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VEWMETPIO TWV TTPORBANHATWV

VPOUUIKOU TTPOYPAUUATIOUOU

* Ta mpoPAnuato pe pOMC 2 petafAnTtéc mopovotalovy o
QAN TEPIMTMOOTN, OTNV OToia 1| AVe™ umopel va Bpebet pe
vpapikeS nebooovc. H ontikomoinom tétolwv
TPOPANUATOV TAPEYEL TN PLOIKT] EIKOVO, OTTO
GUYKEKPIUEVA YEOUETPIKA YOPUKTPIOTIKA TMV
TPOLANUATOV YPOULUUKOD TPOYPUULUOTICULOV:

® M EQIKTY) TEPLOYN EIVAL KLPTO TTOAVYWOVO,

° N BEATIOTN AVGT OV VTTAPYEL EIvOL GE pioL KOPLPT) TNG
EQIKTNG TEPLOYNC.



PAUMIKOC TTPOYPAMHMATIOMOG

° Tivkdvape otnv 31 O1dAeln (Ye®UETPIKTY EmiALGON
YPOUUUTKOD TPOYPOULOTIGUOD):

* Opioape TIC LETOPANTEC GYEOLOGLLOV.

* Opioaue TNV OVTIKELEVIKT] CLVAPTNOT).

* Opioape TOVG TEPLOPLOUOVC.

® 2yE0LAGUUE GE GUOTNUO OAEOVOV TIC YPOULLUES TV
TEPLOPICUDV.

® 2UVOLdcauE TIC EEIGMCELS TMV TEPIOPLOUMDV Y10l VO,
VTOAOYIGOVLE TO, GMUELN TOUNG GTNV TEPIUETPO (GVLVOPO)
TOV GLVOAOL EPIKTMOV ADGEMV.

* YToAOYICOUE TIG TILEC TNC OVTIKEWWEVIKNG GLVAPTNGNC Yo
va Bpovue tn BEATIOTN AVOT).



Example 3.2 A manufacturing firm produces two machine parts using lathes, milling
machines, and grinding machines. The different machining times required for each part,

the machining times available on different machines, and the profit on each machine
part are given in the following table.

Machining time required (mi
achming bme required (1) Maximum time available

Type of machine Machine part 1 Machine part 11 per week (min)
Lathes 10 3 2500
Milling machines - 10 2000
Grinding machines 1 [.5 4510)

Profit per unit $50 $100

Determine the number of parts [ and II to be manufactured per week to maximize the
profit.



* 'Eotm X kot y 0 apltOudc Tov mopayopuevoy mpoioviav I
Ko II avtictorya. Avtéc eivon PeTOPANTEC Y EOLUGLLOV 1)
ATOPUCNC.

® ®ELOLUE VO LEYIGTOTTOCOVE TO EPOOLOOL010 KEPOOG TO
omoio teovton pe: $50 - x + $100 - y

° Avutn glvan 11 AVTIKEWEVIKT) GLVAPTNON:
°* maximize f(x,y) =50 -x+ 100 -y

o IIepropiopot: 10x + 5y = 2500 (E1)
4x + 10y = 2000 (E2)
x4+ 1.5y <450 (E3)

> Zerh ),
(E4)

y=0



The optimum solution cnrrﬂ;puuds to a value of x* = 187.5, y* — 125.0 and auprnﬁt
of $21,875.00.
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Figure 3.3 Feasible region given by Eqs. (E;) to (Ey).
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Figure 3.4 Contours of objective function.



In some cases. the optimum solution may not be unique. For example, if the
profit rates for the machine parts 1 and IT are $40 and 5100 instead of $50 and $100,
respectively, the contours of the profit function will be parallel to side CG of the
feasible region as shown in Fig. 3.5. In this case, line P" (", which coincides with the
boundary line CG, will correspond to the maximum (feasible) profit. Thus there i1s no
unique optimal solution to the problem and any point between C and & on line P" Q"

Figure 3.5 Infinite solutions.



Figure 3.6 Unbounded solution.
Thus a linear programming problem may have (1) a unique and finite optimum
solution, (2) an infimite number of optimal solutions, (3) an unbounded solution, (4) no

solution, or (3) a unique feasible point. Assuming that the linear programming problem

s properly formulated, the following general geometrical characteristics can be noted
from the graphical solution:

1. The feasible region is a convex polygon.’

2. The optimum value occurs at an extreme point or vertex of the feasible region,
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MeBooog simplex

* Epapuoletor 6e mpoPANUATO YPOUUKOD TPOYPUULOTICLOV.

* Epotnon: Tt etvon tpoPANUO YpOUUIKOD TPOYPUULUATIGLOV?

* Amavtnon:

* 'Eva mpofAnua ypouuKkoy TpoypaUUOTIGUOD EYEL
OVTIKELUEVIKT] GLVAPTNON TNG LOoPpONC: =oax+Py+yy+...

° wy. 1=3x-2y+z

® VO TOVE YPOUUIKODS TTEPLOPIOUOVS TNC LOPPNG:

* Ax+tBy+I'z+..< (1> N (.. Xx+y-3z <12)

* H ehdypiot (M LEYLOTN) TIUN TG OVTIKELUEVIKNC cuvapTtnong
ovouACetal BEATIGTN TIUN KOL O GLVOLAGUOC TOV X, Y, Z, ...
mov otvel T PEATIoTN TIUN ovoudleton PEATIGTN Avon. Ot
LETAPANTEG X, Y, Z... ovoudCovton LETOPANTEC amOPaoNG 1
GYEOLOGLLOV.



/)_v,_pnﬂ:_!!!!m;x-‘. AT
#~ YPOMMIKOU TTPOYPOUMATICHOU

Scalar Form , , S L
Avaroya pe ™ Bipioypagio uropet va eivar maximization

Minimize f(x;, X2..... %) =c1x; +caxa + - -+ ¥y (3.1a)
subject to the constraints
ayx;+apxa+--o+apx, = b
anx) +anxa+---+amxy =
(3.2a)
AmiX| +dm2X2 + -+ QupXp = E}m
xp =0
x2 = 0
. (3.3a)
Xy = 0
where {'j.:':]j. and ajj(1 =1,2,..., m e L R n) are known constants, and x;

are the decision variables.



/DULMIKOU ﬂpoypapaﬂopou (0€ pop®PN TTIVAKWV)

Matrix Form

Minimize f(X) = . ¢ (3.1b)
subject to the constraints
aX = (3.2b)
X=0 (3.3h)
where
Y1 b ]
X7 b: C2
t — I] = / =
Xn I!3"1'" Crr ]
Fﬂn a2 - ﬂ'nrr‘
@ ap -+ auy
a =
_ﬂml Ay - ﬂrrm_|
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~ Kavovikn yopen
* To yopaKTNPIoTIKA £VOG TPOPANUATOC YPOLLULKOV

TPOYPUULOTIOUOV, TO OTTOL0 TEPTYPAPETAL GTNV KAVOVIKY HOPPH]
(standard form) eivou:

* H avtikeevikn cuvaptnon eivol mpog eEAay1oTonoinon N Tpog
ueylotonmoinon (avdioya pe tn PipAoypapia),

® Olec o1 petaPAntéc oyeotacuon eivor un apvnTike,
® 'O)Lo1 01 TEPLOPIGLOL ETVOL TOTTOV 1GOTNTOC.

OAa ta TpoPANUATO YPOUUIKOD TPOYPOUUATIGULOD UTOPOVV VoL
LETOGYNUOTIGTOVV GTNV KAVOVIKH HOPPN YPTGILOTOLOVTUC TIG
TEYVIKEC TTOL TEPLYPAPOVTOL TTOPAKATC.



ETAOXNMATIONOC OE TUTTIKA HOPPN

* «H avtikeyevikn cuvapinon etvol mpoc EA0YIGTOTOINCN.»

* OmorooNmote TPOPANUM LEYIGTOTOINGNC UTOPEL Va
LETOCYMUOTIOTEL GE TPOPAN LA EAAYIGTOTOINGONG TNC 010G
cuvaptnong tpochHétovtag apvntikd tpocnuo ¢’ avtn. o
TOPAOELYLLOL ) GUVAPTNON:

minimize f = c1xy) +ec2x2 4+ - -+ 4+ opXy
glval 1ooovvaUN UE TN:

maximize f = —f = —c|xX; — €2x3 — -+ — € Xy



[Tapdodciypa

* MEeTaTPEYTE TNV AVTIKELWEVIKT] GLVAPTNON
eloyrotomoinong: minimizef=-12x-15y-5z

® GE GLVAPTNGT TOV UTOLTEL LEYIGTOTOINGT).

°* Avon: maximizef=12x+15y+5z



ETAOYXNUOTIOPOC OE TUTTIKI HOPON

* OAec o1 petafAntéc 6Ye010GLOV (1] ATOPUCNC) EIvor un
PV TIKEC.»

® X€ TOAMA TEYVIKA TPOPATLOTO O LETOAPANTES GYEOLOGLLOV
APOPOVV GE PLGIKEC OLULOTACELS, OTTOTE Ol UETAPANTEC glvar
un apvnrikec. Otav Opmc o1 petaANTEG Umopovv va
AdBovv omotoonmote TPOGNUO TOTE:

* Mia petafpAntn pe un kobopiouévo TpOGMNUO UTOPEL va
YPUPTEL GOV O1POPA OVO VEMV U1 OPVNTIKOV LETOPANTOV.

° Apaav x; m petoPAnt yopic KabopiGuEVO TPOCT|LLO
UTOPEL VOL YPOPTEL (G  x; = v — T,

=0

OTOV: xi=0 and x|



% Taoxnuamuo! s%opm

* «OAot 01 TEPLOPIOUOL EIVAL TOTTOV 1IGOTNTAC.»

® O1 TEPLOPIGUOL LUE TN LOPPT] OVIGOTHTMV TOV TUTOV «UKPOTEPO M
1Go» 1N «UEYUADTEPO N IGO» UTOPOVV VO, LETATPOTOVYV GE IGOTNTEC
LE TNV TPOGONKN LG VEAS U1 OPVITIKNG GUUTAT|POLOTIKTC
(slack) | mheovacuoatiknc (surplus) petaBAntmmge avtictoryo
(neTaPAnTeC amdOKMoNC).

* Apa otnVv avicmon: ap Xy + @Qpaxa + -+ g Xy < by

* wpootifeton o un apvntikn slack variable Yu+1 Kal
HETACYNUOTICETON OE: @y ¥y +apxa + -« + djy Xy + Xy = by

- AVT{G‘COIXOL OTNV: apxy +apxa+ -+ dpxn = by
* Apoupeitan po un apvntikn surplus variable x,+1 ko
METOCYMHOTICETOL O8: vy + apoxs + - + @y — Xps1 = by



ﬂ APAOEIYUQ :

° I'payte 10 TOPAKAT® TPOPANUO YPOUUIKOD TPOYPOULATIGULOV
G £VOL GUGTNUO YPOLLUK®DV EEIGOCEMV:

° maximizef = 12x + 15y + 5z

® VO TOVG TEPLOPIGUOVG:

® Ix LIV 7§

®-x-4y+3z>-12 N x+t4y-3z<12

* Amavnon:

$ oy L7

®-x-4y+3z—-t=-12 1N x+4y-3z+t=12

o -12x-15y-5z+1=0



IVOKOTTOINON TWV £EI0CWOEWV

Example
For the system

ax -3y +Z T8 =8
Xty Tz +1 =10
Ixt+y —=Z +1 =10
—2x+3y -4z +p=40

the matial tablean 15 as follows (notice how we separate the last row using a line).

X v z 5 t u P Ans
- =3 1 1 0 0 0 3

1 1 1 0 1 0 0 10
> 1 —1 0 0 1 0 10

—2 3 —4 0 0 0 1 0



IVOKOTTOINON TWV ECICWOEWV

Set up the first tableau for the following LP problem.

Maxmmize p =x + 2y + 3z subject to the constramnts

Ix+z=0
x+2yx20
3y+;zijﬂ
X v z 5 t u p Ans
7 0 1 1 0 0 0 6
1 2 0 0 1 0 0 20
0 3 4 0 0 1 0 30
-1 -2 -3 0 0 0 1 0




B =

' Baolev AUCEWV

Associated with each tableau (including the initial one above) 15 a so-called basic solution. This 15 one of the
mfintely many possible solutions of the system of equations represented by the tableau.

To obtain the basic solution in a tablueaun. look for the columns that are cleared (all zeros except for one entry).
An example 15 the "t"-column i the above tableau. We assign to the corresponding vanable the ratio shown
the example below. We call these variables the active vaniables. All vaniables whose columns are not cleared

are assigned zero and are called inactive.

Example

In the following tableau, the active variables are shown in color and their values computed as illustrated.

X v z 5 t u p Ans
0 -3 1 1 3 0 0 3

4 1 0 0 1 0 0 10
0 1 0 -10 0 2 0 10
0 3 0 0 -4 0 5 15

z=31=3
x=10/4=2.5
u=102=5
p=155=3

vy=0,5=0,t=0
(mmactive)



As an additional aid to recogmizing which vanables are active and which are mactive, we label each row with
the name of the correspondmg active vanable. The complete tableau looks like this:

X ¥ g t u p Ans
z 0 -3 1 3 0 0 3
4 1 0 1 0 0 10
u 0 1 -10 0 2 0 10
p 0 3 0 -- 0 5 15

2=3/1=3
x=104=125
u=102=5



peite TNV 11 BaoikA AUon

X ¥ i 5 u p Ans
7 0 1 1 0 0 ¥
1 2 0 0 0 0 20
0 3 - 0 1 0 30
= | ~2 =3 (0 0 1 0
The associated basic solution 15
x=[0 | Check | y=0 || Check| z=|0 | Check |
5= Check | t=20 |/ Check| u=30 || Check |
p= i’[—I Check HELP Clear




UTTANPWOTE TA OVOUOTA TWV
EVEQPYWV UETORANTWYV

X 3 z g t u p Ans
7 0 1 1 0 0 0 6
1 2 0 0 1 0 0 20
0 3 4 0 0 1 0 30
-1 -2 =3 0 0 0 1 0




UTTANPWOTE TA OVOUOTA TWV
EVEQPYWV UETORANTWYV

X \ z 5 t u p Ans
7 0 1 1 0 0 0 6

1 2 0 0 1 0 0 20
0 3 4 0 0 1 0 30




P

* H AMon pe p=0 oev eivar n puéyiom.

° [a va Bpodue T HEYLOTN TIUN TG OVTIKELEVIKNC
GLVAPTNONG VAOTTOLOVLE KTEPIGTPOPIKT] QLVOLYDYT»
(P1votal reduction) cuotnuatoc m €E1GMOGEMV LE N
ayvOoTouG (m<n).

* To evoeIKTIKG Priporta TEPLYPAPOVTOL ETELTOA.



P

EtniAoyn TnC oTNANC «pivot columny»

* Katd kavova kottdue tToug aptfuoic otnyv teAgvTain
cEPA, Yopic va AauPdvetal vTtoyN N GTHAN TOV
anotelecUATOV (1 TEAEVTOLN). EXEl emAEyovue TOV
apvnTIKO apltBud pe tn peyoivtepn (amdivtn) tun. Exel
Bpicketal to pivot column. Av vidpyovv 2 GTNAES LE 101EG
TIUEC EMAEYETOL OTTOLOONTOTE OTTO TIC 2. AV 0A01 01 ap1Ouol
oTNV TEAELTOL GEPA Elvan unoevikoi N BeTikol TOTE N
ola0tkacio £xel 0AoKANpwOel kKo N Pactkn Adon eival Ko
n BéEATIOT.



v g
0 1
2 0
3 0

Pivot column



P

* EmAOYH TG YPApUAG pivot

* H petaPint pivot mpémel mavto va givon Betikn. Ondte
OTTOKAEIOVTOL Ol UNOEVIKEC TULEC KOl ) TEAELTOLN YPOLLLUY,
GTNV OTOl0 TEPTAAUPBAVETOL OPVTTIKT] TIUT).

* T'a k&Be Oetirn Tiun b g 6TNAN pivot vwoAoyileTon N
ooxyaotiky avaloyia a/b, Omov a o aplOUOC TV
OTOTEAEGUATOV OTNV TEAELTOLN (0EELE) GTNAN TNG
GUYKEKPLUEVIG YPOLULUNG.

* To kGBe OOKIUAOTIKN OVOAOYio ETAEYETOL 1] LIKPOTEPT)
Tiun. O apBuoc b eivon o pivot.



In the following tableau, the pivot column 15 the "t"-column. Since nerther zeros nor negative numbers can
serve as a pivot, we must choose between the 3 and the 1 m the "t"-column. The test ratios are shown on the
side.

X 3 i g t " . -
i 0 -3 1 1 @ 0 0 3 1];._151; ratio = 3/3 =
X 4 1 0 0 1 0 0 jg festratio=10/1
:]_.[I




b y . : . u




-, |
Q Why did the row label on the left of the first row change from "z" to "t"7.

A After we pivot on the 3 m the t-column, the tableau has t as an active variable (t=3/3 = 1) whereas z 15 no

longer an active vanable. z 15 called the departing variable and t 15 called the entering variable. In general,
when we pivot, the variable that lables its column ("t" 1n this example) becomes the entering varable for its
OW.

Example
In the following tableau, the pivot 1s shown in color, and we clear its column using the given row operations.

X v z 3 t u P Ans
z 0 —3 1 1 3 0 0 3
X 4 1 0 0 1 0 0 10 3Ry - Ry
u 0 1 0 -10 0 2 0 10
P 0 3 0 0 -4 0 5 15 3Ry T 4Ry

This gives the next tableau:

X v z 5 t u P Ans
t 0 -3 1 1 3 0 0 3

12 6 -1 =i 0 0 0 27
u 0 1 0 -10 0 2 0 10

=
=
I
Lid
e
s
=
=
=]
L
LM
L |



m

Here 15 the first tableau we have been working with m the interactive questions.

X v Z 5 t u p Ans
s 7 0 1 1 0 0 0 0
t 1 2 0 0 1 0 0 20
u 0 3 4 0 0 1 0 30
p -1 -2 -3 0 0 0 1 0

You now know where the first prvot 1s. Carry out Step 5 to obtain the second tableau. (You can use the Tab key to
move from cell to cell. Press "Check"” when done )




A
Here 15 the first tableau we have been working with 1n the interactive questions.

X ¥ z g t u p Ans
s 7 0 1 1 0 0 0 i
t 1 2 0 0 1 0 0 20
u 0 3 4 0 0 1 0 30
p -l = =3 0 0 0 1 0

You now know where the first pivot 15. Carry out Step 3 to obtain the second tableau. (You can use the Tab key to
move from cell to cell. Press "Check” when done )

X ¥ z g t u P Ans
z 7 0 1 1 0 0 0 6
t 1 2 0 0 1 0 0 20
! 28 |3 0 4 o 1 0 6
P o R Jb B Jb I ]k 18




* H owokacio cuveyiletor £0¢ OTOL va, Unv vIdpyovV
apVNTIKOL 0PlOUOl GTNV TEAEVLTOLN YPOLLUY).



Ans

20

-28

U

18

20

Ans

IR

3R, —

L |

Lo

3R, + 2R;

18

Ans

48

L

(]

LM

)

66

(R

=



The final tableau is

X 3 z S t u p Ans
z 7 0 | 1 0 0 0 6
i 29 0 0 8 3 -2 0 48
y =28 3 0 - 0 1 0 6
p 4 0 0 1 0 2 3 66

* Reading across the first row (active variable z), we find z=6/1 = 6.
* Reading across the second row (active variable t), we find t = 48/3 = l6.
 Reading across the third row (active variable v). we find y=6/3 = 2.
» Reading across the bottom row (active variable p). we find p = 66/3 = 22.
Since all the other variables are inactive, their values are zero.
x=(0 | check | v=[2 | Check | z=16  Check
s=0 Check | t= 16 Check | u=|0 Check
p=22 Check HELP Clear




Stepl: Using slack variables, convert the LP problem to a system of linear equations.

Step 2.

Set up the initial tableau.

Step 3.

Select the pivot column.

The rule for the selecting a pivot column 15 this: Look at all the numbers in the bottom row, excluding
the Answer column. From these, choose the negative number with the largest magniude. Its column 15
the prvot column. (If there are two candidates, choose either one.) If all the numbers in the bottom row
are zero or positive, then vou are done. and the basic solution 1s the optimal solution.

Step 4:

Select the pivot in the pivot column.

1) The pivot must always be a positive number. (This rules out zeros and negative numbers.)

2) For each positive entry b in the pivot column, compute the ratio a/b, where a 1s the number in the
rightmost column m that row. We call this a test ratio.

3) Of these ratios, choose the smallest one. The correspondmg number b 1s the pivot.

Step 3.

Use the pivot to clear the pivot column in the normal manner. This gives the next tableau.

(For quick mstructions on how to pivot, press here)

Step 6:

Repeat Steps 3-5 until there are no more negative numbers in the bottom row (with the possible

exception of the Answer column).

The solution for the LP problem 15 then the basic solution associated with the final tableau.




% patnprioslg =

(OXETIKA JE TN HEBOOO simplex)

® 2TINV 0PYIKY) ETOVOANTTIKY O100TKOGI0 YIVETOL ETIAOYN TNG
un Bactkng petaPAnTnc mov £yl ToV UEYAADTEPO
aPVNTIKO GUVTEAEGTY]. AV VTOTEDEL OTL OVO 1] TEPIGCOTEPES
un-Pacikec petaPAntec £xovv TOV 1010 APVNTIKO
GUVTEAEGTN, TOTE M EMAOYT Yiveton Toyaio. H BEATIOT
Ao TPOKVTITEL OVECAPTNTO OTO TNV ETAOYN.



PATNPENTEIG
(OXETIKA JE TN HEBOOO simplex)

® Otav 000 1] meplocdTEPEC LETAPANTES ATOTEAODV TIC ECEPYOUEVEG
Baokég petafAntéc mpoxdmTel o EKPLAIGUEVT Bactkn) OuvaT) AVGN
emeldn ot .eofaduiec petafAntéc mov emhéyovial mpénel va AdPovv Tiun
iom pe to unoév. Av uia tétota petafAntn emieybet otn cuveyela
cav e€epyouevn Pactkn petafAntn, Tptv OU®C 1 TN TS OAAAEEL 0TO
TNV UNOEVIKT, TOTE N AVTICTOLYTN EIGEPYOUEVT PaciKT) LeTaPANT
TOPOAUEVEL UNOEV KOL 1) TIUT TNG OVTIKELEVIKTC GLVAPTNONG TPETEL VAL
mopapeivel apetaPfAntn. H owdikacio Opmg oonyet oe atépuova Ppoyo
(loop), dOnAadn o€ KLKAMKY] ETOVUANTTIKT Olo0tkacio yopic dvvarotnTo,
evtomio oV BEATIGTNG AOong. o v avTIHETOTIOT TOV TPOPATILLOTOC
VITAPYOLV TEYVIKEC TTOL OEV AVOTTTOCGOVTOL 0.



paTNPATEIS
(OXETIKA JE TN HEBOOO simplex)

o TIpoPinua eppaviCetal 0tav dgv LILdPyYEL KATAAANAN ootk
LeTaPANT mov va yapaktnplotel g e€epyouevn. To mpoPAnua
evtomiCeTal otav 1 el6epyOuevn Pacikn petaPAntn uropel va
avEnBel ameploplota, YOPIc Vo ODGEL OPVNTIKEC TIUES GE KATOLOL OTTO
TIC VILAPYoVGEC Pacikéc petaPAntéc. Xnv simplex avtd onuaivet Ot
KABe GUVTEAEGTNG TNC KOPLOG GTHANC lvan €lte apvnTIKOG €ite UNOEVY.
Amotélecua TG 0l1001KaGiaG Eivat OTL 01 TEPLOPIGLOL OEV EUTOOILOVV
TNV GLVEYN AOENOT TNG TIUNG TNG OVTIKEEVIKTIC GLVAPTNONG GE UL,
opIGLEVN 01ELBVVGT (aPVNTIKT 1) BETIKT)) £TGL OGTE VAL TPOKVYEL
OLOKOTN TNG OtdKaciog pe tnv EvOecn ot n Z oev opileton. H
EvoelEn epunvedvetor cav AdBog, kabott oev vdpyel TpoPAnua I'TI
TOL VO, O1VEL amEPLOPIGTO OPELOC. TNV TTEPimT®ON avtn Bewpeitan
OtL T0 TPOPAN U dev €xel KaTOoTPOOEL CMGTA, EITE LE TOPALELYT
TEPLOPICUAV €lTE e AABOC otV apy1n NS 01001KUGTOGC,



PATNPACEIG
(OXETIKA JE TN HEBOOO simplex)

° AMN mepintoon lval 1 ELEAVIoN TOAA®V PEATIGTOV ADGEMV.
Omoloonmote TPOPANUA QVTNC TNE LOPPNS EXEL TOVAAYIGTOV
000 BEATIOTEG POGTKES IKAVES AVGELC TTOV

YPNOILEDOVY GTOV EVTOTIGUO KABE AAANG BEATIOTNG Ao C. X¢€
OPKETEC EPAPLOYEC EIVOL EK TOV TPOTEP®V YVOGTN 1 VITOPEN
TOAMV BEATIGTOV AVGE®V. OTMGONTOTE, GE EVAL LOVTELO
ANYNG amoPAGE®V Elvarl OVGKOAOC 0 GLVVTOAOYIGLLOC
GUUUETOYNG OA®V TOV TOPAYOVI®OV, EQOGOV Aaupdvovtal
cLVNO®C LOVO OKOVOULLIKOL Ko TEYVIKOL Tapdyovies. 'Etot,
LETE TOV KOOOPIGUO TV TAEOV ATOOEKTMV EVOAANKTIKOV
Moewv (PErtiotec Aboelg N Aboelg mAnociov g BEATIGTNG TOL
TPOKVTTTOLV A0 AvAALGT evaucinciag), n TEMKT EMAOYN
LETAED OTMV EVOTOKELTOL GTOV ANTT OITOPOGTC.



paTNPATEIS
(OXETIKA JE TN HEBOOO simplex)

* Mg tnv simplex 1 01001KaGio GTOUUOTA LOALC EVIOMIGTEL 1] TPWOTN
BéATIOTN AVGT Ko €161 0€v evtomiCovTot AAAES PEATIOTEC ADOELS EGV
vapyovv. To TpoPANUA OVTO AVTILETOTILETOL LE TO YEYOVOC OTL
OTNV TEPIMTMOGOT VTOPENG TEPIGCOTEPMV TNG Hiog BEATIOTOV TKOVDV
AMoemV, TOLAAYIGTOV Uio ol TIG Paotkeg LeTaPANTES €xel Eval
GLVTEAEDTI] 100 UE TO UNOEV GTNV TEMKT £EIGMGT Kol £TGL 1] AVENOT
LIS TETOW0G LETAPANTNG 0EV neTaPdArel Tnv Tiurn g Z.

* Amo to TOPATAV®D TPOKVTEL OTL O EVIOTIGUOC Kol AAA®V BEATIGTOV
Moemv umopet va emtevydel pe mpdobeta emavoinmTikd Prpoto Kot
Le emAoyn kKabe popa exketvne T Un-Poactkng petafAntnc mov £xet
UNOEVIKO GLUVTEAEGTY] Y10 TNV EloEPYOUEVT Pacikn Aven. H nueboooc
Tpocopoimonc (simulation) otvel AOGN GE TETOLEC TEPIMTTMGELC.



P e S

' [Tapadelyua 1°

* 'Evac aypotnc €xetl 240 otpEupato yempyikne ync. @&iet
VOl OTOPUGICEL TOCH GTPEUUATO B0 PUTEVCEL KOAAUTOKL
Kot TOoo TPLPUAAL To KOAQUTOKL TOV QTTOPEPEL KEPOOG
40€ amo kdOe oTpEppa, eveo To TpLeLAA 30€ amd Kde
otpéppa. To kKoAaumokt ypeldleton mepimov 2 mPEC
epyaciog yio kG0e oTpEupa, EVO TO TPLPVLAAL ¥peLdieToN
uovo 1 opa yio kdbe otpéuua. Mmopel va amoacyoinOet
oTn YEWPYIKN epyacio cuvolkd 320 opec. 1o va
LLEYIGTOTOINGEL TO KEPOOC TOL TOGH GTPEUUATO O
KOAMEPYNGEL KOAAUTOKL KOl TOGA, TPLPUAAL?



P

' [lapadelyua 2°

® 2T1C €EETACELS TOV padnuatog vapyovy BEpato TOTOL A,
ta omotla aciCovv 10 Babuovg kot O¢pata tomov B, ta
omoia aciCovv 15 Pabuovc. Xperaleote 3 Aemtd Yo KAOE
O<ua Tomov A ko 6 Aemtd yio kdBe OEua Tomov B. O
GLVOMKOC 0100€G1L0C ¥pOVOC elvarl 60 AemTd Ko OV GUC
EMITPETETOL VO, ATAVTNCETE GE TEPLOCOTEPEC OO 16
EPOTNGELC. OcPOVTOS OTL OAEC Ol ATOVINGELS GUC ETVOL
OWOTEC, TOOEG Ba Tpémel va, eMAECETE oo KAOe TUTO,
(OOTE VO, ETLTOYETE TO UEYUADTEPO Pabuo?



/
[Tlapadelyua 3°

* Mo KovTiva W VEL Kol TTOVAGEL UTLPTEKLO KOl AOVKAVIKO GE
TOO0GPUIPIKOVG ayWVEC. [l va Tapaelvel 6T 00VAELL
TPEMEL VAL TOVAGEL TOVAQYIGTOV 10 umeTEKLO, QAAL OEV
UTopel va ynoetl teptocotepd oo 40. AVTIGTOL 0 TPETEL VAL
movAdel TovAdytotov 30 Aovkdvika, aAAL OEV UTOPETL VOl
ynoetl neprocotepa amd 70. Emiong oev umopet va ynoet yo
neprocotePa oo 90 cdvtovitc cuvolkd Tnv nuepa. To
KaBapo kEPOOC amd Eva umetékt eival 0.33€ kot oo Eva
Aovkaviko 0.21€. [16ca amd kdbe €100¢ TPEMEL VAL TOVANGEL,
(OOTE VO £YEL TO UEYIGTO KEPOOC?
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- Iapaodeiypa 4°

* 'Eva katdotnuo 0mpmv TOVAAEL TOADTEAN 0EVOPA TO
Xprotovyevva. O mpounbevtng g ypewvel 8O€ yia
QLGIKO 0£VOPO Kol 160€ yia texyvntd 0EVOpo. AOY®
OLOUEVOVS OTKOVOLULKTIC PELGTOTNTOC TO KATAGTNUA OEAEL
VoL ETEVOVGEL GTNV EAAYLOTN TOGOTNTA 0EVOPWV. To
KOTAGTNUO UTopel va ayopdcel amo 20 emc kot 90 puoika
oEvopa. Mmopetl va ayopacel €og kot 100 teyvntd oévopa.
O mpounBevtnc pmopet va tapad®acel LeTachd S0 Emc Kot
120 0évopa 610 chvoro. To katdoTnua amontel vo
O10E€TEL aPOUO TEYVNTOV OEVOPMV TOVAAYIGTOV OGO O
UG OC aptOUdC TOV PUGIKMV 0EVOPMV.
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' [lapadelyupa 5°

* "Evog KTnvoTpoQoc avauyvoerl tpoen amd 2 mpounbevtéc,
A xon B, ®ote va mapeyel ota {oa tov. Xe Kabe tdicua
amotovvTol TovAdytetov 60 ypouudpla tpmteivng kot 30
ypaupdpia Arovg. H tpoer) tov mpounbevtn A €xet 15
ypaupdpla Tpmteivng Kot 10 ypauudpio AMmovg kot
KootiCel 80 Aemtd to KIAO. H tpoen Tov mpounbevt B
gxel 20 ypoupaplo TpoTEIVNG Kol S ypouuapior Ao Kot
KootiCel 50 Aentd to KIAO. 1160 Tpoen Tpémet va
YPNOLLOTTOGEL O KAOe Tpounbevtn, MGTE v
EAAYIOTOTTOGEL TO KOGTOG TOV?
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- lNapaoelyua 6°

* 'Eva gepyootdoto mapdyel 2 mpoiovta: 10 A kol to B. To
epyootdcio owdétel 3 mapaptiuora IT1, I12 ko 113. To k€poog
oo TO TPOoioV A gival 4€ ava tepaylo Kot oo 1o Tpoiov B 8€
ava tepdyto. To kdBe mapdptnuo £YEL TIC TOUPAKATM
OLVOTOTNTEG:

wpec/ Tuy A opec/ TUy A LEY1OTT OVVOULIKOTNTA
o II1 8 opec/TuxA 100pec/TuyB 11000mpec max
° I12 4 opec/tuyxA 100pec/TuyB 9000mpec max
o II3 12 opec/tuyA 6wpec/tuyB 12000mpec max

IHwg Oa peyrotonon0el to KEPOOG?



elvan emiong Kop.

Figure 3.12 Intersection of two convex sels.

* To oVVOAO EQPIKTMV AVGE®V VO TPOPANLLOTOS YPUUUTKOD
TPOYPOULOTIGLOD ELVOIL KVPTO.

* 'Eva tomiko eAdy10T0 TOV avnKeL 6€ Eva KUPTO GUVOAO Eivon Ko
amOAVTO (KoBOAKO) EAQYIGTO.

® Olec o1 Pacikéc epikTeC ADoELS Elvon axpaio onueio Tov KupTOv
GLVOAOL EPIKTMOV AVGEMV.

* 'Eotm S 011 etvan kuptd Ko KAEIGTO ToAVEOPO. H eAdyiotn Tiun

L0 YPOUUIKNC cuvaptnong 6to S Oa PBpiokeTor oto cuvoplokd
onueia tov S.



Definitions
1. Point in n-dimensional space. A point X in an n-dimensional space is char-
acterized by an ordered set of n values or coordinates (xy, x3,...,x,;). The
coordinates of X are also called the components of X.

2. Line segment in n dimensions (L). If the coordinates of two points A and B
are given by .1:;” and .1'}‘J{j = 1,2.....n), the line segment (L) joining these

points is the collection of points X(4) whose coordinates are given by x; =

A+ (= =120 with 0 <A < 1.

Thus
L={X|X=ixV+(1-1x? (3.4)

In one dimension, for example, it is easy to see that the definition 1s in accor-
dance with out experience (Fig. 3.7):

B x) = AP =497, 0<2<] (3.5)
whence

) =W Ea=-0x®, 0<r<l (3.6)



3. Hyperplane. In n-dimensional space, the set of points whose coordinates satisfy
a linear equation

1K) oty = a'X =b (3.7)
15 called a hyperplane. A hyperplane. H, is represented as
H(a,b) = (X |a'X = b) (3.8)

A hyperplane has n — 1 dimensions in an n-dimensional space. For example,
in three-dimensional space it is a plane, and in two-dimensional space it is a
line. The set of points whose coordinates satisfy a linear inequality like a;x; +
v+ ayx, = b is called a closed half-space, closed due to the inclusion of an
equality sign in the inequality above. A hyperplane partitions the n-dimensional
space (E£") into two closed half-spaces, so that

HY = (X |a'X = b) (3.9)
H = (X|a'X < b) (3.10)
4
H
Hyperplane
P -xy
"/ T Figure 3.8 Hyperplane in two dimensions.




4. Convex set. A convex set is a collection of points such that if X'" and X'* are
any two points in the collection, the line segment joining them is also in the
collection. A convex set, §, can be defined mathematically as follows:

FxXY x2S then Xe8

where
X=X+ -0)x% 0<ic<l

A set containing only one point is always considered to be convex. Some
examples of convex sets in two dimensions are shown shaded in Fig. 3.9. On
the other hand, the sets depicted by the shaded region in Fig. 3.10 are not
convex. The L-shaped region, for example, 1s not a convex set because it is
possible to find two points @ and b in the set such that not all points on the line

Y o % @ o

Figure 3.9 Convex sets.

e @ D Z

Figure 3.10 Nonconvex sels. Tnpa 5-2 Timow ydpov molimkng
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5. Convex polvhedron and convex polytope. A convex polyhedron is a set of points
common to one or more half-spaces. A convex polyhedron that 15 bounded is
called a convex polytope.

Figure 3.11a and b represents convex polytopes in two and three dimensions,

and Fig. 3.11¢ and d denotes convex polyhedra in two and three dimensions. It
can be seen that a convex polygon, shown in Fig. 3.11a and ¢, can be considered

as the mtersection of one or more half-planes.
x2

X2

A
() (#)
xo xz
I's
L/ a ——
—-— xq

X3
{e) {d)

Figure 3.11 Convex polytopes in two and three dimensions (a, #) and convex polyvhedra in
two and three dimensions (¢, ).



Vertex or extreme point. This 1s a point in the convex set that does not liec on a
line segment joining two other points of the set. For example, every point on
the circumference of a circle and each corner point of a polygon can be called
a vertex or extreme point.

. Feasible solution. In a linear programming problem, any solution that satisfies

the constraints

aX=m>b (3.2)

X>0 (3.3)

1s called a feasible solution.

Basic solution. A basic solution is one in which n — m variables are set equal
to zero. A basic solution can be obtained by setting n — m variables to zero and
solving the constraint Egs. (3.2) simultaneously.

Basis. The collection of variables not set equal to zero to obtain the basic
solution 1s called the basis.



10.

11.

12.

13.

Basic feasible solution. This is a basic solution that satisfies the nonnegativity
conditions of Eq. (3.3).

Nondegenerate basic feasible solution. This is a basic feasible solution that has
got exactly m positive x;.

Optimal solution. A feasible solution that optimizes the objective function is
called an optimal solution.

Optimal basic selution. This is a basic feasible solution for which the objective
function 1s optimal.



o Ileprotpoikn avaywyn (Pivotal reduction) cvetruotoc m
eCICMOEMV LLE 1 OYyVOGTOVS (M<n)



