
SkopόV  thV  t¶εl¶εutaίaV  ¶εrgasίaV  (2hV  proόdou)  ¶είnai  na  mάqoum¶ε  pwV  upologίzontai  aqroίsmata  thV
morjήV

‚
k=0

n-1

k

1

2
H-1 + nL n

gia aplέV poluwnumikέV morjέV tou k. 

Ap¶εirostikόV         < === >        P¶εp¶εrasmέnoV
                               LogismόV
                      
 ParάgwgoV                      DiajorέV

 D[f[x], x]                               Æi f = fHi + 1L - fHiL
                
limhØ0 

f Hx+hL- f HxL
h

             Df = f(x+1) - f(x)

Sto Mathematica o t¶εl¶εstήV D onomάz¶εtai DifferenceDelta kai gia f(x) = x2 έcoum¶ε

DifferenceDeltaAx2, xE

1 + 2 x

Ston ap¶εirostikό logismό xέroum¶ε pwV iscύ¶εi o tύpoV

D[ xm, x] = m*xm-1                  (2.44)

Autή όmwV h morjή dύnamhV d¶εn iscύ¶εi gia tiV diajorέV: Prάgmati, όpwV ¶είdam¶ε parapάnw έcoum¶ε       

Dx2 = 1 + 2 x  ¹≠  2 x

Gia na iscύ¶εi gia to D tύpoV anάlogoV tou (2.44), prέp¶εi na orίsoum¶ε mia diajor¶εtikή dύnamh.
H dύnamh autή onomάz¶εtai (jqίnousa) paragontikή dύnamh (falling factorial power) kai orίz¶εtai wV ¶εxήV::

xm = x*(x-1)*(x-2)*...*(x-m+1).  Sto Mathematica onomάz¶εtai FactorialPower
FactorialPower@x, 4D êê FunctionExpand

H-3 + xL H-2 + xL H-1 + xL x

ή kai alloiώV
FactorialPower@x, 4D êê TraditionalForm

xH4L

kai iscύ¶εi: 
DifferenceDelta@FactorialPower@x, mD, xD

m FactorialPower@x, -1 + mD

ή kai alloiώV
DifferenceDelta@FactorialPower@x, mD, xD êê TraditionalForm

m xHm-1L

dhladή, iscύ¶εi o tύpoV o anάlogoV proV ton (2.44)

D xm = m*xm-1                    (2.45)

Upάrc¶εi  kai  άllh  morjή  dύnamhV  h  opoίa  onomάz¶εtai  (aύxousa)  paragontikή  dύnamh  (rising  factorial
power)  kai orίz¶εtai apό ton tύpo::

xm = x*(x+1)*(x+2)*...*(x+m-1)



dhladή, iscύ¶εi o tύpoV o anάlogoV proV ton (2.44)

D xm = m*xm-1                    (2.45)

Upάrc¶εi  kai  άllh  morjή  dύnamhV  h  opoίa  onomάz¶εtai  (aύxousa)  paragontikή  dύnamh  (rising  factorial
power)  kai orίz¶εtai apό ton tύpo::

xm = x*(x+1)*(x+2)*...*(x+m-1)
Sto Mathematica h sunάrthsh autή onomάz¶εtai  Pochhammer

Pochhammer@x, 4D êê FunctionExpand

x H1 + xL H2 + xL H3 + xL

Ston ap¶εirostikό logismό iscύ¶εi 

Ÿ gHxL „ x = f(x) + C  ó g(x) = D[f(x),x]

Ston p¶εp¶εrasmέno logismό iscύ¶εi 

   ⁄gHxLd(x) = f(x) + C        ó  g(x) = D f(x)         (2.46)
 
 Ston ap¶εirostikό logismό xέroum¶ε pwV iscύ¶εi:
   

Ÿa
bgHxL „ x = f HxL

b
a

 =  f(b) - f(a)

Eάn g(x) = D f(x) (Shm¶είwsh::  h ¶εύr¶εsh sunάrthshV f(x) pou na plhr¶εί thn ¶εxίswsh g(x) = D f(x) ¶είnai
¶εύkolh  mόno  όtan  g(x)  ¶είnai  poluώnumo  —  p¶εrίptwsh  sthn  opoίa  kai  p¶εriorizόmast¶ε)  tόt¶ε  ston
p¶εp¶εrasmέno logismό iscύ¶εi antίstoica:

⁄a
b gHxL dHxL = f HxL

b
a

 = f(b) - f(a)                  (2.47)

ΌΌpwV apod¶εiknύoum¶ε parakάtw iscύ¶εi kai :

⁄a
b gHxL dHxL = ⁄k=a

b-1gHkL                                 (2.48)

Dhladή to p¶εp¶εrasmέno άqroisma isoύtai m¶ε to sunήq¶εV άqroisma m¶ε όria, όpou ¶εxairoύm¶ε thn timή sto
pάnw όrio.

 Apόd¶εixh: a, b, akέraioi!!

g(x) = Df(x) = f(x+1) - f(x)

Eάn b = a

⁄a
a gHxL dHxL = f(a) - f(a) = 0

Eάn b = a+1

⁄a
a+1gHxL dHxL = f(a+1) - f(a) = g(a)

Eάn to  b auxάn¶εi katά 1

⁄a
b+1gHxL dHxL - ⁄a

b gHxL dHxL = g(b)

===>>> 2.48
*************************
*************************
Ston ap¶εirostikό logismό έcoum¶ε

Ÿ0
nxm „ x = x

m+1

m+1

n
0  = n

m+1

m+1

To antίstoico ston p¶εp¶εrasmέno logismό ¶είnai

⁄k=0
n kmd(c) = ⁄k=0n-1 km = k

m+1

m+1

n
0 = n

m+1

m+1

kai ¶εύkola prokύpt¶εi pwV h sunάrthsh f(x) pou ikanopo¶εί thn scέsh g(x) = D f(x) (όpou g(x) = xm = Factori-
alPower[x, m] ή ¶εdώ g(k) = km) ¶είnai 

f(x) = x
m+1

m+1
 = FactorialPower@x,m+1D

m+1
.

Prάgmati,
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Ston ap¶εirostikό logismό iscύ¶εi 

Ÿ gHxL „ x = f(x) + C  ó g(x) = D[f(x),x]

Ston p¶εp¶εrasmέno logismό iscύ¶εi 

   ⁄gHxLd(x) = f(x) + C        ó  g(x) = D f(x)         (2.46)
 
 Ston ap¶εirostikό logismό xέroum¶ε pwV iscύ¶εi:
   

Ÿa
bgHxL „ x = f HxL

b
a

 =  f(b) - f(a)

Eάn g(x) = D f(x) (Shm¶είwsh::  h ¶εύr¶εsh sunάrthshV f(x) pou na plhr¶εί thn ¶εxίswsh g(x) = D f(x) ¶είnai
¶εύkolh  mόno  όtan  g(x)  ¶είnai  poluώnumo  —  p¶εrίptwsh  sthn  opoίa  kai  p¶εriorizόmast¶ε)  tόt¶ε  ston
p¶εp¶εrasmέno logismό iscύ¶εi antίstoica:

⁄a
b gHxL dHxL = f HxL

b
a

 = f(b) - f(a)                  (2.47)

ΌΌpwV apod¶εiknύoum¶ε parakάtw iscύ¶εi kai :

⁄a
b gHxL dHxL = ⁄k=a

b-1gHkL                                 (2.48)

Dhladή to p¶εp¶εrasmέno άqroisma isoύtai m¶ε to sunήq¶εV άqroisma m¶ε όria, όpou ¶εxairoύm¶ε thn timή sto
pάnw όrio.

 Apόd¶εixh: a, b, akέraioi!!

g(x) = Df(x) = f(x+1) - f(x)

Eάn b = a

⁄a
a gHxL dHxL = f(a) - f(a) = 0

Eάn b = a+1

⁄a
a+1gHxL dHxL = f(a+1) - f(a) = g(a)

Eάn to  b auxάn¶εi katά 1

⁄a
b+1gHxL dHxL - ⁄a

b gHxL dHxL = g(b)

===>>> 2.48
*************************
*************************
Ston ap¶εirostikό logismό έcoum¶ε

Ÿ0
nxm „ x = x

m+1

m+1

n
0  = n

m+1

m+1

To antίstoico ston p¶εp¶εrasmέno logismό ¶είnai

⁄k=0
n kmd(c) = ⁄k=0n-1 km = k

m+1

m+1

n
0 = n

m+1

m+1

kai ¶εύkola prokύpt¶εi pwV h sunάrthsh f(x) pou ikanopo¶εί thn scέsh g(x) = D f(x) (όpou g(x) = xm = Factori-
alPower[x, m] ή ¶εdώ g(k) = km) ¶είnai 

f(x) = x
m+1

m+1
 = FactorialPower@x,m+1D

m+1
.

Prάgmati,

DifferenceDeltaB
FactorialPower@x, m + 1D

m + 1
, xF

FactorialPower@x, mD

ή kai alloiώV

DifferenceDeltaB
FactorialPower@x, m + 1D

m + 1
, xF êê TraditionalForm

xHmL

Apό (2.45), (2.47) kai (2.48)  blέpoum¶ε pwV 

⁄k=0
n-1 k1 = ⁄k=0

n k1 d HkL = f HnL - f H0L.

EpomέnwV, gia m = 1,

⁄k=0
n-1 km = FactorialPower@n,m+1D

m+1
 - FactorialPower@0,m+1D

m+1

  kai ¶εp¶εidή FactorialPower@0, 2D
2

 = 0 έcoum¶ε

  =  FactorialPower@n, 2D
2

 = n*Hn- 1L
2

Prάgmati, όpwV ¶είdam¶ε kai sthn arcή

‚
k=0

n-1

k

1

2
H-1 + nL n

Gia m = 2, dhladή gia na upologίsoum¶ε to άqroisma

⁄k=0
n-1 k2, ta prάgmata d¶εn ¶είnai tόso aplά όso gia m = 1, diόti k2 ¹≠ k2. Eύkola όmwV blέpoum¶ε pwV 

k2 = k2 + k1 =  k2 + k1 

EpomέnwV, 

⁄k=0
n-1 k2 =   ⁄k=0

n Ik2 + k1 Md(k) = ⁄k=0
n k2d(k) + ⁄k=0

n k1 d(k) =

f2(n) - f2(0)  + f1(n) - f1(0) , 

όpou

f2(x) = FactorialPower@x, 3D
3

;   f1(x) = FactorialPower@x, 2D
2

.

M¶ε άlla lόgia kai ¶εp¶εidή f2(0) = f1(0) = 0 έcoum¶ε

⁄k=0
n-1 k2 = FactorialPower@n, 3D

3
 + FactorialPower@n, 2D

2
  = 

Summation.nb   3



Gia m = 2, dhladή gia na upologίsoum¶ε to άqroisma

⁄k=0
n-1 k2, ta prάgmata d¶εn ¶είnai tόso aplά όso gia m = 1, diόti k2 ¹≠ k2. Eύkola όmwV blέpoum¶ε pwV 

k2 = k2 + k1 =  k2 + k1 

EpomέnwV, 

⁄k=0
n-1 k2 =   ⁄k=0

n Ik2 + k1 Md(k) = ⁄k=0
n k2d(k) + ⁄k=0

n k1 d(k) =

f2(n) - f2(0)  + f1(n) - f1(0) , 

όpou

f2(x) = FactorialPower@x, 3D
3

;   f1(x) = FactorialPower@x, 2D
2

.

M¶ε άlla lόgia kai ¶εp¶εidή f2(0) = f1(0) = 0 έcoum¶ε

⁄k=0
n-1 k2 = FactorialPower@n, 3D

3
 + FactorialPower@n, 2D

2
  = 

n* Hn - 1L* Hn - 2L

3
+
n* Hn - 1L

2
êê Factor

1

6
H-1 + nL n H-1 + 2 nL

Prάgmati, 

‚
k=0

n-1

k2

1

6
H-1 + nL n H-1 + 2 nL

TέloV,  gia  na  upologίsoum¶ε  to  ⁄k=0n-1 k3  prέp¶εi  na  broύm¶ε  pwV  sundέ¶εtai  to  k3  m¶ε  to  k3.   Ekt¶εlώntaV
prάx¶εiV m¶ε to cέri (ή kai m¶ε thn boήq¶εia tou Mathematica) blέpoum¶ε pwV

k3 = 2 k - 3 k2 + k3.  ΆΆra, 

k3 = k3 + 3 k2 - 2 k = k3 + 3(k2 + k1) -2 k1 = 
     = k3 + 3k2 + k1.
    
EpomέnwV, 

⁄k=0
n-1 k3 = f3(n) - f3(0) + 3( f2(n) - f2(0))  + f1(n) - f1(0), 

όpou 

f3(x) = FactorialPower@x, 4D
4

;

f2(x) = FactorialPower@x, 3D
3

;   f1(x) = FactorialPower@x, 2D
2

Ep¶εidή d¶ε fi(0) = 0, i = 1, 2, 3, έcoum¶ε

⁄k=0
n-1 k3 = f3(n) + 3 f2(n)  + f1(n) 

Prάgmati, orίzontaV thn sunάrthsh

fm_@x_D :=
FactorialPower@x, m + 1D

m + 1
;

έcoum¶ε
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f3@nD + 3 f2@nD + f1@nD êê FunctionExpand êê Expand êê Factor

1

4
H-1 + nL2 n2

‚
k=0

n-1

k3

1

4
H-1 + nL2 n2

H***********L

H***********L

Mέcri tώra ¶είdam¶ε q¶εtikέV dunάm¶εiV.

x3 = x(x -1)(x - 2)
x2 = x(x -1)
x1 = x
x0 = 1

Prosέxt¶ε pwV gia na pάm¶ε apό to x3  sto x2 diairoύm¶ε m¶ε to (x - 2). OmoίwV gia na pάm¶ε apό to x2  sto x1
diairoύm¶ε m¶ε to (x - 1) kok.  

ΆΆra, gia na pάm¶ε apό to x0 sto x-1 diairoύm¶ε m¶ε to (x - (-1)) = (x + 1) kai έcoum¶ε

x-1 = 1
x+1

x-2 = 1
Hx+1L Hx+2L

x-3 = 1
Hx+1L Hx+2L Hx+3L

Gia tiV kanonikέV dunάm¶εiV iscύ¶εi

xm+n = xm xn

Gia tiV jqίnous¶εV paragontikέV dunάm¶εiV iscύ¶εi

xm+n = xm (x - m) n.  

ΈΈtsi, gia parάd¶εigma έcoum¶ε

x2-3 = x2 (x - 2) -3 = x(x-1) 1
Hx-1L xHx+1L

 = 1
x+1

 = x-1. 

OmoίwV,
x4-5 = x4 (x - 4) -5 = x(x -1)(x-2)(x - 3) 1

Hx-3L Hx-2L Hx-1L xHx+1L
 = 1

x+1
 = x-1.

ΆΆra, xέroum¶ε tώra na upologίzoum¶ε aqroίsmata thV morjήV 

⁄a
b xm dHxL =  x

m+1

m+1
b
a

 ,   m¹≠-1

gia kάq¶ε timή tou m ¶εktόV apό -1.

Apό ton ap¶εiristikό logismό xέroum¶ε pwV 

Ÿa
bx-1 „ x  = lnHxL

n
0 

Ston p¶εp¶εrasmέno logismό qέloum¶ε na broύm¶ε mia sunάrthsh, f(x), tέtoia ώst¶ε 

x-1 = 1
x+1

 = Df(x) = f(x+1) - f(x).

H sunάrthsh autή — ¶εύkola blέpoum¶ε pwV — ¶είnai thV morjήV 

f(x) = 1
1

+ 1
2

 + 1
3

+ ... + 1
x
, 

diόti an pάroum¶ε 
f(x+1) = 1

1
+ 1
2

 + 1
3

+ ... + 1
x
 + 1

x+1
,

tόt¶ε
f(x+1) - f(x) = 1

x+1
 = x-1.

H sunάrthsh autή ¶είnai to antίstoico tou ln(x), kai onomάz¶εtai armonikόV ariqmόV, Hx.  ΆΆra,

⁄a
b xm dHxL = 

xm+1

m+1
b
a

, m ¹≠ -1

Hx
b
a

, m = -1.

ΈΈcontaV t¶εl¶εiώs¶εi m¶ε ta aqroίsmata paragontikώn dunάm¶εwn qa ¶εx¶εtάsoum¶ε pwV m¶εtabaίnoum¶ε apό tiV
sunήq¶εiV dunάm¶εiV stiV antίstoic¶εV paragontikέV. Autό gin¶εtai m¶ε touV ariqmoύV StirlingS2. 

Arcίzoum¶ε  όmwV  ¶εx¶εtάzontaV  touV  duwnumikoύV  sunt¶εl¶εstέV  (Binomial coefficients), 
n
k ,  όpou  

n
k  = o

ariqmόV twn trόpwn m¶ε touV opoίouV dialέgoum¶ε k antik¶είm¶εna apό έna sύnolo n antik¶εimέnwn. 

Parάd¶εigma, apό to sύnolo twn 4 stoic¶είwn  {1, 2, 3, 4} mporoύm¶ε na pάroum¶ε z¶εύgh m¶ε  
4
2  = 6 trόpouV,

dhladή {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}. G¶εnikά iscύ¶εi o tύpoV

n
k  = nHn-1L... Hn-k+1L

k!
 = n

k

k!

Oi duwnumikoί ariqmoί ¶είnai sunt¶εl¶εstέV sthn parάstash

Hx + yLn  = ⁄k=0
n n

k xk yn-k, όpou ¶εdώ to 
n
k  maV lέ¶εi ton ariqmό twn όrwn όpou to x ¶εmjanίz¶εtai k jorέV

kai to y ¶εmjanίz¶εtai n - k jorέV.
Parάd¶εigma:: Sthn έkjrash
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Mέcri tώra ¶είdam¶ε q¶εtikέV dunάm¶εiV.

x3 = x(x -1)(x - 2)
x2 = x(x -1)
x1 = x
x0 = 1

Prosέxt¶ε pwV gia na pάm¶ε apό to x3  sto x2 diairoύm¶ε m¶ε to (x - 2). OmoίwV gia na pάm¶ε apό to x2  sto x1
diairoύm¶ε m¶ε to (x - 1) kok.  

ΆΆra, gia na pάm¶ε apό to x0 sto x-1 diairoύm¶ε m¶ε to (x - (-1)) = (x + 1) kai έcoum¶ε

x-1 = 1
x+1

x-2 = 1
Hx+1L Hx+2L

x-3 = 1
Hx+1L Hx+2L Hx+3L

Gia tiV kanonikέV dunάm¶εiV iscύ¶εi

xm+n = xm xn

Gia tiV jqίnous¶εV paragontikέV dunάm¶εiV iscύ¶εi

xm+n = xm (x - m) n.  

ΈΈtsi, gia parάd¶εigma έcoum¶ε

x2-3 = x2 (x - 2) -3 = x(x-1) 1
Hx-1L xHx+1L

 = 1
x+1

 = x-1. 

OmoίwV,
x4-5 = x4 (x - 4) -5 = x(x -1)(x-2)(x - 3) 1

Hx-3L Hx-2L Hx-1L xHx+1L
 = 1

x+1
 = x-1.

ΆΆra, xέroum¶ε tώra na upologίzoum¶ε aqroίsmata thV morjήV 

⁄a
b xm dHxL =  x

m+1

m+1
b
a

 ,   m¹≠-1

gia kάq¶ε timή tou m ¶εktόV apό -1.

Apό ton ap¶εiristikό logismό xέroum¶ε pwV 

Ÿa
bx-1 „ x  = lnHxL

n
0 

Ston p¶εp¶εrasmέno logismό qέloum¶ε na broύm¶ε mia sunάrthsh, f(x), tέtoia ώst¶ε 

x-1 = 1
x+1

 = Df(x) = f(x+1) - f(x).

H sunάrthsh autή — ¶εύkola blέpoum¶ε pwV — ¶είnai thV morjήV 

f(x) = 1
1

+ 1
2

 + 1
3

+ ... + 1
x
, 

diόti an pάroum¶ε 
f(x+1) = 1

1
+ 1
2

 + 1
3

+ ... + 1
x
 + 1

x+1
,

tόt¶ε
f(x+1) - f(x) = 1

x+1
 = x-1.

H sunάrthsh autή ¶είnai to antίstoico tou ln(x), kai onomάz¶εtai armonikόV ariqmόV, Hx.  ΆΆra,

⁄a
b xm dHxL = 

xm+1

m+1
b
a

, m ¹≠ -1

Hx
b
a

, m = -1.

ΈΈcontaV t¶εl¶εiώs¶εi m¶ε ta aqroίsmata paragontikώn dunάm¶εwn qa ¶εx¶εtάsoum¶ε pwV m¶εtabaίnoum¶ε apό tiV
sunήq¶εiV dunάm¶εiV stiV antίstoic¶εV paragontikέV. Autό gin¶εtai m¶ε touV ariqmoύV StirlingS2. 

Arcίzoum¶ε  όmwV  ¶εx¶εtάzontaV  touV  duwnumikoύV  sunt¶εl¶εstέV  (Binomial coefficients), 
n
k ,  όpou  

n
k  = o

ariqmόV twn trόpwn m¶ε touV opoίouV dialέgoum¶ε k antik¶είm¶εna apό έna sύnolo n antik¶εimέnwn. 

Parάd¶εigma, apό to sύnolo twn 4 stoic¶είwn  {1, 2, 3, 4} mporoύm¶ε na pάroum¶ε z¶εύgh m¶ε  
4
2  = 6 trόpouV,

dhladή {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}. G¶εnikά iscύ¶εi o tύpoV

n
k  = nHn-1L... Hn-k+1L

k!
 = n

k

k!

Oi duwnumikoί ariqmoί ¶είnai sunt¶εl¶εstέV sthn parάstash

Hx + yLn  = ⁄k=0
n n

k xk yn-k, όpou ¶εdώ to 
n
k  maV lέ¶εi ton ariqmό twn όrwn όpou to x ¶εmjanίz¶εtai k jorέV

kai to y ¶εmjanίz¶εtai n - k jorέV.
Parάd¶εigma:: Sthn έkjrash
Hx + yL Hx + yL êê Expand

x2 + 2 x y + y2

όpou n = 2, to x ¶εmjanίz¶εtai 0 jorέV ston όro y2 kai άra 
2
0  = 1. To x ¶εmjanίz¶εtai 1 jorά stouV όrouV

x*y kai y*x   kai άra 
2
1  = 2. TέloV, to x ¶εmjanίz¶εtai 2 jorέV ston όro x2  kai άra 

2
2  = 1.

Sto Mathematica upologίzontai apό thn sunάrthsh 
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? Binomial

Binomial@n, mD gives the binomial coefficient n
m .  à

kai kalώntaV thn 
Column@Table@Binomial@n, kD, 8n, 0, 4<, 8k, 0, n<D, CenterD

81<
81, 1<

81, 2, 1<
81, 3, 3, 1<

81, 4, 6, 4, 1<

έcoum¶ε  touV  duwnumikoύV  sunt¶εl¶εstέV  s¶ε  morjή  trigώnou  — tou  gnwstoύ  trigώnou  Pascal ή  Tartaglia
(sthn Italίa). Oi grammέV tou parapάnw pίnaka ariqmoύntai m¶ε n = 0, 1, 2, 3, 4, όpou to n autό ¶είnai to n

tou duwnumikoύ sunt¶εl¶εstή 
n
k .  Oi stήl¶εV d¶εn ¶είnai s¶ε kalή diάtaxh, allά par’ όla autά blέpoum¶ε

pwV kάq¶ε duwnumikόV sunt¶εl¶εstήV ¹≠ 1 isoύtai m¶ε to άqroisma twn 2 sunt¶εl¶εstώn pou brίskontai sthn
¶εpάnw grammή kai diagώniά tou.  
KalώntaV thn sunάrthsh tώra lίgo diajor¶εtikά
Column@Table@Binomial@n, kD, 8n, 0, 4<, 8k, 0, n<DD

81<
81, 1<
81, 2, 1<
81, 3, 3, 1<
81, 4, 6, 4, 1<

¶εuqugrammίzoum¶ε kai tiV stήl¶εV, oi opoί¶εV ariqmoύntai m¶ε k = 0, 1, 2, 3, 4, όpou to k autό ¶είnai to k tou

duwnumikoύ sunt¶εl¶εstή 
n
k .  Ston ¶εpόm¶εno pίnaka jaίn¶εtai tόso h arίqmhsh tou n, όso kai h arίqmhsh

tou k

:" pίnakaVHn
k
L όpou n¯ kai kØ ", Table@k, 8k, 0, 4<D, " ",

Thread@8Column@Table@n, 8n, 0, 4<DD, Column@Table@" --ØØ ", 85<DD,

Column@Table@Binomial@n, kD, 8n, 0, 4<, 8k, 0, n<DD<D>

: pίnakaVHn
k
L όpou n¯ kai kØ , 80, 1, 2, 3, 4<,

, :

0
1
2
3
4

,

--ØØ

--ØØ

--ØØ

--ØØ

--ØØ

,

81<
81, 1<
81, 2, 1<
81, 3, 3, 1<
81, 4, 6, 4, 1<

>>

Apό autήn thn diάtaxh tou pίnaka blέpoum¶ε kat'  arcάV pwV όtan k = 0, 
n
0  = 1, gia kάq¶ε timή tou n.

Epiplέon, blέpoum¶ε pwV gia kάq¶ε duwnumikό sunt¶εl¶εstή  ¹≠ 1 iscύ¶εi h scέsh

n
k   = 

n - 1
k  + 

n - 1
k - 1  .

Sugk¶εkrimέna, o duwnumikόV sunt¶εl¶εstήV 6 = 
4
2  = 

3
2  + 

3
1  = 3 + 3.

Hx + yLn  = ⁄k=0
n n

k xk yn-k,    gia x = y =1 ==>>  H2Ln   =  ⁄k=0
n n

k   kai ¶εpomέnwV kάq¶ε s¶εirά sto trίgwno

Pascal aqroίz¶εi s¶ε 2n.  

Gia x = -1 to aqroisma twn stoic¶είwn kάq¶ε s¶εirάV, m¶ε to prόshmo na ¶εnallάs¶εtai, ¶είnai 0
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Hx + yLn  = ⁄k=0
n n

k xk yn-k,    gia x = y =1 ==>>  H2Ln   =  ⁄k=0
n n

k   kai ¶εpomέnwV kάq¶ε s¶εirά sto trίgwno

Pascal aqroίz¶εi s¶ε 2n.  

Gia x = -1 to aqroisma twn stoic¶είwn kάq¶ε s¶εirάV, m¶ε to prόshmo na ¶εnallάs¶εtai, ¶είnai 0
? StirlingS2

StirlingS2@n, mD gives the Stirling number of the second kind Sn
HmL.  à

Column@Table@StirlingS2@n, kD, 8n, 0, 4<, 8k, 0, n<D, CenterD

81<
80, 1<

80, 1, 1<
80, 1, 3, 1<

80, 1, 7, 6, 1<

Column@Table@StirlingS2@n, kD, 8n, 0, 4<, 8k, 0, n<DD

81<
80, 1<
80, 1, 1<
80, 1, 3, 1<
80, 1, 7, 6, 1<

Oi ariqmoί Stirling 2ou tύpou, ¶είnai oi ariqmoί :
n
k >

 pou crhsimopoioύntai gia thn m¶εtatropή 
 

 xn = ⁄k :
n
k > xk.

 

 :
n
k > = o ariqmόV twn trόpwn pou mporoύm¶ε na cwrίsoum¶ε έna sύnolo s¶ε k mh-k¶εnά uposύnola.

 

 {1, 2, 3, 4}  :
4
2 > = 7 diόti

 {1, 2, 3}‹{ 4}, {1, 2, 4}‹{ 3}, {1, 3, 4}‹{ 2}, {2, 3, 4}‹{ 1}, {1, 2}‹{ 3, 4}, {1, 3}‹{ 2, 4}, { 2, 3}‹{ 1, 4}.
 
 Edώ iscύ¶εi h scέsh
 

  :
n
k > =  k*:

n - 1
k > +  :

n - 1
k - 1 >

Column@Table@StirlingS2@n, kD, 8n, 0, 4<, 8k, 0, n<DD

81<
80, 1<
80, 1, 1<
80, 1, 3, 1<
80, 1, 7, 6, 1<

Eίcam¶ε d¶εi pwV 

x0 = x0

x1 = x1

x2 = x2 + x1

x2 = x2 + x1

x3 = x3 + 3x2 + x1

x4 = x4 + 6x3 + 7x2 + x1  (d¶εxiά ö arist¶εrά)
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:" pίnakaV 8
n
k
< όpou n¯ kai kØ ", Table@k, 8k, 0, 4<D, " ",

Thread@8Column@Table@n, 8n, 0, 4<DD, Column@Table@" --ØØ ", 85<DD,

Column@Table@StirlingS2@n, kD, 8n, 0, 4<, 8k, 0, n<DD<D>

: pίnakaV 8
n
k
< όpou n¯ kai kØ , 80, 1, 2, 3, 4<,

, :

0
1
2
3
4

,

--ØØ

--ØØ

--ØØ

--ØØ

--ØØ

,

81<
80, 1<
80, 1, 1<
80, 1, 3, 1<
80, 1, 7, 6, 1<

>>

:
4
3 > =  3*:

3
3 > +  :

3
2 > = 3*1 + 3
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