
Pan. Jessal�a, TMHUTD YHFIAKH EPEXERGASIA SHMATWN Akad. 'Eto 2011-12Hmeromhn�a: 12-06-2012 LÔsei Sunìlou Ask sewn'Askhsh 1(a):Sto sÔsthma tou sq mato, h e�sodo e�nai h x[n] = δ[n] . Sqedi�ste to pl�to kai thn f�shtou Y (e j ω ) th exìdou (gia |ω| < π ).
x[n] v[n] y[n]

2e−  ω/2jLÔsh: LÔnoume to prìblhma sto ped�o th suqnìthta. Sumbol�zoume me v[n] thn èxodotou pr¸tou uposust mato (ìpw fa�netai sto parap�nw sq ma), kai èqoume:
x[n] = δ[n] ⇒ X(e j ω ) = 1 ⇒ V (e j ω ) = e− j ω/2 ,gia −π < ω ≤ π , ìpou qrhsimopoi same to gegonì ìti o DTFT tou δ[n] e�nai mon�da.To f�sma (pl�to kai f�sh) tou V (e j ω ) èqei sqediaste� sto parak�tw sq ma gia treiperiìdou, gia na bohjhje� h sqed�ash tou Y (e j ω ) . Sthn sunèqeia, me b�sh to ìti Y (e j ω ) =

V (e j ω 2 ) , lìgw th uperdeigmatolhy�a kat� 2, pa�rnoume:
Y (e j ω ) =











e− j ω − j π , −π < ω < −π/2

e− j ω , |ω| ≤ π/2 .

e− j ω + j π , π/2 < ω ≤ πKat� sunèpeia, | Y (e j ω ) | = 1 gia −π < ω ≤ π kai
arg { Y (e j ω ) } =











−ω − π , −π < ω < −π/2

−ω , |ω| ≤ π/2 ,

−ω + π , π/2 < |ω| ≤ πta opo�a kai sqedi�zontai sto parak�tw sq ma gia m�a per�odo (−π , π ] .
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'Askhsh 1(b):Sto sÔsthma tou parak�tw sq mato, èqoume:
Xc(j Ω) = 0 , gia |Ω| ≥ π/T ,kai

H(e j ω ) =

{

e− j ω , |ω| ≤ π/L

0 , π/L < |ω| ≤ π .Ekfr�ste to y[n] w sun�rthsh tou xc(t) .
C/D

T

L H(e   )
jω

L
x  (t)c x[n] y[n]

LÔsh: {Sp�me}to tr�to uposÔsthma sthn akolouj�a tou idanikoÔ katwperatoÔ f�ltrou
HLP (e j ω ) kai enì kajusterht  e− j ω , dhl. H(e j ω ) = HLP (e j ω ) e− j ω , ìpou:

HLP (e j ω ) =

{

1 , |ω| ≤ π/L

0 , π/L < |ω| ≤ π ,ìpw fa�netai sto sq ma. Gia dieukìlunsh, sumbol�zoume me w[n] kai v[n] ti exìdou toutr�tou kai tètartou uposust mato tou sq mato, kai parathroÔme ìti o sunduasmì toudeÔterou kai tr�tou uposust mato apoteloÔn ènan upsampler, qwr� wstìso to kat�llhlokèrdo L sto tr�to uposÔsthma. Ep�sh parathroÔme p¸ lìgw tou zwnoperiorismoÔ tous mato eisìdou den up�rqei fainìmeno anad�plwsh kat� thn deigmatolhy�a tou xc(t) , kaikat� sunèpeia isqÔei h deÔterh ex�swsh apì ti parak�tw.'Eqoume loipìn:
x[n] = xc(nT ) ,

w[n] =
1

L
xc(n

T

L
) ,

v[n] = w[n − 1] =
1

L
xc(n

T

L
− T

L
) ,

y[n] = v[nL] =
1

L
xc(n T − T

L
) .
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'Askhsh 2(a):Sqedi�ste èna anwperatì (highpass) f�ltro Butterworth t�xh 1 me suqnìthta sthn apìsbe-sh 3 dB �sh me ωc = 0.8 π . Qrhsimopoie�ste ton di-grammikì metasqhmatismì. Bre�te thnsun�rthsh metafor� tou H(z), kai sqedi�ste (endeiktik�) to mètro th apìkrish suqnì-tht� tou |H(e j ω )| . Mpore� to f�ltro na sqediaste� kai me thn mèjodo th amet�blhthkroustik  apìkroush?LÔsh: Akolouj¸nta thn mejodolog�a tou kef. 7.3.1 tou bibl�ou tou Moustak�dh, èqoume:
ωc = 0.8 π ⇒ Ωc = tan (ωc/2) = tan (0.4 π) = 3.0778 ,ìpou qrhsimopoi same T = 2 . To anwperatì f�ltro Butterworth t�xh 1 suneqoÔ qrìnouja èqei sun�rthsh metafor�:

H(s) =

1

Ωc

1

s
+

1

Ωc

=
s

s + Ωc
=

s

s + 3.0778
,ìpou antikatast same sthn sun�rthsh metafor� tou f�ltrou t�xh 1, s −→ 1/s kai

Ωc −→ 1/Ωc .Sth sunèqeia qrhsimopoioÔme to digrammikì metasqhmatismì, p�li me T = 2 , kai pa�rnoume:
H(z) =

1 − z−1

1 + z−1

1 − z−1

1 + z−1
+ 3.0778

=
1 − z−1

4.0778 + 2.0778 z−1
.To tetr�gwno tou mètrou th apìkrish suqnìtht� tou d�netai sto parak�tw di�gramma.ParathroÔme ìti ìntw to f�ltro e�nai anwperatì kai ìti to mètro th apìkrish suqnìthtae�nai 1/

√
2 gia ω = 0.8 π .
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'Askhsh 2(b):EpijumoÔme na sqedi�soume èna katwperatì f�ltro me kroustik  apìkrish peperasmènou m -kou (FIR lowpass filter) pou na ikanopoie� ti sunj ke:
0.95 < |H(e j ω )| < 1.05 , gia 0 ≤ |ω| ≤ 0.25 πkai
|H(e j ω )| < 0.1 , gia 0.35 π ≤ |ω| ≤ π .O sqediasmì ja g�nei me thn mèjodo th parajÔrwsh. Poia apì ta par�jura tou p�naka 3.1(sel. 33) apì to bibl�o tou Moustak�dh mporoÔn na qrhsimopoihjoÔn epituq¸ gia ton skopìautì, kai poio e�nai to m ko th kroustik  apìkrish tou f�ltrou se k�je per�ptwsh?LÔsh: ParathroÔme ìti h pio perioristik  apa�thsh e�nai aut  th z¸nh di�bash (passband).Kat� sunèpeia èqoume: δ = 20 log10 0.05 = − 26.0206 dB . Apì ta par�jura tou p�naka 3.1tou bibl�ou tou Moustak�dh, ta teleuta�a tr�a èqoune pl�to apìkrish deutereÔonto loboÔmikrìtero apì autì, dhlad  ta par�jura Hanning, Hamming, kai Blackmann.Sthn sunèqeia, apì ta dedomèna th �skhsh èqoume ìti ∆ ω = 0.35 π − 0.25 π = 0.1 π ,kat� sunèpeia, apì ton p�naka 3.1 pa�rnoume gia ta pr¸ta dÔo par�jura

Hanning , Hamming : 8 π/L = 0.1 π ⇒ L = 80 ,

Blackmann : 12 π/L = 0.1 π ⇒ L = 120 .H kroustik  apìkrish twn telik¸n f�ltrwn ja èqei m ko L + 1 , an kai mpore� kane� naparathr sei ìti gia ta dÔo apì ta parap�nw par�jura (Hanning, Blackmann) isqÔei w[L] =
0 , opìte to m ko e�nai mikrìtero (dhl. L ).
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'Askhsh 3(a):D�nontai oi akolouj�e tess�rwn deigm�twn:
x[n] = cos

(π n

2

)

, h[n] = 2n , gia n = 0, 1, 2, 3 .Upolog�ste pr¸ta tou DFT twn x[n] kai h[n], X[k] kai H [k], gia N = 4. Sth sunèqeiaupolog�ste thn grammik  kai thn kuklik  sunèlixh twn x[n] kai h[n], kai sugkr�nete timetaxÔ tou, ìpw kai me thn akolouj�a pou prokÔptei apì ton ant�strofo DFT tou ginomènou
X[k] H [k] (N = 4).LÔsh: Upolog�zoume pr¸ta ton DFT tou x[n]. 'Eqoume:

X[k] =
3

∑

n= 0

cos(π n/2) W kn
4 , 0 ≤ k ≤ 3 .Epeid  to sunhm�tono suneisfèrei mìno dÔo mh mhdenikè timè sta parap�nw ajro�smata (e�naimon�da gia n = 0 kai −1 gia n = 2), pa�rnoume:

X[k] = 1 − W 2k
4 , 0 ≤ k ≤ 3 .Sth sunèqeia upolog�zoume ton DFT tou h[n]. 'Eqoume:

H [k] =

3
∑

n = 0

2n W kn
4 = 1 + 2 W k

4 + 4 W 2k
4 + 8 W 3k

4 , 0 ≤ k ≤ 3 .MporoÔme na broÔme thn kuklik  sunèlixh w ton ant�strofo DFT tou ginomènou X[k] H [k](gia N = 4). Pr�gmati:
X[k] H [k] = (1 − W 2k

4 ) (1 + 2 W k
4 + 4 W 2k

4 + 8 W 3k
4 )

= 1 + 2 W k
4 + 4 W 2k

4 + 8 W 3k
4 − W 2k

4 − 2 W 3k
4 − 4 W 4k

4 − 8 W 5k
4

= − 3 − 6 W k
4 + 3 W 2k

4 + 6 W 3k
4 , 0 ≤ k ≤ 3 ,ìpou qrhsimopoi same to ìti W 4k

4 = 1 kai W 5k
4 = W k

4 . Kat� sunèpeia, h kuklik  sunèlixhd�netai apì:
IDFT{X[k] H [k]} = − 3 δ[n] − 6 δ[n − 1] + 3 δ[n − 2] + 6 δ[n − 3] ,orismènh fusik� gia 0 ≤ n ≤ 3 .ParathroÔme pw h kuklik  sunèlixh mpore� na upologiste� kai apì thn grammik  sunèlixhtwn dÔo akolouji¸n, pou eÔkola mpore� na breje� ìti isoÔtai me

x[n] ∗ y[n] = δ[n] + 2 δ[n − 1] + 3 δ[n − 2] + 6 δ[n − 3] − 4 δ[n − 4] − 8 δ[n − 5] ,an p�roume upìyh ma to fainìmeno th qronik  anad�plwsh sta shme�a 4 → 0 kai 5 → 1 .
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'Askhsh 3(b):To di�gramma ro  petaloÔda (butterfly) tou parak�tw sq mato apotele� tm ma th ulo-po�hsh tou algor�jmou FFT me apodekatismì ston qrìno (decimation in time), gia m kometasqhmatismoÔ N = 16 . Pìsa e�nai ta st�dia/b mata tou diagr�mmato ulopo�hsh tou
FFT, kai poie e�nai oi pijanè timè tou r gia k�je èna apì ta st�dia/b mata aut�? Se poiast�dia up�rqoun petaloÔde me tim  r = 2 ?

−1W16

rLÔsh: Me b�sh ton algìrijmo ulopo�hsh FFT apodekatismoÔ ston qrìno, e�nai eÔkolo nadoÔme pw sto:
• Pr¸to st�dio, èqoume r = 0 .
• DeÔtero st�dio, èqoume r = 0, 4 .
• Tr�to st�dio, èqoume r = 0, 2, 4, 6 .
• Tètarto st�dio, èqoume r = 0, 1, 2, 3, 4, 5, 6, 7 .(Autì apotele� m�a gen�keush tou sq. 4.2 tou bibl�ou tou Moustak�dh gia èna akìmh st�dio).Kat� sunèpeia, h petaloÔda tou sq mato me tim  r = 2 sunantiètai mìno sto tr�to kaitètarto st�dio tou algor�jmou ulopo�hsh tou FFT me apodekatismì ston qrìno.
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'Askhsh 4(a):Jèloume na ektim soume to f�sma tou s mato diakritoÔ qrìnou
x[n] = cos (π n/4) + cos (17π n/64) ,qrhsimopoi¸nta èna orjog¸nio par�juro w[n] me m ko 64, kai diakritì metasqhmatismì

Fourier (DFT) m kou ep�sh 64. Exhg ste e�n anamènete na diakr�nontai dÔo diaqwr�simekorufè pou antistoiqoÔn sti suqnìthte twn dÔo sunhm�tonwn,   ìqi.LÔsh: Oi suqnìthte twn dÔo sunhm�tonwn diafèroun kat�
∆ ω =

∣

∣

∣

∣

π

4
− 17 π

64

∣

∣

∣

∣

=
π

64
.ParathroÔme ìti h diafor� aut  e�nai kat� polÔ mikrìterh apì to pl�to tou kÔriou loboÔtou orjog¸niou parajÔrou ∆ ωw = 4 π/64 (blèpe p�naka 3.1 tou bibl�ou tou Moustak�dhme L = 64 ). Kat� sunèpeia, den anamènoume na doÔme dÔo diaqwr�sime korufè.
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'Askhsh 4(b):D�netai to s ma:
x[n] =











cos (π n/6) , 0 ≤ n ≤ 35

cos (π n/2) , 36 ≤ n ≤ 71

0 , alloÔtou opo�ou jèloume na ektim soume to fasmatìgramma. Upolog�ste ta de�gmata
X[rR, k] =

L−1
∑

m = 0

x[rR + m] w[m] e− j (2 π/N) k m ,gia −∞ < r < ∞ kai 0 ≤ k ≤ N − 1 , ìpou to w[n] e�nai èna orjog¸nio par�juro m kou
L = 36 , o DFT èqei m ko N = 36 , kai h deigmatolhy�a sto qrìno g�netai ep�sh me R = 36 .LÔsh: Apì ton orismì tou X[rR, k] kai to gegonì ìti to s ma e�nai mhdenikì gia n < 0 kai
n > 71, e�nai profanè ìti ta zhtoÔmena de�gmata e�nai mhdenik� gia r < 0 kai r > 1.Gia r = 0 mìno to pr¸to sunhm�tono suneisfèrei sto zhtoÔmeno �jroisma, kai to zhtoÔmenoe�nai o DFT 36 shme�wn tou

cos (π n/6) =
1

2
(e j 2π

36
3 n + e− j 2π

36
3 n )Apì ti idiìthte tou DFT (duikìthta, metatìpish ston qrìno), pa�rnoume:

X[0, k] =
36

2
δ[<k − 3>36] +

36

2
δ[<k + 3>36] = 18 δ[k − 3] + 18 δ[k − 33] .Parìmoia, gia r = 1, mìno to deÔtero sunhm�tono suneisfèrei sto �jroisma, opìte pa�rnoume:

X[36, k] =
36

2
δ[<k − 9>36] +

36

2
δ[<k + 9>36] = 18 δ[k − 9] + 18 δ[k − 27] .
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