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MATH 335: Applied Analysis I

First Order Eqs

Separable Eqs

dy _ M(x)

dr  N(y) [

y(wo) = yo

/N(y) dy+/M(x) de = C

/jN(s)dSvL/x:M(u)du:O

Linear Eqs

Y bpay=g@)| oyl =

Integrating factor

p(z) = exp ( / p(x) dw)

) =~ { [ wygta) s + 0

p(x) = exp ( /x : p(s) d8>

W@Z?%{L?WM@ﬁ+%}

Bernoulli Eq

d
p@y =gy, n#£01

Formulas

Substitution: y = v = linear eq.

@ (= mp(ao = (1 n)g(x)
Riccati Eq
% = f(2) + g(@)y + h(z)y?

If 41 () is a solution, then substitution y = y; + 1
= linear eq.

X+ lgw) + 20 (2)]o = ~h(a)

Homogeneous Eqs

dy y
Sr @] -
d - y(@o) = yo
Substitution: = separable eq.
d
xé =F(v)—v

[my=-1%

Orthogonal trajectories

flz,y)=C
dy _ayf
dr — O.f

Exact Eqgs

M(z,y)dx + N(z,y)dy =0
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Check:
OyM(x,y) = 0. N(z,y)
Solution:
U(x,y) =C
where

0¥ (z,y) = M(z,y),

\I/:/]\/[dx—i—/Ndy—/(/@dex)dy

Integrating factor:

0,¥(z,y) = N(z,y)

9y(uM) = 0,(uN)

If (M, — N,)/N = f(x), then 1 = p(z)

/d_“:/udx
W N

If (N — My)/M = h(y), then p = pu(y)

d N, — M,
o M

Autonomous Eqgs

dy
%—f(y)

Equilibrium solutions (Critical points)

fly) =0

Second Order Eqs

Eqgs with Dependent Variable Missing
y' = f(t,y)

Substitution v(t) = y/(t)

v = f(t,v)

y(t) = /v(t) dt +C
Eqgs with Independent Variable Missing
y' = fy,y)
Substitution v(y) = v/

dv

Ud_y = f(yav>

1= [ e

Second Order Linear Eqs

Homogeneous Eq

Ly =y"+pt)y +q(t)y=0

Fundamental Solutions 31, ¥
Wronskian

Yyr Y2
W (1, = 0
(1. 92) ‘ vl v ‘%

General Solution

y(t) = a1y (t) + caya(t)

Homogeneous Eqgs with Constant Coeff

ay” +by +cy=0

Characteristic Eq (y = €™)

‘ar2+br+c:()‘

1
rio = % (—b + Vb2 — 4ac)

Fundamental Solutions
L. Real Distinct Roots (11 # 13)

rit rot
yp=et, Y2 =e€?
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II. Complex Distinct Roots (ry o = Atip, p#0) Y(t) = _yl/ Y29 dt + yz(t)/ Y19 dt
w

X X W (y1,y2) (Y1, y2)
Y1 = e cos(ut), Yo = e sin(ut)
ITI. Repeated Roots (r; = ry = 1) g=P,(t) = Y =tQ.()
— —~ g=P,(t)e” = Y =t°Q,(t)e™

yp=¢€", Yoy = te g= Pn(t)e(od:iﬁ)t s Y — tSQn(t oot COS(ﬁt)

Euler Eq +t° R, (t)e™ sin(5t)
t*y" +aty' + By =0 : :
Higher Order Linear Eqs

Substitution = Int.
Characteristic Eq. (y =1t") Homogeneous Eq

r(r—1)+ar+5=0 Ly = 4™ + poa ()y" Y + -+ po(t)y = 0
Real Distinct Roots (r1 # 73) Fundamental Solutions vy, ..., ¥,

Wronskian
h = tTl’ Y2 = "
L . Y1 e Yn
Complex Distinct Roots (r10 = A £ i) v ...y
Wy, yn) = . . " 0
y1 = t* cos(pnt), yy = t*sin(pInt) (w: Yn) : . : 7
S0 D

Repeated Roots (11 =19 =7) ! i

g =1, Yo = 1" Int General Solution
Reduction of Order y(t) = ayn(t) + -+ cayn(?)

If y, is solution of Homogeneous Eqs with Constant Coeff

y' +pt)y +q(t)=0

any(”) + an—ly(n_l) 4+ -4 agy = 0

then [y = v _—
Characteristic Eq (y = €™)
y/
v"+(p+2y—i) v'=0 A" + a7 o ar +ag =0
Non-homogeneous Eq Fundamental Solutions

I. Real Distinct Roots (1 # 3)

y' + o)y + qt)y = g(t)

rit rnt
r=€ev, . . Yy =€"

Particular Solution Y'(t)
General Solution: II. Complex Distinct Roots (112 = A£ipu, p#0)

y(t) = 1y (t) + caya(t) + Y (t) y1 = eMcos(ut),  yo = eMsin(ut)
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III. Repeated Roots (r with multiplicity s) Multiplication of series

=€ty =te, .y, =t e Z an(x — 2)" Z bi(x — o)k = Z cn(x — x0)"

Repeated Roots (A & ip with multiplicity s) "
= Z by
k=0

y = e cos(ut), ..., ys=1t""e" cos(ut)
Yop1 = € sin(ut), ..., yos = t° e sin(ut)| Taylor series
Non-homogeneous Eq = ") (z
(2) = Y L ()
Ly = y(”) _’_pnil(t)y(”*l) 4+ ... +p0<t>y = g(t) k=0

f is analytic at xzy if Taylor series converges to
f(z) for |z —xo| < R
Shift of summation index

Particular Solution Y'(t)
General Solution:

y<t> - Clyl(t) ot Cnyn<t> + Y(t)
Zanx—xo Zan+Nx—:(:0
- 1%
— Zyk / Wk gdt 2nd Order Linear Eq
k=1

(W}, is obtained from W by replacing the kth col- Pl)y”+ Qx)y’ + Rz)y = 0
umn by (0,...,0,1)) Ordinary Point
P(z9) # 0, P,Q, R analytic at x
g=P,t) = Y =tQnt)
g=Pa(t)e” = Y =1°Q,,(t)e™ i
g=P,t) e — Y = 5Q,,(t)e* cos(Bt) s
+t° Ry, (t)e® sin(5t)

an(x — x0)"

ao = y(xo), ap = y/(%)

Series Solutions of Linear Eqs Regular Singular Point z, = 0
P(0) =
Convention a_, =0 (k=1,2,...). (0) =0,
Power series
x% and mzw analytic at 0
> P(x) P(x)
Zan (x —xo)" = Zan(x — )"
n=0 Q(z) . o R(z)
=limzx = lim x*——=
Radius of convergence P=aitp ()’ DT P (x)
Indicial Equation
R= lim |-
n—00 | (py1 r(r—=1)+por+qo =0
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Exponents at Singularity

1

T12 = 2 [—(po - 1>2 * \/(po - 1)2 —4qo

ri— 12 =/(po— 1)% — 4go
Fundamental Solutions:

Case 1. r1,ry real, r; — ry not integer.

yl(ff) _ Zanmn-l—m

n=0

Us (x> _ Z bn$n+r2
n=0

General Solution

y(x) = Z [d,x™ + e x™] 2"

n=0

dy, €9 arbitrary.

Case II. ry, 7y complex.

o0

y1(x) = Re Z ap ™t

n=0

yo(r) =TIm Y ana™™
n=0

General Solution for ry o = a £

NE

y(x) = [d,, cos(BInz) + e, sin(B1Inx)] 2"

Il
o

n

dy, e arbitrary, real

Case III. r; =19

o0
n (ZE) _ Z anxn—i-m
n=0

vole) = ya(e) Inw + 3 bt

n=1
0
bn = 7 Unp

87’a (r) r=r1
ag = 17 bo = 0‘
General Solution

y(x) = Z(dn Inz +e,)z" ™
n=0

do, e arbitrary

Case IV. ry — ro = N positive integer

o0

hn (l') = Z anxn—i—n

n=0

y2(x) = ayi(x) Inx + Z Cpx" T2
n=0

0
Cp = E(r — 19)an(r) —
a = lim (r — ry)an(r)

r—7ro

General Solution

d,x" "2 + Z [enIna + f,] 2"V

n=0 n=0

dy, eg arbitrary
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Laplace Transform
E{fﬁﬂ~=f%s)=bé e~ f (1) dt

LHF(s)} = (1)

L{cf(t)} = cF(s)
L7HcF(s)} = cf(t)

L{fi(t) + fo(t)} = Fi(s) + Fa(s)
L7HF(s) + Fa(s)} = f1(t) + fa(t)

L{f™M ()} = s"F(s) — s" f(0) — -+ — f771(0)

L ()} = (=1)"F™(s)
LTHFM(s)} = (=) f(t)

L7He " F(s)} = 6(t — ) f(t —

L{1} =

3 ®» | =

|

Sn+1

iy =

1

S—a

L{e"} =

a
52 + a?
s
s2 + a?

L{sin(at)} =

L{cos(at)} =

Impulse (Dirac) Function

/Zé(t—to)dt: |
st - di = sie)
5(t — t) = %Q(t —ty)
L{6(t —to)} = O(ty)e "

L{ef(t)} =F(s—c) Convolution

L7HF(s— )} =ef(t)

cifeny =-r ()

c
-1 _le(t
LHER) = 17 (4
Step (Heaviside) Function

0, t<c
uc(t)ze(t—c):{ L t>¢

—CS

(&

L{0(t — ¢)} =

S

L{O(t—c)f(t—c)} =e “F(s)

(Wﬂh@@zéf@#MﬂM

frg=gxf
frlptg)=F*g+[*g
(fxg)xh=[x(g*h)
fx0=0

L{(f = g) ()} = L{f (1)} L{g(D)}
H(s) = F(s)G(s)



