5 : X4+4!4# > +&5 e +*6 5 0 5 :
<,- (*6 6*! .*5 :"6 526 5 a ( T U $ a +*> :"34> 0 a 5 U 5 3,a 5 :".*(4! +4! # > +@a 5 U 5 > a (4! 5 :"6 $N<,- (*6 6*! .*5 : �Sb ;�+4! 5 :"(*e +�(*> a 5 :2a ! :N5 1 ! 3,/�345 ! :
5 ! 0 (4!4+*6 + <,5 0 5 ! : � c

ut − uxx = 0.

utt − uxx = f(t)

utt + xut = sin(x)

uxx +
uyy

x2 + y2
= 1

ux + u · ut = 1

uxx − uyy · sin(ux) = 0.

��� � �,)5 ���� -$ ;:$' :<� &(#�78 "%9 "�5/�� :$1" 
;�/=:"U > 0 5 a (4! 6*! (@8?%7 �� ]2a +@e (*- + 0"5 # (*)�! +�W�(�5 1 5 a (*34+*> 6 525 0 (�34> <,.*5 .*- ! 6 5 0 +�e (*- (*# 5 ! <,6 (@89%& ?.*(4! W�(�# +*> 6 5
e /=:�$&U > 3,$7a $ :�6 e +*- 5 !40 (7T*- 5 W,5 !4e - +*3,5 <4<�! 34a ! .*('6 5 34/ a $ :@U > 34$ :�5 0 +*:�3,> 3,a $ 6 (*a +*:�3,> 0 $ W�/�0@%& "�
��5 /�- +*> 6 5�U +4! e + 0@a $ 07e (*- (*.*(*a / +*6 + <,5 0 $@<,- (*6 6*! .*$�b 6 5�3,a ( W,5 - +*> :�34> 0 a 5 U 5 3,a 5 : c 8?%7 

ut + aux + 2u = 0.
b � � � c

u(x, 0) = fε(x)
b � � B c

B
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+*e +*>7$
fε(x)

5 ! 0 (4!4$&34> 0 (*- a $ 34$

f(x) =

{
1
<�! ( |x| ≤ ε

0
<�! ( |x| > ε

.
b � � ` c

��5 U +*> 6 5�0 ('U > 3,+*> 6 5@a $ 0�b � � � c Xmb � � B c 34a + 0&a +*e + −∞ < x < ∞ X 0 ≤ t < ∞ �"o�:@+*- ! 34+*> 6 5 δx = a
.*(4!,6*! (

+4! .*+ <,5 0 5 ! (L34> 0 (*- a $ 345 /�0
vn(t) = u(n · δx, t) b n = 0,±1,±2, ... c ��SN+ a 5 X�(*07a + a = δx

5 ! 0 (4!,(*- .*5 a (L6*! .*- +
W,('5 b4+*> 6 5

ut(n · δx, t) =
dvn

dt

b � � c c

ux(n · δx, t) ' vn(t) − vn−1(t)

δx

b � � n c
 �e*! 3,$ :"$ b � � � c 5 ! 0 (4! ! 3,+*# > 0 (*6 $�6 5?a $ 0 ut = −aux−2u

.*(4! 5 a 3,! X b4- $ 3�! 6 +*e +4! /�0 a (*:"a ! :0b � � c c XFb � � n c X e (4! - 0 +*> 6 5b <�! (
n = 0,±1,±2, ... c

dvn

dt
= −δx · vn(t) − vn−1(t)

δx
− 2vn(t) = − (vn(t) − vn−1(t)) − 2vn(t).

b � � V c
��34+N<�! (�a ! :"(*- b,! .*5 :�34> 0 W�$ .*5 : X (*0"a +

ε
5 ! 0 (4! (*- .*5 a (�6*! .*- +FX W,(�5 b4+*> 6 5

v0(0) = 1
.*(4!

vn(t) = u (n · δx, t) = 0
X

<�! (
n 6= 0

�2]"> 0 + � ! Y + 0 a (*: X*W�5 /�- 5 ! 34a 5�a +L34> 34a $ 6 (L6 5 C T J B GFJ KfJ M B N OPN�J B K �

...

dv−1

dt
= − (v−1 − v−2) − 2v−1

dv0
dt

= − (v0 − v−1) − 2v−0
b � � Y c

dv1
dt

= − (v1 − v0) − 2v1

...

v0(0) = 1, vn(0) = 0
<�! (

n = ±1,±2, ...
b � � _ c

]2> 6 )�/�0 (&6 5�a ('e (*- (*e (*0 /SX4(*0�+4!434> 0 (*- a $ 345 ! :
vn(t)

b
n = 0,±1,±2, ... c 5 ! 0 (4!*U > 3,$7a +*>�b � � Y c �

b � � _ c a + a 5NW�(5 b4+*> 6 5�6*! ( T GHE N�J VHVUB N e B IU[ U > 3,$&a +*>�b � � � c �

b � � ` c � vn(t) ' u(n · δx, t) b <�! ( n = 0,±1,±2, ... c �k=! (90 (L(*0 a U $ 3,+*> 6 5@U +4! e + 0&.*(*e +4! (Le U $ - +*),+*- ! (&<�! (9a $ 0&3,> 6 e 5 - ! )�+*- (La /�0'U > 345 /�0&a +*>@b � � � c �

b � � ` c W,(U > 3,+*> 6 5@a +L3,> 3,a $ 6 ("b � � Y c �

b � � _ c ��o�- b,! Y +*> 6 5�6 5�6*! (9(*e U $'e (*- (*a $ - $ 3,$*�N$ n �

34a $'5 1 ! 3,/�34$'a +*>'3,> 3,a $ 6 (*a +*:
5 6 e U 5 .*5 ! 6 + 0 +@a ! :N3,> 0 (*- a $ 3,5 ! :

vn(t)
.*(4!

vn−1(t)
��SN/�- (FX*+4!

vn(t)
<�! (

n = −1,−2, ...
.*a U*��# 5 0�5 e $ - 5 (�Y + 0 a (4!

(*e + a ! :
vn(t)

<�! (
n = 0, 1, 2, ...

�  2e*! 3,$ :?+4!
vn(t)

<�! (
n = −1,−2, ...

1 5 .4! 0 (*0 5'(*e + 6 $ # 5 0 ! .*$I(*- b,! .*$

`
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.*( a (*3,a (*34$4�2]"a $ 0@e - ( <,6 (*a ! .*+ a $ a ('U +4! e + 0@6 e +*- +*> 6 5�0 (&U > 3,+*> 6 5�a +'> e +*34> 34a $ 6 (

...

dv−2

dt
= − (v−2 − v−3) − 2v−2

dv−1

dt
= − (v−1 − v−2) − 2v−1

vn(0) = 0
<�! (

n = −1,−2, ...

b4/=- ! :�0 (7(*34b4+ U $ W,+*> 6 5N6 5Na ! :�> e + U +4! e 5 :�5 1 ! 34/�3,5 ! :�a +*>734> 34a $ 6 (*a +*: �2 2! 0 (4!*)�(*0 5 - +7+ a !*(*> a +&a +&> e +*3,> 3,a $ 6 (
5 b45 !4a $ 07U > 34$

... = v−2(t) = v−1(t) = 0.

S"/�- ('(*:�5 1 5 a (*3,+*> 6 5�a $ 075 1 ! 3,/�34$
dv0
dt

= − (v0(t) − v−1(t)) − 2v0(t) = −3v0(t), v0(0) = 1.

 2! 0 (4!2),(*0 5 - +I+ a !2$IU > 3,$I(*> a $ :9a $ :95 1 ! 3,/�34$ :95 ! 0 (4!
v0(t) = e−3t � 8?e +*- +*> 6 5'a /�- ( 0 ( 5 e*! U > 3,+*> 6 59a $ 0

5 1 ! 34/�3,$
dv1
dt

= − (v1(t) − v0(t)) − 2v1(t) = −3v1(t) + e−3t, v1(0) = 0

<�! ('0 (&> e + U + <�! 34+*> 6 5�a $ 0
v1(t)
X,.*(*a +*e*! 0@0 (&e - + b4/�- $ 3,+*> 6 5�34a $ 075 e*! U > 3,$&a $ :

dv2
dt

= − (v2(t) − v1(t)) − 2v2(t) = −3v2(t) + v1(t), v2(0) = 0

+*e +*>@$
v1(t)

W�(75 ! 0 (4! <,0 /�3,a $734> 0 (*- a $ 34$@.*(4!*.*(*a � (*> a +&a + 0�a - +*e +&0 (&34> 0 5 b,! 3,+*> 6 5�.*(4! 0 (@T*- +*> 6 5Na $ 0
vn(t)<�! (9+*e +4! +*# $ e + a 5

n
�� "! 0 (4!,+*6 /�:7e*! +95 > .*+ U +L0 ('T*- +*> 6 5�.*(*a 5 > W,5 ! (*07a $ 0

vn(t)
6 5@b4- $ 3,$'a +*>'8?\ ]

Laplace
�

;�- ( <,6 (*a ! X46 5 a (*34b4$ 6 (*a ! Y + 0 a (*:@a $ 0
n �

34a $75 1 ! 34/�3,$&e (4! - 0 +*> 6 5N<�! (
n = 1, 2, ...

sVn − vn(0) = −3Vn + Vn−1 ⇒ (s+ 3) Vn = Vn−1 ⇒ Vn =
1

s+ 3
Vn−1

.*(*!46 5�5 e (*0 5 ! U $ 6 6 5 0 $75 ),(*- 6 + <,$7a $ :�a 5 U 5 > a (4! (*:�34b45 34$ : �

Vn =
1

(s+ 3)nV0 =
1

(s+ 3)n+1 ⇒ vn(t) = L
−1

(
1

(s+ 3)n+1

)
=
tn

n!
e−3t

]2> 0 + � ! Y + 0 a (*: X4$7U > 3,$&a +*>7(*- b,! .*+*>734> 34a $ 6 (*a +*:@5 ! 0 (4!

vn(t) = 0, n = ...,−2,−1

vn(t) =
tn

n!
e−3t, n = 0, 1, 2, ... .

]2a +'e (*- (*.*(*a / 34b4$ 6 ('# ! 0 +*> 6 5�a $ 0@<,- (*)�! .*$@e (*- (*34a (*3,$7a /�073,> 0 (*- a $ 3,5 /�0
vn(t)
�

c
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vn
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� |������f� � �

]2a (7e (*- (*e (*0 /9> e + U + <�! 34(*6 5N6*! (@e - +*345 <4<�! 3,$�a $ :"U > 3,$ :
u(x, t)

a +*>�e - + T*U $ 6 (*a +*:0b � � � c �

b � � ` c ����e +*3,a $ �

- ! 1 (*6 59b b4/�- ! :@(*> 34a $ - $7(*e +*# 5 ! 1 $ c + a !,+4!43,> 0 (*- a $ 3,5 ! : vn(t)
e - +*345 <4<�! Y +*> 0@a $ 0

u(x, t)
��]2a + ��5 )�(*U (4! +'B7W,(

# /�34+*> 6 5�a - +*e +*> :@5 e*! U > 3,$ :78?%7 fe - /�a $ :@a (*1 $ :7.*(4!4W,(9),(*0 5 !,+ a !�$'5 e*! U > 3,$'a +*>'e - + T U $ 6 (*a +*:�b � � � c �

b � � ` c6 e +*- 5 !*0 (7<�! 0 5 !*.*(*a (&a - +*e +&5 0 a 5 U /�:�(*0 a ! 3,a +4! b4+'6 5�(*> a + 0�e +*>7b4- $ 3,! 6 +*e +4! $ 34(*6 5�5 # /I<�! ('a +&34> 34a $ 6 (@b � � Y c �b � � _ c �

n
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�"� ��
 # 7 %5#������@1" 
Cauchy

 �0 ('a > e*! .*+'e - + T U $ 6 ('89%& e - /�a $ :�a (*1 $ :�5 ! 0 (4!4a +L5 1 $ : �UY $ a 5 ! a (4!4$&U > 34$&a $ :�8?%7 

a(x, t)ux + b(x, t)ut = c(x, t)u
b B4� � c

$7+*e +4! (L! .*(*0 +*e +4! 5 !*a ! :@(*- b,! .*5 :�3,> 0 W,$ .*5 :
u(x, 0) = f(x).

b B*� B c
o�> a +'5 ! 0 (4!4a + T GHE l�kF[�QUC

Cauchy
�2 20 ('e (*- (*# 5 ! <,6 (&e - + T U $ 6 (*a +*:

Cauchy
5 ! 0 (4!4a +'e (*- (*.*(*a /"�

ux + ut = −2u
b B4� ` c

u(x, 0) = sin(x)
b B*� c c

+*e +*>
a(x, t) = 1

X
b(x, t) = 1

X
c(x, t) = −2

.*(4!
f(x) = sin (x)

�9o�e +?)�> 3�! .*$9(*e + � $Le 5 - ! 6 5 0 +*> 6 57+ a !=a +
e - + T U $ 6 (;b B*� ` c XRb B*� c c 5 ! 0 (4!*.*(*U (7# ! (*a > e /�6 5 0 +&.*(4!*e - 5 e 5 !*0 (&5 b45 !*U > 3,$7# ! + a ! ��$�b B*� c c 6 (*:�# ! 0 5 !*a ! :�a ! 6 5 :�a $ :
u(x, t)

<�! ('.*( W�5NW,5 34$
x
3,a + 0@(*- b,! .*+&b4- + 0 +

t = 0
.*(4!4(*0�<,- ( � +*> 6 5�a $ 05b B*� ` c 34a $ 076 +*- )�$

ut = −ux − 2u
b B4� n c

a + a 5�$;b B*� n c e 5 - ! <,- (*),5 !*a $ 075 1 5 U*! 1 $7a $ : u(x, t) 34a + 07b4- + 0 +,�8?! (�a 5 U 5 > a (4! (�e (*- (*a $ - $ 3,$*� +4! (*- b,! .*5 :=3,> 0 W,$ .*5 :�6 e +*- 5 ! 0 (N# ! 0 + 0 a (4! 345=<,5 0 ! .*+ a 5 - $UX e (*- (*6 5 a - ! .*$"6 +*- )�$*�

u(x (τ) , t (τ)) = f(τ)
b B*� V c

# $ U (*# $@0 (7# ! 0 + 0 a (4! +4!*a ! 6 5 :�a +*>
u
e (*0 / 34a $ 0�e (*- (*6 5 a - +*e +4! $ 6 5 0 $�.*(*6 e > U $ {(x (τ) , t (τ)) : τ ∈ T} ��h�b B*� B c5 ! 0 (4!46*! ('5 ! # ! .*$7e 5 - ! e a /�3,$&a $ :9b B*� V c <�! ('a $ 0@.*(*6 e > U $ {(x, 0) : x ∈ R} X,# $ U*�2a + 0@(*1 + 0 (&a /�0 x �

V
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 %5/�� 683�/ � #"�9#(�i: �  )5 �� ?;-$#@?;1"/ ��)9 78%9#�� �5�"1" 

Cau-

chy

��(&U > 3,+*> 6 5�a +'e (*- (*.*(*a / e - + T*U $ 6 (

ux + ut = −2u (−∞ < x <∞, 0 < t <∞) , u(x, 0) = sin(x)
b B4� Y c

6 5�a - 5 ! :�# ! (*),+*- 5 a ! .*+*> :�a - +*e +*> : �

��� ��� �	��

�����������
�
Laplace

�fe - /�a +*:�a - +*e +*:N5 ! 0 (4! X*.*(*a (&.*(*e +4! (75 0 0 +4! (FX $734> 0 5 b45 ! (&a +*>@ 2# (*)�! +*>'� � B*��o�0�W�5 /�- $ 3,+*> 6 5N+ a !*$5b B*� Y c 5 ! 0 (4!a +'+*- ! +'5 0 +*:�3,> 3,a $ 6 (*a +*:@34> 0 $ W,/�07%& b 34> 6 ),/�0 ('6 5�a ! :@e (*- (*a $ - $ 345 ! :@a +*>& �# (*)�! +*>L� � B c X,a + a 5@6*! (')�> 3�! .*$34.*5 � $75 ! 0 (4!40 (&b4- $ 3�! 6 +*e +4! $ 3,+*> 6 5�a + 078?\ ]
Laplace

<�! (L0 ('U > 34+*> 6 5�a $ 075 1 ! 3,/�34$4�"��- ! Y +*> 6 5

U(x, s) = L (u(x, t)) =

∫ ∞

0
e−stu(x, t)dt

b B4� _ c
.*(*!4> e + W,5 a +*> 6 5�+ a !

L (ux(x, t)) = [L (u(x, t))]x = Ux.

S"+ a 5�$�b B*� Y c <�! 0 5 a (4!

Ux + sU − u(x, 0) + 2U = 0 ⇒ Ux + (s+ 2)U = u (x, 0) = sinx.
b B*� g c

h$b B4� g c 5 ! 0 (4! 6*! (�34> 0 $ W,$ :2%7 ?a $ :�3,> 0 (*- a $ 3,$ : U(x, s)
b /�:2e - +*:�a $ 0N(*0 5 1 (*- a $ a $"6 5 a ( T U $ a $

x
.*(4! W�5 /�- /�0 a (*:

a +
s
/�:�e (*- (*6 5 a - + c ��hDU > 3,$&a $ :�5 ! 0 (4!

U (x, s) =
− cos x+ (s+ 2) sinx

s2 + 4s+ 5
+C1(s)e

−x(s+2) =
− cos x+ (s+ 2) sinx

(s+ 2)2 + 1
+ C1(s)e

−xse−2x.
b B*� � p c

S"/�- (FX4e (4! - 0 + 0 a (*:�a + 07(*0 a ! 3,a - +*),+'8?\ ]
Laplace

5 b4+*> 6 5

u (x, t) = − sin (t) e−2t cos (x) + cos (t) e−2t sin (x) + c1(t− x)e−2x

b +*e +*>
c1(t) = L

−1 (C1(s))
X,# $ U*�2+&(*0 a ! 34a - +*)�+*:�8I\ ]

Laplace c .*(4!

sin(x) = u (x, 0) = − sin (0) e−2·0 cos (x) + cos (0) e−2·0 sin (x) + c1(0 − x)e−2x = sin (x) + c1(−x)e−2x

b B*� � � c(*- (7<�! ('.*( W�5
x
! 3,b4> 5 !

c1(−x) = 0
+*e + a 5

c1(x) = 0
�2SN5 U*! .*(&U +4! e + 0

u (x, t) = sin (x− t) e−2t.
b B*� � B c

Y
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Fourier

o�0 a !"0 ( b4- $ 3�! 6 +*e +4! $ 3,+*> 6 5?a + 0I8?\ ]
Laplace

<�! ( 0 ( (*e (*U 5 ! � +*> 6 5La $ 0Ie (*- ( <,/=<,+ /�:?e - +*:?a + 0Ib4- + 0 +FX
6 e +*- +*> 6 5@0 (9b4- $ 3,! 6 +*e +4! $ 34+*> 6 5@a + 0&8I\ ]

Fourier
<�! (90 (L(*e (*U 5 ! � +*> 6 5@a $ 0&e (*- ( <,/=<,+L/�:7e - +*:7a + 0&b4/�- +,�

��- ! Y +*> 6 5
U(w, t) = F (u(x, t)) =

∫ ∞

−∞
e−iwxu(x, t)dx

b B*� � ` c
.*(*!4> e + W,5 a +*> 6 5�+ a !

F (ut(x, t)) = [F (u(x, t))]t = Ut.

S"+ a 5�$�b B*� Y c <�! 0 5 a (4!
iwU + Ut = −2U ⇒ Ut = −(iw + 2)U.

b B*� � c c
hi# 5 > a 5 - $&5 1 ! 3,/�34$'5 ! 0 (4!46*! (L3,> 0 $ W�$ :@%& Da $ :734> 0 (*- a $ 34$ :

U(w, t)
b /�:@e - +*:�a $ 0&(*0 5 1 (*- a $ a $&6 5 a ( T*U $ a $

t.*(*!*W�5 /�- /�0 a (*:�a +
w
/�:�e (*- (*6 5 a - + c ��hDU > 3,$&a $ :�5 ! 0 (4!

U (w, t) = C1(w)e−(iw+2)t = C1(w)e−iwte−2t b B*� � n c
+*e +*>

C1(w)
5 ! 0 (4!*6*! (&(*> W�(4! - 5 a $ � 3,a ( W,5 - (��4S"/�- (FX*e (4! - 0 + 0 a (*:Na + 0@(*0 a ! 3,a - +*),+&8?\ ]

Fourier
.*(4! <,- (*)�+ 0 a (*:

c1(x) � F
−1 (C1(w))

X,5 b4+*> 6 5

u (x, t) = c1(x− t)e−2t ⇒ sin(x) = u(x, 0) = c1(x).
b B*� � V c

o�- (&a 5 U*! .*(
u(x, t) = sin (x− t) e−2t.

��� ��� � ��

��������� ���	����
 �����
��� � ��� ��

��� ���	�������������
S"/�- (@W�(7U > 34+*> 6 5Na $ 09b B4� Y c b4- $ 3,! 6 +*e +4! /�0 a (*:N6*! (&(*- .*5 a (@# ! (*),+*- 5 a ! .*$�e - +*3,5 <4<�! 34$4�2��(@W�5 /�- $ 3,+*> 6 5Na ( x, t/�:"34> 0 (*- a $ 345 ! :N6*! (*:N6 5 a ( T U $ a $ :

s
a $ 0�+*e +4! (@W,(7+*- ! 34+*> 6 5"5 a 3�! /�34a 5"0 (7! .*(*0 +*e +4! 5 ! a (4! a +75 1 $ :"34> 34a $ 6 (&%7 N�

dx

ds
= 1,

dt

ds
= 1.

b B*� � Y c
;�- +*),(*0 /�:@a +934> 34a $ 6 (ib B*� � Y c 5 b45 !�a $ 0&U > 3,$ x(s) = s + c1

X
t(s) = s + c2

�7k=! (9.*( W�5@5 e*! U + <,$La /�0
c1
X
c2e (*! - 0 +*> 6 5@6*! (?.*(*6 e > U $ {(x(s), t(s)) : s ∈ [0,∞)} �&��6 /�:&+ U 5 :&(*> a 5 :7+4!�.*(*6 e > U 5 :7# 5 0'5 ! 0 (4!�# ! (*),+*- 5 a ! .*5 : �o�e (*U 5 ! )�+ 0 a (*:�a +

s
e (4! - 0 +*> 6 5

x− t = c1 − c2
b B*� � _ c

# $ U (*# $7a +'3,> 0 + U +'a /�0@.*(*6 e > U /�0@<�! ('a ! :�+*e +4! 5 :�34> Y $ a (*6 5�5 ! 0 (4!4+4!45 > W,5 ! 5 :�a $ :�6 +*- ),$ :

x = t+ τ
b B*� � g c

_
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+*e +*>
τ = c1−c2

�2��! 5 > W�5 ! 5 :2(*> a 5 :26 e +*- +*> 0N0 (�e (*- (*6 5 a - +*e +4! $ W�+*> 0"6 52e + U U +*> :"! 34+*# > 0 (*6 +*> :2a - +*e +*> :
�

# $ U4�
> e (*- b4+*> 0�e + U U 5 :�5 e*! U + <,5 :�a $ :

s
e +*>@# ! 0 +*> 0@a $ 07! # ! ('+4! .*+ <,5 0 5 ! (75 > W�5 ! /�0*��h (*e U +*> 3,a 5 - $7e (*- (*6 5 a - +*e +4! $ 3,$

5 ! 0 (4!40 (&W,5 34+*> 6 5
t = s

b # $ U (*# $
c2 = 0 c +*e + a 5NW,('5 b4+*> 6 5�.*(4! c1 = τ

.*(4!4a 5 U*! .*(

x = s+ τ, t = s.
b B*� B p c

;�( - (*a $ - +*> 6 5N+ a !46 e +*- +*> 6 5�0 ('(*0 a ! 3,a - 5 � +*> 6 5�a $ 05b B*� B p c .*(4!40 (&e (*- +*> 6 5

s = t
X

τ = x− t
� b B*� B*� c

S"/�- (FX4e (*0 / 345�6*! ('5 > W,5 ! ('6 5�e (*- (*6 5 a - ! .*$75 1 ! 34/�3,$;b B4� B p c W,('5 b4+*> 6 5

ux + ut = −2u⇒ ux
dx

ds
+ ut

dt

ds
= −2u⇒

du

ds
= −2u⇒ u(s, τ) = c(τ)e−2s ⇒

u(x, t) = c(x− t) · e−2t.
b B*� B B c

;�- +*345 1 a 5&+ a !�34a $ 0?e (*- (*e (*0 /i5 1 ! 34/�3,$?$ � 3,a ( W,5 - (��
c(τ)
5 ! 0 (4!�6*! ( (*> W�(4! - 5 a $I34> 0 (*- a $ 34$?a +*>

τ
� k=! ( 0 (

e - +*34# ! +*- ! 3,+*> 6 5�a $ 0
c(τ)
W�('b4- $ 3,! 6 +*e +4! $ 34+*> 6 5�a $ 0@(*- b,! .*$734> 0 W�$ .*$4�� 2b4+*> 6 5

sin(x) = u(x, 0) = c(x− 0) · e−2·0 = c(x).
b B*� B ` c

o�- (FX4a 5 U ! .*(FX4$&U > 34$&a $ :�(*- b,! .*$ :�5 1 ! 3,/�34$ :@5 ! 0 (4!Rb +*e /�:�$ # $7<,0 /�- ! Y +*> 6 5 c
u(x, t) = sin (x− t) · e−2t.

b B*� B c c
��� ��� � ��

���������������
X2> 3,(*6 5@6*! (L<,- (*6 6*! .*$'8?%7 e - /�a $ :7a (*1 $ :76 57a - 5 ! :7# ! (*)�+*- 5 a ! .*5 :�6 5 W,+*# +*> : �7��!�# > +9e - /�a 5 :76 5 W�+*# +4!�5 ! 0 (4!
e ( - +*6 +4! 5 : �2T*(*3,! Y + 0 a (4!,34a $ 0&b4- $ 34$'+ U +*.*U $ - /�a ! .*/�076 5 a (*3,b4$ 6 (*a ! 3,6 /�0 ��hia - ! a $'6 5 W,+*# +*:�U 5 <,5 a (4! � 6 5 W,+*# +*:
a /�09b4(*- (*.*a $ - ! 34a ! .*/�0 ��.*(4!�5 ! 0 (4! � .*(*U > a 5 - $ � X26 5La $ 0?5 0 0 +4! ( + a !25 )�(*- 6 +�Y 5 a (4!=.*(4!�3,5Le - + T*U $ 6 (*a ( e +*>?# 5 0
6 e +*- +*> 0@0 ('5 e*! U > W�+*> 076 5�+ U +*.*U $ - /�a ! .*+*> :�6 5 a (*34b4$ 6 (*a ! 346 +*> : �"k=! (La + 07U + <,+'(*> a +L34a +L5 e +*6 5 0 +'5 # (*)�! +&W,(
6 5 U 5 a $ 34+*> 6 5�a $ 076 5 W�+*# +'a /�07b4(*- (*.*a $ - ! 3,a ! .*/�0@3,5�6 5 <,(*U > a 5 - $75 .*a (*34$4�

�"� ��� 3�/ � #"�9#"6	��'�)�
  "%9 @&�� �@%�� -
��� &('�)
��5 /�- +*> 6 5�.*(4!4e (*U !4a +'e - + T U $ 6 (

Cauchy

a(x, t)ux + b(x, t)ut = c(x, t)u
b B*� B n c

u(x (τ) , t (τ)) = f(τ)
b B4� B V c

g
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+*e +*> {(x (τ) , t (τ)) : τ ∈ T} 5 ! 0 (4!46*! ('.*(*6 e > U $73,5�e (*- (*6 5 a - ! .*$76 +*- ),$4���(7e - +*34e ( W�$ 3,+*> 6 5�0 (76 5 a (*a - 5 � +*> 6 5Na +&e (*- (*e (*0 /Ie - + T*U $ 6 (7e +*>@5 6 e U 5 .*5 !*e (*- ( <,/=<,+*> :N/�:�e - +*:�# > +
(*0 5 1 (*- a $ a 5 :"6 5 a ( T U $ a 5 :�345N5 0 (70 5 +7e - + T*U $ 6 (FX 3,a +&+*e +4! +7a +

u
e - +*34# ! +*- ! Y 5 a (4! (*e +7a $ 0�U > 3,$@6*! (*:N3,> 0 $ W�+*> :

%7 "�,o�> a +&W,('a +'e 5 a > b4+*> 6 5�6 5�6*! ('(*U U ( <,$76 5 a ( T U $ a /�0*�"��5 /�- 5 ! 3,a 5�a +'34> 34a $ 6 (L34> 0 $ W,/�07%7 
dx

ds
= a(x, t), x(0, τ) = x̃(τ),

b B4� B*Y c
dt

ds
= b(x, t), t(0, τ) = t̃(τ).

b B*� B _ c
��!�34> 0 (*- a $ 345 ! :

x̃(τ)
X
t̃(τ)
W,(9e - +*.*> � +*> 0&(*e +9a $ 0'34> 0 W�$ .*$"b B4� B V c X�+*e /�:@W�(9)�(*0 5 !,e (*- (*.*(*a /"�&��!�U > 3,5 ! :a +*>L34> 34a $ 6 (*a +*:;b B*� B Y c XSb B*� B _ c U 5 <,+ 0 a (4! � b4(*- (*.*a $ - ! 34a ! .*5 :&.*(*6 e > U 5 : ��a +*>Le - + T U $ 6 (*a +*:;b B4� B n c XSb B4� B V c .*(4!5 b4+*> 09a $ 096 +*- )�$

x(s, τ)
X
t(s, τ)

� o�:&W�5 /�- $ 3,+*> 6 5@b e - +*:'a + e (*- + 0 c a $ 096 5 a ( T U $ a $ τ 0 (I5 ! 0 (4!�34a ( W�5 - $*�S"+ a 5'e (4! - 0 +*> 6 5&6*! ( NFW VUI�J I GHB QHJ g [ b4(*- (*.*a $ - ! 34a ! .*$9.*(*6 e > U $
x(s, τ)

X
t(s, τ)

e (*- (*6 5 a - +*e +4! $ 6 5 0 $9(*e +Ia $ 0
6 5 a ( T U $ a $

s
�2;�(*0 / 3,5�(*> a $&a $ 0@b4(*- (*.*a $ - ! 34a ! .*$75 b4+*> 6 5

d [x(s, τ)]

ds
= a(x(s, τ), t(s, τ)),

d [t(s, τ)]

ds
= b(x(s, τ), t(s, τ))

b B4� B g c
.*(*!4(*- (

a(x(s, τ), t(s, τ))ux + b(x(s, τ), t(s, τ))ut = c(x(s, τ), t(s, τ))u ⇒

ux
dx

ds
+ ut

dt

ds
= c(x(s, τ), t(s, τ))u ⇒

du

ds
= c(x(s, τ), t(s, τ))u.

b B4� ` p c
o�0�a /�- ('U > 34+*> 6 5�a $ 09b B*� ` p c /�:�3,> 0 $ W�$7%7 D6 5�(*0 5 1 (*- a $ a $@6 5 a ( T*U $ a $&a $ 0 s .*(4!4e (*- (*6 5 a - +7a $ 0 τ X4$7U > 3,$
u(s, τ)

W�('e 5 - ! 5 b45 !46*! ('(*> W,(4! - 5 a $ � 3,a ( W,5 - (�� X4$&+*e +4! ('34a $ 07e - ( <,6 (*a ! .*+ a $ a (&W,('5 ! 0 (4!434> 0 (*- a $ 34$&a +*>
τ
�2o�0

5 e*! e U 5 + 0@e - +*34# ! +*- ! 3,+*> 6 5�a $ 0 � 34a ( W�5 - (��4(*e +'a $ 07(*- b,! .*$73,> 0 W,$ .*$
u(s, τ) = f(τ)

X,a + a 5�W�('5 b4+*> 6 5�T - 5 !4a $ 0
U > 3,$7a +*>&e - + T U $ 6 (*a +*:

Cauchy
b B4� B n c Xab B4� B V c �

JL��K4���4v � ����� F � s � �
��('U > 34+*> 6 5�a +'e - + T U $ 6 (

xux + ut = −tu, u(x, 0) = sin(x)
b B4� `4� c

��!4b4(*- (*.*a $ - ! 3,a ! .*5 :�5 1 ! 34/�3,5 ! :@5 ! 0 (4!
dx

ds
= x,

dt

ds
= 1

b B*� ` B c
.*(4!4$7U > 3,$7(*> a /�0

x(s) = c1e
s, t(s) = s+ c2.

b B*� ` ` c
� p
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o�0?W,5 34+*> 6 5
c2 = 0

X�a + a 5
t = s

.*(4!
x = c1e

t = τet
��%7$ U (*# $ $ e (*- (*6 5 a - ! .*$I6 +*- ),$ a /�0

b4(*- (*.*a $ - ! 3,a ! .*/�0@.*(*6 e > U /�075 ! 0 (4!

x(s, τ) = τes, t(s, τ) = s.
b B*� ` c c

o�0@(*0 a ! 3,a - 5 � +*> 6 5�.*(4! <,- ( � +*> 6 5�a ! :
s, τ
34(*0@3,> 0 (*- a $ 3,$7a /�0

x, t
e (4! - 0 +*> 6 5

s = t, τ = xe−t.
b B*� ` n c

S"/�- ('U > 0 +*> 6 5

xux + ut = −tu⇒ du

ds
= −su⇒ u(s, τ) = c(τ)e−s2/2 ⇒ u(x, t) = c(xe−t)e−t2/2.

b B*� ` V c
S"5 U +*: X,(*e +&a $ 07(*- b,! .*$73,> 0 W,$ .*$75 b4+*> 6 5

sin(x) = u(x, 0) = c(xe0)e0 = c(x) ⇒ u(x, t) = sin
(
xe−t

)
e−t2/2.

b B*� ` Y c
� � �

JL��K4���4v � ����� F � s � F
��('U > 34+*> 6 5�a +'e - + T U $ 6 (

xux + tut = −2u, u(x, 1) = sin(x)
b B4� ` _ c

��!4b4(*- (*.*a $ - ! 3,a ! .*5 :�5 1 ! 34/�3,5 ! :@5 ! 0 (4!
dx

ds
= x,

dt

ds
= t

b B*� ` g c
.*(4!4$7U > 3,$7(*> a /�0

x(s) = c1e
s, t(s) = c2e

s.
b B*� c p c

o�09W�5 3,+*> 6 5
c2 = 1

X�a + a 5
t = es

.*(4!
x = c1t = τes

��%&$ U (*# $ $ e (*- (*6 5 a - ! .*$I6 +*- ),$ a /�0
b4(*- (*.*$ a - ! 3,a ! .*/�0@.*(*6 e > U /�075 ! 0 (4!

x(s, τ) = τes, t(s, τ) = es.
b B*� c4� c

o�0@(*0 a ! 3,a - 5 � +*> 6 5�.*(4! <,- ( � +*> 6 5�a ! :
s, τ
34(*0@3,> 0 (*- a $ 3,$7a /�0

x, t
e (4! - 0 +*> 6 5

s = ln (t) , τ = x/t.
b B4� c*B c

S"/�- ('U > 0 +*> 6 5

xux + tut = −2u⇒ du

ds
= −2u⇒ u(s, τ) = c(τ)e−2s ⇒ u(x, t) =

c(x/t)

t2
.

b B*� c ` c
S"5 U +*: X,(*e +&a $ 07(*- b,! .*$73,> 0 W,$ .*$75 b4+*> 6 5

sin(x) = u(x, 1) =
c(x/1)

12
= c(x) ⇒ u(x, t) =

sin (x/t)

t2
.

b B*� c c c

� �
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� � �

o�e +'a ('e (*- (*e (*0 /IT U 5 e +*> 6 5�+ a !4$&6 5 W�+*# +*:�a /�0@b4(*- (*.*a $ - ! 34a ! .*/�0@6 e +*- 5 !40 ('e 5 - ! <,- (*),5 !4/�:�5 1 $ : �
� � ��(*a (*34.*5 > (�Y +*> 6 5'a $ 09+4! .*+ <,5 0 5 ! (Ia /�0?b4(*- (*.*a $ - ! 3,a ! .*/�09.*(*6 e > U /�0

x(s, τ), t(s, τ)
a $ :L8?%7 ,b B4� B n cU > 0 + 0 a (*:�a +L34> 34a $ 6 (L34> 0 $ W,/�0@%& b B4� B*Y c XRb B*� B _ c �

B4�Nh e (*- (*6 5 a - +*:
s
# ! 0 5 !*a ( NF[�QRJ B C 6*! (*:�3,> <,.*5 .*- ! 6 5 0 $ :N.*(*6 e > U $ :�.*(4!*$@e (*- (*6 5 a - +*:

τ
# ! 0 5 !*6*! ( I�C QHT W kH[

a $ :�+4! .*+ <,5 0 5 ! (*: �
`4����!

x(s, τ), t(s, τ)
5 b4+*> 0 a $ 0f! # ! + a $ a (i+ a !N<�! (i34a ( W�5 - +

τ
.*(4!�6 5 a ( T*(*U U +*6 5 0 +

s
$f6 5 a ( T + U $ a $ :

u (x(s, τ), t(s, τ))
e 5 - ! <,- (*)�5 a (4!2(*e + a $ 0?34> 0 $ W,$ %7 �b B4� ` p c � X2> 0 + 0 a (*:La $ 0ib B*� ` p c e (4! - 0 +*> 6 5'a $ 0

u
34(*0734> 0 (*- a $ 34$7a /�0

s
.*(4!

τ
X,+*e +*>7$

τ
> e 5 ! 3,5 - b45 a (4!,6 + 0 +'34a ! :@(*- b,! .*5 :�3,> 0 W,$ .*5 : �

c,�No�0 a ! 3,a - 5 )�+*> 6 5�a ! :@3,> 0 (*- a $ 3,5 ! :
x(s, τ), t(s, τ)

.*(4!,e (4! - 0 +*> 6 5
τ(x, t), s(x, t)

b > e + W,5 a +*> 6 5�+ a !4$&(*0 a !
�

34a - +*)�$75 ! 0 (4!4# > 0 (*a $�X4(*U U*! /�:�$76 5 W�+*# +*:�# 5 0@5 )�(*- 6 +�Y 5 a (4! � c �� �a 3,!,6 e +*- +*> 6 5N0 (&6 5 a (*34b4$ 6 (*a ! 34+*> 6 5�a ! :(*- b,! .*5 :&34> 0 W�$ .*5 :&/�34a 5&0 (?5 .*)�- (�Y + 0 a (4!�3,5&34b45 34$96 5&a ! :'a ! 6 5 :
s, τ
.*(4!=0 (?e - +*3,# ! +*- ! 34+*> 6 5&e U $ - /�:

a $ 0�Y $ a +*> 6 5 0 $7U > 3,$7a $ :5b B4� B n c XRb B*� B V c �
]2a $ 07+*> 3,! (LU +4! e + 0�X,$&6 5 W�+*# +*:�a /�07b4(*- (*.*a $ - ! 34a ! .*/�0@3,> 0 ! 3,a (*a (4!,3,5�6*! (L(*U U ( <,$76 5 a ( T U $ a /�0*�"k�5 /�6 5

�

a - ! .*('$7.*5 0 a - ! .*$&! # 5 ('e 5 - ! <,- (*),5 a (4!4(*e +'a +'e (*- (*.*(*a / 34b4$ 6 (,�

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

� |������DF � �

� � ��� � � 
 �

X2> 34a 5�a (Le (*- (*.*(*a /"�
F � s � �

ux + 3ut = u
X
u(x, 0) = sin (x)

b o�e4�
sin (x− t/3) et/3 c �

� B
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F � s � F
ux + 3ut = 1

X
u(x, 0) = sin (x)

b o�e4�
sin (x− t/3) + t/3 c �

F � s � s
xux + tut = u

X
u(x, 2) = cos (x)

b o�e4� t
2 cos (2x/t) c �

F � s � {
xux − tut = u

X
u(x, 1) = cos (x)

b o�e4�
u(x, t) = cos (xt) /t c

F � s � �
xux + ut = −tu X u(x, 1) = 1

ex

b o�e4�
u (x, t) = te−t/x c �

F � s � R
xux − tut = u

X
u(x, 1) = 1

x2+1

b o�e4�
u(x, t) = 1

x2t3+t
c �

�"� ����/0)5� &(/f?;-$/�� 6
��(?# ! (*a > e /�3,+*> 6 5'a /�- (Ia $ 0L6 5 W,+*# +?a /�09b4(*- (*.*a $ - ! 3,a ! .*/�0L6 57<,5 0 ! .*+ a 5 - +?.*(4!�.*(*e /�:'# ! (*)�+*- 5 a ! .*+?a - +*e +,�
��( a (*- b4$ 0�W�(&<,5 0 ! .*5 > 34+*> 6 5�a $ 0@+4! .*+ <,5 0 5 ! ('a /�0@8?%7 Da ! :�+*e +4! 5 :�6 5 U 5 a +*> 6 5 �28?! ('8?%7 Da $ :�6 +*- ),$ :

a(x, t, u)ux + b(x, t, u)ut = c(x, t, u).
b B*� c n c

U 5 <,5 a (4! N jmJ \ E g5V GUC QHQFB IU[ �2;�- +*3,5 1 a 5�a $ 07# ! (*),+*- (&a $ :5b B4� c*n c (*e +'a $ 0�b B*� B n c �"SN/�- ('a ( a, b, c 5 ! 0 (4!434> 0 (*- �

a $ 3,5 ! :�+ b,!46 + 0 +&a /�0
x, t
(*U U ( I�C�B a +*>

u.

� K4� ����
�O?F � { � � _LN e O$NHW g C G e [�N�J B K
Φ, v, w

e J e E B J K0OPN e J

Φ(v(x, t, u), w(x, t, u)) = 0.
b B*� c V c

�LJ QRJfE e BR[;] � � ��� `�J B g C�B U > 3,$;e [�K9] � � ��	 `�C g e E
u(x, t)

e E E T E B E9T GHE NU\ B E GHB 
 J BH[@] � � ��� `�B I�C g E T E B J B e [�g�] � � ��	 ` �
� g5E B

v, w
J B g C�B e J e E B J K9OPN e J5[(] � � ��� `5g C@B N jLW J BPVFB C (*> W�(4! - 5 a $

Φ o e E e J0k J QHJ E e Bm[(] � � ��� `5J B g C�Bm[ <,5 0 ! .*$U > 3,$�e [�K ] � � � 	 ` �

JL��K4���4v � ����� F � { � �
��('U > 34+*> 6 5�a $ 0789%& 

xux + tut = u.
b B*� c*Y c

��5 /�- 5 ! 34a 5@a ! :734> 0 (*- a $ 345 ! :
v(x, t, u) = t

x

X
w(x, t, u) = u

x

.*(4!,a $ 0&34> 0 (*- a $ 34$
Φ1(α, β) =

α− β
��SN+ a 5

Φ1 (v(x, t, u), w(x, t, u)) = 0 ⇒ t

x
− u

x
= 0 ⇒ u = t.

b B*� c _ c
 �b4+*> 6 5

ux = 0
X
ut = 1

.*(4!

xux + tut = x · 0 + t · 1 = t = u
b B4� c*g c

� `
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(*- ('$
Φ1

(
t
x ,

u
x

)
= 0
5 ! 0 (4!46*! ('U > 3,$&a $ :9b B4� c4Y c �2 �e*! 34$ :�<�! ('a $ 0@3,> 0 (*- a $ 3,$ Φ2(α, β) = α · β − 15 b4+*> 6 5

Φ2 (v(x, t, u), w(x, t, u)) = 0 ⇒ t

x
· u
x
− 1 = 0 ⇒ ut = x2 ⇒ u =

x2

t

b B*� n p c
.*(4!45 b4+*> 6 5

ux = 2x
t , ut = −x2

t2
+*e + a 5

xux + tut = x · 2x

t
− t · x

2

t2
=

2x2 − x2

t
=
x2

t
= u

b B*� n*� c
+*e + a 5 I�C�B $

Φ2

(
t
x ,

u
x

)
= 0
5 ! 0 (4!46*! ('U > 3,$7a $ :9b B*� c*Y c ���e /�:�6 (*U U + 0@5 b45 a 5�> e + � ! (*3,a 5 ! X4(*0@e (*- +*> 6 5�6*! ('a > b4+*> 34('3,> 0 (*- a $ 3,$

Φ(α, β)
.*(4!*W�5 3,+*> 6 5

Φ(v(x, t, u), w(x, t, u)) = 0
b B*� n B c

b 6 5
v = t

x

X
w = u

x c $�b B4� n B c W�(&e - 5 e 5 !40 (&5 ! 0 (4!*$@<,5 0 ! .*$@U > 3,$7a $ : b B*� c*Y c �2k=! (&0 (7a +'(*e +*# 5 ! 1 +*> 6 5e - + b4/�- +*> 6 5�/�:�5 1 $ : �

Φ(v, w) = 0 ⇒
(

Φx = 0

Φt = 0

)
⇒
(

Φv · (vx + vuux) + Φw · (wx + wuux) = 0

Φv · (vt + vuut) + Φw · (wt + wuut) = 0

)
.

b B*� n ` c
o�0�<,- ( � +*> 6 5�a ('e (*- (*e (*0 / 3,5�6 +*- ),$7e*! 0 (*.*/�0@5 b4+*> 6 5

[
vx + vuux wx +wuux

vt + vuut wt +wuut

][
Φv

Φw

]
=

[
0

0

] b B*� n c c
.*(4!*<�! ('0 (L! 3,b4> 5 !4(*> a $&$&5 1 ! 3,/�34$7<�! ('.*( W�5

Φ
W�('e - 5 e 5 !40 (&5 b4+*> 6 5

∣∣∣∣∣
vx + vuux wx + wuux

vt + vuut wt + wuut

∣∣∣∣∣ = (vx + vuux) (wt + wuut) − (vt + vuut) (wx + wuux) = 0.
b B*� n n c

 �b4+*> 6 5�+*6 /�:

v =
t

x
, vx = − t

x2
, vt =

1

x
, vu = 0

b B*� n V c

w =
u

x
, wx = − u

x2
, wt = 0, wu =

1

x
.

b B*� n Y c
o�0@(*0 a ! .*(*a (*34a $ 3,+*> 6 5�a ('e (*- (*e (*0 / 3,a $ 05b B*� n n c e (4! - 0 +*> 6 5

0 = − t

x2
· 1

x
· ut −

1

x
·
(
− u

x2
+

1

x
· ux

)
=

−tut + u− xux

x3

b B*� n _ c
(*e +'a $ 07+*e +4! ('e - +*.*> e a 5 !4$;b B4� c4Y c �28?5�(*U U ('U + <�! (FX,(*07e (*- +*> 6 5�+*e +4! (*# $ e + a 5 b e (*- ( <,/=<�! 3�! 6 $ c Φ.*(4!4(*e (4! a $ 3,+*> 6 5�a (

u, x, t
0 (L! .*(*0 +*e +4! +*> 0

Φ

(
t

x
,
u

x

)
= 0

b B*� n g c
a + a 5�a +

u(x, t)
e +*>&e - +*3,# ! +*- ! Y 5 !4$;b B4� n g c 5 ! 0 (4!46*! ('U > 3,$7a $ :5b B4� c4Y c �

� c
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� � �

h�5 .*)�- (*3,$ � <,5 0 ! .*$&U > 3,$ ��5 ! 0 (4!,.*(*e /�:@e (*- (*e U (*0 $ a ! .*$UX,# ! + a !�6 e +*- 5 !,0 (L> e (*- b4+*> 0734> 0 (*- a $ 345 ! :
u(x, t)+4! +*e +4! 5 :�! .*(*0 +*e +4! +*> 0�a $ 05b B*� c n c .*(4!*# 5 0@e - +*.*> e a +*> 0�(*e +&6*! ('34b45 34$7a $ :�6 +*- ),$ : b B4� c*V c �� "! 0 (4!*+*6 /�:�3,(*),5 :+ a !4$�b B*� c V c 5 ! 0 (4!4(*- .*5 a (7<,5 0 ! .*$4�o�0�$

Φ
6 e +*- 5 !*0 (7U > W�5 !4/�:�e - +*:�a $ 0

v
X4a + a 5�$@<,5 0 ! .*$@U > 3,$@6 e +*- 5 !40 (7<,- (*)�a 5 !4! 3,+*# > 0 (*6 (&34a $ 0@6 +*- ),$

v(x, t, u) = Ψ(w(x, t, u))
b B4� V p c

.*(*!4(*e +'(*> a $70 (&e - +*.*> � 5 !4$
u(x, t)

�
JL��K4���4v � ����� F � { � F
]2> 0 5 b,! Y + 0 a (*:�a +Le (*- (*e (*0 / e (*- (*# 5 ! <,6 (FX4(*:�e (*- +*> 6 5�6*! (La > b4+*> 3,(

Ψ
.*(4!4(*:NW�5 3,+*> 6 5

w(x, t, u) = Ψ(v(x, t, u)) ⇒ u

x
= Ψ

(
t

x

)
.

b B*� V*� c
S"+ a 5

u = xΨ

(
t

x

)
⇒
(
ux = Ψ + xΨ′ ·

(
− t

x2

)

ut = xΨ′ ·
(

1
x

)
) b B*� V B c

+*e + a 5
xux + tut = xΨ + x2Ψ′ ·

(
− t

x2

)
+ txΨ′ ·

(
1

x

)
= xΨ = u

b B*� V ` c
# $ U (*# $7$�b B*� c*Y c ! .*(*0 +*e +4! 5 ! a (4!*<�! ( C�W h C�B GFJ e [ b e (*- ( <,/=<�! 3�! 6 $ c Ψ �

� � �

o�e +*6 5 0 5 !�a /�- (9$'5 > - 5 3,$'6*! (*:76 5 W,+*# +*>'6 5@a $ 0'+*e +4! (90 (96 e +*- +*> 6 5@0 (L> e + U + <�! Y +*> 6 57a ! :&34> 0 (*- a $ 345 ! :
v, w
�9S"+?e (*- (*.*(*a /DW�5 /�- $ 6 (?6 (*:&e (*- 5 b45 !�6*! (?6 5 W�+*# +?5 e*! U > 3,$ :'3,b45 # + 0&<,- (*6 6*! .*/�0'8?%7 ie - /�a $ :'a (*1 $ : �

%75 0&# ! 0 +*> 6 5�a $ 07(*e +*# 5 ! 1 $&a +*>&W,5 /�- $ 6 (*a +*:5b +L(*0 ( <,0 /�3,a $ :�W,(La $ 07T - 5 !,3,a +'T4! T U*! +�� � � c (*U U (L5 ! 0 (4!,),(*0 5 - ++ a !*T (*3�! Y 5 a (4!43,a $ 07! # 5 ('a /�07b4(*- (*.*a $ - ! 3,a ! .*/�0@.*(*6 e > U /�0*�
� v ��K �����DF � { � F _SN e O

v(x, t, u) = c1
I�C�B

w(x, t, u) = c2
\ W E (*0 5 1 (*- a $ a 5 : k�W N�J B K e E W9NHW N e [�QUC e E K

dx

a(x, t, u)
=

dt

b(x, t, u)
=

du

c(x, t, u)
.

b B*� V c c
� E e J0[�VFJ g B IU[�k�W NF[ e [�K0N jmJ \ E g9V GUC QHQFB IU[�KS^@A _

a(x, t, u)ux + b(x, t, u)ut = c(x, t, u)
b B*� V n c

J B g C�BH[
F (v(x, t, u), w(x, t, u)) = 0.

b B*� V V c
� n
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hf34b45 34$@a +*>7��5 /�- $ 6 (*a +*:N6 5Na $ 0�6 5 W,+*# +@a /�0�b4(*- (*.*a $ - ! 3,a ! .*/�0N<�! 0 5 a (4! )�(*0 5 - $�(*0�1 (*0 ( <,- ( � +*> 6 5 a $ 0
b B*� V c c 3,a $ 076 +*- )�$

dx

a(x, t, u)
=

dt

b(x, t, u)
=

du

c(x, t, u)
= ds.

b B*� V Y c
JL��K4���4v � ����� F � { � s
k=! ('0 (7T*- +*> 6 5�a $ 0�<,5 0 ! .*$7U > 3,$&a $ :9b B4� c4Y c e - 5 e 5 !40 ('U > 34+*> 6 5�a +'3,> 3,a $ 6 (

dx

x
=
dt

t
=
du

u
.

b B*� V _ c
hi5 e*! U > 3,$&a +*>�b B*� V _ c 5 ! 0 (4!4(*e U $4�

dt

t
=
dx

x
⇒ ln t+ c1 = lnx⇒ t = c2x⇒ t

x
= c2

b B*� V g c
.*(4!

du

u
=
dx

x
⇒ lnu = lnx+ c3 ⇒ u = c4x⇒ u

x
= c4.

b B*� Y p c
;�(4! - 0 + 0 a (*:�U +4! e + 0

v(x, t, u) = t
x = c2

.*(4!
w(x, t, u) = u

x = c4
X,$@<,5 0 ! .*$7U > 3,$7W,('5 ! 0 (4!

Φ

(
t

x
,
u

x

)
= 0

b B*� Y � c
$7.*(4!

u

x
= Ψ

(
t

x

)
⇒ u(x, t) = xΨ

(
t

x

)
.

b B*� Y B c

� � �

JL��K4���4v � ����� F � { � {
��(&T - +*> 6 5�a $ 0@<,5 0 ! .*$7U > 34$&a $ :

xux − tut = u
b B*� Y ` c

;�- 5 e 5 !40 (&U > 3,+*> 6 5�a +'34> 34a $ 6 (
dx

x
=
dt

−t =
du

u
.

b B*� Y c c
 �b4+*> 6 5

dt

−t =
dx

x
⇒ − ln t+ c1 = lnx⇒ xt = c2

b B*� Y n c
.*(4!

du

u
=
dx

x
⇒ lnu = lnx+ c3 ⇒ u = c4x⇒ u

x
= c4.

b B*� Y V c
��e + a 5�$@<,5 0 ! .*$&U > 34$7W,('5 ! 0 (4!

Φ
(
xt,

u

x

)
= 0

b B*� Y Y c
� V
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$
u

x
= Ψ(xt) ⇒ u(x, t) = xΨ(xt) .

b B4� Y _ c

� � �

JL��K4���4v � ����� F � { � �
��(&T - +*> 6 5�a $ 0@<,5 0 ! .*$7U > 34$&a $ :

2tuux − xuut = −xt. b B*� Y g c
;�- 5 e 5 !40 ('U > 34+*> 6 5�a +'3,> 3,a $ 6 (

dx

2tu
=

dt

−xu =
du

−xt .
b B*� _ p c

 �b4+*> 6 5
dx

2tu
=

dt

−xu ⇒ dx

2t
=

dt

−x ⇒ 2tdt+ xdx = 0 ⇒ 2t2 + x2 = c1
b B*� _*� c

;�(*- +*6 +4! (
dx

2tu
=

du

−xt ⇒ 2u2 + x2 = c2.
b B*� _ B c

��e + a 5�$@<,5 0 ! .*$&U > 34$7W,('5 ! 0 (4!

Φ
(
2u2 + x2, 2t2 + x2

)
= 0

b B*� _ ` c
89e +*- +*> 6 5�0 (7<,- ( � +*> 6 5Na $ 0@<,5 0 ! .*$7U > 34$&.*(4!43,a $ 0@6 +*- ),$

u2 =
Ψ
(
2t2 + x2

)
− x2

2
.

b B*� _ c c

� � �

h�e (*- (*e (*0 / 6 5 W�+*# +*:�<�! (La $ 075 > - 5 3,$&a $ :�<,5 0 ! .*$ :@U > 34$ :@6 e +*- 5 !,345@e + U U 5 :@e 5 - ! e a /�345 ! :;b (*U U ( E jSBHN�J
E k J K � c 0 (&# /�345 !4.*(4!4a $ 0@5 ! # ! .*$&U > 34$&5 0 +*:�e - + T U $ 6 (*a +*: Cauchy

�
JL��K4���4v � ����� F � { � R
 �b4+*> 6 5�# 5 !4e (*- (*e (*0 / + a !4$7<,5 0 ! .*$7U > 34$&a $ :

xux + tut = u
b B*� _ n c

6 e +*- 5 !40 (&<,- (*)�a 5 !*3,a $ 076 +*- )�$
u(x, t) = xΨ

(
t

x

)
.

b B*� _ V c
� Y
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k=! ('0 (7T*- +*> 6 5�a $ 0@U > 3,$7a $ :5b B4� _ n c $7+*e +4! (L! .*(*0 +*e +4! 5 !4a $ 0@(*- b,! .*$734> 0 W�$ .*$

u(x, 1) = e−x b B*� _ Y c
W,5 a +*> 6 5

e−x = u(x, 1) = xΨ

(
1

x

)
⇒ Ψ(

1

x
) =

e−x

x
⇒ Ψ(x) =

e−1/x

1/x
= xe−1/x b B*� _ _ c

+*e + a 5
u(x, t) = xΨ

(
t

x

)
= x

t

x
e−x/t = te−x/t.

b B*� _ g c

� � �

JL��K4���4v � ����� F � { � z
��('U > 34+*> 6 5�a +'e - + T U $ 6 (

u · (x+ u) · ux − t · (t+ u) · ut = 0, u(1, t) =
√
t.

b B*� g p c
 �b4+*> 6 5

dx

u(x+ u)
=

dt

−t(t+ u)
=
du

0

b B*� g*� c
(*e +'a +'+*e +4! +'e (4! - 0 +*> 6 5

du = 0 ⇒ u = c1
b B*� g B c

.*(4!4.*(*a +*e*! 0
dx

c1(x+ c1)
=

dt

−t(t+ c1)
=

dt

c1 · (t+ c1)
− dt

c1t
⇒

ln (x+ c1) = ln

(
t+ c1
t

)
+ ln (c2) ⇒

t · (x+ c1)

t+ c1
= c2 ⇒

t · (x+ u)

t+ u
= c2.

b B*� g ` c
o�- ('$@<,5 0 ! .*$7U > 3,$7<,- (*)�5 a (4!

Φ
(
u, t·(x+u)

t+u

)
= 0
X,$'! 3,+*# > 0 (*6 (

u = c1,
t · (x+ u)

t+ u
= c2, Φ(c1, c2) = 0.

� _
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S"/�- (FX�W,( e - +*3,# ! +*- ! 34+*> 6 5'a (
c1
X
c2
<�! (Ia $ 09U > 3,$?e +*>I! .*(*0 +*e +4! 5 !=a $ 0934> 0 W�$ .*$

u(1, t) =
√
t
�

 �b4+*> 6 5N<�! (
x = 1

+ a !
c2 =

t ·
(
1 +

√
t
)

t+
√
t

=
√
t = u = c1.

o�- (
c1 = c2 ⇒ u =

t · (x+ u)

t+ u
⇒ tu+ u2 = tx+ tu⇒ u(x, t) = ±

√
xt

(*U U (&5 e 5 ! # $7e - 5 e 5 !40 (L! 34b4> 5 !
u(1, t) =

√
t
T*U 5 e +*> 6 5�+ a !,a 5 U ! .*(

u(x, t) =
√
xt
�

u · (x+ u) · ux − t · (t+ u) · ut = 0, u(1, t) =
√
t.

b B*� g c c

� � �

� � ��� � � 
 �

F � { � � ��(7T*- 5 W,+*> 0@+4!*<,5 0 ! .*5 :�U > 345 ! :@a /�07e (*- (*.*(*a / 89%& "�
� �
ux + ut = u

b o�e4�
u (x, t) = F (t− x) ex c �

B4�
2ux + 5ut = 2

b o�e4�
u (x, t) = x+ F (2t− 5x) c �

`4�
xux + tut = u

b o�e4�
u (x, t) = xF

(
t
x

) c �
c,�
xux − tut = −u b o�e4� u (x, t) = F (tx)x c �

n4�
xuux + tuut = xt

b o�e4�
F (2xt− u2, t

x) c �
V4�
x2ux + t2ut = u2 b o�e4� F (x−t

xt ,
1
x − 1

u

)
= 0 c �

Y*�
tux − xut = t2 − x2 b o�e4� u (x, t) = ±xt+ F

(
x2 + t2

) c �
_4�
tuux − xuut = xt

b o�e4�
F (x2 + t2, t2 + u2) = 0 c �

g4�
uux + tut = x

b o�e4�
F
(
x2 − u2, x+u

t

) c �
� p4� (

x2 − t2 − u2
)
ux + 2xtut = 2xu

b o�e4�
F
(

t
u ,

x2+t2+u2

u

) c �
� � �

x · (t− u) · ux + t · (u− x) · ut = u · (x− t)
b o�e4�

F (xtu, x+ t+ u) = 0 c �
� B4�

x ·
(
t2 − u2

)
· ux + t ·

(
u2 − x2

)
· ut = u ·

(
x2 − t2

) b o�e4�
F (xtu, x2 + t2 + u2) = 0 c �

F � { � F X2> 34a 5�a (Le (*- (*.*(*a / e - + T U $ 6 (*a (
Cauchy

�
� �
ux + 3ut = u

X
u(x, 0) = sin (x)

b o�e4�
sin (x− t/3) et/3 c �

B4�
ux + 3ut = 1

X
u(x, 0) = sin (x)

b o�e4�
sin (x− t/3) + t/3 c �
� g
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`4�
xux + tut = u

X
u(x, 2) = cos (x)

b o�e4� t
2 cos (2x/t) c �

c,�
xux − tut = u

X
u(x, 1) = cos (x)

b o�e4�
u(x, t) = cos (xt) /t c

n4�
xux + ut = −tu X u(x, 1) = 1

ex

b o�e4�
u (x, t) = te−t/x c �

V4�
xux − tut = u

X
u(x, 1) = 1

x2+1

b o�e4�
u(x, t) = 1

x2t3+t
c �

�"� ����%�� � 1;� �5� &@�����(� ��?@-(�
]2a +�e (*- + 0"6 ( W,$ 6 (�5 0 # ! (*),5 - +*6 (*3,a 5�.*> - ! /�:�<�! (@a $ 0"(*0 (*U > a ! .*$�5 e*! U > 3,$�8?%7 N� ��e (*- b4+*> 0"+*6 /�:2e + U U 5 :"89%& 
a ! :�+*e +4! 5 :�# 5 0@6 e +*- +*> 6 5�0 (&5 e*! U > 34+*> 6 5�(*0 (*U > a ! .*(,�=k=! (Le (*- (*# 5 ! <,6 (FX4(*0@.*(4!*> e (*- b4+*> 0@(*0 (*U > a ! .*5 :�a 5 b40 ! .*5 :
5 e*! U > 34$ : Qa[;V GUC QHQFB I Omg 8?%7 LX�(*> a 5 :@5 ),(*- 6 +�Y + 0 a (4!43,5@34b45 a ! .*(9e 5 - ! +*- ! 346 5 0 +9(*- ! W,6 +9e 5 - ! e a /�345 /�0 �7 2! 0 (4!
b4- $ 3�! 6 + U +4! e + 0?3,5L(*> a + a + 34$ 6 5 ! + 0 ( # +*> 6 5L6 5 - ! .*( e (*- (*# 5 ! <,6 (*a ( (*- ! W�6 $ a ! .*$ :95 e*! U > 34$ :98?%7 ue - /�a $ :
a (*1 $ : �"��('5 1 5 a (*3,+*> 6 5�# > +'e (*- (*# 5 ! <,6 (*a (,�

��� ��� � ����� �����	� �	� �����
��(75 e*! U > 3,+*> 6 5N6*! (7<,- (*6 6*! .*$@8?%7 6 5N(*0 (*U > a ! .*+7.*(4! (*- ! W,6 $ a ! .*+&a - +*e +7.*(4! W�(73,> <,.*- ! 0 +*> 6 5Na ! :�# > +7U > 345 ! : �
h 8?%7 Da $ 0@+*e +4! (&W,('5 1 5 a (*34+*> 6 5�5 ! 0 (4!4$

ut + 3ux = 0, u(x, 0) = f(x).
b B4� g n c

895�a $ 0@6 5 W,+*# +&a +*>& 2# (*)�! +*>7B4� c'5 b4+*> 6 5�a +'3,> 3,a $ 6 (

dx

3
=
dt

1
=
du

0
.

b B*� g V c
o�e +Ia $ 0 dt

1 = du
0

e - +*.*> e a 5 !
du = 0

.*(4!�(*- (
u = c1

� o�e +Ia $ 0 dt
1 = dx

3

e - +*.*> e a 5 !�`
dt = dx

.*(4!=(*- (
x− 3t = c2

��o�- (7$�<,5 0 ! .*$@U > 3,$@5 ! 0 (4!
u(x, t) = Ψ(x− 3t)

.*(4! 5 e 5 ! # $
f(x) = u(x, 0) = Ψ(x− 3 · 0) = Ψ(x)34> 6 e 5 - (4! 0 +*> 6 5�+ a !

u(x, t) = f(x− 3t).
b B4� g*Y c

o�> a +&34$ 6 (4! 0 5 !*+ a !*$5b B*� g n c e 5 - ! <,- (*)�5 !*5 0 (7e + U >7(*e U +&),(4! 0 +*6 5 0 +,�=+4!*(*- b,! .*5 :N3,> 0 W,$ .*5 : � 6 5 a (*)�5 - + 0 a (4! �*e - +*:a (&# 5 1 ! (&6 5�a (*b4> a $ a (L`*�2;@� b���(*0�W,5 /�- $ 34+*> 6 5�+ a !

f(x) =





0
<�! (

x ≤ 10
x−10
10

<�! (
10 ≤ x ≤ 20

1 − 20−x
10

<�! (
20 ≤ x ≤ 30

0
<�! ('` p ≤ x.

b B*� g _ c

a + a 5�$
u(x, t)

W,('e (*- +*> 3�! (�Y 5 !*a $ 075 1 $ :�5 ! .*+ 0 (

B p
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� |������DF � s

��(&b4- $ 3�! 6 +*e +4! $ 3,+*> 6 5�a /�- (&a $ 076 5 W�+*# +&5 e*! U > 34$ :�a +*>7 2# (*)�! +*>7B4� `4��hiU > 34$&e +*>@W,('e (*- +*> 6 5NW,('5 ! 0 (4!
$ ! # ! ( 6 5La $ 0ib B4� g*Y c (*U U (IW�5 U +*> 6 5L0 ( a + 0 ! 34+*> 6 5L.*(*e +4! ( 3,$ 6 (*0 a ! .*$ e U 5 > - ( a +*>Ie - + T U $ 6 (*a +*: �  �b4+*> 6 53,> 6 )�/�0 ('6 5�a (Le - +*$ <,+*> 6 5 0 (&+ a ! dt

ds = 3
.*(4! dx

ds = 1
X4(*- (

t = 3s+ c1
.*(4!

x = s+ c2
X4$UX*W�5 a + 0 a (*:

c1 = 0

t = 3s, x =
t

3
+ τ

.*(4!
s =

t

3
, τ = x− t

3
.

b B*� g g c
+*e + a 5@.*(4! du

ds = 0
X�# $ U (*# $

u(s) = c(τ) = c
(
x− t

3

)
� u(x, t)

�7 �e 5 ! # $
u(x, 0) = f(x)

e - +*.*> e a 5 !�.*(4!�e (*U*!
+ a !

u(x, t) = f(x− 3t)
�2o�> a +'+*6 /�:�a +'+*e +4! +'5 ! 0 (4!43,$ 6 (*0 a ! .*+'5 ! 0 (4!4+ a !43,> 6 )�/�0 ('6 5�a ('e (*- (*e (*0 / $

u(x, t)6 5 0 5 !*(*6 5 a ( T*U $ a $7.*(*a (76 $ .*+*:Na /�0@5 > W,5 ! /�0
x = t

3 + τ
��o�> a +&)�> 3�! .*(75 ! 0 (4!*(*.*- ! T*/�:N(*> a +7a +&+*e +4! +7T U 5 e +*> 6 5

.*(4!43,a (L]2b4$ 6 (*a ('B4� B&.*(4!*B4� `4�
B4�
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o�:�U > 34+*> 6 5�a /�- ('a $ 07! # ! ('5 1 ! 3,/�34$&(*- ! W,6 $ a ! .*(,�"��5 a +*> 6 5
vn(t) = u(n, t)

+*e + a 5�.*(4!

ut =
dvn

dt
, ux ' vn − vn−1.

b B4� � p p c
%75 0'6 e +*- +*> 6 570 (9.*(*U > � +*> 6 57+ U +?a + 0'(*1 + 0 (9a /�0

x �
W�(?e (*- +*> 6 5

n = 0, 1, ..., 40
.*(4!�W,(9W,5 /�- $ 34+*> 6 57+ a !

v0(t) = 0
<�! ('.*( W�5

t
�"��e + a 5�e - 5 e 5 !40 (&U > 3,+*> 6 5�a +'34> 34a $ 6 (

dv1
dt

= −3 · (v1 − v0)

...

dvn

dt
= −3 · (vn − vn−1)

b B4� � p*� c
...

dv40
dt

= −3 · (v40 − v39)

6 5@(*- b,! .*5 :734> 0 W�$ .*5 :
vn(0) = f(n)

b W�(9b4- $ 3�! 6 +*e +4! $ 3,+*> 6 57a $ 0
f(x)

a $ :;b B4� g _ c0c �7h	(*- ! W,6 $ a ! .*$95 e*! U > 3,$6 e +*- 5 !40 (7<�! 0 5 !46 5�a ! :@5 1 $ :�5 0 a + U 5 :�a $ :
MATLAB

�
clear

T=[0:0.1:10];

u0=[zeros(1,10) [0.1:0.1:1] [0.9:-0.1:0.1] zeros(1,10)];

[t,u]=ode23(’flux11’,T,u0);e + >&b4- $ 3,! 6 +*e +4! +*> 07a +'(*- b45 ! +
�

3,> 0 (*- a $ 3,$
flux11.m

�
function ut=flux(t,u)

N=length(u);

ut(1,1)=-3*u(1);

for n=2:N

ut(n,1)=-3*(u(n)-u(n-1));

endS"('(*e + a 5 U 5 346 (*a ('a $ :�e - +*34+*6 +4! /�3,$ :�)�(4! 0 + 0 a (4!434a (Le (*- (*.*(*a / 3,b4$ 6 (*a (,�

B B
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~"U 5 e +*> 6 5�+ a !4$&(*- ! W�6 $ a ! .*$&U > 34$&5 ! 0 (4!4345�(*- .*5 a (&.*(*U $73,> 6 )�/�0 ! ('6 5�a $ 0@(*0 (*U > a ! .*$4�

��� ��� ����

� � �����
� ����� �	� �
;�- ! 0&e - + b4/�- $ 3,+*> 6 5@3,a +9# 5 > a 5 - +Le (*- (*# 5 ! <,6 (FX,W�(9# /�3,+*> 6 5@6*! (95 1 $ <,$ 3,$'a $ :7)�> 3�! .*$ :73,$ 6 (*3�! (*:7a $ :789%& 
b B*� g n c �7h	5 1 ! 34/�3,$L(*> a $'6 e +*- 5 !�0 ('W�5 /�- $ W�5 !�/�:75 0 (L6 + 0 a 5 U +9- +*$ : X�e4� b��7a $ :7- +*$ :75 0 +*:7- 5 > 3,a +*>'6 5 34(93,55 0 (&3,/�U $ 0 (FX4$&a $ :�.4! 0 $ 3,$ :�(*> a +*.4! 0 $ a /�0@3,5�5 0 (&(*> a +*.*0 $ a +*# - +*6 +,��]2> <,.*5 .*- ! 6 5 0 (&$

ut + 3ux = 0
U 5 5 !*+ a !4$

3,> 0 + U*! .*$ jmOHGHB IU[�I�C�B jRGHE g B IU[ 6 5 a ( T + U $'a $ :@e +*34+ a $ a (*:
u(x, t)

b > <,- +FX,(*> a +*.4! 0 $ a ('.*a U*� c 34a +L3,$ 6 5 ! + x .*(4!3,a + 0�b4- + 0 +
t
5 ! 0 (4! 6 $ # 5 0 ! .*$�# ! + a !*$�6 5 a ( T + U $7a $ :

u
34a + 0�b4- + 0 +&! 3,+*> a (4!*6 5Na $ 0�(*- 0 $ a ! .*$�6 5 a ( T + U $7a $ :N3,a + 0

B `
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b4/=- +,�
ut = −3ux

�L�	(*- ! W,6 +*: −3
5 ! 0 (4!�5 0 (*:734> 0 a 5 U 5 3,a $ :&a $ 0'34$ 6 (*3,! (?a +*>L+*e +4! +*>'W�(93,> Y $ a $ 3,+*> 6 57e*! +

U 5 e a +*6 5 - /�:�3,a +' 2# (*)�! +'B*� n*� `*�
S"+?<,5 <,+ 0 +*:&+ a !=$

u(x, t)
# 5 0L6 5 a ( T (*U U 5 a (4!=.*(*a (?6 $ .*+*:&a /�09b4(*- (*.*a $ - ! 3,a ! .*/�0L5 > W�5 ! /�0

x = 3t + τ# 5 0�3,$ 6 (4! 0 5 !*a ! e + a ('(*U U +7e (*- (&+ a !*$7- 5 +*> 34(&e +*34+ a $ a ('# ! (*a $ - 5 ! a (4!*3,a ( W,5 - $7.*(*a (&6 $ .*+*:�(*> a $ :�a $ :�5 > W,5 ! (*: �
o�> a +?6 e +*- 5 !�0 (?5 - 6 $ 0 5 > W,5 !�/�:&5 1 $ : ��W�5 /�- 5 ! 34a 5&a (?3,/�6 (*a ! # ! (.b $9(*> a +*.4! 0 $ a (?.*a U*� c a (I+*e +4! (?345&b4- + 0 +?pT - ! 34.*+ 0 a (4!*34a $ 0�e 5 - ! + b4$

[x, x+ δx]
��h � e +*3,+ a $ a (��*(*> a /�0�a /�0�3,/�6 (*a ! # ! /�0�# ! 0 5 a (4!*(*e +7a $ 0�(*- b,! .*$�3,> 0 W,$ .*$

.*(*!=5 ! 0 (4!
u(x, 0) = f(x)

�Io�0L(*> a (I.4! 0 +*> 0 a (4!=b4/�- ! :'5 6 e +*# ! (I.*(4!=6 5'34a ( W�5 - $?a (*b4> a $ a (�� a + a 5'6 5 a (I(*e +
b4- + 0 +

t
W,('# +*> 6 5�a (L! # ! ('3,/�6 (*a ! # ! ('34a $ 0@W,5 34$

x′ = x+ 3t
�"��e + a 5�W,('5 b4+*> 6 5�.*(4!

u(x, 0) = f(x− 3 · 0) = f(x+ 3t− 3t) = f(x′ − 3t) = u(x′, t).

��� ��� � ����� �����	� �	� �����
S"/�- (&W,('5 e*! U > 34+*> 6 5�a $ 0@8?%7 

ut + 3uux = 0, u(x, 0) = f(x)
b B*� � p B c

+*e +*>7$
f(x)

# ! 0 5 a (4!4.*(4!*e (*U*!4(*e +'a $ 05b B*� g _ c �2o�0@e - +*3,e ( W,$ 34+*> 6 5�0 (&U > 3,+*> 6 5�(*0 (*U > a ! .*(
dt

ds
= 1,

dx

ds
= 3u

b B4� � p ` c
T U 5 e +*> 6 5�(*6 5 3,/�:�6*! (L# > 34.*+ U ! (,�2$

u
5 ! 0 (4!46*! (L( <,0 /�3,a $&34> 0 (*- a $ 34$4�2SN+L! # ! +L! 34b4> 5 !,.*(4!4(*07e - +*3,e ( W,$ 34+*> 6 5

0 (&U > 3,+*> 6 5�a +'3,> 3,a $ 6 (
dx

3u
=
dt

1
=
du

0

b B4� � p c c
��!=(*0 (*U > a ! .*5 :&# > 3,.*+ U*! 5 :'6 e +*- +*> 0L0 (?(*0 a ! 6 5 a /�e*! 3,a +*> 0ib 6 5 b4- !=5 0 (?3,$ 6 5 ! + c 6 5'a $ 0Lb4- $ 3,$9e*! +IU 5 e a /�09a 5 �

b40 ! .*/�0 �L��6 /�:&> e (*- b45 !�5 0 ( DUW NUB I�E K U + <,+*:@<�! (?a + 0'+*e +4! +?+4!�# > 3,.*+ U*! 5 :&(*> a 5 :75 6 ),(*0 ! Y + 0 a (4!�.*(4!�a + 0'U + <,+
(*> a +?6 e +*- +*> 6 5&0 (?a + 0L# ! (*e*! 34a /�3,+*> 6 5'.*(4!�b4/�- ! :'0 (?U > 3,+*> 6 5&a $ 0"b B*� � p B c (*0 (*U > a ! .*(,�9��(?# /�34+*> 6 57+*6 /�:a (I(*e + a 5 U 5 3,6 (*a ( a $ :L(*- ! W�6 $ a ! .*$ :95 e*! U > 3,$ : �Do�> a $UX25 .Ie - /�a $ :L+ � 5 /�:'# 5 09e (*- +*> 3�! (�Y 5 !=.*(*6 6*! ( ! # ! (4! a 5 - $
# > 3,.*+ U*! (

�
a +I6 + 0 +9a +?+*e +4! +?(*e (*a 5 ! a (4!=5 ! 0 (4!�0 (9(*U U (*1 +*> 6 57a +?e - + <,- (*6 6 (

flux11.m
/�34a 570 (9(*0 a ! 34a +4! b45 !

34a $ 0@5 1 ! 3,/�34$
ut = −3uux

�2 �(*0@.*(*0 +*> 6 5N(*> a $7a $ 0@(*U U ( <,$7.*(4!*5 .*a 5 U 5 34+*> 6 5Na +'e - + <,- (*6 6 (7W,('e (*- +*> 6 5Na (
5 1 $ :�(*e + a 5 U 5 3,6 (*a (,�

B c
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� |������DF � z
~"U 5 e +*> 6 57.*( W�(*- (FX=! # ! (4! a 5 - (?34a +I]"b��&B*� Y X=+ a !�a +?34> 34a $ 6 (?6 e (4! 0 5 !�3,57.*(*e +4! (96 +*- )�$'(*0 /�6 (*U $ :734> 6

�

e 5 - ! )�+*- (*: �?;@� b��?e 5 - ! e +*>?34a + 09b4- + 0 +
t = 25

X23,a +I3,$ 6 5 ! +
x = 30

),(4! 0 5 a (4!�+ a !=$ � - +*$ �=3,a (*6 (*a (*5 !Lb # $ U4�
u(x, t) = 0

<�! (
t > 25

X
x > 30 c �2k=! (*a !43,> 6 T*(4! 0 5 !4(*> a + �k=! ('0 (&.*(*a (*U ( T +*> 6 5�a +'),(4! 0 +*6 5 0 +&(*e +')�> 3�! .*$7(*e + � $7e - 5 e 5 !,0 ('34.*5 ),a +*> 6 5�a + 07- + U +'a +*>&+*- +*>

3uux
�

]"a +7e - +*$ <,+*> 6 5 0 +@e (*- (*# 5 ! <,6 (75 ! b4(*6 5Na + 0�+*- +
3ux
.*(4! a +&`�5 e (4! Y 5Na + 0�- + U +7.*(*e +4! +*>@34> 0 a 5 U 5 3,a $@- +*$ : ��S"+ 0

- + U +'(*> a +Le (4! Y 5 !4a /�- (L+'34> 0 a 5 U 5 3,a $ :
3u
�"o�> a +L34$ 6 (4! 0 5 !,+ a !,$&- +*$&5 0 a +*:�.*(4!45 .*a +*:�a +*>&a +*e +*>

[x, x + δx]5 1 (*- a (*a (4!�(*e +Ia $ 09$ # $9> e (*- b4+*> 3,(?a ! 6 $?a $ :
u
�?o�> a +Ia +I+*e +4! +?T U 5 e +*> 6 5&34a ( 34b4$ 6 (*a (IB4� V?.*(4!�B4� Y95 ! 0 (4!

.*(*e +4! ('6 +*- )�$ NFW QFDHE GH[�NF[�K �
o�e + 6 ( W,$ 6 (*a ! .*$I(*e + � $�X2$I5 1 $ <,$ 3,$9T*- ! 34.*5 a (4!�3,a + + a !�+4!�b4(*- (*.*a $ - ! 34a ! .*5 :L.*(*6 e > U 5 :'a 5 6 0 + 0 a (4!�.*(4!

5 a 3�!=# 5 0L6 e +*- +*> 6 5&0 (9T*- +*> 6 5&5 0 (?34> 34a $ 6 ( 34> 0 a 5 a ( <,6 5 0 /�0
s(x, t), τ(x, t)

+4!=+*e +4! 5 :'0 (I5 ! 0 (4!=(*0 a ! 3,a - 5 � !
�

B n
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6 5 :73,> 0 (*- a $ 3,5 ! :7a /�0
x, t
�&%75 07W�(9e - + b4/�- $ 3,+*> 6 573457e (*- (*e 5 - (L(*0 (*U > 34$La +*>'W,5 6 (*a +*:

�
+95 0 # ! (*),5 - +*6 5 0 +*:

(*0 ( <,0 /�3,a $ :�6 e +*- 5 !40 (&(*0 (*a - 5 1 5 !*3,a (&T*! T*U ! ( � � X4B � �
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S"+L> e + U +4! e +96 5 - +*:@a /�0'34$ 6 5 ! /�3,5 /�0'(*)�+*- (L89%& f# 5 > a 5 - $ :@a (*1 $ : �7]"a (95 e +*6 5 0 (La - ! (9.*5 ),(*U (4! ('W,(96 5 U 5
�

a $ 3,+*> 6 5&+*- ! 3,6 5 0 5 :&5 ! # ! .*5 :&.*(4!�(*e U 5 :&e 5 - ! e a /�3,5 ! :'a 5 a +4! /�0L5 1 ! 34/�3,5 /�0*�?]2a + ��5 )�(*U (4! +9cLW�(?6 5 U 5 a $ 34+*> 6 5
6*! (&.*(*a $ <,+*- ! (789%& +4! +*e +4! 5 :N5 6 ),(*0 ! Y + 0 a (4! 3,5Ne - + T*U $ 6 (*a ( \ B C jLW NF[�K .*(4! 3,a + ��5 ),(*U (4! +7n�W�(76 5 U 5 a $ 34+*> 6 5
6*! (?.*(*a $ <,+*- ! (98?%7 +4!�+*e +4! 5 :75 6 ),(*0 ! Y + 0 a (4!�3457e - + T U $ 6 (*a ( \ B C�\ E NH[�K IUW QUC e E K �'q2> 3,! .*(?+4!�5 1 ! 34/�3,5 ! :&(*>

�

a 5 :@5 6 ),(*0 ! Y + 0 a (4!*.*(4!,345@(*U U 5 :@5 )�(*- 6 + <,5 : X,e4� b��N$&5 1 5 U ! 1 $&a $ :@e > .*0 + a $ a (*:�e*! W�(*0 + a $ a (*:@6*! (*: ^(C GUI�E lRB C g [�K
\ B C�\ B I�C�NUB C�K e 5 - ! <,- (*),5 a (4!4(*e +L6*! ('5 1 ! 34/�3,$&a > e +*>&# ! (*# +*3,$ :�W�5 - 6 + a $ a (*: �N]2a + ��5 ),(*U (4! +'V7W�('6 5 U 5 a $ 34+*> 6 5
89%7 +4!*+*e +4! 5 :N# 5 0�5 1 5 U*! 3,34+ 0 a (4! 3,a + 0�b4- + 0 +FX (*U U (7e 5 - ! <,- (*)�+*> 0�a $ 0 I�C e C�N e C�NF[9B N�E G GHE T B C�K ),(4! 0 +*6 5 0 /�0�a (
+*e +4! ('# ! (*# - (*6 (*a ! Y + 0 a (4!*3,a + 0 \ B \ B C�N e C e ESjmOHGHE �
S"(?e - + T*U $ 6 (*a (9a (9+*e +4! (LW�(95 1 5 a (*3,+*> 6 575 ! 0 (4!�34b45 a ! .*(95 ! # ! .*5 :7e 5 - ! e a /�3,5 ! :&8?%7 >b 3,> <,.*5 .*- ! 6 5 0 (LW,(

e 5 - ! +*- ! 34a +*> 6 5&3,57<,- (*6 6*! .*5 :&5 1 ! 3,/�345 ! :'6 5&3,a ( W,5 - +*> :&34> 0 a 5 U 5 3,a 5 : c (*U U (9.*(*U > e a +*> 0'a +*> :&a - 5 ! :&T*(*3,! .*+*> :a - +*e +*> :�6 5�a +*> :@+*e +4! +*> :�3,> 6 e 5 - ! )�5 - 5 a (4!46*! (L89%& D# 5 > a 5 - $ :�a (*1 $ : �N]2a +La 5 U 5 > a (4! +L.*5 )�(*U (4! +&a /�073,$ 6 5 ! /
�

345 /�0@W�('# +*> 6 5�+ a !4a (L3,> 6 e 5 - (*3,6 (*a ('a /�0���5 )�(*U (4! /�0@cUX�n&.*(4!4V'! 34b4> +*> 07<�! (&<,5 0 ! .*+ a 5 - $7.*(*a $ <,+*- ! ('89%& 
# 5 > a 5 - $ :�a (*1 $ : �

B*Y
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]25"(*> a +7a +75 # (*)�! +�W,(76 5 U 5 a $ 3,+*> 6 5"# ! (*),+*- 5 :"89%& I+4! +*e +4! 5 :Ne 5 - ! <,- (*),+*> 0Na $ 0�6 5 a (*# +*34$�W�5 - 6 + a $ a (*:"3,5"6*! (
- ( T # +,����e + W,5 a +*> 6 5N+ a ! $@- ( T*# +*:"5 ! 0 (4! (*- .*5 a (@U 5 e a $@/�34a 5N0 (76 e +*- +*> 6 5"0 (@a $ 0�W,5 /�- $ 34+*> 6 5"3,(*0�6*! (75 > W�5 ! (
<,- (*6 6 $�b $75 0 (&5 > W,> <,- (*6 6 +'a 6 $ 6 ( c �

5 a 3�!4.*( W,5NW,5 34$&34a $ 0@- ( T # +7e 5 - ! <,- (*)�5 a (4!4(*e +&6*! (&6 + 0 +&34> 0 a 5 a ( <,6 5 0 $UX
a $ 0

x
�u �e*! 34$ :I> e (*- b45 !".*(4!"6*! (D6 5 a ( T*U $ a $Db4- + 0 +*>�X�$

t
�uh�e +*34+ a $ a (f$ +*e +4! ( 6 (*:I5 0 # ! (*)�5 - 5 !25 ! 0 (4!"$

W,5 - 6 +*.*- (*3�! (
u(x, t)

X,# $ U (*# $7$@W�5 - 6 +*.*- (*3�! (&a $ :�- ( T # +*>@3,(*0@34> 0 (*- a $ 34$7a $ :�W�5 3,$ :@.*(4!*a +*>&b4- + 0 +*>*�2��e /�:
W,(7# +*> 6 5"(*6 5 3,/�:Ne (*- (*.*(*a /SX 3,a +7(*e U +*> 3,a 5 - +@# > 0 (*a +@e - + T U $ 6 (7$�6 5 a ( T + U $@a $ :"W�5 - 6 +*.*- (*3�! (*:"# ! 5 e 5 a (4!*(*e +
a $ 075 1 ! 3,/�34$

ut = a2uxx.
b c,� � c

%&! (*),+*- 5 :@e (*- (*U U ( <,5 :@(*> a 5 :7a $ :75 1 ! 3,/�34$ :7e 5 - ! <,- (*),+*> 07e (*- (*U U ( <,5 :@a +*>'T (*3�! .*+*>')�(4! 0 +*6 5 0 +*>
�
5 e*! 3,$ :&6 5

�

<,( U $73,$ 6 (*3�! ('e (4! Y +*> 0@+4! C G jSB I�J K .*(4! E GHB C�I�J K 3,> 0 W,$ .*5 : X4+*e /�:�W�('),(*0 5 !4e (*- (*.*(*a /"�
h�(*U U ( <,$9a $ :&W,5 - 6 +*.*- (*3,! (*:&5 ! 0 (4!�3,> 0 5 e 5 ! (Ia $ :'6 5 a (*# +*34$ :&a $ :'W,5 - 6 + a $ a (*: X�$?+*e +4! (?5 ! 0 (4!=5 0 (?),(4!

�

0 +*6 5 0 + \ B C jLW NF[�K � ��e (*- b4+*> 0'.*(4!�(*U U (9)�(4! 0 +*6 5 0 (L# ! (*b4> 3,$ :;b $95 1 5 U*! 1 $La $ :&e > .*0 + a $ a (*:7e*! W�(*0 + a $ a (*:&6*! (*:
^"C GUI�E lRB C g [�K9\ B C�\ B I�C�NUB C�K X2$?- +*$?> <,- +*>?345'5 0 ( e +*- /�# 5 :'6 5 34+ .*a U*� c <�! �=(*> a + $?8?%7 ,b c,� � c U 5 <,5 a (4!�.*(4!J M B N OPNF[�\ B C jLW NF[�K �

�i� � ���  "-$� &@����+5� -$',-i�����  "�9#"-i�@6����"6�� /0%91"# � � �� "6
��5 /�- 5 ! 3,a 576*! (9U 5 e a $L- ( T*# +L(*e 5 ! - +*>'6 $ .*+*> :@$'+*e +4! (95 ! 0 (4!,W,5 - 6*! .*(96 + 0 /�6 5 0 $@b # 5 07> e (*- b45 !,6 5 a (*# +*3,$&W,5 -

�

6 + a $ a (*:@34a +Le 5 - ! T*(*U U + 0 c �� 234a /f+ a !,$7- ( T # +*:�5 ! 0 (4!4a +*e + W,5 a $ 6 5 0 $&.*(*a ('6 $ .*+*:�a +*>'(*1 + 0 (&a /�0 x �2 2e 5 ! # $&$- ( T # +*:@5 ! 0 (4!�e + U >LU 5 e a $UX�6 e +*- +*> 6 5@0 ('W�5 /�- $ 3,+*> 6 57+ a !�$'W,5 - 6 +*.*- (*3,! (La $ :&# 5 0&6 5 a ( T*(*U U 5 a (4!�.*(*a (96 $ .*+*:
6*! (*:"# ! (*a +*6 $ : ��o�- (�$�W,5 - 6 +*.*- (*3,! (�6 e +*- 5 ! 0 (�<,- (*),5 ! 3,(*0N6*! (@3,> 0 (*- a $ 3,$

u(x, t)
$�+*e +4! (�5 1 (*- a (*a (4! 6 + 0 +@(*e +

a $ 0�W�5 3,$
x
.*(4!4a + 0@b4- + 0 +

t
�2�i34a + b4+*:�6 (*:�5 ! 0 (4!40 (&<,- ( � +*> 6 5�6*! (&8?%7 D$7+*e +4! ('e 5 - ! <,- (*),5 !*a $ 0@6 5 a ( T + U $

a $ :�W�5 - 6 +*.*- (*3�! (*:�.*(*a / (*e +'# ! (*)�+*- 5 :�34> 0 W�$ .*5 : �

B _
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��(*a (*- b4$ 02W,(�> e + W,5 34+*> 6 5�+ a ! 34a + 0N(*- b,! .*+�b4- + 0 +
t �
pN> e (*- b45 ! 6*! (�.*(*a (*0 +*6 $"W,5 - 6 +*.*- (*3,! (*:�.*(*a (�6 $ .*+*:

a $ :'- ( T*# +*>UX�$9+*e +4! (?e 5 - ! <,- (*)�5 a (4!�(*e +?6*! (?3,> 0 (*- a $ 3,$
f(x) �

# $ U (*# $L3,5&b4- + 0 +
t = 0

.*(4!�34a $ 0'W�5 3,$
x
$

W,5 - 6 +*.*- (*3�! (@5 ! 0 (4!
f(x)
��8?5"a $ 0�e (*- +*# +@a +*>�b4- + 0 +*>�$�W�5 - 6 +*.*- (*3�! (�W,(76 5 a ( T*U $ W,5 ! X*e4� b���(*0�345Nb4- + 0 +

t = 05 0 (L34$ 6 5 ! +
x
5 b45 !,> � $ U + a 5 - $7W,5 - 6 +*.*- (*3,! ('(*e +La ('<,5 ! a + 0 ! .*(La 6 $ 6 (*a (FXIe - +*+*# 5 > a ! .*('$7W�5 - 6 +*.*- (*3�! ('34a +

xW,(75 U (*a a /=W�5 ! �2o�:2W�5 /�- $ 3,+*> 6 5Na /�- (7a +&# ! (*3,a $ 6 (
[x, x+ δx]

b # $ U4��5 0 (@.*+*6 6 (*a !*a $ :N- ( T*# +*> c �
(*0�a +

δx
5 ! 0 (4!

6*! .*- +FX�6 e +*- +*> 6 570 (9W�5 /�- $ 3,+*> 6 5&+ a !�5 b45 !=3,a ( W,5 - $9W,5 - 6 +*.*- (*3,! (,�9S"/�- (FX�<�! (Ia $ 0 � e +*34+ a $ a (��=W,5 - 6 + a $ a (*:
e + >&e 5 - ! 5 b45 a (4!434a +

[x, x+ δx]
! 3,b4> 5 !4+'5 1 $ :�0 +*6 +*: �

8?5 a ( T*+ U $@W�5 - 6 + a $ a (*:�34a +
[x, x+ δx] =

�2+*$@W�5 - 6 + a $ a (*:�34a (L(*.*- (&a +*>
[x, x+ δx].

b c4� B c
 �e*! 3,$ :@(*e +'a $ 07q"> 3�! .*$7<,0 /�- ! Y +*> 6 5�a ('5 1 $ : �
� �Nh � e +*3,+ a $ a ( W,5 - 6 + a $ a (*: �"e +*>Ie 5 - ! 5 b45 a (4!234a +

[x, x + δx]
5 ! 0 (4!fb e - +*345 <4<�! 3,a ! .*( c c · ρ · A · u · δx X+*e +*>

c
5 ! 0 (4!2$ h J GFQFE jmOHGF[ e B I�E e [ e C X

ρ
5 ! 0 (4!2$ e > .*0 + a $ a ( 6 (�Y (*:9.*(4!

A
$ # ! (*a +*6 $ a $ :9- ( T # +*>.b a (

ρ, c, A
W,5 /�- +*> 0 a (4!434a ( W�5 - ('6 5 <,5 W,$ c �

B4�Nh � - +*$7W�5 - 6 + a $ a (*: �,# ! (*6 5 34+*>&6*! (*:@# ! (*a +*6 $ :@a $ :@- ( T # +*>75 ! 0 (4!,(*e +
k · ux · A X�+*e +*> k 5 ! 0 (4!4$ h J GUQFB IU[C V�OHVFB QFE e [ e C a $ :&- ( T*# +*>@b a +

k
W,5 /�- 5 ! a (4!�3,a ( W,5 - + c �7;�- +*345 1 a 5@a $ 0'5 1 (*- a $ 3,$'a $ :&- +*$ :@W,5 - 6 + a $ a (*:(*e +'a $ 0@e (*- ( <,/=<,+;b \ B C�DFE GUC c W,5 - 6 +*.*- (*3,! (*: ux

�
]2> 6 ),/�0 (&6 5�a ('e (*- (*e (*0 /SX4$�b c4� B c <�! ('a +'a 6 $ 6 ( [x, x+ δx]

<,- (*),5 a (4!
d

dt
[c · ρ ·A · u(x, t) · δx] = k · A · (ux(x+ δx, t) − ux(x, t)) .

b c,� ` c
j�- $ 3�! 6 +*e +4! /�0 a (*:?a $ 0I34> 0 $ W�! 346 5 0 $ e - +*3,5 <4<�! 34$

δx → 0
e (4! - 0 +*> 6 5

ut(x, t) = k
cρuxx(x, t)

$$b W,5 a + 0 a (*:
a2 = k

cρ c �
ut = a2uxx (−∞ < x <∞, 0 < t <∞)

b c4� c c
h�b c,� c c 5 ! 0 (4!*$@5 1 ! 3,/�34$76 5 a ( T*+ U $ :�a $ :NW,5 - 6 +*.*- (*3,! (*:�b 345N6*! (&U 5 e a $76 + 0 /�6 5 0 $@- ( T*# +7(*e 5 ! - +*>@6 $ .*+*> :Nb4/�- ! :5 34/�a 5 - ! .*5 :"e $ <,5 :"W,5 - 6 + a $ a (*: c �=hf6 5 a ( T*+ U $�a $ :2W�5 - 6 +*.*- (*3�! (*:26 5 34(@3,a $ 0�- ( T*# +@6 5"a $ 0Ne (*- +*# +@a +*>�b4- + 0 +*>W,('# ! 0 5 a (4!4(*e +&a $ 07U > 34$&a $ :9b c4� c c 6 5 C G jSB IU[5NHW g h [�IU[

u(x, 0) = f(x) (−∞ < x <∞).
b c4� n c

 �e 5 ! # $?a +?e - + T U $ 6 (I),(4! 0 5 a (4!�.*(*U (?a +*e + W�5 a $ 6 5 0 +I(*e +?),> 3,! .*$?(*e + � $UX=e 5 - ! 6 5 0 +*> 6 5&+ a !�.*(4!=+4!Pb c4� c c Xb c4� n c W,( 5 b4+*> 0?6*! ( .*(*U ( +*- ! 346 5 0 $ U > 34$ u(x, t) ��]"a ( 5 e +*6 5 0 ( .*5 )�(*U (4! (IW,( # +*> 6 5L# ! (*),+*- +*> :La - +*e +*> :5 e*! U > 34$ : �@o�:734$ 6 5 ! /�3,+*> 6 57+ a !�89%& fe (*- +*6 +4! 5 :@6 5@a $ 0@b c,� c c XPb c4� n c e 5 - ! <,- (*),+*> 07e (*- 5 6 ),5 - $'e - + T*U $ 6 (*a (,�;@� b���$

ut = a2uxx (0 < x < L, 0 < t <∞)
b c4� V c

u(x, 0) = f(x) (0 < x < L)
b c4� Y c

B g
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e 5 - ! <,- (*)�5 !4a $ 0@6 5 a (*# +*3,$7a $ :�W,5 - 6 + a $ a (*:�3,5�6*! ('- ( T # +&6 $ .*+*> :
L
X4$

ut = a2uxx + g(x, t) (−∞ < x <∞, 0 < t <∞)
b c4� _ c

u(x, 0) = f(x) (−∞ < x <∞, 0 < t <∞)
b c,� g c

e 5 - ! <,- (*)�5 !�a $ 0&6 5 a (*# +*3,$'a $ :@W�5 - 6 + a $ a (*:734576*! (9- ( T # +L(*e 5 ! - +*>'6 $ .*+*> :@6 575 3,/�a 5 - ! .*5 :7e $ <,5 :@W,5 - 6 + a $ a (*:
g(x, t)

.*a U4�

�i� � ���  "�5#"-(� ��/0%51"# ��� �� "6 -./ � �"/�� % � �  ��"�9#
��(?5 1 5 a (*34+*> 6 5&a /�- (I5 0 (Ia > e*! .*+Ie - + T*U $ 6 (I6 5 a (*# +*34$ :&W�5 - 6 + a $ a (*:'.*(4!�W,( a +I5 e*! U > 3,+*> 6 5L6 5&b4- $ 3,$?a /�0
8?\ ]

Laplace
.*(4!

Fourier
�

��5 /�- 5 ! 34a 5?6*! (D- ( T # + (*e 5 ! - +*> 6 $ .*+*> :?6 5?(*- b,! .*$ .*(*a (*0 +*6 $IW,5 - 6 +*.*- (*3,! (*:
f(x)
�uh�6 5 a ( T + U $ a $ :

W,5 - 6 +*.*- (*3�! (*:N<�! (
t > 0

e 5 - ! <,- (*),5 a (4!4/�:�5 1 $ : �

ut = a2uxx, (−∞ < x <∞, 0 < t <∞)
b c,� � p c

u(x, 0) = f(x), (−∞ < x <∞)
b c,� � � c

 �e 5 ! # $
x ∈ (−∞,∞)

3,.*5 )�a +*6 (*34a 5�0 (&5 ),(*- 6 +*34+*> 6 5Na + 0@8?\ ]
Fourier

/�:�e - +*:�a $ 0@6 5 a ( T U $ a $
x
�2%7$ U (*# $

+*- ! Y +*> 6 5
U(w, t) = F(u(x, t)) =

∫ ∞

−∞
e−iwxu(x, t)dx.

b c4� � B c
S"+ a 5�$�b c4� � p c Xab c,� � � c <�! 0 + 0 a (4!

Ut = −w2a2U,
b c4� � ` c

U(w, 0) = F(f(x)) = F (w).
b c,� � c c

h>b c4� � ` c 5 b45 !4a $ 07U > 34$
U(w, t) = C(w)e−w2a2t b c4� � n c

.*(*! X,5 e 5 ! # $
U(w, 0) = F (w)

X,a 5 U ! .*(
U(w, t) = F (w)e−w2a2t.

b c4� � V c
h>b c4� � V c (*0 a ! 34a +4! b45 !,3,5�6*! (L34> 0 5 U ! 1 $*�� 2e 5 ! # $

e−w2a2t = F

(
1

2a
√
πt
e−

x2

4a2t

)
,

b c4� � Y c
+&(*0 a ! 34a - +*)�+*:�6 5 a (*34b4$ 6 (*a ! 346 +*:@a $ :9b c4� � V c # ! 0 5 !

u(x, t) = f(x) ∗ 1

2a
√
πt
e−

x2

4a2t
b c4� � _ c

` p
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# $ U (*# $
u(x, t) =

1

2a
√
πt

∫ ∞

−∞
f(z)e−(x−z)2/4a2tdz.

b c4� � g c
o�> a $&5 ! 0 (4!4$&U > 34$&a +*>&e - + T*U $ 6 (*a +*: b c4� � p c Xab c4� � � c �89e +*- +*> 6 5�0 (�U > 34+*> 6 5�a +�e - + T U $ 6 ( b c4� � p c XUb c4� � � c .*(4! 6 5�8?\ ] Laplace

����(�b4- 5 ! (*3,a +*> 6 5�a +�e (*- (*.*(*a /"�
(*0
δ(x)
34> 6 T + U ! Y 5 !,a $ 0@3,> 0 (*- a $ 3,$7# 5 U a ('a +*>

Dirac
X,a + a 5�.*( W,5�3,> 0 (*- a $ 3,$

f(x)
6 e +*- 5 !40 (7<,- (*),a 5 !

f(x) =

∫ ∞

−∞
f(z)δ(x − z)dz = f(x) ∗ δ(x). b c4� B p c

;�- ! 0"U > 34+*> 6 52a $ 02<,5 0 ! .*$Ne 5 - ! e a /�3,$�a +*>�e - + T U $ 6 (*a +*:fb c4� � p c XFb c,� � � c X W�(�U > 34+*> 6 5�6*! (�5 ! # ! .*$�e 5 - ! e a /�34$4�

vt = a2vxx (−∞ < x <∞, 0 < t <∞)
b c,� B4� c

v(x, 0) = δ(x) (−∞ < x <∞)
b c,� B B c

��- ! Y +*> 6 5
V (x, s) =

∫ ∞

0
e−stv(x, t)dt

b c4� B ` c
.*(*! X,.*(*a (&a (&<,0 /�34a (FX,$;b c,� B4� c 6 5 a (*3,b4$ 6 (*a ! Y 5 a (4!,34a $ 0

sV − v(x, 0) = a2Vxx
b c4� B c c

j�- $ 3�! 6 e +4! /�0 a (*:@.*(4!*a $ 0�b c,� B B c a 5 U ! .*('e (4! - 0 +*> 6 5

a2Vxx − sV = −δ(x). b c4� B n c
8?! ('e 5 e 5 - (*3,6 5 0 $7U > 34$&a $ :9b c4� B n c 5 ! 0 (4!4$

V (x, s) =
e−

√
s|x|/a

2
√
s

b c4� B V c
o�0 a ! 34a - 5 ),+ 0 a (*:�e (4! - 0 +*> 6 5

v(x, t) = L
−1

(
e−

√
s|x|/a

2
√
s

)
=
e−x2/4a2t

2a
√
πt

.
b c4� B Y c

;�- ! 0�e - + b4/�- $ 34+*> 6 5N3,a $ 0�U > 3,$@a +*>@<,5 0 ! .*+*>@e - + T U $ 6 (*a +*: X45 b45 !*5 0 # ! (*)�5 - + 0�0 (&5 1 5 a (*3,+*> 6 5Na $ 05b c,� B*Y c �o�> a $&# ! 0 5 !4a $ 0@W�5 - 6 +*.*- (*3�! (
u(x, t)

a $ :�- ( T # +*>75 (*0@a +*e + W�5 a $ 3,+*> 6 5@6*! ( � 34$ 6 5 ! (*.*$&e $ <,$7W,5 - 6 + a $ a (*: �,3,a $ 0
W,5 3,$

x = 0
�&8?(*U U + 07W�(95 b45 a 57$ # $'e (*- (*a $ - $ 345 !�a $ 0'+*6 +4! + a $ a (?a $ :73,> 0 (*- a $ 3,$

e−x2/4a2t/2a
√
πt
6 57a $ 0

Gauss
! (*0 $I.*(*a (*0 +*6 $?e*! W�(*0 + a $ a (*:9$?+*e +4! ( 5 b45 !�6 5 34$Ia ! 6 $Ip?.*(4!�a > e*! .*$I(*e +*.*U*! 3,$

2at �
# $ U (*# $?$?a > e*! .*$

(*e +*.*U*! 3,$ QRJ VFC k�OPg J BmQHJ e E g jRGHE g E �I��U (Ia (Ie (*- (*e (*0 / ),(4! 0 + 0 a (4!�e + U >95 > U + <,(I345'34b45 34$?6 5&a $ 0L)�> 3�! .*$
6 ( :N(*0 a ! U $ � $�<�! (@a $ 0�# ! (*# +*34$�W�5 - 6 + a $ a (*: �=hf34> 0 (*- a $ 34$

e−x2/4a2t/2a
√
πt
U 5 <,5 a (4! T W GF[�g C�K a $ :N6 5 a (*# +*3,$ :

W,5 - 6 + a $ a (*: �=S"+NT*(*3,! .*+�b4(*- (*.*a $ - ! 34a ! .*+Na +*>Ne > - $ 0 (NW,5 - 6 + a $ a (*:�5 ! 0 (4! $ J M E QUC k�W g NH[ a /�0"(*- b,! .*/�023,> 0 W,$ .*/�0 �
o�> a +La +LT U 5 e +*> 6 5@34a +934> <,.*5 .*- ! 6 5 0 +'e (*- (*# 5 ! <,6 ("b $'(*- b,! .*$'.*(*a (*0 +*6 $&W,5 - 6 +*.*- (*3,! (*:

δ(x, 0)
6 5 a (*a - 5 e 5 a (4!

34526*! (
Gauss

! (*0 $
e−x2/4a2t/2a

√
πt
6 52b4- + 0 ! .*(�(*> 1 +*> 3,(�# ! (*34e +*- ( c .*(4! W�(�a +@# +*> 6 5�.*(4! e (*U*! U*! <,+@e (*- (*.*(*a /"�

`4�
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h
v(x, t)

+*e /�:N+*- ! Y 5 a (4! (*e +7a $ 09b c,� B*Y c 5 ! 0 (4! $@U > 3,$�a +*>@e - + T U $ 6 (*a +*:�b c4� B*� c XHb c4� B B c ��SN/�- (FX*6 e +*- +*> 6 50 (�W,5 /�- $ 34+*> 6 5�+ a ! +4! (*- b,! .*5 :�3,> 0 W,$ .*5 :"a +*>�e - + T*U $ 6 (*a +*:fb c,� � p c XFb c,� � � c X # $ U4� u(x, 0) = f(x) = f(x)∗δ(x) X5 ! 0 (4!�$L3,> 0 5 U*! 1 $La $ :
f(x)

6 5&a ! :&(*- b,! .*5 :&34> 0 W�$ .*5 :7a +*>(b c,� B4� c XSb c4� B B c X�# $ U*� v(x, 0) = δ(x)
�LSN+ a 57.*(4!�$

u(x, t)
W�('5 ! 0 (4!4$&34> 0 5 U ! 1 $7a $ :

f(x)
6 5�a $ 0

v(x, t)
Z ��%&$ U (*# $

u(x, t) = f(x) ∗ v(x, t) =

∫ ∞

−∞
f(z)

e−(x−z)2/4a2t

2a
√
πt

dz.
b c4� B _ c

e + >&5 ! 0 (4!,! # ! ('6 5�a $ 0�b c,� � g c �
JL��K4���4v � ����� { � F � �
o�0@$7(*- b,! .*$73,> 0 W,$ .*$75 ! 0 (4!

f(x) = e−x2 X,a + a 5�$&U > 34$&a +*>7e - + T U $ 6 (*a +*:9b c4� � p c Xab c4� � � c 5 ! 0 (4!

u(x, t) =
1

2a
√
πt

∫ ∞

−∞
e−z2

e−(x−z)2/4a2tdz =
e−x2/(1+4a2t)
√

(1 + 4a2t)
.

b c4� B g c
;�- +*3,5 1 a 5�+ a !*<�! ('.*( W,5

x
5 b4+*> 6 5

lim
t→∞

u(x, t) = lim
t→∞

e−x2/(1+4a2t)
√

(1 + 4a2t)
= 0

b c4� ` p c
# $ U (*# $@$734a ( W�5 - $7.*(*a (*34a (*3,$7a $ :�- ( T # +*>@5 ! 0 (4!*0 (&(*e +*.*a $ 345 !*6 $ # 5 0 ! .*$�W�5 - 6 +*.*- (*3�! (,�= "! 0 (4!*(*> a +
U + <�! .*+'(*e +&)�> 3�! .*$7(*e + � $ �

� � �

JL��K4���4v � ����� { � F � F
o�0@$7(*- b,! .*$73,> 0 W,$ .*$@W,5 - 6 +*.*- (*3,! (*:�5 ! 0 (4!

f(x) =

{
1
<�! ( |x| ≤ 1

0
<�! ( |x| > 1.

b c4� `*� c
a + a 5�$&U > 34$&a +*>&e - + T*U $ 6 (*a +*: b c4� � p c Xab c4� � � c 5 ! 0 (4!

u(x, t) =
1

2a
√
πt

∫ ∞

−∞
f(z)e−(x−z)2/4a2tdz =

1

2
·
(

erf

(
x+ 1

2a
√
t

)
− erf

(
x− 1

2a
√
t

))
.

b c4� ` B c
+*e +*>7$&34> 0 (*- a $ 34$

erf(x)
5 ! 0 (4!

erf(x) =
2√
π

∫ x

0
e−z2

dz.
b c4� ` ` c

p �P� z ����| { s { z � s � y �0� { y�t � r z { tUy�rf� t { { s � ��� � � ��� � 	 
 �
� � � ���fy � � � � { y�� x � �Pz }a�f� � y�r }R� � | x �0~U{ y�� � � z � ~Ur tFy r� r ��{ � � z r s �fr u z { y��fy z x���� { w�t x���� � �
` B
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~"U 5 e +*> 6 5�+ a !4.*(4!4e (*U*!

lim
t→∞

u(x, t) = lim
t→∞

1

2
·
(

erf

(
x+ 1

2a
√
t

)
− erf

(
x− 1

2a
√
t

))
= 0

b c4� ` c c
# $ U (*# $@$73,a ( W,5 - $7.*(*a (*3,a (*34$&a $ :�- ( T # +*>@5 ! 0 (4!*0 (&(*e +*.*a $ 3,5 !46 $ # 5 0 ! .*$�W�5 - 6 +*.*- (*3�! (,��]"a +'e (*- (

�

.*(*a / 34b4$ 6 (&T*U 5 e +*> 6 5�a $ 075 1 5 U*! 1 $7a $ :�W,5 - 6 +*.*- (*3,! (*: �

� � �

0

20

40

60

80

100

0

5

10

15

20

0

0.2

0.4

0.6

0.8

1

x

t/0.10

vn
(t

)

� |������ { � �

S"+&b4(*- (*.*a $ - ! 3,a ! .*+7a $ :�5 1 5 U*! 1 $ :N5 ! 0 (4! $ J M E QUC k�W g NF[ a $ :"W�5 - 6 +*.*- (*3�! (*: ��]2(*:�),(4! 0 5 a (4! $@5 ! .*+ 0 (7U + <�! .*$
( e +'),> 3,! .*$&(*e + � $ �

� � �

hi# ! (*# ! .*(*3,! ('6 5 a (*# +*34$ :�W,5 - 6 + a $ a (*:�e 5 - ! <,- (*)�5 a (4!4(*e +'a $ 0@6 +*- ),$7a $ :�U > 3,$ :

u(x, t) =
1

2a
√
πt

∫ ∞

−∞
f(z)e−(x−z)2/4a2tdz.

b c4� ` n c
h>b c4� ` n c 6 (*:�U 5 5 !,+ a !4$7W�5 - 6 +*.*- (*3�! (&3,a +'3,$ 6 5 ! + (x, t)

5 ! 0 (4!,5 0 ( � ( W,- +4! 3,6 (��Rb <�! ('a $ 07(*.*- ! T*5 ! ('5 0 ('+ U +*.*U $
�

- /�6 ( c a /�095 e*! # - (*3,5 /�09a /�0'W�5 - 6 +*.*- (*3�! /�0L345'+ U (Ia (I3,$ 6 5 ! (Ia $ :'- ( T # +*> �
$?5 e*! # - (*3,$9a +*>?3,$ 6 5 ! +*>

(z, t)5 ! 0 (4! � 3,a ( W,6*! 346 5 0 $ ��(*e +9a + 0'e > - $ 0 (
e−(x−z)2/4a2t X�# $ U*�7$L5 e*! # - (*3,$'a +*> (z, t)

5 e*!�a +*>
(x, t)

)4W�! 0 5 !�6 57a $ 0
( e +*3,a (*34$

(x− z)2
(*U U (9(*> 1 (*0 5 !,6 57a + 0&b4- + 0 +

t
�7 �e (*0 (*U (*6 T*(*0 +*> 6 5�+ a !�5 0 ('T*(*3,! .*+9b4(*- (*.*a $ - ! 34a ! .*+9a +*>

e > - $ 0 (I5 ! 0 (4!=$ J M E QUC k�W g NH[ a /�09(*- b,! .*/�0L34> 0 W�$ .*/�0(b T*U 5 e 5&.*(4!�]"b4$ 6 (?c,� � c � ��(I3,> Y $ a $ 3,+*> 6 5'(*> a $?a $ 0! # ! + a $ a (L345�6 5 <,(*U > a 5 - $75 .*a (*34$&34a +' 2# (*)�! +&c,� c,�

` `
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�i� � ���  "�5#"-(� � /0%91"# � � �� "6 -./ 7 / �"/0%5 "-.1"/0) � �  ��@�5#�� 
 ',%�� =

-.1"#"6 3�/ �� �� �5� ��',)
]2a +7e - +*$ <,+*> 6 5 0 +75 # (*)�! +@5 ! # (*6 5N# > +76 5 W,+*# +*> :"<�! (&a $ 0�5 e*! U > 34$75 0 +*:Ne - + T*U $ 6 (*a +*:N# ! (*# +*3,$ :"W�5 - 6 + a $ a (*:N3,5
6*! (7(*e 5 ! - $@- ( T*# +,����(4! +4! # > +76 5 W�+*# +4! T (*3�! 3,a $ .*(*0�3,a $ 0�b4- $ 34$@+ U +*.*U $ - /�a ! .*/�0N6 5 a (*34b4$ 6 (*a ! 346 /�0*�2k=! (7e - +

�

T U $ 6 (*a (@3,a (@+*e +4! (@$�- ( T # +*:25 b45 ! e 5 e 5 - (*346 5 0 +@6 $ .*+*: X $�6 5 W,+*# +*:"a +*>�� OHGHB NFQFE WL^"J e C l kH[ e Omg �25 ! 0 (4! 6 (*U U + 0
e*! +'5 > b4- $ 3,a $4�2��('6 5 U 5 a $ 34+*> 6 5�a $ 076 5 W�+*# +'(*> a $73,5�(*- .*5 a ('6 5 <,(*U $75 .*a (*3,$�b 6 5�b4- $ 3,$7e (*- (*# 5 ! <,6 (*a /�0 c �

� � ��� �	� � � ����� ������� ��� � ����� ��

�	� � �����
��(&U > 3,+*> 6 5�6 5�b4/�- ! 3,6 +'6 5 a ( T U $ a /�07a +'e - + T U $ 6 (

ut = a2uxx (0 < x < 1
.*(4!

0 < t <∞)
b c,� ` V c

u(0, t) = u(1, t) = 0 (0 < t <∞)
b c4� ` Y c

u(x, 0) = f(x) (0 < x < 1)
b c,� ` _ c

o�- b,! Y +*> 6 5&6 5&6*! ( W�T E h J NH[ b a +*>9b4/�- ! 3,6 +*>?a /�096 5 a ( T*U $ a /�0 c �'+ a !�$9U > 3,$ u(x, t) 6 e +*- 5 !=0 (?<,- (*),5 !�3,a $ 06 + - ),$
u(x, t) = X(x)T (t)

b c,� ` g c
 �(*0@$7> e + W,5 34$'! 34b4> 5 ! X,a + a 5�$�b c4� ` V c # ! 0 5 !

X(x)T ′(t) = a2X ′′(x)T (t) ⇒

T ′(t)
a2T (t)

=
X ′′(x)
X(x)

.
b c4� c p c

o�U U (FX4a +'(*- ! 34a 5 - +&6 5 U +*:�a $ :9b c,� c*p c 5 ! 0 (4!*3,> 0 (*- a $ 3,$76 + 0 +'a +*> t .*(4!*a +'# 5 1 !*6 + 0 +'a +*> x ��k=! ('0 (&5 ! 0 (4!4(*> a (a (L# > +9! 34(?6 5 a (*1 >'a +*> : VFB C�I�C�h J
x
.*(4!

t
X�W,(9e - 5 e 5 !,a +9.*( W�5�6 5 - +*:70 (95 ! 0 (4!�! 3,+96 5@a $ 0'! # ! ( N e C�h J GUC X�a $ 0

+*e +4! (&W,('3,> 6 T*+ U*! 3,+*> 6 5@6 5 −b2 �2��e + a 5�5 b4+*> 6 5

T ′(t)
a2T (t)

=
X ′′(x)
X(x)

= −b2 ⇒
(

T ′(t) = −a2b2T (t)

X ′′(x) = −b2X(x).

) b c4� c4� c
%7$ U (*# $I6 5 a (*a - 5 � (*6 5'5 0 ( e - + T*U $ 6 (I6 5L6*! ( 8?%7 	3,5'5 0 ( (*U U +I6 5L# > + 34> 0 $ W,5 ! :9%7 N�2k=! (*a !�W,5 34(*6 5La $ 0
34a ( W,5 - ('! 3,$76 5 −b2 �2��5 U (*6 5N0 (&a + 0 ! 34+*> 6 5N+ a !*$@e +*3,+ a $ a ( −a2b2

\ J g0J B g C�BUh J e B IU[ b (*0�$ a (*0�W�5 a ! .*$@a + a 5Na +
T (t)
.*(4!4(*- (&.*(4!4a +

u(x, t)
W�('5 a 5 ! 0 5�34a +'(*e 5 ! - +'.*( W�/�:

t→ ∞ c �S"/�- ('e - 5 e 5 !40 (&U > 3,+*> 6 5�a ! :�# > +'%7 N�,o�> a +&<�! 0 5 a (4!45 > .*+ U (&.*(4!4e (4! - 0 +*> 6 5

T (t) = Ce−a2b2t b c4� c B c
X(t) = A sin (bx) +B cos (bx) .

b c4� c ` c
` c
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o�- (L.*( W�5@34> 0 (*- a $ 34$La $ :76 +*- )�$ :
u(x, t) = T (t)X(x) = e−a2b2t · (A sin (bx) +B cos (bx))

W,(95 ! 0 (4!�U > 34$
a $ :9b c4� ` V c �2 2e*! e U 5 + 0�W�5 U +*> 6 5�$ u(x, t) 0 ('! .*(*0 +*e +4! 5 !4a $ 0@+*- ! (*.*$734> 0 W�$ .*$�b c4� ` Y c X,# $ U (*# $

0 = u(0, t) = A sin (0) +B cos (0) = B
b c4� c c c

0 = u(1, t) = A sin (b) +B cos (b) = A sin (b)
b c4� c n c

+*e + a 5NW�(&e - 5 e 5 !4a +
b
0 (L! .*(*0 +*e +4! 5 !

b = 0,±π,±2π, ...
b c,� c*V c

 �a 3�! X,<�! ('.*( W�5�(*.*5 - (4! +
n
X,$

u(x, t) = e−a2n2π2t · An sin (nπx)
W�(L! .*(*0 +*e +4! 5 !,a ! :5b c,� ` V c Xab c4� ` Y c .*(4!4a +9! # ! +W,(L! 3,b4> 5 !4.*(4!*<�! ('a $ 0

u(x, t) =

∞∑

n=1

e−a2n2π2t ·An sin (nπx) .
b c4� c*Y c

895 0 5 ! a /�- (@0 (�e - +*34# ! +*- ! 3,+*> 6 5"a $ 0
u(x, t)

5 a 3�! /�3,a 5"0 (@! .*(*0 +*e +4! 5 ! .*(4! a $ 0�(*- b,! .*$�3,> 0 W,$ .*$ b c4� ` _ c ��%&$ U (*# $e - 5 e 5 !40 ('5 b4+*> 6 5
f(x) = u(x, 0) =

∞∑

n=1

An sin (nπx) (0 < x < 1)
� b c,� c*_ c

o�U U (@(*> a +@5 ! 0 (4! 5 0 (�a > e*! .*+@e - + T U $ 6 (@(*0 (*e a > 1 $ :26*! (*:"3,> 0 (*- a $ 3,$ :"345"345 ! - (
Fourier

��o�- .*5 ! 0 (@+*- ! 34+*> 6 52a $ 0
34> 0 (*- a $ 3,$

g(x)
0 (�5 ! 0 (4! $ T J GHB e e [�J T J I e C�NH[ a $ :

f(x)
3,a +@# ! (*3,a $ 6 (

[−1, 1]
.*(4! 0 (�T*- +*> 6 5�a +*> :"34> 0 a 5 U 5 3,a 5 :

An
(*e +'a $ 0@3,b45 3,$

An =

∫ 1

−1
g(x) sin (nπx) dx = 2

∫ 1

0
f(x) sin (nπx) dx.

b c,� c*g c
S"5 U*! .*(&U +4! e + 0@$&34> 0 (*- a $ 34$

u(x, t) =
∞∑

n=1

e−a2n2π2t ·An sin (nπx)
b c4� n p c

An = 2

∫ 1

0
f(x) sin (nπx) dx (n = 1, 2, ...) .

b c4� n*� c
5 ! 0 (4!4$7U > 3,$7a +*>&e - + T U $ 6 (*a +*:9b c,� ` V c �

b c4� ` _ c �o�e +9)�> 3�! .*$'(*e + � $�X=a +96 ( W�$ 6 (*a ! .*+9e - + T*U $ 6 ((b c4� ` V c �

b c,� ` _ c (*0 a ! 34a +4! b45 !=34a +?)�> 3�! .*+9e - + T*U $ 6 (9+*e +*>a (?(*.*- (?a $ :'- ( T*# +*>9# ! (*a $ - +*> 0 a (4!�3,5&6 $ # 5 0 ! .*$LW,5 - 6 +*.*- (*3,! (,�9;�- +*345 1 a 57+ a !
limt→∞ u(x, t) = 0

X�# $ U (*# $
a 5 U*! .*('$7- ( T # +*:�5 - b45 a (4!43,5�3,a ( W,5 - $&.*(*a (*34a (*3,$&6 $ # 5 0 ! .*$ :�W,5 - 6 +*.*- (*3,! (*: �
JL��K4���4v � ����� { � s � �
��('U > 34+*> 6 5�a +'e - + T U $ 6 (

ut = 2uxx (0 < x < 3
.*(4!

0 < t <∞)
b c,� n B c

u(0, t) = u(3, t) = 0 (0 < t <∞)
b c4� n ` c

u(x, 0) = 5 sin (4πx) − 3 sin (8πx) + 2 sin (10πx) (0 < x < 3)
b c4� n c c

` n
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8?! ( # ! (*)�+*- (Ia +*>?e (*- (*e (*0 /ie - + T U $ 6 (*a +*:L(*e +Ia +$b c4� ` V c �

b c,� ` _ c 5 ! 0 (4!�+ a !�a ( (*.*- (Ia $ :L- ( T*# +*>T - ! 3,.*+ 0 a (4!,3,a (L34$ 6 5 ! (
x = 0, x = 3

b .*(4!4+ b,!
x = 0, x = 1 c �"o�> a +'+*6 /�:@# ! +*- W�/�0 5 a (4!,5 > .*+ U ('6 56*! ('(*U U ( <,$7a $ :@6 5 a ( T*U $ a $ :

x �
# $ U*��W,(&W�5 3,+*> 6 5

x′ = x/3
.*(4!

bn = nπ/3
�2 2a 3�!4e - +*.*> e a 5 !4+ a !4$

U > 34$&5 b45 !4a $ 076 +*- )�$
u(x, t) =

∞∑

n=1

e−2n2π2t/9 ·An sin
(nπ

3
x
) b c4� n n c

k=! ('0 ('! 34b4> 5 !,$7(*- b,! .*$73,> 0 W,$ .*$@W,('e - 5 e 5 !40 ('5 b4+*> 6 5

5 sin (4πx) − 3 sin (8πx) + 2 sin (10πx) = u(x, 0) =

∞∑

n=1

An sin
(nπ

3
x
)
.

b c4� n V c
S"/�- (�T*U 5 e +*> 6 52+ a ! $ b c4� n V c ! 3,b4> 5 ! (*0Ne (*- +*> 6 5 A12 = 5

X
A24 = −3

X
A30 = 2

.*(4! + U (�a (@> e + U +4! e (
An = 0

��SN+ a 5�$7U > 3,$@<�! 0 5 a (4!

u(x, t) = 5e−288π2t/9 sin (4πx) − 3e−1152π2t/9 sin (8πx) + 2e−1800π2t/9 sin (10πx)
b c4� n Y c

= 5e−32π2t sin (4πx) − 3e−128π2t sin (8πx) + 2e−200π2t sin (10πx) .
b c4� n _ c

� � �

JL��K4���4v � ����� { � s � F
��('U > 34+*> 6 5�a +'e - + T U $ 6 (

ut = 2uxx (0 < x < 3
.*(4!

0 < t <∞)
b c,� n g c

u(0, t) = u(3, t) = 0 (0 < t <∞)
b c4� V p c

u(x, 0) = 25 (0 < x < 3)
b c,� V4� c

 �b4+*> 6 5&.*(4!�e (*U !=6*! (?(*U U ( <,$La $ :'6 5 a ( T*U $ a $ :
x
<�! (?0 (?(*0 a ! 34a +4! b45 !�34a (I+*- ! (

x = 0, x = 3
�9h

U > 34$&5 b45 !4a $ 076 +*- )�$
u(x, t) =

∞∑

n=1

e−2n2π2t/9 ·An sin
(nπ

3
x
) b c4� V B c

k=! ('0 ('! 34b4> 5 !,$7(*- b,! .*$73,> 0 W,$ .*$@W,('e - 5 e 5 !40 ('5 b4+*> 6 5

25 = u(x, 0) =
∞∑

n=1

An sin
(nπ

3
x
)
.

b c4� V ` c
k=! ('0 ('! 34b4> 5 !,$�b c4� V ` c W,('e - 5 e 5 !,+4!434> 0 a 5 U 5 3,a 5 : An

0 ('! .*(*0 +*e +4! +*> 0

An =
2

3

∫ 3

0
25 sin

(nπx
3

)
= 50

1 − cosnπ

nπ

` V
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.*(4!4(*- (&$&U > 34$&5 ! 0 (4!

u(x, t) = 50

∞∑

n=1

1 − cosnπ

nπ
· e−2n2π2t/9 · sin

(nπ
3
x
)
.

b c4� V c c

� � �

� � ��� � � ��� � � ����� � ��� � ��� � ����� ��

�	� � �����
��(&U > 3,+*> 6 5�6 5�b4/�- ! 3,6 +'6 5 a ( T U $ a /�07a +'e - + T U $ 6 (

ut = a2uxx (0 < x < 1
.*(4!

0 < t <∞)
b c,� V n c

u(0, t) = k1 (0 < t <∞)
b c4� V V c

u(1, t) = k2 (0 < t <∞)
b c4� V Y c

u(x, 0) = f(x) (0 < x < 1)
b c,� V _ c

o�> a +La +96 ( W,$ 6 (*a ! .*+9e - + T*U $ 6 (L(*0 a ! 3,a +4! b45 !�3,a +9),> 3,! .*+Le - + T U $ 6 (L+*e +*>'a (9(*.*- ('a $ :7- ( T # +*>&# ! (*a $ - +*> 0 a (4!
345@3,a ( W,5 - 5 :�W�5 - 6 +*.*- (*3�! 5 :

k1
.*(4!

k2
(*0 a ! 34a +4! b4(,�@o�0&# +*.4! 6 (*3,+*> 6 5@0 (L5 )�(*- 6 +*3,+*> 6 5@b4/�- ! 346 +96 5 a ( T U $ a /�0

6 5�a + 07! # ! +'a - +*e +'+*e /�:�.*(4!*3,a +'e - +*$ <,+*> 6 5 0 +&5 # (*)�! +7W�(&# +*> 6 5�+ a !4# 5 0@> e (*- b45 !4U > 3,$7a $ :�6 +*- ),$ :
u(x, t) =

T (t)X(x)
�D��6 /�:'a + )�> 3�! .*+Ie - + T*U $ 6 (I6 (*:L+*# $ <,5 !=3,5'5 0 (Ie - +*.*(*a (*- .*a ! .*+I6 5 a (*3,b4$ 6 (*a ! 3,6 + + +*e +4! +*:'W,(

.*( 0 5 !4# > 0 (*a $7a $ 0@5 e*! U > 34$&a +*>&e - + T*U $ 6 (*a +*: �
]2> <,.*5 .*- ! 6 5 0 (FX 5 ! 0 (4!*U + <�! .*+70 (7> e + W,5 34+*> 6 5N+ a !*345�34a ( W�5 - $@.*(*a (*3,a (*34$7$�W�5 - 6 +*.*- (*3�! (7a $ :�- ( T*# +*>�W,(

# ! 0 5 a (4!4(*e +'a $ 0@3,> 0 (*- a $ 3,$
w(x) = k1 + (k2 − k1) · x

b c4� V g c
# $ U (*# $'6*! (9+*6 +4! +*6 +*- ),$'6 5 a ( T*+ U $'a $ :@W,5 - 6 +*.*- (*3,! (*:@.*(*a (L6 $ .*+*:@a $ :7- ( T # +*>*��;�(*- (*a $ - 5 ! 3,a 5@+ a !,$

w(x, t)! . (*0 +*e +4! 5 !4a $ 05b c4� V V c b � 5 .'.*(*a (*34.*5 > $ : � c �� �e*! 34$ :@$ w(x)
! .*(*0 +*e +4! 5 !4a $ 05b c4� V n c # ! + a !

wt(x) = wxx(x) = 0
� b c4� Y p c

��6 /�:�$
w(x)

# 5 0@! .*(*0 +*e +*5 !*a $ 05b c,� V _ c .*(4!*(*- (&# 5 0�U > 0 5 !*a +'e - + T*U $ 6 (&6 (*: ��o�:�5 1 5 a (*34+*> 6 5N(*0�> e (*- b45 !*6*! ((*. +*6 $73,> 0 (*- a $ 3,$
v(x, t)

a 5 a +4! ('/�34a 5

u(x, t) = w(x) + v(x, t)
b c,� Y*� c

0 (75 ! 0 (4! U > 3,$7a +*>@e - + T U $ 6 (*a +*: ��o�0�(*> a +73,> 6 T*(4! 0 5 !4a + a 5NW,(&5 b4+*> 6 5NU > 3,5 !*a +&e - + T U $ 6 (&(*e 5 ! .*+ 0 ! Y + 0 a (*:Na $ 0
34a ( W,5 - $&.*(*a (*34a (*3,$&34a $ 0

w(t)
.*(4!4a +'6 5 a ( T (*a ! .*+'),(4! 0 +*6 5 0 +&3,a $ 0

v(t)
�

o�0N(*0 a ! .*(*a (*34a $ 3,+*> 6 52a $ 0
u(x, t)

6 5
w(x)+v(x, t)

34a $ 0 b c,� V n c X 5 e 5 ! # $ wt(x) = wtt(x) = 0
X e (4! - 0 +*> 6 5

vt = a2vxx
b c4� Y B c

`*Y
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 �e*! 3,$ :@e (4! - 0 +*> 6 5

v(0, t) = v(1, t) = 0
b c,� Y ` c

v(x, 0) = f(x) − k1 − (k2 − k1) · x = h(x)
b c4� Y c c

o�U U (7a +7e - + T U $ 6 (�b c,� Y B c �

b c4� Y c c 5 ! 0 (4! a $ :�! # ! (*:N6 +*- )�$ :N6 5"a +&e - + T*U $ 6 (@a +*>@ 2# (*)�! +*>�c,� `4� ��.*(4! (*- (71 5 - +*> 6 5a $ 07U > 34$&a +*>*�2 "! 0 (4!

v(x, t) =

∞∑

n=1

e−a2b2t · An sin (nπx)
b c4� Y n c

An = 2

∫ 1

0
h(x) sin (nπx) dx (n = 1, 2, ...) .

b c4� Y V c
��e + a 5�$&U > 34$&a +*>&e - + T*U $ 6 (*a +*:9b c,� V n c �

b c4� V _ c 5 ! 0 (4!

u(x, t) = w(x) + v(x, t)

.*(*! X,e*! +'3,> <,.*5 .*- ! 6 5 0 (FX

u(x, t) = k1 + (k2 − k1) · x+
∞∑

n=1

e−a2b2t ·An sin (nπx)
b c4� Y Y c

An = 2

∫ 1

0
(f(x) − k1 − (k2 − k1) · x) sin (nπx) dx (n = 1, 2, ...) .

b c4� Y _ c
JL��K4���4v � ����� { � s � s
��('U > 34+*> 6 5�a +'e - + T U $ 6 (

ut = 2uxx (0 < x < 3
.*(4!

0 < t <∞)
b c,� Y g c

u(0, t) = 10 (0 < t <∞)
b c,� _ p c

u(3, t) = 40 (0 < t <∞)
b c,� _4� c

u(x, 0) = 25 (0 < x < 3)
b c,� _ B c

��5 a +*> 6 5
u(x, t) = w(x) + v(x, t)

.*(4!

w(x) = 10 + 10x.
b c,� _ ` c

` _
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S"/�- (FX43,> 6 )�/�0 ('6 5�a ('e (*- (*e (*0 /SX4e - 5 e 5 !40 ('U > 34+*> 6 5�a +'e - + T U $ 6 (

vt = 2uxx (0 < x < 3
.*(4!

0 < t <∞)
b c,� _ c c

v(0, t) = 0 (0 < t <∞)
b c,� _ n c

v(3, t) = 0 (0 < t <∞)
b c,� _ V c

v(x, 0) = 15 − 10x (0 < x < 3)
b c,� _*Y c

a +'+*e +4! +FX43,> 6 )�/�0 ('6 5�a +' 2# (*)�! +&c,� `4� � X45 b45 !4a $ 07U > 34$

v(x, t) =
∞∑

n=1

An · e−2n2π2t/9 · sin
(nπ

3
x
) b c4� _ _ c

+*e +*>
An =

2

3

∫ 3

0
(15 − 10x) sin

(nπ
3
x
)
dx =

30

nπ
· (cos (nπ) − 1) .

b c,� _ g c
��e + a 5�a 5 U ! .*('$&U > 34$&a +*>&(*- b,! .*+*>7e - + T U $ 6 (*a +*:�5 ! 0 (4!

u(x, t) = 10 + 10x+

∞∑

n=1

30

nπ
· (cos (nπ) − 1) · e−2n2π2t/9 · sin

(nπ
3
x
) b c4� g p c

� � �

� � ��� � � ��������� ���
��(&U > 3,+*> 6 5�6 5�b4/�- ! 3,6 +'6 5 a ( T U $ a /�07a +'e - + T U $ 6 (

ut = a2uxx − cu (0 < x < 1
.*(4!

0 < t <∞)
b c,� g4� c

u(0, t) = 0 (0 < t <∞)
b c,� g B c

u(1, t) = 0 (0 < t <∞)
b c,� g ` c

u(x, 0) = f(x) (0 < x < 1)
b c,� g c c

�D+*- +*: −cu b +*e +*>NW�5 /�- +*> 6 5 c ≥ 0 c (*0 a ! 34a +4! b45 !*345"(*.*a ! 0 + T + U ! (�W�5 - 6 + a $ a (*:"34a +7e 5 - ! T*(*U U + 0 X # $ U*��$�- ( T*# +*:# 5 0�5 ! 0 (4!*(*e + U > a ('6 + 0 /�6 5 0 $�W�5 - 6*! .*(,��o�e +&6 ( W,$ 6 (*a ! .*$7(*e + � $UX*+&+*- +*: −cu W�(&6 e +*- +*> 345�0 (&(*0 a ! 3,a +4! b45 !43,55 0 ('+*- +'a $ :@6 +*- )�$ :
e−ct 34a $ 0&U > 34$ u(x, t) b (*> a +*:@5 ! 0 (4!,+'e (*- ( <,+ 0 a (*: C T E N lRJ NF[�K c �N��('5 1 5 a (*34+*> 6 5�a /�- ((*0&(*> a $'$L> e + W,5 34$L6 e +*- 5 !�0 (LT +*$ W,$ 345 !�3,a $ 0'(*e U +*e +4! $ 34$La +*>Le - + T U $ 6 (*a +*: �&%7$ U*�7W,(9> e + W,5 34+*> 6 57+ a !�$

U > 3,$7a +*>&(*- b,! .*+*>7e - + T*U $ 6 (*a +*:�5 b45 !4a $ 076 +*- )�$

u(x, t) = e−ctv(x, t)
b c4� g n c

` g
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.*(*!*W�(&5 1 5 a (*34+*> 6 5�a ! :7! # ! + a $ a 5 :�a $ :
v(x, t)

�N��0 a /�: X4T U 5 e +*> 6 5�(*6 5 34/�:�+ a !
ut = −cv + e−ctvt, uxx = e−ctvxx.

b c4� g V c
��e + a 5�5 b4+*> 6 5�.*(4!

ut = a2uxx − cu⇒ b c4� g Y c
−cv + e−ctvt = a2e−ctvxx − cv ⇒ b c4� g _ c

e−ctvt = e−cta2vxx.
b c4� g g c

 �e*! 3,$ :�T*U 5 e +*> 6 5�+ a !

0 = u(0, t) = e−ctv(0, t) ⇒ v(0, t) = 0
b c4� � p p c

0 = u(1, t) = e−ctv(1, t) ⇒ v(1, t) = 0
b c4� � p4� c

.*(*!
f(x) = u(x, 0) = e−c·0v(x, 0) = v(x, 0).

b c4� � p B c
o�- (&a 5 U*! .*(&$

v(x, t)
5 ! 0 (4!4U > 34$&a +*>&e - + T*U $ 6 (*a +*:

vt = a2vxx (0 < x < 1
.*(4!

0 < t <∞)
b c4� � p ` c

v(0, t) = v(1, t) = 0 (0 < t <∞)
b c,� � p c c

v(x, 0) = f(x) (0 < x < 1)
b c4� � p n c

a +&+*e +4! +'5 b4+*> 6 5�$ # $&U > 345 !434a +L5 # (*)�! +7c,� `4� �@.*(4!4$
u(x, t)

# ! 0 5 a (4!4(*e +

u(x, t) = e−ct
∞∑

n=1

e−a2n2π2t · An sin (nπx)
b c,� � p V c

+*e +*>
An = 2

∫ 1

0
f(x) sin (nπx) dx

<�! (
n = 1, 2, ..

b c,� � p Y c
� � �

 �0 ('e*! +L# > 34.*+ U +'e - + T*U $ 6 (&5 ! 0 (4!4a +'5 1 $ : �

ut = uxx − cu (0 < x < 1, 0 < t <∞)
b c4� � p _ c

u (0, t) = k0 (0 < t <∞)
b c,� � p g c

u (1, t) = k1 (0 < t <∞)
b c,� � � p c

u (x, 0) = 0 (0 < x < 1)
b c4� � � � c

c*p



�� "q�oNX"o � � c

��e + W�5 a +*> 6 5�+ a !
u (x, t) = w (x) + v (x, t) e−ct

+*e +*>7$
w (x)

! .*(*0 +*e +4! 5 !

wxx − cw = 0 (0 < x < 1)

w (0) = k0

w (1) = k1.

S"+ a 5

ut = 0 + vte
−ct − cve−ct

uxx = wxx + vxxe
−ct

−cu = −cw − cve−ct.

o�- (7<�! (
0 < x < 1, 0 < t <∞ 5 b4+*> 6 5

ut = uxx − cu⇒

vte
−ct − cve−ct = wxx + vxxe

−ct − cw − cve−ct ⇒

vte
−ct = vxxe

−ct + wxx − cw ⇒

vt = vxx.

 �e*! 3,$ :�<�! (
0 < x < 1

5 b4+*> 6 5

0 = u (x, 0) = w (x) + v (x, 0) e−c·0 ⇒

v (x, 0) = −w (x) .

S"5 U +*: X*<�! (
0 < t <∞ 5 b4+*> 6 5

k0 = u (0, t) = w (0) + v (0, t) · e−ct ⇒

k0 = k0 + v (0, t) e−ct ⇒

0 = v (0, t)

.*(*!4+*6 +4! ('# 5 ! b40 +*> 6 5�+ a !*<�! (
0 < t <∞ 5 b4+*> 6 5

0 = v (1, t) .

c,�
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o�0 (*.*5 )�(*U (4! /�0 + 0 a (*: X W,('U > 3,+*> 6 5�a ('> e +*e - + T U $ 6 (*a (

wxx − cw = 0 (0 < x < 1)
b c4� � � B c

w (0) = k0
b c,� � � ` c

w (1) = k1
b c,� � � c c

.*(*!

vt = vxx (0 < x < 1, 0 < t <∞)
b c4� � � n c

v (0, t) = 0 (0 < t <∞)
b c4� � � V c

v (1, t) = 0 (0 < t < 1)
b c4� � � Y c

v (x, 0) = −w (x) (0 < x < 1)
b c4� � � _ c

;�- /�a ('U > 0 +*> 6 5�a ! :5b c,� � � B c �

b c,� � � c c �2 2b4+*> 6 5

w (x) = a sinh
(√
cx
)

+ b cosh
(√
cx
)

w (0) = k0

w (1) = k1

+*e + a 5

a sinh (0) + b cosh (0) = k0

a sinh
(√

c
)

+ b cosh
(√
c
)

= k1

h U > 3,$75 ! 0 (4!

b = k0

a = −k0 cosh (
√
c) − k1

sinh (
√
c)

+*e + a 5
w (x) = k0 cosh

(√
cx
)
− k0 cosh (

√
c) − k1

sinh (
√
c)

sinh
(√
cx
)
.

S"/�- ('U > 0 +*> 6 5�a ! :9b c4� � � n c �

b c4� � � _ c �2895�b4/�- ! 3,6 +'6 5 a ( T U $ a /�07e (4! - 0 +*> 6 5 v (x, t) = X (x)T (t)
.*(4!

T ′

T
=
X ′′

X
= −b2

c*B
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+*e + a 5�.*(4!

T (t) = e−b2t

X (x) = A sin (bx) +B cos (bx) .

k=! (70 (&! 3,b4> 5 !
X (0) = X (1) = 0

W,(75 b4+*> 6 5
bn = 0,±π,±2π, ...

.*(4!
Bn = 0

<�! (7.*( W,5
n
��S"5 U ! .*(@6*! (@<,5 0 ! .*$

U > 3,$75 ! 0 (4!
v (x, t) =

∞∑

n=1

Ane
−n2π2t sin (nπx)

.*(*!45 b4+*> 6 5�5 e*! 3,$ :

−k0 cosh
(√

cx
)

+
k0 cosh (

√
c) − k1

sinh (
√
c)

sinh
(√

cx
)

= −w (x) = v (x, 0) =
∞∑

n=1

An sin (nπx)

(*- (7<�! (
n = 1, 2, ...

5 b4+*> 6 5

An = 2

∫ 1

0

(
−k0 cosh

(√
cx
)

+
k0 cosh (

√
c) − k1

sinh (
√
c)

sinh
(√

cx
))

sin (nπx) dx.

$7.*(4!

An = −2k0

∫ 1

0
cosh

(√
cx
)
sin (nπx) dx+ 2

k0 cosh (
√
c) − k1

sinh (
√
c)

∫ 1

0
sinh

(√
cx
)
sin (nπx) dx.

S"5 U*! .*(&$&U > 3,$7a +*>&e - + T*U $ 6 (*a +*:9b c,� � p _ c �

b c4� � � � c 5 ! 0 (4!

u (x, t) = k0 cosh
(√
cx
)
− k0 cosh (

√
c) − k1

sinh (
√
c)

sinh
(√
cx
)

+

( ∞∑

n=1

Ane
−n2π2t sin (nπx)

)
· e−ct.

��a ( 07+'b4- + 0 +*:
t→ ∞ 5 b4+*> 6 5

lim
t→∞

u (x, t) = k0 cosh
(√

cx
)
− k0 cosh (

√
c) − k1

sinh (
√
c)

sinh
(√

cx
)

+ lim
t→∞

( ∞∑

n=1

Ane
−n2π2t sin (nπx)

)
· e−ct

= k0 cosh
(√

cx
)
− k0 cosh (

√
c) − k1

sinh (
√
c)

sinh
(√

cx
)

= w (x) .

;�(*a (*a $ - 5 ! 3,a 5�a !434> 6 T (4! 0 5 !4(*0@5 e*! e U 5 + 0@5 b4+*> 6 5�e + U >&6*! .*- +&3,> 0 a 5 U 5 34a $7(*e +*34T 5 34$ :
c ' 0

��SN+ a 5

cosh
(√

cx
)

=
e
√

cx + e−
√

cx

2
' 1 +

√
cx+ 1 −√

cx

2
= 1

sinh
(√

cx
)

=
e
√

cx − e−
√

cx

2
' 1 +

√
cx− 1 +

√
cx

2
=

√
cx

.*(*!
cosh (c) ' 1

X
sinh (

√
c) ' √

c
�"��e + a 5

lim
t→∞

u (x, t) = k0 cosh
(√

cx
)
− k0 cosh (

√
c) − k1

sinh (
√
c)

sinh
(√
cx
)

' k0 · 1 − k0 · 1 − k1√
c

·
√
cx

= k0 − (k0 − k1) · x

c*`
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e + >&e - +*3,5 <4<�! Y 5 !4a $ 0734a ( W�5 - $7.*(*a (*3,a (*34$&a +*>&e - + T*U $ 6 (*a +*:�e +*>7U > 34(*6 5�34a +L5 # (*)�! +7c,� `4� B4�

zt = zxx (0 < x < 1, 0 < t <∞)
b c4� � � g c

z (0, t) = k0 (0 < t <∞)
b c,� � B p c

z (1, t) = k1 (0 < t <∞)
b c,� � B*� c

z (x, 0) = 0 (0 < x < 1) .
b c4� � B B c

� � ��� � � �
��� � �
]252+ U (@a (@e - + T U $ 6 (*a (@a (@+*e +4! (@5 b4+*> 6 525 1 5 a (*345 ! /�:"a /�- (@+4! +*- ! (*.*5 :23,> 0 W,$ .*5 :"(*)�+*- +*> 34(*0"a $ 0

u(x, t)
��%&5 0

5 ! 0 (4! > e + b4- 5 /�a ! .*+@(*> a +@0 (@! 34b4> 5 ! e (*0 a (,��]"5fb )�> 3�! .*( c e - + T U $ 6 (*a (@6 5 a (*# +*3,$ :2W,5 - 6 + a $ a (*: X*6*! (@34> 0 $ W�! 346 5 0 $34> 0 W,$ .*$?5 ! 0 (4!�+ a !�5 0 ( (*.*- + 6*! (*:L- ( T*# +*>?5 ! 0 ( QFE g OaQRJ g E �fo�> a + 3,$ 6 (4! 0 5 !�+ a !�$
ux(x, t)

6 $ # 5 0 ! Y 5 a (4!�3,a +
(*0 a ! 34a +4! b4+9(*.*- +,��k=! (9e (*- (*# 5 ! <,6 (FX�a +9e (*- (*.*(*a /De - + T U $ 6 (9e 5 - ! <,- (*),5 !,6*! (9- ( T # +'6 576 + 0 /�6 5 0 (L.*(4!�a (9# > +
a $ :�(*.*- (;b .*(4!4e - +*34# ! +*- ! 3,6 5 0 $7(*- b,! .*$7.*(*a (*34a (*3,$7W,5 - 6 +*.*- (*3,! (*: c �

ut = a2uxx (0 < x < 1
.*(4!

0 < t <∞)
b c4� � B ` c

ux(0, t) = ux(1, t) = 0 (0 < t <∞)
b c4� � B c c

u(x, 0) = f(x) (0 < x < 1)
b c4� � B n c

k=! (90 (LU > 34+*> 6 5�a +9e - + T*U $ 6 ('.*(*0 +*> 6 5�a $ 0&34> 0 $ W�! 346 5 0 $'> e + W,5 34$'b4/�- ! 3,6 +*>'6 5 a ( T*U $ a /�0&.*(4!,.*(*a (*U $ <,+*> 6 5
+ a !4.*( W,5�3,> 0 (*- a $ 3,$7a $ :@6 +*- )�$ :

u(x, t) = T (t)X(x) = e−a2b2t · (A sin (bx) +B cos (bx))

W,('5 ! 0 (4!4U > 3,$7a $ :9b c4� � B ` c �2k=! ('0 (L! .*(*0 +*e +4! +*> 0 a (4!4+4!4+*- ! (*.*5 :�34> 0 W�$ .*5 : b c4� � B c c e - 5 e 5 !40 ('5 b4+*> 6 5

0 = ut(0, t) = A cos (0) −B sin (0) = A
b c,� � B V c

0 = ut(1, t) = A cos (b) −B sin (b) = B sin (b)
b c,� � B Y c

+*e + a 5NW�(&e - 5 e 5 !4a +
b
0 (L! .*(*0 +*e +4! 5 !

b = 0,±π,±2π, ...
b c4� � B _ c

 �a 3�! X�<�! (9.*( W�5@(*.*5 - (4! +
n
X=$

u(x, t) = e−a2n2π2t · Bn cos (nπx)
W,(I! .*(*0 +*e +4! 5 !�a ! :�b c4� � B c c .*(4!�a +?! # ! +9W,(! 3,b*> 5 !,.*(4!*<�! ('a $ 0

u(x, t) =
B0

2
+

∞∑

n=1

e−a2n2π2t · Bn cos (nπx) .
b c,� � B g c

c c



�� "q�oNX"o � � c

k=! ('0 ('! .*(*0 +*e +4! 5 ! a (4!4.*(4!4$7(*- b,! .*$73,> 0 W,$ .*$�b c,� � B n c e - 5 e 5 !40 (&5 b4+*> 6 5

f(x) = u(x, 0) =

∞∑

n=0

Bn cos (nπx) (0 < x < 1) .
b c4� � ` p c

a +9+*e +4! +?6 e +*- +*> 6 5@0 (95 e*! a > b4+*> 6 5&+*- ! Y + 0 a (*:7a $ 0
g(x)

0 (?5 ! 0 (4!�$ C G e B C@J T J I e C�NH[ a $ :
f(x)

34a +?# ! (*34a $ 6 (
[−1, 1]

.*(4! T*- ! 34.*+ 0 a (*:�a +*> :�3,> 0 a 5 U 5 34a 5 :
Bn
(*e +'a $ 0734b45 34$

Bn =

∫ 1

−1
g(x) cos (nπx) dx = 2

∫ 1

0
f(x) cos (nπx) dx.

b c4� � `4� c
S"5 U*! .*(&U +4! e + 0@$&34> 0 (*- a $ 34$

u(x, t) =
B0

2
+

∞∑

n=1

e−a2n2π2t ·Bn cos (nπx)
b c,� � ` B c

Bn = 2

∫ 1

0
f(x) cos (nπx) dx (n = 0, 1, 2, ..)

b c,� � ` ` c
5 ! 0 (4!4$7U > 3,$7a +*>&e - + T U $ 6 (*a +*:9b c,� � B ` c �

b c,� � B n c �
JL��K4���4v � ����� { � s � {
hiU > 34$&a +*>&e - + T*U $ 6 (*a +*:

ut = uxx (0 < x < 1
.*(4!

0 < t <∞)
b c4� � ` c c

ux(0, t) = ux(1, t) = 0 (0 < t <∞)
b c4� � ` n c

u(x, 0) = x (0 < x < 1)
b c4� � ` V c

5 ! 0 (4!

u(x, t) =
B0

2
+

∞∑

n=1

e−a2n2π2t · Bn cos (nπx)
b c,� � ` Y c

B0 = 1
b c,� � ` _ c

Bn = 2

∫ 1

0
x cos (nπx) dx = 2

cosnπ − 1

n2π2
(n = 1, 2, ..)

b c,� � ` g c

� � �

JL��K4���4v � ����� { � s � �

c*n



�� "q�oNX"o � � c

hiU > 34$&a +*>&e - + T*U $ 6 (*a +*:

ut = uxx (0 < x < 1
.*(4!

0 < t <∞)
b c4� � c*p c

ux(0, t) = ux(1, t) = 0 (0 < t <∞)
b c4� � c,� c

u(x, 0) = 1 + x2 (0 < x < 1)
b c,� � c B c

5 ! 0 (4!

u(x, t) =
B0

2
+

∞∑

n=1

e−a2n2π2t · Bn cos (nπx)
b c,� � c ` c

+*e +*>
B0 =

8

3

b c,� � c c c
.*(4!

Bn = 2

∫ 1

0

(
1 + x2

)
cos (nπx) dx = 4

cosnπ

n2π2
(n = 1, 2, ..)

b c,� � c n c

� � �

� � ��� � � �
������� ��� ����� �
�	� �
��(&U > 3,+*> 6 5�6 5�b4/�- ! 3,6 +'6 5 a ( T U $ a /�07a +'e - + T U $ 6 (

ut = a2uxx + g(x, t) (0 < x < 1
.*(4!

0 < t <∞)
b c4� � c*V c

u(0, t) = 0 (0 < t <∞)
b c4� � c4Y c

u(1, t) = 0 (0 < t <∞)
b c4� � c*_ c

u(x, 0) = f(x) (0 < x < 1)
b c4� � c*g c

� � ��� � � 
 �

��(&U > W�+*> 07a ('e (*- (*.*(*a / e - + T*U $ 6 (*a (,�
{ � s � �

ut = uxx
b
0 < x < 1

X
0 < t <∞ c X u(0, t) = u(1, t) = 0

b
0 < t <∞ c X u(x, 0) = 1

b
0 < x < 1 c �

b o�e4�
u (x, t) = 4

π

(
e−π2t sin (πx) + 1

3e
−9π2t sin (3πx) + 1

5e
−25π2t sin (5πx) + ...

) c �
{ � s � F

ut = uxx
b
0 < x < 1

X
0 < t <∞ c X u(0, t) = u(1, t) = 0

b
0 < t <∞ c X u(x, 0) = x− x2 b 0 < x < 1 c �

b o�e4�
u (x, t) = 8

π3

(
e−π2t sin (πx) + 1

27e
−9π2t sin (3πx) + 1

125e
−25π2t sin (5πx) + ...

) c �
c*V



�� "q�oNX"o � � c

{ � s � s
ut = 2uxx

b
0 < x < 4

X
0 < t <∞ c X u(0, t) = u(4, t) = 0

b
0 < t <∞ c X u(x, 0) = 25x

b
0 < x < 4 c �

b o�e4�
u (x, t) = − 200

π

∑∞
n=1

cos(nπ)
n e−n2π2t/8 sin

(
nπx
4

) c �
{ � s � {

ut = 4uxx
b
0 < x < 1

X
0 < t < ∞ c X u(0, t) = u(4, t) = 0

b
0 < t < ∞ c X u(x, 0) = x2 − x3

b
0 < x < 1 c �
b o�e4�

u (x, t) = 2
∑∞

n=1
2(−1)n+1−1

n3π3 e−4n2π2t sin (nπx) c �
{ � s � �

ut = uxx
b
0 < x < π

X
0 < t < ∞ c X u(0, t) = u(π, t) = 0

b
0 < t < ∞ c X u(x, 0) = sin3 (x)b

0 < x < π c �
b o�e4�

u (x, t) = 3
4e

−t sin (x) − 1
4e

−9t sin (3x) c �
{ � s � R

ut = uxx
b
0 < x < 1

X
0 < t <∞ c X u(0, t) = 0

X
u(1, t) = 1

b
0 < t <∞ c X u(x, 0) = x2 b 0 < x < 1 c �

b o�e4�
u (x, t) = x− 8

π3

(
e−π2t sin (πx) + 1

27e
−9π2t sin (3πx) + 1

125e
−25π2t sin (5πx) + ...

) c �
{ � s � z

ut = uxx
b
0 < x < 1

X
0 < t < ∞ c X u(0, t) = 1

X
u(1, t) = 2

b
0 < t <∞ c X u(x, 0) = x+ 1 + sin (πx)b

0 < x < 1 c �
b o�e4�

u (x, t) = 1 + x+ e−π2t sin (πx) c �
{ � s � }

ut = uxx
b
0 < x < 10

X
0 < t <∞ c X u(0, t) = 150

X
u(10, t) = 100

b
0 < t <∞ c X u(x, 0) = 150− 5 · xb

0 < x < 10 c �
{ � s � �

ut = uxx
b
0 < x < 1

X
0 < t < ∞ c X u(0, t) = 0

X
u(1, t) = 2

b
0 < t < ∞ c X u(x, 0) = x2 · (1 − x)b

0 < x < 1 c �
{ � s � ���

ut = uxx
b
0 < x < L

X
0 < t < ∞ c X u(0, t) = a

X
u(L, t) = b

b
0 < t < ∞ c X u(x, 0) = sin

(
πx
L

)
b
0 < x < L c �

{ � s � �,�
ut = uxx − cu

b
0 < x < 1

X
0 < t < ∞ c X u(0, t) = 0

X
u(1, t) = 0

b
0 < t < ∞ c X u(x, 0) = 1b

0 < x < 1 c �
b o�e4�

u(x, t) = 2e−ct
∑∞

n=1
1−cos nπ

nπ · e−a2n2π2t · sin (nπx) c �
{ � s � �4F

ut = uxx − cu
b
0 < x < π

X
0 < t < ∞ c X u(0, t) = 0

X
u(π, t) = 0

b
0 < t <∞ c X u(x, 0) = x · (1 − x)b

0 < x < 1 c �
b o�e4�

u(x, t) = 2e−ct
∑∞

n=1
2−nπ sin nπ−2 cos nπ

n3π3 · e−a2n2π2t · sin (nπx) c �
{ � s � �*s

ut = uxx − cu
b
0 < x < 1

X
0 < t <∞ c X u(0, t) = 0

X
u(1, t) = 0

b
0 < t <∞ c X u(x, 0) = x2 · (1 − x)b

0 < x < 1 c �
b o�e4�

u(x, t) = 2e−ct
∑∞

n=1
6 sinnπ−4nπ cos nπ−n2π2 sinnπ−2nπ

n4π4 · e−a2n2π2t · sin (nπx) c �
{ � s � �*{

ut = uxx−u
b
0 < x < 1

X
0 < t <∞ c X u(0, t) = 1

X
u(1, t) = 2

b
0 < t <∞ c X u(x, 0) = 0

b
0 < x < 1 c �

c4Y
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{ � s � ���
ut = uxx − u

b
0 < x < 1

X
0 < t < ∞ c X u(0, t) = 1

X
u(1, t) = 2

b
0 < t < ∞ c X u(x, 0) = x + 1b

0 < x < 1 c �
{ � s � �*R

ut = uxx
b
0 < x < π

X
0 < t < ∞ c X u(0, t) = ux(π, t) = 0

b
0 < t < ∞ c X u(x, 0) = cos (x)b

0 < x < π c �
b o�e4�

u (x, t) = e−a2t · cos (x) c �
{ � s � �4z

ut = uxx
b
0 < x < π

X
0 < t < ∞ c X ux(0, t) = ux(π, t) = 0

b
0 < t < ∞ c X u(x, 0) = sin (x)b

0 < x < π c �
b o�e4�

u (x, t) = 2 −∑∞
n=1

cos nπ+1
n2−1

· e−a2n2t · cos (nx) c �
{ � s � �*}

ut = uxx
b
0 < x < 1

X
0 < t <∞ c X ux(0, t) = ux(1, t) = 0

b
0 < t <∞ c X u(x, 0) = x2 b 0 < x < 1 c �

b o�e4�
u (x, t) = 1

3 + 4
∑∞

n=1
cos(nπ)
n2π2 · e−a2n2π2t · cos (nπx) c �

{ � s � ���
ut = uxx

b
0 < x < 1

X
0 < t < ∞ c X ux(0, t) = ux(1, t) = 0

b
0 < t < ∞ c X u(x, 0) = x · (1 − x)b

0 < x < 1 c �
b o�e4�

u (x, t) = 1
6 − 2

∑∞
n=1

(cos(nπ)+1)
n2π2 · e−a2n2π2t · cos (nπx) c �

�i� � ���  "�5#"-(� ��/0%51"# ��� �� "6 -$/ � �"/�� %�� �  ��"�9#�� 3*�  ��)9 �5=
�; @&���� &@� � /0',% �@-i�

]2a +' 2# (*)�! +&c4� B75 b4+*> 6 5�$ # $7U > 345 !4a +'e (*- (*.*(*a / e - + T U $ 6 ('6 5�8?\ ]
Fourier

ut = a2uxx (−∞ < x <∞ X 0 < t <∞)
b c4� � n p c

u(x, 0) = f(x) (−∞ < x <∞)
b c4� � n4� c

S"/�- (&W�('U > 3,+*> 6 5@a +9! # ! +Le - + T*U $ 6 ('6 5�b4/�- ! 3,6 +L6 5 a ( T U $ a /�0*����e + W,5 a +*> 6 5@+ a !,$'U > 34$
u(x, t)

6 e +*- 5 !
0 (7<,- (*),5 !*3,a $ 0@6 +*- ),$

u(x, t) = X(x)T (t)
b c4� � n B c

.*(*!46 5 a ('a +*> :�3,> 0 $ W�! 3,6 5 0 +*> :@b45 ! - ! 3,6 +*> :@e (4! - 0 +*> 6 5�a ! :@%7 

T ′(t) = −a2b2T (t)

X ′′(x) = −b2X(x)

b c,� � n ` c
(*e +'a ! :@+*e +4! 5 :�34> 6 e 5 - (4! 0 +*> 6 5�+ a !4+4!43,> 0 (*- a $ 3,5 ! :

T (t) = Ce−a2b2t b c,� � n c c
X(t) = A sin (bx) +B cos (bx)

b c,� � n n c
c*_
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5 ! 0 (4! U > 3,5 ! :2a $ :Lb c4� � n p c �=SN+�! # ! +@! 3,b4> 5 ! .*(4! <�! (�.*( W,5�34> 0 (*- a $ 34$Na $ :26 +*- )�$ : (A (b) sin (bx) +B (b) cos (bx))·
e−a2b2t +*e +*>&a ( A .*(4! B 5 ! 0 (4!43,> 0 (*- a $ 3,5 ! :�a +*> b �"o�.*+*6 $�X,(*e +'a $ 07(*- b4$&a $ :@> e 5 - W�5 3,$ :�a /�0&U > 345 /�0 X,6*! (U > 3,$7a $ :5b c,� � n p c 5 ! 0 (4!4.*(4!4$

u(x, t) =

∫ ∞

0
(A(b) sin (bx) +B(b) cos (bx)) · e−a2b2t db.

b c,� � n V c
k=! ('0 (&5 b4+*> 6 5

f (x) = u (x, 0) =

∫ ∞

0
(A(b) sin (bx) +B(b) cos (bx)) db

(*- .*5 !40 ('5 e*! U 5 1 +*> 6 5�a ! :
A (b)
X
B (b)

3,> 6 )�/�0 ('6 5�a +*> :�a - ! <,/�0 +*6 5 a - ! .*+*> :�6 5 a (*3,b4$ 6 (*a ! 3,6 +*> :
Fourier

�

A (b) =
1

π

∫ ∞

−∞
f (z) sin (bz) dz

B (b) =
1

π

∫ ∞

−∞
f (z) cos (bz) dz

+*e + a 5�a 5 U*! .*(&$&U > 34$&5 ! 0 (4!

u(x, t) =
1

π

∫ ∞

0

([∫ ∞

−∞
f (z) sin (bz) dz

]
sin (bx) +

[∫ ∞

−∞
f (z) cos (bz) dz

]
cos (bx)

)
· e−a2b2t db.b c,� � n Y cSN!43,b45 3,$75 b45 !4(*> a $&U > 34$&6 5�a $ 0@U > 3,$�b c4� � g c

u(x, t) =
1

2a
√
πt

∫ ∞

−∞
f(z)e−(x−z)2/4a2tdz

b c,� � n _ c
a +*>7 �# (*)�! +*>@c,� B �
o�0@5 0 (*U U (*1 +*> 6 5Na $ 07345 ! - ('+ U +*.*U $ - /�34$ :�3,a $ 05b c4� � n*Y c e (4! - 0 +*> 6 5 �

u(x, t) =
1

π

∫ ∞

−∞
f (z)

(∫ ∞

0
[sin (bz) sin (bx) + cos (bz) cos (bx)] · e−a2b2t db

)
dz

=
1

π

∫ ∞

−∞
f (z)

(∫ ∞

0
cos (b · [z − x]) · e−a2b2t db

)
dz.

b c,� � n g c
;�( - (*a $ - 5 ! 3,a 5�+ a !

∫ ∞

0
cos (b · [z − x]) · e−a2b2t db = Re

[∫ ∞

0
eib·[z−x] · e−a2b2t db

]

.*(*!4(*> a +&a +L+ U +*.*U $ - /�6 ('6 e +*- 5 !40 ('> e + U + <�! 3,a 5 !,6 5�6*! <,(*# ! .*$&+ U +*.*U $ - /�3,$*�2;�- +*.*> e a 5 !*+ a !
∫ ∞

0
cos (b · [z − x]) · e−a2b2t db =

√
π

2a
√
t
e−(x−z)2/4a2t

+*e + a 5 X,(*0 a ! .*( W�! 34a /�0 a (*:�3,a $ 05b c4� � n g c e (4! - 0 +*> 6 5
u(x, t) =

1

2a
√
πt

∫ ∞

−∞
f(z)e−(x−z)2/4a2tdz

b c,� � V p c
e + >&5 ! 0 (4!4a +L! # ! +L6 5�a $ 07U > 34$;b c,� � g c a +*>& �# (*)�! +*>@c4� B*�~"U 5 e +*> 6 5@U +4! e + 07+ a !,$'b4- $ 34$'a /�0&+ U +*.*U $ - /�a ! .*/�0@6 5 a (*34b4$ 6 (*a ! 346 /�0'6 e +*- 5 !,0 (&W�5 /�- $ W�5 !,.*(4!,/�:@6*! (
+*- ! (*.*$7e 5 - ! e a /�34$&a $ :@6 5 W�+*# +*>7b4/�- ! 3,6 +*>&6 5 a ( T*U $ a /�0 �

c*g
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�i� ��� �"/0% � /0-i� � ?@-./0'�)
 �b4+*> 6 57$ # $Lb4- $ 3,! 6 +*e +4! $ 345 !�a $ 0L! # 5 (9a $ : W�T J GFh J NH[�K b # $ U*�&a +*>L34> 0 # > (*3,6 +*> c U > 345 /�0'(*- .*5 a 5 :@)�+*- 5 : �@o�:34> 0 + � ! 34+*> 6 52# > +�e (*- (*U U ( <,5 :2(*> a $ :"a $ :"! # 5 (*: X +�+*e +4! 5 :�W�(�6 (*:2)�(*0 +*> 02b4- $ 3�! 6 5 :".*(4! 34a (@5 e +*6 5 0 (�.*5 ),(*U (4! (,�
 �3,a /D+ a !4a +Le - + T*U $ 6 (

ut = a2uxx, (0 < x < L, 0 < t <∞)
b c4� � V4� c

u (0, t) = 0, u (x,L) = 0, (0 < t <∞)
b c,� � V B c

5 b45 !4# > +'U > 345 ! : �
p (x, t)

.*(4!
q (x, t)

�2S"+ a 5�.*(4!4+*e +4! +*3,# $ e + a 5N<,- (*6 6*! .*+*:�3,> 0 # > (*346 +*:�(*> a /�075 ! 0 (4!46*! ('U > 3,$*�
%&! + a ! X4<�! ('+*e +4! (*# $ e + a 5

A,B
�

pt = a2pxx

qt = a2qxx

}
⇒ Apt +Bqt = Aa2pxx +Ba2qxx ⇒ (Ap+Bq)t = a2 (Ap+Bq)xx ,

p (0, t) = 0

q (0, t) = 0

}
⇒ Ap (0, t) +Bq (0, t) = A · 0 +B · 0 ⇒ (Ap+Bq) (0, t) = 0,

p (L, t) = 0

q (L, t) = 0

}
⇒ Ap (L, t) +Bq (L, t) = A · 0 +B · 0 ⇒ (Ap+Bq) (L, t) = 0.

��e + a 5�$'34> 0 (*- a $ 34$
u (x, t) = Ap (x, t) + Bq (x, t)

! .*(*0 +*e +4! 5 !,a ! :5b c4� � V4� c Xab c4� � V B c �NSN+9! # ! +9! 3,b4> 5 !�.*(4!*<�! (e 5 - ! 343,+ a 5 - 5 :7(*e +9# > +934> 0 (*- a $ 345 ! : X=(*.*+*6 $'.*(4!,<�! (95 0 (L(*e 5 ! - +9(*- ! W,6 +93,> 0 (*- a $ 3,5 /�0*�7;@� b��7(*0&+4!
pn (x, t)! . (*0 +*e +4! +*> 0@a ! :9b c4� � V4� c XRb c4� � V B c <�! ( n = 1, 2, ...

X�a + a 5�.*(4!4$

u (x, t) =

N∑

n=1

Anpn (x, t)

a ! :�! .*(*0 +*e +4! 5 ! X <�! (7(*> W,(4! - 5 a +*> :"(*- ! W,6 +*> :
A1, A2, ...

b (*- .*5 ! +4!
An
0 (75 ! 0 (4! a 5 a +4! +4! /�3,a 5Na +7( W�- +4! 346 (70 (75 ! 0 (4!

.*( U (&+*- ! 346 5 0 + c ��SN5 U +*: X4a +L! # ! +L! 3,b4> 5 !4.*(4!434a $ 07e 5 - ! e a /�34$&6*! (*:�34> 0 5 b4+*6 5 0 $ :�(*e 5 ! - ! (*:�3,> 0 (*- a $ 3,5 /�0*�*(*0@+4!
pb (x, t)

! .*(*0 +*e +4! +*> 0@a ! :5b c,� � V*� c Xab c,� � V B c <�! ('.*( W,5 b ∈ (−∞,∞)
X4a + a 5�.*(4!4$

u (x, t) =

∫ ∞

−∞
A (b) pb (x, t) db

a ! :�! .*(*0 +*e +4! 5 ! X*<�! (&(*> W,(4! - 5 a $@3,> 0 (*- a $ 3,$
A (b)

b (*- .*5 !*$
A (b)

0 (&5 ! 0 (4!*a 5 a +4! ('/�34a 5�a +'+ U + U .*$ - /�6 (&0 (&5 ! 0 (4!
.*( U (&+*- ! 3,6 5 0 + c �8?! ('e (*- +*6 +4! (&(*- b4$7> e 5 - W�5 3,$ :@! 34b4> 5 !,.*(4!*<�! ('a ! :�(*- b,! .*5 :�34> 0 W�$ .*5 : �� 234a /Da +'e - + T U $ 6 (

ut = a2uxx, (0 < x < L, 0 < t <∞)
b c4� � V ` c

u (x, 0) = f (x) , (0 < x < L) .
b c4� � V c c

n p
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o�:�> e + W,5 34+*> 6 5�+ a !46 e +*- +*> 6 5�0 (&<,- ( � +*> 6 5�a $ 0
f (x)

/�:�34> 0 # > (*3,6 +&# > +'34> 0 (*- a $ 345 /�0
g (x)

.*(4!
h (x)
�

f (x) = Ag (x) +Bh (x)

.*(*!4+ a !46 e +*- +*> 6 5�0 ('U > 34+*> 6 5NT*- +*> 6 5�3,> 0 (*- a $ 3,5 ! :
p (x, t)

.*(4!
q (x, t)

+4!4+*e +4! 5 :�U > 0 +*> 0@a ('e - + T U $ 6 (*a (

pt = a2pxx, (0 < x < L, 0 < t <∞)
b c4� � V n c

p (x, 0) = g (x) , (0 < x < L) .
b c4� � V V c

.*(*!

qt = a2qxx, (0 < x < L, 0 < t <∞)
b c4� � V*Y c

q (x, 0) = h (x) , (0 < x < L) .
b c4� � V _ c

S"+ a 5?.*(4!2$ 34> 0 (*- a $ 34$
u (x, t) = Ap (x, t) + Bq (x, t)

U > 0 5 !"a +D(*- b,! .*+ e - + T U $ 6 ( b c,� � V ` c �

b c,� � V c c �uh! # 5 ( (*> a $I5 e 5 .*a 5 ! 0 5 a (4!2345Le 5 - ! 343,+ a 5 - 5 :L(*e + # > + 34> 0 (*- a $ 345 ! : XN(*.*+*6 $?.*(4!�345L# ! (*.*- ! a $I$I34> 0 5 b4$?(*e 5 ! - ! (
34> 0 (*- a $ 3,5 /�0*� ;@� b�� (*0L5 b4+*> 6 5

f (x) =
∑∞

n=1Angn (x)
.*(4!=T - +*> 6 5'a ! :L3,> 0 (*- a $ 3,5 ! :

pn (x, t)
+4!�+*e +4! 5 :

U > 0 +*> 0@a ('e - + T U $ 6 (*a (

(pn)t = a2 (pn)xx , (0 < x < L, 0 < t <∞)
b c4� � V g c

pn (x, 0) = gn (x) , (0 < x < L) .
b c4� � Y p c

<�! (
n = 1, 2, ...

X*a + a 5N$
u (x, t) =

∑∞
n=1Anpn (x, t)

U > 0 5 ! a +&(*- b,! .*+7e - + T*U $ 6 (5b c4� � V ` c �

b c4� � V c c ��;�(*- +*6 +4! (FX(*025 b4+*> 6 5
f (x) =

∫∞
−∞A (b) g (x; b) db

.*(4! T*- +*> 6 5�a ! :23,> 0 (*- a $ 3,5 ! :
pb (x, t)

+4! +*e +4! 5 :2U > 0 +*> 02a (�e - + T U $ 6 (*a (

(pb)t = a2 (pb)xx , (0 < x < L, 0 < t <∞)
b c4� � Y*� c

pb (x, 0) = gb (x) , (0 < x < L) .
b c4� � Y B c

<�! (
b ∈ (−∞,∞)

X,a + a 5@$
u (x, t) =

∫∞
−∞A (b) pb (x, t) db

U > 0 5 !4a +L(*- b,! .*+'e - + T*U $ 6 (@b c,� � V ` c �

b c,� � V c c �N8?! (5 ),(*- 6 + <,$7(*> a $ :�a $ :@! # 5 (*:�5 ! 0 (4!4$75 1 $ : ��(*0@$
v (x, t)

5 ! 0 (4!4$&U > 34$&a +*>&e - + T*U $ 6 (*a +*:

vt = a2vxx, (0 < x < L, 0 < t <∞)
b c4� � Y ` c

v (x, 0) = δ (x) , (0 < x < L)
b c4� � Y c c

a + a 5�$
u (x, t) =

∫∞
−∞ f (b) v (x− b, t) db

5 ! 0 (4!4$&U > 34$&a +*>;b c,� � V ` c �

b c,� � V c c X,# ! + a !�! 3,b4> 5 !

f (x) =

∫ ∞

−∞
f (b) δ (x− b, t) db.

S"(De (*- (*e (*0 /	! 3,b4> +*> 6 + b,!"6 + 0 +I<�! (Da $ 0?5 1 ! 34/�3,$IW�5 - 6 + a $ a (*:
ut = a2uxx

(*U U ( .*(4!2<�! ( + U 5 :?a ! :
V GUC QHQFB I�J K 8?%7 D.*(4! W�('a ('b4- $ 3,! 6 +*e +4! $ 34+*> 6 5�.*(4!434a (L5 e +*6 5 0 ('.*5 )�(*U (4! (,�

n4�
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�i� ����%�� � 1;� �5� &@�����(� ��?@-(�
]2a +7e (*- + 0N5 # (*)�! +@W,(7# /�34+*> 6 5"6 5 - ! .*(73,a +4! b45 ! (@<�! (7a $ 0�(*- ! W�6 $ a ! .*$@5 e*! U > 34$@5 1 ! 34/�3,5 /�0�# ! (*b4> 34$ : ��hDT (*3�! .*$
! # 5 ('5 ! 0 (4!40 (&(*0 a ! .*(*a (*3,a $ 34+*> 6 5�a $ 07b4- + 0 ! .*$7.*(4!*b4/�- ! .*$7e (*- ( <,/=<,+&6 5�e 5 e 5 - (*3,6 5 0 5 :�# ! (*),+*- 5 : �

ut '
u (m · δx, (n+ 1) · δt) − u (m · δx, n · δt)

δt

b c,� � Y n c

ux ' u (m · δx, n · δt) − u ((m− 1) · δx, n · δt)
δx

b c,� � Y V c

' u ((m+ 1) · δx, n · δt) − u (m · δx, n · δt)
δx

b c,� � Y Y c

uxx ' u ((m+ 1) · δx, n · δt) + u ((m− 1) · δx, n · δt) − 2u (m · δx, n · δt)
δx2

.
b c,� � Y _ c

o�0�W�5 3,+*> 6 5
um,n = u (m · δx, n · δt) b c4� � Y g c

a + a 5�+4!4e (*- (*e (*0 / 34b45 345 ! :�<�! 0 + 0 a (4!

ut '
um,n+1 − um,n

δt

b c,� � _ p c
ux ' um,n − um−1,n

δx

b c,� � _*� c
' um+1,n − um,n

δx

b c,� � _ B c

uxx ' um+1,n + um−1 − 2um,n

δx2
.

b c,� � _ ` c
.*(*!4$&5 1 ! 3,/�34$&# ! (*b4> 3,$ :

ut = a2uxx
<�! 0 5 a (4!

um,n+1 − um,n

δt
= a2um+1,n + um−1,n − 2um,n

δx2
⇒ b c,� � _ c c

um,n+1 = um,n +
δt · a2

δx2
· (um+1,n + um−1,n − 2um,n) .

b c,� � _ n c
h b c,� � _ n c 6 e +*- 5 ! 0 (@b4- $ 3,! 6 +*e +4! $ W,5 ! <�! (@6*! (7(*e U $�(*- ! W,6 $ a ! .*$@5 e*! U > 3,$@a $ :N5 1 ! 3,/�34$ :N# ! (*b4> 3,$ : ��;�- ( <,6 (*a ! (*0+4! a ! 6 5 :

um,1
5 ! 0 (4! <,0 /�34a 5 :"<�! (7.*( W�5

m
b (*> a 5 :"W,(7e - +*5 U W,+*> 0N(*e +7a ! :�(*- b,! .*5 :"3,> 0 W,$ .*5 : c a + a 5N6 e +*- +*> 6 5"0 (> e + U + <�! 34+*> 6 5�a ! :�a ! 6 5 :

um,2
(*e +&a $ 05b c4� � _ n c X4.*(*a +*e*! 0@0 (&b4- $ 3�! 6 +*e +4! $ 3,+*> 6 5�a ! : um,2

<�! ('0 ('> e + U + <�! 3,+*> 6 5

n B
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a ! :
um,3
.*(4!*+*> a / .*( W � 5 1 $ : �2S"+'e (*- (*.*(*a / e - + <,- (*6 6 (

MATLAB
5 e*! U > 5 !4(*- ! W,6 $ a ! .*(La +'e - + T*U $ 6 (

ut = 4uxx (0 < x < 40)
b c,� � _ V c

u(0, t) = 0, (0 < t < 100)
b c4� � _*Y c

u(40, t) = 0, (0 < t < 100)
b c4� � _ _ c

u(x, 0) = f(x), (0 < x < 40) .
b c4� � _ g c

h
f(x)

5 ! 0 (4!46*! ('a - ! <,/�0 ! .*$&34> 0 (*- a $ 34$&6 5�.*+*- > )�$@3,a +
x = 20

b b4- $ 3,! 6 +*e +4! +*> 6 5
δx = 1

.*(4!
δt = 0.1 c �

clear

u(:,1)=[zeros(1,10) [0.1:0.1:1] [0.9:-0.1:0.1] zeros(1,10)]’;

M=length(u);

a2=4;

dt=0.1;

for n=1:999

u(1,n+1)=u(1,n);

for m=2:M-1

u(m,n+1)=u(m,n)+dt*a2*(u(m+1,n)+u(m-1,n)-2*u(m,n));

end

u(M,n+1)=u(M,n);

end

figure(1); surf(u); shading flatS"( (*e + a 5 U 5 346 (*a ( a $ :9e - +*3,+*6 +4! /�34$ :L),(4! 0 + 0 a (4!=3,a ( 3,b4$ 6 (*a ( c4� B?.*(4!=c,� `4��h 5 1 +*6 (*U > 0 a ! .*$?# - (*34$Ia +*>
e > - $ 0 (

e−x2/4a2t )�(4! 0 5 a (4!,.*( W,(*- (,�N]2a (L3,b4$ 6 (*a (Lc4� c'.*(4!4c4� n*�i# ! 0 +*> 6 5�a (L(*e + a 5 U 5 3,6 (*a ('a $ :7! # ! (*:@e - +*3,+ �

6 +*! /�3,$ :@(*U U ('6 5
a2 = 9

�Nq2(4! 0 5 a (4!4.*( W�(*- ('+ a !,+'6 5 <,(*U > a 5 - +*:�34> 0 a 5 U 5 3,a $ :@# ! (*b4> 34$ :
a
# ! 0 5 !4<,- $ <,+*- + a 5 - $

5 1 +*6 (*U > 0 34$4�
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;�+*>�+*)�5 ! U 5 a (4!*$@5 1 +*6 (*U > a ! .*$@# - (*34$@a $ :N# ! (*b4> 3,$ : ��o�e +7)�> 3�! .*$@(*e + � $UX*(*0NW,5 /�- $ 34+*> 6 5N+ a !*$@5 1 ! 3,/�34$

# ! (*b4> 3,$ :L5 ! 0 (4!=5 0 (I3,b45 a ! .*( .*(*U +I6 + 0 a 5 U + a $ :L6 5 a (*# +*34$ :'W,5 - 6 + a $ a (*: X"a + a 5L$?5 1 +*6 (*U > 0 34$?(*0 a (*e +*.*- ! 0 5
�

a (4!=34a +?)�> 3�! .*+?),(4! 0 +*6 5 0 +,�@a +*e*! .*5 :&# ! (*),+*- 5 :@W�5 - 6 +*.*- (*3�! (*:75 1 ! 3,+*- - +*e +*> 0 a (4!�6 5&a $ 0'e (*- +*# +9a +*>9b4- + 0 +*>4�
o�e + 6 ( W,$ 6 (*a ! .*$I(*e + � $UX2+*e /�:L5 b4+*> 6 5'$ # $?e (*- (*a $ - $ 3,5 ! X"$?5 1 +*6 (*U > 0 3,$?+*),5 ! U 5 a (4!=3,a $ 093,> 0 5 U*! 1 $?6 5La + 0
e > - $ 0 (?W,5 - 6 + a $ a (*: �? "! 0 (4!=b4- $ 3,! 6 +I0 (?5 1 5 a (*34+*> 6 5&a +I5 - /�a $ 6 (?.*(4!=(*e +?.*( W�(*- (?(*- ! W,6 $ a ! .*$?3,.*+*e*! (,�9o�:
1 (*0 ( <,- ( � +*> 6 5"a $ 0�b c,� � _ n c �

um,n+1 = um,n +
δt · a2

δx2
· (um+1,n + um−1,n − 2um,n)

b c,� � g p c
~"U 5 e +*> 6 5�+ a !4$76 5 a ( T + U $

um,n+1 − um,n
5 ! 0 (4!4(*0 (*U + <,$7a +*>

um+1,n + um−1,n − 2um,n
��SN/�- (FX4(*0

um+1,n + um−1,n

2
> um,n

b c,� � g*� c
a + a 5

um,n+1 > um,n
X,# $ U (*# $7a +

um,n+1
5 ! 0 (4!4e*! +L.*+ 0 a ('34a + um+1,n+um−1,n

2

(*e �*+ a !,a +
um,n
�2o�0

um+1,n + um−1,n

2
< um,n

b c,� � g B c
a + a 5

um,n+1 < um,n
X4.*(4! e (*U*!*a +

um,n+1
5 ! 0 (4!*e*! +'.*+ 0 a (&34a + um+1,n+um−1,n

2

(*e � + a !*a +
um,n
����(4!*a 5 U +*: X*(*0

um+1,n + um−1,n

2
= um,n

b c,� � g ` c
a + a 5

um,n+1 = um,n =
um+1,n+um−1,n

2

��%7$ U (*# $�X*345".*( W�52e 5 - ! e a /�3,$@a +
um,n

a 5 ! 0 5 ! 34a + 0�6 5 34+7+*- +@a $ :Na ! 6 $ :
a /�07# > +&<,5 ! a + 0 /�07a +*>*�"o�> a $&5 ! 0 (4! X,(*e +'(*- ! W�6 $ a ! .*$&(*e + � $�X,$75 1 +*6 (*U > 0 a ! .*$&# - (*34$7a $ :@5 1 ! 3,/�34$ :@# ! (*b4> 34$ : �
k=! (7U + <,+*> :N34> <,.*- ! 34$ :N# ! 0 +*> 6 52.*(4! a (@(*e + a 5 U 5 3,6 (*a (@6*! (*:Ne - +*3,+*6 +4! /�34$ :Na $ :"5 1 ! 34/�3,$ : C GHg [ e B IU[�K # ! (*b4> 34$ : �
]"a ('3,b4$ 6 (*a (&c,� V&.*(4!*c4� Y�T*U 5 e +*> 6 5�a +'5 1 $ :�5 0 # ! (*),5 - + 0�)�(4! 0 +*6 5 0 +,�*$&(*- 0 $ a ! .*$7# ! (*b4> 34$&(*0 a !40 ('5 1 +*6 (*U > 0 5 !
a +*e*! .*5 :�# ! (*)�+*- 5 :�a ! :@a + 0 ! Y 5 ! �

ut = −a2uxx

n c
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o�:L5 1 5 a (*3,+*> 6 5'a /�- ( 6*! ( (*U U $�X QR[iV GFC QRQFB IU[ 89%& "�28?! ( (*e U $I6 +*- )�$?a $ :L5 1 ! 3,/�34$ : C g e B \ GFC�NF[�K��

\ B C jLW NF[�K 5 ! 0 (4!4$&5 1 $ :
ut = a2uxx + b · u · (1 − u) .

b c4� � g c c
]"a $ 0ib c,� � g c c T*U 5 e +*> 6 5L+ a !2$Ib4- + 0 ! .*$?6 5 a ( T + U $ a $ : u 5 1 (*- a (*a (4!�(*e + a + 0?+*- + # ! (*b4> 3,$ : a2uxx

.*(4!25 0 (
5 e*! e U 5 + 0I+*- +FX�a + 0

b · u · (1 − u)
�uo�> a +*:?5 ! 0 (4!"+DU 5 <,+*6 5 0 +*:9+*- +*: � (*0 a ! # - (*3,$ : � ��;�(*- (*a $ - +*> 6 5L+ a !2<�! (

0 < u < 1
X=+?+*- +*:&(*0 a ! # - (*34$ :75 ! 0 (4!�W,5 a ! .*+*: �9o�> a +?U +4! e + 0'6 (*:'U 5 5 !�+ a !�+?+*- +*:7(*0 a ! # - (*3,$ :&5 > 0 +*5 !Pb 3,a +

# ! (*34a $ 6 (
0 < u < 1 c a $ 0@(*> 1 $ 34$&a $ : u �2;�(*- (*a $ - +*> 6 5�+*6 /�:�5 e*! 34$ :@+ a !4+'- > W�6 +*:�(*> 1 $ 3,$ :�6 $ # 5 0 ! Y 5 a (4!*<�! (

u = 0
.*(4! <�! (

u = 1.h�5 1 ! 3,/�34$ (*0 a ! # - (*3,$ :I\ # ! (*b4> 34$ :?b4- $ 3,! 6 +*e +4! 5 ! a (4!N<�! (Da $ 0I6 + 0 a 5 U +*e +4! $ 34$ b4$ 6*! .*/�0I(*0 a ! # - (*3,5 /�0*�
��5 /�- +*> 6 5"+ a !*a +

u(x, t)
5 ! 0 (4! $@34> <,.*5 0 a - /�34$5b 3,a +734$ 6 5 ! +

x
.*(4! 3,a + 0�b4- + 0 +

t c 6*! (*:N+*> 3�! (*:N$�+*e +4! (7(*0 a ! # - (6 5N5 0 ( W�T E N e GUOaQUC �2� - > W,6 +*:�a $ :�(*0 a ! # - (*34$ :"5 1 (*- a (*a (4! (*e +&a $ 0�34> <,.*5 0 a - /�34$@a $ :�+*> 3�! (*:�b 5 ! 0 (4!*(*0 (*U + <,+*:
6 5�a +&<�! 0 +*6 5 0 +

u · (1 − u) c �
5 e*! e U 5 + 07$7+*> 3,! ('# ! (*b45 5 a (4!4(*e +&6*! ('W,5 34$

x
345�<,5 ! a + 0 ! .*5 :�W�5 3,5 ! : �

]2a (L34b4$ 6 (*a ('c4� � p&.*(4!*c4� � �@# ! 0 +*> 6 5�a ('(*e + a 5 U 5 3,6 (*a ('(*- ! W�6 $ a ! .*$ :@5 e*! U > 34$ :@a $ :9b c4� � g c c 6 5 a = 2
.*(4!

b = 1
�?k=! (IU + <,+*> :&3,> <,.*- ! 3,$ :'# ! 0 +*> 6 5&.*(4!=a $ 0Le - +*34+*6 +4! /�3,$9a $ :@b c4� � g c c <�! ( a = 2

.*(4!
b = 0

b # $ U (*# $
b4/�- ! :&(*0 a ! # - (*34$ c 34a (?34b4$ 6 (*a (Lc4� _L.*(4!4c,� g4� ��(4!�34a ! :&# > +9e 5 - ! e a /�345 ! :'b4- $ 3,! 6 +*e +4! +*> 6 576 $ # 5 0 ! .*5 :@+*- ! (*.*5 :3,> 0 W,$ .*5 :�.*(4!4/�:�(*- b,! .*$73,> 0 W,$ .*$7e (4! - 0 +*> 6 5�6*! (&T $ 6 (*a ! .*$&3,> 0 (*- a $ 3,$*�

u(x, 0) =

{
0 x ≤ 30

1 30 < x ≤ 50
.

b c,� � g n c
%&$ U (*# $7$&3,> <,.*5 0 a - /�3,$7a $ :�+*> 3�! (*:�5 ! 0 (4!4p7<�! (

x ≤ 30
.*(4!

1
<�! (

x > 30
�
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o�:'5 1 5 a (*3,+*> 6 5'e - /�a ( a (I3,b4$ 6 (*a (Ic4� _?.*(4!�c4� g*�  �# / T U 5 e +*> 6 5&6*! ( .*( W,(*- $9e 5 - ! e a /�34$I# ! (*b4> 34$ : ��$

(*- b,! .*(&1 5 .*( W,(*- $�# ! 5 e*! )�(*0 5 ! (&6 5 a (*1 >7a $ :�e 5 - ! + b4$ :�6 $ # 5 0 ! .*$ :�3,> <,.*5 0 a - /�3,$ :�.*(4!*6 + 0 (*# ! (4! (*:�34> <,.*5 0 a - /�34$ :
6 5�a $ 0@e (*- +*# +&a +*>&b4- + 0 +*> � W�+ U /�0 5 ! � �2o�> a +'+*)�5 ! U 5 a (4!43,a $ 0@# ! (*b4> 3,$7a $ :@b4$ 6*! .*$ :�+*> 3�! (*: �
]2a (@34b4$ 6 (*a (�c4� � p�.*(4! c4� � �2T U 5 e +*> 6 5�5 0 (�e*! +�e + U > e U +*.*+9b .*(4! 5 0 # ! (*),5 - + 02),(4! 0 +*6 5 0 + c �=]"> 6 )�/�0 (�6 5�+*3,(5 ! e (*6 5�e (*- (*e (*0 /SX .*(4! 34a ! :"# > +�e 5 - ! + b45 :0b 6 $ # 5 0 ! .*$ :2.*(4! 6 + 0 (*# ! (4! (*:234> <,.*5 0 a - /�34$ : c +�- > W�6 +*:2a $ :2(*0 a ! # - (*34$ :5 ! 0 (4!*6 + 0 (*# ! .*+*: ����6 /�: X,6 5�a $ 0�e (*- +*# +&a +*>7b4- + 0 +*>UX*6*! .*- 5 :�e +*34+ a $ a (*:�a $ :�+*> 3�! (*:�# ! (*b45 + 0 a (4!*.*(4!*5 a 3,!43,a $ 0

<,5 ! a + 0 ! ('a $ :�# ! 5 e*! ),(*0 5 ! (*:�$&34> <,.*5 0 a - /�34$7a $ :�+*> 3,! (*:�e (4! - 0 5 !4a ! 6 5 :�34a +'# ! (*34a $ 6 (
(0, 1)

�2o�> a +'5 ! 0 (4!4(*- .*5 a +
<�! (90 (9(*- b,! 345 !,0 (L5 .*a 5 U 5 ! a (4!�$'b4$ 6*! .*$'(*0 a ! # - (*3,$�X�e - ( <,6 (La +9+*e +4! +95 b45 !,3,(*0&(*e + a 5 U 5 346 (9a $ 0 QHJ e C�I�B g [�NF[
a $ :N# ! 5 e*! )�(*0 5 ! (*: �=o�> a +7a + IUW QUC e B I�E )�(4! 0 +*6 5 0 +@# 5 0�5 b45 ! (*0 a ! 3,a +4! b4+&34a $ :�5 1 ! 3,/�345 ! : � .*( W,(*- $ : � # ! (*b4> 34$ :Ne +*>
5 b4+*> 6 5@6 5 U 5 a $ 3,5 !�/�:@a /�- (�� ��%'! 0 +*> 6 5@(*.*+*6 $&5 0 (Le (*- (*# 5 ! <,6 ('(*0 a ! # - (*3,$ : \ # ! (*b4> 34$ :@34a (934b4$ 6 (*a ('c,� � B&.*(4!
c,� � `*�2;�+4! 5 :�5 ! 0 (4!*+4!4(*- b,! .*5 :�34> 0 W�$ .*5 : ��S�! :@34> 6 e 5 - ! ),+*- (&e (*- (*a $ - 5 ! a 5 �
� �P� � t � r t�x � }avPz � �Lr � t y }Ry��fs x � vPz x � ��� { w�t x ��� � � �

n V



�� "q�oNX"o � � c

0 5 10 15 20 25 30 35 40
0

20

40

60

80

100

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

5 10 15 20 25 30 35

10

20

30

40

50

60

70

80

90

100

� |������ { � �4F � |������ { � �*s
��(76 e +*- +*> 34(*6 5"0 (7# ! (*a > e /�3,+*> 6 5N/�:N34> 6 e 5 - (*346 (7a /�0�e (*- (*e (*0 /?e - +*3,+*6 +4! /�345 /�0�+ a ! +4! 6 $�<,- (*6 6*! .*5 :

8?%7 e (*- +*> 3�! (�Y +*> 0�e*! +&5 0 # ! (*),5 - +*> 34(734> 6 e 5 - ! ),+*- (7(*e +7(*> a $@a /�0�<,- (*6 6*! .*/�0 ��o�> a +&6 (*:�$ a (*0�$ # $�<,0 /�34a +
(*e +7a $ 0�e 5 - ! e a /�34$7a /�0�34> 0 $ W,/�0�<,- (*6 6*! .*/�0�5 1 ! 34/�3,5 /�0*�� 20 (7(*U U +@<,0 /�3,a +@<,5 <,+ 0 +*:"5 ! 0 (4! + a !*+4! 6 $�<,- (*6 6*!

�

.*5 :�%7 D5 ! 0 (4!4# > 34.*+ U + a 5 - 5 :�34a $ 075 e*! U > 3,$&(*e �*+ a !,+4!*<,- (*6 6*! .*5 : �2o�> a +L! 34b4> 5 !,.*(4!*<�! ('a ! :@8?%7 N����!46 5 W,+*# +4!
e +*>?5 b4+*> 6 5'# 5 !=/�:La /�- (I# 5 096 e +*- +*> 0L0 (?b4- $ 3�! 6 +*e +4! $ W�+*> 09<�! (Ia $ 095 e*! U > 3,$?a $ :L5 1 ! 3,/�34$ :L(*0 a ! # - (*34$ :L\
# ! (*b4> 3,$ : �2hi(*- ! W�6 $ a ! .*$&e - +*3,+*6 +4! /�34$&6 (*:�# ! 0 5 !*6*! (9! # 5 (&a $ :�3,> 6 e 5 - ! )�+*- (*:�a $ :�5 1 ! 34/�3,$ : �
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 '�%5� -$1"# 3�/ �� �� �5� ��',)
��(71 5 .4! 0 $ 34+*> 6 5"a $ 0@6 5 U 5 a $@a $ :�5 1 ! 3,/�34$ :�.*> 6 (*a +*:N6 5�5 0 (73,> <,.*5 .*- ! 6 5 0 +7e (*- (*# 5 ! <,6 (,�2��5 /�- 5 ! 3,a 5�6*! (&U 5 e a $
b4+ - # $7a +*e + W�5 a $ 6 5 0 $&.*(*a (&6 $ .*+*:�a +*>7(*1 + 0 (&a /�0

x
��SN('(*.*- (&a $ :�b4+*- # $ :NT*- ! 34.*+ 0 a (4!434a (L34$ 6 5 ! (

x = 0
.*(4!

x = L
b (*- (9$Lb4+*- # $L5 b45 !�6 $ .*+*:

L c .*(4!�5 ! 0 (4!�34a ( W�5 - (93,a 5 - 5 /�6 5 0 (,�&o�0&+ 0 +*6 (*34+*> 6 5 u(x, t) a $ 0@b .*( W,5 a $34a + 0'(*1 + 0 (9a /�0
x c 6 5 a (*a +*e*! 34$?a +*>L3,$ 6 5 ! +*> x 3,57b4- + 0 + t b +*e +*> 0 ≤ x ≤ L

.*(4!
0 ≤ t < ∞ c 6 e +*- 5 !�0 ((*e +*# 5 ! b4a 5 !Rb # 5 0�W�('# /�3,+*> 6 5�5 # / a $ 07(*e +*# 5 ! 1 $ c + a !4$ u(x, t) ! .*(*0 +*e +4! 5 !*a $ 075 1 ! 3,/�34$ IUW QUC e E K �

utt = c2uxx.
b n4� � c

h b n*� � c 5 ! 0 (4! $�<,5 0 ! .*$ J M B N OPNH[9IUW QUC e E K ��o�0NW�5 /�- $ 3,+*> 6 5Na $ 0�# ! (*.*- ! a +*e +4! $ 6 5 0 $@6 +*- ),$@a $ :�b n4� � c .*(*a (*U ( T*(4! �0 +*> 6 57+ a !�(*> a $'e 5 - ! <,- (*)�5 !�5 0 (9),(4! 0 +*6 5 0 +La (*U (*0 a /�3,$ : �']"> <,.*5 .*- ! 6 5 0 (FX�(*:&# ! (*.*- ! a +*e +4! $ 34+*> 6 57a ! :&b4/�- ! .*5 :
e ( - ( <,/=<,+*> : ��+*- ! Y +*> 6 5�b <�! (

n = 0, 1, 2, ..., N
.*(4!

δx = L/N c a ! :@34> 0 (*- a $ 345 ! :
vn(t) = u(n · δx, t). b n*� B c

j�- $ 3�! 6 +*e +4! /�0 a (*:�a $ 07# ! (*.*- ! a +*e +4! $ 6 5 0 $76 +*- ),$7a $ :
uxx
X4$&89%& <b n*� � c 6 5 a (*a - 5 e 5 a (4!,34a $ 0

(vn)tt =
( c

δx

)2
(vn+1 − 2vn + vn−1)

b n4� ` c
$7.*(4!

(vn)tt + k2 · vn = k2 · (vn+1 + vn−1)
b n4� c c

+*e +*>
k = 2

(
c
δx

)2 �9k=! (
n = 1, ..., N − 1

b .*(4!�6 5&+*- ! (*.*5 :&34> 0 W�$ .*5 :7<�! (?a ! :
v0
.*(4!

vN c $(b n*� c c 5 ! 0 (4!�5 0 (34> 3,a $ 6 ('3,> 0 $ W�/�07# ! (*)�+*- ! .*/�0@5 1 ! 3,/�345 /�0 �"o�0�W�5 /�- $ 3,+*> 6 5�e - +*:�3,a ! <,6 $'(*e +*6 + 0 /�6 5 0 ('a $ 0
n �

34a $&5 1 ! 3,/�34$
.*(*!'W�5 3,+*> 6 5

w = k2 · (vn+1 + vn−1)
X4a + a 5�e (4! - 0 +*> 6 5�a $ 0

(vn)tt + k2 · vn = w
b n4� n c

n _
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$L+*e +4! (I5 ! 0 (4!�$?5 1 ! 3,/�34$?5 0 +*:&(*- 6 + 0 ! .*+*>La (*U (*0 a /�a $?6 5&5 1 /�a 5 - ! .*$9# ! 5 <,5 - 34$
w
�I��6 /�:'34a $ 0"b n*� c c $ w =

k2 · (vn+1 + vn−1)
e 5 - ! <,- (*)�5 !4a $ 0 NHW 
 J W M�[ 6 5�a ! :�6 5 a (*a +*e*! 3,5 ! :@a /�0@<,5 ! a + 0 ! .*/�073,a +4! b45 ! /�0

vn+1, vn−1
�

k=! (&0 (&U > 34+*> 6 5�a + NFW N e [�QUC a /�05b n4� c c +*e +*> n = 1, ..., N − 1
b4- 5 ! (�Y +*6 (*3,a 5�(*- b,! .*5 :N3,> 0 W,$ .*5 :�<�! (&a ! :

34> 0 (*- a $ 3,5 ! :
v1, ..., vN−1

.*(4!4<�! (9a ! :7e (*- ( <,/=<,+*> :@(*> a /�0�X�.*( W�/�:@.*(4!�+*- ! (*.*5 :�3,> 0 W,$ .*5 :@<�! (La ! :
v0
.*(4!

vN
�

��( a �,(*0 a ! 3,a +4! b,! (FX=<�! (90 (9U > 34+*> 6 57a $ 0'89%& >b n4� � c b4- 5 ! (�Y +*6 (*34a 5 \ W E (*- b,! .*5 :734> 0 W�$ .*5 : � u(x, 0) = f(x)
X

ut(x, 0) = g(x)
.*(4!4+*- ! (*.*5 :�34> 0 W�$ .*5 :�<�! ('a (

u (0, t)
.*(4!

u (L, t)
<�! (

t ≥ 0
�N 2! # ! .*(&<�! (La $ 0@e 5 - ! e a /�3,$'e +*>

a (&(*.*- (&a $ :�b4+*- # $ :�5 ! 0 (4!*3,a 5 - 5 /�6 5 0 (FX*W,5 U +*> 6 5�0 (&U > 3,+*> 6 5�a +'e - + T*U $ 6 (

utt = c2uxx (0 < x < L
.*(4!

0 < t)
b n4� V c

u(0, t) = u(L, t) = 0 (0 < t)
b n*� Y c

u(x, 0) = f(x), ut(x, 0) = g(x) (0 < x < L)
b n*� _ c

S"+'e - + T U $ 6 ('(*> a +'6 e +*- 5 !,0 ('U > W�5 !,6 5�b4/�- ! 3,6 +'a /�0&6 5 a ( T*U $ a /�0 �No�0@> e + W,5 34+*> 6 5�+ a !
u(x, t) = X(x)T (t)a + a 5�$;b n*� V c # ! 0 5 !

1

c2
· T

′′

T
=
X ′′

X
= −b2. b n4� g c

h 5 e*! U + <,$7a $ : C GFg [ e B IU[�K 3,a ( W,5 - (*: −b2 W,('5 1 $ <,$ W�5 !4U*! <,+L(*- <,+ a 5 - (,�=SN/�- ('$�b n*� g c # ! 0 5 !4a ! :

T ′′ + b2c2T = 0
b n*� � p c

X ′′ + b2X = 0.
b n*� � � c

h�b n*� � p c 5 b45 !*U > 345 ! :�a $ :�6 +*- ),$ : sin (bct)
X
cos (bct)

��h>b n*� � � c 5 b45 !4U > 345 ! :�a $ :�6 +*- ),$ : sin (bx)
X
cos (bx)

.*(4!
.*( W�5�U > 3,$&e - 5 e 5 !40 ('6 $ # 5 0 ! Y 5 a (4!*<�! (

x = 0
.*(4!

x = L
X,+*e + a 5�+4!43,> 0 $ 6*! a + 0 ! .*5 :@U > 345 ! :@# 5 0@<�! 0 + 0 a (4!,# 5 .*a 5 :

.*(*!4+4!4$ 6*! a + 0 ! .*5 :@U > 3,5 ! :�e - 5 e 5 !40 (&5 b4+*> 07a $ 0@6 +*- ),$
sin (bnx)

6 5
bn = nπ

L

X
n = 0,±1,±2, ...

�2 �a 3,!,a 5 U*! .*(
6*! (&<,5 0 ! .*$&6 +*- )�$7a $ :

u(x, t)
5 ! 0 (4!

u (x, t) =
∞∑

n=1

(
An cos

(nπc
L
t
)

+Bn sin
(nπc
L
t
))

· sin
(nπ
L
x
)
.

b n*� � B c
h>b n*� � B c ! .*(*0 +*e +4! 5 !4a ! :9b n*� V c Xab n4� Y c �2895 0 5 !*0 ('! .*(*0 +*e +4! $ 3,+*> 6 5�a ! :9b n*� _ c X4# $ U4�

f(x) = u(x, 0) =

∞∑

n=1

(An cos (0) +Bn sin (0)) · sin
(nπ
L
x
)

=

∞∑

n=1

An · sin
(nπ
L
x
) b n*� � ` c

g(x) = ut(x, 0) =
nπc

L

∞∑

n=1

(−An sin (0) +Bn cos (0)) · sin
(nπ
L
x
)

=
nπc

L

∞∑

n=1

Bn · sin
(nπ
L
x
)
.
b n*� � c c

o�e +Ia $ 0(b n4� � ` c )�(4! 0 5 a (4!=+ a !=a ( An
5 ! 0 (4!=+4!=3,> 0 a 5 U 5 34a 5 :'a $ :L(*0 (*e a > 1 $ :'3,5&3,5 ! - (

Fourier
Z a $ :Le 5 - ! a a $ :

p ��� }"w�{ t � r z { t u { t ��t { z t�r | t � r � { � raz � �Ly z { ~�r s {
−b2 � � � � { � �L{ s � � z t u � � �a{ �Lr | t � r ��{ � r b2 z x z rP�Lz r � t u �S� � y��L~�{r t � rPx s x � v

ebx
u { t

e−bx
u { t�� r �L~�{�� | s x � y { � rP� {0{ � { | z � � x � � rmz � �

f (x)
y�rPy�r t s {

Fourier
�

n g
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5 e 5 .*a (*3,$ :�a $ :
f(x)

34a +L# ! (*3,a $ 6 (
[−L,L]

.*(4!*# ! 0 + 0 a (4!4(*e +'a + 0@a > e +@b <�! (
n = 1, 2, ... c �

An =
2

L

∫ L

0
f(x) sin

(nπ
L
x
) b n*� � n c

o�0 a ! 34a +4! b4(FX�(*e +La $ 0;b n*� � c c )�(4! 0 5 a (4!�+ a !�a ( Bn
# ! 0 + 0 a (4!,(*e +9a $ 0&(*0 (*e a > 1 $&3,5@345 ! - (

Fourier
a $ :7e 5 - ! a a $ :

5 e 5 .*a (*3,$ :�a $ :
g(x)
3,a +'# ! (*34a $ 6 (

[−L,L]
.*(4!*# ! 0 + 0 a (4!4(*e +'a + 0@a > e +@b <�! (

n = 1, 2, ... c �

Bn =
2

nπc

∫ L

0
g(x) sin

(nπ
L
x
) b n*� � V c

;�(*- (*a $ - +*> 6 5�(*e +&a $ 076 +*- )�$

u (x, t) =
∞∑

n=1

(
An cos

(nπc
L
t
)

+Bn sin
(nπc
L
t
))

· sin
(nπ
L
x
)

+ a !�.*( W,573,$ 6 5 ! +Ia $ :&b4+*- # $ :75 .*a 5 U 5 !�.4! 0 $ 3,$Le +*>L5 ! 0 (4!,<,- (*6 6*! .*+*:73,> 0 # > (*346 +*:&$ 6*! a + 0 +*5 ! # /�0La (*U (*0 a /�345 /�0
a $ :L6 +*- )�$ :

An cos
(

nπc
L t
) �

Bn sin
(

nπc
L t
) � k=! (I.*( W�5

n
e (4! - 0 +*> 6 5&6*! ( # ! (*)�+*- 5 a ! .*$ C GFQFE g B IU[ 34> b40 + a $ a (

b + U 5 :�5 ! 0 (4!4e + U U (*e U (*3,! ('a $ : h J QRJ kFB OP\ E W K 34> b40 + a $ a (*: πc
L c ����( W�5�a (*U (*0 a /�3,$7a $ :@6 +*- )�$ :

(
An cos

(nπc
L
t
)

+Bn sin
(nπc
L
t
))

· sin
(nπ
L
x
)

5 ! 0 (4!45 0 ( N e C�NUB QFE IUW QUC �
JL��K4���4v � ����� � � � � �
��( U > 34+*> 6 5La + e - + T U $ 6 (

utt = c2uxx
b
0 < x < 1

X
0 < t c u(0, t) = u(1, t) = 0

b
0 < t c X

u(x, 0) = 1
X
ut (x, 0) = 0

b
0 < x < 1 c �2h u (x, t)

# ! 0 5 a (4!4(*e +'a $ 0

u (x, t) =

∞∑

n=1

An cos (nπct) · sin (nπx)

+*e +*>
An = 2

∫ 1
0 1 · sin (nπx) dx = 2 · 1−cos nπ

nπ

��%&$ U (*# $

u (x, t) =
4

π

(
cos (πct) · sin (πx) +

1

3
cos (3πct) · sin (3πx) +

1

5
cos (5πct) · sin (5πx) + ...

)

� � �

JL��K4���4v � ����� � � � � F
��( U > 34+*> 6 5La + e - + T U $ 6 (

utt = c2uxx
b
0 < x < 1

X
0 < t c u(0, t) = u(1, t) = 0

b
0 < t c X

u(x, 0) = h(x)
X
ut (x, 0) = 0

X4+*e +*>

h (x) =

{
2x 0 ≤ x ≤ 1

2

2 − 2x 1
2 < x ≤ 1

V p
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��e + a 5�$
u (x, t)

# ! 0 5 a (4!4(*e +'a $ 0

u (x, t) =

∞∑

n=1

An cos (nπct) · sin (nπx)

+*e +*>

An = 2

∫ 1/2

0
2x sin (nπx) dx+ 2

∫ 1

1/2
(2 − 2x) sin (nπx) dx

= −2
−2 sin 1

2nπ + nπ cos 1
2nπ

n2π2
+ 2

−2 sinnπ + nπ cos 1
2nπ + 2 sin 1

2nπ

n2π2
=

8 sin nπ
2

n2π2
.

%7$ U (*# $7a 5 U*! .*(
u (x, t) =

∞∑

n=1

8 sin nπ
2

n2π2
cos (nπct) · sin (nπx)

� � �

JL��K4���4v � ����� � � � � s
��( U > 34+*> 6 5La + e - + T U $ 6 (

utt = c2uxx
b
0 < x < 1

X
0 < t c u(0, t) = u(1, t) = 0

b
0 < t c X

u(x, 0) = x2 X ut (x, 0) = 0
b
0 < x < 1 c �"]"5�(*> a $7a $ 07e 5 - ! e a /�34$&<�! ('.*( W,5 n 5 b4+*> 6 5 Bn = 0

.*(4!
$
u (x, t)

# ! 0 5 a (4!4(*e +'a $ 0

u (x, t) =
∞∑

n=1

An cos (nπct) · sin (nπx)

+*e +*>
An = 2

∫ 1

0
x2 sin (nπx) dx =

2 cos nπ − 2 − n2π2 cosnπ

n3π3

� � �

o�:�W,5 /�- $ 34+*> 6 5�a /�- ('a +'e - + T*U $ 6 (&a $ : C T J B GF[�K b4+*- # $ :�6 5�6 $ # 5 0 ! .*$7(*- b,! .*$7a (*b4> a $ a (,�

utt = c2uxx
X

(−∞ < x <∞, 0 < t)
b n4� � Y c

u(x, 0) = f(x)
X

(−∞ < x <∞)
b n4� � _ c

ut(x, 0) = 0
X

(−∞ < x <∞)
b n4� � g c

V4�
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o�0�W�5 3,+*> 6 5
u(x, t) = X(x)T (t)

X,T - ! 3,.*+*> 6 5�.*(*a (&a (&<,0 /�34a (L+ a !4.*( W�5�U > 34$7W�('5 b45 !4a $ 0@6 +*- ),$

(A (b) cos (bx) +B (b) sin (bx)) cos (bct) .
b n4� B p c

 �e 5 ! # $N$"b4+*- # $N5 b45 ! (*e 5 ! - +�6 $ .*+*: X # 5 02> e (*- b4+*> 023,> 0 +*- ! (*.*5 :=3,> 0 W,$ .*5 :�.*(4! (*- (N# 5 02> e (*- b4+*> 02.*(4! e 5 - ! +*- ! 3,6 +4!
34a +

b
��o�- (FX 3,> 6 )�/�0 (&6 5Na $ 0�(*- b4$@a $ : W�T J GUh J NF[�K b <,- (*6 6*! .*+*>@34> 0 # > (*3,6 +*> c a /�0�U > 3,5 /�0�X W,(&5 ! 0 (4!*U > 34$@.*(4!$734> 0 (*- a $ 34$

u (x, t) =

∫ ∞

0
(A (b) cos (bx) +B (b) sin (bx)) cos (bct) db

b n4� B4� c
.*(*! X,(*0�W,5 34+*> 6 5�3,a $ 05b n*� B*� c t = 0

e (4! - 0 +*> 6 5

f (x) = u (x, 0) =

∫ ∞

0
(A (b) cos (bx) +B (b) sin (bx)) db.

b n*� B B c
k=! ('0 ('! 34b4> 5 !,$;b n4� B B c W,('e - 5 e 5 !40 ('5 b4+*> 6 5

A (b) =
1

π

∫ ∞

−∞
f(z) cos (bz) dz, B (b) =

1

π

∫ ∞

−∞
f(z) sin (bz) dz.

b n4� B ` c
h b n4� B4� c .*(4!�$ib n*� B ` c # ! 0 +*> 09a $ 09U > 3,$?a +*>Ie - + T*U $ 6 (*a +*:"b n4� � Y c �

b n4� � g c � 895'(*0 (*U + <,+Ia - +*e + U > 0 + 0 a (4!.*(*!�e - + T*U $ 6 (*a ( 6 5'(*U U 5 :'(*- b,! .*5 :L34> 0 W�$ .*5 :"b e4� b�� 6 $I6 $ # 5 0 ! .*$?(*- b,! .*$?a (*b4> a $ a ( c �f��6 /�:9> e (*- b45 !�5 0 (*:5 0 (*U U (*.*a ! .*+*: b e*! +L5 > .*+ U +*: � c a - +*e +*:�5 e*! U > 34$ :@e - + T*U $ 6 (*a /�0@(*e 5 ! - $ :�b4+*- # $ : X,+*e /�:�W�('# +*> 6 5�3,a +'5 e +*6 5 0 +5 # (*)�! +,�

� � ��� � � 
 �

� � � � � X2> 34a 5'a + e - + T U $ 6 (
utt = c2uxx

b
0 < x < 1

X
0 < t c X u(0, t) = u(1, t) = 0

b
0 < t c X u(x, 0) ={

1 0 ≤ x ≤ 1
2

−1 1
2 < x ≤ q1

X
ut (x, 0) = 0

�(b o�e4�
u (x, t) = 4

π (sin (2πx) sin (2πt)
�

1
3 sin (6πx) sin (6πt)

�

1
5 sin (10πx) sin (10πt)

� � � � c �
� � � � F X2> 34a 57a +Ie - + T*U $ 6 (

utt = c2uxx
b
0 < x < 1

X
0 < t c X u(0, t) = u(1, t) = 0

b
0 < t c X u(x, 0) = x

X
ut (x, 0) = 0

�Lb o�e4�
u (x, t) = 2

π

∑∞
n=1

(−1)n+1

n sin (nπx) cos (nπct) c �
� � � � s X2> 34a 5&a +?e - + T*U $ 6 (

utt = c2uxx
b
0 < x < 1

X
0 < t c X u(0, t) = u(1, t) = 0

b
0 < t c X u(x, 0) = 0

X
ut (x, 0) = 1

�Lb o�e4�
u (x, t) =

∑∞
n=1

2−2 cos(nπ)
n2π2c

sin (nπx) sin (nπct) c �
� � � � { X2> 34a 5&a +?e - + T*U $ 6 (

utt = c2uxx
b
0 < x < 1

X
0 < t c X u(0, t) = u(1, t) = 0

b
0 < t c X u(x, 0) = 1

X
ut (x, 0) = 1

�Sb o�e4�
u (x, t) =

∑
n=1,3,5,...

4
nπ sin (nπx) cos (nπct)

� ∑
n=1,3,5,...

(
2

nπ

)2
sin (nπx) sin (nπct) c �

� � � � � X2> 34a 5'a + e - + T*U $ 6 (
utt = c2uxx

b
0 < x < 1

X
0 < t c X u(0, t) = u(1, t) = 0

b
0 < t c X u (x, 0) =

x · (1 − x)
X
ut(x, 0) = 0

�fb o�e4�
u (x, t) =

∑∞
n=1

4
n3π3 (1 − (−1)n) sin (nπx) cos (nπct) c �

V B
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� � � � R X2> 34a 57a +?e - + T U $ 6 (
utt = c2uxx

b
0 < x < π

X
0 < t c X u(0, t) = u(π, t) = 0

b
0 < t c X u(x, 0) = 0

X
ut (x, 0) = 8 sin2 x

�Lb o�e4�
u (x, t) =

∑
n=1,3,4,...

32
πcn2(n2−4) ((−1)n − 1) sin (nx) sin (nct) c �

� � � � z X2> 34a 57a +?e - + T U $ 6 (
utt = c2uxx

b
0 < x < π

X
0 < t c X u(0, t) = u(π, t) = 0

b
0 < t c X u(x, 0) = 0

X
ut (x, 0) = x2 �Lb o�e4� u (x, t) =

∑
n=1,3,4,...

2
πc(n2−4)

(1 − (−1)n) sin (nx) sin (nct) c �
� � �

�"� � ���(� ��?@-(� 1"/	���")83*/ � #"�5# ��',) 
  "%5 @&����"%5� - �5� &(',)
��(95 1 5 a (*3,+*> 6 57a /�- (?a $ 0'5 1 ! 3,/�34$9.*> 6 (*a +*:7(*e +?# ! (*)�+*- 5 a ! .*$L34.*+*e*! (,��W�( � (*1 +*> 6 5�<�! (?6*! (?(*- .*5 a (L<,5 0 ! .*$
U > 3,$9a $ :&5 1 ! 3,/�34$ :

utt = c2uxx
b ( <,0 +*/�0 a (*:&e - +*:&a +?e (*- + 0&a ! :'(*- b,! .*5 :7.*(4!�+*- ! (*.*5 :73,> 0 W,$ .*5 : c �'o�> a $9$5 1 ! 34/�3,$&6 e +*- 5 !40 (&<,- (*)�a 5 !*6 5�a $ 0�T*+*$ W�5 ! ('a /�07# ! (*)�+*- ! .*/�0@a 5 U 5 34a /�0

Dx
.*(4!

Dt
/�:�5 1 $ :

Dttu− c2Dxxu = 0 ⇒

Dt (Dtu) − c2Dx (Dxu) = 0 ⇒

(Dt − cDx) (Dt + cDx) u = 0.

h a 5 U 5 > a (4! ('5 1 ! 3,/�34$'! .*(*0 +*e +4! 5 ! a (4!4(*0
Dtu− cDxu = 0

$
Dtu+ cDxu = 0

X4# $ U4�

ut − cux = 0
$
ut + cux = 0

b n*� B c c
o�> a 5 :�+*6 /�:@+4! T G�O e [�K e C M J OPK 89%& D6 e +*- +*> 070 ('U > W�+*> 076 5@a $ 076 5 W,+*# +'a /�0&b4(*- (*.*a $ - ! 3,a ! .*/�0*�"hi<,5 0 ! .*$
U > 3,$@a $ :

ut − cux = 0
5 ! 0 (4!*$

φ (x+ ct)
.*(4! $@<,5 0 ! .*$@U > 34$7a $ :

ut + cux = 0
5 ! 0 (4! $

ψ (x− ct)
X*+*e +*>

φ
.*(4!

ψ
5 ! 0 (4!4(*> W�(4! - 5 a 5 :�3,> 0 (*- a $ 3,5 ! : �"��e + a 5�6*! ( � U > 34$&a $ :

utt − cuxx = 0
5 ! 0 (4!

u (x, t) = φ (x+ ct) + ψ (x− ct) .
b n*� B n c

o�> a +I6 e +*- +*> 6 5'0 (Ia + 5 e*! T*5 T*(4! /�34+*> 6 5'5 > .*+ U (I.*(4!=6 5L(*e U $?e (*- ( <,/=<�! 3,$*�
φt = φ′(x + ct) · c .*(4! φtt =

φ′′(x + ct) · c2 �
5 e*! 3,$ :

φx = φ′(x + ct)
.*(4!

φxx = φ′′(x + ct) �
(*- (

φtt = c2φxx
� ��6 +4! (I# 5 ! b40 +*> 6 5'+ a !

ψtt = c2ψxx
� h�6 +*- ),$ib n*� B n c U 5 <,5 a (4! k�W NF[ d’Alembert

a $ :L5 1 ! 34/�3,$ :9.*> 6 (*a +*: � S"/�- (?W�( 5 1 5 a (*3,+*> 6 5
6 5 - ! .*(I3,> <,.*5 .*- ! 6 5 0 (Ie - + T U $ 6 (*a (I(*- b,! .*/�0L3,> 0 W,$ .*/�09.*(4!�W,( # +*> 6 5'e /�:'$ib n*� B n c 5 1 5 ! # ! .*5 > 5 a (4!=/�34a 5'0 (! . (*0 +*e +4! +*> 0 a (4!4(*> a 5 :�+4!43,> 0 W,$ .*5 : �

� � �

o�:7W�5 /�- $ 3,+*> 6 5&a $ 0Lb4+*- # $L(*e 5 ! - +*>96 $ .*+*> :&6 5&6 $ # 5 0 ! .*$9(*- b,! .*$9a (*b4> a $ a (,�?%7$ U (*# $'W�(?U > 3,+*> 6 5&a +
e - + T U $ 6 (
� �Rz � �S| s { ��� { z t u x z � z {0r t � { t������ � � � 
f� � y��Lz � vSr � t y }Ry�� vPu � � { z x v �

V `
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utt = c2uxx
X b n*� B V c

u(x, 0) = f(x)
X
ut(x, 0) = 0

X
(−∞ < x <∞) .

b n4� B*Y c
]25�(*> a $&a $ 0@e 5 - ! e a /�3,$�X4W�('e - 5 e 5 !40 (&5 b4+*> 6 5

f (x) = u (x, 0) = φ (x) + ψ (x)
b n4� B _ c

.*(*!

0 = ut (x, 0) = φ′ (x) · c− ψ′ (x) · c⇒

K = φ (x) − ψ (x) .
b n4� B g c

��e + a 5
φ (x) =

f (x) +K

2
, ψ (x) =

f (x) −K

2

b n*� ` p c
.*(*!4(*- (

u (x, t) =
1

2
f (x− ct) +

1

2
f (x+ ct) .

b n*� `*� c
o�> a $95 ! 0 (4!=$LU > 3,$9a $ :&5 1 ! 34/�3,$ :'.*> 6 (*a +*:7<�! (?(*e 5 ! - $9b4+*- # $�X=6 5&6 $ # 5 0 ! .*$L(*- b,! .*$La (*b4> a $ a (,�9o�e +?)�> 3�! .*$
34.*+*e*! (FX T*U 5 e +*> 6 5�+ a !*$7U > 34$7(*e + a 5 U 5 ! a (4!*(*e +&# > +73,> 0 (*- a $ 3,5 ! :

f(x+ ct)
.*(4!

f(x− ct)
b E \ J W E g e C9IUW QUC e C c+4!=+*e +4! 5 :L6 5 a (*a +*e*! Y + 0 a (4!234a + 09b4/�- +I# ! (*a $ - /�0 a (*:'a + 34b4$ 6 ( a $ :L(*- b,! .*$ :'34> 0 W�$ .*$ :L(*6 5 a ( T*U $ a +

�
$I6 + 0 $

# ! (*),+*- ('6 5 a (*1 >'a +*> :75 ! 0 (4!�+ a !�$
f(x − ct)

6 5 a (*a +*e*! Y 5 a (4!�e - +*:@a (9# 5 1 ! (L.*(4!,$
f (x+ ct)

e - +*:@a (9(*- ! 3,a 5 - (
b 6 5"a (*b4> a $ a (76 5 a (*# +*34$ :

c c �� �e*! 34$ :Ne (*- (*a $ - +*> 6 52+ a ! # 5 0�> e (*- b45 ! (*U U $ U 5 e*! # - (*3,$�6 5 a (*1 >�a /�0�# > +7.*> 6 (*a /�0*�]2a +Le - +*$ <,+*> 6 5 0 +&5 # (*)�! +'5 ! b4(*6 5�U > 3,5 !,a +L! # ! +'e - + T U $ 6 ('6 5�b4/�- ! 3,6 +'6 5 a ( T U $ a /�07.*(4!45 ! b4(*6 5�# 5 !4+ a !

u (x, t) =

∫ ∞

0
(A (b) cos (bx) +B (b) sin (bx)) cos (bct) db

b n4� ` B c
+*e +*>

A (b) =
1

π

∫ ∞

−∞
f(z) cos (bz) dz, B (b) =

1

π

∫ ∞

−∞
f(z) sin (bz) dz.

b n4� ` ` c

V c
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��(L# 5 ! 1 +*> 6 5@a /�- (9+ a !�+4!ab n*� ` B c XPb n*� ` ` c 5 ! 0 (4!�! 3,+*# > 0 (*6 5 :@6 57a $ 0;b n4� `4� c �@o�0&(*0 a ! .*(*a (*3,a $ 34+*> 6 5@a $ 0;b n*� ` ` c34a $ 05b n*� ` B c X,e (4! - 0 +*> 6 5

u (x, t) =
1

π

∫ ∞

0

[(∫ ∞

−∞
f(z) cos (bz) dz

)
cos (bx) +

(∫ ∞

−∞
f(z) sin (bz) dz

)
sin (bx)

]
cos (bct) db

=
1

π

∫ ∞

0

[∫ ∞

−∞
(f(z) [cos (bz) cos (bx) + sin (bz) sin (bx)] cos (bct)) dz

]
db

=
1

π

∫ ∞

0

[∫ ∞

−∞
f(z) cos [b (z − x)] cos (bct) dz

]
db

=
1

2π

∫ ∞

0

[∫ ∞

−∞
f(z) (cos [b (z + ct− x)] + cos [b (z − ct− x)]) dz

]
db

=
1

2π

∫ ∞

0

[∫ ∞

−∞
f(z) cos [b (z + ct− x)] dz

]
db+

1

2π

∫ ∞

0

[∫ ∞

−∞
f(z) cos [b (z − ct− x)] dz

]
db

b n*� ` c c
 �(*0@a /�- ('b4- $ 3�! 6 +*e +4! $ 3,+*> 6 5@a $ 0@(*0 (*e (*- (*34a (*3,$

f (x) =
1

π

∫ ∞

0

[∫ ∞

−∞
f(z) cos [b (z − x)] dz

]
db

T U 5 e +*> 6 5�+ a !4$;b n4� ` c c 5 ! 0 (4!*(*.*- ! T /�:�$ 1
2f (x+ ct) + 1

2f (x− ct)
X4# $ U (*# $7$&U > 34$;b n4� `4� c �

JL��K4���4v � ����� � � F � �
S"+'e - + T U $ 6 (

utt = c2uxx (−∞ < x <∞, 0 < t <∞)
b n4� ` n c

u(x, 0) = e−x sin (x)
X
ut(x, 0) = 0 (−∞ < x <∞)

b n4� ` V c
5 b45 !4a $ 0@U > 3,$

u (x, t) =
1

2
e−(x−ct) sin (x− ct) +

1

2
e−(x+ct) sin (x+ ct)

� � �

JL��K4���4v � ����� � � F � F
S"+'e - + T U $ 6 ('6 5�(*e 5 ! - $&b4+*- # $7.*(4!*6 $&6 $ # 5 0 ! .*$7(*- b,! .*$7a (*b4> a $ a (

utt = c2uxx (−∞ < x <∞, 0 < t <∞)
b n4� `*Y c

u(x, 0) = f(x)
X
ut(x, 0) = g (x) (−∞ < x <∞)

b n4� ` _ c
V n
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5 ! 0 (4!4U*! <,+Le*! +'# > 3,.*+ U +,�2��> 3,! (*3,a ! .*('(*> a +'e +*>7(*U U (�Y 5 !45 ! 0 (4!4+ a !4$75 1 ! 34/�3,$;b n4� B g c <�! 0 5 a (4!

g (x) = ut (x, 0) = φ′ (x) · c− ψ′ (x) · c⇒

1

c

∫ x

x0

g (z) dz +K = φ (x) − ψ (x)
b n4� ` g c

+*e +*>'a (
x0
.*(4!

K
5 ! 0 (4!,(*> W,(4! - 5 a 5 :@3,a ( W,5 - 5 : ��X2> 0 + 0 a (*:�a ! :�b n*� B _ c .*(4!ab n*� ` g c /�:@e - +*: φ .*(4! ψe (4! - 0 +*> 6 5

φ (x) =
1

2
f (x) +

1

2c

∫ x

x0

g (z) dz +
K

2

b n*� c p c

ψ (x) =
1

2
f (x) − 1

2c

∫ x

x0

g (z) dz − K

2
.

b n*� c4� c
��e + a 5

u (x, t) =
1

2
f (x− ct) +

1

2
f (x+ ct) +

1

2c

∫ x+ct

x0

g (z) dz − 1

2c

∫ x−ct

x0

g (z) dz
b n*� c B c

.*(4!4a 5 U ! .*(
u (x, t) =

1

2
f (x− ct) +

1

2
f (x+ ct) +

1

2c

∫ x+ct

x−ct
g (z) dz.

b n*� c ` c
e +*>75 ! 0 (4!4$@<,5 0 ! .*$7U > 3,$&a $ :�5 1 ! 3,/�34$ :�.*> 6 (*a +*:�345�(*e 5 ! - $7b4+*- # $4�

� � �

JL��K4���4v � ����� � � F � s
S"+'e - + T U $ 6 (

utt = c2uxx (−∞ < x <∞, 0 < t <∞)
b n4� c c c

u(x, 0) = 0
X
ut(x, 0) = sin (x) (−∞ < x <∞)

b n4� c*n c
5 b45 !4a $ 0@U > 3,$

u (x, t) =
1

2c

∫ x+ct

x−ct
sin (z) dz =

1

2c
(cos (x− ct) − cos (x+ ct)) .

� � �

V V



�� "q�oNX"o � �Dn

89e +*- +*> 6 5@0 (95 )�(*- 6 +*3,+*> 6 5�a $ 0'6 5 W�+*# +
d’ Alembert

3457e - + T*U $ 6 (*a (L6 5@+*- ! (*.*5 :@3,> 0 W,$ .*5 :�b # $ U4��3,5
e - + T U $ 6 (*a (Ie 5 e 5 - (*346 5 0 $ :&b4+*- # $ : c �I��(I5 1 5 a (*34+*> 6 5&6 + 0 +Ia $ 0Le 5 - ! e a /�3,$?6 $ # 5 0 ! .*$ :'(*- b,! .*$ :'a (*b4> a $ a (*: �]2> 6 )�/�0 ('6 5�a ! :@e (*- (*a $ - $ 345 ! :�a +*>&5 # (*)�! +*>7n*� � X,$7U > 3,$&345�(*> a $7a $ 0@e 5 - ! e a /�3,$&e (4! - 0 5 !4a $ 0@6 +*- ),$

u (x, t) =
∞∑

n=1

An cos
(nπc
L
t
)
· sin

(nπ
L
x
) b n*� c V c

=
1

2

∞∑

n=1

(
An sin

(nπ
L
x− nπc

L
t
)

+An sin
(nπ
L
x+

nπc

L
t
)) b n*� c*Y c

=
1

2

∞∑

n=1

An sin
(nπ
L
x− nπc

L
t
)

+
1

2

∞∑

n=1

An sin
(nπ
L
x+

nπc

L
t
) b n*� c _ c

��5 - +*> 6 5�+ a ! ∑∞
n=1An sin

(
nπ
L x
)

= f (x)
�=89e +*- +*> 6 5�0 (�e +*> 6 52(*0 a ! 3,a +4! b4(@+ a ! ∑∞

n=1An sin
(

nπ
L x− nπc

L t
)

=

f (x− ct)
�2��b,!,e (*0 a ( � ��e (*- b4+*> 0@.*(*e +4! (&34$ 6 5 ! (Le +*>7e - 5 e 5 !40 ('e - +*3,5 1 +*> 6 5 �

��(*a � (*- b4$ 0 X +*- ! 3,(*6 5"a $ 0
f (x)

3,a +7# ! (*3,a $ 6 (
[0, L]

.*(4! .*(*a +*e*! 0�a $ 0�5 e 5 .*a 5 ! 0 (*6 5"34a +7# ! (*34a $ 6 (
[−L,L]

�
S"/�- (L+*6 /�:�W�(Le - 5 e 5 !,0 (L# /�3,+*> 6 5@.*(*e +4! ('a ! 6 $'.*(4!,34a $ 0

f (z) ,
+*e +*>&a +

z = x− ct
<�! (L(*- .*5 a (L6 5 <,(*U +*> :

b4- + 0 +*> :
t
6 e +*- 5 !�0 (IT - ! 3,.*5 a (4!25 .*a +*:La +*> # ! (*3,a $ 6 (*a +*:

[−L,L]
� o�09+*6 /�:9+*- ! 34+*> 6 5La $ 0

F (x)
0 ( 5 ! 0 (4!

$Ie 5 - ! +*# ! .*$I5 e 5 .*a (*3,$ a $ :
f (x)

(*e + a + # ! (*34a $ 6 (
[−L,L]

3,a + # ! (*34a $ 6 (
(−∞,∞)

XNa + a 59+4!
An
5 ! 0 (4!2+4!

34> 0 a 5 U 5 34a 5 :
Fourier

I�C�B a $ :
F (x)

�� 2a 3�!4U +4! e + 0@6 e +*- +*> 6 5�0 (&e +*> 6 5�+ a !

∞∑

n=1

An sin
(nπ
L
x− nπc

L
t
)

= F (x− ct)
b n*� c g c

+*e /�:�.*(4!

∞∑

n=1

An sin
(nπ
L
x+

nπc

L
t
)

= F (x+ ct)
b n*� n p c

.*(*!4a 5 U*! .*(&0 (7<,- ( � +*> 6 5Na $ 07U > 34$&/�:

u (x, t) =
1

2
F (x− ct) +

1

2
F (x+ ct) .

b n*� n*� c
��e (*- b45 !,6*! (9(*.*+*6 $'U 5 e a +*6 5 - 5 ! (,��h

u (x, t)
e +*>'# ! 0 5 a (4!�(*e +La $ 0;b n4� n4� c 5 ! 0 (4!�34a $ 0&e - ( <,6 (*a ! .*+ a $ a (9$U > 3,$734a +'e - + T U $ 6 (&6*! (*:�(*e 5 ! - $ :�b4+*- # $ :

�
(*e U (&a +'e - + T*U $ 6 (&(*> a +&5 b45 !4# ! (*a > e /=W�5 !46 5�a 5 a +4! +'a - +*e +&/�3,a 5�+

e 5 - ! +*- ! 346 +*:7a $ :
u (x, t)

34a +?# ! (*3,a $ 6 (
[0, L]

0 (95 ! 0 (4!�$'U > 3,$'a +*>L(*- b,! .*+*>'e - + T*U $ 6 (*a +*:7a $ :7e 5 e 5 - (*3,6 5 0 $ :
b4+ - # $ : � ��6 /�: X"(*> a + e - +*> e W,5 a 5 !�.*(4!�+ a !�+4!�e (*- ( <,/=<,+4!

ux (x, t)
.*(4!

uxx (x, t)
5 ! 0 (4!�.*(*U (I+*- ! 3,6 5 0 5 :'<�! (

+ U ( a ( 5 34/�a 5 - ! .*( 34$ 6 5 ! (Da +*> e - + T U $ 6 (*a +*: �	]2a $ 0I5 e*! U > 34$ a +*> e 5 e 5 - (*3,6 5 0 +*>Ie - + T U $ 6 (*a +*: X�$ > e (*- 1 $
(*34> 0 5 b45 ! /�073,a (

x = 0
.*(4!

x = L
# 5 07# $ 6*! +*> - <,+*> 345@e - + T*U $ 6 (FX�# ! + a !�(*> a (9$ a (*0&34> 0 +*- ! (*.*('3,$ 6 5 ! (,����6 /�:

34a + 5 e 5 .*a 5 a (*6 5 0 + e - + T U $ 6 ( a ( 34$ 6 5 ! ( (*> a ( 5 ! 0 (4!2e U 5 + 0?5 3,/�a 5 - ! .*( .*(4!�(*- (IW,( e - 5 e 5 !20 ( > e (*- b4+*> 09+4!
e ( - ( <,/=<,+4!

ux (x, t)
.*(4!

uxx (x, t)
34a (

x = 0
.*(4!

x = L
��o�> a +76 e +*- +*> 6 5"0 (7a +75 1 (*34)�(*U ! 34+*> 6 52<�! (&.*(*e +4! 5 :

5 ! # ! .*5 :�e 5 - ! e a /�345 ! :@+*- ! (*.*/�0�3,> 0 W,$ .*/�0 X4e4� b��2+ a (*0
f (0) = f (L) = 0

.*(4!
f ′ (0) = f ′ (L) = 0

�

V*Y
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~"U 5 e +*> 6 5�U +4! e + 07+ a !,$&U > 3,$
d’ Alembert

5 b45 !,e 5 - ! +*- ! 346 5 0 $&5 ),(*- 6 + <,$&345@e - + T*U $ 6 (*a ('e 5 e 5 - (*346 5 0 $ :
b4+ - # $ : �"o�e +L),> 3,! .*$'(*e + � $&$&5 1 $ <,$ 3,$&5 ! 0 (4!4$'5 1 $ : �"+ a (*07$&b4+*- # $&5 b45 !,e 5 e 5 - (*346 5 0 +'6 $ .*+*: X,a + a 5@+ a (*07a (
(*- b,! .*(L+*# 5 > + 0 a ('.*> 6 (*a (L),a (*3,+*> 0&3,a (L+*- ! (La $ :7b4+*- # $ : C g C�I k�OPg e C�B .*(4!,# $ 6*! +*> - <,+*> 0&0 5 (L.*> 6 (*a (,�� 2a 3�!�$
a 5 U*! .*$LU > 3,$LW,(?5 ! 0 (4!�3,> 0 # > (*346 +*:&# ! (*# + b,! .*/�0'(*0 (*.*U (*3,5 /�0&.*(4!�6 e +*- 5 !�0 (?5 b45 !�(*- .*5 a (9e + U > e U +*.*$96 +*- )�$*�
89+ 0 +7345N5 ! # ! .*5 :Ne 5 - ! e a /�3,5 ! : b .*(*a /I(*e +7.*(*a (*U U $ U 5 :N(*- b,! .*5 :�\�+*- ! (*.*5 :"3,> 0 W,$ .*5 : c 6 e +*- 5 ! $@U > 34$@0 (�<,- (*),5 !34a $ 0@6 +*- ),$

d’ Alembert
�

� � ��� � � 
 �

� � F � � ��(�U > W�5 !�a +?e - + T*U $ 6 (
utt = uxx

b −∞ < x < ∞ X 0 < t < ∞ c .*(4! u(x, 0) = e−x2 X
ut (x, 0) = 0b −∞ < x <∞ c �fb o�e4� u(x, t) = 1

2

[
e−(x−t)2 + e−(x+t)2

] c �
� � F � F ��( U > W,5 !�a +9e - + T*U $ 6 (

utt = uxx
b −∞ < x < ∞ X 0 < t < ∞ c .*(4! u(x, 0) = 0

X
ut (x, 0) = xe−x2

b −∞ < x <∞ c �fb o�e4� u(x, t) = 1
4

[
e−(x−t)2 − e−(x+t)2

] c �
� � F � s ��(
U > W�5 !�a +Ie - + T U $ 6 (

utt = uxx
b −∞ < x < ∞ X 0 < t < ∞ c .*(4! u(x, 0) = 0

X
ut (x, 0) = 1b −∞ < x <∞ c �fb o�e4� u(x, t) = t c �

� � F � { ��( U > W,5 !�a +9e - + T*U $ 6 (
utt = uxx

b −∞ < x < ∞ X 0 < t < ∞ c .*(4! u(x, 0) = sinx
X
ut (x, 0) = x2

b −∞ < x <∞ c �fb o�e4� u(x, t) = sin (x) cos (ct) + x2t+ 1
3c

2t3 c �
� � F � � ��( U > W,5 !�a +Ie - + T U $ 6 (

utt = uxx
b −∞ < x < ∞ X 0 < t < ∞ c .*(4! u(x, 0) = x3 X ut (x, 0) = xb −∞ < x <∞ c �fb o�e4� u(x, t) = x3 + 3c2xt2 + xt c �

� � F � R ��( U > W�5 !�a +Le - + T*U $ 6 (
utt = uxx

b −∞ < x < ∞ X 0 < t < ∞ c .*(4! u(x, 0) = cos x
X
ut (x, 0) = 1/eb −∞ < x <∞ c �fb o�e4� u(x, t) = cos (x) cos (ct) + t

e c �
� � F � z ��( U > W�5 !,a +'e - + T U $ 6 (

utt = uxx
b −∞ < x <∞ X 0 < t <∞ c .*(4! u(x, 0) = log 1

1+x2

X
ut (x, 0) = 2b −∞ < x <∞ c �fb o�e4� u(x, t) = 2t

�
log
(√

1 + x2 + 2cxt+ c2t2
) �

log
(√

1 + x2 − 2cxt+ c2t2
) c �

� � F � } ��(mU > W,5 !2a + e - + T U $ 6 (
utt = uxx

b
0 < x < ∞ X 0 < t < ∞ c X u(x, 0) = xe−x2 X

ut (x, 0) = 0b −∞ < x <∞ c .*(4! u(0, t) = 0
b
0 < t <∞ c �

�"� � 3 ��� 1"#5:$/0) �@6 ��+5� -$',-i��� ?@1" ��#"6

V _



��������� �������

��� � � ��� � �	��� � 	 � ��� ��� � �������*�t��� �

�"� ����� ���m��� �

�"� ����� -$ ;:$' :<� &(/06�7  "%5 ���"%��"-./�� 6
895 b4- !=a /�- (I5 b4+*> 6 5'6 5 U 5 a $ 345 !�8?%7 �6 5La ! :L(*0 5 1 (*- a $ a 5 :'6 5 a ( T*U $ a 5 :

x
b b4/�- +*: c .*(4! t b b4- + 0 +*: c .*(4!�a $ 0( <40 /�34a $I3,> 0 (*- a $ 3,$

u(x, t)
�i895L(*U U ( U + <�! ( 6 5 U 5 a $ 3,(*6 5La $ 0?b4- + 0 ! .*$I6 5 a ( T + U $ # ! (*# ! .*(*3,! /�0?+4!2+*e +4! 5 :

5 1 5 U ! 343,+ 0 a (4! 3,5 QFB C b4/�- ! .*$N# ! (*3,a (*34$4�=8?e +*- +*> 6 5�5 > .*+ U (�0 (�<,5 0 ! .*5 > 34+*> 6 5�3452e 5 - ! 3,34+ a 5 - 5 :2(*e +�6*! (�b4/�- ! .*5 :
# ! (*34a (*3,5 ! : ��;@� b��=$�6 5 a (*# +*3,$�W,5 - 6 + a $ a (*:N3,5"# > +@b4/�- ! .*5 :"# ! (*34a (*3,5 ! :

x
.*(4!

y
e 5 - ! <,- (*),5 a (4! (*e +7a $ 0�5 1 ! 3,/�34$

wt = c2 · (wxx + wyy)
b V4� � c

+*e +*>7$
w(x, y, t)

5 ! 0 (4!46*! ('3,> 0 (*- a $ 3,$�e GHB Omg 6 5 a ( T U $ a /�0*�
��e /�:'(*0 (*),5 - (*6 573,a + ��5 ),(*U (4! + � X�W,(I(*3,b4+ U $ W�+*> 6 5'6 + 0 +I6 5&8?%7 �# > +?(*0 5 1 (*- a $ a /�0L6 5 a ( T*U $ a /�0 �

o�0 a !,U +4! e + 070 ('5 e*! U > 3,+*> 6 5@a $ 05b V*� � c 3,a +Le (*- + 0 ��5 ),(*U (4! +&W,(L5 1 5 a (*3,+*> 6 5�5 0 (&(*e U +*> 3,a 5 - +'e - + T U $ 6 (,�,a $ 034> 6 e 5 - ! )�+*- ('a $ :�U > 34$ :�+ a (*0@+'b4- + 0 +*:�a 5 ! 0 5 !434a +L(*e 5 ! - +,�
k=! (&),> 3,! .*+*> :NU + <,+*> : b 5 1 ! 34+*- - +*e $ 34$@a $ :NW�5 - 6 +*.*- (*3�! (*: c e 5 - ! 6 5 0 +*> 6 5N+ a !*.*( W�/�:N+&b4- + 0 +*: t a 5 ! 0 5 !*3,a +(*e 5 ! - +FX4$&U > 34$

w(x, y, t)
W,('.*(*a (*U $ 1 5 !43,5�6*! ('.*(*a (*3,a (*34$ B N�E G GHE T B C�K ��o�> a +'6 e +*- 5 !40 (7<,- (*),5 !*/�:�5 1 $ :

u(x, y) = lim
t→∞

w(x, y, t).
b V4� B c

 �e 5 ! # $5b 5 1�+*- ! 3,6 +*> c 34a $ 0@.*(*a (*34a (*3,$7! 34+*- - +*e*! (*:�# 5 0�> e (*- b45 !*b4- + 0 ! .*$�6 5 a ( T + U $UX4e 5 - ! 6 5 0 +*> 6 5N0 (&! 3,b4> 5 !*.*(4!a +&5 1 $ : �
lim
t→∞

wt(x, y, t) = Dt (u (x, y)) = 0.
b V*� ` c

��e + a 5�$;b V4� � c .*(4!4$;b V4� ` c # ! 0 +*> 0@a $ 0
uxx + uyy = 0.

b V4� c c

V g
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hD5 1 ! 34/�3,$5b V*� c c 5 ! 0 (4! $@5 1 ! 3,/�34$ Laplace
.*(4! b4- $ 3�! 6 +*e +4! 5 ! a (4! <�! (&0 (7e 5 - ! <,- ( � 5 ! a $ 0�.*(*a (*34a (*3,$ B N�E G GHE T B C�K

345@# ! (*),+*- ( N e C e B I�C e - + T U $ 6 (*a ((b W�5 - 6 + a $ a (*: X�$ U 5 .*a - ! 346 +*>L.*a U*� c �@SN+9> e + U +4! e +9a +*>Le (*- + 0 a +*:7.*5 )�(*U (4! +*>5 ! 0 (4!4(*)�! 5 - /�6 5 0 +&3,5�# ! (*),+*- +*> :�a - +*e +*> :�5 e*! U > 34$ :�a $ :�5 1 ! 34/�3,$ :
Laplace

�

�"� ��� �,+�� -.'�-(�
Laplace

-./ � % � #5:$'�)5� #
]2a +?e (*- + 0&5 # (*)�! +9W,(?6 5 U 5 a $ 34+*> 6 57a +?T (*3�! .*+9e - + T U $ 6 (

uxx + uyy = 0
345&5 0 (9+*- W,+ <,/�0 ! +9a +*e + {(x, y) �

0 ≤ x ≤ L
X
0 ≤ y ≤ M} 6 5�# ! (*)�+*- 5 :�+*- ! (*.*5 :�34> 0 W�$ .*5 : ��]2$ 6 5 ! /�0 +*> 6 5�+ a !,a (Le - + T*U $ 6 (*a ('+*- ! (*.*/�0@a ! 6 /�0b4/=- ! Y + 0 a (4!434a ! :@5 1 $ :�.*(*a $ <,+*- ! 5 : �

� �N;�- + T*U $ 6 (*a (
Dirichlet

�2+4!4+*- ! (*.*5 :�34> 0 W�$ .*5 :�.*( W,+*- ! Y +*> 0�a $ 0
u (x, y)

�
B4�N;�- + T*U $ 6 (*a (

Neumann
�=+4! +*- ! (*.*5 :234> 0 W�$ .*5 :2.*( W,+*- ! Y +*> 0Ie (*- ( <,/=<,+*> :2a $ :

u (x, y)
b e4� b���a ! :

ux, uy c �
`4�N8?! .*a ('e - + T U $ 6 (*a (

Dirichlet / Neumann
�26 5�6*! .*a 5 :�+*- ! (*.*5 :�3,> 0 W,$ .*5 : �

��� ��� � � ��� ���
�����
Dirichlet

;�! W,(*0 + 0@a +'(*e U +*> 3,a 5 - +'e - + T*U $ 6 (
Dirichlet

5 ! 0 (4!4a +'5 1 $ : �

uxx + uyy = 0 (0 < x < L
.*(4!

0 < y < M)
b V*� n c

u (x, 0) = f(x) (0 < x < L)
b V*� V c

u(x,M) = 0 (0 < x < L)
b V*� Y c

u(0, y) = 0 (0 < y < M)
b V*� _ c

u (L, y) = 0 (0 < y < M) .
b V*� g c

��(&U > 3,+*> 6 5�a +'e - + T U $ 6 ('6 5�b4/�- ! 3,6 +'6 5 a ( T U $ a /�0*� ��e + W�5 a +*> 6 5�+ a !
u (x, y) = X (x)Y (y)

�2S"+ a 5�$;b V*� n c<�! 0 5 a (4!
X ′′Y +XY ′′ = 0 ⇒ X ′′

X
= −Y

′′

Y
= −b2. b V*� � p c

��(&5 1 $ <,$ 3,+*> 6 5�a $ 075 e*! U + <,$ −b2 U ! <,+'(*- <,+ a 5 - (,�=o�e +'a $ 0�b V4� � p c e (4! - 0 +*> 6 5

X ′′ + b2X = 0
b V*� � � c

Y ′′ − b2Y = 0.
b V*� � B c

o�e +'a ! :5b V4� _ c Xab V4� g c e - +*.*> e a 5 !4+ a !4+4!4U > 345 ! :@a $ :9b V*� � � c 5 b4+*> 0@a $ 076 +*- )�$

Xn (x) = sin (bnx)
b V*� � ` c

Y p
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6 5
bn = nπ

L

b
n = 0,±1,±2, ... c �N��!,U > 345 ! :@a $ :5b V4� � B c 5 b4+*> 0@a $ 076 +*- ),$ Yn (y) = Cne

bny +Dne
−bny X,(*U U (

6 e +*- +*> 0@0 (7<,- (*),+*> 0@! 34+*# > 0 (*6 (&3,a $ 0@6 +*- ),$

Yn (y) = En sinh (bn (y + Fn)) .
b V*� � c c

o�e +'a $ 05b V*� Y c e - +*.*> e a 5 !4+ a ! Fn = −M X,+*e + a 5�a 5 U ! .*(
Yn (y) = En sinh (bn (y −M))

b V*� � n c
.*(*!

u (x, y) =

∞∑

n=1

En sin
(nπ
L
x
)

sinh
(nπ
L

(y −M)
)
.

b V*� � V c
;�- 5 e 5 ! (*.*+*6 $N0 (�! .*(*0 +*e +4! $ 3,+*> 6 5�a $ 00b V*� V c �= 2# /9)�(4! 0 5 a (4! +�U + <,+*:�<�! (�a + 0"+*e +4! +�e $ - (*6 5�a $ 0"(*- b,! .*$N3,a ( W,5 - (0 (&5 ! 0 (4! −b2 b # $ U*�2(*- 0 $ a ! .*$ c ��5 a 3,!,6 e +*- +*> 6 5�0 ('(*0 e a > 1 +*> 6 5�a $ 0 f (x)

345�345 ! - (
Fourier

�

f (x) = u (x, 0) =

∞∑

n=1

En sin
(nπ
L
x
)

sinh

(
−nπM

L

)
.

b V*� � Y c
o�- (

En =
−2

L sinh
(

nπM
L

)
∫ L

0
f (x) sin

(nπ
L
x
)
dx

b V*� � _ c
h>b V*� � V c .*(4!Rb V4� � _ c # ! 0 +*> 0@a $ 0@U > 3,$&a +*>7e - + T U $ 6 (*a +*:9b V*� n c �

b V*� g c �
JL��K4���4v � ����� R � F � �
��('U > 34+*> 6 5�a +'e - + T U $ 6 (@b V*� n c �

b V*� g c 6 5 L = M = π
.*(4!

f (x) = sin2 (x) .
SN+ a 5

En =
−2

π sinh (nπ)

∫ π

0
sin2 (x) sin (nx) dx =

{
− 4

π sinh πn
cos(πn)−1
n(n2−4)

n 6= 2

0 n = 2

b V*� � g c
��e + a 5

u (x, y) =
8

π

∑

n=1,3,5,...

1

π sinh (nπ)
· 1

n (n2 − 4)
· sin (nx) sinh (n (y − π)) .

b V4� B p c

� � �

S"+'e (*- (*.*(*a / e - + T U $ 6 ('5 ! 0 (4!46*! ('e*! +'3,> 0 W,5 a $&5 .*# + b4$7a +*>;b V*� n c �

b V*� g c �
uxx + uyy = 0

b V*� B*� c
u (x, 0) = f(x)

b V4� B B c
u(x,M) = g(x)

b V4� B ` c
u(0, y) = h(x)

b V4� B c c
u (L, y) = k(x)

b V4� B n c
Y*�
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k=! (D0 ( T - +*> 6 59a $ 0
u (x, y)

e +*>I5 e*! U > 5 !"a +<b V*� B*� c �

b V4� B n c b4- $ 3�! 6 +*e +4! +*> 6 59a $ 0I(*- b4$Ia $ :?> e 5 - W�5 3,$ :?a /�0U > 3,5 /�0*��8?5�(*U U (&U + <�! (FX4W�5 /�- +*> 6 5�+ a !
u (x, y) � u1 (x, y)

�
u2 (x, y)

�
u3 (x, y)

�
u4 (x, y)

X,+*e +*>*�
� �Nh

u1 (x, y)
! .*(*0 +*e +4! 5 !4a $ 0

uxx + uyy = 0
.*(4!

u(x, 0) = f (x)
X
u (x,M) = u (0, y) = u (L, y) = 0.

B4�Nh
u2 (x, y)

! .*(*0 +*e +4! 5 !4a $ 0
uxx + uyy = 0

.*(4!
u(x,L) = g (x)

X
u (x, 0) = u (0, y) = u (L, y) = 0.

`4�Nh
u3 (x, y)

! .*(*0 +*e +4! 5 !4a $ 0
uxx + uyy = 0

.*(4!
u(0, y) = h (x)

X
u (x, 0) = u (x,M) = u (L, y) = 0.

c,�Nh
u4 (x, y)

! .*(*0 +*e +4! 5 !4a $ 0
uxx + uyy = 0

.*(4!
u(L, y) = k (x)

X
u (x, 0) = u (x,M) = u (0, y) = 0.

��( W,5N5 0 (@(*e +7a (7e (*- (*e (*0 /?> e +*e - + T*U $ 6 (*a (7U > 0 5 a (4! +*e /�:N.*(*a ! a +�b V*� n c �

b V*� g c �� 2a 3�! T*- ! 34.*+*> 6 5"a ! : u1
X

u2
X
u3
X
u4
.*(4!*(*e +'(*> a 5 :�a $ 0

u (x, y)
�

��� ��� � � ��� ���
�����
Neumann

� ����� � ���	� � ��� ���
�����
Dirichlet-Neumann

 �0 ('(*e U +'e - + T U $ 6 (
Neumann

5 ! 0 (4!4a +'5 1 $ : �

uxx + uyy = 0 (0 < x < L
.*(4!

0 < y < M)
b V4� B V c

uy (x, 0) = f(x) (0 < x < L)
b V4� B*Y c

uy(x,M) = 0 (0 < x < L)
b V4� B _ c

ux(0, y) = 0 (0 < y < M)
b V4� B g c

ux (L, y) = 0 (0 < y < M) .
b V4� ` p c

��( a ('a (&<,0 /�34a (Lb4/�- ! Y +*> 6 5�a ! :@6 5 a ( T*U $ a 5 :�.*(4!4e - +*.*> e a +*> 07+4!45 1 ! 3,/�345 ! :

X ′′ + b2X = 0
b V*� `*� c

Y ′′ − b2Y = 0.
b V*� ` B c

k=! (La $ 0
X
W�(9! 3,b4> +*> 0&5 e*! 34$ :@+4!,+*- ! (*.*5 :@34> 0 W�$ .*5 :

X ′ (0) = X ′ (L) = 0
��o�- ('+4!,6 + 0 5 :@(*e +*# 5 .*a 5 :�U > 3,5 ! :

5 ! 0 (4!,a $ :76 +*- ),$ :
Xn (x) = cos

(
nπ
L x
) �@k=! (

n = 1, 2, ..
6 e +*- +*> 6 5@0 ('<,- ( � +*> 6 5�a ! :7U > 3,5 ! :@<�! (9a $ 0

Y
3,a $ 0

6 + - ),$
Yn (y) = En sinh

(
nπ
L y
) �

Fn cosh
(

nπ
L y
) �2��e + a 5�6*! (&<,5 0 ! .*$&U > 34$&5 ! 0 (4!4$

u (x, y) =

∞∑

n=0

(
En sinh

(nπ
L
y
)

+ Fn cosh
(nπ
L
y
))

cos
(nπ
L
x
)

= E0 +

∞∑

n=1

(
En sinh

(nπ
L
y
)

+ Fn cosh
(nπ
L
y
))

cos
(nπ
L
x
)
.

b V*� ` ` c

Y B
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S"/�- ('+4!Rb V4� B*Y c Xab V4� B _ c 6 (*:�# ! 0 +*> 0

f (x) = uy (x, 0) =

∞∑

n=1

nπ

L
Fn cos

(nπ
L
x
) b V*� ` c c

0 = uy (x,M) =
∞∑

n=1

nπ

L

(
En sinh

(nπ
L
M
)

+ Fn cosh
(nπ
L
M
))

cos
(nπ
L
x
) b V*� ` n c

o�e +Ia $ 0"b V4� ` c c 34> 6 e 5 - (4! 0 +*> 6 5&+ a !=a ( nπ
L Fn

5 ! 0 (4!=+4!=34> 0 a 5 U 5 3,a 5 :'a $ :'34> 0 $ 6*! a + 0 ! .*$ :'3,5 ! - (*:&a $ :
f (x)
X�$

+*e +4! (9+*6 /�:@e - 5 e 5 !�0 (95 b45 !,6 $ # 5 0 ! .*+L3,> 0 a 5 U 5 34a $'a +*>
cos
(

0π
L x
) �@%7$ U (*# $�X�<�! (90 (L5 b45 !�U > 3,$'a +9e - + T U $ 6 (FX

e - 5 e 5 !40 (L! 3,b4> 5 !,$ NHW g h [�IU[5NHW Q lHC e E e [ e C�K
∫ L

0
f (x) dx = 0.

b V*� ` V c
o�0@! 34b4> 5 !,$;b V4� ` V c X4a + a 5�+4!434> 0 a 5 U 5 3,a 5 : F1, F2, ...

e - +*3,# ! +*- ! Y + 0 a (4!4/�:�5 1 $ : �

Fn =
2

nπ

∫ L

0
f (x) cos

(nπ
L
x
)
dx

b V*� ` Y c
.*(*!4+4!

En
e - +*34# ! +*- ! Y + 0 a (4!*U > 0 + 0 a (*:�<�! (

n = 1, 2, ...
a $ 075 1 ! 3,/�34$;b V*� ` n c e +*>@<�! 0 5 a (4!

En sinh
(nπ
L
M
)

+ Fn cosh
(nπ
L
M
)

= 0.
b V*� ` _ c

� 34> 0 a 5 U 5 3,a $ :
E0
6 5 0 5 ! (*e - +*3,# ! +*- ! 34a +*: X a +�+*e +4! +�5 ! 0 (4! U + <�! .*+FX # 5 # +*6 5 0 +*>"+ a ! + U 5 :2+4! 34> 0 +*- ! (*.*5 :234> 0 W�$ .*5 :

e - +*34# ! +*- ! Y +*> 0�6 + 0 +&a $ 07e (*- ( <,/=<,+,�
 �0 ('6*! .*a +'e - + T*U $ 6 (

Dirchlet-Neumann
5 ! 0 (4!4a +'5 1 $ : �

uxx + uyy = 0 (0 < x < L
.*(4!

0 < y < M)
b V4� ` g c

u (x, 0) = f(x) (0 < x < L)
b V4� c*p c

u(x,M) = 0 (0 < x < L)
b V4� c,� c

ux(0, y) = 0 (0 < y < M)
b V4� c*B c

ux (L, y) = 0 (0 < y < M) .
b V4� c*` c

��( a ('a (&<,0 /�34a (Lb4/�- ! Y +*> 6 5�a ! :@6 5 a ( T*U $ a 5 :�.*(4!4e - +*.*> e a +*> 07+4!45 1 ! 3,/�345 ! :

X ′′ + b2X = 0

Y ′′ − b2Y = 0.

k=! (La $ 0
X
W�(9! 3,b4> +*> 0&5 e*! 34$ :@+4!,+*- ! (*.*5 :@34> 0 W�$ .*5 :

X ′ (0) = X ′ (L) = 0
��o�- ('+4!,6 + 0 5 :@(*e +*# 5 .*a 5 :�U > 3,5 ! :

5 ! 0 (4!2a $ :?6 +*- ),$ :
Xn (x) = cos

(
nπ
L x
) ��k=! (

n = 1, 2, ..
6 e +*- +*> 6 590 ( <,- ( � +*> 6 5La ! :?U > 3,5 ! :9<�! (Da $ 0

Y

Y `
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34a $ 0?6 +*- ),$
Yn (y) = En sinh

(
nπ
L (y + Fn)

) .*(4! XN5 e 5 ! # $Ie - 5 e 5 !20 ( 5 b4+*> 6 5
Yn (M) = 0

XNe - +*.*> e a 5 !2+ a !
Yn (y) = En sinh

(
nπ
L (y −M)

) ��S"5 U +*: X 5 ! # ! .*(@<�! (
n = 0

5 b4+*> 6 5
Yn (y) = E0

M−y
M

����e + a 5"a 5 U*! .*(@6*! (7U > 3,$
5 ! 0 (4!4.*(4!*$

u (x, y) = E0
M − y

M
+

∞∑

n=1

En sinh
(nπ
L

(y −M)
)

cos
(nπ
L
x
)
.

b V*� c c c
S"5 U +*: X*<�! ('0 ('! .*(*0 +*e +4! $ 3,+*> 6 5�a $ 0�b V4� c*p c �

f (x) = u (x, 0) = E0 −
∞∑

n=1

En sinh
(nπ
L
M
)

cos
(nπ
L
x
) b V*� c n c

+*e + a 5

E0 =
1

L

∫ L

0
f (x) dx

b V*� c V c

En = − 2

L sinh
(

nπ
L M

)
∫ L

0
f (x) cos

(nπ
L
x
)
dx

b <�! (
n = 0, 1, 2, ...).

b V4� c4Y c
h U > 3,$7a +*>;b V*� ` g c �

b V4� c*` c 6 e +*- 5 !40 ('# + W�5 !4(*e U +*> 3,a 5 - ('/�:

u (x, y) =
A0

2

(
M − y

M

)
+

∞∑

n=1

An

sinh
(

nπM
L

) sinh
(nπ
L

(M − y)
)

cos
(nπ
L
x
)

An =
2

L

∫ L

0
f (x) cos

(nπ
L
x
)
dx

b <�! (
n = 0, 1, 2, ...).

� � ��� � � 
 �

X2> 34a 5�a (Le (*- (*.*(*a / e - + T U $ 6 (*a (,�
R � F � �

uxx + uyy = 0
b
0 < x < π

.*(4!
0 < y < π c X u (x, 0) = 0 (0 < x < π)

X
u(x, π) = 0 (0 < x < π)

X
u(0, y) = g (y) (0 < y < π)

X
u (π, y) = 0 (0 < y < π)

�
b o�e4�

u (x, y) � −4
∑∞

n=1
1+2·(−1)n

n3 sinh(nπ)
sinh (n (π − x)) sin (ny) c �

R � F � F
uxx + uyy = 0

b
0 < x < π

.*(4!
0 < y < π c X u (x, 0) = x2 (π − x) (0 < x < π)

X
u(x, π) = 0

(0 < x < π)
X
u(0, y) = 0 (0 < y < π)

X
u (π, y) = 0 (0 < y < π)

�
b o�e4�

u (x, y) �
∑∞

n=1
An

sinh(nπ) sinh (n (π − x)) sin (ny)
6 5
An = 2

π

∫ π
0 g (y) sin (ny) dy c �

R � F � s
uxx + uyy = 0

b
0 < x < π

.*(4!
0 < y < π c X u (x, 0) = x2 (0 < x < π)

X
u(x, π) = x2 (0 < x < π)

X
u(0, y) = 0 (0 < y < π)

X
u (π, y) = 0 (0 < y < π)

�
b o�e4�

u (x, y) � πx− 8
π

∑∞
n=1

1
(2n−1)3 cosh( 2n−1

2
π)
· cosh

(
(2n− 1)

(
π
2 − y

))
· sin ((2n− 1) x) c �

Y c
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R � F � {
uxx + uyy = 0

b
0 < x < π

.*(4!
0 < y < π c X u (x, 0) = x2 (0 < x < π)

X
u(x, π) = 0 (0 < x < π)

X
ux(0, y) = 0 (0 < y < π)

X
ux (π, y) = 0 (0 < y < π)

�
b o�e4�

u (x, y) � 1
3π (π − y)

�
4
∑∞

n=1
(−1)n

n2 sinh(nπ)
sinh (n (π − y)) cos (nx) c �

R � F � �
uxx + uyy = 0

b
0 < x < 1

.*(4!
0 < y < 1 c X u (x, 0) = (1 − x)2 (0 < x < 1)

X
u(x, 1) = 0 (0 < x < 1)

X
ux(0, y) = 0 (0 < y < 1)

X
u (1, y) = 0 (0 < y < 1)

�
b o�e4�

u (x, y) � 4
∑∞

n=1An sinh
[(
n− 1

2

)
π (1 − y)

]
cos
[(
n− 1

2

)
πx
] 6 5

An = 1

π2(n− 1

2 )
2

� (−1)n

π3(n− 1

2)
3 c �

R � F � R
uxx + uyy = 0

b
0 < x < π

.*(4!
0 < y < π c X uy (x, 0) = f (x) (0 < x < π)

X
u(x, π) = 0 (0 < x < π)

X
u(0, y) = 0 (0 < y < π)

X
ux (π, y) = 0 (0 < y < π)

�
b o�e4�

u (x, y) � −
∑∞

n=1An
1

(n− 1

2 ) cosh( 2n−1

2
π)
· cosh ((2n− 1) (π − y)) · sin

(
2n−1

2 x
) 6 5

Cn = 2
π

∫ π
0 g (y) sin (ny) dy

�"� ��� �,+�� -.'�-(�
Laplace

-./ � �"/�� %5#@?;6�
 # �"#@?@6
S"/�- (&W,('U > 3,+*> 6 5�a $ 0@5 1 ! 34/�3,$

Laplace
3,a +'$ 6*! 5 e*! e 5 # +,�2%7$ U (*# $@W,('U > 3,+*> 6 5�a +'5 1 $ :�e - + T U $ 6 (,�

uxx + uyy = 0 (−∞ < x <∞, 0 < y <∞)
b V4� c*_ c

u(x, 0) = f(x) (−∞ < x <∞) .
b V4� c*g c

895�a + 0@b4/�- ! 3,6 +'6 5 a ( T U $ a /�07.*(*a (*U $ <,+*> 6 5�.*(4!4e (*U !43,a ! :@5 1 ! 3,/�345 ! :

X ′′ + b2X = 0
b V*� n p c

Y ′′ − b2Y = 0.
b V*� n*� c

��!�U > 345 ! :'a $ :;b V*� n p c 5 b4+*> 0La $ 0'6 +*- ),$ cos (bx)
.*(4!

sin (bx)
(*U U (9b4/�- ! :'e 5 - ! +*- ! 3,6 +?3,a ! :'a ! 6 5 :&a +*>

b
�L��!

U > 3,5 ! :'a $ :"b V4� n4� c 5 b4+*> 0La $ 096 +*- )�$ eby
X
e−by X2(*U U (I+4!=U > 345 ! : eby # 5 0'<�! 0 + 0 a (4!=# 5 .*a 5 :&<�! (*a !�# ! 0 +*> 0L6 $),- ( <,6 5 0 $

u (x, y)
�2��e + a 5�a 5 U ! .*(@b U + <,/ > e 5 - W,5 34$ : c 6*! ('U > 34$&a $ :9b V*� c _ c W�('5 ! 0 (4!4.*(4!4$

u (x, y) =

∫ ∞

0
e−by (A (b) cos (bx) +B (b) sin (bx)) db.

b V*� n B c
o�0�W�5 3,+*> 6 5�34a $ 0�b V4� n B c y = 0

e (4! - 0 +*> 6 5

f (x) = u (x, 0) =

∫ ∞

0
(A (b) cos (bx) +B (b) sin (bx)) db.

b V*� n ` c
o�- (

A (b) =
1

π

∫ ∞

−∞
f (x) cos (bx) dx, B (b) =

1

π

∫ ∞

−∞
f (x) sin (bx) dx

b V4� n c c

Y n
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h,b V4� n B c .*(4!mb V*� n c c # ! 0 +*> 0'a $ 0'U > 34$9a +*>Le - + T U $ 6 (*a +*:;b V4� c*_ c �

b V*� c g c �'8?e +*- +*> 6 5@+*6 /�:&0 (L<,- ( � +*> 6 57a $ 0U > 3,$?.*(4!�3,5'6*! ( (*U U $?6 +*- ),$UX2$?+*e +4! ( # 5 ! b40 5 !�e*! + .*( W�(*- (Ia $ 09)�> 3�! .*$?3,$ 6 (*3�! ( a $ :L5 1 ! 34/�3,$ :
Laplace

�
o�0 a ! .*( W�! 3,a /�0 a (*:@a $ 05b V*� n c c 3,a $ 0�b V4� n B c e (4! - 0 +*> 6 5

u (x, y) =
1

π

∫ ∞

0

(∫ ∞

−∞
e−byf (z) cos (b (z − x)) dz

)
db

b V*� n n c

=
1

π

∫ ∞

−∞
f (z)

(∫ ∞

0
e−by cos (b (z − x)) db

)
dz.

b V*� n V c
S"/�- (

∫ ∞

0
e−by cos (b (z − x)) db =

1

y2 + (z − x)2

(
−ye−by cos b (z − x) − (x− z) e−by sin b (z − x)

)∞
b=0

=
y

y2 + (z − x)2
.

��e + a 5
u (x, y) =

1

π

∫ ∞

−∞

yf (z)

y2 + (z − x)2
dz.

b V*� n Y c
o�> a +*:N5 ! 0 (4! +�e W�T E K e E W

Poisson
VFB C e E�[�QFB J T B T J \ E b 6 (*:�5 ! 0 (4! <,0 /�34a +*:�.*(4! (*e +&a + 0�U + <�! 346 +'a /�0�6*! <,(*# ! .*/�0

34> 0 (*- a $ 3,5 /�0 c .*(4!4# ! 0 5 !46*! (L5 0 (*U U (*.*a ! .*$76 +*- ),$&a $ :�U > 34$ :@a $ :�5 1 ! 34/�3,$ : Laplace
6 5�+*- ! (*.*$734> 0 W�$ .*$&3,a + 0

(*1 + 0 (&a /�0
x
��h 5 - 6 $ 0 5 ! (&a $ : b V*� n Y c 5 ! 0 (4!4+ a !4$7a ! 6 $&a $ : u (x, y)

3,a +&3,$ 6 5 ! +
(x, y)

5 ! 0 (4!*+&6 5 34+*:�+*- +*:�a /�0
a ! 6 /�0'a $ :

u (z, 0) = f (z)
b # $ U*�'a /�0'a ! 6 /�0'e (*0 /f34a + 0L(*1 + 0 (La /�0

x c 34a ( W�6*! 3,6 5 0 +*:&.*(*a (?a +?(*0 a ! 3,a - +*),+a +*>7a 5 a - ( <,/�0 +*>7a $ :�(*e +*3,a (*34$ :�a +*>&34$ 6 5 ! +*>
(z, 0)

(*e +'a +'3,$ 6 5 ! +
(x, y)

b # $ U*�2.*(*a ( 1
y2+(z−x)2

c �
JL��K4���4v � ����� R � s � �
hiU > 34$&a +*>

uxx + uyy = 0 (−∞ < x <∞, 0 < y <∞, )

u(x, 0) = f (x) =

{
0 x < 0

1 x > 0
(−∞ < x <∞)

# ! 0 5 a (4!4(*e +'a + 0@a > e +'a +*>
Poisson

�

u (x, y) =
1

π

∫ ∞

−∞

yf (z)

y2 + (x− z)2
dz =

1

π

∫ ∞

0

y

y2 + (x− z)2
dz

=
1

π

(
tan−1 z − x

y

)∞

z=0

=
1

π
·
(
π

2
− tan−1

(
x

y

))
=

1

2
− 1

π
tan−1

(
x

y

)
.

� � �

Y V
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��('U > 34+*> 6 5�a /�- ('a $ 0@5 1 ! 34/�3,$
Laplace

3,5�6*! ( [�QFB � kUOHGHB \ C �
uxx + uyy = 0 (0 < x < 1, 0 < y <∞)

u (x, 0) = f(x) (0 < x < 1)

u(0, y) = u(1, y) = 0 (0 < y <∞)

895�b4/�- ! 3,6 +'6 5 a ( T U $ a /�07e (4! - 0 +*> 6 5�+ a !4+4!,U > 345 ! :@5 b4+*> 0@a $ 0@6 +*- ),$
u (x, y) = X (x)Y (y)

.*(4!4+ a !
X (x) =

sin (nπx)
X
Y (y) = e−nπy b +4!4U > 3,5 ! : Y (y) = enπy (*e +*- - ! e a + 0 a (4!*<�! (*a !4# 5 0@5 ! 0 (&)�- ( <,6 5 0 5 : c �2��e + a 5

u (x, y) =

∞∑

n=1

Ane
−nπy sin (nπx)

.*(*!
An = 2

∫ 1

0
f (x) sin (nπx) dx.

;@� b���(*0
f (x) = 1

X,a + a 5
An = 2

π
1−cos nπ

n

.*(4!

u (x, y) =
4

π

(
e−y sin (πx) +

1

3
e−3y sin (3πx) +

1

5
e−5y sin (5πx) + ...

)
.

89e +*- 5 ! a 5�0 (&# 5 ! 1 5 a 5�+ a !4$&U > 34$;b <�! (
f (x) = 1 c # ! 0 5 a (4!4.*(4!*(*e +'a $ 0734b45 34$ u (x, y) = 2

π tan−1
(

sin(πx)
sinh(y)

) �

� � ��� � � 
 �

X2> 34a 5�a +Le - + T*U $ 6 (
uxx + uyy = 0

b <�! ( −∞ < x < ∞ .*(4! 0 < y < ∞ X c .*(4! u(x, 0) = f (x)
<�! (La ! :

e ( - (*.*(*a / 3,> 0 (*- a $ 3,5 ! : �

R � s � �
f (x) =

{
−1 x < 0

1 x > 0

b o�e4�
u (x, y) = 2

π tan−1
(

x
y

) c �

R � s � F
f (x) =





0 x < −1

1 −1 < x < 1

0 1 < x

b o�e4�
u (x, y) = 1

π tan−1
(

1+x
y

)
+ 1

π tan−1
(

1−x
y

) c �

R � s � s X2> 34a 5�a $ 075 1 ! 3,/�34$
Laplace

345�6*! ( k�OHGHB \ C �
uxx + uyy = 0 (−∞ < x <∞, 0 < y < 1)

u (x, 0) = f(x) (−∞ < x <∞)

u(x, 1) = 0 (−∞ < x <∞)

Y Y



�� "q�oNX"o � �DV

.*(4!4# 5 ! 1 a 5�+ a !�! 3,b4> 5 !

u (x, y) =
1

π

∫ ∞

b=0

∫ ∞

z=−∞
f (z)

sinh (by)

sinh (ba)
cos (bz − bx) dzdb.

�"� � � �,+�� -.'�-(�
Laplace

-./�78# �"� &(/06�� ?@) �5/ �� ;:$1"/0)5/06
]25"e + U U 5 :"e 5 - ! e a /�3,5 ! :N(*e (4! a 5 ! a (4!*0 (@U > W�5 ! $�5 1 ! 3,/�34$

Laplace
345"5 0 (@a +*e +@6 5".*(*6 e > U + <,- (*6 6 +@3,> 0 +*- +5b $�(

�

e U +*> 3,a 5 - $�e 5 - ! e a /�3,$�5 ! 0 (4! $�5 e*! U > 34$�a $ :25 1 ! 34/�3,$ :"3,525 0 ( \ B NFI�E c ��]"52a 5 a +4! 5 :"e 5 - ! e a /�345 ! :N5 ! 0 (4! ),> 3,! + U + <�! .*$$&b4- $ 3,$'e + U*! .*/�0&34> 0 a 5 a ( <,6 5 0 /�0*� ��e 5 0 W,> 6*! Y +*> 6 5@+ a !�$'X2(*e U (*3,! (*0 $7<,- (*),5 a (4!,345@e + U ! .*5 :@3,> 0 a 5 a ( <,6 5 0 5 :
/�:�5 1 $ : �

uxx + uyy = urr +
1

r
ur +

1

r2
urr,

b V*� n _ c
+*e + a 5�$&5 1 ! 3,/�34$

Laplace
3,5�e + U ! .*5 :�3,> 0 a 5 a ( <,6 5 0 5 :�<�! 0 5 a (4!

urr +
1

r
ur +

1

r2
urr = 0.

b V*� n g c
��� � � � � ��� ���
�����

Dirichlet
���	� � ��� � ����� � � �	��
�� 
 � ����


S"+'(*e U +*> 34a 5 - +&e - + T U $ 6 ('(*> a +*>&a +*>7a > e +*>&5 ! 0 (4!*a +L5 1 $ : �

urr +
1

r
ur +

1

r2
uθθ = 0 (0 ≤ r < 1, 0 ≤ θ ≤ 2π)

b V4� V p c
u (1, θ) = f(θ) (0 ≤ θ ≤ 2π) .

b V4� V4� c
��(Ib4- $ 3,! 6 +*e +4! $ 34+*> 6 5L.*(4!=e (*U*!=a $ 0?6 5 W�+*# +Ib4/�- ! 3,6 +*>?a /�0?6 5 a ( T*U $ a /�0 �D��5 a +*> 6 5

u (r, θ) = R (r)Θ (θ)+*e + a 5

urr +
1

r
ur +

1

r2
uθθ = 0 ⇒

R′′Θ +
1

r
R′Θ +

1

r2
RΘ′′ = 0 ⇒

R′′

R
+

1

r

R′

R
+

1

r2
Θ′′

Θ
= 0 ⇒

r2
R′′

R
+ r

R′

R
= −Θ′′

Θ
= a.

b V*� V B c
o�e +'a $ 05b V*� V B c T U 5 e +*> 6 5�+ a !

Θ′′ − aΘ = 0
b V*� V ` c

r2R′′ + rR′ − aR = 0.
b V*� V c c

;�( - (*a $ - 5 ! 3,a 5'+ a !�a +
Θ
e - 5 e 5 !=0 (I5 ! 0 (4!=e 5 - ! +*# ! .*$?6 5'e 5 - ! +*# + B

π
� o�:L5 1 5 a (*3,+*> 6 5'a ! :Le*! W�(*0 5 :La ! 6 5 :Le +*>

6 e +*- 5 !40 (&e (*- 5 !4a +
a
�

Y _



�� "q�oNX"o � �DV

� �No�09a +
a
5 ! 0 (4!=W,5 a ! .*+FX"a + a 5L5 b4+*> 6 5

Θ(θ) = Ceaθ + De−aθ .*(4!�# 5 0?! .*(*0 +*e +4! 5 ! a (4!2$I(*e (4! a $ 3,$Ia $ :
e 5 - ! +*# ! .*+ a $ a (*: �

B4�No�0La +
a
5 ! 0 (4!=6 $ # 5 0 X�a + a 5'5 b4+*> 6 5

Θ(θ) = Cθ + D
.*(4!=$?(*e (4! a $ 3,$?a $ :'e 5 - ! +*# ! .*+ a $ a (*:'6 e +*- 5 !=0 (

! 0 .*(*0 +*e +4! $ W,5 ! 6 + 0 +�(*0
C = 0

�=SN+ a 52+*6 /�:2e (4! - 0 +*> 6 52.*(4!
R (r) = A+B log r

.*(4!
R (0)

# 5 0"5 ! 0 (4! .*(*U /�:
+*- ! 346 5 0 +FX,5 .*a +*:�(*0

B = 0
�"��e + a 5�<�! (

a = 0
$&6 + 0 $7(*e +*# 5 .*a $7U > 34$&5 ! 0 (4!4$&34a ( W�5 - $

u (x, t) = AD
�

`4�NS"5 U +*: X,(*0@a +
a
5 ! 0 (4!*W�5 a ! .*+FX4a + a 5�5 b4+*> 6 5

Θ(θ) = C cos
(√

aθ
)

+D sin
(√

aθ
) b V*� V n c

.*(4!4$7(*e (4! a $ 34$&a $ :�e 5 - ! +*# ! .*+ a $ a (*:�6 e +*- 5 !40 ('! .*(*0 +*e +4! $ W�5 !*<�! ( √
a = bn = n

�� 2e*! 3,$ :

R (r) = Ar
√

a +Br−
√

a = Arn +Br−n b V*� V V c
.*(4! X*<�! ('0 (&5 ! 0 (4!4.*(*U /�:�+*- ! 346 5 0 +'a +

R (0)
e - 5 e 5 !40 (&5 b4+*> 6 5

B = 0
�

S"5 U ! .*('U +4! e + 0@e - +*.*> e a 5 !4(*e +&a (Le (*- (*e (*0 / + a !46*! (LU > 34$&a $ :9b V*� V p c 5 b45 !4a $ 076 +*- )�$

u (r, θ) =
C0

2
+

∞∑

n=1

rn · (Cn cos (nθ) +Dn sin (nθ)) .
b V*� V Y c

 2! 0 (4!4a /�- (')�(*0 5 - +&+ a !*<�! ('0 (L! .*(*0 +*e +4! 5 ! a (4!,.*(4!*$;b V4� V4� c (*- .*5 !*0 (7W�5 3,+*> 6 5

f (θ) = u (1, θ) =
C0

2
+

∞∑

n=1

(Cn cos (nθ) +Dn sin (nθ))
b V*� V _ c

.*(*!40 (&5 e*! U 5 1 +*> 6 5�a (
Cn
X
Dn
0 ('5 ! 0 (4!4+4!43,> 0 a 5 U 5 34a 5 :�a $ :�3,5 ! - (*:

Laplace
a $ :

f (θ)
X,# $ U*�

Cn =
1

π

∫ 2π

0
f (θ) cos (nθ)dθ, Dn =

1

π

∫ 2π

0
f (θ) sin (nθ)dθ

b V4� V g c

Y g
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89e +*- +*> 6 5N5 e*! 34$ :�0 (75 .*),- (*34+*> 6 5"a $ 0�U > 34$
u (r, θ)

6 5Na + 09e W�T E e E W
Poisson

VFB C e E g�QFE g C�\ B C�B E0IUW I kUE �
o�0 a ! .*( W�! 3,a /�0 a (*:@a ! :5b V4� V g c 34a $ 0�b V4� V*Y c e (4! - 0 +*> 6 5

u (r, θ) =
1

2π

∫ 2π

0
f (θ) dθ +

1

π

∞∑

n=1

rn ·
(∫ 2π

0
f (θ) (cos (nφ) cos (nθ) + sin (nφ) sin (nθ)) dφ

)

=
1

2π

∫ 2π

0
f (φ) ·

[
1 + 2

∞∑

n=1

rn · cos [n · (θ − φ)]

]
dφ

=
1

2π

∫ 2π

0
f (φ) ·

[
1 +

∞∑

n=1

(
rnein·(θ−φ) + rne−in·(θ−φ)

)]
dφ

=
1

2π

∫ 2π

0
f (φ) ·

[
1 +

∞∑

n=1

rnein·(θ−φ) +
∞∑

n=1

rne−in·(θ−φ)

]
dφ

=
1

2π

∫ 2π

0
f (φ) ·

[
1 +

rei·(θ−φ)

1 − rei·(θ−φ)
+

re−i·(θ−φ)

1 − re−i·(θ−φ)

]
dφ

=
1

2π

∫ 2π

0
f (φ) · 1 − r2

1 − 2r cos (θ − φ) + r2
· dφ b V*� Y p c

h	5 - 6 $ 0 5 ! (?a $ :@b V4� Y p c 5 ! 0 (4!�$95 1 $ : �7$9a ! 6 $9a $ : u (r, θ)
34a +I34$ 6 5 ! +

(r, θ)
5 ! 0 (4!�+I6 5 3,+*:&+*- +*:&a /�0La ! 6 /�0

a $ :
u (1, φ) = f (φ)

b # $ U4�2a /�07a ! 6 /�07e (*0 / 3,a + 0@6 + 0 (*# ! (4! +'.*> .*U + c 34a ( W�6*! 3,6 5 0 /�07.*(*a ('a +L(*0 a ! 3,a - +*),+'a +*>a 5 a - ( <,/�0 +*>7a $ :�(*e +*34a (*3,$ :@a +*>73,$ 6 5 ! +*>
(1, φ)

(*e +&a +'3,$ 6 5 ! +
(r, θ)

b # $ U*�2.*(*a ( 1
1−2r cos(θ−φ)+r2 c �

JL��K4���4v � ����� R � { � �
k=! ('0 (&U > 3,+*> 6 5�a +'e - + T*U $ 6 (,�

urr +
1

r
ur +

1

r2
uθθ = 0 (0 ≤ r < 1, 0 ≤ θ ≤ 2π)

b V4� Y*� c

u(1, θ) = f (θ) =

{
1 0 < θ < π

0 π < θ < 2π

b V*� Y B c
89e +*- +*> 6 5�0 ('b4- $ 3�! 6 +*e +4! $ 3,+*> 6 5@b4/�- ! 346 +L6 5 a ( T U $ a /�07<�! ('0 ('# 5 ! 1 +*> 6 5�+ a !,6*! ( U > 3,$&a $ :9b V*� Y � cW,('5 ! 0 (4! �

u (r, θ) =
C0

2
+

∞∑

n=1

rn · (Cn cos (nθ) +Dn sin (nθ)) .
b V*� Y ` c

.*(4!

Cn =
1

π

∫ 2π

0
f (θ) cos (nθ)dθ =

1

π

∫ π

0
cos (nθ) dθ =

{
1
<�! (

n = 0

0
<�! (

n > 0
,

b V*� Y c c

Dn =
1

π

∫ 2π

0
f (θ) sin (nθ)dθ =

1

π

∫ π

0
sin (nθ) dθ =

1

nπ
(1 − cos (nπ)) .

b V4� Y n c
_ p
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��e + a 5
u (r, θ) =

1

2
+

1

π

(
r sin (θ) +

1

3
r3 sin (3θ) +

1

5
r5 sin (5θ) + ...

) b V*� Y V c
o�0@b4- $ 3,! 6 +*e +4! $ 34+*> 6 5�a + 0@a > e +La +*>

Poisson
e (4! - 0 +*> 6 5

u (r, θ) =
1

2π

∫ 2π

0
f (φ) · 1 − r2

1 − 2r cos (θ − φ) + r2
dφ

=
1

2π

∫ π

0

1 − r2

1 − 2r cos (θ − φ) + r2
dφ

=
1

2
+

1

π
tan−1

(
2r sin (θ)

1 − r2

)
.

b V*� Y Y c
89e +*- 5 ! a 5�0 ('(*e +*# 5 ! 1 5 a 5�+ a !4+4!4# > +&6 +*- ),5 :�a $ :�U > 3,$ :@5 ! 0 (4!,! 34+*# > 0 (*6 5 : �4o�- .*5 !40 ('# 5 ! 1 5 a 5�+ a !

(
r sin (θ) +

1

3
r3 sin (3θ) +

1

5
r5 sin (5θ) + ...

)
=

1

2
tan−1

(
2r sin (θ)

1 − r2

)
.

b V*� Y _ c

� � �

��� � � � � ����� � ��� ���
�����
�	�
Dirichlet

89e +*- +*> 6 5�5 e*! 34$ :�0 (&# ! (*a > e /�34+*> 6 5�a +Le - + T*U $ 6 (
Dirichlet

<�! ('a + J M O e J GHB I�E a +*>76 + 0 (*# ! (4! +*>7.*> .*U +*>*�

urr +
1

r
ur +

1

r2
uθθ = 0 (1 < r, 0 ≤ θ ≤ 2π)

b V4� Y g c
u (1, θ) = f(θ) (0 ≤ θ ≤ 2π) .

b V4� _ p c
;�( - (*U 5 ! e +*> 6 5�a ! :@U 5 e a +*6 5 - 5 ! 5 :9b +4!4+*e +4! 5 :�5 ! 0 (4!4e (*- +*6 +4! 5 :�6 5�(*> a 5 :�<�! ('a +'5 34/�a 5 - ! .*+'a +*>&.*> .*U +*> c �

a 5 U ! .*(
e - +*.*> e a 5 !4+ a !4$7U > 3,$&6 e +*- 5 !40 ('# + W�5 !434a $ 076 +*- ),$

u (r, θ) =
C0

2
+

∞∑

n=1

r−n · (Cn cos (nθ) +Dn sin (nθ)) .
b V*� _*� c

Cn =
1

π

∫ 2π

0
f (θ) cos (nθ)dθ, Dn =

1

π

∫ 2π

0
f (θ) sin (nθ)dθ

b V4� _ B c
$7(*e +'a + 0@5 1 $ :�a > e +

Poisson
�

u (r, θ) =
1

2π

∫ 2π

0
f (φ) · r2 − 1

1 − 2r cos (θ − φ) + r2
· dφ. b V*� _ ` c

8?! ('(*U U $&e (*- (*U U ( <,$75 ! 0 (4! M +'e - + T*U $ 6 (
Dirichlet

3,5 \ C�I e W kUB E �

_4�
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urr +
1

r
ur +

1

r2
uθθ = 0 (r1 < r < r2, 0 ≤ θ ≤ 2π)

b V*� _ c c
u (r1, θ) = f1(θ) (0 ≤ θ ≤ 2π)

b V4� _ n c
u (r2, θ) = f2 (θ) (0 ≤ θ ≤ 2π) .

b V4� _ V c
�	b4/�- ! 3,6 +*:&6 5 a ( T U $ a /�0L# ! 0 5 !�a ! :L! # ! 5 :&+4! .*+*5 <,0 5 ! 5 :7U > 345 /�0'+*e /�:&.*(4!�34a +I �# (*)�! +9V4� n4� � �' 2e 5 ! # $9a /�- (?a +
r = 0

# 5 0@e 5 - ! U (*6 T (*0 5 a (4!,34a + 0&a +*e +L+*e +*>&e - 5 e 5 !,0 (9! 3,b4> 5 !,$&5 1 ! 34/�3,$
Laplace

X,e - +*.*> e a 5 !,+ a !,U > 3,5 ! :@a $ :
6 + - ),$ :

A + B ln (r)
5 ! 0 (4!�(*e +*# 5 .*a 5 : X�+*e /�:&5 e*! 34$ :&.*(4!�U > 345 ! :&a $ :&6 +*- ),$ :

rn X r−n �'S"5 U ! .*(96 e +*- +*> 6 570 (
> e + W,5 34+*> 6 5�6*! ('U > 3,$&a $ :�6 +*- )�$ :

u (r, θ) =
1

2
(A0 +B0 ln (r)) +

∞∑

n=1

[(
Anr

n +Bnr
−n
)
cos (nθ) +

(
Cnr

n +Dnr
−n
)
sin (nθ)

]
.
b V*� _ Y c

k=! ('0 ('! .*(*0 +*e +4! +*> 0 a (4!4+4!4+*- ! (*.*5 :�3,> 0 W,$ .*5 :9b V*� _ n c Xab V4� _ V c W,('e - 5 e 5 !40 (L! 3,b4> +*> 07+4!4e (*- (*.*(*a / 5 1 ! 3,/�345 ! :

A0 +B0 ln (r1) =
1

π

∫ 2π

0
f1 (θ) dθ

b V*� _ _ c

A0 +B0 ln (r2) =
1

π

∫ 2π

0
f2 (θ) dθ

b V*� _ g c
b (*e +&a ! :@+*e +4! 5 :�e - +*34# ! +*- ! Y + 0 a (4!4a (

A0, B0 c .*(4!*<�! ( n = 1, 2, ...

Anr
n
1 +Bnr

−n
1 =

1

π

∫ 2π

0
f1 (θ) cos (nθ) dθ

b V4� g p c

Cnr
n
1 +Dnr

−n
1 =

1

π

∫ 2π

0
f1 (θ) sin (nθ)dθ

b V4� g4� c

Anr
n
2 +Bnr

−n
2 =

1

π

∫ 2π

0
f2 (θ) cos (nθ) dθ

b V4� g B c

Cnr
n
2 +Dnr

−n
2 =

1

π

∫ 2π

0
f2 (θ) sin (nθ)dθ

b V4� g ` c
b (*e +&a ! :@+*e +4! 5 :�e - +*34# ! +*- ! Y + 0 a (4!4a (

An, Bn c �

��� � � � � ��� ���
�����
Neumann

���	� � � � � ����� ��� �	��
 � 
 � ����

��e /�:&5 b4+*> 6 5@e 5 !�3,a (9e - + T U $ 6 (*a (

Neumann
+4!�+*- ! (*.*5 :734> 0 W�$ .*5 :7# ! 0 + 0 a (4!�345734b45 34$L6 57a ! :&e (*- ( <,/=<,+*> :

a $ :
u
�"]"5�e + U*! .*5 :@34> 0 a 5 a ( <,6 5 0 5 : X4a +'(*e U +*> 3,a 5 - +'e - + T*U $ 6 (

Neumann
5 ! 0 (4!*a +L5 1 $ : �

urr +
1

r2
uθθ +

1

r
ur = 0 (1 < r, 0 ≤ θ ≤ 2π)

b V4� g c c
ur (1, θ) = f(θ) (0 ≤ θ ≤ 2π) .

b V4� g n c
_ B
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hi5 e*! U > 3,$'a +*>&e - + T*U $ 6 (*a +*:@6 5�b4/�- ! 346 +L6 5 a ( T U $ a /�0&5 ! 0 (4!4e (*- +*6 +4! ('6 5�(*> a $&a +*>'e - + T*U $ 6 (*a +*:
Dirichlet

�
o�),+*>7.*(*a (*U $ 1 +*> 6 5N+ a !46*! ('U > 3,$&a $ :9b V4� g c c 5 b45 !4a $ 0@6 +*- ),$

u (r, θ) =
C0

2
+

∞∑

n=1

rn · (Cn cos (nθ) +Dn sin (nθ))
b V*� g V c

e ( - ( <,/=<�! Y +*> 6 5�/�:�e - +*:
r
.*(4!*e (4! - 0 +*> 6 5

ur (r, θ) =

∞∑

n=1

nrn−1 · (Cn cos (nθ) +Dn sin (nθ))
b V*� g Y c

+*e + a 5
f (θ) = ur (1, θ) =

∞∑

n=1

n · (Cn cos (nθ) +Dn sin (nθ)) .
b V*� g _ c

o�- (7W�(&5 e*! U 5 1 +*> 6 5�a (
Cn
X
Dn
/�:�5 1 $ : b

n = 1, 2, ... c �

Cn =
1

nπ

∫ 2π

0
f (θ) cos (nθ)dθ, Dn =

1

nπ

∫ 2π

0
f (θ) sin (nθ)dθ.

b V4� g g c
;�- +*345 1 a 5N+ a !*<�! ( g C9J B g C�BF\ W g C e [5[5C g C T e W M [ e [�K

f (θ)
N�JfN�J B GFC

Fourier
b � � � c e - 5 e 5 !*0 ('! 34b4> 5 !4$734> 0 W�$ .*$34> 6 T*(*a + a $ a (*: �

∫ 2π

0
f (θ)dθ = 0.

b V4� � p p c
]25�(*0 a ! W,5 a $�e 5 - ! e a /�34$�a +�e - + T*U $ 6 ( \ J gSJ jPJ B k�W NH[ � o�> a +�5 ! 0 (4! 3,> 0 5 e 5 ! (�a +*>"W�5 /�- $ 6 (*a +*:2a +*>

Green
b <�! (*a ! � c � �e*! 3,$ :2e - +*345 1 a 5=+ a ! 34> 6 ),/�0 (N6 5�a (�e (*- (*e (*0 /'a +

C0
5 ! 0 (4! 6*! (�(*> W�(4! - 5 a $"3,a ( W,5 - (,�=o�> a +�5 ! 0 (4! 5 e*! 3,$ :2U + <�! .*+FX

6*! ('e +*>&$7e U $ - +*),+*- ! (&a /�07+*- ! (*.*/�0@34> 0 W�$ .*/�0@(*)�+*- (&6 + 0 +&a $ 07a $ 0@e (*- ( <,/=<,+&a $ :�U > 3,$ : �
S"5 U +*: XN5 b45 !25 0 # ! (*)�5 - + 090 ( 5 .*)�- (*3,+*> 6 5'a $ 0IU > 34$ 6 5L5 0 ( a > e + (*0 (*U + <,+ a +*> a > e +*>Ia +*>

Poisson
�

;�( - (*U 5 ! e +*> 6 5La ! :?U 5 e a +*6 5 - 5 ! 5 :
�
a 5 U*! .*( e - +*.*> e a 5 !2+ a !"$ U > 34$ a +*> e - + T U $ 6 (*a +*:9a +*>

Neumann
<�! ( a + 0

6 + 0 (*# ! (4! +&.*> .*U +'# ! 0 5 a (4!4(*e +&a + 07a > e +

u (r, θ) =
C0

2
− 1

2π

∫ 2π

0
f (φ) · ln

[
1 − 2r cos (θ − φ) + r2

]
dφ

b V4� � p*� c
+*e +*>7$

C0
5 ! 0 (4!4.*(&e (*U*!4(*> W�(4! - 5 a $&34a ( W�5 - (,�

� � ��� � � 
 �

R � { � � X2> 34a 5&a +?e - + T*U $ 6 (
urr + 1

rur + 1
r2uθθ = 0

b
0 < r < 1

X
0 ≤ θ ≤ 2π c X u(1, θ) = 120 + 60 cos 2θb

0 ≤ θ ≤ 2π c �fb o�e4� u (r, θ) = 120 + 60r2 cos (2θ) c �
R � { � F X2> 34a 5�a +Le - + T*U $ 6 (

urr + 1
rur + 1

r2uθθ = 0
b
0 < r < 1

X
0 ≤ θ ≤ 2π c X u(1, θ) = sin3 θ

b
0 ≤ θ ≤ 2π c �b o�e4�

u (r, θ) = 1
4

(
3r sin (θ) − r3 sin (3θ)

) c �

_ `
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R � { � s X2> 34a 5�a +@e - + T*U $ 6 (
urr+

1
rur+

1
r2uθθ = 0

b
0 < r < 4

X
0 ≤ θ ≤ 2π c X u(4, θ) = 256 cos θ

b
0 ≤ θ ≤ 2π c �b o�e4�

u (r, θ) = 1
8

[
768 + 64r2 cos (2θ) + r4 cos (4θ)

] c �
R � { � { X2> 34a 5"a +7e - + T*U $ 6 (

urr + 1
rur + 1

r2uθθ = 0
b
0 < r < 1

X
0 ≤ θ ≤ π c X u(1, θ) = θ · (π − θ)

b
0 ≤ θ ≤ π c X

u(r, 0) = u (r, π) = 0
b
0 ≤ r < 1 c �fb o�e4� u (r, θ) = 8

π

∑∞
k=1

r2k−1

(2k−1)3
sin [(2k − 1) θ] c �

R � { � � 8?! (Le U (*.*('5 b45 !,3,b4$ 6 (9.*> .*U*! .*+*>&a +*6 5 (L6 5@(*.*a ! 0 (?�7.*(4!*<,/�0 ! (
θ0
� {(r, θ) � 0 ≤ r ≤ 1

X
0 ≤ θ ≤ θ0}

�
o�0�$@e U 5 > - ( {(1, θ) � 0 ≤ θ ≤ θ0}

# ! (*a $ - 5 ! a (4!4345"W�5 - 6 +*.*- (*3�! (
f (θ)

.*(4! +4!*e U 5 > - 5 : {(r, θ) � 0 ≤ r ≤ 1
X

θ = 0} X {(r, θ) � θ = θ0}
34576 $ # 5 0 ! .*$7W�5 - 6 +*.*- (*3�! (FX,T - 5 ! a 57a $ 0&.*(*a (*0 +*6 $&W,5 - 6 +*.*- (*3,! (*:@a $ :7e U (*.*(*:

345�34a ( W�5 - $&.*(*a (*34a (*3,$*�fb o�e4�
u (r, θ) � 2

θ0

∑∞
n=1 r

n·
(∫ θ0

0 f (φ) sin
(
nπ φ

θ0

)
dφ
)
· sin

(
nπ θ

θ0

) c �

�"� ����%�� � 1;� �5� &@�����(� ��?@-(�
o�:�e - +*34e ( W�$ 3,+*> 6 5�a /�- ('0 ('U > 3,+*> 6 5 C GHB h Qa[ e B I�C a +'e - + T U $ 6 (

uxx + uyy = 0 (0 < x < 30, 0 < y < 40)
b V*� � p B c

u (0, y) = 1 (0 < y < 40)
b V*� � p ` c

u(30, y) = 0 (0 < y < 40)
b V*� � p c c

u(x, 0) =
(
1 − x

30

)2
(0 < x < 30)

b V4� � p n c

u (x, 40) =
(
1 − x

30

)1/4
(0 < x < 30) .

b V4� � p V c
��(&# ! (*.*- ! a +*e +4! $ 3,+*> 6 5�a $ 0

u (x, y)
.*(4!4a ! :@e (*- ( <,/=<,+*> :�a $ :�/�:�5 1 $ : �

vm,n = u (m · δx, n · δy)

uxx ' vm+1,n + vm−1,n − 2vm,n

δx2

uyy ' vm,n+1 + vm,n−1 − 2vm,n

δy2
.

_ c
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S"+ a 5Ia + e - + T U $ 6 (>b V4� � p B c �

b V4� � p V c 6 5 a (*a - 5 e 5 a (4!�34a + 5 1 $ :.b b4- $ 3,! 6 +*e +4! +*> 6 5 δx = δy = 1
.*(4!

m =

0, 1, ..., 30
X
n = 0, 1, ..., 40 c �

vm+1,n + vm−1,n + vm,n+1 + vm,n−1 − 4vm,n = 0 (0 < m < 30, 0 < n < 40)
b V*� � p*Y c

v0,n = 1 (0 ≤ n ≤ 40)
b V4� � p _ c

v30,n = 0 (0 ≤ n ≤ 40)
b V4� � p g c

vm,0 =
(
1 − m

30

)2
(0 < m < 30)

b V4� � � p c

um,40 =
(
1 − m

30

)1/4
(0 < m < 30) .

b V4� � � � c
��!Rb V*� � p*Y c �

b V*� � � � c 5 ! 0 (4!,5 0 (*:�34> 34a $ 6 ( V GFC QRQFB I OPg 5 1 ! 3,/�345 /�07/�:@e - +*:@a ! :@6 5 a ( T*U $ a 5 : v0,0
X
v0,1
X�� � � X

v0,40
X

v1,0
X
v1,1
X�� � � X

v1,40
X�� � � X

v30,40
�i 2(*0?+ (*0 a ! 34a +4! b4+*:?e*! 0 (*.*(*:95 ! 0 (4!2(*0 a ! 34a - 5 : ! 6 +*: XNa +D34> 34a $ 6 (D6 e +*- 5 !20 (

U > W�5 !�.*(4!,5 a 3,!,W,(L5 b4+*> 6 5�T - 5 !,a $ 0&U > 34$'a +*>'# ! (*.*- ! a +*e +4! $ 6 5 0 +*>&3,> 3,a $ 6 (*a +*:7.*(4!,.*(*a ('e - +*345 <4<�! 3,$'.*(4!,a $ 0
u (m · δx, n · δy) ' vm,n

b <�! (
m = 0, 1, ..., 30

.*(4!
n = 0, 1, ..., 40 c �@8?e +*- 5 !,0 (L(*e +*# 5 ! b4a 5 !�+ a !�a +L3,34> a $ 6 (5 b45 !"6 + 0 (*# ! .*$ U > 34$ $ +*e +4! ( .*(4!"> e + U + <�! Y 5 a (4!"(*- ! W,6 $ a ! .*(,�u��6 /�: X�W,(D(*.*+ U +*> W�$ 3,+*> 6 596*! (D# ! (*),+*- 5 a ! .*$

e - +*345 <4<�! 3,$*�"��5 /�- 5 ! 3,a 5�a +'3,> 3,a $ 6 ('5 1 ! 34/�3,5 /�07# ! (*)�+*- /�0*�Sb
m = 0, 1, ..., 30

X
n = 1, ..., 40

X
t = 0, 1, 2, ... c �

vt
m,n =

vt−1
m+1,n + vt−1

m−1,n + vt−1
m,n+1 + vt−1

m,n−1 + 4vt−1
m,n

8
(0 < m < 30, 0 < n < 40)

b V*� � � B c
vt
0,n = 1 (0 ≤ n ≤ 40)

b V4� � � ` c
vt
30,n = 0 (0 ≤ n ≤ 40)

b V4� � � c c
vt
m,0 =

(
1 − m

30

)2
(0 < m < 30)

b V4� � � n c

ut
m,40 =

(
1 − m

30

)1/4
(0 < m < 30)

b V4� � � V c
6 5fe W jmC�B J K (*- b,! .*5 :"34> 0 W�$ .*5 :

v0
m,n

b
m = 0, 1, ..., 30

X
n = 1, ..., 40

X
t = 0, 1, 2, ... c �2%&5 0N5 ! 0 (4! e - +*)�(*0 5 :2(*U U (FX.*( W�/�:

t→ ∞ X*a +�b V*� � � B c �

b V*� � � V c 3,> <,.*U*! 0 5 ! 3,a $ 0�U > 34$@a +*>5b V4� � p Y c �

b V4� � � � c �2%7$ U (*# $�X <�! ( m = 0, 1, ..., 30
X

n = 1, ..., 40
X�5 b4+*> 6 5

lim
t→∞

vt
m,n = vm,n.

b V4� � � Y c
89e +*- 5 ! a 520 (@(*e +*# 5 ! 1 5 a 52a $ 0�b V*� � � Y c �=;�(*0 a /�: X 34> 6 ),/�0 (�6 52a (@e (*- (*e (*0 /9$�(*- ! W�6 $ a ! .*$�5 e*! U > 3,$�a +*> b V*� � � B c �b V*� � � V c # ! 0 5 ! 6*! (@6 5 W,+*# +�<�! (@a $ 0Ne - +*345 <4<�! 3,a ! .*$@5 e*! U > 3,$�a +*>9b V4� � p B c �

b V4� � p V c �2�De (*- (*.*(*a /?.*/�# ! .*(*: Matlab> U +*e +4! 5 !4a + 0@(*U <,+*- ! W�6 +,��SN('(*e + a 5 U 5 346 (*a ('# ! 0 + 0 a (4!434a (L]"b4$ 6 (*a (LV*� ��.*(4!4V4� B4�

M=30;

N=40;
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T=100;

u=rand(M,N);

u(1,:)=ones(1,N);

u(M,:)=zeros(1,N);

u(:,1)=(([1:-1/M:1/M]).^2)’;

u(:,N)=(([1:-1/M:1/M]).^(1/4))’;

for t=1:T

uold=u;

for m=2:M-1

for n=2:N-1

u(m,n)=(4*uold(m,n)+uold(m-1,n)+uold(m+1,n)+uold(m,n-1)+uold(m,n+1))/8;

end

end

disp([t max(max(abs(u-uold)))])

end
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� |������ R � � � |������ R � F
;�- +*)�(*0 /�:7$L6 5 W�+*# +*:7<,5 0 ! .*5 > 5 a (4! �'�ue (*- (*.*(*a /f.*/�# ! .*(*:

Matlab
5 e*! U > 5 !�5 0 (9e - + T*U $ 6 (

Laplace
345

e*! +'e 5 - ! e U +*.*+&a +*e +,�2S"('(*e + a 5 U 5 3,6 (*a ('# ! 0 + 0 a (4!*3,a (L]"b4$ 6 (*a ('V4� `&.*(4!4V*� c4�

clear

M=30;

N=40;

T=100;

u=rand(M,N);

u(1,:)=ones(1,N);

u(M,:)=zeros(1,N);

u(:,1)=(([1:-1/M:1/M]).^2)’;
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u(:,N)=(([1:-1/M:1/M]).^(1/4))’;

for m=11:M-10

for n=11:N-25

u(m,n)=1;

end

end

for t=1:T

uold=u;

for m=2:M-1

for n=2:N-1

u(m,n)=(4*uold(m,n)+uold(m-1,n)+uold(m+1,n)+uold(m,n-1)+uold(m,n+1))/8;

end

end

for m=11:M-10

for n=11:N-25

u(m,n)=1;

end

end

disp([t max(max(abs(u-uold)))])

end
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