
1

Equilibriaof a noncooperative gamefor
heterogeneoususersof anALOHA network

YoungmiJinandGeorgeKesidis
EEandCS&EDepts

PennsylvaniaStateUniversity
UniversityPark,PA, 16803

kesidis@engr.psu.edu

Abstract—A noncooperative group of userssharing a channel
via ALOHA is considered. Depending on their quality of ser-
vice requirementsand willingness to pay, the userswill selecta
desired thr oughput. The users then participate in a noncoop-
erative gamewherein they adjust their transmission-probability
parameters in an attempt to attain their desired thr oughputs.
The possibleequilibrium points reachedby sucha community of
usersare studied.

I . INTRODUCTION

In a multiservice internet equippedwith a corre-
spondingdifferentialbilling policy, userswill compete
for limited resources.Suchuserdynamicsaretypically
studiedin thesettingof noncooperativegames.In [10],
theauthorsconsideraStackelberggamein whichusers
chooseroutesin a wired network after the leaderhas
chosenroutesfor its own traffic; in choosing,theleader
controlsuserbehavior to optimizesomenetwork util-
ity or to achieve someotherglobal goal. Their prob-
lem formulation admitsa closed-formexpressionfor
theequilibriumwhichcanthenbesteeredby theleader
to apreordainedoperatingpoint (incentivecompatibil-
ity). In [3], [4], the game’s leaderwasitself a selfish
userof network. In [6], [13], the authorsformulate
CDMA powercontrolgamesof which theequilibrium
point is studied. In the framework of Kelly [8], [9],
TCPusersin awiredInternetarestudiedin [12]. Rate-
basedflow controlis studiedin [1].

In this paper we study the behavior of compet-
ing userssharinga singlechannelusingthe ALOHA
medium accessprotocol. Usersdesiremore or less
throughputdependingon boththeir willingnessto pay
andtheir need[7], [8]. We studytheexistenceof equi-
librium points that could possiblybe reachedby the
usersfor given userthroughputdemands.The users’
convergenceto equilibrium pointsis analyzedusinga
specifiedpotentialfunction that governstheir dynam-
ics.

I I . A GAME FOR SLOTTED ALOHA

In our incarnationof slottedALOHA, usersadver-
tise their transmission-probabilities1 ��� to otherusers
but keeptheir desiredthroughput(demand)� � private.
Typically, � � dependson utility function and given
price [7], [8]. Let � � be the initial � -vectorof users’
transmission-probabilitieschosenso that ������
	 for
all � . For slottedALOHA, the �
��� user’s throughputat
this timeis � ���� � ���� �� where������������� � � 	 ! � ��#" for
all $&%'� [11] (herewe have assumedthatevery user’s
transmissionqueueis continuouslybacklogged).The
usersadjust their transmission-probabilitiesin an at-
temptto attaintheir desiredthroughputs� � .

Herewechoosethedimensionpacketspertime-slot
for parameters� and � . Thus,thesequantitiesarenatu-
rally boundedaboveby onesincethereis obviouslyat
mostone(fixed-length)packetpertime-slot.

At the $(��� iterationof the game,the �
�)� userwill
chooseanew transmission-probability� �+*-,� . /1032 4 � �65 � �� % 	87 % (1)

and then announcethis choice to the other users.
All other users will likewise update their choice
of transmission-probabilityso that, given initial
transmission-probabilities� �:9
; < % 	 "'= , we get, af-
ter the first step of the game, the new vector of
transmission-probabilities� , 9>; < % 	@? = . Theusersad-
vertisetheir new transmission-probabilities� , andthe
processrepeatsresultingin thesequence� � % � , % � A %CBDB3B (2)

If thissequenceconverges,sayto � EF9G; < % 	H? = , then � E
is a (Nash[7]) equilibrium point (or “fix edpoint”) ofI

The quantity JLK�MON is calledthe backoff parameterof the PRQTS
user.
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themapping(1):� E� . /10D2U4 � �65 � E� % 	V7 for all �W% (3)

where � E�X� � �Y�� � � 	F! �VE�V" B Clearly, at this point the
averagethroughputfor the � ��� useris � E�Z� �VE��� E� for
all � . 	 %�BDB3BD%[� .

Theremayexist anequilibriumpoint in which � E� .	 for some� and � E� . < for all \^]. � ( _`� E�(. 	 and� E� . < for all \#]. � ). Also, a completelydeadlocked
equilibriumpointmaybepossiblein which � E��. 	 and� Ea . 	 for some�>].cb . For example,if � .�d , � , .� A .�e 5 	�f , �Vg . 	 5 	hf , and ���� . � � for all � , thenwe
will arrive at deadlockin two steps,i.e., � g, . � gA . 	 .
Clearly, both casesmay not be desirableand can be
avoidedby restrictingall transmission-probabilities� �
to all be lessthansomelarge i �j	 , say i . < B k , so
thattheequilibriumpoint satisfies(4) insteadof (3).� E� . /10D2 4 � �l5 � E� %mi 7 (4)

I I I . EQUILIBRIA OF THE ALOHA GAME

Thatanequilibriumpoint (3) or (4) exists is an im-
mediateconsequenceof theBrouwer’sfixedpoint the-
orem[2]. We will now studytheequilibriumpoint for
theALOHA gamedescribedabove.

Firstconsidertheunconstraineddynamicsleadingto
theequilibriumpoint� E� . � � 5onp �� � � 	q! � Ep " for 	Fr \ r �s% (5)

i.e.,weneitherrestrictthetransmission“probabilities”
to be lessthanone(or i ) nor greaterthanzero. Lett � p � � � 5 � p wherewe make the assumptionthat� p�u < for all v for the remainderof this section. In
the following, the superscript“*” for the equilibrium
point is dropped.

Lemma1: If � solves(5) andif < � � � �w	 for some\ , then < � � p ��	 for all vx]. \ .
Proof:

For \y]. v , divide the \z��� equation(5) (i.e.,with � .\ ) by the v8�)� to get � � � 	q! � p " . t � p � p � 	{! � � " B Thus,� p . t p � � �	q! � �
| t p � � � B (6)

If wefix theindex \ , thestatementof thelemmaimme-
diately follows from this expressionfor � p in termsof� � .

Fixing againtheindex \ andsubstitutinginto (5) the
expressionfor � p in (6) for all vw]. \ , we get the fol-
lowing polynomialequationin thecomponent� � of the
equilibriumpoint:}L~Y� M ~��^� M ~Y� J K�M ~����o� I K#� ~���h�� ~ � JU� �3� � ~ K�J � M ~)�l���h� (7)

Thefollowingpropositionis acorollaryof theprevious
lemma.

Proposition1: If, for some\ , equation(7) admitsa
realsolutionin theinterval (0,1),then(5) hasasolution
in � < % 	 "'= .

For example, two equilibria, ��� 58� % 	 5 d " and�)� 5 d % 	 58� " , exist when � , .�� 5 	 � and � A . 	 5 	 � .
Therefore,the mapping � ��� � �+*-, in (1) is not a
contractionmapping.

It turnsout thatonly theno-overbookingcondition,� =� � , � � � 	 (i.e., total desiredthroughputis less
thanthechannelcapacity)is notsufficientto guarantee
a solution in the interval (0,1) for equation(7). For
example,if � , .�d 5 � and � A . 	 5V� , the solutionsto
(7) with \ . 	 arecomplex andtheonly fixedpoint (4)
is � i1%[i " . This is not surprisingin light of the well-
known throughputlimitationsof slottedALOHA.

Any solutionsto (7) thatmaylie in ; < % 	H? arereadily
found usingNewton’s method. Onecaneasily show
that, in general,any solution � � of (7), � � � � � " . < ,
satisfies� � u � � . Notethat � � � � � " � < and � � � 	 " � < .
Therefore,if � � ��� " u < for some� 9 � < % 	 " then,by
theintermediatevaluetheorem,thereis asolution � � to� � � � � " . < in � � � % � " andin ��� % 	 " .

IV. LOCAL CONVERGENCE TO AN EQUIL IBRIUM

POINT USING A MODIFIED GAME

Definethefunction � � � � E " astheright-hand-sideof
(4) anddefinethefunction � � ; < %[i ? = � ; < %[i ? = so
that � . � � , %¡BDB3B3%^� = "£¢ . So, the sequence(2) was
generatedby � �C*m, . � � � �F" B (8)

Considerthefollowing modificationof thegame(8):� �+*-, . � � |G¤ � � � � � " ! � � " (9)

for afixedsmall ¤ u < ; this is simply theJacobiupdate
scheme,seeequation(15)of [12]. For small ¤ , we can
approximate(9) by thecontinuous-timegame¥� ��¦ " . � � � ��¦ "'" ! � ��¦ " B (10)
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Now we will studytheconvergencepropertyof the
correspondingJacobiupdatescheme.Notethat if ¤ .	 , (9) becomestheoriginalgame.Definethefollowing
”potential” functionon ; < %§i ? = :¨ � M �l� K ��� � I � �J K©M � � �ª� � I¬« M �J K¡M � �¡­¯®±° � J-K©M � ��²1�~ �� � � ~£�
We assumethatall � � u < in thefollowing. Since³´¨ � M �³ M � � K J� � � J¬K©M � ��µ �·¶ � � M � K©M � � ��~ � I � ~Y¸¹¡º � � " . < in ; < %§i "£= if andonly if � � � " . � , i.e.,� is anequilibriumpoint of interest.Furthernotethat,
underthedynamics(10) andfor every � ��¦ " 9»; < %[i "'=
thatis not anequilibriumpoint,³´¨ � M �3¼����³ ¼ �¾½À¿ ¨ � M �D¼��)��¸WÁM �D¼�� Â� K �ª� � I J� � � J K�M � � µÀÃ ��~ � I � ~·Ä(�T¶ � � M � K©M � � µ ½��h�
Notethatthecomponentsof theHessianÅ of

º
are³ µ ¨ � M �³ M � ³ MON �ÇÆÈ É K IÊ I ��Ë�Ì�Í Ê I �RËzÎ[ÍÐÏ �~ � IÒÑOÓI �RË Ó if ÔÖÕ� P× ÓzØÙ Î Ñ ÓÊ I ��ËzÎ[Í3Ú �)� J K¡M � � K�Û �·¶ � � M � K�M � ��� if Ô � P

At a stableequilibrium point � of (10) (i.e., � is a lo-
cal minimum of

º
), we requirepositive definiteness

of HessianÅ � � " . Diagonaldominanceof Å is a suf-
ficient conditionfor positive definiteness(seeSection
5.2 of [5]). The Hessianof

º
is diagonallydominant

at � if, for all v , 	 u � p � � �� p � 	©! ��� "§Ü , B For the
exampleof the previous sectionin which � , .Ý� 5 	 �
and � A . 	 5 	 � , theHessianÅ of

º
at theequilibrium

point �)� 5 d % 	 5V� " is diagonallydominant(and, there-
fore, positive definite)but is not diagonallydominant
at ��� 58� % 	 5 d " .

Using
º

asa Lyapunov functionlocally, in this sec-
tion wehaveshown thefollowing proposition.

Proposition2: If thereis anequilibriumpoint � E 9; < %[i "£= with Å � � E " u < then there is a neighbor-
hood Þàß ; < %§i "£= of � E such that: for any initial
transmission-probabilities� � < " 9 Þ , thefunction � ��¦ "
obeying thedynamics(10) will convergeto � E 9 Þ as¦ �
á .

For sufficiently small ¤ , this propositioncanbe ad-
justedto make a statementaboutthe convergenceof
(9) aboutthe equilibrium point � E . We postulatethat
equilibria thatarestablefor (10) arealsostablewhen

¤ . 	 , i.e., for the original iteration(1). Finally, note
that thevectorfield � � � " ! � itself doesnot leadto a
potentialfunctionin general.

V. DISCUSSION

In [7], we studieda network pricing mechanismin
this context; the user demands� � were determined
by thenetwork’spriceper transmittedpacket anduser
utility functionsthataccountedfor userneedandwill-
ingnessto pay. In analternativeapproachto throughput
negotiation,thenetwork setsapriceandtheuserssim-
ply communicateto the network their throughputde-
mands� � ; thenthenetworksimply computesanequi-
librium point for theusersandstipulates(broadcasts)a
transmission-probabilityparameterfor eachuser.
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