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�5��¥X�>� ³:³:¹J�j¥X�j¥Xµ/��³É�B½7³:¥L� µ/¥L§ ¢j�B�D�H��¹��L��¸B� ¸H��§ ��Ô Õ)�j��ÍHºRÖW×��B�B�D�B£H���B� ¥Xµ&¥L§ ¢j�B�Ø�H��¹��>� µ"³:�7�m¥L� �w³:¥L� µ
Ô Ê�Ùb��ÚJÑ>ÖmÛb� �"�L�7¢�ÊË�b� ÜZÜZÜq�7Ý �³:¥XµË¦j¥X¢���¢j��´bÞX�j��¡7¢���j��Þq�H¥X¡7³:��¥L§ ¢j�B�:�H��¹"�>� µ`³:�7�m¥L� �w³:¥L� µË�L��¡/�m�JÙb½7�m�H�L��µ
Ô Ê�Ùb��ÚJÑ>ÖW�

ß à ~({âá"ã
ä/uwå
æFç<æ èêéËëjìËí)î/é�ïFð)ëJíòñóðoôPì�ðFõ)öØ÷î%íPø�í
Ì¥q¾w�j���7�m¥��5§ �

C1 �B�������J�H� γ : [α, β] → Rn �ËÕ)�ê§ ùÉ¢j��µ&�j�7µ
�B���m�H�J�H�7µ`Ùb��¥L§ ¢j�B�5³b¡7¢j½jÙ:¾Fµ/³É�X�7¢ R2½(³É�L�7¢ R3 �ú ��£��jùÉ��¡7¢��)¥L§ ¦j�`¥q�B� �B�������J�H� ¾w¢o�J�H�H���H�7�R¾w�m£H�q¾w¢H×>��¢j£H�H�JÛ:��m¥F�j�7¢o¡J���7ûZ�J�H�H���7½7�R¾w³:�)³:¡7¢j£��R�j�7³:�É�
• Ê)ÝH¥L§ ¦j�Bµ>�Ê`¢

f : Rn → R ×É�X��¥q�B� �B�������J��� �%�>�H�H���H½7�R¾w�m�%¦>§ ¢j¥q�L�B���H��¹%�j�(³:ùÉÞX³:�Éü
∫

γ

fds =

∫ β

α

f(γ(t))||γ′(t)||dt.

Ê`¢��ê�B�������J�H�
γ
¥L§ ¢j�B�F¥q�B§ ��¥X¦j���������j���7�m¥"¢j��´b��¢R�L��³É�L���7�m¥"¹7�>�ý�X�

f(γ)
¥L§ ¢j�B�ý�L���7þb��µ%¥X¢j¹�µ

´b�j£�ùB�j�(����¡(ÞXùÉ¥L�5§ ùÉ¢j��µ
γ
×:�H��¹7�j¥`�L��¥q�B� �B�������J�H� �%�J�H�H���H½7�R¾w�m��³É�j�7¢&��¥X�>§ �H�X¾w³:�(��¡J�j½/Ùb���m��µ
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¦>§ ¢j¥L���L��¥X�b¸���¦j¹7¢��j�7µ
�5§ ��µ
�H�H¥X¡7�j£�µ¥X¢j¹�µ
´b�j£�ùB�j�É�
Ê`¢�
�B�������J�H�¥L§ ¢j�B���j�>� �w¢
¦>� ��³É�j£�³:¥q¾w¢�������j���7�m¥o¢j�"´b��¢R�L��³É�X���7�m¥)¹J�>���L�

f(γ)
¥L§ ¢j�B�B���X�H�B� �B½

��¡J�B¢j¹J�j�J�L��¥X¢j¹�µ&³:�7�j�m�H�L��µ�����¡%¦>§ ¢j¥q�L�B�5�H��¹��j�7¢
γ
×��H��¹7�j¥�L��¥q�B� �B�������J��� ���J�H�H���H½J�R¾w�m��³É�j�7¢

��¥X�>§ �H�q¾w³:�(��¡J�>½�Ùb���m��µ�¦>§ ¢j¥L���j�7¢&³b¡7¢j�>��� �B½(�m£��j�%�L��¡(³:�7�j�m�H�X��µJ�
Ê`¢

f ≡ 1
�j¹J�j¥`�L����¢R�>§ ³:�X�B� ùÉ��¥q�B� �B�������J�H� �%�>�H�H���H½7�R¾w�m�%�m��µ�¦>§ ¢j¥L���L����� ��!�")�j�7µ�B�������J�H�7µJ×

l(γ) =

∫

γ

1 =

∫ β

α

‖γ′(t)‖dt

• # ÝH¥L§ ¦j��µJ�Ê`¢
F : Rn → Rn ×É�L��¥q�B� �B�������J��� �(�J�H�H���H½7�R¾w�m�%¦>§ ¢j¥q�L�B�m�H��¹%�j�(³:ùÉÞX³:�Éü

∫

γ

Fds =

∫ β

α

F (γ(t)) · γ′(t)dt.

�P�j�7¢`��¥X�>§ �H�X¾w³:�/��¡J�j½&�������j���7�m¥�¢j�%´b��¢R�X��³É�L���7�m¥Ë¹J�>�É�X�(¥q�B� �B�������J��� �/�>�H�����H½J�R¾w�m�"�m��µ`¦>§ ¢j¥L�
�X�%ÞX�RÛ:�"����¡������j£HÛ:¥L�É�L�"��¥X¦>§ �(¦j¡7¢j£��m¥q¾w¢

F
��£�¢R¾ó³:¥`ÞX¢j�(³É¾w�m�H�>§ ¦>� �(����¡��É� ¢j¥L§ �L�B�É�B�H�j£(�m½J�B��µ

�j�7µ�B�������J�H�7µ
γ
�

$ Å %�&��('m�)� �()
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f(x, y, z) = x+y
y+z

� < I�UV��� ��!�"=I-T "=� < � @DN APT " σ : t→ (t, 2
3 t

3/2, t)
�SH

t ∈ [1, 2] WX N G�T¤`���j�H�j�7�j���7�m¥"¹J�>�F�ê³:¡7¢j£��R�>�7³:�ê¥L§ ¢j�B�Ø¸��JÙb��¾F�j½ZY����B§ �j¢j¥L�ý�>� �mÞXµ%³É�X� R [ �B�B�ý¹J�>�F�ê�B�������J�H� σ ¥L§ ¢j�B�»>ûZ¦>� ��³É�j£�³:¥q¾w¢H×:�H��¹J�j¥�������j���7�m¥`¢j��¡J���JÙbÞX³:��¡7�m¥`¹J�>�m�(³:¡7¢j£��R�j�7³:�(�m��µ�¦>§ ¢j¥L���j�7¢&�X�H�B� �B½"��¡J�B¢j¹J�j�J�L�
¥X¢j¹�µ
³:�7�j�m�H�L��µ�B�B�m¹J�>�b�L�V�j�J�X���7�m¥X¢j���>�H�H���H½7�R¾w�m�%¥L§ ¢j�B���(³:¡7¢j�J��� �B½"�5£��j�%�L��¡(³:�7�j�m�H�X��µJ�

\ � �%�L�7¢/¡J���>�H�JÛb� ³:�m¹(�L��¡(�>�H�H���H�7�R�w�m�H�L��µ`�B£�¢j��¡7�m¥Ë�>� µ
�����j�H�B£H�q¾|�����j�H�j�7�j½7³:¥L� µJ×

σ(t) = (t,
2

3
t3/2, t), σ′(t) = (1, t1/2, 1), ||σ′(t)|| =

√
2 + t, f(σ(t)) = 1.

Õ)��¥q��� �B�������J�H� �(�J�H�H���H½7�R¾w�m�%¹H�H¾wµ
½7¦j�"�����j�H�j�7�j½7³:���5¥`¥L§ ¢j�B��ÊËÝH¥L§ ¦j��¡7µ�B�B�m� ³:���J�L�B���m¥>×
∫

σ

fds =

∫ 2

1

√
2 + tdt =

2

3
(t+ 2)3/2

∣∣∣
2

1
=

16

3
− 2
√

3.

2

$ Å %�&��('m�)� ªP)
Tromba *�+�,/.]032�4_^�*a` b G�IcRdT

f : R3 − {y = 0} → R @ ! > !�QFE ecH�I < Mf<�@DgI-TFh
f(x, y, z) = 1

y3 Wji@ !BA�!DCFE G�I�HkI�! ∫
σ
f(x, y, z)ds g�@ ! > T

σ : [1, e] → R3 !�QFE ecH�I < Ml<�@Dg I-TFh
σ(t) = (log t)i + tj + 2k WX N G�Tm �B�������J�H�

σ
Û:�j£�´b¥q�X�B�m³É�j�%�m���j´b½

σ(t) = (log t, t, 2)
�m¥

t ∈ [1, e],

�B�B��ÞXùÉ¥L���X��ùÉ�J�j�J�L�
σ′(t) = (

1

t
, 1, 0)

�m¥¢j¹��j�m� ‖σ′(t)‖ =

√
1

t2
+ 1.

m ³:¡7¢j£��R�j�7³:��¥L§ ¢j�B�w¸��JÙb��¾F�j½nY����B§ �j¢j¥L�P�>� �mÞXµ�³É�L�7¢ R [ �H��¹J�j¥(�L�â��¢R�>§ ³É�L�B� ùÉ��¥q�B� �B�������J��� ��¥L§ ¢j�B�PÊ)Ý¥L§ ¦j��¡7µJ×
∫

σ

fds =

∫ e

1

f(σ(t))‖σ′(t)‖dt =

∫ e

1

1

t3

√
1

t2
+ 1dt =

∫ e

1

√
t2 + 1

t4
dt
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=

∫ e

1

(−1

3
t−3)′

√
t2 + 1dt = −1

3
t−3
√
t2 + 1

∣∣∣
e

1
−
∫ e

1

1

t2
√
t2 + 1

dt

Ý �`����¡/�B�B��¡J���J�H�>Ûb§ �j��¡7�m¥Ë�X���j¥q�H¥X¡J�L�B§ �%�J�H�H���H½7�R¾w�m�%�m¥`�j�7¢/��¢R�>� �B�H�j£�³É�L��³:�
t = tan θ. 2

$ Å %�&��('m�)�óÁp)
Tromba *�+�,/.q032�4Z.F.r*s` b G�IcRt� < � @DN APT σ �SH

σ(t) = (t2, t, 3)
C M < t ∈ [0, 1] W

<FWu QFH�E IKHvIK!w��� ��!�" l(σ)
I-T "=� < � @DN APT " σ W

x Wyu QFH�E IKHvI-TV�Sz�G�T3G > hDIKH�I < CD�Sz�hDT y � < I�Uq��� ��!�"wI-T "v� < � @DN APT " σ
X N G�T

�b� m �L��ùÉ�J�j�J�L���j�7µ��B�������J�H�7µ�¥L§ ¢j�B�
σ′(t) = (2t, 1, 0)

�m¥&¢j¹��j�m� ‖σ′(t)‖ =
√

4t2 + 1
�
Õ)Þq�H��µ��X�

�m½J�B��µ`�j�7µ
�B�������J�H�Jµ¦>§ ¢j¥q�L�B�m�H��¹%�X���J�H�H���H½J�R¾w�m�

l(σ) =

∫ 1

0

‖σ′(t)‖dt =

∫ 1

0

√
4t2 + 1dt = · · · = 1

4
(2
√

5 + log(2 +
√

5))

¸b� \ � �%¢j�"¸��j���7�m¥)�j�/�mÞX³:�"³:¡7¢R�j¥q�L�HÛ:�mÞX¢j�&�X¾w¢
y
�B�H�j£%�m½J�B��µË�j�7µË�B�������J�H�7µ

σ
Ùb�(¡J���J�H�JÛb§ ³:�B¡J�m¥

�X��¥q�B� �B�������J�H� �"�J�H�H���H½7�R¾w�m�"�j�7µ³:¡7¢j£��R�j�7³:�
f(x, y, z) = y

�B�H�j£%�m½J�B��µ`�j�7µË�B�������J�H�7µ
σ
�B�B�

Ùb�"¦>� �B� �jÞX³:��¡7�m¥)�m¥)�X�(�m½J�B��µ)�j�7µ)�B�������J�H�7µJ� \ � �/�L�"¥q�B� �B�������J��� �&�J�H�H���H½7�R¾w�m�&�j�7µ
f
ÞXùÉ��¡7�m¥>ü

∫

σ

fds =

∫ 1

0

t
√

4t2 + 1dt =
1

12
(4t2 + 1)3/2

∣∣∣
1

0
=

1

12
(5
√

5− 1)

{ � �B� �R�w¢R�L��µ
�X�����j���JÛ:���7�m¥X¢j�%�H���J�jÞq�H¥X³:�m�%�m¥�X���m½J�B��µ`�>�7µ�B�������J�H�Jµ
l(σ)

�B�H�L�H�H½JÛ:��¡J�m¥>×
1
12 (5
√

5− 1)
1
4 (2
√

5 + log(2 +
√

5))
=

5
√

5− 1

6
√

5 + 3 log(2 +
√

5)

2
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f : [a, b] → R H�E�h < M � < I�UtI������ < I < G > h�H�����"
@�< Q < C�R8CFE G M ��T���!�QFE ec! > �SH�IK!���� ��!�"�IK! > C�Q <�� ��� < IK!�"�I-T "

f
G�I�!

[a, b]
G < hqIK!���� ��!�"�I-T "�� < � @DN APT "

t→ (t, f(t))
C M < t ∈ [a, b] W

<FW:=<V� H�E ��H�IKH g I M IK!w��� ��!�"wI�! > C�Q <�� ��� < IK!�"wI-T " f G�IK!
[a, b]

H�E�h < M
∫ b

a

√
1 + [f ′(x)]2dx

x Wy:=<�>�@ !�A�!DCFE G�H�IKHvI�!w��� ��!�"wIK! > C�Q <�� ��� < IK!�"�I-T " y = log x
G�I�!

[1, 2]
X N G�T

�b�ËÊ`¢"���>§ ³:��¡7�m¥¾wµ��B�������J�H�
γ
�j�7¢

γ(t) = (t, f(t))
Ûb� �

t ∈ [a, b]
�j¹J�j¥��(�L��ùÉ�J�j�J�X���j�7µ`Ùb��¥L§ ¢j�B�

γ′(t) = (1, f ′(t))
�B�B�b�L���m½J�B��µ�j�7µ

l(γ) =

∫

γ

1 =

∫ b

a

‖γ′(t)‖dt =

∫ b

a

√
1 + [f ′(t)]2dt.

¤`��¡(ùÉ�j¥L� £�³É�j�J�B¥��� � �B�H�j£��j�m½7�m�H�L��³:¡7¢j¥XùB�wµ�����j�HÛÉ¾FÛb§ ³b� �m�(� �:� ¦>� ¹J�j�J�L�%�j�7µ
f ;
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¸b� \ � �%�L��¦j¥X�J�j¥X�j�����R�B¥L§�¢j��¡J���J�H�>Ûb§ ³:��¡7�m¥Ë�X���J�H�H���H½J�R¾w�m�
∫ 2

1

√
1 +

1

x2
dx

Ê`µ
¦j���7�5¥Ë�L����¹��>� ³É�L���>�H�H���H½7�R¾w�m�(�H¾wµ
Ûb§ ¢j¥q�L�B���
∫ √

1 +
1

x2
dx =

∫
1

x

√
1 + x2dx

ÊË�7�H�HÛ:½"�m¥q�L�7¸H�H�J�R�w¢
x = tan z

�B�B�b���B§ �j¢j��¡7�m¥>×
∫

1

tan z

√
tan2 z + 1(1 + tan2 z)dz =

∫
1

sin z cos2 z
dz =

∫
sin z

cos2 z
dz +

∫
1

sin z
dz

=
1

cos z
+

∫
1

sin(2z/2)
dz =

1

cos z
+

∫
1

2 sin z/2 cos z/2
dz

=
1

cos z
+

1

2

∫
sin2 z/2 + cos2 z/2

sin z/2 cos z/2
dz

=
1

cos z
+

1

2

∫
sin2 z/2

sin z/2 cos z/2
dz +

∫
sin2 z/2

sin z/2 cos z/2
dz

=
1

cos z
− 1

4
log(cos(z/2)) +

1

4
log(sin(z/2)).

¤`���j¹��m�B� ��¥X�RÛ:£��j¥q�L�B�b�B£H���B� ��µ`Ûb� ��¢j���H�7³:¥L�:�B�B���X����¢R�>§ ³É�X�B� ùÉ�����>� ³:�mÞX¢j���J�H�H���H½7�R¾w�m�b�
2

$ Å %�&��('m�)���P)
Tromba *�+-,/.J032�4t.�5�*�:=< x QFH�E I�H�I-TJ��U�e < H�h g "�G N Q � < IK!�" @ ! N z���H M I�!VGD���� <I-T "�IK!���� "�I-T "�G ��< E Q < " x2 + y2 + z2 = 1

�SH�H @ E @ H � ! x + y + z = 0 < hVT @�> �(h g I-TFI < ��U�e < "�G�I�!
(x, y, z) � E�h�H�I < Mp<�@Dg I-T h ρ(x, y, z) = x2 gr < h-Uq��!�h-U �K< ��� ��! > "vG N Q � < IK!�" W

X N G�T� ¥q�É� ¢j£��m¥"¡J���>�H�JÛb§ �j�7¢R�L��µ/�j�7¢%�B�������J�H��ûË�L���m½��j�7µ(³:´b�B§ �j��µ(�B�B�Ø�L��¡ê¥q�B� ��ÞX¦j��¡É� \ � ��L��³É�B�H��¹���¡>û
�j¹â�H�7¢j��¡7�m¥%�L�â³:�7³É�j�7�m�â�q¾w¢�¦j�7�â¥��>� ³É�w³:¥q¾w¢H�}�o�7¢j�7¢R�L��µ�¾wµ����j��µ

z
�j�7¢¥��>§ ³É¾w³:���L��¡�¥q�B� ��ÞX¦j��¡

���B§ �j¢j��¡7�m¥>ü
z = −x− y.Ê`¢R�>� �B�JÙ�� ³É�L���7�m¥³É�j�(¥��>§ ³É¾w³:�(�j�7µ
³:´b�B§ �j��µ
�B�B�b���j�H�B�J�H�j¥L��¹J�>��ü

x2 + y2 + x2 + y2 + 2xy = 1⇒ x2 + y2 + xy =
1

2
.

Õ)�&¥q�B§ ��¥X¦j��¦>� ÞX�jùÉ¥q�L�B���H��¹��j�7¢Ë���jùÉ½�X¾w¢`���j¹7¢R¾w¢Ë�B�B���³:´b�B§ �j�/ÞXùÉ¥L�H¾wµ��BÞX¢R�j�j���j�7¢Ë���jùÉ½�X¾w¢`���j¹7¢R¾w¢
�H��¹J�j¥w�Ë�L���m½Ë�L��¡7µw���jÞq��¥L�J¢j��¥L§ ¢j�B�7ÞX¢j��µP�5ÞqÛ:� ³É�L��µP�B�J���H��µF�j�7µP³:´b�B§ �j��µwûZ¹H�H¾wµP´b£B� ¢j¥q�L�B�H³É�L�Û:�j£�´b�7�m�b�
Ê`¡J�j¹/�m��µË��¦j�JÛ:¥L§B³É�X�"¢j�w� � ³É�B¥X´:�X���7�m¥�� �J�>� µ����J��� �BÞXµ�³:¡7¢R�j¥q�L�HÛ:�mÞX¢j¥XµJ�DÝ �PùÉ��¡7�m¥o�H�B� ��¹7¢`¹J�>�

x = r cos θ�B�B�
y = r sin θ

�H��¹J�j¥��¢R�>� �B�JÙ�� ³É�R�w¢R�L��µ�³É�j�7¢&�j¥q�H¥X¡J�X�B§ �(���B§ �j¢j��¡7�m¥¹J�>��ü

r2 cos2 θ + r2 sin2 θ + r2 cos θ sin θ =
1

2
⇒ r2 + r2 sin θ cos θ =

1

2
⇒ r2 +

1

2
r22 sin θ cos θ =

1

2
⇒

r2(2 + sin 2θ) = 1⇒ r =
1√

2 + sin 2θ
(
ùB¾w�>§ µ���¥X�>� ���>� ³:�m���7µ

; )



ÿýi����Xi>U�� �Fÿ��Xn�n�n
	��� \La����mp���� i>d������ l

Ý �PùÉ�7¢R�L��µ
¸��j¥L�m�5� ��³:ùÉÞX³:����¢j£��m¥X³:��³É�L�
r, θ

���j�JùB¾w�j£��m¥�³É�j�7¢/��¥X�>� Û:�j��´b½%�mÞX³É¾ ���J��� ���w¢/³:¡7¢R�j¥q�L�HÛBû
�mÞX¢R¾w¢&�j�7µ�B���m�H�J�H�7µJ×B��´b���"���R�F�L��³:¡7¢j�Bþ�§ ³:��¡7�m¥>ü

x = r cos θ =
1√

2 + sin 2θ
cos θ

y = r sin θ =
1√

2 + sin 2θ
sin θ

z = −x− y = − 1√
2 + sin 2θ

cos θ − 1√
2 + sin 2θ

sin θ

Ý �w�j³b�5�"�B�������J�H��ûP�X���m½"�j�7µ
³:´b�B§ �j��µ
�É�B�b�X�B¡(¥q��� �HÞX¦j�B¡�Ùb��¦>§ ¢j¥q�L�B�m�H��¹%�j�7µ
¥��j½7µ�����j���mÞq�j�>� ³:�Éü

γ(θ) =
1√

2 + sin 2θ
(cos θ, sin θ,− cos θ − sin θ),

Ûb� �
θ ∈ [0, 2π],

�(�H���B§ ��ÞXùÉ¥L�b�L��ùÉ�J�j�J�L�bü

γ′(θ) =
cos 2θ√

2 + sin 2θ
(cos θ, sin θ,− cos θ − sin θ) +

1√
2 + sin 2θ

(− sin θ, cos θ, sin θ − cos θ)

=
1√

2 + sin 2θ

(
cos 2θ(cos θ, sin θ,− cos θ − sin θ) + (− sin θ, cos θ, sin θ − cos θ)

)
= · · ·

�P�j�"Û:�j��´�� �B½"�����j£�³:�X��³:�"����¡"�H�B�J�H��¡jÙb¥L§É�����>� ³É�j£�¢j¥q�L�B���(³:´b�B§ �j�b×É�L��¥q�B§ ��¥X¦j�(�B�B���"�B�������J�H�&�L���m½7µ
�L��¡7µJ�

�w�B� ³É�j�jÞX´b��¡7�m¥�R�w�j��³É�X�V�j�J�L���7�m¥X¢j�%�j�7µ
£�³É�B�7³:�7µJ������µ�¦>§ ¢j¥q�L�B���(�X�H�B� �B½"��¡J�B¢j¹J�j�J�L�
ρ(x, y, z)

�L��¡
³:�7�j�m�H�L��µ
����¡%ÞXùÉ¥L���L��³:ùÉ½7�m���>�7µ
�B�������J�H�Jµ�B�B�m�m��µw�j�J�j¥L§ �L�B�m�%³:¡7¢j�J��� �B½(�m£��j���X��¡É×b�H��¹J�j¥`���jÞq��¥L�
¢j�â¡J���>�H�JÛb§ ³:��¡7�m¥"�L��¥q�B� �B�������J��� ���>�H�H���H½7�R¾w�m���j�7µ

ρ
�B�H�j£��m½J�B��µ��j�7µ

γ
� m ³:¡7¢j£��R�j�7³:�

ρ
¥L§ ¢j�B�

¸��JÙb��¾F�j½(�H��¹J�j¥`�L��¥q�B� �B�������J��� �(�J�H�H���H½7�R¾w�m�%¥L§ ¢j�B�mÊ)ÝH¥L§ ¦j��¡7µJ�
∫

γ

ρ = · · ·

2
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$ Å %�&��('m�)�1�p)
Tromba *�+�,/.J032�4t.���*�iy@ !�A�!�CFE G�IKH�IK! ∫

σ
fds g�@ ! > f(x, y, z) = z

� <FM σ(t) =
(t cos t, t sin t, t)

C M < 0 ≤ t ≤ t0 WX N G�TÕ)���J�H�H���H½7�R¾w�m�%¥L§ ¢j�B��Ê)Ý�¥L§ ¦j��¡7µ
¦>� ¹J�>���(³:¡7¢j£��R�j�7³:�
f
¥L§ ¢j�É�:¸��JÙb��¾F�j½/�B�B��ÞXùÉ��¡7�m¥`Ûb� �%�j�7¢��B���m�H�J�H�

¹J�>��ü
σ′(t) = (cos t− t sin t, sin t+ t cos t, 1)

‖σ′(t)‖ =
√

(cos t− t sin t)2 + (sin t+ t cos t)2 + 1 =
√
t2 + 2ÊË�B�J�H��¡jÙb¥L§:�L�%Û:�j£�´b�7�m���j�7µ�B�������J�H�7µËÛb� �

t ∈ [0, 4π]
×

2

4

6

8

10

12

–10

–5

5

–5
5 10

�`��¹J�j¥`�X��¥q�B� �B�������J��� �%�J�H�H���H½J�R¾w�m�%�j�7µ
³:¡7¢j£��R�j�7³:�7µ¥L§ ¢j�B��ü
∫

σ

fds =

∫ t0

0

f(σ(t))‖σ′(t)‖dt =

∫ t0

0

t
√
t2 + 2dt =

1

3
(t2 + 2)3/2

∣∣∣
t0

0
=

1

3

(
(t20 + 2)3/2 − 2

)

2

$ Å %�&��('m�)���P)
Tromba *�+�, ~k032�4�~�7 δ 9�*1:=<k>�@ !�A�!DCFE G H�IKHvIK! ∫

σ
x2dx− xydy + dz g�@ ! > σ H�E�h < MT @�< Q < x !�AP� z = x2, y = 0 <�@Dg I�!

(−1, 0, 1)
z�R�"wI�!

(1, 0, 1) W
X N G�Tm �B�������J�H�/�H�B¡/��¥X�>� Û:�j£�´b¥q�L�B��³É�j�7¢/£�³É�B�7³:�"¥L§ ¢j�B���

σ(t) = (t, 0, t2), t ∈ [−1, 1]
�m¥�X��ùÉ�J�j�J�L�

σ′(t) = (1, 0, 2t)

m ³:¡7¢j£��R�j�7³:�(¥L§ ¢j�B�m¦>� ��¢j¡7³:�m�H�>� �B½"�B�B�bÛ:�j£�´b¥q�L�B��¾wµ�¥��j½7µJü
F (x, y, z) = (x2,−xy, 1)

Õ)���>�H�H���H½7�R¾w�m�(�j�7µ
F
¥L§ ¢j�B� # ÝH¥L§ ¦j��¡7µ�B�B��¡J���J�H�JÛb§ �j¥q�X�B�:¾wµ�¥��j½7µJü

∫

σ

x2dx− xydy + dz =

∫

σ

F · ds =

∫ 1

−1

(t2, 0, 1) · (1, 0, 2t)dt =

∫ 1

−1

t2 + 2tdt =
2

3

2
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$ Å %�&��('m�)�âÈp)
Tromba *�+�, ~�032�4k^�* iy@ !�¡rz�IK! > �SH g I M Tq� < � @DN APT σ z���H M ��� ��!�" l � < MPg I M ‖F‖ ≤

M W�:=<q<�@ ! � H�E ��H�IKH g I M�¢
∣∣
∫

σ

F
∣∣ ≤Ml

X N G�T�P´b¹�³:�7¢)�Ë³:¡7¢j£��R�j�7³:�
F
¥L§ ¢j�B�J¦>� ��¢j¡7³:�m�H�>� �B½)�X�¥q�B� �B���m�H�J��� �Ë�J�H�H���H½7�R¾w�m�oÙb�¥L§ ¢j�B� # Ýq¥L§ ¦j��¡7µJ�ý�`��¹7�j¥>ü

∣∣
∫

σ

F
∣∣ =

∣∣
∫ b

a

F (σ(t)) · σ′(t)dt
∣∣ ≤

∫ b

a

|F (σ(t)) · σ′(t)|dt

≤ £
∫ b

a

‖F (σ(t))‖ ‖σ′(t)‖dt ≤M
∫ b

a

‖σ′(t)‖dt ≤Ml.

2

$ Å %�&��('m�)�3¤p)
Tromba *�+�, ~�032�4q¥r*3:=<�>�@ !BA�!DCFE G�H�IKH�IK!H @rM � < � @DN A M !¦!�A�!��-AP�-Q�R�� < I-T " F (x, y) =

xi + yj
� < I�Uq��� ��!�"wIK! >3>�@ !�� > �-A�!�H M � ! N " t→ (cos3 t, sin3 t)

�SH
t ∈ [0, 2π] WX N G�T� ¥q�É� ¢j£��m¥�m¥`�L���5� ���j¹%Û:�j£�´b�7�m���j�7µ�B�������J�H�Jµ`�B�B�b�L��¡(¦>� ��¢j¡7³:�m�H�>� �B���"��¥X¦>§ ��¡"��£�¢R¾ ³:¥��¡J�>½7¢H�

–2

–1

1

2

–2 –1 1 2

m ¡J���7ûZ�>�H�H���7½7�R¾w³:��³:¡7¢j£��R�j�7³:��¥L§ ¢j�B��¦>� ��¢j¡7³:�m�H�>� �B½��H��¹J�j¥��L�ó¥q�B� �B�������J��� ���J�H�H���H½7�R¾w�m��¥L§ ¢j�B� # Ý¥L§ ¦j��¡7µJ� m �B�������J�H�¦>§ ¢j¥q�X�B�P�����j���m¥q�j�>� �B£��H��¹��j�7¢
γ(t) = (cos3 t, sin3 t)

�m¥
t ∈ [0, 2π]

�B�B�PÞXùÉ¥L�
�L��ùÉ�J�j�J�L�(����¡(¦>§ ¢j¥q�L�B�m�H��¹%�j�7¢Hü

γ′(t) = (−3 cos2 t sin t, 3 sin2 t cos t)
Ûb� �

t ∈ [0, 2π].

Ý �w�j³b�m�X��¥q�B� �B�������J�H� �%�>�H�H���H½7�R¾w�m�%¡J���J�H�JÛb§ �j¥q�X�B�:¾wµJü
∫

γ

F =

∫ 2π

0

F (γ(t)) · γ′(t)dt =

∫ 2π

0

(cos3 t, sin3 t) · (−3 cos2 t sin t, 3 sin2 t cos t)dt

=

∫ 2π

0

−3 cos5 t sin t+ 3 cos t sin5 t = 3

∫ 2π

0

sin t cos t(sin4 t− cos4 t)dt

§
CS: |a · b| ≤ ‖a‖‖b‖
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= 3

∫ 2π

0

sin t cos t(sin2 t− cos2 t)dt = −3

2

∫ 2π

0

sin 2t cos 2tdt = −3

4

∫ 2π

0

sin 4tdt

=
3

16
cos 4t

∣∣∣
2π

0
= 0

© ��¥q����¢j�H�H£7¸�¥q�j¥)�j�7¢&£�³É�É�7³:�"¹J�L��¢/´:�j£�³:¥q�j¥³É�j�7¢/¥q��¹��m¥X¢j�/�����j£HÛ:�j��´b�JYW�o¡7¢R�j�7�j�J�>� �B£%¤`¥X¦>§ � [ � 2$ Å %�&��('m�)��� ªp) *�«�¬c�®F.�032�4J.P7 β 9�*�:=<�>�@ !BA�!DC M G�I�H�EpIK!wH @rM � < � @DN A M !f!�A�!��-AP�-Q�RS� < ∫
γ
F g I < hwIK!� N Q M !w�Sz
Q�!�"wI�! > F H�E�h < M f(x1, x2, x3) = (−x1, x2,−x3)

� < M γ(t) = (cos t, sin t, tπ )
�
t ∈ [0, 2π] WX N G�T�P�j�7¢"¥q��¹��m¥X¢j�"Û:�j��´�� �B½%�����j£�³É�L��³:�%´b�B§ ¢j¥q�L�B�5�(�B�������J�H�

γ
�B�É�m�%¦j�j£�³:�%�j�7µ&¦>� ��¢j¡7³:�m�H�>� �B½7µ�³:¡7¢j£��Lû

�j�7³:�7µ�j�7µ
¥q�B´:�w¢j�7³:�7µJ�w¤`���j�H�j�7�j½7³É�j¥¹J�>���(�B�������J�H�/¥L§ ¢j�É���5� ��Þq��� �B�b�

0.5

1

1.5

2

–2
–1

1
2

–1

–0.5

0.5

1

�P´b¹�³:�7¢�
³:¡7¢j£��R�j�7³:�
¥L§ ¢j�É��¦>� ��¢j¡7³:�m�H�>� �B½
³:¡7����¥X�j�B§ ¢j��¡7�m¥P¹J�>�����j¹H�B¥L� �L�B�HÛb� � # ÝR¥L§ ¦j��¡7µ�¥q�B� �B�������>û��� ���J�H�H���H½J�R¾w�m�b×É�H��¹J�j¥>ü
∫

γ

Fds =

∫ 2π

0

F (γ(t)) · γ′(t)dt =

∫ 2π

0

(− cos t, sin t,− t
π

) · (− sin t, cos t,
1

π
)dt

=

∫ 2π

0

sin 2t− t

π2
dt = −2

2

æFç°¯ ±Z²�³5ømõ�ömõPøýëjìl´ µ?¶�·S¸qí
Ý �P¢j��¦>� ��¢j¡7³:�m�H�>� �B¹��¥X¦>§ �

F : Rn → Rn �HÞqÛ:¥q�L�B�ý³:¡7¢R�j�7�j�J�>� �B¹�¹J�L��¢�¡J��£��jùÉ¥L�ý�5§ � C1 ¦>� ��´b���>§ ³b� �m�³:¡7¢j£��R�j�7³:�
V : Rn → R �jÞq�L�B� �%�w³É�j¥>ü

F = −gradV = − ( ∂V
∂x1

, · · · , ∂V∂xn ) .
Â���¹
Å�'m�)���()��() iy@ !�¡rz�IK! > �SH g I M T f : R3 → R H�E�h < M �-A(U G H�R�" C1 � < M�g I M σ : [a, b]→ R3 H�E�h < M �SE <� < I�U3I������ < I < C1 � < � @DN APT Wlº»g I�H

∫

σ

gradf · ds = f(σ(b))− f(σ(a))
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Õ)�(���j���JÛ:���7�m¥X¢j�/Ùb¥q�w�j�7�m�%�m¥q�L��´b�j£��j¥q�L�B�:¾wµ
¥��j½7µJüFÊ`¢/�>�H�H���H�7�R�w¢j��¡7�m¥ËÞX¢j�%³:¡7¢R�j�7�j�J�J� �B¹"��¥X¦>§ �
��£�¢R¾ ³:¥
�5§ �����m�H�H½"�B�������J�H�&�>¹J�j¥`�L���J�H�H���H½J�R¾w�m��¥��j���R�j£H�L�B���m¹7¢j���H��¹%�>�7¢��>� �m½(�j�7µ
³:¡7¢j£��R�j�7³:�7µ
³É�L���H�B�j�B§ ��³:�7�m¥L§ �ê�j�7µ/�B���m�H�J�H�7µJ�/Ê`¢�¥q�B� �H�HÞX�7¢(���B�������J�H��¥L§ ¢j�B�Ø���H¥L� ³É�j½��>¹J�j¥/£��m¥X³:����j�H�B�J�H�j¥L�
¹J�>���L��¥q�B� �B�������J��� �(�J�H�H���H½7�R¾w�m�/Ùb��¥L§ ¢j�B���m�7¦jÞX¢H�
$ Å %�&��('m�)� �b�()

Tromba *�+�, ~J032�4L.r~F*½` b G�IcR F = (z3 + 2xy)i + x2j + 3xz2k W¾ H�E �DIKH g I M IK!!�A�!��-AP�-Q�RS� < IK! > F � < I�Uq��� ��!�"wIK! > I�H�IBQ < C��¦h�! > �SHv��!�Q >�� z�"=I < (±1,±1.5)
H�E�h < M ��T � z�h WX N G�T¤`���j�H�j�7�j���7�m¥¹J�>�

F (x, y, z) = gradf(x, y, z)
�m¥

f(x, y, z) = xz3 + x2y
�B�É��¥q�B� �H�HÞX�7¢�¹J�>�

f ∈ C1 �Ê`¢â���>§ ³:��¡7�m¥¥q�B� �H�HÞX�H¢�¾wµ����H¥L� ³É�j½ó�B�������J�H�
γ : [a, b] → R2 �m¥ γ(t) = (γ1(t), γ2(t))

�j�7¢
��¥X�>§ �m¥q�j�j�&�L��¡�j¥q�j�j�HÛÉ�w¢j��¡
����¡��¥X�>� Û:�j£�´b¥q�L�B�B�H��¹��j�7¢`¥q�B´:�w¢j�7³:���m¥����jù:� �B¹/³:�7�m¥L§ �&�5§ �&�B���j¡7´b½
�B�B�
�j¥q��� �B¹�³:�7�m¥L§ ���j�7¢(§ ¦>� ���B���j¡7´b½É×:�����j�H�j�7�j���7�m¥
¹J�>�D�%�B�������J�H�&Ùb��¥L§ ¢j�B�m�B�H�j£��j�m½7�m�H�L�

C1 Y ���m�H�H½ [�B�B�5¹J�>�
γ(a) = γ(b)

Y�Ûb� �H�>§
; [ � # Þ?¸��B� ��¥q��¥L� ¦j½/Ùb�����jÞq��¥L�m¢j��¡J���J�H�JÛb� ³É�L���7¢&�B�m�>� �mÞXµ��j�7µ�³:¡7¢j£��R�j�7³:�7µ�B�H�j£/�m½J�B��µo�j�7µo�B�������J�H�7µP���jÞq��¥L��¢j�/¥q��¥q���j¥L§ ¢j��¡7�m¥w�L�7¢`���>� ³:�m¹&�j�7µ��B�������J�H�Jµ

γ
³:¥o�j�j¥L§ µ)¦>� ��³É�j£�³:¥L� µ

���j��³�ÙbÞq�L�7¢R�L��µ¾wµ
�j�>§ �j�%³:¡7¢R�j¥q�L�HÛ:�mÞX¢j�/�L���m�7¦jÞX¢&¦j�J�H��¦j½
γ(t) = (γ1(t), γ2(t), 0)

�
Ý �w�j³b�b�L�q�j�J�L���7�m¥X¢j�%¥q�B� �B�������J�H� �(�J�H�H���H½7�R¾w�m�&Ùb���������j¥L§�¢j��¡J���>�H�JÛb� ³É�j¥L§:�m¥Ë¸�£�³:�/�L�"Ùb¥q�w�j�7�m�

Ûb� ���L��³:¡7¢R�j�7�j�J�>� �B£%��¥X¦>§ �%�B�B�ÉÙb��¥L§ ¢j�B��ü
∫

γ

F · ds =

∫

γ

gradf · ds = f(γ(b))− f(γ(a)) = 0

2

$ Å %�&��('m�)���ÉªP)
Tromba *�+-, ~�032�4q. ^�*tiy@ !�A�!DCFE G�IKH�IK!!�A�!��-AP�-Q�RS� < ∫

C
2xyzdx+x2zdy+x2ydz

�
g�@ ! > C H�E�h < M �SE <�@ Q�!�G < h < I�!�A M GF�Sz�hDT <�@ AP�V� < � @DN APT @ ! > H�h��¦hKH M I�! (1, 1, 1)

�SHvIK!
(1, 2, 4) WX N G�TÊ`�jù:� �B£/�����j�H�j�7�j���7�m¥o¹J�>���L� { � ¤

F (x, y, z) = (2xyz, x2z, x2y)
¥L§ ¢j�B�B³:¡7¢R�j�7�j�J�>� �B¹&¦>� ¹7�>��Ûb� �/�j�7¢

C1¸��JÙb��¾F�j½
f
�m¥

f(x, y, z) = x2yz
Þq��¥q�L�B��¹J�>�

gradf = (2xyz, x2z, x2y) = F.

Ý �w�j³b�5�m¥Ë¸�£�³:�"�X�(Ùb¥q�w�j�7�m�%Ûb� ���X��³:¡7¢R�j�7�j�J�>� �B£(��¥X¦>§ �(Ùb��ÞXùÉ��¡7�m¥¹J�>�b�L��¥q�B� �B�B�����J�H� �(�J�H�H���H½7�R¾w�m�
�j�7µ

F = gradf
Ùb��¥��j���R�j£H�L�B�ý�m¹7¢j���H��¹�>� µ"�>� �mÞXµ"�j�7µ

f
³É�L���H�B�j�B§ ��³:�7�m¥L§ ��B£JÙb¥"�H�H�H½7µ"���m�H�H½7µ

�B�������J�H�7µJ�
\ � �ê�j�7¢"�j¡7ùÉ�B§ �ê�H�B� ��¹7¢(���m�H�H½����j��³:��¢j�H�L�>��� ³:�mÞX¢j���H�H�H½��B�������J�H�

γ : [a, b] → R3 ����¡V�j¥q�É� ¢j£�¥L�
�H��¹%�L�

γ(a) = (1, 1, 1)
�B�B�b�É�H�X�H�H½JÛ:¥L�b³É�L�

γ(b) = (1, 2, 4)
Ùb��ÞXùÉ��¡7�m¥`¹7�>��ü

∫

C

F =

∫

γ

gradf = f(γ(b))− f(γ(a)) = f(1, 2, 4)− f(1, 1, 1) = 7

2

$ Å %�&��('m�)� �BÁp) *�«�¬c�®F.]032�4¿~F*;b E�h <FM IK! ��M < h > GF� < I M � gÀ@ H � E ! F (x) = (x, f(x))
�SH

x =
(x1, x2, x3) ∈ R3 IK! > R3 �SH

f(x1, x2, x3) = (2x1x2, x
2
1 + 1, 6x2

3)
G > hDI-T-Q(TFI M � g ;X N G�T\ � ��¢j��¥L§ ¢j�B�b�L�

F
³:¡7¢R�j�7�j�J�>� �B¹b×B���jÞq��¥L�b¢j��¡J��£��jùÉ¥L�

C1 ³:¡7¢j£��R�j�7³:� V : R3 → R �jÞq�L�B� �%�w³É�j¥
∂V

∂x1
= −2x1x2,

∂V

∂x2
= −x2

1 + 1,
∂V

∂x3
= −6x2

3.

�`�H�H���H�7�R�w¢j�7¢R�L��µ`�j�7¢����R�F�j�(¾wµ
���j��µ
x1
���B§ �j¢j��¡7�m¥¹J�>�m���j�J�X���7�m¥X¢j�(³:¡7¢j£��R�j�7³:�"¥L§ ¢j�B���Éü

V (x1, x2, x3) = −x2
1x2 + c(x2, x3),
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¹H����¡
c(x2, x3)

¥L§ ¢j�B�
C1 ³:¡7¢j£��R�j�7³:�É�F¤`���j�HÛÉ¾FÛb§ �j��¡7�m¥�R�w�j���j�7¢ V ¾wµ
���j��µ x2

�B�B�����B§ �j¢j��¡7�m¥>ü
∂V

∂x2
= −x2

1 +
∂c

∂x2
(x1, x2).

{ � ��³É�L��¡7�R�w¢j��¡7�m¥o�R�w�j�(�m¥o�j�&¦j¥X�J�j¥X�j��³:ùÉÞX³:���B�B�B�H�É§ �j¢j��¡7�m¥o¹7�>� ∂c
∂x2

(x2, x3) = 1
�H��¹J�j¥

c(x2, x3) =

x2 + d(x3)
�m¥

d(x3)
¢j��¥L§ ¢j�B�

C1 ³:¡7¢j£��R�j�7³:�É��ÂP�j£�¢j��¡7�m¥`�H�B� ��¹7¢&³É�X��³:�7�m¥L§ ��¢j��ÞXùÉ��¡7�m¥¹J�>��ü
V (x1, x2, x3) = −x2

1x2 + x2 + d(x3).

¤`���j�HÛÉ¾FÛb§ �j��¡7�m¥�R�w�j���j�7¢
V
¾wµ
���j��µ

x3
�B�B�����B§ �j¢j��¡7�m¥`¹J�>�

∂V

∂x3
(x1, x2, x3) = d′(x3),

¦>� ��³É�L��¡7�R�w¢j��¡7�m¥���¡J�j½(�j��´b���j£ê�m¥
�j�7¢/�j�>§ �j��³:ùÉÞX³:�%���B§ �j¢j��¡7�m¥�¹J�>�
d′(x3) = 6x2

3

�H��¹J�j¥
���j�H�B�J�H�j¥L�
¹J�>�

d(x3) = 2x3
3 +e

�m¥
e ∈ R �B�B�B���H¥L§ ¢j��¡7�m¥o�����j�H�j�7�R�w¢R�L��µ)¹J�>�É�w�j�J�L���7�m¥X¢j�
³b¡7¢j£��R�j�7³:� V ¡J��£��jùÉ¥L��B�B��¥L§ ¢j�B�m§ ³:�%�m¥>ü
V (x1, x2, x3) = −x2

1x2 + x2 + 2x3
3 + e, e ∈ R.Õ)¥q��� �B£�³:¡7����¥X�j�B§ ¢j��¡7�m¥`¹J�>���L� { ¤

F
¥L§ ¢j�B�m³:¡7¢R�j�7�j�J�>� �B¹b�

2

$ Å %�&��('m�)� ��|8) *�«�¬c ®F.�032�4¿5�*�:=<}� H�E ��H�IKH g I M IK! ��M < h > GF� < I M � gL@ H � E ! F (x) = (x, f(x))
�

x = (x1, x2) ∈ R2 IK! > R2 �SH
f(x1, x2) = (x1x

2
2, x

3
1x2) � H�h�H�E�h < M G > hDI-T-Q(TFI M � gDWX N G�TÊ`¢&�L� { ¤

F
½J�L��¢&³:¡7¢R�j�7�j�J�>� �B¹"Ùb��Þq���j¥q��¥`¢j��¡J��£��jùÉ¥L���5§ �

C1 ³:¡7¢j£��R�j�7³:� V (x1, x2)
�w³É�j¥>ü

∂V

∂x1
= −x1x

2
2,

∂V

∂x2
= −x3

1x2.

�`�H�H���H�7�R�w¢j�7¢R�L��µ`�j�7¢����R�F�j�%³:ùÉÞX³:�"¾wµ
���j��µ
x1
���B§ �j¢j��¡7�m¥`¹J�>��ü

V (x1, x2) = −1

2
x2

1x
2
2 + c(x2),

¹H����¡"�(³b¡7¢j£��R�j�7³:�
c
¥L§ ¢j�B�

C1.

¤`���j�HÛÉ¾FÛb§ �j�7¢R�L��µ
�j�7¢&�j¥q�H¥X¡J�X�B§ �%³:ùÉÞX³:�(¾wµ
���j��µ
x2
���j�H�B�J�H�j¥L�b¹7�>��ü

∂V

∂x2
= −x2

1x2 + c′(x2),

�B�B��¦>� ��³É�L��¡7�R�w¢j�7¢R�L��µ��m¥`�j�7¢/¦j¥X�J�j¥X�j�"³:ùÉÞX³:�%ÞXùÉ��¡7�m¥`£H�L�H���PY�Ûb� �H�>§
; [ � 2

$ Å %�&��('m�)� �F�P) *�«�¬c]®F.3032�4Z��*Ã` b G�IcR F
z�h <3Ä¦Å G H=z�h < I g�@ ! W ⊂ Rn �SH �D> h < � M � g V Wl:=<

� H�E ��H�I�H g I M ��U ¡rHlU�ArAPTVG > h-U-Q(I-T G�T �D> h < � M ��! N C M < IK!
F

H�E�h < M I-T "v�8!�Q � � " V + c
�
c ∈ R W

X N G�TÝ �P³É�X¾
V1
�5� ��¦j¥X�J�j¥X�j�(³:¡7¢j£��R�j�7³:�(¦j¡7¢j���5� �B���/Ûb� ���L�

F
�wÕ)¹J�j¥ÞXùÉ��¡7�5¥jü

F = −gradV, F = −gradV1,

�H��¹J�j¥
gradV = gradV1 ⇒ ( ∂V

∂x1
, · · · , ∂V

∂xn
) = ( ∂V1

∂x1
, . . . , ∂V1

∂xn
) .¤`���j�H�j�7�j���7�m¥�¹7�>�P���j�H�B�J�H�L��¡7¢

n
³:ùÉÞX³:¥L� µ��5¥q�X���j���X¾w¢���R�F�q¾w¢��5¥X�>� ���w¢ê�����j�HÛÉ�FÛÉ¾w¢�X¾w¢

V
×
V1
�

�`�H�H���H�7�R�w¢j�7¢R�L��µ`�j�7¢����R�F�j�(¾wµ���j��µ
x1
���B§ �j¢j��¡7�m¥¹J�>��ü

V = V1 + c(x2, . . . , xn), c ∈ C1(Rn−1).
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¤`���j�HÛÉ¾FÛb§ �j�7¢R�L��µ�j�7¢��j¥q�H¥X¡J�L�B§ �â¾wµê���j��µ
x2
�B�B�)¦>� �B³É�X��¡7�R�w¢j�7¢R�L��µ��m¥��j�7¢�¦j¥X�J�j¥X�j�}Y �H��¹ó�>� µ

n [���B§ �j¢j��¡7�m¥¹J�>� ∂c
∂x2

= 0
¦j�J�H��¦j½(�(³:¡7¢j£��R�j�7³:�

c
¦j¥X¢/¥��j���R�j£H�L�B���H��¹%�j�7¢/�m¥q�X�7¸H�H�J�j½

x2
×:�H��¹J�j¥>ü

V = V1 + c(x3, . . . , xn).

¤`���j�HÛÉ¾FÛb§ �j��¡7�m¥/�R�w�j�¾wµ/���j��µ
x3
�B�B�Ø¦>� ��³É�L��¡7�R�w¢j��¡7�m¥/�m¥&�j�7¢(�j�>§ �j��³:ùÉÞX³:�ZY �H��¹ê�>� µ

n [ �B�B�ý¦j¥L§ ûùÉ¢j��¡7�m¥¹J�>�m�(³:¡7¢j£��R�j�7³:�
c
¦j¥X¢&¥��j���R�>£H�X�B�m�H��¹(�j�%�m¥q�X�7¸H�H�J�j½

x3
×:�H��¹J�j¥>ü

V = V1 + c(x4, . . . , xn).

�o¡7¢j¥Xù:§ �j�7¢R�L��µ��m¥P�X�7¢§ ¦>� �&�j�j¹H����¦j¥L§ ùÉ¢j��¡7�m¥o¹J�>���
³:¡7¢j£��R�j�7³:�
c
¦j¥X¢Ë¥��j���R�j£H�L�B���H��¹
�B���5§ �&�m¥q�L�7¸H�H�J�j½B×

Þq�j³b�
V = V1 + c, c ∈ R.

2

Æ Ç á�x�ÈkÉ(}`uoxbuwå
¯�ç<æ µÏí�öØí)î�¶ÉøØöFëjìËôPé)ô¸ZõyÊËõ ¶ÉéËë�Ë=´y³�¶�ëJíyÌ
$ Å %�&��('m�)� � �p)

Tromba *�+�,�5�032�4Z^�*?u QFH�E IKHf�SE < z�� � Q < G�TJC M < I�!��8!�h < ��M < E !���U ¡rH�I�! ��M U h > GF� <I-T "=H @rM � U hKH M < " ¢
x = cos θ sinφ, y = sin θ sinφ, z = cosφ, φ ∈ [0, π], θ ∈ [0, 2π].

X N G�Tm ¥q�B� ´b£�¢j¥L� ��¥L§ ¢j�B���(�m�H¢j��¦>� �B§ ��³:´b�B§ �j�b�wÕ)��¥X´b�H�H�j¹��m¥X¢j��¦>� ��¢j�7³:�m�H�L��¦>§ ¢j�7¢R�L�B�m�H��¹%�>� µ
³:ùÉÞX³:¥L� µJü
Tθ = (− sin θ sinφ, cos θ sinφ, 0),

Tφ = (cos θ cosφ, sin θ cosφ,− sinφ),�X¾w¢/�H���B§ ¾w¢&�X��¥��R¾F�j¥X�>� �B¹%Ûb� ¢j¹��m¥X¢j��¦>§ ¢j¥L�mÞX¢j��¥��R¾F�j¥X�>� �B¹��B£JÙb¥q�X��¦>� £�¢j¡7³:�m���j�7µ
¥q�B� ´b£�¢j¥L� ��µJ�

Tθ × Tφ =

∣∣∣∣∣∣

i j k
− sin θ sinφ cos θ sinφ 0
cos θ cosφ sin θ cosφ − sinφ

∣∣∣∣∣∣

= (− cos θ sin2 φ,− sin θ sin2 φ,− sin2 θ sinφ cosφ− cos2 θ sinφ cosφ)

= (− cos θ sin2 φ,− sin θ sin2 φ,− sinφ cosφ)m ¢j¹��j�m���L��¡(¦>� ��¢j�7³:�m�H�X��µ
��¡J�L���(¥L§ ¢j�B�m§ ³:�%�m¥>ü

||Tθ × Tφ|| =
√

cos2 θ sin4 φ+ sin2 θ sin4 φ+ sin2 φ cos2 φ =

√
sin4 φ+ sin2 φ cos2 φ = | sinφ|

Õ)Þq�H��µ�X���m�7¢j��¦>� �B§ ��¥��R¾F�j¥X�>� �B¹��B£JÙb¥q�L�%¦>� £�¢j¡7³:�m��¦>§ ¢j¥q�L�B�m�H��¹%�j�7¢Hü

N(S) =
Tθ × Tφ
||Tθ × Tφ||

=
1

| sinφ| (− cos θ sin2 φ,− sin θ sin2 φ,− sinφ cosφ)

= (− cos θ sinφ,− sin θ sinφ,− cosφ)(
Û:� �H�>�

; )

2
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$ Å %�&��('m�)� �F�P)
Tromba *�+�,�5�032�4Z®r*]bf@�< h < A(U x H�IKHÍI-TFh < G(�VÎVC M < I-T h�H @�M � U�h�H M <F¢

x = 3 cos θ sinφ, y = 2 sin θ sinφ, z = cosφ, θ ∈ [0, 2π], φ ∈ [0, π]

X N G�Tm ¥q�B� ´b£�¢j¥L� ��¥L§ ¢j�B��ÞX¢j��¥q�7�H¥L� þb�B¥L� ¦jÞXµ`¹H�H¾wµ
�����j�H�B£H�X¾�´b�B§ ¢j¥q�L�B���

–1

–0.5

0.5

1

–2

–1

1

2

–3
–2

–1

1
2

3

Õ)��¥X´b�H�H�j¹��m¥X¢j�%¦>� ��¢j�7³:�m���X��¦>§ ¢j�7¢R�L�B�m�H��¹%�>� µ�³:ùÉÞX³:¥L� µJü
Tθ = (−3 sin θ sinφ, 2 cos θ sinφ, 0),

Tφ = (3 cos θ cosφ, 2 sin θ cosφ,− sinφ),�X¾w¢/�H���B§ ¾w¢&�X��¥��R¾F�j¥X�>� �B¹%Ûb� ¢j¹��m¥X¢j��¦>§ ¢j¥L�mÞX¢j��¥��R¾F�j¥X�>� �B¹��B£JÙb¥q�X��¦>� £�¢j¡7³:�m���j�7µ
¥q�B� ´b£�¢j¥L� ��µJ�

Tθ × Tφ =

∣∣∣∣∣∣

i j k
−3 sin θ sinφ 2 cos θ sinφ 0
3 cos θ cosφ 2 sin θ cosφ − sinφ

∣∣∣∣∣∣

= (−2 cos θ sin2 φ,−3 sin θ sin2 φ,−6 sin2 θ sinφ cosφ− 6 cos2 θ sinφ cosφ)

= (−2 cos θ sin2 φ,−3 sin θ sin2 φ,−6 sinφ cosφ)m ¢j¹��j�m���X��¡(¦>� ��¢j�7³b�m�H�X��µ
��¡J�L���"¥L§ ¢j�B�m§ ³:�(�m¥>ü

||Tθ × Tφ|| =
√

4 cos2 θ sin4 φ+ 9 sin2 θ sin4 φ+ 36 sin2 φ cos2 φ = · · ·
Õ)Þq�H��µ�X���m�7¢j��¦>� �B§ ��¥��R¾F�j¥X�>� �B¹��B£JÙb¥q�X��¦>� £�¢j¡7³:�m��¦>§ ¢j¥q�L�B�m�H��¹%�j�7¢Hü

N(S) =
Tθ × Tφ
||Tθ × Tφ||

= · · ·

2

$ Å %�&��('m�)���BÈp)
Tromba *�+�,�5w032�4�¥r*Vu QFH�E I�H»z�h < I N�@ !lC M < I�!H ��<�@ I g �SH�h�!yH @ E @ H � !yI-T "�H @�M � U�h�H M < "

x = h(y, z) WÍ` Ï �8! M < C M < I-TFh�H @rM � U h�H M < y = k(x, z) W
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X N G�T��� �������j���m¥q�j�>� �B�H���B§ �7³:���j�7µ����R�F�j�7µ�¥q�B� ´b£�¢j¥L� ��µ�¦>§ ¢j¥q�L�B�w�H��¹��j�7¢�³:¡7¢j£��R�j�7³:�
Φ : D → R3 ¹H����¡

D ⊂ R2 �L�%��¥X¦>§ �����>� ³:�m���"�j�7µ h �B�É��ÞXùÉ¥L�b�j�J���

Φ(y, z) = (h(y, z), y, z).

Õ)��¥X´b�H�H�j¹��m¥X¢j��¦>� ��¢j�7³:�m�H�X��³É�X��³:�7�m¥L§ �
(h(y0, z0), y0, z0)

¦>§ ¢j�7¢R�L�B�m�H��¹%�>� µ
³:ùÉÞX³:¥L� µJü

Ty =
(∂h
∂y

(y0, z0), 1, 0
)
,

Tz =
(∂h
∂z

(y0, z0), 0, 1
)
.

Õ)��¥��R¾F�j¥X�>� �B¹��m�7¢j��¦>� �B§ ���B£JÙb¥q�X�
Ty × Tz

¦>§ ¢j¥q�X�É���H��¹

Ty × Tz =

∣∣∣∣∣∣

i j k
∂h
∂y (y0, z0) 1 0
∂h
∂z (y0, z0) 0 1

∣∣∣∣∣∣
=
(
1,−∂h

∂y
(y0, z0),−∂h

∂z
(y0, z0)

)
.

Õ)Þq�H��µ�X��¥X´b�H�H�j¹��m¥X¢j��¥q�B§ ��¥X¦j�(�j�7µ
¥q�B� ´b£�¢j¥L� ��µ
³É�X��³:�7�m¥L§ �
(h(y0, z0), y0, z0)

¦>§ ¢j¥q�L�B�m�H��¹bü

(x− h(y0, z0), y − y0, z − z0) · (Ty × Tz) = 0⇒

(x− h(y0, z0), y − y0, z − z0) ·
(
1,−∂h

∂y
(y0, z0),−∂h

∂z
(y0, z0)

)
= 0⇒

x− h(y0, z0)− ∂h

∂y
(y0, z0)(y − y0)− ∂h

∂z
(y0, z0)(z − z0) = 0.

Ý ��m�B� �%¡J���J�H�JÛb§ �j¥L�:�B��¢j¥L§ µ�X��¥X´b�H�H�j¹��m¥X¢j��¥q�B§ ��¥X¦j�(�j�7µ
¥q�B� ´b£�¢j¥L� ��µ
y = k(x, z)

³É�j�%�m���j´b½

−∂k
∂x

(x0, z0)(x− x0) + y − k(x0, z0)− ∂k

∂z
(x0, z0)(z − z0) = 0.

2

$ Å %�&��('m�)��� ¤p)
Tromba *�+�,�5�032�43.F.r*ÀÐ H�RpQP! N �SH»� M < H @�M � U�h�H M < G�IK!�h R3 @�< Q < �SH�IBQ M ��! @ ! M T��Sz�hDT�Sz�G�R]I-T "

Φ(r, θ) = (r cos θ, r sin θ, θ),
�SH

(r, θ) ∈ [0, 1]× [0, 4π].

<FWlÄ ��H ��M U G�IKHv� < M�@ H
Q M C�Q U�ÑPIKHvI-TFh�H @�M � U�h�H M <x Wyu QFH�E IKHÍ�SE < z�� � Q < G�TkC M < I�!w��!�h < ��M < E !���U ¡rH�IK! ��M U h > GF� < I-T "=H @rM � U�h�H M < "C Wyu QFH�E IKHÍ�SE < H���E G�R�G�TkC M < IK!�H ��<�@ I g �SH�h�!wH @ E @ H � !�I-T "vH @�M � U�h�H M < "vG�I�!�G�T��SH�E !
(x0, y0, z0)

X N G�T

�b�ËÕ)��Û:�j£�´b�7�m���j�7µ�¥q�B´:�w¢j�7³:��¥L§ ¢j�B�P�5§ ��Û:¥X�m£H�j��Þq��� �B��¹H�H¾Fµ�´b�B§ ¢j¥q�L�B�P³É�L�������j�H�B£H�q¾ ³:ùÉ½7�m�b�
Õ)��¹J�>�F¥L§ ¢j�B�FÞq��� �B��´b�B§ ¢j¥q�X�B�w�H��¹��X��Û:¥qÛ:�H¢j¹�µ%¹J�>�F�ê�j�>§ �j�³:¡7¢R�j¥q�L�HÛ:�mÞX¢j�ê¥��j���R�j£H�L�B�F�H��¹��j�7¢
�����j£��m¥q�j�j�

θ
����¡(�����j£HÛ:¥L���X�H¢&�B�J�B�H��³É�>� µ&¦j�7�����R�F�j¥Xµ�³:¡7¢R�j�j¥q�L�HÛ:�mÞX¢j¥Xµ

(r cos θ, r sin θ)
��Õ)�

¹J�>�7¥L§ ¢j�B�JÛ:¥X�m£H�j�`�ËÞq��� �B�´b�B§ ¢j¥q�L�B�7�H��¹`�j�7¢o�����j£��m¥q�j�j�
r ∈ [0, 1]

�`�H���B§ �`�����j£HÛ:¥L�J�J�H¹H���H�7�j�Ë�L�7¢
¦>§ ³É�É��ûo�B�B�D¹7ù:�D�m¹7¢j���X�7¢"�B�J���H��û�³É�>� µ/¦j�7�����R�F�j¥Xµ/³:¡7¢R�j¥q�X�HÛ:�mÞX¢j¥Xµ

(r cos θ, r sin θ)
�Õ)Þq�H��µJ×

Ûb� �%�L��Û:¥qÛ:�7¢j¹�µ
¹J�>�m�(Þq��� �B�(�B£B¢j¥L�m�/��¥X�>� ³É�j�j��´bÞXµ
¥X¡jÙb�7¢j¥q�L�B�:�L��¥X�7�j��µ�j�7µÛÉ¾w¢>§ ��µ
θ ∈ [0, 4π]

�
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0.5

1

–1

–0.5

0.5

1

¸b�)Õ)��¥X´b�H�H�j¹��m¥X¢j��¦>� ��¢j�7³:�m�H�L��¦>§ ¢j�7¢R�X�B��ü
Tr = (cos θ, sin θ, 0),

Tθ = (−r sin θ, r cos θ, 1),�q¾w¢"�H���B§ ¾w¢��L��¥��R¾F�j¥X�>� �B¹�Ûb� ¢j¹��m¥X¢j��� ³:���J�X�B�m�m¥>ü

Tr × Tθ =

∣∣∣∣∣∣

i j k
cos θ sin θ 0
−r sin θ r cos θ 1

∣∣∣∣∣∣
= (sin θ,− cos θ, r cos2 θ + r sin2 θ)

= (sin θ,− cos θ, r).m ¢j¹��j�m�%�L��¡(¦>� ��¢j�7³:�m�H�L��µ
¥L§ ¢j�B��ü

||Tr × Tθ|| =
√

sin2 θ + cos2 θ + r2 =
√
r2 + 1.

�`��¹J�j¥`ÞX¢j���m�7¢j��¦>� �B§ �%�B£JÙb¥q�L�%¦>� £�¢j¡7³b�m��¥L§ ¢j�B� ü

N(S) =
Tr × Tθ
||Tr × Tθ||

=
1√

r2 + 1
(sin θ,− cos θ, r)

Û5�ËÕ)�&³:�7�m¥L§ �
(x0, y0, z0)

��¥X�>� Û:�j£�´b¥q�X�B�B�mÞX³É¾��j�7µ�³:¡7¢j£��R�j�7³:�7µ
Φ
�H��¹
�L�&³b�7�m¥L§ �

(r0, θ0)
¾wµ)¥��j½7µJü

Φ(r0, θ0) = (x0, y0, z0).

Õ)��¥��R¾F�j¥X�>� �B¹��B£JÙb¥q�X��¦>� £�¢j¡7³:�m��³É�X��³:�7�m¥L§ ����¡J�j¹�¥L§ ¢j�B���X�bü

N(S)|(x0,y0,z0) =
1√
r2
0 + 1

(sin θ0,− cos θ0, r0),

�B�B�b�jÞq�H��µ�X����¢R�>§ ³É�X�B� ùÉ��¥X´b�H�H�j¹��m¥X¢j��¥q�B§ ��¥X¦j�%¦>§ ¢j¥q�X�B�m�H��¹%�j�(³:ùÉÞX³:�Éü
(x− x0, y − y0, z − z0) ·N(S)|(x0,y0,z0) = 0.

2
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¯�ç°¯ è�î�Ò�í·�Ó»³ÓèêéËë�Ë=´y³�¶�ëJíyÌ
Ü]³:ùÉ�7¥L�Ø¹J�>�Ø��¢j¹��j�m�ê�L��¡�¥��R¾F�j¥X�>� �B����Ûb� ¢j���mÞX¢j��¡�¦j�7�ê¦>� ��¢j¡7³:�m£H�q¾w¢�� ³b���J�X�B�Ø�m¥&�L�¥X�b¸���¦j¹7¢"�L��¡����7û
�j�H�7�H�J�H�JÛ:�j£��m�m��¡�����¡��¡J�j£����>§ �j��¡7¢H�êÝ �w�j³b�P��¢j¹��j�m���L��¡¥��R¾F�j¥X�>� �B¹�Ûb� ¢j¹��m¥X¢j���q¾w¢ê¥X´b�H�H�j¹��5¥X¢R¾F¢
¦>� ��¢j¡7³:�m£H�X¾w¢

Tx =
∂Φ(x, y)

∂x
, Ty =

∂Φ(x, y)

∂y
,

¹H����¡
Φ
¥L§ ¢j�B�P�D§ �������j���mÞq�j�>� ³:��j�7µ�¥q�B� ´b£�¢j¥L� ��µ

S
¥L§ ¢j�B��§ ³:�â�m¥%�L��¥X�b¸���¦j¹7¢��L��¡��H�B�j�H�7�H�>�H�>Û:�j£��bû

�m��¡�����¡���¡J�j£ó���>§ �j��¡7¢H� Ê`¢��>�H�H���H�7�R�w³:��¡7�m¥��>� µ¢j¹��j�m¥Xµê¹J�7¾w¢��q¾w¢�¥��R¾F�j¥X�>� ���w¢�Ûb� ¢j���mÞX¢R¾w¢��X¾w¢
¥X´b�H�H�j¹��m¥X¢R¾w¢/¦>� ��¢j¡7³:�m£H�X¾w¢/�5� ��µ
¥q�B� ´b£�¢j¥L� ��µ

S
Ùb�%¸��j���7�m¥Ë�L��¥X�b¸���¦j¹7¢��j�7µ
¥q�B� ´b£�¢j¥L� ��µJ×É¦j�J�H��¦j½Éü

∫

S

‖Tx × Ty‖dxdy = E(S).

¤`���j�H�j�7�j½7³É�j¥`�j�7¢/��¢j�H�H�>Ûb§ ���m¥�X���m½J�B��µ�5§ �Bµ�B�������J�H�7µ
γ
×
l(γ) =

∫ b
a
‖γ′(t)‖dt �

$ Å %�&��('m�)�êª(ªp)
Tromba *�+�,��=032�4q.r*Vu QFH�E I�H�IK!HK� x < ��g hI-T "¦H @rM � U�h�H M < "¦I-T "»��!�h < ��M < E < "¦G ��< E Q < "

S @ ! >v@�< Q M G�I�U�h�H�I < M�@�< Q < �SH�IBQ M ��U <�@Dg I-T h Φ : D → S ⊂ R3 � g�@ ! > D H�E�h < M IK!y!�QF¡r!DC���h M ! 0 ≤ θ ≤ 2π
�

0 ≤ φ ≤ π � < M T Φ � E�h�H�I < Mp<�@Dg I M "=H�� M G ��G�H M "

x = cos θ sinφ, y = sin θ sinφ, z = cosφ

X N G�T� ¥q�É� ¢j£��m¥¡J���J�H�>Ûb§ �j�7¢R�L��µ`�L��¥X´b�H�H�j¹B�m¥X¢j�%¦>� ��¢j�7³:�m�H�L�
Tθ
×
Tφ
ü

Tθ = (− sin θ sinφ, cos θ sinφ, 0),

Tφ = (cos θ cosφ, sin θ cosφ,− sinφ).
Õ)��¥��R¾F�j¥X�>� �B¹%Ûb� ¢j¹��m¥X¢j�

Tθ × Tφ
ü

Tθ × Tφ =

∣∣∣∣∣∣

i j k
− sin θ sinφ cos θ sinφ 0
cos θ cosφ sin θ cosφ − sinφ

∣∣∣∣∣∣
= (− cos θ sin2 φ,− sin θ sin2 φ,− sinφ cosφ)

||Tθ × Tφ|| =
√

cos2 θ sin4 φ+ sin2 θ sin4 φ+ sin2 φ cos2 φ =

√
sin4 φ+ sin2 φ cos2 φ = | sinφ|

¤`¥X�j¢j£��m¥�jÞq�H��µ³:�X��¥X�b¸���¦j¹7¢��j�7µ
¥q�B� ´b£�¢j¥L� ��µ
E(S)

ü

E(S) =

∫

Φ

1 =

∫

D

||Tθ × Tφ||dθdφ =

∫ π

0

∫ 2π

0

| sinφ|dθdφ = −2π cosφ
∣∣∣
π

0
= 4π

2

$ Å %�&��('m�)�|ªm�()
Tromba *�+�,���032�4O.�5�*1u QFH�E IKHvI�!�HK� x < ��g h�I-T "=H @rM � U�h�H M < " @ ! > !�QFE ecH�I < MP<�@Dg I M "

x+ y + z = 1
� < M x2 + 2y2 ≤ 1 W

X N G�TÊË�B�J�H��¡jÙb¥L§J�L��Û:�j£�´b�7�m���L��¡`Û:¥X�m£H�L��¡¥q�7�H¥L� �H�>� �B���)�B¡J��§ ¢j¦j�j��¡�Y�Ûb� �H�>§
; [ x2 +2y2 ≤ 1

�B�B�H�L��¡¥q�B� ��ÞX¦j��¡
x+y+ z = 1

�P�P�L�/Û:�j£�´b�7�m�"´b�B§ ¢j¥q�X�É�É¹J�>�:���X���m½��L��¡7µË¥L§ ¢j�B�É�5§ �"Û:¥X�m£H�j��Þq�7�H¥L� þb�
��£�¢R¾ó³É�L�"¥q�B§ ��¥X¦j�
x + y + z = 1

�â�P´b¹�³:�7¢�L��¥q�B§ ��¥X¦j��¥L§ ¢j�B�w�B¥q����� �mÞX¢j�}Y�Ûb� �H�>§
; [ Ùb�����jÞq��¥L�P³É�j����¥X�>� Û:�j��´b½�����¡êÙb��H�B�J�H��¡jÙb½7³:¥L�:¢j���H£7¸���¡7�m¥`¡J��¹�þb�/�B�B�b�j�7¢&�j�>§ �j�(�m¥q�L�7¸H�H�J�j½

z
�



Á�� ÿýi����Xi>U�� �Fÿ��Xn�n�n
	��� \La����mp���� i>d������

–2

2

4

–2 –1
1 2

y

–2

2

x

¤`¥X�j¢j£��m¥o³É�j�7¢)�����j���m¥q�j�>� �B�H���B§ �7³:��Y���¥X�>� Û:�j��´b½ [ �j�7µo¥q�B� ´b£�¢j¥L� ��µ¦�j¥q�É� ¢R�w¢R�X��µ��H��¹
�j�Û:¥X�m£H�j�Þq�7�H¥L� þb�Éü
x2

2
+ y2 ≤ 1

2
.

��§ ���B�H�j£H�7�H�J�7�&�����j���m¥q�j�>� �B���H�É§ �7³:�/�j�7µÛ:¥X�m£H�j�7µÞq�7�H¥L� þb�7µ¥L§ ¢j�B���

x =
√

2r cos θ, y = r sin θ, r ∈ [0,
1

2
], θ ∈ [0, 2π].

\ � ��X�H¢(Û:¥X�m£H�L��¥q�7�H¥L� �H�>� �B¹��B�J��� ¢j¦j�j�LY ùB¾w�>§ µ(�L��¥q�B§ ��¥X¦j�
&
�H��¥L§ �j��¡��m½J�B��¡7µ [ �5§ ������j���mÞq�j�>� ³:�%Ùb�½J�L��¢&�(¥��j½7µJü

Φ(r, θ) = (
√

2r cos θ, r sin θ, z), r ∈ [0,
1

2
], θ ∈ [0, 2π], z ∈ R.

Ý ���¾wµ�¥X´b¹�³:�7¢�m��µ�¥X¢j¦>� ��´bÞX�j¥L�P���L���m½�L��¡�B¡J��§ ¢j¦j�j��¡�m¥�³:¡JÛÉ�B¥q�B�>� �mÞX¢j��¥q�B§ ��¥X¦j�����jÞq��¥L�w¢j��¥X¢R�L�7û
�B§ ³:��¡7�m¥"�B�B�ý�j�7¢��j�>§ �j��³:¡7¢R�j¥q�X�HÛ:�mÞX¢j�

z
�B�H�j£H�7�H�J�7��B�B�ýÛb� ���L��³É�B�H��¹���¡J�j¹�ùÉ�j�7³b� �m�H���B� ���7�m¥"�j�7¢

¥��>§ ³É¾w³:�(�L��¡(¥q�B� ��ÞX¦j��¡Éü

z = 1− x− y =⇒x=
√

2r cos θ
y=r sin θ z = 1−

√
2r cos θ − r sin θ.

�o¡7¢j��þ�§ �j��¡7�m¥�(¥q�B� ´b£�¢j¥L� ��¦>§ ¢j¥q�L�B�b�����j���m¥q�j�>� �B£��H��¹%�j�"³b¡7¢j£��R�j�7³:�
Φ : D → R3 ¹H����¡ D = [0, 1

2 ]×
[0, 2π]

�m¥`�j�J���bü
Φ(r, θ) = (

√
2r cos θ, r sin θ, 1−

√
2r cos θ − r sin θ).Õ)��¥X´b�H�H�j¹��m¥X¢j�%¦>� ��¢j�7³:�m���X��¦>§ ¢j�7¢R�L�B�m�H��¹%�>� µJü

Tr = (
√

2 cos θ, sin θ,−
√

2 cos θ − sin θ),

Tθ = (−
√

2r sin θ, r cos θ,
√

2r sin θ − r cos θ),����¡"�����j£HÛ:��¡7¢
�L���B£JÙb¥q�X��³É�j�7¢/¥q�B� ´b£�¢j¥L� ��¦>� £�¢j¡7³:�m�bü

Tr × Tθ =

∣∣∣∣∣∣

i j k√
2 cos θ sin θ −

√
2 cos θ − sin θ

−
√

2r sin θ r cos θ
√

2r sin θ − r cos θ

∣∣∣∣∣∣
=
√

2r(1, 1, 1),
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�(¢j¹��j�m���L��¡(�H���B§ ��¡"¥L§ ¢j�B��ü
||Tr × Tθ|| =

√
6r.

Õ)Þq�H��µ��¥X�j¢R�w¢R�X��µ�³É�L��¥X�b¸���¦j¹7¢��j�7µ
¥q�B� ´b£�¢j¥L� ��µ
ÞXùÉ��¡7�m¥>ü

E(S) =

∫

Φ

1 =

∫

D

||Tr × Tθ||drdθ =

∫ 1/2

0

∫ 2π

0

√
6rdθdr =

√
6π

4
.

2

$ Å %�&��('m�)�êªbªP) *�«�¬ckÔ�~�032�4q.P7 α 9�*V:=<�>�@ !�A�!DCFE G H�IKH»IK!HK� x < ��g hI�T�"¦H @rM � U�h�H M < "»�SH @�< Q < �Sz�IBQ M G�T
Φ : W → R3 g I < h W =

{
(x, y) ∈ R2 : x2 + y2 ≤ 1

} � <FM Φ(x, y) = (x− y, x+ y, xy).

X N G�T�P�L�"Û:�j£�´b�7�m�"����¡&���B�>�H��¡jÙb¥L§B´b�B§ ¢j¥q�L�B�:´b�B§ ¢j¥q�L�B�É�L�"��¥X¦>§ �(���>� ³:�m�����j�7µ
Φ
³É�L�%¥q��§ �H¥X¦j�"�B�JÙ:�wµË�B�B�É�X�

Û:�j£�´b�7�m���j�7µ
¥q�B� ´b£�¢j¥L� ��µJ�

–0.2

–0.1

0.1

0.2

–1

–0.5
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1–1
–0.5

0.5
1

Õ �j¥L� ���j¹��m��³É�j¥�>� µ�����j�HÛÉ�FÛ:��¡7µJü

Tx =
∂

∂x
(x− y, x+ y, xy) = (1, 1, y),

Ty =
∂

∂y
(x− y, x+ y, xy) = (−1, 1, x),

�B�B���R�w�j���X��¥��R¾F�j¥X�>� �B¹%�L��¡7µÛb� ¢j¹��m¥X¢j��ü

Tx × Ty =

∣∣∣∣∣∣

i j k
1 1 y
−1 1 x

∣∣∣∣∣∣
= (x− y,−x− y, 2),

�L���H���B§ ��ÞXùÉ¥L��¢j¹��j�m�bü

||Tx × Ty|| =
√

(x− y)2 + (−x− y)2 + 4 =
√

2x2 + 2y2 + 4.
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Õ)��¥X�b¸���¦j¹7¢��j�7µ
¥q�B� ´b£�¢j¥L� ��µ�H�B� ��¹7¢&¥L§ ¢j�B�5§ ³:���m¥>ü

E(S) =

∫

Φ

1 =

∫

W

||Tx × Ty||dx =

∫ 1

−1

∫ √1−x2

−
√

1−x2

√
2x2 + 2y2 + 4dydx

ÊË�7�H£��j��¡7�m¥�>� µ&³:¡7¢R�j¥q�L�HÛ:�mÞX¢j¥Xµ�³:¥
���J��� �BÞXµ�Y
x = r cos θ

×
y = r sin θ

×
J = r

×
r ∈ [0, 1]

×
θ ∈ [0, 2π] [�B�B�b���B§ �j¢j��¡7�m¥¹J�>��ü

E(S) =

∫ 1

0

∫ 2π

0

r
√

2r2 + 4dθdr =
√

2π

∫ 1

0

2r
√
r2 + 2dr

=
√

2π
2

3
(r2 + 2)3/2

∣∣∣
1

0
=

2
√

2π

3
(3
√

3− 2
√

2).

2$ Å %�&��('m�)�êª:Áp) *�«�¬c�Ô�~�032�4q.P7 β 9�*V:=<�>�@ !�A�!DCFE G H�IKH�I�!HK� x <F��g hlI-T "¦H @rM � U�h�H M < "»�SH @�< Q < �Sz�I�Q M G�T
Φ : W → R2 g I < h W = [0, 2π]× [0, a]

�
a > 0

� < M Φ(θ, t) = (cos θ, sin θ, t).X N G�TÕ)�/Û:�j£�´b�7�m�/�j�7µË¥q�B� ´b£�¢j¥L� ��µ)¥L§ ¢j�B�ÉÞX¢j��µ)�B�J��� ¦j�j��µ)�m¥o¸�£�³:�
�L�7¢�m�7¢j��¦>� �B§ �/�B�J���H�/³É�X�
xy
ûZ¥q�B§ ��¥X¦j�&�B�B�

�7þb��µ
a
�FÕ)�/Û:�j£�´b�7�m�"¥L§ ¢j�B�B�B�J��� ¢j¦j�j��µ)�B�B�É¹Jù:�:Þq��� �B�/¦>� ¹J�>�:���j�>§ �j�&³:¡7¢R�j¥q�L�HÛ:�mÞX¢j�������j£HÛ:¥q�X�B�É�H��¹/�j�7¢

�m¥q�L�7¸H�H�J�j½
t
�/�H���B§ � � H�h)ÞXùÉ¥L�É³:¡7�m�5¥q�X�7ùÉ½&³É�j�&�B�H�X��³É�B¥X¡7½
�L��¡��B�J���H��¡
����¡�Ûb§ ¢j¥q�X�B�:³É�>� µ`¦j�7�/���R�F�j¥Xµ³:¡7¢R�j¥q�L�HÛ:�mÞX¢j¥Xµ

(cos θ, sin θ)
�

0.5

1

1.5

2

–1
–0.5

0.5
1

–1
–0.5

0.5
1

Ý �`�H¾wµF�B�B�H³É�j�7¢o���j���JÛ:���7�m¥X¢j�Ë�m��µP¥X¢j¦>� ��´bÞX�j¥L�H�`¢j¹��j�m��L��¡`¥��R¾F�j¥X�>� �B���ËÛb� ¢j���mÞX¢j��¡)�X¾w¢)¥X´b�H�H�j¹��m¥X¢R¾w¢
¦>� ��¢j¡7³:�m£H�X¾w¢Hü

Tθ =
∂

∂θ
(cos θ, sin θ, t) = (− sin θ, cos θ, 0)

Tt =
∂

∂t
(cos θ, sin θ, t) = (0, 0, 1),

�m¥
¥��R¾ý�>¥X�>� �B¹%Ûb� ¢j¹��m¥X¢j�%�L��¦>� £�¢j¡7³:�m�bü

Tθ × Tt =

∣∣∣∣∣∣

i j k
− sin θ cos θ 0

0 0 1

∣∣∣∣∣∣
= (cos θ, sin θ, 0).
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© �������j�H�j�7�j½7³:��¡7�m¥"³:¥%��¡J�j¹��L��³:�7�m¥L§ ��¹J�>�w�X���B£JÙb¥q�X��¦>� £�¢j¡7³:�m���j�7µ�¥q�B� ´b£�¢j¥L� ��µ(����¡��m¹J��� µ�¡J���7û
�H�JÛb§ ³:���m¥/¥L§ ¢j�B�ý���>� �j¹7¢R�>� �ê�É�B�Ø¥��R¾F�j¥X�>� �B¹�X��¡��É¡J��§ ¢j¦j�j��¡JY�Ûb� �H�J§

; [ �"Õ)Þq�H��µ"��¢j¹��j�m��L��¡�¥��R¾F�j¥X�>� �B���Ûb� ¢j���mÞX¢j��¡(¥L§ ¢j�B��ü
||Tθ × Tt|| =

√
cos2 θ + sin2 θ = 1Õ)�V�j�J�X���7�m¥X¢j��¥X�b¸���¦j¹7¢&¥L§ ¢j�B�5§ ³:���m¥>ü

E(S) =

∫

S

1 =

∫

W

||Tθ × Tt||dθdt =

∫ 2π

0

∫ a

0

1dθdt = 2aπ.

2

$ Å %�&��('m�)�óªF|8) *�«�¬cnÔ�~�032�4�5�*t:=<�<�@ ! � H�E ��H�I�H g I M I�!wHK� x < ��g hwI-T "fH @�M � U�h�H M < "fH�� @ H
Q M GPIBQ�! � � "Ö R�" @ Q�!�"qIK!�hqU���!�h < x ×3@ ! >k@ QP!�� N�@ I�H MS<�@Dg I-TFh3� < � @DN APT γ(t) =
(
x(t), y(t)

) �
t ∈ [0, 1]

�
y(t) > 0H�E�h < M 2π

∫ 1

0
y(t)||γ′(t)||dt W

X N G�T�P�L�������j�H�B£H�X¾Ï³:ùÉ½7�m��´b�B§ ¢j¥q�X�É�w��B�������J�H�ê³É�X�
xy
ûZ¥q�B§ ��¥X¦j���B�B�F��¥q�B� ´b£�¢j¥L� ��¥q����¥X�>� ³É�j�j��´b½7µ(ûW¾wµ

���j��µ�L�7¢/£��j�7¢j���q¾w¢
x
ûw����¡"���j�H�B�J�H�j¥L�b�H��¹%�j�7¢��B�������J�H�"��¡J�j½É�

–1

–0.5

0

0.5

1
–1

–0.5

0.5

1
0.1

0.2

0.3

0.4

\ � ��¢j�"¸��j¥L�:�B£H���B� ��µË�j�7¢������j���m¥q�j�>� �B�H���B§ �7³:�����jÞq��¥L�b¢j�%³É�L�JÙb¥X�j�H���B� ½7³:¥L�bÞX¢j�%³:�7�m¥L§ �(�j�7µ`�B�������J�H�JµJ×
¢j���X����¥X�>� ³:�j�jÞXþb¥L�7Û:�7�j���H��¹
�L�7¢)£ �j�7¢j�

x
�B�B�H¢j�������j�H�j�7�j½7³:¥L�7¹J�>�H�����j£HÛ:¥q�X�B�HÞX¢j��µP�B�J���H��µP³:¥P¥q�B§ ��¥X¦j�

�����j£H�7�H�J�H�"�L��¡
yz
ûZ¥q�B� ��ÞX¦j��¡É� m �H���>§ ¢j�%�L��¡"�B�J���H��¡"¥L§ ¢j�B�

y(t) > 0
�

m ¥q�B� ´b£�¢j¥L� � ¥q����¥X�>� ³É�j�j��´b½7µû"¾wµ����j��µ�L�7¢�£��j�H¢j�
x′x

û"����¡â�����j£HÛ:¥q�L�B�Ë�H��¹��j�7¢��B�������J�H�
γ(t) =

(
x(t), y(t)

) ×
t ∈ [0, 1]

×:¦>§ ¢j¥q�L�B�������j���m¥q�j�>� �B£��H��¹bü

Φ(θ, t) =
(
x(t), y(t) cos θ, y(t) sin θ

)
, θ ∈ [0, 2π], t ∈ [0, 1].

�o¡7¢j¥Xù:§ �j��¡7�m¥`�R�w�j���m¥`�j�7¢&�H�7³:�/�j�7µ
£�³É�B�7³:�7µ
¡J���J�H�>Ûb§ �j�7¢R�L��µ`�L��¥X´b�H�H�j¹��m¥X¢j��¦>� ��¢j�7³:�m�H�L�bü

Tθ =
∂

∂θ

(
x(t), y(t) cos θ, y(t) sin θ

)
= (0,−y(t) sin θ, y(t) cos θ),

Tt =
∂

∂t

(
x(t), y(t) cos θ, y(t) sin θ

)
= (x′(t), y′(t) cos θ, y′(t) sin θ),
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��¥X�j¢j£��m¥³É�L��¥��R¾F�j¥X�>� �B¹%�L��¡7µÛb� ¢j¹��m¥X¢j�bü

Tθ × Tt =

∣∣∣∣∣∣

i j k
0 −y(t) sin θ y(t) cos θ

x′(t) y′(t) cos θ y′(t) sin θ

∣∣∣∣∣∣
=
(
− y(t)y′(t), x′(t)y(t) cos θ, x′(t)y(t) sin θ

)
,

����¡(ÞXùÉ¥L��¢j¹��j�m�bü

||Tθ × Tt|| =
√
y2(t)

(
(y′(t))2 + (x′(t))2

)
= y(t)

√
(y′(t))2 + (x′(t))2

= y(t)||γ′(t)||.
Õ)Þq�H��µ�X�V�j�J�L���7�m¥X¢j�%¥X�b¸���¦j¹7¢��j�7µ
¥q�B� ´b£�¢j¥L� ��µ
¦>§ ¢j¥q�X�B�m�H��¹%�L���J�H�H���H½7�R¾w�m�bü

E(S) =

∫

S

1 =

∫ 1

0

∫ 2π

0

||Tθ × Tt||dθdt = 2π

∫ 1

0

y(t)||γ′(t)||.

2

$ Å %�&��('m�)�|ª��P)
Tromba *�+�,Ø^3032�4Z.8+�*

<FW:=< x QFH�E IKHwI�!�HK� x < ��g h�IK! > I������ < I�!�"�IK! > �r�¦h�! > x2 + y2 = z2 �SH
z ≥ 0

��IK!�! @ !�E ! x QFE G(��H�I < M�SzcG < G�I-T3G ��< E Q < x2 + y2 + z2 = 2Rz
�
R > 0 W

x Wy:=< x QFH�E IKHVI�!�HK� x < ��g hkI�! > I������ < IK!�"�I-T "3G � U M Q < " @ ! > x QFE G(��H�I < M �Sz�G < G�I�!kHcG�R¦IKH
Q M � g IK! >�r��h�! >�W
X N G�TÊË�B�J�H��¡jÙb¥L§m�X�êÛÉ�j£B´b�7�m���X�B¡%���w¢j��¡��B�B�5�j�7µ/³:´b�B§ �j��µ/Ûb� �ê�H���>§ ¢j�

R = 3
� # Þ?¸��B� ����£�³É�B�7³:�%���jÞq��¥L�¢j���H¡jÙb¥L§:Ûb� ���j�7¢��j¡7ùÉ�B§ ���H���>§ ¢j�

R
�

2

4

6

–6
–4

–2

2
4

6

y

–6
–4

–2

4
6

x

�b�ËÊ`�jù:� �B£������j�H�j�7�j���7�m¥`¹J�>���(³:´b�B§ �j��Û:�j£�´b¥q�X�B�m³É�j�7¢&�B� ��´b¡7³b� �J�H�JÛb� �B½"�m���j´b½Éü
x2 + y2 + (z −R)2 = r2.
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¤`�j�JùB¾w�j£��m¥
�H�7¢j�7¢R�X��µ�L��³:�7³É�j�7�m�qÙ
�w¢j��¡>û<�o´b�B§ �j��µÛb� ��¢j�(¸��j���7�5¥Ë�j�7¢��L���m½"�L��¡7µJ�
x2 + y2 = z2

x2 + y2 + (z −R)2 = R2

}
⇒ x2 + y2 = z2

z2 + z2 − 2Rz + r2 = R2

}
⇒ z = R

x2 + y2 = R2

{ �J�H��¦j½����L���m½��X��¡7µ�¥L§ ¢j�É�o���B�J���H��µ
x2 + y2 = R2 ³:¥��7þb��µ z = R

��Õ��w�j�â�X�â�B���m�m£H�>�
�X��¡����w¢j��¡�����¡¸��>§ ³É�B¥q�L�B�P�mÞX³:�â³É�j��³:´b�B§ �j�ó¥L§ ¢j�B�o��¡7³b� ��³É�>� �B£��X���B���m�m£H�>�w�L��¡����w¢j��¡�����¡
¸��>§ ³É�É¥q�X�B�b�B£H�X¾ �H��¹%�X��¥q�B§ ��¥X¦j�

z = R
×É¦j�J�H�B¦j½/�L��³:�7�m¥L§ �bü

(x, y, z) ∈ R3,
�jÞq�X�B� �%�w³É�j¥

x2 + y2 = z2, 0 ≤ z ≤ R.��§ �%�����j���mÞq�j�>� ³:�"�L��¡"���w¢j��¡(��¡J�L���"¥L§ ¢j�B���Éü
Φ1(r, θ) = (r cos θ, r sin θ, r), r ∈ [0, R], θ ∈ [0, 2π](

Ûb� �H�>�
; )�P�J�B�J�H�"¸��>§ ³É�B¥L�b�B��¢j¥L§ µ�L��¥X´b�H�H�j¹��m¥X¢j��¦>� ��¢j�7³:�m�H�L�bü

Tr = (cos θ, sin θ, 1), Tθ = (−r sin θ, r cos θ, 0),����¡"ÞXùÉ��¡7¢&¥��R¾F�j¥X�>� �B¹�Ûb� ¢j¹��m¥X¢j�bü

Tr × Tθ =

∣∣∣∣∣∣

i j k
cos θ sin θ 1
−r sin θ r cos θ 0

∣∣∣∣∣∣
= (−r cos θ,−r sin θ, r),

����¡/�jÞq�H��µ
ÞXùÉ¥L��¢j¹��j�m�bü
‖Tr × Tθ‖ =

√
r2 cos2 θ + r2 sin2 θ + r2 = r

√
2.Õ)¥q��� �B£(�L��¥X��¸���¦j¹7¢��X��¡"���w¢j��¡%¦>§ ¢j¥q�L�B���H��¹%�L���>�H�H���H½7�R¾w�m�bü

E(S) =

∫ 2π

0

∫ R

0

‖Tr × Tθ‖ =
√

2

∫ 2π

0

∫ R

0

rdrdθ =
√

2πR2

¸b� \ � �"�X�(¥X�b¸���¦j¹7¢�X��¡/�mÞX�j��¡7µ)�j�7µ`³:´b�B§ �j��µË����¡
¸��>§ ³É�B¥q�X�É�ÉÞ��R¾ó�H��¹"�X�7¢
���w¢j�(���R�B¥L§É¢j�(�B£�¢j��¡7�m¥
�j�7¢�§ ¦>� �|¦>� ��¦>� �B��³b§ �b� Õ)�|�mÞX�j��µê�j�7µê³:´b�B§ �j��µê����¡â�m��µê¥X¢j¦>� ��´bÞX�j¥L��¸��>§ ³É�B¥q�L�B�o��£�¢R¾ò�H��¹â�L�
¥q�B§ ��¥X¦j�

z = R
×É¦j�J�H��¦j½"�L��³:�7�m¥L§ �bü
(x, y, z) ∈ R3,

�jÞq�X�B� �%�w³É�j¥
x2 + y2 + (z −R)2 = R2, z ≥ R.��§ �%�����j���mÞq�j�>� ³:�"�L��¡(�mÞX�j��¡7µ
��¡J�X���"�j�7µ
³:´b�B§ �j��µ�¥L§ ¢j�B��ü

Φ2(θ, φ) = (cos θ sinφ, sin θ sinφ, cosφ), θ ∈ [0, 2π], φ ∈ [0,
π

2
](
Ûb� �H�>�

; )

Ý �`�H¾wµ
ÞXùÉ��¡7�m¥f�j��¢j��¦j¥L§b�L��¥X´b�H�H�j¹��m¥X¢j�%¦>� �B¢j�7³:�m�H�X��³:¥��¡J�j½"�j�7¢���¥X�>§ �H�X¾w³:�(¥L§ ¢j�B��ü
Tθ = (− sin θ sinφ, cos θ sinφ, 0),

Tφ = (cos θ cosφ, sin θ cosφ,− sinφ),�m¥¥��R¾F�j¥X�>� �B¹��B£JÙb¥q�L�bü
Tθ × Tφ = (− cos θ sin2 φ,− sin θ sin2 φ,− sinφ cosφ),�m¥¢j¹��j�m�bü

‖Tθ × Tφ‖ = | sinφ|.Õ)Þq�H��µ`�L��¥X��¸���¦j¹7¢��X��¡(�mÞX�j��¡7µ�j�7µ
³:´b�B§ �j��µ
����¡(�m��µ
¥X¢j¦>� ��´bÞX�j¥L�m¥L§ ¢j�B�m§ ³:���m¥>ü

E(S) =

∫ 2π

0

∫ π
2

0

| sinφ|dφdθ = 2π

∫ π
2

0

sinφdφ = 2π.

2
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¯�ç°Ú èêéËë�Ë�íy³�¶�ëJíPìlÓ ñóðoôPì�ð�Û�ö�Üî%í
Ì¥q¾w�j���7�m¥��5§ �����j��³:��¢j�H�L�J��� ³:�mÞX¢j��¥q�B� ´b£�¢j¥L� �

(S,N)
�B�B�5�5§ �������j���5Þq�j�>� ³:�

Φ : W ⊂ R2 → R3 �j�7µ¥q�B� ´b£�¢j¥L� ��µ����¡(ÞXùÉ¥L���m¥X�>� �BÞXµ�����j�HÛÉ�FÛ:��¡7µ

Tx1
(Φ(x)) =

∂Φ(x)

∂x1
, Tx2

(Φ(x)) =
∂Φ(x)

∂x2
.

Õ)�/¦>� ��¢j�7³:�m�H�X�/��¡J�j£�¥L§ ¢j�B��¥X´b�H�H�j¹��m¥X¢j�&³É�j�7¢`¥q�B� ´b£�¢j¥L� ���B�B�B���>§ �j��¡7¢)���j��³:��¢j�H�L�>��� ³:�m¹
N

Y �m�H¢j��¦>� �B§ �
�B£JÙb¥q�L��¦>� £�¢j¡7³:�m� [ ¾wµ�¥��j½7µJü

N =
Tx1
× Tx2

‖Tx1
× Tx2

‖ .

• ÊÓÝ �o§ ¦j��µ�Y�¸��JÙb��¾F�j½(³:¡7¢j£��R�j�7³:� [ �Ê`¢
f : Rn → R �L��¥q�B� ´b��¢j¥L� �H�B¹%�J�H�H���H½7�R¾w�m�%¦>§ ¢j¥q�L�B�m�H��¹%�j�(³:ùÉÞX³:�Éü

∫

S

fdS =

∫ ∫

W

f(Φ(x))‖Tx1
× Tx2

‖dx.
m ´b¡7³b� �J�H�>Ûb� �B¹7�j¥X�j�"¥X�j�m�7¢j¥L§ �(�L��¡(¥q�B� ´b��¢j¥L� �H�B���"�J�H�H���H�J�R�w�m���X��µË¸��JÙb��¾F�j½7µ³:¡7¢j£��R�j�7³:�(¦>§ ¢j¥?û
�X�B�w��¢�¡J���JÙbÞX³:��¡7�m¥"¹J�>�w�³:¡7¢j£��R�j�7³:�

f
��¥X�>� Û:�j£�´b¥L�F�j�7¢��L�H�B� �B½ê��¡J�B¢j¹J�j�J�X���j�7µ%³:¡7¢j£��R�j�7³:�7µ

�H��¹J�j¥`�B�B�b�L���J�H�H���H½7�R¾w�m�/Ùb��¥L§ ¢j�B���(³:¡7¢j�J��� �B½"�m£��j�b�
��� � ¥L� ¦>� �B½â��¥X�>§ �H�X¾w³:�ó�m��µ�¦>§ ¢j¥L�Ë�L� ¥q�B� ´b��¢j¥L� �H�B¹��J�H�H���H½J�R¾w�m�|�j�7µ

f ≡ 1
×`³:¡JÛÉ�B¥q�B�>� �mÞX¢j�

���B§ �j¢j��¡7�m¥Ë�L��¥X�b¸���¦j¹7¢��j�7µ
¥q�B� ´b£�¢j¥L� ��µJü

E(S) =

∫

S

1dS =

∫

W

‖Tx1
× Tx2

‖dx.
Ý ¤`���j�H�j½7�j�7³:� üPÌ¡7�m�jÙb¥L§ �j¥�³É�L�%³:�7�m¥L§ �(��¡J�j¹(¹J�>�:�/¢j¹��j�m�(�L��¡&¥��R¾F�j¥X�>� �B���&Ûb� ¢j���mÞX¢j��¡/¦j�7�(¦>� �7û
¢j¡7³:�m£H�q¾w¢�� ³:���J�X�B�É�m¥��L�/¥X��¸���¦j¹7¢Ë�L��¡
�����j�H�7�H�J�H�>Û:�j£��m�m��¡����¡
�L�"¦>� ��¢j�7³:�m�H�X�"��¡J�j£/�B�>§ �j��¡7¢H�
�o¡7���H�H�7�R�w³É�j¥��m¥��j�êÌ¥X�m¥q��� �w¦j��� ¦jÞX���X��¡�ÊË�b�v�o�JÛb� ³:�m���É×m¹J�>�D¦j�J�H��¦j½%�L�ê�>�H�H���H½7�R¾w�m��¥L§ ¢j�B�
�X��£H��¥L� �j��£JÙb�j�B� ³:�m���H��¥L� �j��³É�j£��5� �B�R�w¢/����³:�J�j½J�X¾w¢&�B�B�m³:¡7����¥X�j£�¢j¥q�j¥¹J�>�m�(�����j�H��£�¢R¾�³:ùÉÞX³:�
Ûb� �%�L��¥X�b¸���¦j¹7¢&¥q�B� ´b£�¢j¥L� ��µ
¥L§ ¢j�B�m�H��¹>�H¡J�L�%´b¡7³b� �J�H�JÛb� �B½É�

• # Ý7�o§ ¦j��µ�Y ¦>� ��¢j¡7³:�m�H�>� �B½(³:¡7¢j£��R�j�7³:� [ �Ê`¢
F : Rn → Rn �L��¥q�B� ´b��¢j¥L� �H�B¹��J�H�H���H½7�R¾w�m�%¦>§ ¢j¥q�L�B���H��¹%�j�%³:ùÉÞX³:�Éü

∫

Φ

F · dS =

∫ ∫

W

F (Φ(x1, x2)) · (Tx1
× Tx2

)dx.

m ³:¡7¢j½jÙb�7µ¥X�j�m�7¢j¥L§ �(�L��¡(¥q�B� ´b��¢j¥L� �H�B���/�J�H�H���H�7�R�w�m��µ`¦>� ��¢j¡7³:�m���>� �B½7µ³:¡7¢j£��R�j�7³:�7µ¦>§ ¢j¥q�L�B����¢
¡J���JÙbÞX³:��¡7�m¥`¹7�>�m��³:¡7¢j£��R�j�7³:�

F
�m¥q�j�j£�¥L���j�7¢/�X��ùÉ�J�j�J�L��¥X¢j¹�µ��j¥X¡7³É�L���%�H��¹J�j¥�L��¥q�B� ´b��¢j¥L� �H�B¹

�>�H�H���H½7�R¾w�m��m��µ"¦>§ ¢j¥L�Ø�X�H¢��j¡jÙb�m¹�j��½7µ/�L��¡��j¥X¡7³É�L�����H��¹ê�j�7¢�¥q�B� ´b£�¢j¥L� �b�%�P�X��³:�7�m¥L§ ���¡J�j¹
���jÞq��¥L�w¢j��¥q�B� ³:�7�m£�¢j��¡7�m¥(¹J�>�P�k�j�J�L���7�m¥X¢j���j��½��������j¥L§w¢j��¥L§ ¢j�B�F���j��µ��B£H���B� ��³:¡JÛÉ�B¥q�B�>� �mÞX¢j�
�B�H�j¥X�jÙb¡7¢j³:�kY �mÞX³:�½�Þ��R¾)×m��£�¢R¾ ½��B£H�X¾ [ �H��¹J�j¥����jÞq��¥L�D¢j��¥L§ �m��³É�j¥&³:¥
ÙbÞX³:��¢j�êÛ:¢R¾w�>§ �j��¡7�m¥��¢Ë�L�/�B£JÙb¥q�X�&���j��µ)�j�7¢`¥q�B� ´b£�¢j¥L� �/¦>� £�¢j¡7³:�5�&����¡�ÞXùÉ��¡7�m¥w¸��j¥L�

Tx1
×Tx2

¥L§ ¢j�B�É��¢R�>§ ³É�L�B� ùÉ�/���j��µ
�X���mÞX³:��½(���j��µ�X��Þ��R¾)�
Ê`¢�³É�L� ³:�7�m¥L§ ���B¡J�j¹|���>�7�H�H�H�H��³b� £�³:��¡J�m¥��B�B�`¦>� �B� �jÞX³:��¡7�m¥��m¥�j�7¢�¢j¹��j�m���X��¡|¥��R¾F�j¥X�>� �B���
Ûb� ¢j���mÞX¢j��¡&Ùb����£��j��¡7�m¥Ë�L���m�7¢j��¦>� �B§ ��¥��R¾F�j¥X�>� �B¹��B£JÙb¥q�L�

n
�B�B�b�L���>�H�H���H½7�R¾w�m�/Ùb��Ûb§ ¢j¥L��ü

∫

Φ

F · dS =

∫ ∫

W

(
F (Φ(x1, x2)) · n

)
‖Tx1

× Tx2
‖ =

∫

S

F · n
¤`��¡%³:�7�m�B§ ¢j¥L�m¹J�J�m��¢&Û:¢R¾w�>§ �j��¡7�5¥�L�7¢/���j��³:��¢j�H�X�J��� ³:�m¹%�j�7µ�¥q�B� ´b£�¢j¥L� ��µ

S
�5ÞX³É¾��j�7µ
�����j���mÞ?û

�j�>� ³:�7µ
Φ
�j¹J�j¥"�L��¥q�B� ´b��¢j¥L� �H�B¹��>�H�H���H½7�R¾w�m� # Ýb¥L§ ¦j��¡7µ"�>�7µ F �m¥q�L�H�j�jÞq��¥q�X�B�ý³:¥(¥q�B� ´b��¢j¥L� �H�B¹�>�H�H���H½7�R¾w�m��Ê)ÝØ¥L§ ¦j��¡7µ��j�7µ

F · n � # Þ?¸��B� ��Ûb� �ó¢j�âÛb§ ¢j¥L����¡J�j¹����jÞq��¥L�o��¥q�B� ´b£�¢j¥L� �â¢j�ó¥L§ ¢j�B������j���m¥q�j�>� �B�H���B� �7�mÞX¢j�"�H��¹%�D§ �%�����j���mÞq�j�>� ³:�(�(�H���B§ ��¢j��¦>� �H�j�7�j¥L§��X�7¢&���j��³:��¢j�H�L�J��� ³:�m¹b�



ÿýi����Xi>U�� �Fÿ��Xn�n�n
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Ý ¤`���j�H�j½7�j�7³:� ü¤`���j�H�j�7�j½7³É�j¥&�j�7¢%���m�B� ¹J�j�J�L���X¾w¢%¥q�B� ´b��¢j¥L� �H�B�F¢%�J�H�H���H�7�R¾w�m£H�X¾w¢(Ê)ÝÉ�B�B� # Ý:¥L§ û¦j��¡7µ
�m¥�X����¢R�>§ ³É�X�B� ùÉ��¥q�B� �B�������J��� �:�
$ Å %�&��('m�)�|ª(�p) *�«�¬c�Ô�~�032�4�~�7 α 9�*1:=<k>�@ !BA�!DCFE G�H�IKHvIK!�!BA�!���AP��Q�RS� < ∫

S
f g I < h f : S → R � < M

S = {(x, y, z) ∈ R3 : x+ y + z = 1, x, y, z ≥ 0} � < M f(x, y, z) = x W
X N G�TÌ���j¥q�É� ¢j½7³:��¡7�m¥������j���m¥q�j�>� �B�H���B� �F¢R�L��µË�j�7¢
¥q�B� ´b£�¢j¥L� �b�ØÝ �PùÉ��¡7�m¥Ë¹7�>�

z = 1− x− y �B�B� z ≥ 0
�H��¹J�j¥

���jÞq��¥L�
1 − x − y ≥ 0

¦j�J�H��¦j½
y ≤ 1 − x ×F¹���¾wµ y ≥ 0

�H��¹J�j¥"���jÞq��¥L�
1 − x ≥ 0

¦j�J�H��¦j½
x ≤ 1

�
�o¡7¢j��þ�§ �j�7¢R�L��µ��B�b��¥X�>� ���>� ³b�m�B§bÛb§ ¢j�H¢R�X�B��ü

0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x, z = 1− x− y.
Ý �w�j³b�Ø�5§ �������j���mÞq�j�>� ³:�%�j�7µ&¥q�B� ´b£B¢j¥L� ��µ&¦>§ ¢j¥q�L�B�D�H��¹��>�7¢

Φ : W → R3 �m¥ W =
{

(x, y) ∈ R2 : 0 ≤
x ≤ 1, 0 ≤ y ≤ 1− x

} �B�B�
Φ(x, y) = (x, y, 1− x− y)

�wÊË�B�>�H��¡jÙb¥L§:�L��Û:�j£�´b�7�m�%�j�7µ
¥q�B� ´b£�¢j¥L� ��µJü

0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1

y

0.5

1

x

¹H����¡�´b�B§ ¢j¥q�L�B�É¹J�>�B�&¥q�B� ´b£�¢j¥L� �/¥L§ ¢j�B�B�X�"¥X³É¾F�j¥X�>� �B¹/�X��¡
�j�>� ÛÉ�w¢j��¡&�m¥��B���j¡7´bÞXµ��>� µË�m�7¢j£�¦j¥Xµ)�q¾w¢�j�>� �w¢
���j¹7¢R¾w¢H�
Ý �PùÉ�7¢R�L��µ
�H�HÞX�7¢��j�7¢������j���mÞq�j�>� ³:�"�j�7µ
¥q�B� ´b£�¢j¥L� ��µ��¥X�j¢j£��m¥³É�L�7¢/¡J���>�H�JÛb� ³:�m¹(�X¾w¢&�����j�HÛÉ�FÛÉ¾w¢H×

Tx(Φ(x, y)) =
∂

∂x
(x, y, 1− x− y) = (1, 0,−1),

Ty(Φ(x, y)) =
∂

∂y
(x, y, 1− x− y) = (0, 1,−1).

Õ)��¥��R¾F�j¥X�>� �B¹%�L��¡7µÛb� ¢j¹��m¥X¢j���R�w�j��¥L§ ¢j�B���X�bü

Tx × Ty =

∣∣∣∣∣∣

i j k
1 0 −1
0 1 −1

∣∣∣∣∣∣
= (1, 1, 1),

¹H�H¾wµ
��¥X�>� �mÞX¢j���m¥)¸H�HÞq���H¢R�X��µ`�L�%Û:�j£�´b�7�m���j�7µ
¥q�B� ´b£�¢j¥L� ��µ�B�B���(¢j¹��j�m���L��¡(¥L§ ¢j�B��ü

||Tx × Ty|| =
√

3.
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¤`¥X�j¢j£��m¥�R�w�j��³É�L��¥q�B� ´b��¢j¥L� �H�B¹��J�H�H���H½7�R¾w�m�(�X���H���B§ �%¥L§ ¢j�B��Ê)Ý�¥L§ ¦j��¡7µ�B�B�b���B§ �j¢j��¡7�m¥¹J�>��ü
∫

S

f =

∫

W

f(Φ(x, y))||Tx × Ty||dxdy =

∫ 1

0

∫ 1−x

0

x
√

3dydx

=
√

3

∫ 1

0

x(1− x)dx =

√
3

6
.

2

$ Å %�&��('m�)�Àª��P)
Tromba *�+�,Ø^L032�4_+�*Þiy@ !�A�!�CFE G�IKH�IK! ∫

S
zdS

� g�@ ! > S H�E�h < M TZH @�M � U�h�H M <n@ ! >!�QFE ecH�I < Mp<�@Dg z = x2 + y2 � < M x2 + y2 ≤ 1 W
X N G�T�P�L��Û:�j£�´b�7�m������¡��H�B�J�H��¡jÙb¥L§ý�����>� ³É�j£�¢j¥q�L�B�w�X�������j�7¸��>�H��¥L§ ¦jÞXµ

z = x2 + y2 �B�JÙ:�wµ��B�B�w�L����¥X¦>§ ����>� ³:�m���
x2 + y2 ≤ 1

³É�L�
xy
ûZ¥q��§ �H¥X¦j���

0.2

0.4

0.6

0.8

1

–1
–0.5

0.5
1

y

–1
–0.5

0.5
1

x

Õ)���>�H�H���H½7�R¾w�m�%¥L§ ¢j�B��Ê)Ý�¥L§ ¦j��¡7µJ�
� ¥q�É� ¢j£��m¥��m¥��5§ �������j���mÞq�j�>� ³:���j�7µ�¥q�B� ´b£�¢j¥L� ��µJ�óÝ �`�H¾wµ�´b�B§ ¢j¥q�X�É�o�H��¹��L�7¢����>� ³:�m¹â�j�7µ�¥q�B� ´b£�¢j¥L� ��µ
���jÞq��¥L�o¢j�óùÉ�j�7³b� �m�H���B� ½7³:��¡7�m¥%���>��� �BÞXµ�³:¡7¢R�j¥q�X�HÛ:�mÞX¢j¥Xµ�Ûb� �â�L�

x, y
�B�B���H��¹��j�7¢

z = x2 + y2 Ùb�¸��j���7�m¥`�B�B�b�j�7¢���¥X�>� Û:�j��´b½"�L��¡
z
�ýÝ �w�j³b��ü

x = r cos θ, y = r sin θ, z = r2,
�m¥

r ∈ [0, 1], θ ∈ [0, 2π]

¤`�j�7ùB¾w�j£��m¥
³É�L��¥X´b�H�H�j¹��m¥X¢j��¦>� ��¢j�7³:�m�H�L�%�L���H���B§ �%¥L§ ¢j�B��ü
Tr = (cos θ, sin θ, 2r), Tθ = (−r sin θ, r cos θ, 0)

�X¾w¢/�H���B§ ¾w¢&�X��¥��R¾F�j¥X�>� �B¹%Ûb� ¢j¹��m¥X¢j��¥L§ ¢j�B��ü

Tr × Tθ =

∣∣∣∣∣∣

i j k
cos θ sin θ 2r
−r sin θ r cos θ 0

∣∣∣∣∣∣
= (−2r2 cos θ,−2r2 sin θ, r)

����¡(ÞXùÉ¥L��¢j¹��j�m�bü
‖Tr × Tθ‖ =

√
4r4 + r2 = r

√
4r2 + 1.
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¤`¥X�j¢j£��m¥�R�w�j��³É�L�7¢/¡J���>�H�JÛb� ³:�m¹(�L��¡(�>�H�H���H�7�R�w�m�H�L��µ`�B�B��ÞXùÉ��¡7�m¥>ü
∫

S

fdS =

∫ 1

0

∫ 2π

0

f(Φ(r, θ))‖Tr × Tθ‖dθdr =

∫ 1

0

∫ 2π

0

r3
√

4r2 + 1dθdr

= 2π

∫ 1

0

r3
√

4r2 + 1dr =
π

6
r2(4r2 + 1)3/2

∣∣∣
1

0
− π

3

∫ 1

0

r(4r2 + 103/2dr

=
5
√

5π

6
− π

60
(4r2 + 1)5/2

∣∣∣
1

0
=

5
√

5π

6
− 5
√

5π

12
+

π

60
=

5
√

5π

12
+

π

60

2

$ Å %�&��('m�)�Ïª:Èp)
Tromba *�+�,Ø^Z032�4}Ô�*�iy@ !BA�!DCFE G�IKH�I M ∫

S
z2dS

� g�@ ! > S H�E�h < M TOH @�M � U�h�H M < IK! >� N x ! > C = [−1, 1]× [−1, 1]× [−1, 1] W
X N G�TÊ`�jù:� �B£(Ùb�������j�H�j�7�j½7³:��¡7�m¥Ë¹J�>���L�q�j�J�L���7�m¥X¢j�%¥q�B� ´b��¢j¥L� �H�B¹��J�H�H���H½7�R¾w�m�%¥L§ ¢j�B�mÊ)ÝH¥L§ ¦j��¡7µJ�
¤`¥X�>� Û:�j£�´b��¡7�5¥��É£JÙb¥&ÞX¦j�j���j¥XùB¾w�>� ³É�j£b×5�B�B�Ø�������j���7�m¥&¥X�J�B�>�H�ZY�Ûb� �H�>§

; [ ¢j��¸��j���7�m¥��X�¥��R¾F�j¥X�>� �É£�B£JÙb¥q�L��¦>� ��¢j�7³:�m�H�L�%�X���H���B§ ��¥L§ ¢j�B���B�B���m�7¢j��¦>� �B§ �b×

C1 = {(x, y,−1) ∈ R3, x ∈ [−1, 1], y ∈ [−1, 1]}, n1 = (0, 0,−1),

C6 = {(x, y, 1) ∈ R3, x ∈ [−1, 1], y ∈ [−1, 1]}, n6 = (0, 0, 1),

C2 = {(x,−1, z) ∈ R3, x ∈ [−1, 1], z ∈ [−1, 1]}, n2 = (0,−1, 0),

C5 = {(x, 1, z) ∈ R3, x ∈ [−1, 1], z ∈ [−1, 1]}, n5 = (0, 1, 0),

C3 = {(−1, y, z) ∈ R3, y ∈ [−1, 1], z ∈ [−1, 1]}, n3 = (−1, 0, 0),

C4 = {(1, y, z) ∈ R3, y ∈ [−1, 1], z ∈ [−1, 1]}, n4 = (1, 0, 0).

¤`¥X�j¢j£��m¥�R�w�j��³É�L�7¢/¡J���>�H�JÛb� ³:�m¹(�L��¡(�>�H�H���H�7�R�w�m�H�L��µ`Ûb� �%�B£7Ùb¥`ÞX¦j�j�V�j¥XùB¾w�>� ³É�j£b×
∫

C1

z2dS =

∫ 1

−1

∫ 1

−1

(−1)2‖n1‖dxdy = 4,

∫

C6

z2dS =

∫ 1

−1

∫ 1

−1

12‖n6‖dxdy = 4,

∫

C2

z2dS =

∫ 1

−1

∫ 1

−1

z2‖n2‖dxdz =
4

3
,

∫

C5

z2dS =

∫ 1

−1

∫ 1

−1

z2‖n5‖dxdz =
4

3
,

∫

C3

z2dS =

∫ 1

−1

∫ 1

−1

z2‖n3‖dydz =
4

3
,

∫

C4

z2dS =

∫ 1

−1

∫ 1

−1

z2‖n4‖dydz =
4

3
.

Ê�Ùb�j�B§ �j��¡7�m¥`�B�B�b¸��>§ ³É�B�B¡7�m¥Ë�L���J�H�H���H½7�R¾w�m�%³:¥
�>�H¹H���H�7�j�(�L�7¢��B�>¸��
C
×

∫

C

z2dS = 4 · 4

3
+ 2 · 4 =

40

3

2

$ Å %�&��('m�)� ª(¤p)
Tromba *�+�,/®�032�4À®r*ßiy@ !�A�!DCFE G�I�H�I�!�!�A�!��-AP�-Q�R�� < ∫

S
(∇ × F ) · dS g I < h F =

(x2 + y − 4, 3xy, 2xz + z2)
� < M S TVH @�M � U�h�H M < x2 + y2 + z2 = 16

�
z ≥ 0 W
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X N G�TÊ`�jù:� �B£�¡J���J�H�>Ûb§ �j��¡7�m¥Ë�j�7¢&¦>� ��¢j¡7³:�m�H�>� �B½(³:¡7¢j£��R�j�7³:�Éü

G = ∇× F =

∣∣∣∣∣∣

i j k
∂x ∂y ∂z

x2 + y − 4 3xy 2xz + z2

∣∣∣∣∣∣
= (0,−2z, 3y − 1).

¤`¥X�j¢j£��m¥o�R�w�j�"³É�j�7¢¥q�B� ´b£�¢j¥L� ���B�B�B��´b���
�����j�H�j�7�j½7³:��¡7�m¥o¹J�>�B¥L§ ¢j�B���L�&��£�¢R¾��7�5� ³:´b�B§ �>� �&�j�7µ)³:´b�B§ �j��µ
�m¥P�BÞX¢R�j�j���j�7¢Ë���jùÉ½`�X¾w¢`���j¹7¢R¾w¢Ë�B�B�H�H���>§ ¢j�
Ñ�ÞXùÉ��¡7�m¥P¹J�>�H�L�&�m�7¢j��¦>� �B§ ��¥��R¾F�j¥X�>� �B¹
�B£7Ùb¥q�X��¦>� £B¢j¡7³:�m�
�j�7µ
¥q�B� ´b£�¢j¥L� ��µ
¥L§ ¢j�B�b�L�bü

n =
1

4
(x, y, z).

Ý �w�j³b�m�������j���7�m¥`¢j��¡J���J�H�>Ûb§ ³:��¡7�m¥)�L��¥q�B� ´b��¢j¥L� �H�B¹��>�H�H���H½7�R¾w�m�(�j�7µ
¦>� ��¢j¡7³:�m�H�>� �B½
G
¾wµ
�L��¥q�B� ´b�7û

¢j¥L� �H�B¹��J�H�H���H½7�R¾w�m�(�j�7µ`¸��JÙb��¾F�j½7µJü

G · n =
1

4
(0,−2z, 3y − 1) · (x, y, z) = 2yz − z,

�B�B��ÞXùÉ��¡7�m¥>ü
∫

S

(∇× F ) · dS =

∫

S

G · dS =

∫

S

G · ndS
¤`���j���m¥q�j�>� �B�H���B� ���7�m¥Ë�j�7¢&¥q�B� ´b£�¢j¥L� �bü

x = 4 cos θ sinφ, y = 4 sin θ sinφ, z = 4 cosφ, θ ∈ [0, 2π], φ ∈ [0,
π

2
],

¹H�H¾wµËÞXùÉ��¡7�m¥�½7¦j��¦j¥L�É��¢j¹��j�m�/�L��¡�¥��R¾F�j¥X�>� �B����Ûb� ¢j���mÞX¢j��¡
�X¾w¢
¥X´b�H�H�j¹��m¥X¢R¾w¢`¦>� ��¢j¡7³:�m£H�q¾w¢
¥L§ ¢j�B�:§ ³b�
�m¥>ü

‖Tθ × Tφ‖ = | sinφ|,�B�B�b�j¥q��� �B£%�L���J�H�H���H½7�R¾w�m�(Ûb§ ¢j¥q�L�B��ü
∫

S

G · ndS =

∫ 2π

0

∫ π/2

0

(32 sin θ sinφ cosφ− 4 cosφ)| sinφ|dφdθ = . . .

2$ Å %�&��('m�)� Á�ªp)
Tromba *�+�,/®J032�4�+�*àiy@ !�A�!�CFE G�IKH�IK!q!�A�!��-AP�-Q�R�� < ∫

S
F · dS g I < h F = (x +

3y5, y + 10xz, z − xy)
� < M S T3H @rM � U hKH M < x2 + y2 + z2 = 1

�
z ≥ 0 WX N G�Tm ¥q�B� ´b£�¢j¥L� �%¥L§ ¢j�B�:�L�(��£�¢R¾��7�5� ³:´b�B§ �>� �%�j�7µ³:´b�B§ �j��µ
�m¥Ë�BÞX¢R�j�j�(�j�7¢����jùÉ½/�X¾w¢&���j¹7¢R¾w¢��B�B�b�H���>§ ¢j�ê�7�

¤`���j���m¥q�j�>� �B�H���B� ���7�m¥Ë�j�7¢&¥q�B� ´b£�¢j¥L� �bü
x = cos θ sinφ, y = sin θ sinφ, z = cosφ, θ ∈ [0, 2π], φ ∈ [0,

π

2
],

¹H�H¾wµ
ÞXùÉ��¡7�m¥½7¦j�"�L��¥��R¾F�j¥X�>� �B¹�Ûb� ¢j¹��m¥X¢j���q¾w¢"¥X´b�H�H�j¹��m¥X¢R¾w¢&¦>� ��¢j¡7³:�m£H�X¾w¢/¥L§ ¢j�É�m§ ³:���m¥>ü

Tθ × Tφ =

∣∣∣∣∣∣

i j k
cos θ cosφ sin θ cosφ − sinφ
− sin θ sinφ cos θ sinφ 0

∣∣∣∣∣∣
= (cos θ sin2 φ, sin θ sin2 φ, sinφ cosφ)

Õ��w�j���L��¥q�B� ´b��¢j¥L� �H�B¹��J�H�H���H½7�R¾w�m�%¥L§ ¢j�B�5§ ³:���m¥>ü
∫

S

F · dS =

∫

W

F (Φ(θ, φ)) · (Tθ × Tφ)dθdφ = · · ·

2
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$ Å %�&��('m�)�|Á5�()
Tromba *�+�,/®3032�4L. á�*diy@ !�A�!DCFE GPI�H=IK!�H @rM ��< h�H M < � g !�A�!��-AP�-Q�R�� < ∫ ∫

S
F · ndA

g�@ ! > F (x, y, z) = (1, 1, z(x2 +y2)2)
� < M S H�E�h < M T�H @�M � U�h�H M < IK! > � > A�E�h � Q�! > x2 +y2 ≤ 1

�
0 ≤ z ≤ 1 W

X N G�T�P�L�"Û:�j£�´b�7�m�"����¡/�H�B�J�H��¡jÙb¥L§������j��¡7³b� £��j��¡7�m¥��L�7¢�B�J��� ¢j¦j�j�/�j�7µ`¥q�B´:�w¢j�7³:�7µ`�m� �>§:�m¥ËÞX¢j�(¥��R¾F�j¥X�>� �B¹
�m�7¢j��¦>� �B§ �"�B£JÙb¥q�X�"¦>� £�¢j¡7³b�m�/�B�B�É�X�%§ ¦>� �(¦>� £�¢j¡7³:�m�(�m¥q�X��´b¥X�j�mÞX¢j�(³É�j�7¢
���jùÉ½��X¾w¢����j¹7¢R¾w¢H�FÕ)�(¦>� £�¢j¡>û
³:�m�(��¡J�j¹&�L�"´b��¢R�L���j¹��m��³É�j¥Ë³É�X�(��¢R�>§ ³É�X�B� ùÉ�(³:�7�m¥L§ �"¥q����´b½7µwY ³É�j�ÙbÞX³:������¡�´b�B§ ¢j¥q�L�B�É³É�L�/Û:�j£�´b�7�m� [�H�7�H£"¦j¥X¢`���jÞq��¥L�É¢j���j¥XùÉ¢j£��m¥Ë¹J�>�É�/³É¾w³É�j½
ÙbÞX³:���B£JÙb¥)¦>� ��¢j�7³:�m�H�L��µË¥L§ ¢j�B�É³É�j�7¢
���jùÉ½��X¾w¢
���j¹7¢R¾w¢
�B�B�
¹J�>�b�B�b³:¡7¢R�j¥q�X�HÛ:�mÞX¢j¥Xµ`�X��¡/¦j¥X¢�¥L§ ¢j�B�É�>§ ���J�L�(£H�7�H�"�����j£(�/�m¥q�L�7¸��J�H½
�X¾w¢�³:¡7¢R�j¥q�L�HÛ:�mÞX¢R¾w¢
�L��¡&�jÞq�H��¡7µ
�L��¡(¦>� ��¢j�7³:�m�H�L��µ
�m¥L§ �7¢��>� µ�³:¡7¢R�j¥q�X�HÛ:�mÞX¢j¥Xµ�L��¡(³:�7�m¥L§ ��¡"¥X´b���j�m�JÛ:½7µ�L��¡(¦>� ��¢j�7³:�m�H�L��µJ�

0.2

0.4

0.6

0.8

1

–1.5 –1 –0.5
0.5 1 1.5

y

–1.5
–1

–0.5

0.5
1

1.5

x

�o§ ¢j�B�H´b��¢j¥X�j¹��H��¹�L�
³:ùÉ½7�m��¹J�>�H�Ë�j�>§ �j�`³:¡7¢R�j¥q�L�HÛ:�mÞX¢j�Ë�L��¡`¥��R¾F�j¥X�>� �B���Ë�B£JÙb¥q�L��¡Ë¦>� ��¢j�7³:�m�H�L��µw���jÞq��¥L�
¢j�¥L§ ¢j�B�D�m�7¦jÞX¢(�B�JÙ:�wµ/¥q�B§ ³:�7µ&¹J�>�Ø�B�D¦j�7�����R�F�j¥Xµ&�L��¡�³:¡7¢R�j¥q�L�HÛ:�mÞX¢j¥Xµ����jÞq��¥L�D¢j�ê¥L§ ¢j�B��Ùb¥q�>� �BÞXµ/¹J�L��¢
��¡J�j¹ÞXùÉ¥L�J³:�7�m¥L§ �¥X´b���j�m�JÛ:½7µw³É�X����R�F�L�
�>Û:¦j���7�m¹��>� �b�F�ó�H¹>Û:��µF����¡)Ûb§ ¢j¥q�L�B�J�Ë�����j�H�j½7�j�7³:�)��¡J�j½)¥L§ ¢j�B�
¦>� ¹J�>�Ø���jÞq��¥L�Ø¢j��¥L§ �m��³É�j¥"³:¥�ÙbÞX³:��¢j����¢R�>� �H���b¸���¢j¹��m��³É�j¥&��¹J�j¥/ÞX¢j��B£JÙb¥q�X�³:¥"¥q�B� ´b£�¢j¥L� ��¦>� £�¢j¡7³:�m�
¥L§ ¢j�B��¥X³É¾F�j¥X�>� �B¹�½(¥��R¾F�j¥X�>� �B¹b�
�P�j�&³:¡JÛÉ�B¥q�B�>� �mÞX¢j�&£�³É�B�7³:�&�&�B�H�j£�³É�L��³:�&¥L§ ¢j�B�:¥X�J�B�J�H�É�ØÕ)�(�m�7¢j��¦>� �B§ �(¥��R¾F�j¥X�>� �B¹"�B£JÙb¥q�L�"¦>� £�¢j¡>û

³:�m���j�7µ
¥q�B� ´b£�¢j¥L� ��µ�L��¡"�B¡J��§ ¢j¦j�j��¡(³É�X���j¡7ùÉ�B§ ��³:�7�m¥L§ �
(x, y, z)

��¡J�X���(¥L§ ¢j�B���X�
n = (x, y, 0).

Ý �w�j³b���L�ó¥X³É¾F�j¥X�>� �B¹âÛb� ¢j¹��m¥X¢j�â�L��¡�¦>� ��¢j¡7³:�m�H�>� �B������¥X¦>§ ��¡
F
�m¥��L�ó�m�7¢j��¦>� �B§ �ó¥��R¾F�j¥X�>� �B¹ó�B£JÙb¥q�X�

¥L§ ¢j�B��ü
F · n = (1, 1, z(x2 + y2)2) · (x, y, 0) = x+ y.â �J�j£��m¥`�H�B� ��¹7¢&¢j��¡J���J�H�JÛb§ ³:��¡7�m¥Ë�X��¥q�B� ´b��¢j¥L� �H�B¹��>�H�H���H½7�R¾w�m�bü

∫ ∫

S

F · ndA =

∫ ∫

S

x+ ydA.

Õ)���J�H�H���H½7�R¾w�m�%¥L§ ¢j�B���H�HÞX�7¢�Ê)Ý�¥L§ ¦j��¡7µ�B�B�bÛb� �%�L�7¢/¡J���>�H�JÛb� ³:�m¹(�L��¡"ùÉ�j¥L� � �j¹��m��³É�j¥�5� �%�����j���m¥q�j�>� û
�B�H���B§ �7³:�/�j�7µ
¥q�B� ´b£�¢j¥L� ��µ�L��¡"�B¡J��§ ¢j¦j�j��¡Éü

Φ(θ, z) = (cos θ, sin θ, z), θ ∈ [0, 2π], z ∈ [0, 1].
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Ý �`�H¾wµ`�B�B�m³É�>� µ
���j���JÛ:���7�m¥X¢j¥Xµ��³É�B½7³:¥L� µ
ùÉ�j¥L� ���j¹��m��³É�j¥`�L��¥X´b�H�H�j¹��m¥X¢j�%¦>� ��¢j�7³b�m�H�X�bü
Tθ = (− sin θ, cos θ, 0), Tz = (0, 0, 1),

����¡(ÞXùÉ��¡7¢&¥��R¾F�j¥X�>� �B¹%Ûb� ¢j¹��m¥X¢j�bü

Tθ × Tz =

∣∣∣∣∣∣

i j k
− sin θ cos θ 0

0 0 1

∣∣∣∣∣∣
= (cos θ, sin θ, 0) (

³:��µËÙb¡7�5§ �j¥L�b�>§ ���7�X�
; ),

�L���H���B§ ��ÞXùÉ¥L��¢j¹��j�m�bü
‖Tθ × Tz‖ = 1.Ý �w�j³b���L��¥q�B� ´b��¢j¥L� �H�B¹%�J�H�H���H½7�R¾w�m��� ³:���J�L�B���m¥

∫ 2π

0

∫ 1

0

cos θ + sin θdzdθ = 0

2

ã ä u�å væ/{|~�ç�~
Ú�ç<æ è éÓPì�ð�ë-ÊËõ ìËí)ëZ±�øØöØô»Ò)ëjð�ë-Ê
î�ÓyÌ
• �P�X�7¢ R3 �Ì¥q¾w�j���7�m¥`ÞX¢j� { ¤

F : R3 → R3 ³:¡JÛÉ�B¥q�B�>� �mÞX¢j�
F (x, y, z) =

(
f1(x, y, z), f2(x, y, z), f3(x, y, z)

)
.

��>§ �j��¡7�m¥>×

��@Dg �-A M G�TBü divF = ∇ · F =
( ∂
∂x
,
∂

∂y
,
∂

∂z

)
·
(
f1(x, y, z), f2(x, y, z), f3(x, y, z)

)

Ä IBQP! x M A M GF� g "Lü curlF = ∇× F =

∣∣∣∣∣∣

i j k
∂
∂x

∂
∂y

∂
∂z

f1 f2 f3

∣∣∣∣∣∣

• �P�X�7¢ R2 �Ì¥q¾w�j���7�m¥`ÞX¢j� { ¤
F : R2 → R2 ³:¡JÛÉ�B¥q�B�>� �mÞX¢j� F (x, y) =

(
f1(x, y), f2(x, y)

) �o��>§ �j��¡7�m¥>×

��@Dg �-A M G�TBü divF = ∇ · F =
( ∂
∂x
,
∂

∂y

)
·
(
f1(x, y), f2(x, y)

)
,

Ä IBQP! x M A M GF� g "Lü curlF = ∇× F =

∣∣∣∣∣∣

i j k
∂
∂x

∂
∂y

∂
∂z

f1 f2 0

∣∣∣∣∣∣
Ê`¢j�H�H�j�r�R�j¥
�j�7¢"���>§ �j��¡7³:��¾wµ����j��µ&�j�7¢/���R�F�j���j�7µ�Û:�j���m�m½%�B�B�m�����j�H�>�7�j½7³É�j¥
¹J�>�D��³É�j�j�7¸B� ��� û
³:�m¹�µ
¥L§ ¢j�B��¦>� £�¢j¡7³:�m���X��¡ R3 �B£JÙb¥q�L��³É�L��¥q�B§ ��¥X¦j� xy �

�o�7�m��¢R�>� �B£�³:¡7����¥X�j£�³:�m�H�L�bü
• Ý �P³É�q¾ F : U ⊂ R2 → R2 × U ��³É�j�j¹��m���j´b����¢j�B� ���j¹b�FÊ`¢/�X� { ¤ F

¥L§ ¢j�B�m��³É�j�j¹7¸B� �H�kY
curlF =

0 [ �B�B� C2 �j¹J�j¥¥L§ ¢j�B�b�B�B��³:¡7¢R�j�7�j�J�>� �B¹��
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• ������j���7�m¥�¢j��¸��R�B�7�m¥�L�ê¦j¡7¢j���5� �B¹
V (x, y)

¥X¢j¹�µ/³:¡7¢R�j�7�j�J�>� �B���(��¥X¦>§ ��¡
F
¡J���J�H�>Ûb§ �j�7¢R�L��µ��X�

¥q�B� �B�������J�H� �(�J�H�H���H½7�R¾w�m� ∫
γ
F
�m¥

γ
¢j��¥L§ ¢j�B�b�(¥X¡jÙb�JÛ:�j���m�m�&�B�������J�H�&����¡"¥X¢R�w¢j¥L�b�L��³:�7�m¥L§ �

(0, 0)
�B�B�

(x, y)
�o�o¡JÛÉ�B¥q�B�>� �5ÞX¢j�

γ(t) = (tx, ty)
�m¥

t ∈ [0, 1]
�B�B�

V (x, y) = −
∫

γ

F =

∫

−γ
F.

Ý ��¥F¸�£�³:���¡J�j½Ë�j�7¢������j���j½7�j�7³:�`¢j�
�B£�¢j¥q�j¥��j��¢j£��>� µo��³É�B½7³:¥L� µP�>� µP���j���JÛ:���7�m¥X¢j�7µw�����j�HÛ:�j£�´b��¡
����¡"��´b���j���7¢/³É�j�7¢&¥X�7�j¥X³b�/�L��¡(¦j¡7¢j���5� �B���"¥X¢j¹�µ�³:¡7¢R�j�7�j�J�>� �B���/��¥X¦>§ ��¡É�

• Ý �P³É�X¾ F : U ⊂ R3 → R3 × U ��³É�j�j¹��m���j´b����¢j�B� ���j¹b�/Ê`¢%�L� { ¤
F
¥L§ ¢j�B�ý��³É�j�j¹7¸B� �H�ê�B�B�

C2�j¹J�j¥¥L§ ¢j�B��³:¡7¢R�j�7�j�J�>� �B¹b�
• Ý �P³É�X¾ F : U ⊂ R2 → R3 × U ��³É�j�j¹��m���j´b����¢j�B� ���j¹b�FÊ`¢��L� { ¤ F

¥L§ ¢j�B�b��³:¡7���B§ ¥X³É�L��Y
divF =

0 [ �B�B� C2 �j¹J�j¥¥L§ ¢j�B��³É�j�j�7¸B� ��� ³:�m¹�µ�Y ¡J��£��jùÉ¥L��¦j�J�H��¦j½
G
Þq�j³b���w³É�j¥

F = curlG [
• \ � ��ÞX¢j�

C1
{ ¤

F : U → R3 � ³:ùÉ�7¥L�m¹J�>��ü
div(curlF ) = 0

• © ���m¥q�H¥q�j½7³:¥q�j¥&�B�B�ý¢j���H����¦j¥L§ �j¥q�j¥/�>� µ�� ¦>� ¹J�j�J�j¥Xµ"�j�7µ(�H��¹H����� ³:�7µ/�B�B�ý³É�>�j�7¸B� ��� ³:�m���ê¹H�H¾wµ/Ùb�
�>� µ¸��j¥L§ �j¥³É�j�7¢������j£HÛ:�j��´b��»É� º/�X��¡êÔ Õ)�j��ÍHºRÖW�

Ú�ç°¯ é]¶b÷ömõ)î(í
Green

• Ê`¢ D ⊂ R2 ÞX¢j�n��RpQFE !nI N�@ ! >Zê �B�B� P,Q : D → R �B�B� F : R2 → R2 �m¥ F (x, y) =(
P (x, y), Q(x, y)

) ×o�j¹J�j¥��L�ó¥q�B� �B�������J�H� ���J�H�H���H½7�R¾w�m�}Y # ÝØ¥L§ ¦j��¡7µ [ �L��¡ F �B���j£â�m½J�B��µ��L��¡
³:¡7¢j¹��j��¡

C = ∂D
�L��¡

D
Y �m¥�B��¢j�7¢>� �B¹%���j��³:��¢j�H�L�J��� ³b�m¹ [ ¥L§ ¢j�B�m§ ³:���m¥>ü
∫

C

F︸︷︷︸
R2

·ds =

∫ ∫

D̄

∂Q

∂x
− ∂P

∂y︸ ︷︷ ︸
R

dxdy.

$ �mÅB��ÇHÆmÅ�'pë�'Ï�()�ì �Sz���Q M IK�pQ <k��M < ��M � < G(E <Z>�@ !�A�!DC M GF��! N IK! >�uw` H�E � ! > "�H @�M � < � @DN A M ! > !�A�!�í
�-APT-Q���� < IK!�"wI�! > F � < I�Uq��� ��!�"wI-T "=� < � @DN APT " C �SH @�< Q < �Sz�IBQ M G�T γ : [a, b]→ C

�
∫

C

F · ds =

∫ b

a

F (γ(t)) · γ′(t)dt
H�� < ��!�A�! > ¡rH�EÍh <�M GD� N H M�W_º ! Ð H��pQ(T�� < Green � H�h < � > Q��¦h�H M I-TFh @ Q�!DT�CF! N �SH�hDT ��M < ��M � < G(E < �
<�@ A(U�� < " � E�h�H M � M < H�h < ArA < � I M � ���Sz�¡r! � ! W$ �mÅB��ÇHÆmÅ�'pë�' ªP) Å=< Q < I-T-Q(� G�IKH g I M IK! Ð H��pQ(T�� < IK! > Green

G > h � z�H M �SE <�î�� Q U G�Trï3G�IK!�HcG�R�í
I�H
Q M � g H�h g "�H @ E @ H � ! > I g�@ ! > D̄ �SH�I M "�G > h�z @ H M H�"=G�I�!�G N h�!�Q�!�IK! > I g�@ ! > ∂D W� ��Q M x ��"�T�E ��M <
@�< Q < I-�-Q(T G�T3¡ < CFE�hKH M � < M G�I < H @Dg �SH�h <V��N !�¡rH�RpQ(��� < I < Stokes

� < M Gauss W$ �mÅB��ÇHÆmÅ�'pë�'óÁp) blN ��!�A < � @ !�QFH�E�h <3� H M ��U @ ! M !�" g I M
∂Q

∂x
− ∂P

∂y
=
(
∇× (P,Q)

)
︸ ︷︷ ︸

R3

·k

� < M z�I�G M�@�< E QPh�! > �SHvI-T ��M < h > GF� < I M � �V�8!�Q � ��IK! >3Ð H�RpQ(��� < IK!�"wI�! > Green
∫

C

F · ds =

∫ ∫

D̄

(
∇× (P,Q)

)
· k dxdy.

:=<�@�< Q < I-T-Q(� G H�I�HvI-T � Q U G�T3IK! > G�IBQ�! x M A M GF��! N G�IK! � H���EP��zBA�!�"f� < M h < H @�< h�zBA�¡rH�I�H g I < h=�SHBA�H�íI-� G�H�IKHv� < M I-TFh�H @Dg �SH�hDT @�< Q U�C�Q <�� ! Ö Ð H��pQ(T�� < Stokes ×�W



oqs ÿýi����Xi>U�� �Fÿ��Xn�n�n
	��� \La����mp���� i>d������

• ��� ��¥L� ¦>� �B½(¥X´b���j�m�>Û:½"�L��¡&Ùb¥q¾w�j½7�m�H�X��µ
Green

¥L§ ¢j�B����¡J���>�H�JÛb� ³:�m¹�µ`�X��¡(¥X�b¸���¦j���"¥X¢j¹�µ�B��¢j�7û
¢>� �B���"�j¹H����¡

D ⊂ R2 �wÊ`�R�B¥L§m¢j��¡J���J�H�JÛb§ ³:��¡J�5¥)�L��¥q�B� �B�������J��� �(�J�H�H���H½7�R¾w�m�(�L��¡

F (x, y) =
1

2
(−y, x)

�B�H�j£��m½J�B��µ`�>�7µ�B�������J�H�Jµ
C = ∂D

Y��B��¢j�7¢>� �B½(´b���j£ [ �o�o¡JÛÉ�B¥q�B�>� �mÞX¢j�bü

|D| =
∫ ∫

D̄

dxdy =

∫ ∫

D̄

1

2
+

1

2
dxdy =

∫ ∫

D̄

∂( 1
2x)

∂x
− ∂(− 1

2y)

∂y
dxdy =

∫

C

F · ds

• Õ)��Ì¥q�w�j�7�m�%�j�7µ
ÊË��¹H����� ³:�7µJ�Ê`¢%��£H���
D ⊂ R2 ¥L§ ¢j�B�D�j�J����¡�»êùB¾F�>§ ��B�B� C = ∂D

�L�³:�7¢j���j��L��¡��B�B�Ø��¢
n
�L�¥��R¾F�j¥X�>� �B¹

�m�7¢j��¦>� �B§ �%�B£JÙb¥q�L�%¦>� £B¢j¡7³:�m��³É�L�
C
�B�B�

F (x, y) =
(
P (x, y), Q(x, y)

) ÞX¢j�
C1

{ ¤&×É�j¹J�j¥
∫

C

F · n ds =

∫

D

divF dxdy

$ Å %�&��('m�)�ÀÁ�ªP)
Tromba *cÔ ,Ø.L032�4t587 α 9�*ð:=< H @�< APT ¡rH N G H�I�H�IK!�¡rH��pQ(T�� < I�! > Green

C M < I�!�h
� E G(��! D �SHf��z�hDIBQP!�IK!

(0, 0)
� < MP< � I�E�h < R g I < h P (x, y) = xy2 � < M Q(x, y) = −yx2 W

X N G�TÌ¥q¾w�j���7�m¥�L�7¢"¦>§ ³É�B�
D =

{
(x, y) ∈ R2 : x2 + y2 ≤ R2

} �L��¡%�H���B§ ��¡(�X��³:�7¢j�B�j��¥L§ ¢j�B�
C = ∂D ={

(x, y) ∈ R2 : x2 + y2 = 1
} �wÊË��¹%�L�"Ùb¥q�w�j�7�m���X��¡

Green
ÞXùÉ��¡7�m¥>ü

I1 =

∫

C

F · ds =

∫

D

∂(−yx2)

∂x
− ∂(xy2)

∂y
dxdy = −4

∫

D

xy dxdy = I2

Ì��¡J���J�H�JÛb§ ³:��¡7�m¥Í�j¥XùB¾w�>� ³É�j£��X���J�H�H���H�7�R�w�m�H�X�
I1, I2

�B�B�:Ùb��¥q�B� ¸�¥?¸��B� �w³:��¡7�m¥Ë¹7�>��¥L§ ¢j�B�m§ ³:�b�
\ � ���L�

I1
ùÉ�j¥L� ���j¹��m��³É�j¥%�5§ �������j���mÞq�j�>� ³:�ê�L��¡

C
×
γ : [0, 2π] → R2 �m¥ γ(t) = R(cos t, sin t)�H��¹J�j¥

γ′(t) = R(− sin t, cos t)
�ýÝ �w�j³b�

I1 =

∫

C

F · ds =

∫ 2π

0

F (γ(t)) · γ′(t)dt = R

∫ 2π

0

(cos t sin2 t,− sin t cos2 t) · (− sin t, cos t)dt

= −R
2

∫ 2π

0

sin 2tdt = 0

\ � �"�X�
I2
Ùb�"ùÉ�j¥L� �B³É�j¥L§É¢j�"�B£�¢j��¡7�m¥��H�7�H�HÛ:½��m¥q�L�7¸H�H�J�R�w¢`�mÞX³:�(³É�L�"�J�H�H���H½7�R¾w�m�&�B�B�HÙb�(ÞXùÉ��¡7�m¥�¹J�>�

x = r cos θ
×
y = r sin θ

×
J = r

Y�Ûb� �H�>§
; [ �m¥ r ∈ [0, R]

�B�B�
θ ∈ [0, 2π]

�

I2 = −4

∫

D

xy dxdy = −4

∫ R

0

∫ 2π

0

r2 cos θ sin θ · r dθdr = −2

∫ R

0

∫ 2π

0

r3 sin 2θ dθdr = 0

�`��¹J�j¥¥q���H�H�jÙb¥X�J³:���m¥Ë�X�(Ùb¥q�w�j�7�m�%�L��¡
Green

Ûb� ���j�7¢���¥X�>§ �H�X¾w³:�(��¡J�j½É�
2

$ Å %�&��('m�)� ÁbÁp) *�«�¬cñ®F®L032�4�.P7 β 9�*ò:=<}>�@ !�A�!DCFE G H�IKHVI�!kH @rM � < � @DN A M !�!BA�!��-AP�-Q�RS� < IK! > F =
(4xy3, 6x2y2)

� < I�Uq��� ��!�"wI-T " @ H
Q M � z
QFH M < "vIK! > ��!�h < ��M < E ! >�� E G(��! >�W
X N G�TÊ`¢����>§ ³:��¡7�m¥

D
¢j�%¥L§ ¢j�É�:�(�m�7¢j��¦>� �É§ ��µ`¦>§ ³É�B��µ

D = {(x, y)|x2 + y2 ≤ 1} �X�7¢��m�7¢j��¦>� �B§ �"�B�J���H�/�j¹7�j¥�L��§ ùÉ¢j��µ/�j�7µ/�B�������J�H�7µ
γ
¥L§ ¢j�B�D�L�³:�7¢j���j�

C = ∂D
�L��¡

D
�/Õ)���j�J�X���7�m¥X¢j��>�H�H���H½7�R¾w�m�ê¥L§ ¢j�B� # Ý¥L§ ¦j��¡7µ&�B�B�Ø���B�������J�H�

C
¥L§ ¢j�B�Ø���m�H�H½É�
ÊË�B�J�H��¡jÙb¥L§m�L��Û:�j£�´b�7�m�ê�j�7µ&�B�������J�H�7µ

C
�m���>§Ø�m¥��L� { � ¤

F
�
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x

\ � �&�L�7¢`¡J���J�H�>Ûb� ³:�m¹��X��¡�¥q�B� �B�������J�H� ��¡�>�H�H���H�7�R�w�m�H�L��µo¥X´b���j�m¹��j��¡7�m¥o�X�(Ì/�
Green

�B�B�BÞXùÉ��¡7�m¥o¹J�>��ü
∫

C=∂D

F · ds Green
=

∫

D̄

∂(6x2y2)

∂x
− ∂(4xy3)

∂y
dxdy =

∫

D̄

12xy2 − 12xy2 dxdy = 0

�P¢j�H�7�H�H���>� �B£�Ùb��������j���7³:���m¥Ø¢j�¥L§ ùÉ���m¥Ø�����j���m¥q�j�>� �É�H���B� ½J³b¥X�R�>�7¢w�B�������J�H�
C
�mÞX³É¾�5§ ��µ

γ : [a, b]→
C
�B�B��¢j��¡J���J�H�JÛ:§ �j���m¥Ë�H��¥X¡jÙb¥L§ ��µ`�L� # Ý�¥L§ ¦j��¡7µ
¥q�B� �B�������J�H� �%�>�H�H���H½7�R¾w�m�(�L��¡ F ×

∫

C

F · ds =

∫ b

a

F (γ(t))γ′(t)dt.

2$ Å %�&��('m�)� Á(|8) *�«�¬cñ®F®L032�4�.P7 γ 9�*ó:=<}>�@ !BA�!DCFE G�H�IKHVIK!�H @�M � < � @DN A M !�!�A�!��-AP�-Q�R�� < I�! > F =

(2x− y, x+ 3y)
�SH

C
h < H�E�h < M T @ H
Q M � z
QFH M < I-T "=zBArA�H M ÑPT " C : x

2

4 + y2 = 1 WX N G�T�P�L�%Û:�j£�´b�7�m������¡(�H�B�>�H��¡jÙb¥L§b´b�B§ ¢j¥q�L�B�m�(Þq�7�H¥L� þb�/�B�JÙ:�wµ�B�É���(¦j�j£�³:�(�X��¡ { ¤
F
��£�¢R¾ ³:¥��¡J�j½É�
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–0.5

0.5

1

y

–2 –1 1 2

x
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Õ)��ù�¾w�>§ ������¡(�"�B�������J�H�
C
�H¥X�>� ���H¥L§ ¥L�b¥L§ ¢j�B���X�

D =
{

(x, y) ∈ R2 : x
2

4 + y2 ≤ 1
} �

��§ �������j���mÞq�j�>� ³:�/�j�7µ
Þq�7�H¥L� þb�7µ
C
¦>§ ¢j¥q�L�B���H��¹%�j�7¢/³:¡7¢j£��R�j�7³:�Éü

γ(t) = (2 cos t, sin t), t ∈ [0, 2π].

¤`���j�H�j�7�j½7³É�j¥Ë¹J�>�É�����j���mÞq�j�>� ³:�&�j�7µË�B�������J�H�JµË¥L§ ¢j�B�É�B��¢j�H¢>� �B½v� �
counter-clockwise

� �PY ¦j�H�É� �m£�³É�j¥Ë¦>� £7û
´b���j¥Xµ
�>� �mÞXµ�L��¡

t
�B�B��¦j¥L§ �j¥`�H¾wµ�ôj�É� ¢j¥L§ �X�B��õ��X����¢R�>§ ³É�X�É� ùÉ��³:�7�m¥L§ � [ �¤`¥X�j¢R�w¢R�L��µ�³É�L��¥q�B� �B�������J�H� �%�>�H�H���H½7�R¾w�m�%ÞXùÉ��¡7�m¥�m¥Ë¸�£�³:�"�L�"Ùb¥q�w�j�7�m�

Green
ü

∫

C

F · ds =

∫

∂D

F · ds =

∫

D̄

∂F2

∂x
− ∂F1

∂y
dxdy =

∫

D̄

∂F2

∂x
− ∂F1

∂y
dxdy

=

∫

D̄

2dxdy = 2

∫

D̄

dxdy = 2|D|
\ � �ó�X�7¢�¡J���J�H�JÛb� ³:�m¹â�X��¡ |D| �������j���7�m¥��H�H�H£â¢j�|¡J���J�H�>Ûb§ ³:��¡7�m¥��X�|�J�H�H���H½7�R¾F�5�â�m¥��H�7�H�HÛ:½�³:¥�B�H�j£H�7�H�J�H¥qµê���J��� �BÞXµ³:¡7¢R�j¥q�L�HÛ:�mÞX¢j¥XµnY ��´b���

D̄
¥L§ ¢j�B�ËÛ:¥X�m£H�j�óÞq�7�H¥L� þb� [ ½âûZ¹H�H¾wµ���¢j��´bÞX�j���m¥³É�j�7¢���jùÉ½"�j�7µ�����j��ÛÉ�j£B´b��¡>ûw¢j��ùÉ�j�7³b� �m�H���B� ½7³:��¡7�m¥Ë�L� { ¤

G(x, y) = 1
2 (−y, x)

�H��¹J�j¥`�B�B�ÉÙb����£��j��¡7�m¥>ü

|D| =
∫

D̄

1dxdy =

∫

∂D

G · ds,

�L�%�j¥q�H¥X¡J�L�B§ �%¥L§ ¢j�B�m¥q��� �B�������J�H� �(�J�H�H���H½7�R¾w�m�(Ûb� ���j�7¢��B�������J�H�
C
�m¥`�����j���mÞq�j�>� ³:�

γ(t)
�H��¹J�j¥>ü

∫

∂D

G · ds =

∫ 2π

0

1

2
(− sin t, 2 cos t) · (−2 sin t, cos t)dt =

∫ 2π

0

1dt = 2π

Ý Ê`�j���X�����jù:� �B¹�¥q�B� �B�������J��� �(�J�H�H���H½7�R¾w�m�%¥L§ ¢j�B�5§ ³:���m¥>ü
∫

C

F · ds = 4π.

2

$ Å %�&��('m�)��ÁP�P) *�«�¬cÀ®8+v032�4�5�*6` b G�IcR f, g : R2 → R ��N ! C1 ��M <�� !�QFE G M �SH�"vG > h < Q(I-� G H M "v� < M FIK! ¾3W Å G�IK! R2 �SH
F = (−g, f) W

ö Wy� h
φ : R→ R2 H�E�h < M �SE < ��T�íBG�I < ¡rH
Q(� @ H
Q M ! ��M � ��A N G�T3I-T " ¾3W b

(
x′1
x′2

)
=

(
f(x1, x2)
g(x1, x2)

)

h <3� H M �y¡rH�E g I M ∫
φ
F = 0 W

÷ Wy� hwH @rM�@ A�z�!�h M GD� N H MPg I M ∂f
∂x1

+ ∂g
∂x2

> 0
G�IK! R2 W�:=<q<�@ ! � H M �y¡rH�E g I M T @�< Q <�@ U h�R ¾3W b�� H�hwz��»H M��T�íBG�I < ¡rH
Q(� @ H
Q M ! ��M � �wA N G�T W

Ö Ä T��SH�E R�G�T ¢wÐ H�RpQ�! N �SH�C�hKR�G�I g�g I M ��U ¡rH C1 ��M <�� !�QFE G M ��T <�@ AP�3�-A�H M G�I-�3� < � @DN APTVG�IK! R2 H�E�h < M IK!G N h�!�Q�!�H�h g "=� < h�!�h M ��! N I g�@ ! >�×
X N G�TÝ �PùÉ��¡7�m¥���jù:� �B£�¹J�>�

F (x, y) =
(
− g(x, y), f(x, y)

) �B�B�
φ(t) =

(
x(t), y(t)

) �
• Õ)��§ ùÉ¢j��µ�j�7µ φ ³É�X�H¢ R2 ¥L§ ¢j�B�b�B�������J�H�É�
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• m
φ
¥L§ ¢j�B�Ø��¥X�>� ��¦>� �B½��B�B�ýÞX³É�q¾

T > 0
����¥X�>§ ��¦j��µ"�j�7µJ×D�H��¹J�j¥

φ(x + T ) = φ(x)
Ûb� ��B£JÙb¥

x
×

¦j�J�H��¦j½/�L��§ ùÉ¢j��µ
�j�7µ
φ
¥L§ ¢j�B�����H¥L� ³É�j½/�B�������J�H�É�

• m
φ
¥L§ ¢j�B�)�H�7³:�â�X�B¡ó³:¡7³É�j½7�m�H�X�Bµ>×`�H��¹J�j¥LY���§ Û:� ¦>� �B� ³�Ùb�J�>� �B£ [ �L� § ùÉ¢j��µ��j�7µ�¥L§ ¢j�B� C1 �H�H�H½�B�������J�H�É�

�o¡7¢j��þ�§ �j�7¢R�L��µ(�>� µ(�����j�H�j�7�j½7³:¥L� µ(��¡J�jÞXµ"���j�H�B�J�H�j¥L�ý¹J�>�F�X��§ ùÉ¢j��µ%�j�7µ
φ
¥L§ ¢j�B�F�5§ �

C1 �H�H�H½����H¥L� ³É�j½�B�������J�H�"�H��¹J�j¥���>§ �j¥L��ÞX¢j���B��¢j�7¢>� �B¹%�j¹H���
D ⊂ R2 �w¤`¥X�j¢j£��m¥`�R�w�j��³É�X�V�j�J�L���7�m¥X¢j�(�j�7µ
£�³É�B�7³:�7µJ�

�7� � ¥q�É� ¢j£��m¥�5¥`�L��¥q�B� �B�������J��� �(�J�H�H���H½7�R¾w�m�(�X��¡ { � ¤
F
×

∫

φ

F =

∫ T

0

F (φ(t)) · φ′(t)dt =

∫ T

0

(
− g(φ1, φ2), f(φ1, φ2)

)
·
(
φ′1, φ

′
2

)
dt

ø-ùcø�úBû�ü�ý
=

∫ T

0

(
− φ′2, φ′1

)
·
(
φ′1, φ

′
2) = 0

�B�)Ê`¢ ∂f
∂x + ∂g

∂y > 0
�B�B�

φ
�m�>ûZ³É�L�JÙb¥X�j½`��¥X�>� ��¦>� �B½�H�7³:�`�j¹J�j¥oùÉ�j�7³b� �m�H���B� �w¢R�L��µo�L�
Ùb¥q�w�j�7�m�

GreenÞXùÉ��¡7�m¥>×
0 =

∫

φ

F
Green

=

∫

D

∂f

∂x1
+

∂g

∂x2
dx1dx2 > 0

£H�X�H���
Ý ¤`���j�H�j½7�j�7³:� ü © ��Ùb¡7�m£�³É�j¥/¹J�>�ý���j¥q�H¥X¡J�L�B§ �ê��¢>§ ³É¾w³:���L��¡�¦j¥X�J�j¥X�j��¡�¥X�R¾F�j½7�m�H�L��µ"¥L§ ¢j�B�DÛ:¥X¢>§ �É¥X¡7³:�
�5§ ��µ(���J�H��¥X¢j¦>� �B´bÞX�j��¡7³:��µ(£�³É�B�7³:�7µ(Ê`¢j£H�H¡7³:�7µ(¹H����¡ê¥L§ ¢j�B�ýÛ:¢R¾w³É�j¹�¹J�>�F�ê³:¡7¢j£��R�>�7³:�ê¥L§ ¢j�B�ÍC hD� G M <¡rH�I M � ���B�B�8G > h�H��� ")³:¥`ÞX¢j� ��M U G�I-T�� < �B�B�bÞq�j³b�:�L�(�J�H�H���H½7�R¾w�m�/�j�7µ)Ùb�%¥L§ ¢j�B�:Û:¢j½7³b� �/Ùb¥q�>� �B¹b�yY �m¥q�H¥?û�j½7³É�j¥`�L�b×É��¥X�>� ÞXùÉ¥L�b�j�7¢&�5� ³:½(��¡7³b§ �%�X¾w¢/�J�H�H���H�7�R¾w�m£H�X¾w¢ [ 2

$ Å %�&��('m�)�óÁ��p) *�«�¬c}®8+=032�4J��*1:=<V<�@ ! � H M �y¡rH�E g I M T ¾�b
(
x′1
x′2

)
=

(
x1 + x2

2 + x3
1

−x1 + x2 + x2
1x2

)
,

� H�h�z��»H M � < �SE < ��T�íBG�I < ¡rH
Q(� @ H
Q M ! ��M � �wA N G�TVG�IK! R2 W
X N G�Tm £�³É�B�7³:����¡J�j½�¥L§ ¢j�B�o�H�H�H½�¥X´b���j�m�JÛ:½��j�7µ����j�JÛ:���7�m¥X¢j�7µJ� � ¥q�É� ¢j£��m¥%�H�É� ��¹7¢����>§ �j�7¢R�X��µ

f(x, y) =
x + y2 + x3 × g(x, y) = −x + y + x2y

�B�B� { � ¤
F
�m¥
�B�7�>� ���mÞX�j��µ

(−g, f)
�Ê`¢"�R�w�j�ê¥L§ ùÉ���m¥

φ
¢j�

¥L§ ¢j�B���m�>ûZ³É�L�JÙb¥X�j½/��¥X�>� ��¦>� �B½"�H�7³:�/�L��¡
(
x′

y′

)
=

(
f(x, y)
g(x, y)

)
,

�j¹J�j¥
�H��¹%�X�����R�F�X��¥X�R�F�j�7�m�%�>�7µ���j���JÛ:���7�m¥X¢j�7µ`£�³É�B�7³:�7µËÙb��¥L§ ùÉ���m¥>×
∫

φ

F = 0.

�w�B� �H�HÞX�7¢�Ûb� ���>� µ
f, g

ÞXùÉ��¡7�m¥¹J�>��×
∂f

∂x
+
∂g

∂y
= 1 + 3x2 + 1 + x2 = 2 + 4x2 > 0,

�H��¹J�j¥�H��¹%�L��¦j¥X�J�j¥X�j��¥X�R�F�j�7�m�%�j�7µ���j���JÛ:���7�5¥X¢j�7µ`£�³É�B�7³:�7µ
ÞXùÉ��¡7�m¥`£H�L�H���b�
Ý �w�j³b�5�(���jù:� �B½ { � � ¦j¥X¢/�������j¥L§�¢j��ÞXùÉ¥L���m�>ûZ³É�L�JÙb¥X�j½/��¥X�>� ��¦>� �B½"�H�7³:�É�

2
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$ Å %�&��('m�)� ÁP�P) *�«�¬c?®8+V032�4�^�*�:=<n>�@ !�A�!�CFE G H�IKH�IK!VHK� x < ��g h3I�! > H @ E @ H � ! > ��RpQFE ! >J@ ! >k@ H
Q M í�-A�H�E H�I < MP<�@Dg I-TFh @�< Q < x !�AP� y =
√
x
�
x ≥ 0

IK!-h�!�Q M e g hDI M !�U���!�h < � < M I-TFh�H > ¡rH�E < x = k ∈ R+ WX N G�TÕ)��ù�¾w�>§ ��¡(�L��¡(�H���B§ ��¡"�X��¥X�b¸���¦j¹7¢w�j�J�j£��m¥¥L§ ¢j�B���X��¥��j½7µJü
D = {(x, y)/0 ≤ x ≤ k, 0 ≤ y ≤ √x}.

Õ)�ê¥X�b¸���¦j¹7¢"�������j¥L§5¢j�ê¡J���>�H�JÛb� ³É�j¥L§m�m¥��H�H�HÞXµ��j¥XùÉ¢>� �BÞXµ&�H��¥L� �j��³É�>� �B���(�H�JÛb� ³:�m�����5§ ��µ&�m¥q�L�7¸H�H�J�j½JµJ×
³:¡JÛÉ�B¥q�B�>� �mÞX¢j�bü

E =

∫ k

0

√
xdx.

�P�m¥L§ µ�¹���¾wµ�Ùb�|�j�â�H�7³:��¡7�m¥��m¥ùÉ�j½7³:�â¥q�B� �B�������J��� ��¡��J�H�H���H�7�R�w�m�H�X��µLY ��¢��B�B�Ë³:¡7³É�j½7¢j��¡7�m¥��j�7¢
���R�F�j�(�mÞhÙb�B¦j� [ �Õ)�/³:�7¢j���j�&�X��¡�ù�¾w�>§ ��¡�¥L§ ¢j�B���5� �&�L�H�B� �B£

C1 �B�B�����J�H� C �H���7�j¥q�H¥L§ �L�B�H�H��¹&»��mÞX�j� C = C1 +C2 +C3
�

�o¡JÛÉ�B¥q�B�>� �mÞX¢j�bü

C =




C1 : γ1(t) = (t, 0), 0 ≤ t ≤ k,
C2 : γ2(t) = (k, t), 0 ≤ t ≤

√
k,

C3 : γ3(t) = (k − t,
√
k − t), 0 ≤ t ≤ k.¤`���j�H�j�7�j½7³É�j¥w¹J�>�H�Ë�����j���mÞq�>�>� ³:�`��¡J�j½`¥L§ ¢j�B�H�m¥F�j�7¢��B��¢j�7¢>� �B½`´b���j£f� �

counter-clockwise
� � �PÌ¥q¾w�j���7�m¥

¥q�B§ ³:�7µ&�L� { ¤
F (x, y) = 1

2 (−y, x)
�&Õ)�êÛ:�j£�´b�7�m�ê����¡��H�B�J�H��¡jÙb¥L§5�m��µ"¦j¥L§ ùÉ¢j¥L�D�L�ùB¾w�>§ �

D
�B�JÙ:�wµ

�B�B�b�L� { � ¤
F
��¥X�>� ���>� ³:�mÞX¢j��³É�L��³:�7¢j���j�

∂D
�L��¡

D
×

0

0.5

1

1.5

2

–1 1 2 3 4

x

¤`¥X�j¢j£��m¥�R�w�j��³É�L�7¢/¡J���>�H�JÛb� ³:�m¹(�L��¡(¥X�b¸���¦j���/�B�B��ÞXùÉ��¡7�m¥�H��¹%�X�êÌ/�
Green

¹J�>��×

|D| =
∫

D̄

dxdy =

∫

∂D

F =

∫

C

F =

∫

C1

F +

∫

C2

F +

∫

C3

F =

∫ k

0

1

2
(0, t) · (1, 0)dt+

∫ √k

0

1

2
(−t, k) · (0, 1)dt+

∫ k

0

1

2
(−
√
k − t, k − t) · (−1,

−1

2
√
k − t

)dt

=
k

2

∫ √k

0

dt+
1

4

∫ k

0

√
k − tdt =

2

3
k

3
2

2
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$ Å %�&��('m�)�óÁbÈp) *�«�¬c}®8+w032�4O®r*s` b G�IcR γ : [0, 1]→ R2 �SE < C1 ��M <�� !�QFE G M ��T <�@ AP�V� < � @DN APTq� < M
γ(0) = A

� < M γ(1) = B W�:=<V� H�E ��H�IKH g I M IK!wHK� x < ��g h�I�! > ��RpQFE ! >V@ ! >�@ H
Q M �-A�H�E H�I < M(<�@Dg I-TFh γ � < M I <H > ¡ N C�Q < ��� < I������ < I < OA � < M OB g�@ ! > O(0, 0) � E�h�H�I < Mp<�@Dg I-T3GD�yz�G�T ¢

E =
1

2
|
∫ 1

0

γ′1(t)γ2(t)− γ1(t)γ′2(t)dt|,

g�@ ! > γ(t) = (γ1(t), γ2(t)) W
X N G�TÌ¥q¾w�j���7�m¥

C
¢j��¥L§ ¢j�B�b�L��³:�7¢j�B�j�%�L��¡(ùB¾w�>§ ��¡

D
�H���J�j¥q�H���7�m¥q¢j�%�H��¹%�L�����m�H�H£%�j�m½7�m�H�L�bü





C1 : σ1(t) = t ·
(
γ1(0), γ2(0)

)
, 0 ≤ t ≤ 1

C2 : σ2(t) = γ(t) =
(
γ1(t), γ2(t)

)
, 0 ≤ t ≤ 1

C3 : σ3(t) = (1− t)
(
γ1(1), γ2(1)

)
, 0 ≤ t ≤ 1.

Ê`¢��������j���mÞq�j�>� ³:������¡�ÞXùÉ��¡7�m¥��B£�¢j¥L��¦j¥X¢�¥L§ ¢j�B�o�B��¢j�7¢>� �B½}Y ¥��j���R�j£H�L�B���H��¹��j��³:ùÉ¥q�>� �B½�ÙbÞX³:���X¾w¢
³:�7�m¥L§ ¾w¢

A
×
B
³É�L�%¥q�B§ ��¥X¦j� [ ��¢R�>� ³É�j�jÞX´b��¡7�m¥Ë�X�7¢
���j��³:�B¢j�H�X�J��� ³:�m¹"�X��¡7µ`�B�B�:³:¡7¢j¥Xù:§ �j�B¡7�m¥)�B��¢j�7¢>� �B£b��w�B� �H�HÞX�7¢&���>§ �j��¡7�m¥ { ¤

F (x, y) = 1
2 (−y, x)

�B�B��ÞXùÉ��¡7�m¥>ü

|D| =
∫ ∫

D̄

dxdy
Green

=

∫

C

F · ds =

∫

C1

F · ds+

∫

C2

F · ds+

∫

C3

F · ds =

∫ 1

0

F (σ1(t))σ′1(t)dt+

∫ 1

0

F (σ2(t))σ′2(t)dt+

∫ 1

0

F (σ3(t))σ′3(t)dt =

1

2

∫ 1

0

(
− γ2(0)t, γ1(0)t

)
·
(
γ1(0), γ2(0)

)
dt+

1

2

∫ 1

0

(
− γ2(t), γ1(t)

)
·
(
γ′1(t), γ′2(t)

)
dt+

1

2

∫ 1

0

(
− (1− t)γ2(1), (1− t)γ1(1)

)
·
(
− γ1(1),−γ2(1)

)
dt.

Õ)�����R�F�X���B�B�b�L���j�>§ �L���>�H�H���H½7�R¾w�m�%�m�7¦j¥X¢>§ �j�H¢R�X�B���B�B��Þq�j³b�����B§ �j¢j��¡7�m¥>ü

E =
1

2

∫ 1

0

−γ′1(t)γ2(t) + γ1(t)γ′2(t)dt.

2

$ Å %�&��('m�)��Á�¤p)
Tromba *cÔ ,/.f032�4�.F¥r*�þ Q(T G M ��! @ ! M �¦hDI < "I�!¡rH��pQ(T�� < IK! > Green

h <�>�@ !�A�!DCFE G H�IKHIK!�HK� x < ��g hwH�h g " �PN ArA�! > I�! > IKH�IBQ U �(> ArA�! > A�! > A�! >r��M ! N r = 3 sin 2θ

X N G�T
# �HÞq���7¢R�L��µ�L��³:ùÉ½7�m�������j���j�7�j���7�m¥`¹7�>���L��¥X�b¸���¦j¹7¢/�J�H¹H���H�7�j��¡/�L��¡(�H��¡J�H��¡J¦>� ���"¥L§ ¢j�B�m�j¥q�j�j�H�H�H£�³b� ��L��¡/¥X¢j¹�µ´b�J�7�H��¡&�L��¡É�»Âo¡7³b� �B£(�L�%³:�7�m��¢R�>� �B¹J�j¥X�j�/¸�½7�m�(¥L§ ¢j�B�b¢j�%�������jÞX³:¥L�:�B£H���B� ��µ`¢j��� � ���j�7¸H�HÞXþb¥L�/� �
�L��³:ùÉ½7�m��ùB¾w�>§ µ��j�%ùÉ�j½7³:�%³:ùÉ¥X¦>� ��³É�>� �B���(���H�BÞq�X�B¡É� \ � ���L��³É�B�H��¹���¡J�j¹(Ùb�����jÞq��¥L�m¢j�(ÙbÞX³b¥q�j¥�>� �mÞXµ
³É�L�

θ
�B�B�P¢j�â��£��j¥q�j¥%�>� �mÞXµ�³É�L�

r
×PÞq��¥L� �L���B£JÙb¥�ÞX¢j�â�H��¹â��¡J�j£��L�â³:�7�m¥L§ ��¢j�â�X�â³:ùÉ¥X¦>� £�³:¥q�j¥�³É�L�

³:�7³É�j�7�m�����j¹7¢R¾w¢H�
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–2

–1

1

2

–2 –1 1 2

�P´b¹�³:�7¢/�L�%�H��¡J�H���7¦>�:�B�H�X��³É�B¥X¡7£ �j¥q�X�B�b�H��¹%�j�(³:ùÉÞX³:�
r = 3 sin 2θ

�m¥
θ ∈ [0, 2π]

×É�X��ÞX¢j�%�L��¡(´b�J�7�H�
¦>§ ¢j¥q�X�B�m�H��¹%�j�7¢/§ ¦>� ��³:ùÉÞX³:�

r = 3 sin 2θ
�H�7�H£��m¥

θ ∈ [0, π2 ]
�

\ � �"�L�(¥X�b¸���¦j¹H¢)Ùb�%ùÉ�j�7³b� �m�H���B� ½7³:��¡7�m¥��L� { � ¤
F (x, y) = (P (x, y), Q(x, y)) = 1

2 (−y, x)
�B�B�:�X�

Ùb¥q�w�j�7�m�ê�L��¡
Green

�&Ý �P³É�X¾
D ⊂ R2 �X��ùB¾w�>§ ��¡��L��¡�¥X¢j¹�µ(´b�J�7�H��¡%�B�B� γ(t)

�5§ ������j���mÞq�j�>� ³:���L��¡
³:¡7¢j¹��j��¡"�L��¡

∂D
�m¥�j�7¢��B��¢j�7¢>� �B½(´b���j£b×

γ(t) = (r(t) cos t, r(t) sin t), t ∈ [0,
π

2
],

´b��¢j¥X�j£bü
γ′(t) = (r′(t) cos t− r(t) sin t, r′(t) sin t+ r(t) cos t), t ∈ [0,

π

2
],

�B�JÙ:�wµ�¥q�B§ ³:�7µJü
F (γ(t)) =

1

2
(−r(t) sin t, r(t) cos(t)).

¤`¥X�j¢j£��m¥�R�w�j��³É�L��¥X�b¸���¦j¹7¢Hü

E(D) =

∫ ∫

D

1 dxdy =

∫ ∫

D

∂Q

∂x
− ∂P

∂y
dxdy

Green
=

∫

∂D

F · ds =

∫ π
2

0

F (γ(t)) · γ′(t)dt

=

∫ π
2

0

1

2

(
− r(t) sin t, r(t) cos(t)

)
·
(
r′(t) cos t− r(t) sin t, r′(t) sin t+ r(t) cos t

)
dt

=

∫ π
2

0

−1

2
r(t)r′(t) sin t cos t+

1

2
r2(t) sin2 t+

1

2
r(t)r′(t) sin t cos t+

1

2
r2(t) cos2 tdt

=
1

2

∫ π
2

0

r2(t)dt

ÊË��¹��j�7¢&¡J��¹JÙb¥X³:���jÞX�j��¡7�m¥¹J�>�
r = 3 sin 2θ

�H��¹J�j¥`�L�%�j¥q�H¥X¡J�L�B§ �%�>�H�H���H½7�R¾w�m�(Ûb§ ¢j¥q�X�B��ü

E(D) =
9

2

∫ π
2

0

sin2 2t dt = ÿ 9

4

∫ π
2

0

(1− cos 4t)dt =
9π

8ÊË�B�J�H��¡jÙb���7¢
�X��Û:�j��´b½7�m�H�L�%�X¾w¢&�H��¡J�H��¡J¦>� �w¢
r = 3 sin 3θ

×
r = 3 sin 4θ

×
r = 3 sin 5θ

��¢R�>§ ³É�X�B� ùÉ�b×
� ���LpLY��jf<cXi�� dHp��Lp-� �Xi>\LdHUý[<cXaw[]\LY?[c�q[<cq[]\

cos 2α = 1− 2 sin2 α
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Ú�ç°Ú é]¶b÷ömõ)î(í
Stokes

• Ý �P³É�X¾ (S,N)
�5§ ��³:¡7�����HÛ:½7µF���j��³:��¢j�H�L�>��� ³:�mÞX¢j�Ë¥q�B� ´b£�¢j¥L� �
³É�L�7¢ R3 �B�B� F ÞX¢j� C1 ¦>� ��´b���>§ ³b� �m�{ ¤À³É�L�7¢ R3 �wÕ)¹J�j¥ ∫

S

curlF ·N︸ ︷︷ ︸
R

dS =

∫

∂S

F︸︷︷︸
R3

·ds

• Ê`¢/� (S,N)
¥L§ ¢j�B�����H¥L� ³É�>½/�j¹J�j¥

∫

S

curlF ·N dS = 0

$ Å %�&��('m�)��|Pªp) *�«�¬cJÔ�~�032�4V�87 α9�*k:=< H @�< APT ¡rH N G H�IKH�IK!Í¡rH��pQ(T�� < IK! > Stokes g I < h F (x, y, z) =

(z, x, y)
� < M S =

{
(x, y, z) ∈ R3 : z = 1− x2 − y2, z ≥ 0

} W
X N G�T� ¥q�É� ¢j£��m¥�m¥`�L��Û:�j£�´b�7�m�%�j�7µ
¥q�B� ´b£�¢j¥L� ��µJü

0.2

0.4

0.6

0.8

1

1.2

–1
–0.5

0.5
1y

–1

–0.5

0.5

1

x

��§ �������j���mÞq�j�>� ³:�/�j�7µ�¥q�B� ´b£�¢j¥L� ��µ���j�H�B�J�H�j¥L�b��´b���"���R�F�L�%�����j�H�j�7�j½7³:��¡7�m¥`¹J�>��ü
z ≥ 0⇒ 1− x2 − y2 ≥ 0⇒ x2 + y2 ≤ 1,

�H��¹J�j¥>ü
Φ(x, y) = (x, y, 1− x2 − y2), (x, y) ∈ D1 Y �m�H¢j��¦>� �B§ ��µ�¦>§ ³É�É��µ [
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��§ ��¦j¥X�J�j¥X�j�/�����j���mÞq�j�>� ³:�&Ùb���������j���7³:¥¢j��¥L§ ¢j�B�m�(¥��j½7µJü

Φ1(θ, φ) = (cos θ sinφ, sin θ sinφ, cosφ), θ ∈ [0, 2π], φ ∈ [0,
π

2
].

Ù��j�H�j£��m¥`�j�7¢����R�F�j�(�����j���mÞq�j�>� ³:�/�B�B����¥X�j¢j£��m¥³É�X�H¢/¡J���>�H�JÛb� ³:�m���&�L��¡(¦>� ��¢j�7³:�m�H�L��µ
N
×

Tx =
∂

∂x
(x, y, 1− x2 − y2) = (1, 0,−2x),

Ty =
∂

∂y
(x, y, 1− x2 − y2) = (0, 1,−2y),

Tx × Ty =

∣∣∣∣∣∣

i j k
1 0 −2x
0 1 −2y

∣∣∣∣∣∣
= (2x, 2y, 1),

||Tx × Ty|| =
√

4x2 + 4y2 + 1,

N =
Tx × Ty
||Tx × Ty||

=
(2x, 2y, 1)√

4x2 + 4y2 + 1
.

¤`¥X�j¢j£��m¥�R�w�j��³É�L��³É�j�j�7¸B� ��� ³:�m¹%�L��¡ { ¤
F
×

curlF = ∇× F =

∣∣∣∣∣∣

i j k
∂x ∂y ∂z
z x y

∣∣∣∣∣∣
= (1, 1, 1).

\ � ���j�7¢&¥q���H�H½jÙb¥X¡J³:�/�X��¡
Stokes

���jÞq��¥L��¢j��¦j¥L§ �j��¡7�m¥¹J�>��ü

I1 =

∫

S

curlF ·N dS
Stokes

=

∫

∂S

F · ds = I2

• \ � �%�L�%���R�F�L���>�H�H���H½7�R¾w�m�%ÞXùÉ��¡7�m¥¹J�>��ü

I1 =

∫

S

curlF ·N dS =

∫

S1

curlF (Φ(x, y)) ·N(Φ(x, y))||Tx × Ty||dxdy

=

∫ 1

−1

∫ √1−x2

−
√

1−x2

(1, 1, 1) · (2x, 2y, 1)dxdy =

∫ 1

−1

∫ √1−x2

−
√

1−x2

2x+ 2y + 1dxdy

�H�7�H�HÛ:½"³:¥`���J��� �BÞXµ³:¡7¢R�j¥q�L�HÛ:�mÞX¢j¥Xµ
x = r cos θ

×
y = r sin θ

×
J = r

×
r ∈ [0, 1]

×
θ ∈ [0, 2π]

×

I1 =

∫ 1

0

∫ 2π

0

r(2r cos θ + 2r sin θ + 1)dθdr =

∫ 1

0

2πrdr = π

• \ � �%�L��¦j¥X�J�j¥X�j���J�H�H���H½7�R¾w�m�%ÞXùÉ��¡7�m¥`¹7�>��ü

I2 =

∫

∂S

F · ds

\ � ���X���J�H�H���H½7�R¾w�m����¡J�j¹�ùÉ�j¥L� ���j¹��m��³É�j¥��5§ �������j���mÞq�j�>� ³:�%�X��¡�³:¡7¢j¹��j��¡(�j�7µ&¥q�B� ´b£�¢j¥L� ��µJ�)Õ)�
³:�7¢j���j�(�j�7µ¥q�B� ´b£�¢j¥L� ��µ¥L§ ¢j�B�b�"¥L� �B¹7¢j�(�L��¡"³:¡7¢j¹��j��¡/�X�B¡

S1 Y���¥X¦>§ �%���>� ³:�m���/�j�7µ
Φ [ �mÞX³É¾|�j�7µ

Φ
¦j�J�H��¦j½

∂S = Φ(∂S1) = Φ(x2 + y2 = 1) = Φ
(
(cos θ, sin θ), θ ∈ [0, 2π]

)
,
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£��j���5§ �������j���mÞq�j�>� ³:�/�L��¡(³:¡7¢j¹��j��¡"�j�7µ
¥q�B� ´b£�¢j¥L� ��µ
¦>§ ¢j¥q�X�B�m�H��¹%�j�7¢H×

γ(θ) = (cos θ, sin θ, 0), θ ∈ [0, 2π].

Ù��B��Þq�j³b���X���J�H�H���H½J�R¾w�m�
I2
¥L§ ¢j�B�5§ ³:��ü

I2 =

∫

∂S

F · ds =

∫ 2π

0

F (γ(θ)) · γ′(θ)dθ =

∫ 2π

0

(0, cos θ, sin θ) · (− sin θ, cos θ, 0)dθ

=

∫ 2π

0

cos2 θdθ =

∫ 2π

0

1 + cos 2θ

2
dθ = π

Ý �w�j³b�5ÞXùÉ��¡7�m¥`¹J�>�
I1 = I2

�H��¹J�j¥¥q���H�H�jÙb¥q�7³:���m¥)�L�(Ùb¥q�w�j�7�m�%�L��¡
Stokes

�
2

$ Å %�&��('m�)� |D�() *�«�¬c�Ô�~¿032�4ñ^�* ` b G�IcR g : R2 → R �SE < C2 G > h-U-Q(I-T G�T1� <FM G z�h < C2

��M < h > GF� < I M � g�@ H � E !�G�IK!�h R3 W=` b G�I�R F
I�!
C2 ��M < h > GF� < I M � g�@ H � E !��SH=I N�@ ! F (x, y, z) = (1− x2 −

y2)G(x, y, z) W�� h
S =

{
(x, y, g(x, y)) : x2 + y2 ≤ 1

} �Íh <J<�@ ! � H M �y¡rH�E g I M ∫
S
curlF · N dS = 0

�
g�@ ! > N H�E�h < M !�� < h�!-h M � g " @ Q�!�G < h < IK!�A M G(� g "=I-T " S W

X N G�T¤`���j£�¦j¥L� Û:�m���jÞq�X�B� ��µ
¥q�B� ´b£�¢j¥L� ��µÛb� �
g(x, y) = sin(20x2+20y2)

20x2+20y2

�m¥
x2 + y2 ≤ 1

�

–0.2

0.2

0.4

0.6

0.8

1

–1
–0.5

0.5
1y

–1

–0.5

0.5

1

x

��§ �/�����j���mÞq�j�>� ³:��j�7µË¥q��� ´b£�¢j¥L� ��µ)¦>§ ¢j¥q�L�B�B�H��¹&�j�7¢
Φ : D → R3 �m¥ D =

{
(x, y) ∈ R2 : x2 +y2 ≤ 1

}
�B�B�

Φ(x, y) =
(
x, y, g(x, y)

)
.

Õ)�%³:�7¢j���j�(�L��¡
D
�����j���m¥q�j�>� �B�H���B� ¥L§ �L�B�B¾wµ

∂D =
{

(cos t, sin t)︸ ︷︷ ︸
γ(t)

, t ∈ [0, 2π]
} ���H¹7�j¥)�L�%³:�7¢j���j�(�j�7µ

¥q�B� ´b£�¢j¥L� ��µ
S
�����j���m¥q�j�>� �B�H���B� ¥L§ �L�B�:¾wµ

∂S =
{

Φ(γ(t)) =
(

cos t, sin t, g(cos t, sin t)
)
, t ∈ [0, 2π]

}
.



�Xs ÿýi����Xi>U�� �Fÿ��Xn�n�n
	��� \La����mp���� i>d������

ÊË��¹��X�(Ùb¥q�w�j�7�m�%�L��¡
Stokes

���j�H�B�J�H�j¥L�:�R�w�j��Ûb� ���L�q�j�J�L���7�m¥X¢j�%�J�H�H���H½7�R¾w�m�%¹J�>��ü
∫

S

curlF ·N dS
Stokes

=

∫

∂S

F · dS =

∫ 2π

0

F
(
φ(γ(t))

)
||
(
φ(γ(t))

)′||dt

=

∫ 2π

0

(1− cos2 t− sin2 t)G
(
Φ(γ(t))

)
||
(
φ(γ(t))

)′||dt = 0

2

$ Å %�&��('m�)�O|mªP) *�«�¬cnÔ�~3032�4J®r*6` b G�I�R (S,N)
�SE <3@ QP!�G < h < IK!BA M GF�Sz�hDT���G > � @�< C(� "ÍH @�M � U�h�H M < �SH

G N h�!�Q�!fG�I�! R3 � < M f, g : U → R ��N ! C2 G > h < Q(I-� G�H M "K� g�@ ! > I�! U H�E�h < M < h�! M � I g G N h�!BA�! @ ! >w@ H
Q M z���H MI-TFh
S W�:=<q<�@ ! � H�E ��H�IKH g I M ∫

S

(
∇f ×∇g

)
·N dS =

∫
∂S

(
f∇g

)
· ds W

X N G�T© �V�j¥q�É� ¢j½7³:��¡7�m¥`�����j�H�j�7�R�w¢R�X��µ�¹J�>��×

∇f = (fx, fy, fz), ∇g = (gx, gy, gz).

¤`���j�H�j�7�R�w¢R�L��µ��j�J�j�J�L���7�m¥X¢j��³:ùÉÞX³:��¸H�HÞq����¡7�m¥(¹J�>�o³:¡7¢j¦jÞX¥L�oÞX¢j��¥q�B� ´b��¢j¥L� �H�B¹��J�H�H���H½7�R¾w�m���m¥��X�
��¢R�>§ ³É�L�B� ùÉ�JY ³É�L��³:�7¢j���j�%�j�7µ
¥q�B� ´b£�¢j¥L� ��µ [ ¥q�B� �B�������J�H� �b×B�H��¹J�j¥)Ùb���������j���7³:¥¢j��¥L§ ¢j�B��ÞX¢j� Stokes

∫

S

curlF ·N dS =

∫

∂S

F · ds,

Ûb� �
F = f∇g = (fgx, fgy, fgz)

×m���R�B¥L§5¢j�ê¦j¥L§ ùÉ¢j���m¥&¹J�>�
curlF = ∇f ×∇g � � ¥q�É� ¢j£��m¥��H�B� ��¹7¢"�m¥�L�b×

curlF =

∣∣∣∣∣∣

i j k
∂x ∂y ∂z
fgx fgy fgz

∣∣∣∣∣∣
=
(
(fgz)y − (fgy)z,−(fgz)x + (fgx)z, (fgy)x − (fgx)y

)

(fygz + fgzy − fzgy − fgyz,−fxgz − fgzx + fzgx + fgxz, fxgy + fgyx − fygx − fgxy)

= (fygz − fzgy,−fxgz + fzgx, fxgy − fygx).

¤`¥X�j¢j£��m¥�R�w�j��³É�L�b×

∇f ×∇g =

∣∣∣∣∣∣

i j k
fx fy fz
gx gy gz

∣∣∣∣∣∣
= (fygz − fzgy,−fxgz + fzgx, fxgy − fygx).

ÊË����¦j¥L§ �j���m¥`�H�B� ��¹7¢&¹J�>��Ûb� �
F = f∇g � ³:ùÉ�7¥L� curlF = ∇f ×∇g �B�B��Þq�j³����H��¹ Stokes

×
∫

S

(
∇f ×∇g

)
·N dS =

∫

S

curlF ·N dS
Stokes

=

∫

∂S

F · ds =

∫

∂S

(
f∇g

)
· ds.

2

$ Å %�&��('m�)��|�Áp) *�«�¬c¿Ô�~À032�46+�* ` b G�IcR v ∈ R3 � < M F,G I <Z��M < h > GF� < I M ��U @ H � E < G�I�! R3 �SH
I N�@ ! > " F (x) = v

� < M G(x) = x
C M < ��U ¡rH

x ∈ R3 W�:=<V<�@ ! � H M �y¡rH�E g I M C M < ��U ¡rH @ Q�!�G < h < IK!BA M GF�Sz�hDT��G > � @�< C(�3H @rM � U�h�H M < (S,N)
G�IK! R3 M GD� N H M 2

∫
S
F ·N dS =

∫
∂S
F ×G · ds W
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X N G�T© �L�j¥q�É� ¢j½7³:��¡7�m¥%�����j�H�j�7�R�w¢R�X��µ�¹J�>�P��³:ùÉÞX³:��³:¡7¢j¦jÞX¥L�P¥q�B� ´b��¢j¥L� �H�B¹��m¥�¥q�B� �B�������J��� ���J�H�H���H½7�R¾w�m�b×
¥q�B§ ³:�7µË³É�X�(¥q�B� ´b��¢j¥L� �H�B¹"�J�H�H���H½7�R¾w�m�/¥X�m´b��¢>§ �j¥q�L�B�É¥X³É¾F�j¥X�>� �B¹/Ûb� ¢j¹��m¥X¢j�"�m¥)�L�"¥��R¾F�j¥X�>� �B¹(�m�7¢j��¦>� �B§ �
�B£JÙb¥q�L�%¦>� £�¢j¡7³:�m�

N
�wÊ`¡J�jÞXµ
�B�:�����j�H�j�7�j½7³:¥L� µ`�H�B�j�H��ÞX������¡J¢
³É�L�"Ùb¥q�w�j�7�m�

Stokes
�L���H���B§ �%Û:� �%ÞX¢j�

¦>� ��¢j¡7³:�m�H�>� �B¹%��¥X¦>§ �
H
Û:�j£�´b¥q�X�B�m³É�j�%�m���j´b½Éü

∫

S

curlH ·N dS =

∫

∂S

H · ds

• ¤`�R�F�j�%� ¦jÞX�%�H�B� ��¹7¢�¥L§ ¢j�B��¢j�(¸��j���7�m¥`ÞX¢j��¦>� ��¢j¡7³:�m�H�>� �B¹(��¥X¦>§ � H = (H1, H2, H3)
�jÞq�L�B� �(�w³É�j¥

curlH = F ⇒

∣∣∣∣∣∣

i j k
∂x ∂y ∂z
H1 H2 H3

∣∣∣∣∣∣
= v ⇒

(
(H3)y − (H2)z,−(H3)x + (H1)z, (H2)x − (H1)y

)
= (v1, v2, v3),

� �B��¢jÞXµ
¥q�B� �H�JÛ:ÞXµ`Ûb� ��¢j��� ³:ùÉ�7¥L���"�����j�H��£�¢R¾ � ³:¹J�j�J�L��¥L§ ¢j�B��×

H1 = v2z, H2 = v3x, H3 = v1y

�H��¹J�j¥`�X� { ¤
H
Ùb��¥L§ ¢j�B���X�

H = (v2z, v3x, v1y).

\ � ����¡J�j½"�j�7¢&¥q�B� �H�JÛ:½/�X�����>� ³É�j¥X�j¹��mÞq�H��µ`�j�7µv�j�J�L���7�m¥X¢j�7µ³:ùÉÞX³:�7µ
¥L§ ¢j�B�m§ ³:���m¥>ü

2

∫

S

F ·N dS = 2

∫

S

curlH ·N dS
Stokes

= 2

∫

∂S

H · ds = 2

∫

∂S

(v2z, v3x, v1y) · ds.

Ý ���¾wµ��L��¦j¥��>§P�mÞq�H��µ��j�7µq�j�J�L���7�m¥X¢j�7µ�³:ùÉÞX³:�7µ���¥X�>� ÞXùÉ¥L�wÞX¢j��¥��R¾F�j¥X�>� �B¹�Ûb� ¢j¹��m¥X¢j�
F × G =

(v1, v2, v3)× (x, y, z) = (v2z − v3y,−v1z + v3x, v1y − v2x)
�H��¹J�j¥`�B�B��¥L§ ¢j�B�m§ ³:���m¥

∫

∂S

F ×G · ds =

∫

∂S

(v2z − v3y,−v1z + v3x, v1y − v2x) · ds.

�o¡JÛÉ�B�>§ ¢j��¡7�m¥�X��¦j�7���H���J�j¥q�HÞX³:�m�H�L�%�B�B�m³:¡7����¥X�j�B§ ¢j��¡7�m¥¹J�>�m�X���H���J�jÞq�H¥X³:�m�%����¡%ÞXùB�B¡7�m¥`�B�7û
�X�H�H½r�j¥L��¥L§ ¢j�B���B�H�j£%�L��½7�5� ³:¡(³É¾w³É�j¹b×É��¥X�>� ÞXùÉ¥L��ÞX¢j��ôj�H�H¥X¹7¢j��³:�m�Fõ

(−v3y,−v1z,−v2x)
�

• �w��¥q���j¥L§ ¢j��¡7�m¥F�H�B� ��¹H¢o�j�7¢)���R�F�j�
� ¦jÞX�
�����j�H�j�7�R�w¢R�L��µo¹J�>�HÛb� �
�L� { ¤ K = (−v3y,−v1z,−v2x)Y��X���H���B§ �%¥L§ ¢j�B�:�L�3ôj�H�H¥X¹7¢j��³:�m�Fõ�j�7µ�j¥q�H¥X¡J�X�B§ �"�����j�H�j½7�j�7³:�7µ [ � ³:ùÉ�7¥L�b¹J�>� curlK = F
�o�o¡7¢j�7û

þ�§ �j�7¢R�L��µJ×

2

∫

S

F ·N dS =

∫

S

F ·N dS +

∫

S

F ·N dS =

∫

S

curlH ·N dS +

∫

S

curlK ·N dS
Stokes

=

∫

∂S

H · ds+

∫

∂S

K · ds =

∫

∂S

(v2z, v3x, v1y) · ds+

∫

∂S

(−v3y,−v1z,−v2x) · ds

=

∫

∂S

(v2z − v3y,−v1z + v3x, v1y − v2x) · ds =

∫

∂S

F ×G · ds

2
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Ú�ç�� é]¶b÷ömõ�î%í
Gauss

• Ê`¢ Ω ⊂ R3 �B��¢j�7¢>� �B¹�µ`�j¹��H�Bµ�m¥
³:�7¢j���j� ∂Ω
�B�B�m¥��R¾F�j¥X�>� �B¹��m�7¢j��¦>� �B§ ���B£JÙb¥q�X�

N
×É�B�B�

F
ÞX¢j�

C1
{ ¤Ï�j¹J�j¥>ü ∫

Ω

divF dV =

∫

∂Ω

F ·N dS.

¤`���j�H�j�7�j½7³É�j¥&¹J�>�DÛb� �£H�7�H���5� �ê´b���j£ÞX¢j��Ùb¥q�w�j�7�m�ê³:¡7¢j¦jÞX¥L�D�L�kô>¥X³É¾F�j¥X�>� �B¹Fõ%¥X¢j¹�µ�ô>ùB¾w�>§ ��¡�õ
�m¥`�L��³:�7¢j���j���X��¡É�

• ������j���7�m¥)¢j�(¡J���J�H�JÛb§ ³:��¡7�m¥��X�7¢�¹JÛÉ�B�(¥X¢j¹�µË�j¹H����¡&ùÉ�j�7³b� �m�H���B� �w¢R�L��µË�L�&Ùb¥q�w�j�7�m�
Gauss

�B�B�
�X� { ¤

F (x, y, z) = (x, y, z)
���B§ �j¢j��¡7�m¥>ü

V (∆) =

∫

∆

1 dV
Gauss

=
1

3

∫

∆

divF =
1

3

∫

∂∆

F ·N dS

$ Å %�&��('m�)�t|�|8)
Tromba *cÔ ,��Z032�4�^P7 β 9�* :=<L>�@ !�A�!�CFE G H�I�H�I�! ∫

∂Ω
F · dS g I < h F = (y, z, xz)� < M Ω = {(x, y, z) ∈ R3 : x2 + y2 ≤ z ≤ 1, x ≥ 0}

X N G�T�P�L��Û:�j£�´b�7�m������¡��H�B�>�H�B¡jÙb¥X§m´b�B§ ¢j¥q�L�B�m�L��³:�7¢j���j���X��¡�ùB¾w�>§ ��¡
Ω
����¡%�H���J�j¥q�H¥L§ �X�B�m�H��¹��X�������j�7¸��7û

�H��¥L§ ¦jÞXµ
z = x2 + y2 �B�B���X��¥q�B§ ��¥X¦j� z = 1

�É�B�
x = 0

�

0.5

1

1.5

2

–1
–0.5

0.5
1

0.5
1

�L�=�j�J�L���7�m¥X¢j��¥L§ ¢j�B�HÞX¢j�&¥q�B� ´b��¢j¥L� �H�B¹��>�H�H���H½7�R¾w�m��L��¡ { � ¤
F
��£�¢R¾�³É�X�&³:�7¢j���j�

∂Ω
¥X¢j¹�µP�B��¢j�7¢>� �B���

�j¹H����¡
Ω
�o�`��¹7�j¥`�H��¹%�L��Ì¥q�w�j�7�m�

Gauss
ÞXùÉ��¡7�m¥`¹J�>�

I =

∫

∂Ω

F · dS Gauss
=

∫

Ω

divF dV

Ý ���¾wµ
divF = ∇ · F = (

∂

∂x
,
∂

∂y
,
∂

∂z
) · (y, z, xz) =

∂

∂x
y +

∂

∂y
z +

∂

∂z
(xz) = x

Ý �w�j³b�����jÞq��¥L��¢j��¡J���>�H�JÛb§ ³:��¡7�m¥)�L���j�>� �H�H¹��>�H�H���H½7�R¾w�m�bü

I =

∫ ∫ ∫

Ω

x dxdydz
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�P�L� ³:�7�m¥L§ � ��¡J�j¹óÙb���B£B¢j��¡7�m¥�H�7�H�HÛ:½ó�m¥q�L�7¸H�H�J�R�w¢�³É�X� �J�H�H���H½7�R¾w�m�b� m �H�7�H�HÛ:½�Ùb� ¥L§ ¢j�B�`³:¥
�B¡J��� ¢j¦j�>� �BÞXµ�Y�Ûb� �H�>§

; [ �mÞX³É¾��q¾w¢/³bùBÞX³b¥q¾F¢Hü




x = r cos θ
y = r sin θ
z = z
J = r

�5¥ 0 ≤ r ≤ 1
−π2 ≤ θ ≤ π

2
r2 ≤ z ≤ 1





Ý �w�j³b�m�X���>�H�H���H½7�R¾w�m�/Ùb���m¥q�L�H�j�j�H��¥L§b³É�L�bü

I =

∫ 1

0

∫ 1

r2

∫ π/2

−π/2
r cos θ︸ ︷︷ ︸

x

r︸︷︷︸
J

dθdzdr = 2

∫ 1

0

∫ 1

r2

r2 dzdr = 2

∫ 1

0

r2 − r4 dr =
4

15

2

$ Å %�&��('m�)��|p�P) *�«�¬c3Ô�~v032�4�Ôp7 α 9�*�:=< H @�< APT ¡rH N G H�IKH�IK! >fÐ H��pQ(T�� < Gauss g I < h ∆ =
{

(x, y, z) ∈
R3 : x2 + y2 + z2 ≤ 4

} � < M F (x, y, z) = (2x, 3y,−4z) W
X N G�TÕ)�(Ùb¥q�w�j�7�m�

Gauss
�m��µ
¦>§ ¢j¥L�m¹J�>��ü

I1 =

∫

∆

divF dV =

∫

∂∆

F ·N dS = I2.

• � ¥q�É� ¢j£��m¥�m¥�L�%���R�F�L���>�H�H���H½7�R¾w�m�bü

I1 =

∫

∆

divF dV =

∫

x2+y2+z2≤4

(2 + 3− 4)dxdydz =

∫

x2+y2+z2≤4

1dxdydz

¤`���j�H�j�7�j���7�m¥`¹J�>�����j¹H�B¥L� �L�B�bÛb� ��ÞX¢j�%�j�>� �H�H¹��J�H�H���H½7�R¾w�m�(�5� ��µ��H�H�H½7µ`³:¡7¢j£��R�j�7³b�7µ���>� ³:�mÞX¢j�7µ
��£�¢R¾�³:¥��5§ � ³:´b�B§ �j� �H��¹J�j¥�H�7�H£��j�7¢R�L��µê�>� µ��m¥q�L�7¸H�H�J�jÞXµ�H��¹|�B���R�j¥X³b� ��¢jÞXµ�³:¥�³:´b�B� �>� �BÞXµó×
x = ρ cos θ sinφ

×
y = ρ sin θ sinφ

×
z = ρ cosφ

×
ρ ∈ [0, 2]

×
θ ∈ [0, 2π]

×
φ ∈ [0, π]

×
J = ρ2 sinφ�B�B�b���B§ �j¢j��¡7�m¥¹J�>�

I1 =

∫ 2

0

∫ π

0

∫ 2π

0

(ρ2 sinφ)dθdφdρ = 2π

∫ 2

0

∫ π

0

(ρ2 sinφ)dφdρ =

= 4π

∫ 2

0

ρ2dρ =
32π

3

• �o¡7¢j¥Xù:§ �j��¡7�m¥`�m¥�X��¦j¥X�J�j¥X�j���>�H�H���H½7�R¾w�m�bü

I2 =

∫

∂∆

F ·N dS

¤`���j�H�j�7�j���7�m¥)¹J�>�b¥L§ ¢j�B�bÞX¢j�(¥q�B� ´b��¢j¥L� �H�B¹(�>�H�H���H½7�R¾w�m�"Ê)Ý7¥L§ ¦j��¡7µ`�m¥)�j�7¢
¥q�B� ´b£�¢j¥L� �(¢j�%¥L§ ¢j�B�É�L�
³:�7¢j���j�"�L��¡&�j¹H����¡

∆
×B¦j�J�H��¦j½/¥L§ ¢j�B�b�/³:´b�B§ �j��»/¦>� ��³É�j£�³:¥q¾w¢��m¥Ë�BÞX¢R�j�j�(�j�7¢
���jùÉ½/�q¾w¢&���j¹7¢R¾w¢

�B�B���H���>§ ¢j���B×É�H��¹J�j¥�5§ �%�����j�B�mÞq�j�>� ³:�"�j�7µ
¥L§ ¢j�B���(¥��j½7µJü
Φ(θ, φ) = 2(cos θ sinφ, sin θ sinφ, cosφ), θ ∈ [0, 2π], φ ∈ [0, π].

Ì��ùÉ�j¥L� ��³É�L���7�m¥Ë�L��¥X´b�H�H�j¹��m¥X¢j��¦>� ��¢j�7³:�m�H�X�bü

Tθ =
∂Φ

∂θ
= 2(− sin θ sinφ, cos θ sinφ, 0),
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Tφ =
∂Φ

∂φ
= 2(cos θ cosφ, sin θ cosφ,− sinφ).

¤`¥X�j¢j£��m¥`�R�w�j��³É�L��¥��R¾F�j¥X�>� �B¹%Ûb� ¢j¹��m¥X¢j�%�L��¡7µ�Y�����¡(�m��µ
¦>§ ¢j¥L�mÞX¢j�%�B£JÙb¥q�L��³É�j�7¢&¥q�B� ´b£�¢j¥L� � [ ×

Tθ × Tφ = 4

∣∣∣∣∣∣

i j k
− sin θ sinφ cos θ sinφ 0
cos θ cosφ sin θ cosφ − sinφ

∣∣∣∣∣∣
=

4(− cos θ sin2 φ,− sin θ sin2 φ,− sin2 θ sinφ cosφ− cos2 θ sinφ cosφ)

= 4(− cos θ sin2 φ,− sin θ sin2 φ,− sinφ cosφ).¤`�jÞq��¥L�P¢j�������j�H�j�7�j½7³:��¡7�m¥%¹J�>�w�L�â¦>� £�¢j¡7³:�m����¡J�j¹�¥L§ ¢j�B�lH�G�R¦I�H
Q M � g ��U ¡rH�IK!(³É�j�7¢¥q�B� ´b£�¢j¥L� �b�
Ê`¡J�j¹`�������j���7�m¥Ø¢j�`�L�¦j���7�m¥ý�H��¹Ë�X�`���j¹�³:�7�m�Ë�X¾w¢o³:¡7¢R�j¥q�L�HÛ:�mÞX¢R¾w¢o¹J�X��¢o��¡J�jÞXµF��¢j��´bÞX�j�7¢R�L�B�>³:¥
ÞX¢j�/¦>� £�¢j¡7³:�m�/�L��¡
���R�F�L��¡��JÛ:¦j���7�m���>§ ��¡`ûØ�L�"�H���B§ �
Ùb�"Þq���j¥q��¥�¢j�"ÞXùÉ¥L�7Ùb¥q�>� �BÞXµ)³:¡7¢R�j¥q�L�HÛ:�mÞX¢j¥Xµ
Ûb� �
¢j�
¥L§ ¢j�B�7¥��R¾F�j¥X�>� �B¹�Y�Ûb� �H�>�

; [ �ýÊË�7�H£��j��¡7�m¥Ø�H�B� ��¹7¢P�j�Ë³:¥L� �j£�X¾w¢)¦>� ��¢j¡7³:�m£H�q¾w¢)³É�X�
¥��R¾F�j¥X�>� �B¹Ûb� ¢j¹��m¥X¢j�b×��w³É�j¥¢j�(���j�H�B�7þb¥L�:¥��R¾F�j¥X�>� �B¹%¦>� £�¢j¡7³:�m��Y ½"� ³:��¦j�7¢j���m�%�H�7�H£��j��¡7�m¥��X�(���j¹�³:�7�m�"�L��¡
¥��R¾F�j¥X�>� �B����Ûb� ¢j���mÞX¢j��¡ [ �B�B�B�H�HÞX�H¢Ë�L�"¦>� £�¢j¡7³:�m�"�H�B¡
���j�H�B�J�H�j¥L�B¥L§ ¢j�B�8H���R¦I�H
Q M � g ��U ¡rH�IK!j�DÝ �w�j³b��X���m�7¢j��¦>� �B§ ��¥��R¾F�j¥X�>� �B¹��B£JÙb¥q�X�%�j�7µ
¥q�B� ´b£�¢j¥L� ��µ
���>§ �j¥q�L�B��¾wµJü

N =
Tφ × Tθ
‖Tφ × Tθ‖

.

\ � �%�L�7¢/¡J���>�H�JÛb� ³:�m¹(�L��¡(¥q�B� ´b��¢j¥L� �H�B���"�J�H�H���H�J�R�w�m�H�L��µ
I2
ÞXùÉ��¡7�m¥`�L��¥��j½7µJü

I2 =

∫

∂∆

F ·N dS =

∫

Φ

[
F
(
Φ(θ, φ)

)
·N
]
‖Tθ × Tφ‖dθdφ

=

∫

∂∆

F
(
Φ(θ, φ)

)
·
(
Tθ × Tφ

)
dθdφ

=

∫ π

0

∫ 2π

0

(
4 cos θ sinφ, 6 sin θ sinφ,−8 cosφ

)
·

(4 cos θ sin2 φ, 4 sin θ sin2 φ, 4 sinφ cosφ)dθdφ

= 8

∫ π

0

∫ 2π

0

(
2 sin3 φ+ sin2 θ sin3 φ− 4 sinφ cos2 φ

)
dθdφ

= · · · = 8π

∫ π

0

(
5 sin3 φ− 8 sinφ cos2 φ

)
dφ = · · · = 32π

3© ��¡J���J�H�JÛb§ ³:¥q�j¥`��¢j�H�H¡J�>� �B£%�X���j¥q�H¥X¡J�X�É§ �"�j�>� ÛÉ¾w¢j���m¥q�j�>� �B£��J�H�H���H�7�R�w�m�H�X�b�
Ù��H�L��´bÞX�j���m¥`�H�B� ��¹7¢�¢j��¥q���H�H�jÙb¥X�J³:�B¡J�m¥Ë�X�(Ùb¥q�w�j�7�m�%�L��¡

Gauss
Ûb� ���j�7¢���¥X�>§ �H�X¾w³:�(��¡J�j½É�

2

$ Å %�&��('m�)��|P�p) *�«�¬cVÔ�~=032�4�Ôp7 β 9�*�:=< H @�< APT ¡rH N G�H�IKH�IK! >vÐ H��pQ(T�� < Gauss g I < h ∆ =
{

(x, y, z) ∈
R3 : 1 ≤ x2 + y2 + z2 ≤ 4

} � < M F (x, y, z) = 1
(x2+y2+z2)3/2 (z, x, y) W

X N G�T© �V�j¥q�É� ¢j½7³:��¡7�m¥�m¥`�L�7¢&�j¹H���
∆
�

¤`�jÞq��¥L�b¢j�%�H�B�j�H�j�7�j½7³:��¡7�m¥)¹J�>�b�%�j¹H����µ`���>§ �j¥q�L�B�b�H��¹%¦j�7�%���m¹H�B¥X¢R�j�j¥Xµ`³:´b£B� �j¥Xµ
�m¥Ë�BÞX¢R�j�j�%�j�7¢����jùÉ½
�X¾w¢����j¹7¢R¾w¢
�B�B�b�H���>§ ¢j¥Xµ&��B�B�b�B×��>� µ

S2(1)
×
S2(2)

�FÕ)�%³:�7¢j���j�"�L��¡&�j¹H����¡
∂∆

�H���J�j¥q�H¥L§ �L�B�É�H��¹(¦j�7�
ô>��¢j¥��j£��R�j�J�j¥Xµ�õ¥q�B� ´b£�¢j¥L� ¥XµJ×H�>� µË¥q�B� ´b£�¢j¥L� ¥Xµ)�X¾w¢�³:´b�B� �R�w¢
����¡
���>� ¢
¥��j�JÛ:½7³:���m¥>�ýÕ)�"�m�7¢j��¦>� �B§ �(¥��R¾F�j¥?û
�>� �B¹(�B£JÙb¥q�L�%¦>� £�¢j¡7³:�m�(�L��¡/�j¹H����¡

∆
×
N∆

� ³:���J�L�B�b�m¥Ë�L�%�m�7¢j��¦>� �B§ �%¥��R¾F�j¥X�>� �B¹%�B£JÙb¥q�X�(�j�7µ�m¥qÛ:£H�H�7µ



ÿýi����Xi>U�� �Fÿ��Xn�n�n
	��� \La����mp���� i>d������ �Xl

³:´b�B§ �j��µ
NS2(2)

ûZ³É�j�7¢�¥��R¾F�j¥X�>� �B½��L��¡ê¥q�B� ´b£�¢j¥L� �7û)�B�B�ý¥L§ ¢j�B�ý��¢R�>§ Ùb¥q�X��L��¡�¥��R¾F�j¥X�>� �B�����B£JÙb¥q�X��¡��j�7µ
�5� �B�j½7µ
³:´b�B§ �j��µ

NS2(1)
ûZ³É�j�7¢/¥X³É¾F�j¥X�>� �B½"�L��¡(¥q�B� ´b£�¢j¥L� �b�P�o¡7�b¸��J��� �B£(ÞXùÉ��¡7�m¥>ü

∆ = S2(2) ∩
(
S2(1)

)c
,

∂∆ = ∂S2(2) ∪ ∂S2(1),

N∆|∂S2(2) = NS2(2),

N∆|∂S2(1) = −NS2(1).\ � ��¢j��¥q���H�H�jÙb¥X�7³:��¡J�m¥Ë�X�(Ùb¥q�w�j�7�m�
Gauss

���jÞq��¥L��¢j��¦j¥L§ �j��¡7�m¥¹J�>��ü
∫

∆

divF dV =

∫

∂∆

F ·N dS

# ��³b� �j¹��m¥X¢j�B�F³É�>� µ"�����j���j�7�j½7³:¥L� µ"Ûb� ��j�7¢�¦j���m½��L��¡��j¹H����¡ ∆
�B�B�Ø�L��¡ê³:¡7¢j¹��j��¡��L��¡

∂∆
³É��£��m¥"�X�

�J�H�H���H�7�R�w�m�H�X�(�B�B�m���R�B¥L§b�H�HÞX�7¢&¢j��¦j¥L§ �j��¡7�m¥>ü
∫

S2(2)

divF dV −
∫

S2(1)

divF dV =

∫

∂S2(2)

F ·N∆|∂S2(2) dS +

∫

∂S2(1)

F ·N∆|∂S2(1) dS,

�H��¹��H��¹��>� µ&�����j�H�j�7�j½7³:¥L� µ��H�B¡(�B£�¢j���m¥�Ûb� ���X�ê¥��R¾F�j¥X�>� �B£ê�m�7¢j��¦>� �B§ ���B£JÙb¥q�L���X��¡��j¹H����¡
∆
ÞXùÉ��¡7�m¥

¹J�>�����jÞq��¥L��¢j��¦j¥L§ �j��¡7�m¥>ü
∫

S2(2)

divF dV −
∫

S2(1)

divF dV =

∫

∂S2(2)

F ·NS2(2) dS −
∫

∂S2(1)

F ·NS2(1) dS

¤`���j�H�j�7�j½7³É�j¥(¹J�>�F�X�����j¹�³:�7�m���X��¡¦j¥X�J�j¥X�j��¡ê�J�H�H���H�7�R�w�m�H�L��µ"³É�L��¦j¥X�J�j¥X�j���mÞq�H��µ(£H�7�H���j¥/�B�B�F¹7�>�
�H�HÞX�7¢(¦j¥X¢�¥X�m´b��¢>§ �j¥q�L�B�Ø�ê�j¹H����µ

∆
��Ý �w�j³b�ý�������j���7�m¥&¢j�¥q����¢j�H�H£7¸��H¡7�m¥
�j�7¢(���j���JÛ:���7�m¥X¢j��£�³É�B�7³:�

Ûb� ��¢j��¦j¥L§ �j��¡7�m¥`¹7�>��×
∫

S2(2)

divF dV =

∫

∂S2(2)

F ·NS2(2) dS,

�B�B� ∫

S2(1)

divF dV =

∫

∂S2(1)

F ·NS2(1) dS.
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