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,TMHUTD YHFIAKH EPEXERGASIA SHMATWN Ak.'Eto
 2011-12LÔsei
 Exètash
 13-6-2012 Jèmata AJèma 1: (a) (12%)Sto sÔsthma tou sq mato
, h e�sodo
 e�nai h x[n] = δ[n] . Sqedi�ste to pl�to
 kai thn f�shtou Y (e j ω ) th
 exìdou (gia |ω| < π ).
x[n] v[n] y[n]

3e−  ω/3jLÔsh: LÔnoume to prìblhma sto ped�o th
 suqnìthta
. Sumbol�zoume me v[n] thn èxodotou pr¸tou uposust mato
 (ìpw
 fa�netai sto parap�nw sq ma), kai èqoume:
x[n] = δ[n] ⇒ X(e j ω ) = 1 ⇒ V (e j ω ) = e− j ω/3 ,gia −π < ω ≤ π , ìpou qrhsimopoi same to gegonì
 ìti o DTFT tou δ[n] e�nai mon�da.To f�sma (pl�to
 kai f�sh) tou V (e j ω ) èqei sqediaste� sto parak�tw sq ma gia trei
periìdou
, gia na bohjhje� h sqed�ash tou Y (e j ω ) . Sthn sunèqeia, me b�sh to ìti Y (e j ω ) =

V (e j ω 3 ) , lìgw th
 uperdeigmatolhy�a
 kat� 3, pa�rnoume:
Y (e j ω ) =











e− j ω − j 2 π/3 , −π < ω < −π/3

e− j ω , |ω| ≤ π/3 .

e− j ω + j 2 π/3 , π/3 < ω ≤ πKat� sunèpeia, | Y (e j ω ) | = 1 gia −π < ω ≤ π kai
arg { Y (e j ω ) } =











−ω − 2 π/3 , −π < ω < −π/3

−ω , |ω| ≤ π/3 ,

−ω + 2 π/3 , π/3 < |ω| ≤ πta opo�a kai sqedi�zontai sto parak�tw sq ma gia m�a per�odo (−π , π ] .
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Jèma 1: (b) (13%)Sto sÔsthma tou parak�tw sq mato
, èqoume:
H(e j ω ) = j ω/T , − π < ω ≤ π ,kai suqnìthta deigmatolhy�a
 T = 1/5 sec . Bre�te thn èxodo yc(t) tou sust mato
 se e�sodo

xc(t) = cos (13 π t) , kai sugkr�netè thn me to s ma suneqoÔ
 qrìnou pou prokÔptei apì thnparag¸gish tou s mato
 eisìdou, dhl. d xc(t)/d t . Sqoli�ste sqetik�.
C/D

T

H(e   )
jω

D/C

T

x  (t)c x[n] y[n] y  (t)c

LÔsh: ParathroÔme ìti to s ma eisìdou èqei Ω = 13 π , kat� sunèpeia gia na mhn èqoumefainìmeno anad�plwsh
 ja prèpei to s ma na èqei uposte� deigmatolhy�a me Tmax = π/(13 π) =
1/13 sec to polÔ. K�ti tètoio profan¸
 den sumba�nei (kajìson T = 1/5 > 1/13 ), kai kat�sunèpeia den mpore� na qrhsimopoihje� to isodÔnamo sÔsthma suneqoÔ
 qrìnou. ParathroÔmeìti to isodÔnamo sÔsthma ja  tane èna
 diaforist 
 me apìkrish suqnìthta
 H( j Ω) = j Ω ,kai kat� sunèpeia èxodo d xc(t)/d t = − 13 π sin(13 π t) . 'Opw
 apodeiknÔoume parak�tw, hèxodo
 y(t) diafèrei apì thn parap�nw, akrib¸
 lìgw tou fainìmenou th
 anad�plwsh
.Gia na broÔme thn zhtoÔmenh èxodo douleÔoume sto ped�o tou qrìnou, kai èqoume:

x[n] = xc(n T ) = cos (
13

5
π n) = cos (

3

5
π n) =

1

2
( e j 3 π n/5 + e− j 3 π n/5)

⇒ y[n] =
1

2

(

5 j
3 π

5
e j 3 π n/5 − 5 j

3 π

5
e− j 3 π n/5

)

= −
1

2 j

(

3 π e j 3 π n/5 − 3 π e− j 3 π n/5
)

= − 3 π sin (
3

5
π n )

⇒ y(t) = − 3 π sin ( 3 π t ) ,ìpou sta parap�nw qrhsimopoi same to gegonì
 ìti h èxodo
 enì
 G.Q.A. sust mato
 meapìkrish suqnìthta
 H(e j ω ) sto ekjetikì s ma e j ω n e�nai e j ω n H(e j ω ) , to gegonì
 ìti
H(e j ω) = 5 j ω (apì thn ekf¸nhsh lìgw tou ìti T = 5 ), kai to gegonì
 ìti prèpei π < ω ≤ π(kat� sunèpeia qrhsimopoioÔme sthn efarmog  tou tÔpou thn suqnìthta ω = 3/5 kai ìqi
ω = 13/5 ).
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Jèma 2: (25%) D�netai to aitiatì, grammikì, qronik� anallo�wto sÔsthma:
H(z) =

( 1 − 0.5 z− 1 ) ( 1 + 4 z− 2 )

( 1 − 0.64 z− 2 )
.

(a) (9%) Sqedi�ste to di�gramma ulopo�hs 
 tou se kanonik  morf  (direct form) I kai II,ìpw
 kai èna di�gramma ulopo�hs 
 tou se seir� (cascade).
(b) (6%) Sqedi�ste to di�gramma mhdenik¸n kai pìlwn tou.
(c) (5%) Ekfr�ste th sun�rthsh metafor�
 w
 ginìmeno sust mato
 el�qisth
 f�sh
(minimum phase), H1(z) , kai oloperatoÔ (all pass), Hap(z) , dhlad  H(z) = H1(z) Hap(z) ,kai sqedi�ste ta diagr�mmata pìlwn/mhdenik¸n tou
.
(d) (5%) Ekfr�ste th sun�rthsh metafor�
 w
 ginìmeno enì
 �llou sust mato
 el�qi-sth
 f�sh
 (minimum phase), H2(z) , kai enì
 sust mato
 peperasmènh
 krousti-k 
 apìkrish
, genikeumènh
 grammik 
 f�sh
 (F.I.R., linear phase), Hlin(z) , dhlad 

H(z) = H2(z) Hlin(z) , kai sqedi�ste ta diagr�mmata pìlwn/mhdenik¸n tou
.LÔsh:
(a) Gia thn ulopo�hsh se kanonik  morf  k�noume pr�xei
 kai pa�rnoume:

H(z) =
( 1 − 0.5 z− 1 ) ( 1 + 4 z− 2 )

( 1 − 0.64 z− 2 )
=

1 − 0.5 z− 1 + 4 z− 2 − 2 z− 3

1 − 0.64 z− 2
,apì to opo�o eÔkola lamb�noume ta diagr�mmata kanonik 
 morf 
, ìpw
 fa�netai stoparak�tw sq ma. ParathroÔme ìti kl�doi me mhdenikoÔ
 suntelestè
 èqoun paralh-fje�. Gia thn ulopo�hsh se seir�, parathroÔme ìti up�rqoun pollè
 dunatìthte
. Stoparak�tw sq ma, dialègoume m�a ulopo�hsh dÔo uposusthm�twn se seir�, ìpw
 sthn

H(z) =

(

1 − 0.5 z− 1

1 − 0.64 z− 2

)

( 1 + 4 z− 2 ) ,ìpou to pr¸to uposÔsthma èqei ulopoihje� se kanonik  morf  II, en¸ to deÔtero upo-sÔsthma e�nai èna f�ltro FIR.
− 0.5

4

−2

0.64

z−1

z−1

z−1

z−1

z−1

DIRECT  FORM  I

0.64

− 0.5

4

−2

z−1

z−1

z−1

DIRECT  FORM  II

z−1

z−1

z−1

z−1

0.64

− 0.5

4

CASCADE

FORM3



(b) Apì thn ekf¸nhsh, paragontopoioÔme w

H(z) =

( 1 − 0.5 z− 1 ) ( 1 + 4 z− 2 )

( 1 − 0.64 z− 2 )
=

( 1 − 0.5 z− 1 ) ( 1 + 2 j z− 1 ) ( 1 − 2 j z− 1 )

( 1 + 0.8 z− 1 )( 1 − 0.8 z− 1 )
.EÔkola loipìn br�skoume ti
 r�ze
 tou arijmht  kai paranomast , èqoume dhlad  tr�amhdenik� { 0.5 , ± 2 j } , kai trei
 pìlou
 { 0 , ± 0.8 } (parathroÔme ìti to 0 e�nai pìlo
,lìgw tou ìti to polu¸numo tou arijmht  e�nai enì
 bajmoÔ parap�nw apì autì touparanomast ). To di�gramma pìlwn kai mhdenik¸n d�netai sto sq ma sto k�tw mèro
th
 sel�da
.

(c) To sÔsthma th
 ekf¸nhsh
 èqei dÔo mhdenik� ektì
 tou monadia�ou kÔklou, dhlad  ta
± 2 j . Eis�goume kat� sunèpeia mhdenik� kai pìlou
 sta ± (1/2) j , kai èqoume:

H(z) =

(

( 1 − 0.5 z− 1 ) ( 1 + 1

4
z− 2 )

1 − 0.64 z− 2

) (

1 + 4 z− 2

1 + 1

4
z− 2

)

.O pr¸to
 ìro
 e�nai sÔsthma el�qisth
 f�sh
 (minimum phase), H1(z) , me tr�a mhdeni-k� { 0.5 , ± (1/2) j } kai trei
 pìlou
 { 0 , ± 0.8 } , ìla entì
 tou monadia�ou kÔklou, en¸o deÔtero
 ìro
 e�nai oloperatì (all pass) sÔsthma, Hap(z) , me dÔo mhdenik� {± 2 j }kai dÔo pìlou
 {± (1/2) j } . Ta diagr�mmata pìlwn kai mhdenik¸n twn dÔo zhtoÔmenwnsusthm�twn d�nontai sto sq ma sto k�tw mèro
 th
 sel�da
.
(d) Me m�a mikr  allag  sthn paragontopo�hsh sto upoer¸thma (c) pa�rnoume to zhtoÔmeno:

H(z) =

(

1 − 0.5 z− 1

( 1 − 0.64 z− 2 ) ( 1 + 1

4
z− 2 )

) (

( 1 +
1

4
z− 2 ) ( 1 + 4 z− 2 )

)

.ParathroÔme ìti o pr¸to
 ìro
 e�nai sÔsthma el�qisth
 f�sh
 (minimum phase), H2(z) ,me tèssera mhdenik� { 0 , 0 , 0 , 0.5 } kai tèsserei
 pìlou
 {± 0.8 , ± (1/2) j } , ìla entì
tou monadia�ou kÔklou. ParathroÔme ìti to 0 e�nai mhdenikì tr�th
 t�xh
, lìgw tou ìtito polu¸numo tou arijmht  e�nai tri¸n bajm¸n ligìtero apì autì tou paranomast  (w
pro
 to z− 1 ). Tèlo
 parathroÔme pw
 to deÔtero uposÔsthma e�nai èna f�ltro FIR.K�nonta
 pr�xei
, blèpoume ìti h sun�rthsh metafor�
 tou e�nai 1 + (17/4)z− 2 + z− 4 ,kat� sunèpeia èqei kroustik  apìkrish summetrik  w
 pro
 to shme�o n = 2 . Sunep¸
prìkeitai gia f�ltro FIR genikeumènh
 grammik 
 f�sh
, Hlin(z) . To f�ltro autì èqeitèssera mhdenik� {± 2 j , ± (1/2) j } (kai ènan pìlo tet�rth
 t�xew
 sto mhdèn). Tadiagr�mmata pìlwn kai mhdenik¸n twn dÔo susthm�twn d�nontai sto parak�tw sq ma.
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Jèma 3: (a) (8%)'Estw ìti èqoume èna oloperatì (all pass) f�ltro suneqoÔ
 qrìnou. An efarmìsoume sth su-n�rthsh metafor�
 tou to digrammikì metasqhmatismì (bilinear transform), to f�ltro pou japrokÔyei ja e�nai oloperatì diakritoÔ qrìnou? Mpore� èna oloperatì f�ltro diakritoÔ qrìnouna prokÔyei apì autì tou suneqoÔ
 qrìnou me qr sh th
 mejìdou amet�blhth
 kroustik 
apìkrish
 (implulse invariance)?LÔsh: 'Oson afor� thn efarmog  tou digrammikoÔ metasqhmatismoÔ sthn sun�rthsh meta-for�
 tou oloperatoÔ f�ltrou suneqoÔ
 qrìnou, k�ti tètoio den ja all�xei to pl�to
 th
apìkrish
 suqnìthta
, kajìson o metasqhmatismì
 den all�zei to pl�to
 kai den up�rqei kaifainìmeno anad�plwsh
. Kat� sunèpeia, ja prokÔyei oloperatì f�ltro diakritoÔ qrìnou.Ant�jeta, h efarmog  th
 mejìdou amet�blhth
 kroustik 
 apìkrish
 ja dhmiourg sei fai-nìmeno anad�plwsh
. Kat� sunèpeia, den ja prokÔyei oloperatì f�ltro diakritoÔ qrìnou.Jèma 3: (b) (12%)'Estw ìti to f�ltro diakritoÔ qrìnou d�netai apì thn:
H(z) =

6

1 − e− 0.3 z− 1
−

3

1 − e− 0.6 z− 1
.To f�ltro autì èqei sqediaste� me thn mèjodo th
 amet�blhth
 kroustik 
 apìkrish
 (implulse

invariance) me b�sh èna f�ltro suneqoÔ
 qrìnou, qrhsimopoi¸nta
 th sqèsh h[n] = 3 hc(3 n)metaxÔ twn kroustik¸n apokr�sewn tou f�ltrou diakritoÔ kai suneqoÔ
 qrìnou. Bre�te m�asun�rthsh metafor�
 tou f�ltrou suneqoÔ
 qrìnou, Hc(s) , apì thn opo�a mpore� na proèkuyeto dojèn f�ltro diakritoÔ qrìnou.LÔsh: Gnwr�zoume pw
 gia thn mèjodo th
 amet�blhth
 kroustik 
 apìkrish
 isqÔei:
Hc (s) =

∑

k

A k

s − sk

⇒ H(z) =
∑

k

A k T

1 − e sk T z − 1
.Gnwr�zoume ep�sh
 ìti h[n] = T hc (T n) . Apì thn ekf¸nhsh èqoume h[n] = 3 hc (3 n) , kat�sunèpeia T = 3 . Apì ta parap�nw kai thn doje�sa H(z) èqoume:

− 0.3 = so T ⇒ so = − 0.1 , A o T = 6 ⇒ A o = 2 ,

− 0.6 = s1 T ⇒ s1 = − 0.2 , A 1 T = − 3 ⇒ A 1 = − 1 .Kat� sunèpeia, to zhtoÔmeno arqikì f�ltro suneqoÔ
 qrìnou e�nai to:
Hc (s) =

2

s + 0.1
−

1

s + 0.2
.
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Jèma 4: (a) (16%)Upolog�ste ton DFT m kou
 N = 18 twn dÔo peperasmènwn akolouji¸n x[n] = δ[n − 9]kai x[n] = cos (π n/3) , gia 0 ≤ n ≤ 17 .LÔsh: Gia thn pr¸th akolouj�a gnwr�zoume ìti DFT {δ[n] } = 1 , gia 0 ≤ k ≤ 17 , sunep¸
apì thn idiìthta met�jesh
 ston qrìno èqoume:
DFT {δ[n − 9] } = W 9 k

18 = e− j 2 π 9 k/18 = e− j π k = (−1)k ,gia 0 ≤ k ≤ 17 .Gia th deÔterh akolouj�a èqoume:
x[n] = cos (π n/3) =

1

2

(

e j π n/3 + e− j π n/3
)

=
1

2

(

e j 2 π

18
3 n + e− j 2 π

18
3 n

)

⇒ DFT { x[n] } =
18

2
( δ[ <k−3>18 ] + δ[ <k+3>18 ] ) = 9δ[k−3] + 9δ[k−15] ,gia 0 ≤ k ≤ 17 .Jèma 4: (b) (14%)Upolog�ste thn kuklik  sunèlixh twn akolouji¸n:

x[n] = 6 δ[n] + 5 δ[n − 1] + 4 δ[n − 2] + 3 δ[n − 3] + 2 δ[n − 4] + δ[n − 5]kai
h[n] = δ[n] + δ[n − 4] ,gia N = 6 kai gia N = 10 .LÔsh: O pio eÔkolo
 trìpo
 gia thn ep�lush tou probl mato
 e�nai mèsw tou upologismoÔth
 grammik 
 sunèlixh
 twn dÔo akolouji¸n. Aut  br�sketai eÔkola w
:

x[n]∗h[n] = x[n]+x[n−4] =

6δ[n] + 5δ[n−1] + 4δ[n−2] + 3δ[n−3] + 8δ[n−4] + 6δ[n−5] + 4δ[n−6] + 3δ[n−7] + 2δ[n−8] + δ[n−9] .H akolouj�a aut , ìpw
 anamenìtan, èqei m ko
 10, kai kat� sunèpeia sump�ptei me thn kuklik sunèlixh twn x[n] kai h[n] gia N = 10 . Antijètw
, h kuklik  sunèlix  tou
 diafèrei gia
N = 6 , kajìson ta de�gmata sti
 timè
 6 ≤ n ≤ 9 anadipl¸nontai (ajro�zontai) sti
 timè

0 ≤ n ≤ 3 . Kat� sunèpeia, h zhtoÔmenh kuklik  sunèlixh gia N = 6 isoÔtai me

10 δ[n] + 8 δ[n − 1] + 6 δ[n − 2] + 4 δ[n − 3] + 8 δ[n − 4] + 6 δ[n − 5] .

Ta JEMATA B lÔnontai me parìmoia mejodolog�a me ta parap�nw.
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Pan.Jessal�a
,TMHUTD YHFIAKH EPEXERGASIA SHMATWN Ak.'Eto
 2011-1213-6-2012 Telik  Exètash Jèmata BJèma 1: (25%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a) Sto sÔsthma tou sq mato
, h e�sodo
 e�nai h x[n] = δ[n] . Sqedi�ste to pl�to
 kai thnf�sh tou Y (e j ω ) th
 exìdou (gia |ω| < π ).

x[n] y[n]
4e−  ω/4j

(b) Sto sÔsthma tou parak�tw sq mato
, èqoume:
H(e j ω ) = j ω/T , − π < ω ≤ π ,kai suqnìthta deigmatolhy�a
 T = 1/5 sec . Bre�te thn èxodo yc(t) tou sust mato
 see�sodo xc(t) = sin (3 π t), kai sugkr�netè thn me to s ma suneqoÔ
 qrìnou pou prokÔpteiapì thn parag¸gish tou s mato
 eisìdou, dhlad  to d xc(t)/d t . Sqoli�ste sqetik�.

C/D

T

H(e   )
jω

D/C

T

x  (t)c x[n] y[n] y  (t)c

Jèma 2: (25%) D�netai to aitiatì, grammikì, qronik� anallo�wto sÔsthma:
H(z) =

( 1 + 4 z− 2 ) ( 1 − 0.5 z− 1 )

( 1 − 0.64 z− 2 )
.

(a) Sqedi�ste to di�gramma ulopo�hs 
 tou se kanonik  morf  (direct form) I kai II, ìpw
kai èna di�gramma ulopo�hs 
 tou se seir� (cascade).
(b) Sqedi�ste to di�gramma mhdenik¸n kai pìlwn tou.
(c) Ekfr�ste th sun�rthsh metafor�
 w
 ginìmeno sust mato
 el�qisth
 f�sh
 (minimum

phase), H1(z) , kai oloperatoÔ (all pass), Hap(z) , dhlad  H(z) = H1(z) Hap(z) , kaisqedi�ste ta diagr�mmata pìlwn/mhdenik¸n tou
.
(d) Ekfr�ste th sun�rthsh metafor�
 w
 ginìmeno enì
 �llou sust mato
 el�qisth
 f�sh
(minimum phase), H2(z) , kai enì
 sust mato
 peperasmènh
 kroustik 
 apìkrish
,grammik 
 f�sh
 (F.I.R., linear phase), Hlin(z) , dhlad  H(z) = H2(z) Hlin(z) , kaisqedi�ste ta diagr�mmata pìlwn/mhdenik¸n tou
.
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Jèma 3: (20%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a) 'Estw ìti èqoume èna oloperatì (all pass) f�ltro suneqoÔ
 qrìnou. An efarmìsoume sthsun�rthsh metafor�
 tou to digrammikì metasqhmatismì (bilinear transform), to f�ltropou ja prokÔyei ja e�nai oloperatì diakritoÔ qrìnou? Mpore� èna oloperatì f�ltrodiakritoÔ qrìnou na prokÔyei apì autì tou suneqoÔ
 qrìnou me qr sh th
 mejìdouamet�blhth
 kroustik 
 apìkrish
 (implulse invariance)?
(b) 'Estw ìti to f�ltro diakritoÔ qrìnou d�netai apì thn:

H(z) =
2

1 − e− 0.2 z− 1
−

4

1 − e− 0.4 z− 1
.To f�ltro autì èqei sqediaste� me thn mèjodo th
 amet�blhth
 kroustik 
 apìkrish
(implulse invariance) me b�sh èna f�ltro suneqoÔ
 qrìnou, qrhsimopoi¸nta
 th sqèsh

h[n] = 2 hc(2 t) metaxÔ twn kroustik¸n apokr�sewn tou f�ltrou diakritoÔ kai suneqoÔ
qrìnou. Bre�te m�a sun�rthsh metafor�
 tou f�ltrou suneqoÔ
 qrìnou, Hc(s) , apì thnopo�a mpore� na proèkuye to dojèn f�ltro diakritoÔ qrìnou.Jèma 4: (30%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a) Upolog�ste ton DFT m kou
 N = 24 twn dÔo peperasmènwn akolouji¸n x[n] = δ[n−8]kai x[n] = sin (π n/3) , gia 0 ≤ n ≤ 23 .
(b) Upolog�ste thn kuklik  sunèlixh twn akolouji¸n:

x[n] = δ[n] + 2 δ[n − 1] + 3 δ[n − 2] + 4 δ[n − 3] + 5 δ[n− 4] + 6 δ[n − 5]kai
h[n] = δ[n] + δ[n − 4] ,gia N = 6 kai gia N = 10 .
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