
Kef�laio 5Grammikè apeikon�sei, b�seikai p�nake
P�nake p�nw apì to s¸ma KTo sÔnolo twnm×n pin�kwn me ìrou sto s¸ma K sumbol�zetaiM(m, n, K)  K

m, n   Mm, n(K).H jewr�a twn pin�kwn pou melet same sthn Eisagwg  sth Grammik  'Al-gebra, sto megalÔtero mèro th isqÔei epakrib¸ gia p�nake me ìrou seopoiod pote s¸ma.Gia opoiod pote s¸ma K, M(m, n, K) e�nai dianusmatikì q¸ro, kai opollaplasiasmì pin�kwn or�zetai ìtan auto� èqoun kat�llhlo sq ma. E�n
A e�nai m × n p�naka, kai B e�nai n × k p�naka p�nw apì to s¸ma K,or�zetai to ginìmeno AB, kai e�nai o m×k p�naka C1 o opo�o èqei sth jèsh
i j, dhlad  sthn i gramm  kai sthn j st lh, ton ìro

ci j = ai 1 b1 j + · · · + ai n bn j

=
n
∑

ℓ=1

ai ℓ bℓ j .H apaloif  Gauss mpore� ep�sh na efarmoste� se opoiod pote s¸ma K gia nametatrèyoume ènam×n p�naka se èna grammoðsodÔnamo p�naka se klimakwt morf .H t�xh tou p�naka A (  bajmì tou p�naka A) e�nai o arijmì r(A),
r(A) = arijmì grammik� anex�rthtwn gramm¸n tou A

= arijmì grammik� anexart twn sthl¸n tou A
= arijmì odhg¸n sto grammoðsodÔnamo p�naka se klimakwt  morf Prosèxte ìti se èna p�naka se klimakwt  morf , k�je m  mhdenik  gramm èqei ènan odhgì. (Kam�a for� den prosèqoume ton odhgì sthn teleuta�agramm , epeid  den ton qrhsimopoioÔme kat� thn apaloif )Prìtash 5.1 K�je grammik  apeikìnish L : K

n → K
m antistoiqe� se èna

m× n p�naka A, tètoio ¸ste, gia k�je b ∈ K
n, L(b) = Ab,

L(b1, . . . , bn) =







a11 · · · a1n... ...
am1 amn













b1...
bn
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46KEF�ALAIO 5. GRAMMIK�ESAPEIKON�ISEIS, B�ASEIS KAI P�INAKESApìdeixh. JewroÔme thn kanonik  b�sh {e1, . . . , en} tou K
n,

e1 = (1, 0, . . . , 0), . . . , en = (0, . . . , 0, 1)kai ta dianÔsmata L(e1), . . . , L(en) ∈ K
m.Or�zoume ton p�naka A na èqei sth j st lh, gia j = 1, . . . , n, to di�nusma

L(ej) ∈ K
m. Dhlad 

A =







a11 · · · a1n... ...
am1 amn





ìpou (a1j, . . . , amj) = L(ej).E�n b = (b1, . . . , bn) èqoume b = b1e1 + · · · + bnen, kai sunep¸
L(b) = b1L(e1) + · · · + bnL(en)

= b1







a11...
am1






+ · · · + bn







a1n...
amn







=







a11 · · · a1n... ...
am1 amn













b1...
bn







= Ab .

�Grammikè apeikon�sei kai p�nakeJewroÔme dianusmatikoÔ q¸rou peperasmènh di�stash V kai W , kaigrammik  apeikìnish L : V → W . E�n epilèxoume m�a b�sh B = {v1, . . . , vn}tou V , gnwr�zoume ìti or�zetai isomorfismì
ιB : V → K

no opo�o apeikon�zei k�je di�nusma v ∈ V sto di�nusma suntetagmènwn tou
v w pro th b�sh B: e�n v = b1v1 + · · · + bnvn, tìte

ιB(v) = (b1, . . . , bn) .E�n epilèxoume m�a b�sh C = {w1, . . . , wm} tou W , èqoume ep�sh ton iso-morfismì
ιC : W → K

m ,o opo�o apeikon�zei to di�nusma w = c1w1 + · · · + cmwm sto di�nusma su-ntetagmènwn tou w w pro th b�sh C,
ιC(w) = (c1, . . . , cm) .



47E�n sunjèsoume th grammik  apeikìnish L : V → W apì ta dexi� me tonisomorfismì ι−1
B : K

n → V kai apì ta arister� me ton isomorfismì ιC :
W → K

m, èqoume thn apeikìnish
ιC ◦ L ◦ ι−1

B : K
n → K

mSÔmfwna me thn Prìtash 5.1, aut  h apeikìnish antistoiqe� se pollaplasia-smì me èna m× n p�naka A, tètoio ¸ste
A







b1...
bn






=







c1...
cm





e�n kai mìnon e�n
L(b1v1 + · · · + bnvn) = c1w1 + . . .+ cmwm .Pio analutik�, gia k�je di�nusma vj th b�sh B tou V , to di�nusma L(vj) ∈

W gr�fetai w grammikì sunduasmì twn stoiqe�wn th b�sh C tou W .Gr�foume (a1j, . . . , amj) gia to di�nusma suntetagmènwn tou L(vj) w proth b�sh C:
L(vj) = a1jw1 + · · · + amjwm

=
m
∑

i=1

aijwi .O m× n p�naka
A = (aij) i=1,..., m

j=1,..., nonom�zetai p�naka th apeikìnish L w pro ti b�sei B kai C. Op�naka A èqei sth j st lh to di�nusma suntetagmènwn tou L(vj) w proth b�sh C, kai
A







b1...
bn






=







c1...
cm





e�n kai mìnon e�n
L(b1v1 + · · · + bnvn) = c1w1 + · · · + cmwm .Parat rhsh: Prosoq  sth seir� twn deikt¸n, pou den e�nai aut  pouèqoume sunhj�sei, p.q. se pollaplasiasmì p�naka ep� di�nusma: (Ab)i =

∑

aijbj. H di�taxh pou qrhsimopoi same epib�lletai gia na tairi�zei o pol-laplasiasmì pin�kwn me th sÔnjesh apeikon�sewn, 5.5.Ja doÔme argìtera ìti h di�taxh twn deikt¸n antistrèfetai ìtan pern�meapì di�nusma th b�sh se di�nusma suntetagmènwn w pro th b�sh.Ant�strofa, e�n A = (aij) e�nai èna m× n p�naka, gnwr�zoume apì thnPrìtash 3.9 ìti up�rqei m�a monadik  grammik  apeikìnish
L : V −→ Wtètoia ¸ste

L(vj) =
m
∑

i=1

aijwi gia j = 1, . . . , n .



48KEF�ALAIO 5. GRAMMIK�ESAPEIKON�ISEIS, B�ASEIS KAI P�INAKESJe¸rhma 5.2 X, Y dianusmatiko� q¸roi peperasmènh diast�stash, B{x1, . . . , xn}b�sh tou X, C = {m} b�sh tou Y . H antistoiq�a A 7→ LA or�zei ènan iso-morfismì apì to q¸ro M(m, n, K) sto q¸ro L(X, Y ).Apìdeixh. 'Eqoume dei ìti h antistoiq�a e�nai amfimonos manth. Arke� naelègxoume ìti e�nai grammik . E�n A, B ∈ M(m, n, K) kai c ∈ K,
LcA+B(xj) =

n
∑

i=1

(caij + bij)yi = c
∑

aijyi +
∑

bijyi

= cLA(xj) + LB(xj) .

�Par�deigma 5.1 JewroÔme thn apeikìnish L : R
3 −→ R

2, L(u, v, w) =
(u+ v − w, 2u+ w), kai ti kanonikè b�sei tou R

3 kai tou R
2,

E = {e′1 = (1, 0, 0), e′2 = (0, 1, 0), e′3 = (0, 0, 1)} kai E = {e1 = (1, 0, ), e2 = (0, 1, )}ant�stoiqa.O p�naka th L w pro ti b�sei E ′ kai E d�detai apì ti sqèsei
L(e′j) =

∑

aijei j = 1, 2, 3 .Gia j = 1
L(1, 0, 0) = (1, 2) = a11(1, 0) + a21(0, 1)�ra a11 = 1, a21 = 2.Gia j = 2
L(0, 1, 0) = (1, 0) = a12(1, 0) + a22(0, 1)�ra a12 = 1, a22 = 0.Gia j = 3

L(0, 0, 1) = (−1, 1) = a13(1, 0) + a23(0, 1)�ra a13 = −1, a23 = 1.Sunep¸
A = (aij) =

[

1 1 −1
2 0 1

]

.ParathroÔme ìti gia to genikì di�nusma x = (u, v, w) ∈ R
3, isqÔei

L(x) =

[

u+ v − w
2u+ w

]

=

[

1 1 −1
2 0 1

]





u
v
w



 = Ax .Dhlad  o p�naka pou antistoiqe� sthn apeikìnish L w pro ti kanonikèb�sei, e�nai akrib¸ o p�naka pou d�dei thn apeikìnish L me pollaplasia-smì apì ta arister�.T¸ra jèloume na upolog�soume ton p�naka B th L w pro k�poie �lleb�sei, èstw thn
B = {(1, 0, −1), (1, 1, 1), (1, 0, 0)} kai thn E = {(1, 0), (0, 1)} .
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L(1, 0, −1) = (2, 1) = 2(1, 0) + (0, 1)�ra b11 = 2, b21 = 1

L(1, 1, 1) = (1, 3) = (1, 0) + 3(0, 1)�ra b12 = 1, b22 = 3kai
L(1, 0, 0) = (1, 2) = (1, 0) + 2(0, 1)�ra b13 = 1, b23 = 2sunep¸ o p�naka B e�nai o

[

2 1 1
1 3 2

]

.T¸ra ja qrhsimopoi soume aut  thn antistoiq�a metaxÔ grammik¸n a-peikon�sewn kai pin�kwn, gia na broÔme genikè mejìdou upologismoÔ m�ab�sh tou pur na   th eikìna m�a grammik  apeikìnish metaxÔ q¸rwnpeperasmènh di�stash.JewroÔme dianusmatikoÔ q¸rou V , me b�sh B = {v1, . . . , vn}, W , meb�sh C = {w1, . . . , wm} kai grammik  apeikìnish L : V → W . 'Estw A =C

LB o p�naka th L w pro ti b�sei B kai C.Upenjum�zoume ìti gia thn apeikìnish Ã : K
n → K

m : x 7→ Ax, èqoume:
• h eikìna im Ã e�nai o q¸ro sthl¸n tou A, R(A), kai m�a b�sh tou im Ãd�detai apì ti st le tou A pou antistoiqoÔn se st le tou klimakwtoÔp�naka U oi opo�e perièqoun odhgoÔ.
• o pur na ker Ã e�nai mhdenoq¸ro tou A, N (A), kai m�a b�sh tou

ker Ã d�detai apì èna pl re sÔsthma grammik� anex�rthtwn lÔsewnth omogenoÔ ex�swsh Ax = 0.Pw sqet�zontai aut� me thn eikìna kai ton pur na th L?JewroÔme tou isomorfismoÔ
ιB : V → K

n : a1v1 + · · · + anvn 7→ (a1, . . . , an)kai
ιC : W → K

m : b1w1 + . . .+ bmwn 7→ (b1, . . . , bm)L mma 5.3
Lι−1

C ◦ Ã ◦ ιBApìdeixh. Sumbol�zoume e1, . . . , en ta dianÔsmata th kanonik  b�shtou K
n, kai e′1, . . . , e′m ta dianÔsmata th kanonik  b�sh tou K

m. Gia k�je
uj ∈ B, ιB(uj) = ej, kai èqoume

ι−1
C ◦ Ã ◦ ιB(uj) = ι−1

C ◦ Ã(ej)

= ι−1
C (Aej)

= ι−1
C







a1j...
amj







= ι−1
C (a1je

′
1 + · · · + amje

′
m)

= a1jw1 + · · · + amjwm

= L(vj)
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�Pìrisma 5.4 1. kerL = ι−1

B (ker Ã) = ι−1
B (N (A)) dhlad  a1v1 + · · · +

anvn ∈ kerL e�n kai mìnon e�n (a1, . . . , an) ∈ N (A).2. imL = ι−1
C (im Ã) = ι−1

C (R(A)) dhlad  b1w1 + · · · + bmwm ∈ im  L e�nkai mìnon e�n (b1, . . . , bm) ∈ R(A).
�Je¸rhma 5.5 JewroÔme dianusmatikoÔ q¸rou V, W, Z peperasmènh di�-stash, kai b�sei B = {v1, . . . , vn}, C = {w1, . . . , wm} kai D{z1, . . . , zℓ}ant�stoiqa. E�n L : V → W kai M : W → Z e�nai grammikè apeikon�sei,kai

A = (ajk) k=1,...,n

j=1,...,m
= CLB

B = (bij)j=1,...,m

i=1,...,ℓ
= DMCkai

C = (cik)k=1,...,m

i=1,...,ℓ
= D(M ◦ L)B,tìte

C = BAdhlad 
cik =

m
∑

j=1

bij ajkgia k�je k = 1, . . . , n

M ◦ L(vk) =
ℓ
∑

i=1

(

m
∑

j=1

bij ajk

)

zi .Apìdeixh. Apì ton orismì twn A, B, C èqoume
L(vk) =

m
∑

j=1

ajkwj k = 1, . . . , n

M(wj) =
ℓ
∑

i=1

bijzi j = 1, . . . ,mkai
M ◦ L(vk) =

ℓ
∑

i=1

cik zi k = 1, . . . , n
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M ◦ L(vk) = M (L(vk))

= M

(

m
∑

j=1

ajk wj

)

=
m
∑

j=1

ajk M(wj)

=
m
∑

j=1

ajk

(

ℓ
∑

i=1

bij zi

)

=
m
∑

j=1

ℓ
∑

i=1

ajk bij zi

=
ℓ
∑

i=1

(

m
∑

j=1

bij ajk

)

zi .Apì th monadikìthta twn suntelest¸n èqoume
cik =

m
∑

j=1

bij ajk ,kai sunep¸ C = BA.
�Pìrisma 5.6 E�n L : V → W e�nai isomorfismì, kai A = CLB, tìte op�naka th L−1, w pro ti �die b�sei e�nai o A−1,

B(L−1)C = ( CLB)−1 .Apìdeixh. E�n B = B(L−1)C, tìte BA e�nai o p�naka th apeikìnish
L−1 ◦ L = IV , �ra BA = I, kai B = A−1.

�Allag  b�shJewroÔme ton dianusmatikì q¸ro peperasmènh di�stash V , kai dÔo diafo-retikè b�sei tou V ,
B = {v1, . . . , vn}kai
B′ = {x1, . . . , xn} .Jèloume na prosdior�soume th sqèsh an�mesa sti suntetagmène enì dia-nÔsmato v ∈ V w pro th b�sh B kai ti suntetagmène tou v w pro thb�sh B′. Upojètoume ìti

v = a1v1 + · · · + anvn

= c1x1 + · · · + cnxn ,
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vB = (a1, . . . , an)kai
vB′ = (c1, . . . , cn) .Ep�sh jewroÔme ton p�naka B pou parist�nei thn tautotik  apeikìnish IVw pro ti b�sei B′ kai B:

B = (bij) i=1,...,n

j=1,...,n
= B(IV )B′ .Oi ìroi bij prosdior�zontai apì ti sqèsei, gia k�je j = 1, . . . , n

xj = IV (xj) = b1j v1 + · · · + bnj vn . (5.1)O p�naka B èqei sth j st lh to di�nusma suntetagmènwn tou xj ∈ B′ wpro th b�sh B.Jèloume na upolog�soume ta cj sunart sei twn ai kai twn bij. 'Eqoume
v =

n
∑

j=1

cj xj

=
n
∑

j=1

cj

(

n
∑

i=1

bij vi

)

=
n
∑

i=1

(

n
∑

j=1

bij cj

)

vi .All� apì th monadikìthta twn suntetagmènwn èqoume
ai =

n
∑

j=1

bij cj , (5.2)dhlad 






a1...
an






=







b11 · · · b1n... . . . ...
bn1 · · · bnn













c1...
cn






.Katal goume ìti to di�nusma suntetagmènwn c tou v w pro th b�sh B′ =

{x1, . . . , xn} e�nai lÔsh th ex�swsh
Bc = a (5.3)ìpou a e�nai to di�nusma suntetagmènwn tou v w pro th b�sh B = {v1, . . . , vn}.Qrhsimopoi¸nta to sumbolismì th prohgoÔmenh paragr�fou h 5.3 g�netai

B(IV )B′ vB′ = vBJa onom�soume ton p�naka B = B(IV )B′ , oi ìroi tou opo�ou d�dontai apìthn 5.1, p�naka met�bash apì th b�sh B′ sth b�sh B, orolog�a pousumfwne� me aut n pou qrhsimopoi same sthn Analutik  Gewmetr�a.



53O p�naka B e�nai antistrèyimo, kai o ant�strofo
B−1 =B′ (IV )Be�nai o p�naka met�bash apì th b�sh B sth b�sh B′.Apì thn 5.3 blèpoume ìti
c = B−1a .Sun jw e�nai upologistik� protimìtero na broÔme to c lÔnonta thn ex�swsh5.3 qrhsimopoi¸nta apaloif  Gauss, par� na upolog�soume ton ant�strofop�naka B−1.To epìmeno prìblhma pou ja exet�soume e�nai h ep�ptwsh allag  b�sewnston p�naka pou parist�nei m�a grammik  apeikìnish metaxÔ dianusmatik¸nq¸rwn peperasmènh t�xew.JewroÔme dianusmatikoÔ q¸rou V kai W , kai b�sei B = {v1, . . . , vn}kai B′ = {x1, . . . , xn} tou V , kai C = {w1, . . . , wm} kai C′ = {y1, . . . , ym} tou

W . O p�naka met�bash apì th b�sh B′ sth b�sh B tou V e�nai
B = B(IV )B′ = (bij)kai o p�naka met�bash apì th b�sh C′ sth b�sh C tou W e�nai
C = C(IW )C′ = (ckℓ) .Gia k�je j = 1, . . . , n èqoume

xj =
n
∑

i=1

bij vikai gia k�je ℓ = 1, . . . ,m èqoume
yℓ =

m
∑

k=1

ckℓwk .JewroÔme grammik  apeikìnish L : V → W , ton p�naka A th apeikìni-sh L w pro ti b�sei B kai C,
A = CLB = (aki)k=1,...,m

i=1,...,nkai ton p�naka D th apeikìnish L w pro ti b�sei B′ kai C′,
D = C′LB′ = (dℓj)ℓ=1,...,m

j=1,...,n
.Jèloume na ekfr�soume ton D sunart sei twn A, B kai C. 'Eqoume, giak�je i = 1, . . . , n

L(vi) =
m
∑

k=1

akiwkkai gia k�je j = 1, . . . , n

L(xj) =
m
∑

ℓ=1

dℓj yℓ .
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xj =

n
∑

i=1

bij vj ,kai sunep¸
L(xj) = L

(

n
∑

i=1

bij vj

)

=
n
∑

i=1

bij L(vj)

=
n
∑

i=1

bij

(

m
∑

k=1

akiwk

)

=
m
∑

k=1

(

n
∑

i=1

aki bij

)

wk (5.4)Ex �llou, èqoume
yℓ =

m
∑

k=1

ckℓwk ,kai sunep¸
 L(xj) =

m
∑

ℓ=1

dℓj yℓ

=
m
∑

ℓ=1

dℓj

(

m
∑

k=1

ckℓwk

)

=
m
∑

k=1

(

m
∑

ℓ=1

ckℓ dℓj

)

wk . (5.5)Sugkr�nonta ti 5.4 kai 5.5 èqoume, apì th monadikìthta twn suntetagmènwn,gia k�je j = 1, . . . , n kai k = 1, . . . ,m,
n
∑

i=1

aki bij =
m
∑

ℓ=1

ckℓ dℓj ,dhlad 
AB = CD .Sumpera�noume ìti

D = C−1AB , (5.6)  me to sumbolismì th prohgoÔmenh paragr�fou,
C′LB′ = C′(IW )C CLB B(IV )B′ .



Kef�laio 6Anallo�wtoi upìqwroi, idiotimè,idiodianÔsmata
Anallo�wtoi upìqwroiJa melet soume pio analutik� thn per�ptwsh m�a apeikìnish apì èna dia-nusmatikì q¸ro V ston eautì tou,

L : V → VM�a tètoia apeikìnish thn onom�zoume grammikì telest  sto V . Gnwr�-zoume  dh ìti ta sÔnola kerV kai imV e�nai upìqwroi tou V , kai eÔkolaelègqoume ìti
L(kerV ) ⊆ kerV

L(imV ) ⊆ imV .Gia na melet soume se b�jo th dom  tou telest  L : V → V , ja exet�soumee�n up�rqoun �lloi upìqwroi X ⊆ V tètoioi ¸ste L(X) ⊆ X.Orismì. L : V → V grammikì telest . O upìqwroX ⊆ V onom�zetaianallo�wto upìqwro apì ton telest  L, e�n
L(X) ⊆ X .Prosèxte ìti den upojètoume ìti L(X) = X, oÔte ìti L−1(X) ⊆ X.Par�deigma 6.1 Sto q¸ro twn poluwnÔmwn R[x], jewroÔme ton upìqwro

Pk twn poluwnÔmwn bajmoÔ mikrìterou   �sou me k, kai ton telest  para-g¸gish D : R[x] → R[x]. Gia k�je k o upìqwro Pk e�nai anallo�wto apìton D, kaj¸ h par�gwgo enì poluwnÔmou bajmoÔ mikrìterou   �sou me ke�nai ep�sh polu¸numo tou Pk.E�n V e�nai q¸ro peperasmènh di�stash, kai X e�nai upìqwro, gnw-r�zoume ìti k�je b�sh {x1, . . . , xk} tou X mpore� na epektaje� se b�sh
{x1, . . . , xk, vk+1, . . . , vn} tou V . E�n X e�nai anallo�wto apì ton telest 
L : V → V , kai (aij) e�nai o p�naka tou L w pro th b�sh {x1, . . . , xk, vk+1, . . . , vn}tìte

L(xj) =
k
∑

i=1

aijxi +
n
∑

i=k+1

aijvi .55



56KEF�ALAIO 6. ANALLO�IWTOI UP�OQWROI, IDIOTIM�ES, IDIODIAN�USMATA'Omw L(xj) ∈ U kai sunep¸ aij = 0 gia i = k + 1, . . . , n.'Ara o p�naka (aij) e�nai th morf :






∗ ... ∗
· · · · · · · · ·
0

... ∗





me èna (n− k) × k mhdenikì mplìk k�tw arister�.Ja melet soume anallo�wtou upìqwrou se q¸rou peperasmènh di�-stash. To ant�stoiqo gia q¸rou �peirh di�stash apotele� èna apì tashmantik� probl mata th Sunarthsiak  An�lush.IdiodianÔsmata, IdiotimèSe èna anallo�wto upìqwro di�stash 1, o telest  L èqei polÔ apl  dom :E�n X e�nai anllo�wtou apì ton L kai dimX = 1, tìte gia k�je x ∈ X,
L(x) ∈ X kai sunep¸ L(x) = λx gia k�poio λ ∈ K. Ant�strofa, e�n up�rqei
x ∈ V , x 6= 0, tètoio ¸ste L(x) = λx gia k�poio λ ∈ K, tìte o upìqwro
X = 〈x〉 e�nai anallo�wto upìqwro th L, di�stash 1.Orismì. JewroÔme grammikì telest  L : V → V . Oi arijmo� λ tou Kgia tou opo�ou up�rqoun mh mhdenik� dianÔsmata v ∈ V pou ikanopoioÔn

Lv = λvonom�zontai idiotimè tou grammikoÔ telest  L, en¸ ta mh mhdenik� dianÔ-smata pou ikanopoioÔn thn 6.1 onom�zontai idiodianÔsmata tou L gia thnidiotim  λ. To sÔnolo twn idiodianusm�twn tou L gia thn idiotim  λ, maz�me to di�nusma 0, apotele� ènan upìqwro tou V anallo�wto apì ton L, pouonom�zetai idiìqwro tou L gia thn idiotim  λ.'Askhsh 6.1 Elègxate ìti pr�gmati o idiìqwro tou L gia thn idiotim  λe�nai grammikì upìqwro tou V .Par�deigma 6.2 O telest  aIV : v 7→ av èqei monadik  idiotim  a. K�jemh mhdenikì di�nusma tou V e�nai idiodi�nusma tou L gia thn idiotim  a. Oidioq¸ro tou L gia thn idiotim  a e�nai ìlo o q¸ro V .Prìtash 6.1 E�n  L : V → V kai M : W → W e�nai grammiko� telestèkai up�rqei isomorfismì T : V → W tètoio ¸ste
L = T−1 ◦M ◦ Ttìte oi telestè L kai M èqoun ti �die idiotimè.Apìdeixh. Gia k�je v ∈ V èqoume L(v) = λv e�n kai mìnon e�n T−1 ◦M ◦

T (v) = λv, dhlad  M ◦ T (v) = T (λv) = λT (v). Sunep¸ λ e�nai idiotim  tou
L, me idiodi�nusma v, e�n kai mìnon e�n λ e�nai idiotim  touM , me idiodi�nusma
T (v).

�



57Je¸rhma 6.2 JewroÔme telest  L : V → V , kai λ1, . . . , λm diaforeti-kè idiotimè tou L, me ant�stoiqa idiodianÔsmata v1, . . . , vm. Tìte to sÔnolo
{v1, . . . , vm} e�nai grammikì anex�rthto.Apìdeixh. E�n to {v1, . . . , vm} e�nai grammik� exarthmèno, tìte up�rqei k,me 1 < k ≤ m, tètoio ¸ste {v1, . . . , vk−1} e�nai grammik� anex�rthto, all�

vk = a1v1 + · · · + ak−1vk−1 . (6.1)Efarmìzonta thn L sti dÔo pleurè th 6.1 èqoume
L(vk) = a1L(v1) + · · · + ak−1L(vk−1)kai afoÔ vi e�nai idiodianÔsmata gia thn idiotim  λi

λkvk = a1λ1v1 + · · · + ak−1λk−1vk−1 (6.2)Pollaplasi�zoume thn 6.1 me λk, kai thn afairoÔme apì thn 6.2:
0 = a1(λ1 − λk)v1 + · · · + ak−1(λk − λk−1)vk−1 .Ef� ìson ta v1, . . . , vk−1 e�nai grammik� anex�rthta, ai(λi −λk) = 0 gia k�je

i = 1, . . . , k − 1, all� λi − λk 6= 0, kai sunep¸ a1 = · · · = ak−1 = 0. All�tìte, apì thn 6.1, vk = 0, �topo. Sumpera�noume ìti to sÔnolo {v1, . . . , vm}e�nai grammik� anex�rthto.
�Pìrisma 6.3 K�je telest  sto V èqei to polÔ dimV diaforetikè idiotimè
�L mma 6.4 O arijmì λ ∈ K e�nai idiotim  tou telest   L : V → V e�nkai mìnon e�n L − λI den e�nai 1 − 1. Se aut n thn per�ptwsh, o idioq¸roth idiotim  λ e�nai o pur na ker(L− λI), kai k�je di�nusma tou L gia thnidiotim  λ.Apìdeixh. E�n L− λI den e�nai 1 − 1, tìte up�rqei mh mhdenikì di�nusma

v ∈ V tètoio ¸ste (L − λI)(v) = 0, dhlad  L(v) = λv, kai sunep¸ v e�naiidiodi�nusma tou L kai λ idiotim  tou L.Ant�strofa, e�n λ ∈ K e�nai idiotim  tou L, tìte up�rqei mh mhdenikìdi�nusma v ∈ V tètoio ¸ste L(v) = λv, kai sunep¸ (L − λI)(v) = 0, �ra
L− λI den e�nai 1 − 1.

�Polu¸numa kai telestèE�n p e�nai èna polu¸numo me suntelestè sto K,
p(t) = a0 + a1t+ · · · + akt

k



58KEF�ALAIO 6. ANALLO�IWTOI UP�OQWROI, IDIOTIM�ES, IDIODIAN�USMATAkai  L : V → V e�nai grammik  apeikìnish sto V , mporoÔme na antikata-st soume ton telest  L sth jèsh th metablht  tou poluwnÔmou, kai toapotèlesma e�nai p�li m�a grammik  apeikìnish sto V ,
p(L) = a0IV + a1L+ · · · + akL

k

p(L) : V → V : v 7→ a0v + a1L(v) + · · · + akL
k(v) .ParathroÔme ìti e�n p(x), q(x) e�nai polu¸numa, oi telestè p(L) kai q(L)metat�jentai:

p(L)q(L) = (pq)(L) = (qp)(L) = q(L)p(L) .Ja qrhsimopoi soume to akìloujo shmantikì apotèlesma apì th jewr�a twnpoluwnÔmwn.Je¸rhma 6.5 E�n K e�nai to s¸ma twn migadik¸n arijm¸n (  opoiod po-te algebrikì kleistì s¸ma) k�je polu¸numo bajmoÔ n paragontopoie�tai seginìmeno n diwnÔmwn. Dhlad  up�rqoun arijmo� λ1, . . . , λn ∈ K tètoioi ¸ste:
a0 + a1t+ · · · + ant

n = an(t− λ1) · · · (tn − λn) .

�'Uparxh idiotim¸nJe¸rhma 6.6 K�je telest  se èna mh mhdenikì dianusmatikì q¸ro pepe-rasmènh di�stash, p�nw apì to C, èqei toul�qiston m�a idiotim .Apìdeixh. JewroÔme dianusmatikì q¸ro V , dimV = n, èna grammikìtelest   L : V → V , kai èna mh mhdenikì di�nusma v ∈ V . Tìte h sullog 
v, L(v), L2(v), . . . , Ln(v) èqei n + 1 stoiqe�a, kai sunep¸ e�nai grammik�exarthmènh. Dhlad  up�rqoun arijmo� ai ∈ C, ìqi ìloi mhdèn, tètoioi ¸ste

a0v + a1L(v) + · · · + anL
n(v) = 0JewroÔme to polu¸numo p(t) = a0 + a1t + · · · + ant

n. SÔmfwna me to Je¸-rhma 6.5 autì paragontopoie�tai se ginìmeno n diwnÔmwn, dhlad  up�rqounmigadiko� arijmo� c1, . . . , cn tètoioi ¸ste
p(x) = an(x− c1) · · · (x− cn) .Sunep¸ o telest  p(L) e�nai �so me ton telest  an(L− c1IV ) ◦ · · · ◦ (L−

cnIV ), kai
an(L− c1IV ) ◦ · · · ◦ (L− cnIV )(v) = 0 .AfoÔ v 6= 0, o telest  (L − c1IV ) ◦ · · · ◦ (L − cnIV ) den e�nai 1-1, kaisumpera�noume ìti up�rqei toul�qiston èna i, i = 1, . . . , n, gia to opo�o L−

ciIV den e�nai 1 − 1. Sunep¸ up�rqei w ∈ V tètoio ¸ste (L− ciIV )(w) = 0,dhlad  L(w) = ci(w), kai λ = ci e�nai idiotim  tou L.
�



59Idiotimè kai p�nakeE�n A e�nai n×n p�naka stoM(n, n, K), èna mh mhdenikì di�nusma v ∈ K
nlègetai idiodi�nusma tou p�naka A e�n

Av = λvgia k�poio λ ∈ K. 'Ena arijmì λ ∈ K lègetai idiotim  tou p�naka A e�nup�rqei mh mhdenikì di�nusma v ∈ K
n tètoio ¸ste

Av = λv .Prìtash 6.7 JewroÔme dianusmatikì q¸ro peperasmènh di�stash, b�sh
mathcalB tou V , kai grammikì telest   L : V → V . Tìte λ ∈ K e�naiidiotim  tou telest  L e�n kai mìnon e�n λ e�nai idiotim  tou p�naka BLB pouparist�nei ton L w pro th b�sh B.Apìdeixh. E�n vB sumbol�zei to di�nusma suntetagmènwn tou dianÔsmato
v ∈ V w pro th b�sh B, tìte, apì ton orismì tou BLB èqoume

(L(v))B = BLB vB .Sunep¸ L(v) = λv e�n kai mìnon e�n BLB vB = (λv)B = λvB.
�DÔo p�nake A kai B lègontai ìmoioi e�n up�rqei antistrèyimo p�naka

S tètoio ¸ste A = S−1BS.Prìtash 6.8 DÔo ìmoioi p�nake èqoun ti �die idiotimè.
�Upologismì idiotim¸n kai idiodianusm�twnOi idiotimè enì n × n p�naka A e�nai oi arijmo� λ ∈ K gia tou opo�ou hex�swsh

Ax = λxèqei mh mhdenikè lÔsei. Dhlad  oi arijmo� λ gia tou opo�ou h omogen ex�swsh
(A− λI)x = 0èqei mh mhdenikè lÔsei. Apì thn Eisagwg  sth Grammik  'Algebra gnwr�-zoume ìti h ex�swsh

Bx = 0èqei mh mhdenikè lÔsei e�n kai mìnon e�n o p�naka B e�nai idiìmorfo,kai ìti èna p�naka e�nai idiìmorfo e�n kai mìnon e�n h or�zousa tou e�naimhdèn. Sunep¸ oi idiotimè tou p�naka A e�nai akrib¸ oi arijmo� λ ∈ K giatou opo�ou
det(A− λI) = 0 .H or�zousa det(A − λI) e�nai èna polu¸numo bajmoÔ n w pro th me-tablht  λ, to opo�o onom�zetai qarakthristikì polu¸numo tou p�naka

A.



60KEF�ALAIO 6. ANALLO�IWTOI UP�OQWROI, IDIOTIM�ES, IDIODIAN�USMATAPrìtash 6.9 Oi idiotimè tou p�naka A e�nai oi r�ze tou qarakthristikoÔpoluwnÔmou tou A.
�Par�deigma 6.3 JewroÔme ton p�naka A ∈ M(2, 2, R),

A =

[

4 −5
2 −3

]

.Gia na upolog�soume ti idiotimè, jewroÔme thn or�zousa
det(A− λI) =

∣

∣

∣

∣

4 − λ −5
2 −3 − λ

∣

∣

∣

∣

= −(4 − λ)(3 + λ) + 10

= λ2 − λ+ 10Oi r�ze tou poluwnÔmou λ2 − λ+ 10 e�nai −1 kai 2.'Ara oi idiotimè tou p�naka A e�nai
λ1 = −1 kai λ2 = 2 .Ta idiodianÔsmata gia thn idiotim  λ1 = −1, e�nai oi mh mhdenikè lÔsei thomogenoÔ ex�swsh

A− λ1I)x = 0 ,dhlad  th ex�swsh
[

5 −5
2 −2

] [

x1

x2

]

= 0 .'Ena idiodi�nusma e�nai to x =

[

1
1

], en¸ o idiìqwro tou A gia thn idiotom 
λ1 = −1 e�nai o mhdenoq¸ro tou p�naka A− λ1I, dhlad  o upìqwro

Xλ1
= {t(1, 1) | t ∈ R} .Gia thn idiotim  λ2 = 2 èqoume, an�loga,
(A− λ2I)x = 0 

[

2 −5
2 −5

] [

x1

x2

]

= 0 .'Ena idiodi�nusma e�nai to x =

[

5
2

], kai o idiìqwro tou A gia thn idiotim 
λ2 = 2 e�nai o upìqwro

X2 = {t(5, 2) | t ∈ R} .



61Par�deigma 6.4 JewroÔme ton p�naka




1 −1 2
−2 1 2
−2 0 3



 .Oi idiotimè tou A e�nai oi r�ze tou poluwnÔmou
det(A− λI) =

∣

∣

∣

∣

∣

∣

1 − λ −2 2
−2 1 − λ 2
−2 0 3 − λ

∣

∣

∣

∣

∣

∣

= (1 − λ)2(3 − λ) + 8 + 4(1 − λ) − 4(3 − λ)

= (1 − λ)2(3 − λ) .'Ara oi idiotimè e�nai λ1 = 1 kai λ2 = 3.Ta idiodianÔsmata gia thn idiotim  λ1 = 1 e�nai oi mh mhdenikè lÔsei thex�swsh




0 −2 2
−2 0 2
−2 0 2









x1

x2

x3



 = 0 .Fèrnoume ton p�naka se klimakwt  morf , kai èqoume thn ex�swsh




−2 0 2
0 −2 2
0 0 0









x1

x2

x3



 = 0 .'Ena idiodi�nusma tou A gia thn idiotim  λ1 = 1 e�nai to x = (1, 1, 1). Oidiìqwro tou A gia thn idiotim  λ1 = 1 e�nai o q¸ro lÔsewn th ex�swsh,
X1 = {t(1, 1, 1) | t ∈ R} .Ta idiodianÔsmata gia thn idiotim  λ2 = 3 e�nai lÔsei th ex�swsh





−2 −2 −2
−2 −2 2
−2 0 0









x1

x2

x3



 = 0 .'Ena idiodi�nusma tou A gia thn idiotim  λ2 = 3 e�nai to x = (0, 1, 1). Oidiìqwro tou A gia thn idiotim  λ2 = 3 e�nai
X2 = {t(0, 1, 1) | t ∈ R} .Par�deigma 6.5 JewroÔme ton p�naka

A =





4 0 3
0 2 0
−3 0 4







62KEF�ALAIO 6. ANALLO�IWTOI UP�OQWROI, IDIOTIM�ES, IDIODIAN�USMATAOi idiotimè tou A e�nai oi r�ze tou
det(A− λI) =

∣

∣

∣

∣

∣

∣

4 − λ 0 3
0 2 − λ 0
−3 0 4 − λ

∣

∣

∣

∣

∣

∣

= (λ2 − 8λ+ 25)(2 − λ) .To polu¸numo èqei m�a pragmatik  r�za, λ1 = 2. Oi �lle dÔo r�ze e�naimigadikè,
λ2 = 4 + 3i kai λ3 = 4 − 3i .Gia thn idiotim  λ1 = 2 èqoume thn ex�swsh




2 0 3
0 0 0
−3 0 2









x1

x2

x3



 = 0apì thn opo�a br�skoume ìti èna idiodi�nusma tou A gia thn idiotim  λ1 = 2e�nai to x = (0, 1, 0).Gia thn idiotim  λ2 = 4 + 3i èqoume thn ex�swsh




−3i 0 3
0 −2 − 3i 0
−3 0 −3i









x1

x2

x3



 = 0Fèrnoume ton p�naka se klimakwt  morf  kai èqoume thn ex�swsh




−3i 0 3
0 −2 − 3i 0
0 0 0









x1

x2

x3



 = 0apì thn opo�a br�skoume ìti èna idiodi�nusma touA gia thn idiotim  λ2 = 4+3ie�nai to x = (−i, 0, 1).Gia thn idiotim  λ3 = 4 − 3i èqoume thn ex�swsh




3i 0 3
0 −2 + 3i 0
−3 0 3i









x1

x2

x3



 = 0apì thn opo�a br�skoume ìti èna idiodi�nusma touA gia thn idiotim  λ3 = 4−3ie�nai to x = (i, 0, 1).E�n jewr soume ton p�naka A p�nw apì tou pragmatikoÔ arijmoÔ, èqeimìno m�a idiotim , λ1 = 2, kai o ant�stoiqo idiìqwro e�nai o
X1 = {t(0, 1, 0) | t ∈ R} .E�n jewr soume ton p�naka A p�nw apì tou migadikoÔ arijmoÔ tìte oidiìqwro gia thn idiotim  λ1 = 2 e�nai o
X1 = {t(0, 1, 0) | t ∈ C} .o idiìqwro gia thn idiotim  λ2 = 4 + 3i e�nai o
X2 = {t(−i, 0, 1) | t ∈ C}



63kai o idiìqwro gia thn idiotim  λ3 = 4 − 3i e�nai o
X3 = {t(i, 0, 1) | t ∈ C} .Anakefalai¸noume th diadikas�a gia ton upologismì twn idiotim¸n kaitwn ididodianusm�twn enì n× n p�naka1. Upolog�zoume thn or�zousa tou p�naka A− λI. Aut  e�nai èna polu¸-numo bajmoÔ n w pro th metablht  λ, to qarakthristikì polu¸numotou A.2. Br�skoume ti r�ze tou qarakthristikoÔ polu¸numou. Autè e�nai oiidiotimè tou A.3. Gia k�je idiotim  λi, br�skoume ti lÔsei th omogenoÔ ex�swsh

(AλI)x = 0 .K�je mh mhdenik  lÔsh e�nai èna idiodi�nusma tou p�naka A gia thnidiotim  λi, en¸ to sÔnolo ìlwn twn lÔsewn e�nai o idiìqwro tou A giathn idiotim  λi.En antijèsei me thn per�ptwsh th lÔsh tou sust mato Ax = b meapaloif  Gauss, h diadikas�a pou perigr�foume ed¸ den d�dei ènan algìrijmogia ton analutikì upologismì twn idiotim¸n kai twn idiodianusm�twn. Toprìblhma br�sketai sto b ma 2. En¸ gnwr�zoume ìti k�je polu¸numo bajmoÔ
n èqei n r�ze (p�nw apì èna algebrik� kleistì s¸ma, ìpw to s¸ma Ctwn migadik¸n arijm¸n), gia polu¸numa bajmoÔ n ≥ 5 den e�nai dunatìn nabreje� analutikì tÔpo gia ton upologismì tou (ìpw o tÔpo twn riz¸nth deuterob�jmia ex�swsh)1.Par� ìlo pou den up�rqei analutikì tÔpo pou na d�dei ti r�ze sth geni-k  per�ptwsh, se pollè eidikè peript¸sei mporoÔme na ti prosdior�soumeanalutik�,   mporoÔme na ti prosegg�soume arijmhtik�. MporoÔme ìmw naèqoume k�poia plhrofor�a gia ti idiotimè akìma kai qwr� na ti broÔme.To �jroisma twn diag¸niwn stoiqe�wn enì p�naka onom�zetai �qno toup�naka (trace) kai sumbol�zetai trA.Prìtash 6.10 JewroÔme ènan p�naka A p�nw apì tou migadikoÔ arijmoÔ1. To �jroisma twn idiotim¸n tou A e�nai �so me to �qno tou p�naka,

λ1 + λ2 + · · · + λn = trA2. To ginìmeno twn idiotim¸n tou A e�nai �so me thn or�zousa tou p�naka,
λ1 λ2 · · ·λn = detA .Apìdeixh.1Autì e�nai to perieqìmeno th jewr�a Galois (thn opo�a mpore�te na melet sete stom�jhma Jewr�a Swm�twn), m�a polÔ endiafèrousa jewr�a pou dhmioÔrghse èna akìmhpio endiafèrwn �njrwpo.



64KEF�ALAIO 6. ANALLO�IWTOI UP�OQWROI, IDIOTIM�ES, IDIODIAN�USMATA1. E�n λ1, . . . , λn e�nai oi idiotimè tou p�naka A, èqoume
det(A− λI) = (λ1 − λ) · · · (λn − λ) .Sugkr�noume tou ìrou t�xew n − 1 sta dÔo polu¸numa. Oi ìroistou opo�ou to λ emfan�zetai sth dÔnamh n− 1 sthn or�zousa
∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 − λ a12 · · · a1n

a21 a22 − λ · · · a2n... ... . . . ...
an1 an2 · · · ann − λ

∣

∣

∣

∣

∣

∣

∣

∣

∣prèpei na proèrqontai apì ìrou th or�zousa pou e�nai ginìmeno tou-l�qiston n− 1 stoiqe�wn sth diag¸nio tou p�naka. All� èna ìro thor�zousa den mpore� na perièqei perissìtera apì èna stoiqe�o apì k�jest lh kai apì k�je gramm  tou p�naka. Sunep¸, o monadikì ìro pouperièqei to ginìmeno n− 1 diag¸niwn stoiqe�wn, e�nai to ginìmeno ìlwntwn diag¸niwn stoiqe�wn,
(a11 − λ)(a22 − λ) · · · (ann − λ) .O ìro t�xew n− 1 autoÔ tou poluwnÔmou e�nai

a11λ
n−1 + a22λ

n−1 + · · · + annλ
n−1 = (a11 + · · · + ann)λn−1 .Apì thn �llh pleur� o ìro t�xew n−1 tou poluwnÔmou (λ1−λ)(λ2−

λ) · · · (λn − λ) e�nai
(λ1 + λ2 + · · · + λn)λn−1 .Sumper�inoume ìti

λ1 + λ2 + · · · + λn = a11 + a22 + · · · + ann = trA .2. Exet�zoume tou stajeroÔ ìrou twn pouwnÔmwn
det(A− λI) = (λ1 − λ) · · · (λn − λ) .Sth dexi� pleur�, o stajerì ìro e�nai λ1λ2 · · ·λn. Sthn arister pleur� o stajerì ìro e�nai h tim  tou poluwnÔmou gia λ = 0, dhlad 

detA. 'Ara
λ1λ2 · · ·λn = detA .

�Diag¸nioi kai trigwniko� p�nakePrìtash 6.11 E�n L : V → V e�nai grammikì telest , kai o dianusma-tikì q¸ro V èqei m�a peperasmènh b�sh apì idiodianÔsmata tou L, tìte op�naka tou L w pro aut n th b�sh e�nai diag¸nio.



65Apìdeixh. 'Estw {v1, . . . , vn} m�a b�sh apì idiodianÔsmata, kai λ1, . . . λn oiant�stoiqe idiotimè. Tìte
L(vj) =

n
∑

i=1

aijvi = λjvj .AfoÔ ta v1, . . . , vn e�nai grammik� anex�rthta, oi suntelestè e�nai monadiko�,kai
aij =

{

0 e�n i 6= j
λj e�n i = j .Sunep¸ o p�naka (aij) e�nai diag¸nio.

�Prìtash 6.12 JewroÔme grammikì telest  L : V → V , kai b�sh B =
{v1, . . . , vn} tou V . Ta akìlouja e�nai isodÔnama:1. O p�naka A th L w pro th b�sh V e�nai �nw trigwnikì2. L(vj) ∈ 〈v1, . . . , vj〉 gia j = 1, . . . , n.3. Gia k�je j = 1, . . . , n o upìqwro 〈v1, . . . , vj〉 e�nai anallo�wto apì thn

L.Apìdeixh. To 2 shma�nei ìti to di�nusma suntetagmènwn tou L(vj) w proth b�sh B èqei mhdenik� sti teleuta�e n − j jèsei, pou e�nai akrib¸ to�dio me to 1. E�nai profanè ìti to 3 sunep�getai to 2. Ja de�xoume ìti to 2sunep�getai to 3. E�n v ∈ 〈v1, . . . , vj〉, tìte v = a1v1 + · · ·+ajvj. E�n isqÔeito 2, gia k�je i = 1, . . . , j

L(vi) ∈ 〈v1, . . . , vi〉 ⊆ 〈v1, . . . , vj〉 .Sunep¸
L(v) = a1L(v1) + · · · + ajL(vj) ∈ 〈v1, . . . , vj〉 .

�Prìtash 6.13 Upojètoume ìti o telest  L : V → V èqei �nw trigwnikìp�naka w pro k�poia peperasmènh b�sh tou dianusmatikoÔ q¸rou V . Tìteoi idiotimè tou V e�nai akrib¸ ta stoiqe�a th diagwn�ou autoÔ tou p�naka.Apìdeixh. JewroÔme ton �nw trigwnikì p�naka A th L, w pro th b�sh
B:

A =







λ1 ∗. . .
0 λn





Tìte h apeikìnish L− λI, gia λ ∈ K, èqei p�naka w pro th b�sh B:






λ1 − λ ∗. . .
0 λn − λ









66KEF�ALAIO 6. ANALLO�IWTOI UP�OQWROI, IDIOTIM�ES, IDIODIAN�USMATAo opo�o e�nai idiìmorfo e�n kai mìnon e�n λ e�nai �so me k�poio apì tastoiqe�a tou diagwn�ou λ1, . . . , λn.'Ara oi idiotimè tou L e�nai akrib¸ λ1, . . . , λn.
�Je¸rhma 6.14 JewroÔme dianusmatikì q¸ro V peperasmènh di�stashp�nw apì to C, kai grammikì telest  L : V → V . Tìte up�rqei b�sh tou Vw pro thn opo�a o L èqei �nw trigwnikì p�naka.
�



Kef�laio 7Nìrma kai eswterikì ginìmenoMèqri t¸ra, oi idiìthte twn dianusm�twn twn R
n ti opo�e genikeÔsamese dianusmatikoÔ q¸rou, bas�zontai sti pr�xei th prìsjesh kai toupollaplasiasmoÔ me arijmì. Den èqoume anaferje� se eswterikì ginìmeno.Sth sunèqeia ja or�soume eswterikì ginìmeno se genikoÔ dianusmati-koÔ q¸rou, kai ja melet soume k�poie idiìthte tou. Gi� autì prèpei naperior�soume to s¸ma K na e�nai oi pragmatiko�   oi migadiko� arijmo�:

K = R   C .NìrmaGia to R
n, èqoume dei to eswterikì ginìmeno

〈x, y〉 = x1y1 + · · · + xnynkai th nìrma
||x|| =

√

〈x, y〉 .Sto C, ja jèlame h nìrma na sump�ptei me to mètro |z| kai, e�n z = x + iyme th nìrma tou (x, y):
||z|| = |z| =

√
zz̄ =

√

x2 + y2 = ||(x, y)|| .An�loga, sto C
n, e�n jèloume ||(z1, . . . , zn)|| na sump�ptei me to ||(x1, y1, x2, y2, . . . , xn, yn)||sto R

2n ìpou zj = xj + iyj, prèpei na or�soume th nìrma
||z|| =

√
z1z̄1 + · · · + znz̄nkai to eswterikì ginìmeno

〈z, w〉 = z1w̄1 + · · · + znw̄n .Me autè ti parathr sei, d�doume ton akìloujo orismì.Orismì. V dianusmatikì q¸ro p�nw apì to s¸ma K(= R   C). Miaapeikìnish V → K : v 7→ ||v|| onom�zetai nìrma (  st�jmh) e�nN 1. ||v|| = 0 e�n kai mìnon e�n v = 067



68 KEF�ALAIO 7. N�ORMA KAI ESWTERIK�O GIN�OMENON 2. Gia k�je v ∈ V kai a ∈ K, ||av|| = |a| ||v||N 3. Gia k�je v, w ∈ V , ||v + w|| ≤ ||v|| + ||w|| (trigwnik  anisìthta)L mma 7.1 Se èna dianusmatikì q¸ro V me nìrma,1. Gia k�je v ∈ V , ||v|| ≥ 0.2. Gia k�je v, w ∈ V , ||v − w|| ≥ | ||v|| − ||w|| |Apìdeixh.1. Gia k�je v ∈ V ,
||v|| =

1

2
(||v|| + ||v||) =

1

2
(||v|| + || − v||)

≥ 1

2
||v + (−v)|| =

1

2
||0|| = 0 .2. Gia k�je v, w ∈ V ,

||v|| = ||(v − w) + w|| ≤ ||v − w|| + ||w|| ,kai sunep¸
||v − w|| ≥ ||v|| − ||w|| .An�loga

||v − w|| = ||w − v|| ≥ ||w|| − ||v|| .

�Par�deigma 7.1 Sto R
n kai sto C

n h eukle�deia nìrma (   ℓ2- nìrma) e�naih sun jh nìrma
||x|| =

√

x2
1 + · · · + x2

nkai
||z|| =

√
z1z̄1 + · · · + znz̄n .Par�deigma 7.2 H ℓ1-nìrma sto R

n or�zetai w
||x||1 = |x1| + · · · + |xn| .Elègqoume ta axi¸mata:N 1.

||x||1 = 0 ⇔ |x1| = · · · = |xn| = 0

⇔ x = 0 .N 2.
||ax||1 =

n
∑

i=1

|axi| = |a|
n
∑

i=1

|xi| = |a| ||x||1 .



69N 3.
||x+ y||1 =

n
∑

i=1

|xi + yi| ≤
n
∑

i=1

|xi| + |yi| = ||x||1 + ||y||1 .Par�deigma 7.3 H ℓ∞-nìrma sto R
n or�zetai ¸

||x||∞ = max{|xi| | i = 1, . . . , n} .'Askhsh 7.1 De�xte ìti ||x||∞ ikanopoie� ta axi¸mata th nìrma.Par�deigma 7.4 Sto q¸ro twn poluwnÔmwn K[x], me K = R   C, or�zoume,th nìrma
||p(x)|| =

(
∫ 1

0

|p(t)|2dt
)1/2

.O èlegqo twn axiwm�twn N 1 kai N 2 e�nai eÔkolo. Gia to N 3 parathroÔmeìti
||p(x) + q(x)||2 =

∫ 1

0

|p(t) + q(t)|2dt

=

∫ 1

0

|p(t)|2dt+

∫ 1

0

|q(t)|2dt+ 2ℜ
∫ 1

0

p(t) ¯q(t)dten¸
(||p(x)|| + ||q(x)||)2 = ||p(x)||2 + ||q(x)||2 + 2||p(x)|| ||q(x)|| .'Ara gia na isqÔei h trigwnik  anisìthta, arke� na isqÔei h

ℜ
∫ 1

0

p(t) ¯q(t)dt ≤ ||p(x)|| ||q(x)|| ,thn opo�a ja apode�xoume sthn Prìtash 7.3.Par�deigma 7.5 Sto q¸ro C[a, b] twn suneq¸n sunart sewn sto di�sthma
[a, b] (me pragmatikè   migadikè timè) or�zoume thn ℓ2-nìrma

||f || =

(
∫ b

a

|f(t)|2dt
)1/2kai thn ℓ∞-nìrma

||f ||∞ = max{|f(x)| | x ∈ [a, b]} .'Askhsh 7.2 De�xte ìti ||f ||∞ ikanopoie� ta axi¸mata th nìrma.



70 KEF�ALAIO 7. N�ORMA KAI ESWTERIK�O GIN�OMENOEswterikì ginìmenoSth sunèqeia ja qrhsimopoioÔme to sumbolismì tou suzugoÔ, ā, katano¸-nta ìti e�n to s¸ma K e�nai oi pragmatiko� arijmo�, tìte ā = a.Orismì. JewroÔme dianusmatikì q¸ro V p�nw apì to s¸ma K (= R   C).Mia apeikìnish
V × V → K : (v, w) 7→ 〈v, w〉onom�zetai eswterikì ginìmeno e�nEG 1. E�nai grammik  sthn pr¸th metablht , dhlad  e�n gia k�je u, v, w ∈ Vkai a ∈ K,

〈u+ v, w〉 = 〈u, w〉 + 〈v, w〉kai
〈av, w〉 = a〈v, w〉 .EG 2. Gia k�je v, w ∈ V ,
〈v, w〉 = 〈w, v〉EG 3. Gia k�je v ∈ V {0}, 〈v, v〉 > 0.E�n 〈v, w〉 = 0, lème ìti ta dianÔsmata v kai w e�nai orjog¸nia.ParathroÔme ìti e�n to s¸ma K = R, tìte h idiìthta EG 2 shma�nei ìti toeswterikì ginìmeno e�nai summetrikì, kai maz� me thn EG 1, oti e�nai grammikìkai sth deÔterh metablht . Antijètw, e�n K = C, gia th deÔterh metablht èqoume

〈u, av + w〉 = 〈av + w, u〉
= a〈v, u〉 + 〈w, u〉
= ā〈u, v〉 + 〈u, w〉 .Par�deigma 7.6 Sto R

n or�zetai to eukle�deio eswterikì ginìmeno: e�n
x = (x1, . . . , xn), y = (y1, . . . , yn) ,

〈x, y〉 =
n
∑

i=1

xiyi .Ta dianÔsmata (x1, x2) kai (−x2, x1) e�nai orjog¸nia dianÔsmata sto R
2 meto eukle�deio eswterikì ginìmeno.Par�deigma 7.7 Sto C

n or�zetai eswterikì ginìmeno gia z = (z1, . . . , zn), w =
(w1, . . . , wn) ,

〈z, w〉 =
n
∑

i=1

ziw̄i .'Askhsh 7.3 Ta dianÔsmata (z1, z2) kai (−z2, z1) den e�nai orjog¸nia sto C
2me autì to eswterikì ginìmeno. Bre�te èna mh mhdenikì di�nusma orjog¸niosto (z1, z2)



71Par�deigma 7.8 Sto q¸ro twn poluwnÔmwn K[x] or�zoume to eswterikìginìmeno
〈p(x), q(x)〉 =

∫ 1

0

p(t) q(t) dt (7.1)'Askhsh 7.4 Elègxte ìti h 7.1 pr�gmati or�zei èna eswterikì ginìmeno.Ta polu¸numa p(x) = (x− 1
2
)2 kai q(x) = (x− 1

2
)3 e�nai orjog¸nia:

〈p(x), q(x)〉 =

∫ 1

0

(t− 1

2
)2(t− 1

2
)3dt

=

∫ 1

0

(t− 1

2
)5dt

= 0 .Par�deigma 7.9 Sto q¸ro twn suneq¸n sunart sewn sto di�sthma [a, b],me pragmatikè timè, C[a, b],   me migadikè timè , CC[a, b], or�zoume toeswterikì ginìmeno
〈f, g〉

∫ b

a

f(s) g(s) ds (7.2)'Askhsh 7.5 Elègxte ìti h 7.3 pr�gmati or�zei èna eswterikì ginìmeno.'Askhsh 7.6 De�xte ìti oi sunart sei sin kai cos e�nai orjog¸nie sto
C[0, π].Je¸rhma 7.2 Se èna q¸ro me eswterikì ginìmeno isqÔei, gia k�je v, w:

|〈v, w〉| ≤
√

〈v, v〉
√

〈w, w〉 .Apìdeixh. E�n w = 0, tìte kai oi dÔo pleurè mhden�zontai kai h sqèshepalhjeÔetai.Upojètoume ìti w 6= 0 kai jewroÔme, gia a ∈ K, to di�nusma v − aw:
0 ≤ 〈v − aw, v − aw〉

= 〈v, v〉 − 〈v, aw〉 − 〈aw, v〉 + 〈aw, aw〉
= 〈v, v〉 − ā〈v, w〉 − a〈v, w〉 + aā〈w, w〉 .Eidikìtera, gia a = 〈v, w〉

〈w, w〉
èqoume
〈v, v〉 ≥ 〈v, w〉〈v, w〉

〈w, w〉 
|〈v, w〉|2 ≤ 〈v, v〉〈w, w〉 ,



72 KEF�ALAIO 7. N�ORMA KAI ESWTERIK�O GIN�OMENOkai afoÔ oi pragmatiko� arijmo� 〈v, v〉, 〈w, w〉 kai |〈v, w〉| e�nai jetiko�  mhdèn, èqoume
|〈v, w〉| ≤

√

〈v, v〉
√

〈w, w〉 .

�Eidikè peript¸sei th anisìthta Cauchy-Schwarz e�nai oi akìloujeanisìthte.Sto q¸ro R
n   C

n, me to sun je eswterikì ginìmeno 〈x, y〉 =
∑n

i=1 xiȳi,
∣

∣

∣

∣

∣

n
∑

i=1

x1ȳi

∣

∣

∣

∣

∣

≤
(

n
∑

i=1

|xi|2
)1/2( n

∑

i=1

|y1|2
)1/2

.Sto q¸ro C[a, b], me eswterikì ginìmeno 〈f, g〉 =
∫ b

a
f(s)g(s)ds ,

∣

∣

∣

∣

∫ b

a

f(s)g(s)ds

∣

∣

∣

∣

≤
(
∫ b

a

(f(s))2 ds

)1/2(∫ b

a

(g(s))2 ds

)1/2

.Prìtash 7.3 E�n V e�nai q¸ro me eswterikì ginìmeno, tìte or�zetai m�anìrma sto V :
||v|| =

√

〈v, v〉 .Apìdeixh. H apìdeixh twn N 1 kai N 2 e�nai apl . Gia na apode�xoume thntrigwnik  anisìthta N 3, parathroÔme ìti
||v + w||2 = 〈v + w, v + w〉

= ||v||2 + ||w||2 + 2ℜ〈v, w〉 ,kai ìti
(||v|| + ||w||)2 = ||v||2 + ||w||2 + 2||v|| ||w|| .All� apì thn anisìthta Cauchy-Schwarz, 〈v, w〉 ≤ ||v|| ||w|| kai sunep¸

||v + w||2 ≤ (||v|| + ||w||)2 .AfoÔ oi pragmatiko� arijmo� ||v + w||, ||v|| kai ||w|| e�nai jetiko�   mhdèn,èqoume
||v + w|| ≤ ||v|| + ||w|| .

�Me ton sumbolismì th nìrma, h anisìthta Cauchy-Scwarz gr�fetai sthmorf 
|〈v, w〉| ≤ ||v|| ||w|| .



73Orjokanonik� sÔnola dianusm�twn'Ena sÔnolo dianusm�twn S = {v1, . . . , vn} onom�zetai orjog¸nio e�n tastoiqe�a tou e�nai orjog¸nia an� dÔo, dhlad  e�n gia k�je i, j = 1, . . . , n, i 6=
j ,

〈vi, vj〉 = 0 .E�n ep� plèon, gia k�je i = 1, . . . , n, ||vi|| = 1, to sÔnolo onom�zetai or-jokanonikì. Qrhsimopoi¸nta to sumbolismì tou δ tou Kronecker, blè-poume ìti to sÔnolo S e�nai orjokanonikì e�n kai mìnon e�n, gia k�je
i, j = 1, . . . , n ,

〈vi, vj〉 = δij .L mma 7.4 'Ena orjokanonikì sÔnolo e�nai grammik� anex�rthto.Apìdeixh. Upojètoume ìti {v1, . . . , vn} e�nai èna orjokanonikì sÔnolo, kai
a1, . . . , an e�nai arijmo� tètoioi ¸ste

a1v1 + · · · + anvn = 0 .Gia k�je j = 1, . . . , n, èqoume
0 = 〈0, vj〉

= 〈
n
∑

i=1

aivi, vj〉

=
n
∑

i=1

ai〈vi, vj〉

=
n
∑

i=1

aiδij

= aj .Sunep¸ aj = 0 gia k�je j = 1, . . . , n, kai to sÔnolo {v1, . . . , vn} e�naigrammik� anex�rthto.
�'Ena orjokanonikì sÔnolo apotele� m�a idia�tera qr simh b�sh gia toq¸ro ton opo�o par�gei. Oi suntetagmène enì dianÔsmato w pro m�a or-jokanonik  b�sh d�dontai apl¸ apì ta eswterik� ginìmena tou dianÔsmatome ta dianÔsmata th b�sh.E�n {v1, . . . , vn} e�nai orjokanonik  b�sh, kai

v = a1v1 + · · · + anvntìte
〈v, vj〉 = 〈

n
∑

i=1

aivi , vj〉

=
n
∑

i=1

ai〈vi, vj〉

=
n
∑

i=1

aiδij

= aj .



74 KEF�ALAIO 7. N�ORMA KAI ESWTERIK�O GIN�OMENOSe èna q¸ro peperasmènh di�stash me eswterikì ginìmeno, mporoÔmep�nta na kataskeu�soume mia orjokanonik  b�sh, efarmìzonta th diadika-s�a orjokanonikopo�hsh Gram-Schmidt .Je¸rhma 7.5 (Gram-Schmidt) JewroÔme q¸ro V me eswterikì ginìmeno,kai èna grammik� anex�rthto sÔnolo {v1, . . . , vn}. Tìte up�rqei orjokanonikìsÔnolo e1, . . . , en} tètoio ¸ste gia k�je i = 1, . . . , n

ei ∈ 〈v1, . . . , vi〉kai
〈e1, . . . , en〉 = 〈v1, . . . , vn〉 .Apìdeixh. Ja or�soume pr¸ta èna sÔnolo mh mhdenik¸n orjogwn�wn dia-nusm�twn e′1, . . . , e′n, kai sth sunèqeia ja or�soume ta monadia�a dianÔsmata

ei =
1

||e′i||
e′i .AfoÔ ta {v1, . . . , vn} e�nai grammik� anex�rthta, v1 6= 0, kai or�zoume

e′1 = v1 ,

e′2 = v2 −
〈v2, e

′
1〉

〈e′1, e′1〉
e′1 .To e′2 prokÔptei apì to v2 afair¸nta kat�llhlo pollapl�sio tou e′1 ¸ste

e′2 na e�nai orjog¸nio pro to e′1. Pr�gmati
〈e′2, e′1〉 = 〈v2 −

〈v2, e
′
1〉

〈e′1, e′1〉
e′1, e

′
1〉

= 〈v2, e
′
1〉 −

〈v2, e
′
1〉

〈e′1, e′1〉
〈e′1, e′1〉

= 0ParathroÔme ìti afoÔ ta e′1, v2 e�nai grammik� anex�rthta, e′2 6= 0 kai ta
e′1, e

′
2 par�goun ton �dio upìqwro pou par�goun ta v1, v2.Sth sunèqeia, gia j = 3, . . . , n, or�zoume anadromik� ta mh mhdenik� dia-nÔsmata

e′j = vj −
j−1
∑

i=1

〈vj, e
′
i〉

〈e′i, e′i〉
e′i , (7.3)ta opo�a ikanopoioÔn 〈e′i, e′j〉 = 0 gia i = 1, . . . , j − 1.Tèlo gia k�j j = 1, . . . , n or�zoume

ej =
i

||ej||
e′j .Apì thn 7.3 e�nai fanerì ìti

ej ∈ 〈v1, . . . , vj〉kai ìti
vj ∈ 〈e1, . . . , ej〉Sunep¸, gia k�je j = 1, . . . , n

〈e1, . . . , ej〉 = 〈v1, . . . , vj〉 .

�




