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TiI TTapouciacTnke otnv 4" dIAAECN

* Kavovikn popen mtpoBANUaToC YPOoLLULKOU
TPOYPUULOATICUOV.

* Baowkd Osowpnuato ko oplopoi.

* MéBooog simplex.

* [Ipocoloptopndc eAAYIGTNC EPIKTNC ADONG.

* YTOAOYIOTIKEC OLOOIKAGIEC.

o [Topatnpnoeig oyetikd pe T nEBooo simplex



[Tapadeiyua 7

* Mo emyeipnon KataoKEVLACEL TGAVTEG Y10, UTAGTOVVIN TOV
vkoAQ. [0 va Kataokevaotel Lo todvia cuoupdiiovy 4
TUNULOTO TOV EPYOGTAGIOV LE EPYUGIEC OTTMC:

o 1. Koyo ko Béyipo tov vAtkov,

° 2. Paypo,

* 3. TeAstoporta (Kovumd, eeEPLOVAP KAT.),

* 4."EAgy)0¢ Kl GCLGKELOGIO.

* H romkn toavta anartel ypovo (0.7,0.5, 1, 0.1) opec yia
K&Oe Todvta Ko amo@Epel KEPOog 10€.

* H molvtein todvta amoutel ypovo (1, 5/6 , 2/3 , 1/4) opec yio
K&Oe Todvto Ko amo@Epel KEPOOS 9€E.
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[Tapaodelyua 7 (ouvexeia)

* To enduevo 4-unvo umopel va pyactel To KdOe Tunqua:
° 1. Koyipo: 630 opeg

o 2. Payipo: 600 mpec

* 3. TeAcwopora: 708 mpec

* 4, Yvokevaocia: 135 opec

* [16cec toavteg amd kaBe €looc mpémetl va mopayHovv To
EMOUEVO TETPAUNVO, DGTE VO LEYIGTOTOINOOVV Ta KEPON?

* [1660 eivor T0 LEYIOTO EVOEYOUEVO KEPOOS?



apaoElyua 8
* 'Eva epyootdoto mopdyet 3 €iomn mpoioviwv:

° 1. TV set pue k€pooc 100€ avd tepdyio

o 2. Stereo pe kepoog 30€ ava tepdyto

® 3. Hyela pe xképoog 30€ avd tepdyro

° Tl va kataokevaotel Eva TV set anattovval:

° {ltuy mhouciov, 1ty mpoPoiéa ewovog, 2 TUY KOVOL
nyetov, Ltuy Tpo@oodTn PELUATOC, 2T NAEKTPOVIKOV |

° [0 vo KOTOoOKEVOOTEL €V, Stereo omottoVVTOL:

° {ltuy mAouciov, 2 Ty KOVOL NyEi®V, 1Ty TpoPoddTN
pevuaToc, lTtuy nAektpovikwv}

° [0 vo KATOOKELOOTEL EVOL NYELO OTTOLTOVVTOL:

° {1 tuy xwvov nyeiwv, Ituy nAektpovik®v}



apGdeiypa 8 (ouvEXEID

* To gpyoctdclo oty amodnKmn Exet:

° 1. 450ty mionciov

o 2. 250ty mpoforéa etkdvag

* 3. 900 Tuy x®wvov Nyelwv

° 4. 450ty TPoPOOOTN PEVUATOC
® 5. 600ty NAEKTPOVIKOV

° [I6ca tepdyio amd KAOe TPOiIOV TPEMEL VOL KATAGKEVACEL,
(OGTE VO, LEYIGTOMOINCEL TO KEPOOC TOV?



[TepiexOpEVO SNS BIAAECNC

* EmmAéov B€pota Kol EMEKTAGELS TOL YPOLUULIKOV
TPOYPUULOATIGUOV.

* AvaBewpnuévn nEbooog simplex.

® AVTKOTNTO GTO YPOUULKO TPOYPUULOTIGUO.

* Oempnua TN OLIKOTNTOC.

® Yyéon UE TN oloKaGio sitmplex.

* EvaitoOnoio Kol COUTANpOUOTIKT YOAAPOTNTA.

* Avikn nuébooog simplex, avoymyn YPOoUUIKOV AVIGOTHTOV.

o [IpofAuata petapopmv.

* Alyop1Ouog Karmakar.



P——

| Elcaywyn

* H uéboooc simplex pumopei va ypnoiponomOei yio tnv
EMIAVGT TPOPANUATOV YPOLULKOD TTPOYPOLLULATIGLOVD.

° ['ia mpoPAnuato pe TOAAEC LETAPANTES KOl TEPLOPIGUOVE
EYOVV KATOOKEVOUOTEL TEYVIKEC TOV £YOVV KOADTEPT
amO000n G€ oYEom Ue TN uEBooo simplex, Ommc m.y. M
avoaBempnuévn nEbBoodog simplex. H Bootkn owopopd tng
uebooov simplex e oyeon e v avabempnuévn e
£KO0OT E€1vVaL OTL GTNV TPMOTN UETATPETOVUE OAEC TIC TIUEC
TOV TTIVOKOL, EVO GTT 0EVTEPT ATOLTEITOL VO LETOTPOTOVV
LOVO TOL GTOLYELD TOV OVTIGTPOPOV TIVOKCL.



Eilcaywyn

* [o kGO TPOPANUA YPUUUIKOD TPOYPOULATIGULOV UTOPET
VO, GYNUOTIOTEL £Va. 0VTIGTOY0, TO OTOL0 OVOUACETL OVIKO
(dual).

* H eniAvon tov mpoPAnuortoc umopel va emtevyel péow
NG EMIAVONC TOV OVIKOV, TOAAEC POPEC O ATTALL.

* Av 10 TPpOPANUA YPOLUIKOD TTPOYPOULUOTICUOD EYEL
GUYKEKPLUEVT] OOUT) UTOPEL VOL EQOPUOGTEL 1| APy TNG
anocvvOeonc (decomposition principle) kot vo emAvOel pe
KOAVTEPT ATOOOGT).

® 2Yuyva o 6toyoc givar va Ppedel n BEATIOTN ADoM, aAAd
VTTAPYOVV TEPUMTTMOGELC, GTIC OTOIEC avalnNTEITOL TMC Ol
TOPAUETPOL TOV TTPOPANUOTOC ennpedlovy TN BEATIO
AOoon. Ondte n avaivon evoucOnoiac eivor onuovtikn.



PPAVaBswpnuévn péBodoc simplex

* H péboodoc simplex amattei Tov vwoAoyIGUO Kol TNV amoOnKevon
GT1 UVNUN TOV GLVOAKOV Ttivaka (tableau) e kKGOe emavainyn.
[ToAAEC popég To tableau eivon moAD peydioc.

® ApKETEC OO TIC TANPOPOPIEC TOV TTIVAKO OEV YPNGILULOTOIOVVTOL
KOl TOAAEC EYYPOAPES EIval UNOEVIKEC.

* H avaBempnuévn néboooc simplex eivatl pobnuaticd 16odvvaun e
NV TVTIKT LEBooo simplex, aAld aALECEL 6TV LVAOTOINON.

* Avti va owatnpel to tableau mov avTUTPOCMOTEVEL TOVG
TEPLOPICULOVE, TPOGUPULOGUEVOVS GTO GUVOAO TMV PACIKOV
LeTAPANTOV, OtoTnpel TNV avamapdcToo™ TG fdons TOV TIvako.
TOV avOToPLoTd Tovg eplopioovs. H avabempnuévn Ekdoon
VTOAOYICEL KAl amoOnKedEL LOVO TN GYETIKN TANPOPOPI TOV
amorteiton Yo T Pertimon g cvyKkeKpUEVNS Avonc. M’ avtov
TOV TPOTO £V VTTOAOYIGTIKA TTLO ATOOOTIKN.






TTPOYPAMHMATIONO

* H ovaotkotnta 1 dvikotnta 6to TpofAnuata
BeAtioTOMOINONG TPAKTIKG 0LPOPE. GTO LETOOYNLUATIGLO
TOV TPOPANUATOV GE OLOPOPETIKT] LOPPT), | OTTOL0L OO YEL
o€ Euueon eniAvomn TV TPOoPANUATOV. APKETEC POPEC
LT N LEOOOOC Elvar amOdOTIKOTEPN.

* To apyiko mTpdPANUa ovoudleTon TPOTOTLTO N TPOTEV MOV
(primal) Kol TO LETAGYNUATICUEVO OLAOIKO 1] TTOUPAAANAO
1N oviko (dual).

® To ovikO TPOPANUA ATOTEAEL LETAGYNUATIGUO TOV
TP®TEVLOVTOC. O1 TOPAUETPOL TOV OLIKOV TPOPANUATOC
etvan ol toAamhooctaotéG Lagrange tov mpmTeLOVTOC.



TTPOYPAUNATIONO

* Xe k@Be apyiko N tpwtevov (primal) TpoPAnU YpoULKOD
TPOYPOULOTIGLOD AVTIGTOLYEL EVO TOPAAANAO 1 OLAOIKO T
OviKo mpoOPAnua (dual) ko

* N BEATIGTN AVGT TOL EVOC OivEL TANPOGOPTGT Y1d TN
BeATioTN ADon ToL AAAOV.

* KAOGOTKEC TEPITTMOCELS EPUPLOYNG OVIKOTNTOGC:

® Otav o1 TEPLOPLGHOL TOV TPOTEVOVTOC EIVOL TEPIGGOTEPOL
amo T LETUPANTEC amOpacnC (m>n).

® X ueptkn eveMéia TV olobEcIU®Y TOPMV.
* XV avdivon evaicOnciog.



,%n«')mm oTO vpappl!Ko

TTPOYPOMUATIONO

* Mg dAda AOY10, avTi vo ADGOVUE TO TPOTEVOV TPOPBAN UL
LUTOPOVLE VO KATAGKEVAGOLUE KOl VO, ETAVGOVUE TO
1600VVALO TOV OVIKO, OVTAMVTOS OVGLUGTIKA TIC 101EG
TANPOPOPieg KaBMS TPOKELTUL Yo TO 1010 TPOPANUAL.

* H BéAtiom ADon tov ovikov givon AppnKTO GLVOEOEUEVT
LLE T1] AVGT TOL TPOTEVOVTOC LUE TETOLOV TPOTO, MGTE EAV
TPOCOLOPICOVUE TN PEATIGTN AVGT TOV TPOTEVOVTOG
wpoPANuatoc Bo LTOPOVUE VO OVOKT)GOVUE AUEGH KO T
BEATIGTN ADON TOL OLIKOV.



,%n«')mm oTO vpappl!Ko

TTPOYPONUATIONO

* H xatdotpmon Tov ovikov mTpoPANUaToc:

® givor TOAD ypnoun yo TpoPANUATO LE TOAAEC
LETAPANTEC amOPaoNC Ko AlYOue TEPLOPIGLOVE, O10TL TO
OVIKO €lval amAoVGTEPO Vo, AVOEL Yiati £xel Alyec
HeETAPANTEC amoOPaoNG.

® £YELEQPUPLOYTN OTIC AVOAVGELS gvaloOnaciog.

® £YEL O PLOIKT) EPpUNVELN OTOV TO TPOPANLLOL YPOULLKOD
TPOYPUULUOTIGUOV TTPOEPYETUL ATTO TNV TEPLOYN TNG
otkovouiag N e€etdletal Lo T0 TPicua TS Bewpioc
TOLYVIOV.



TEVOUMION KAOVOVIKNG HOPPNC
TTPORANMATOC YPAUMIKOU TTPOYPAUMATIONOU
* Eival mpoPAnua peyistonoinong.

* ‘OAot o1 TEPLOPIGLLOL ETVOL AVIGOGELC TNEC LOPPTNE <

® OAec o1 petafAntéc etvor un-opvnTikec.

* OAo ta TpoPATHOTO LTOPOVV VO LETATPOATOVV GTNV
KOVOVIKT] LOPPN. AVAAOYOL LE TN YPTCILOTOLOVULEVT
ueboooroyia ko BipAoypapio 1 KOVOVIKY) LOPON
OLaPEPEL EAAYLOTAL.



PDOBANUO KAVOVIKAC HOPPAC

max z = C, X, +CEIE+...+C’ X

n n
S.L.
apx+ . .. taxi+ o tax,+ ... Sh
Gy ¥ v e A E ... FOLXF .. BB,
L
iyt e e FGEX: ... HALX S+ ... Sb,

XioXoineenXy 20,

¢ ,b, a; (i=1,2,..,m, j=12,...,n)
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(LOPPN TTIVAKWV)
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Ax<b
x=0

OTOV:;

) Uy .- ypim X bl
Ayy Gy = Qapyy
A= y) Gyp ' Cypum [ X= 'Ij b= b,

n

Apoy v O

m.n4m | _I”.|_m | | “n+m |



OUIKO TTPORANUA

[Mporedov mpofinpa Avadiko mpofinua
mﬂle:ET.E minZ, =b-Y
st. A-X<b st. A'-Y=>C'
X=0 Y>>0
OO

-

SR - L o L

Mavoopn povadiaimy adlov swotdoewy 1 X n
v Ld apyiKoyv PeTaPfAntov dlaotaceny n x|
dliveoua ovadikoy pPetafAntoy dwotaceov 1 xm
UNTPMO CUVIEAEGTOV OUOTAGEMY M X N

dldvooua otabepmv oTNANS dlaoTacemy mx | .
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PWTEUOVTOC TTPORBANMATOC O€ OUIKO
Hapaderypa 1
Na fipebel o duikd Tov mopakars TpofAiuoTos ypauKoD TPoy Pl UETILLON.
max £=6-x,+3-x,+2-x,
sL
B-x, +5-x,4+x, <40
x4+, +2-, 515
1l-x, +8-x,4+2-x, <18

X555 20

12°°%

Avar
Me Paom oo avapéptinkoy mapoamavo, 1o Suikd Tpofinua ypaupkon TPoYPUUUETIoNOD TOU TEPETave
TpoTEBOVTOC Tpofinuatos, wropel va dapoppumbel me eENng:

min U =40-w, +15-w, +18-w

W 5 Wy . 1y

L

S-w, +3-w,+11-w, 26
Sy +2-w, +B-wy =3
w+dw+2-w 22

Wy, Wy, Wy 20



AUIKO TTpORANua

min y=bw, +bw,+...+b w,

Wy e W
S.1.

aw+ .. .. Fa,w+ .. +a,w,+
aw+ .. .. +ta,w+ .. +a .w+

III"Tlrrw‘}l + i Sl +w_,r'm'rj ity +ﬂmu wﬂ' T

W, W,,...,w 20,

ERAE T
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[TapaTtnpnoelc duikou

g Guikn petafinmy opiletm v Kebéviy and Toug m TEPIopIGUOTS TOD TPOTEDOVIOS TPO-
Piiato,

£V OUiKGC mepopapos opiletal yia kabepio and T n petaAnTEs TOU TPWIELOVTOS TPO-
pafuoros,

01 CUVTEAECSTES Tow UETAPinTdv evos duikoD mpofAnuaTos WoUvTHL I TOUS CUVTELEGTES TNS
TUVOEOUEVIC HETAPANTAC TOU TpuTEbOVTO: Tpofinuatog.

01 TUVTEAEOTES TNC GVTIKELLEVIKT|C GUVEPTNONG Tou duikol mpopinuartoc tovtilovial e Ta
GECIA LEAT TOV TEPIOPITILEY TOU TPWTELOVTOS TpofAfuartoc.

10V TUpaKdTe TIVOKD, TapovalaleTul oyUaTikg 0 UETAaYMUMTIONOS ToU TPOTELOVTOS o8
oviko kufdg Kol 1) oyEST] TOU ITAPYEL LETAED TOUC,



IKO

PPMETATPOTIN TIPWTEUOVTOG O€ C

Bnuara petatpomic mpopfinuartog I'Tl oto dvadikd tov eivan ta:

. Avrikatdoteon 1oV n opylkoOv petafintov amogacng X, and m
ovadikeg petafintés v,

AvaoTpogn UNTPOOL CUVTEAEGTOV

Avnipetabeon twv b, xai c;

Avniotpopn avicoTikmy cuuPoimy
Alraym otoyov felniotomoinong e AL

i dE. .



- MeTartpotrj TTpWTEUOVTOC O€ BUIKO

Mivaxog 6-1 Iyfesic mpoTevovroc-dvadixo mpofiajuatog

Ipotenov apopinpa Avadiko mpofinpa

Metafiinti A Yi

Apibuoc petapintov : N , m

Apiuoc tepropiopay | M i g
Tovrekeomic AX | c, I b,

Mntpwo cuvteieatov i A ! A’
TUVIEAEOTES i d; i d 5
[lepropicuoi ! < I =
Etoyoc AX | max ; min

Me tov tpomo avtd, mpofinpara T'Tl moiliomv uerafiinrov kel Alyov
TEPIOPIFUMY UETUTPETOVTUL AUECH OE TPOPANUAT ToLL@mV TEPIOPITUOV Kl
Alyeov petafiintev Kal 1) £xiivon) tous kaebiotatal EvkKoAOTEPT).



[Ipwrevov [poPinua
LUVIEAEGTEG TOU Aedro
:'[J :'I:l L Eﬂ. Tj"lt-"'tri
LUVTE- a a a <b
by ¥ 1 12 In =1
EOTEC )
00 ¥ 4 d 37 d;, = b, '?:
&3 .
B £
< >0 8 3 E
* 5
=
=
< :
}?rr: Ei!11I. aml (i3] = bm -l
Agf16 Tunpo = Zc, ZC,
Tuyreieotec AL (max)

[Topatnpeitoar OTL:

* Ol TOPAUETPOL TOV TEPIOPICLIGAY TOL EVOC TpoPANUaToS amoTEAODY TOUS
CUVTEAETTES TV UETUPANTOV TOL dAloU,

* 0L owviEAEoTEC TS AX Tov evog mpofinuotoc amoteiovv to 6eS10
TU UG TOV TEPLOPLOUEY TOU AAAOD.
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Example 4.2 Write the dual of the following linear programming problem:
Maximize f = 50x; + 100x;
subject to

2x; + x5 < 1250
2x; + 5x; < 1000
2x; + 31 < 900
¥y < 150

n=2.m=4

where

=0 and x =0



SOLUTION Let vy, v2. va. and vy be the dual variables. Then the dual problem can
be stated as

Minimize v = 1250y; + 1000y, + 900ys + 150y
subject to
2yi + 2w +2y3 2 30
vi+3v+3y:+ vy > 100

where yy =0, y2 =0, y1 =0, and y; = 0.

Notice that the dual problem has a lesser number of constraints compared to the
primal problem in this case. Since, in general, an additional constraint requires more
computational effort than an additional varnable in a linear programming problem, it
is evident that it is computationally more efficient to solve the dual problem in the
present case. This is one of the advantages of the dual problem.



Opiopuoi

Oprapoc:
o 'Evoc mepropionog evoc TTTT yopaxmpiletm o SeOUENTIKOC-RTOTEAEGIATIKOS AV Kl LOGVO
av 1) fedniotn Loon tov kabiotd wommta. Ty avrifem repintoo), kakeita yaiapoc.
Eotw x* 1 PEkniaty ko evoe I xat w tov Suikod tov, To cuykekpiuévo anotekel ouvinein to He-
wpruato karush-Kuhn-Tucker e tov cuvbnkdy Pelniotonoinenc o1 onoieg epapuolovial of kupra QP
apopinuata (Kuhn and Tucker, 1951). Exione, wytouy ta e2Ac:
o o1 petafinréc rov evog T mov avnioTorouy 8 yukapons TEPOMOHONS TOU GAAOY, iV
un-Peakes petafintéc omy felnotn Ao,
o 01 petaphntes o evoc [TTI mov avTioTory00Y GE MMOTEAETUATIKOUS TEPLOPIGHONS Tou () A0U
eival Packec petafilntéc omy fekniom Lo,
*  EdV OE KAMOI0 GEGUEVTIKG TEPIOPITHO TOL TPMTEVOVTOS AVTIGTOYEL ViKY petafinmn e Ty
pndev oy BEkniom) koo tow duikon, Tote To mpotevoy [T £xel drepes Aooew.



@ewpnuaTa

Ocopyua 1: To dvadiko tov dvadikel mpofiifuaroc Tavti(etal LE T
TPWTEDOV TPOFANA.

H oyfon petald mpotetoviog kol duvadikod mpoPfiiuotog eivol mAnpwg
guppeTpiky]. Emmigov pmopel va Bewpnbel o mpwtevov kot mpofinua
EAUYICTOMOIN GG HE TEPIOPIGLONS TNS Hoppng "=".

Oedpyua 2: (a) Eav eite 10 mpotetov efte 1o dvadiko mpofiinua &yel
wemEpaauEvy) feiniaty dvvary Aban, TOTE Kol TO GAAO EYEl TETEPOAUEVH
peitiory dvvary Aban kar § PEATIOTN TiL) THS GVTIKEIUEVIKNG TUVAPTHONG TV
dvo mpofinuarwmy gival N idwa, onlaon:

maxZ =minZ_ 1
1l " I o {'ﬁ_[]}
Ecj. jzz b. -y

() Eav éva arxo ta dvo mpofifuata Exel [ TETEPATUEVH ADT TOTE TO GALO
dev Eyer duvarn Avom.



wpnuaTd

Oczpyua 3: H Péinom wwi mg dvadikys petafinmis y. 1ooited ue tyv

apvyTiky (tetiky  omyv  mEpiTtmon mTov To APOIEDOV EIval  Tpofiinia
EAGYIOTOTOINGNG HE TEPIOPIGUOUS =) TIuN Tov Kablapol oplakol £1000NuaTos
TG | HETASANTHS QmOKAIONS TOD TpwTEnovTos Tpofiinuarog (§5.4.8).

On petaPintés v, v omowdnmote Paciki} dvvaty) ADOT TOU TPWOTEVOVIOG
ovopalovtol reiiariamadtes simplex Kol avTioTolouyY oT1] ADOT] QUTH], EVO
umopovy va Aafovv kat apvnrikéc tipéc. Ta vy, avtiotogoiv om Bédtiom
Avom Tov mpwtevovToc. [Na kabe Paocukn) duvatr Abon wyvet:

Y =ci B | (¥,.V2ss ¥y ) =C5 - B (6-12)

Oewpyua 4: H Peitiomy tun g | petafinmic amoklians 1ov ovadikon
Tpofiiuatoc 1goiTal pE ™V apvyuky (Geniky ooy mepinTman mTov TO
TROTEDOV EIVOT TPOFANUG EAGYIOTOTMONGEMC HE TEPIOPITHONS =) T TOD
kallapol optakol E1T0ONUGTOS TS | GpyIKIC LETAfIANTHS TO MPWTEHOVTOC.



r

WPANOTA

Mivaxkas 6-3 Tvayition perafinray apoteiovroc-dvadikol mpofiiuarog

[Iporevovca petafinm | Zvoyeniopevn dvadikn petafin
X; (cpyun psmﬂlntf]}i (z;-c;) (surplus peraPinmy), j=L2...n
]
i

X, (netafinm) aroxiiong) V. (apyuch petafinmy), i=1L2,....m

Ocwpyua 5: Eav (X,.X,,....X ) &val gia duvarn) ADon 100 TpoTEDovTos Kol
(Vi ¥20- ¥, ) EIVAE fia Svvartyj Abon tov dvadikon, tote L, <7 .

Ozowpnua 6: Eav 1o mpaotetov kal 1o Svadiko Tpofinia Eyouy TETEPATUEVES
OUVATES ADTEIC KAl (X, X 5,..a X . ) €1VEL pia Pacrcn dvvary pny Peitiorny ivon
T0n TPWIEDOVIOS e avriorolya opiloke kobapa elgodjuara ¢, -z,, T0TE I

(Z,-C, 2, ~ChvesZ_ —C. ¥, ¥1uea ¥V, ) QROTEAEL Pk i OuVGTN ADTH TOD

dvaoikol yie v omoia Z, =7 .



Theorem 4.1 The dual of the dual is the primal.

Theorem 4.2 Any feasible solution of the primal gives an f value greater than or at
least equal to the v value obtained by any feasible solution of the dual.

Theorem 4.3 If both primal and dual problems have feasible solutions, both have
optimal solutions and minimum f = maximum v.

Theorem 4.4 If either the primal or the dual problem has an unbounded solution, the
other problem 1s infeasible.



£0n TTPWTEUOVTO

® 210 TPOTEVOV TPOPANUA KOAVOVIKNG LOPPNC KAOE 160TNTA TNG
LOPONG: ):[ ascxi=h; 5 i=1%..m -
* Eivat ico0d0voun pe 600 avicOtnTec: ;ﬂ“’“-‘ =

—i a;x; 2b,

=
® TTOL AVTIGTOLYOVV GE OVO UETUPANTEC TOV OLIKOV TPOPANLULOTOC.

® 210 OLTKO TPOPANUO O GUVTEAEGTNG TNG AVTIKELUEVIKTG
GLVAPTNONG KOl O1 TEYVOAOYIKOL GUVTEAEGTEG TNG UETAPANTC YV
etval o1 10101 e TOVES AVTIOTOLYOVC TNG LETAPANTNC VY, GAAG LE
avtifeto mpoonuo. Apa umopel va aviikataotafovyv ol y Kol 'y
ue ua petafAnt y  mov AouPdvel OTIKEC Kol apVNTIKEC TIUEC.



cOTNTA, 1] AVTIOTOLYN OVIKT] LETOPANTY Y OEV £YEL
TEPLOPIGULO OC TPOC TO TPOGTUO.

O 100 TES TOVL TPMTEDOVTOS Tpofinuatog dev exnpedlovy TIC UVIGOTNTES
ToU dvadikol, aiid poOvo TO MPOCUO TeV dvadikev peTafinTov. Apa To
mpofinua I'TI

maxZ_ =c¢x, +c,X;+...+¢c_X_
s.t. a,x, +ta;x, t..+ta,x,=b;, e i=12...m (6-23)

x; 20 ynaxabe j=1.2,....n

£xel dvadikd To

minZ =b,y, +b,y, +...+b_ v,

: (6-24)
s.t. 3.y, tay, +..Fay, 2¢; e J=12,....n

YOPIS TEPOPIoUD 1S TPOS TO MPOCTUO TWV V. .

AvTioTpopws, eav 1 dvadkn petaPinr y, dev £xel mepropiopd g TPOg TO
TPOCHO. © OVTIGTOXOS MEPIOPIGUOS 1 TOU MPWTELOVTOS Eival 1ooTnTo.
Evaiidococovios 10 Tp@TELOV Kol TO dvadikd mpofinuo. ocOupove pe to
Beopnua 1. mpoxLATEL 1] HOVESIKY] REPITTWOT E10UYWYNS 100TNTUS OF
dvadikd tpofinua (Enpokwartag 1980):
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° [Iopiopa: €dv 0 1 TEPLOPIGLOG TOV TPMOTEVOVTOC Eival
160TNTA, 1 OVTIGTOLYN OVIKY] LETAPANTY Y OEV £YEL
TEPLOPIGUO OC TPOC TO TPOGTUO.

* IIpotaon 1: eav n petafAnt X; Tov Tp®TEHLOVTOG
TPOPANUATOC OEV EYEL TEPLOPIGUO M TPOS TO TPOGTLLO
TOTE 0 ] TEPLOPIGLOC TOV OVIKOV Elvart 16OTNTO.



2.xeon primal-dual

Table 4.11 Correspondence Rules for Primal-Dual Relations

Primal quantity

Corresponding dual quantity

Objective function: Minimize ¢'X
Vanable x; = 0

Variable x; unrestricted in sign

Jth constraint, A ;X = b, (equality)
jth constraint, A;X = b; (inequality)
Coefficient matrix A = [A...An]
Right-hand-side vector b

Cost coefficients ¢

Maximize Y'h

ith constraint YTA; < ¢ (inequality )
ith constraint Y' A; = ¢; (equality)

Jth variable y; unrestricted in sign

Jth vanable y; = 0

Coefficient matrix A" = (A, ey A,,,]T
Right-hand-side vector ¢

Cosl coefficients b
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Auikn HEBOOOC simplex

* YQpovv TEPIMTOGELC OTIC OTOIEC avalnTeiTal 1) Ao
TPOPANUATOC YPOUUIKOD TPOYPUUUOTIGHOV Y10 OLAPOPES
TEPUTTOOELC TVAK®V b! (3€E10 nuEPOC TV EEIGHOEMV).

* AvticTtolyo Umopel vo Loc EVOlapEPEL Vo TPocHEGoLLE
EMMAEOV TEPLOPLOUOVC GE TPOPAN U TOL oM YVvopilovue
™ BEATIGTN AOON.

® Y€ TETOLEC TEPIMTMOGELC EYOVUE L0 UN EQIKTN PaciKn Ao
TOV TPWTEVLOVTOC (primal), Tnc omoiac n avrictoryn OVIKN
(dual) AOon eivar epikty).



PP=AUIKA p€B0dOC sim

* "Exovv mpotafel o1dpopeg mapoariayéc tne simplex, oote
vo, emAvOel TpOPANUA TOV CEKIVAEL OO U EPLKTT) AVGT
GTO TPMWTEVOV.

* O 7o onuUoPlAEic eival n ovikn uEBooog simplex tov
Lemke kot n primal-dual néboooc towv Dantzig, Ford ko
Fulkerson. Avtéc £yovv tar €ENG YOPOKTNPIOTIKA:

* Agv amoutovv Vv 1" pdaon ¢ uebooov simplex. Avtod
etval emBounto, opov N 1M edon umopel va ameyeL apkeTA
amo N PEATIO.

* A€1TOVPYOVV ETOLOKOVTOS CUYYPOVOE EPIKTOTNTA
(1kovoToinom TV TEPLOPIGUOV) Kot BEATIOTOTOINGT,
OTOTE OVOLEVOVTOL ALYOTEPEC EMAVAANYELC £MOC TNV
gupeon ¢ PEATIOTNC ADonG.
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[TpoBANUATA UETAPOPWYV

* To wpofAnuoto LETAPOP®V ETVOL L0 1O10LTEPT] KOTIYOPid
TOV TPOPANUATOV YPAUULKOD TPOYPOULATIGLOV.

* To avtikeipevo avTOV TOV TPOPANUATOV ETvoL T
EAOYIGTOTOINGT TOL KOGTOVG UETAPOPAS CUYKEKPIUEVDV
ayofov omd Kamolo onueio 6e KAmowo GAAA.

* Tétowa mpoPAnuata umropovv va emtAvfoiv pe t nEBooo
simplex, OpU®E N €101KT OO TOVC ENMTPETEL TNV EQUPLOYN
10101TEPNC OL0OIKOGTOG LE KAADTEPT] ATOO00.



,%poﬁ)\ﬁpam pemcpopw! V

* 'Eot® 0Tl vapyovv

* m tonoleciec R, R,, ..., R, (m.x. amoOnkeg) kot
* nmpoopwopol D, D,, ..., D, (w.y. epyoctdoia).
°* 'Eotm

® a,; M mocotnTo oo £va ayado mov BpiokeTon otnv Tomodecia
i(i=1,2,...,m)xu

® b; 1 TOCOTNTO TOV amorTEiTAL VO, HETOPEPDEL 6TOV TPOOPIGHO
=1L 2

* O o10y06 givan 0 Kabopiopog ™G TocOTNTOG TOL AYaboD X;
oV TPEMEL Vo LeTopepbel amd v tomobecia i oToV
TPOOPIGLO j, DGTE TO GLVOAKO KOGTOC LETAPOPAC VL
elayotomoinei.



D0 ')\”r']p(]T(] METAQOPWV

m I

Minimize f =) ") ¢

i=] j=1

Ocwpeitar 0TL N (RTNoM TOV
ayafmv 1co0Ton PE TIG
TOCOTNTEC TOL dlorTtifevTan

subject to

To aBpoiopa Twv mocotntv I o

in
TV ayodav mov o X = s [} B m Zﬂi = Zb‘."
netopepbodv amd v o ¥ AR 8 AR | Nt Dl =1 j=1
tonobecia 1 6TIC TOT00ETTES | j=I

Oa eivar ico pe ™ owBEouN

TOCOTNTO, GTO 1 il
To aBpoiopa TV TOCOTNTMOV -
: , X =Py Femlidasm
TV oyofav mov Ha pTdcovy ) ]

GTOV TPOOPIGUO | OO OAEC TIC
tonobeciec Oa eivar i6o pe mv
TOGOTNTO. TOV YPELALETAL GTO ] II"I" > U, L :j" o J i ]. E. SO

Clearly, this 1s a LP problem in mn vanables and m 4 n equality constraints.

To mwpoPAnua meprypdonke Kat emAdOnke to 1941 and tov Hitchcock kot énetta 1o 1947 and tov
Koopmans, y1” avtd cuyvd ovopdletal g 1o Tpofinua petapopdc twv Hitchcock-Koopmans



X1+ X T Xyp
I +xn4-c 4 X,

Xmi + Xm2 +e Xpn=—

X + X4 -+ Xl =f.l1
X2 + x22 +xm2 =b
Xin + X2 +Xmn = lbrr

Cl1X1] +C1IX12 + =+ ClpXlp +€1X2] + -+ +CpXy + =+ ¢

FCpiXml + -+ CounXmpn = f

1. All the nonzero coefficients of the constraints are equal to 1.
2. The constraint coefficients appear in a triangular form.

3. Any vaniable appears only once in the first m equations and once in the next n
equations.



TTIAuon Tou TTPOLBANUATOC HETAPOPAC

* H enilvon tov mpoPAnpotog LeTapopdc nmopetl va vAomoinoel
EVKOAOL YELPOKIVINTA OLPOV OTTOLTOVVTAL LOVO TPOGHUPULPECELC.

* Brua 1°: KaBopiopdc Bacikng epiktng Avong.

* Brjua 2°: "EAeyyoc tng Avonc av givon PEATIOTN. Av 0gv glvar
TOTE GLVEYILEL M O1OKAGIOL 6TO EMOUEVO [riua.

* Brjua 3°: emAoyn petaAntnc yio eicaymyn otn facn puetacd
Tov un Pacikov petaBintov. EmAoyn petafAntnc yio
eCoywyn and ™ Paon, ¥pNoIUOTOLOVTOS T GLVONKN
epiktotntoc. Evpeon véac epiktnc ADong Kol ETIGTPOPT) GTO
prua 2.
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/Iﬁsog Karmarkar (1984)

* H uébooog Karmarkar mpotafnke yio tnv exilvon npofAnudtov
YPOUUUIKOV TPOYPUULUOTIGULOD UEYAANC KALOKOG.

* Etvol yvoot) ko o¢ HEB000¢ E6mTEPIKOD GMUEIOV, 010TL PEATIOVEL TNV
KateLOLVVOM avalTNoNG OO TO EGOTEPIKO TOL GLVOAOL EPIKTOV
AMOGEMV.

* Eivon o€ avtiBeon pe ™ uébooo simplex, n onoia avalntd AOCES 6T0
OP10 TOV GLVOAOV EPIKTMOV ADGEMV, TPOYMPAOVTAC IO TN Ui EQIKTT
KOPLET oTNV enOueVN £m¢ 0ToL Ppebei n BEATIOT. ZE dvGKOAN
TpoPANUaTO 01 KOPLEPES UTOPEL VA EIVAL TTAPO TOAAES KOl 1] EDPECT] TNG
BEATIOTNG VO amonTel GMNUOVTIKOVE VTTOAOYIGTIKOVC TOPOVG.

* H pébodoc Karmarkar €yl avapepOet 011 elvan £m¢ ko 50 popeg mo
amoO0TIKY amd TN HuEBodo simplex ko Exel ypnoomombet yio tnv
enilvon mpofAnudtov pe 150.000 petapintéc amdeaong kot 12.000
TEPLOPIGULOVC.



XL

Figure 4.3 Improvement of objective function from different points of a polytope.
Karmarkar’'s method is based on the following two observations:

1. If the current solution is near the center of the polytope, we can move along the
steepest descent direction to reduce the value of f by a maximum amount. From
Fig. 4.3, we can see that the current solution can be improved substantially by
moving along the steepest descent direction if it is near the center (point 2) but
not near the boundary point (points 1 and 3).

2. The solution space can always be transformed without changing the nature of
the problem so that the current solution lies near the center of the polytope.

It 1s well known that in many numerical problems, by changing the units of data or
rescaling (e.g.. using feet instead of inches), we may be able to reduce the numerical
instability. In a similar manner, Karmarkar observed that the variables can be trans-
formed (in a more general manner than ordinary rescaling) so that straight lines remain
straight lines while angles and distances change for the feasible space.



£€0000G Karmarkar

* H péboooc Karmarkar amoutel to mpOPANUO YpOLLULIKOD
TPOYPOULOTIGLOD VO LVl 6TV EENC LOPON:

Minimize f = c'X

subject to
[a]lX =0
xi+x24---4+x, =1
X=0
where X = [x;, x2,...,x,]%, e= [c1, €000, c,]Y. and [a] is an m x n matrix. In

addition, an interior feasible starting solution to Eqgs. (4.59) must be known. Usually,

{ 11 1 ]T
K: — e
n n "

is chosen as the starting point. In addition, the optimum value of f must be zero for
the problem. Thus

(1) | 1 2 g s . :
XM= —...= — mnterior feasible
n o n n

(4.60)



Regional Planning

The SOUTHERN CONFEDERATION OF KIBBUTZIM is a group of three kibbutzim
(communal farming communities) in Israel. Overall planning for this group is done in its
Coordinating Technical Office. This office currently is planning agricultural production for
the coming year.

The agricultural output of each kibbutz is limited by both the amount of available irri-
gable land and the quantity of water allocated for irmgation by the Water Commissioner (a
national government official). These data are given in Table 3.8.

The crops suited for this region include sugar beets, cotton, and sorghum, and these
are the three being considered for the upcoming season. These crops differ primarily in
their expected net return per acre and their consumption of water. In addition, the Ministry
of Agriculture has set a maximum quota for the total acreage that can be devoted to each of
these crops by the Southern Confederation of Kibbutzim, as shown in Table 3.9.

¥ TABLE 3.9 Crop data for the Southern Confederation of Kibbutzim

Maximum Water Consumption Net Return
Crop Quota (Acres) (Acre Feet/Acre) ($/Acre)
Sugar beets 600 3 1,000
Cotton 500 2 750
Sorghum 325 1 250




Because of the limited water available for irrigation, the Southern Confederation of
Kibbutzim will not be able to use all its irrigable land for planting crops in the upcoming
season. To ensure equity between the three kibbutzim, it has been agreed that every kibbutz
will plant the same proportion of its available irrigable land. For example, if kibbutz 1 plants
200 of its available 400 acres, then kibbutz 2 must plant 300 of its 600 acres, while kib-
butz 3 plants 150 acres of its 300 acres. However, any combination of the crops may be
grown at any of the kibbutzim. The job facing the Coordinating Technical Office is to plan
how many acres to devote to each crop at the respective kibbutzim while satisfying the
given restrictions. The objective 1s to maximize the total net return to the Southern

Confederation of Kibbutzim as a whole.

B TABLE 3.8 Resource data for the Southern Confederation of Kibbutzim

Kibbutz Usable Land (Acres) Water Allocation (Acre Feet)
1 400 600
2 600 800
3 300 375

This problem is another example (like the Wyndor problem) of a resource-allocation
problem. The first three categories of constraints all are resource constraints. The fourth
category then adds some side constraints.



Controlling Air Pollution

The NORI & LEETS CO., one of the major producers of steel in its part of the world, is
located 1n the city of Steeltown and 1s the only large employer there. Steeltown has grown and
prospered along with the company, which now employs nearly 50,000 residents. Therefore,
the attitude of the townspeople always has been, What's good for Nori & Leets is good for the
town. However, this attitude is now changing; uncontrolled air pollution from the company’s
furnaces 1s ruining the appearance of the city and endangering the health of its residents.

A recent stockholders’ revolt resulted in the election of a new enlightened board of
directors for the company. These directors are determined to follow socially responsible
policies, and they have been discussing with Steeltown city officials and citizens’ groups
what to do about the air pollution problem. Together they have worked out stringent air
quality standards for the Steeltown airshed.

The three main types of pollutants in this airshed are particulate matter, sulfur oxides,
and hydrocarbons. The new standards require that the company reduce its annual emission of
these pollutants by the amounts shown in Table 3.12. The board of directors has instructed
management to have the engineering staff determine how to achieve these reductions in the
most economical way.



The steelworks has two primary sources of pollution, namely, the blast furnaces for
making pig iron and the open-hearth furnaces for changing iron into steel. In both cases the
engineers have decided that the most effective types of abatement methods are (1) increas-
ing the height of the smokestacks,’ (2) using filter devices (including gas traps) in the
smokestacks, and (3) including cleaner, high-grade materials among the fuels for the fur-
naces. Each of these methods has a technological limit on how heavily it can be used (e.g.,
a maximum feasible increase in the height of the smokestacks), but there also is consider-
able flexibility for using the method at a fraction of its technological limit.

Table 3.13 shows how much emission (in millions of pounds per year) can be elimi-
nated from each type of furnace by fully using any abatement method to its technological
limit. For purposes of analysis, it is assumed that each method also can be used less fully
to achieve any fraction of the emission-rate reductions shown in this table. Furthermore,
the fractions can be different for blast furnaces and for open-hearth furnaces. For either
type of furnace, the emission reduction achieved by each method 1s not substantially
affected by whether the other methods also are used.

After these data were developed, it became clear that no single method by itself could
achieve all the required reductions. On the other hand, combining all three methods at full
capacity on both types of furnaces (which would be prohibitively expensive if the company’s

products are to remain competitively priced) is much more than adequate. Therefore, the
engineers concluded that they would have to use some combination of the methods, per-
haps with fractional capacities, based upon the relative costs. Furthermore, because of the
differences between the blast and the open-hearth furnaces, the two types probably should
not use the same combination.



An analysis was conducted to estimate the total annual cost that would be incurred by
each abatement method. A method’s annual cost includes increased operating and mainte-
nance expenses as well as reduced revenue due to any loss in the efficiency of the produc-
tion process caused by using the method. The other major cost is the start-up cost (the
initial capital outlay) required to install the method. To make this one-time cost commen-
surable with the ongoing annual costs, the ime value of money was used to calculate the
annual expenditure (over the expected life of the method) that would be equivalent in value
to this start-up cost.

This analysis led to the total annual cost estimates (in millions of dollars) given in
Table 3.14 for using the methods at their full abatement capacities. It also was determined
that the cost of a method being used at a lower level 1s roughly proportional to the fraction
of the abatement capacity given in Table 3.13 that is achieved. Thus, for any given fraction
achieved, the total annual cost would be roughly that fraction of the corresponding quan-
tity in Table 3.14.

The stage now was set to develop the general framework of the company’s plan for
pollution abatement. This plan specifies which types of abatement methods will be used
and at what fractions of their abatement capacities for (1) the blast furnaces and (2) the
open-hearth furnaces. Because of the combinatorial nature of the problem of finding a plan
that satisties the requirements with the smallest possible cost, an OR team was formed to
solve the problem. The team adopted a linear programming approach, formulating the
model summarized next.



TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rate
(Million Pounds)

Particulates 60

Sulfur oxides 150

Hydrocarbons 125

TABLE 3.13 Reduction in emission rate (in millions of pounds per year) from the
maximum feasible use of an abatement method for Nori & Leets Co.

Taller Smokestacks

Filters

Better Fuels

Blast Open-Hearth| Blast Open-Hearth Blast Open-Hearth
Pollutant Furnaces Furnaces Furnaces Furnaces Furnaces Furnaces
Particulates ) 25 20 17 13
Sulfur oxides 35 18 31 56 49
Hydrocarbons 37 28 24 29 20

TABLE 3.14 Total annual cost from the maximum feasible use of an abatement

method for Nori & Leets Co. (3 millions)

Abatement Method

Blast Furnaces

Open-Hearth Furnaces

Taller smokestacks
Filters
Better fuels
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