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POAUNIKOC TTPOYPANUOTIONOC

* Eival pia peboooroyio Peltiotonmoinonc, n onoia
eQOPUOLETON GE TPOPANUOTA, GTOL OTTOLO 1) AVTIKELUEVIKT)
GLVAPTNOT KOl Ol TEPLOPLOUOL ELPAVILOVTOL MG YPOULUUIKEC
GUVOPTNOELC TOV UETOPANTOV GYEOOGLOVD.

* O1 eC16MGEIC TOV TEPLOPIGUMDV GE £V TPOPBAN UL
YPOLULULKOD TTPOYPUUUOTIGUOV UTOPEL Vo EL@avilovTon ¢
100TNTEC 1] OC AVICOTNTEC.

* O ypOUUIKOC TPOYPOUUATIGUOC LOG ETLTPETEL VA
eMAEYOLUE PEATIOTEC AMOPACELC GE TOADTAOKEC
Kotaotacelc. TovAdyiotov 4 Bpafeio Nobel 000nkav ce
GUVELCPOPEC GYETIKEC UE TO YPOUULKO TPOYPOULOTIGLLO.



Plotopia

* O YpOoUUIKOS TTPOYPALUUATICULOS OC TUTOC TPOPANUATOV
BeAtiotomoinonc avayvopictnke to 1930 and
O1TKOVOLLOAOYOUC Y10 TOV VTTOAOYIGLO TNC BEATIOTNG
KOTOVOUNG TTOPMV.

® X211 OLQPKELD TOV 2°° TOYKOGUIOU TTOAELOV 1] OLEPOTTOPIN TMV
HIIA €@appoce Tig TEYVIKES TOV YPOLLUIKOD
npoypoupaticuov. O George B. Dantzig oiatvmmoe 10 YeEVIKO
TPOPANLA TOV YPAUUIKOD TPOYPUULOTIGHLOD KOl EQPEVPE TO
1947 tn uébooo simplex yio tnv €nilvon Tov, 1 onoia
EMETPEYE TNV Evpeia ypNom ¢ uebooov.

° 'Emerta tn peyaAvtepn emppon tnv EYE 1N GLVEIGPOPA TOV
Kuhn kot Tucker pe tn Bempia tnc ouikdTNNTOGC KO 01 EPYOGIES
t®v Charnes ka1 Cooper yia T1¢ Brounyovikeég eQapuroyEC TOVC



npoypap LOTIONOU
* O1 epapuoyég eivan Tapa TOAAES Yo vaw avapepBodv OAEC.
Evoeiktikd mopadsiypora:

* AwAompila teTpelaiov, To. omoio Tpounbevovtol TETPEANLO
Ao OLOUPOPETIKEG TINYEC, LE OLOPOPETIKT cLVOEST Kot
KOGTOG. MTopoOV va TapayouV olpopeEC TOGOTNTES Yl
TOAAQ TTPOTOVTO, OIS KAVGLUO OEPOTAAVOV, TETPEAOLO
Kivnong, BevCivn k.a. Iopadsiyporto meproptopmy ivol n
OL0EGIUN TOGOTNTA OTTO TIC TTNYEC, | LEYIGTT TOPAYWOYIKY
IKOVOTNTA Y10 GUYKEKPLUEVO TPOIOV K. (L.



ﬂpovpap |J(XTIO'|JOU
* To BEATIOTO TPOYPOLLLLD TTOPOAYDYNG GE EVOL EPYOCTACLO
LUTTOPEL VO OTTOPACIOTEL LLE YPOLUIKO TPOYPOAUUATIGUO. APOV
0 aplOUOC TOV TOANGE®V OV Eivon 6TaBEPOC N EMLYEIPNON
Exel TOAAEC emAOYEC. Mmopel va amoOnkeveL Ta Tpoidvra,
®GoTE Vo, £YEL amobepna ot LEYIoTN (NTNOT, AAAL 0WTO
eptlapPavel K6oto¢ amodnkevonc. Mmopel va TAnpmGel
VITEPWPIES Y1 VO EMLTVYEL TEPLOCOTEPT] TAPAYMYT GTN
ueyain cnmon. Ot meploptouol apopovV TOGO 611
OLVOUKOTNTO TOV EPYOGTAGION OGO KUl GTT) OLVOUIKOTTA
TOV TPOUNOELTOV VO TAPEYOLY TIC TPDTES VAES. O YPUUUIKOG
TPOYPOULOATIGUOG UTopel va AdPel vTOYN OAOVC TOVC
napéwovrsg KO VoL TOPEYEL ™ ADON UE TO TEPLOGOTEPO
KEPOOC... N LE TO MYOTEPO PIOKO



' npoypap HOTIOHOU

o X1 Brounyoavia exeCepyaciac TPOPNS O YPUUUIKOS
TPOYPOULOATIGUOC TOPEYEL TO PEATIOTO GYEOL0 TPOUNOELDV
KOl OLGTTOPAC TV TPOIOVTMOV atd O1UPOPa. EPYOCTAGIO GE
OLAPOpPES OO KEC.

o 2 Prounyovio LETAAA®V 0moPAGICETOL 1] TOPAYOYN TOV
OLOTOLLMV Y10 LLEYIGTOTTOINGT TOV KEPOOVG.

* H BéATiot OpoUOAOYNGT UNVLUATOV GE VO OTKTLO
EMIKOLVOVING N 1 OPOLOAOYNON OEPOTAAV®OV KOl TAOI®V
LUTTOPEL VO OTTOPOCLOTEL LLE YPOUUUIKO TPOYPUULOTIGUO.

o [TIoAAG TeXVIKA TTpOPANLATO UTOPOVV VO ETIAVOOVV LE
YPOLULLKO TPOYPOUUATICUO ETTVYYAVOVTOS PEATIOTA
OTOTEAECLLATOL.



Scalar Form

Avaroya. e ™ Biproypaeio pmopet va ival maximization

Minimize f(x;, x2,...,. Xp) =Xy +Caxa+ - F Xy

subject to the constraints

apxy +apxa+ - Fapx = h
anxy +anxr+ -+ ayux; = b

AmiX] + Am2X2 + -+ dmpXn = Eim

X 0

AR

where ¢j, bj, and aj;(i =1,2...., o B Y A n) are known constants,

are the decision variables.
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VPOAUMHIKOU TTPOYPAUUATIOUOU

(3.1a)

(3.3a)

and Xj
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AUHIKOU TTPOYPOMUATIONOU (O€ HOPPN TTIVAKWV)

Matrix Form

Minimize f(X) = c'X

subject to the constraints

aX =">
X=0
where
X1 -’-’:
X7 b
K = I] = ] =
Xn IJ-3"J'rr
™
di1 di2 -++ n
21 a4 -+ ain
3 =
_ﬂml Am2 = ﬂ'rrm_|

Cn
.

(3.1b)

(3.2b)
(3.3h)
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~ Kavovikn yopon

* To yopoktnploTikd vOC TPOPANUOTOC YPOLLULKOD
TPOYPOULUUATIGHLOV, TO OTTOL0 TEPLYPAPETUL OTNV KAVOVIKN HOPPN]
(standard form) ivou:

* H avtikelpevikn covaptnon eival Tpog eAayietonoinon 1N mpog
ueyltotonoinon (avaroyo pe tn Piproypaeia),

® OAec o1 petofAntéc oyeotacov ivor un opvnTikéc,

* OAot o1 Tepropiopol eivor TOHTOL 1GOTNTOC.

OAa ta TpoANuata YPOoUUKOD TPOYPOUUATIGUOD UTOPOVV VAL
UETACYNUOATIOTOVV OTNV KAVOVIKY HOPPT YPTNCLLOTOIOVTOC TIG
TEYVIKEG TTOL TTEPLYPAPOVTUL TOPAKAT®.



ETOOXNMOTIONOC GE TUTTIKF HOP®PT]

* «H avtikepevikn cuvaptnon givol mpog EANYIGTOTOINGN.»

* OmolooNmoTE TPOPANUO LEYIGTOTOINONG UTOPEL V.
LETOOYNUOTIOTEL GE TPOPANLUO EAOYIGTOTTOINGNG TNG 1010
cuvaptTnong tpocHEéTovrog apvnTiko tpdonuo ¢’ avtn. L'
TOPAOELY L ] GLVAPTNON:

minimize f = c1x; +c2x2 + -+ 4 Xy
etval tooovvaun Ue :

maximize ' = —f = —yX; — €2X3 — - - - — Cp Xy



ETAOXNMATIOPOG O€ TUTTIKN HOP®N

* «OAeg o1 petafAntéc oyeotacpov (1 amdeacns) tvor un
PV TUKEC.»

o 2& TOAAG TEYVIKA TPpOoPANLOTO O1 LETAPANTEC GYEOOGLLOV
APOPOVV GE PLGIKEC OLOIOTAGELS, OTTOTE Ol LETOUPANTEC Elvon
un apvnTikéc. Otav Opumc ol peTaPAnTéc umopovv va
AdPovv 0mo100NTOTE TPOGMNUO TOTE:

* Mo petafAnt pe un kaBoptopévo TpOGMUO UTOPEL VoL
YPAPTEL GOV O10UPOPE. OVO VEMV U 0PV TIKOV LETOPANTOV.

° Apaav x; m petopPAnti yopic kabopioueEVo TPOGTLO
UTOPEL VO YPOPTEL OG  x; =X} —x7,

=0

OTOV: 1; > and ‘;



,%mcxnpaﬂcpo! g%opcpﬁ

* «OLo1 01 TEPLOPLOUOL ETVOL TOTOV 1GOTNTAC. »

® O1 TEPLOPIGUOL UE TN LOPPT] OVICOTNTMV TOL TUTTOL KUIKPOTEPO 1
1oO» 1N «UEYAADTEPO N 1GO» UTOPOVV VO LETATPOTOVV GE LGOTNTEC
LE TNV TPOGONKT WO VEAC UM 0PV TIKNG CUUTANP®UATIKNG
(slack) N1 mAeovacuatikng (surplus) petaPAntic avrictoryo
(ueTaPAnTéC amoKAlong).

°* Apa 6TV avicoon: ApiXy + a@paxs + -+ -+ dap Xy < by

* wpooTtifetal o un apvntikn slack variable Yn+1 xou
petooyNUOTICETAL O8: @riX) + @kaXa + - o+ + Ajy Xy + Xy = by

® AVT{GTOIX(X GTnV: fdkiX] = ai>XxX2 D i + UknXn E h,l._
° Apoupeiton por un apvntikn surplus variable x,+1 xon
HST(XGXHH(ITICST(II OE.  apixy +akaxa + -+ + QknXn — Xps1 = by



VEWMETPIO TV TTPORANUATWY

VPOUMUIKOU TTPOYPAUUATIOUOU

* To wpofAnuato pe POALS 2 peTaPANTEC TOPOVGIALOVY Lo
QAT TEPITTMGT), 6TV 0Toia | Avon umopel va. Ppebel e
ypapikec pebooove. H ontikomoinon t€tolmv
TpoPANUATOV TTAPEYEL TN PUVGIKN EIKOVA, OTTO
GUYKEKPLUEVA YEMUETPIKA YOPOKTNPIGTIKO TMV
TPOPLANUATOV YPOUULIKOD TPOYPOLUUATIGLOD:

® M €QIKTN TEPLOYN EIVAL KDPTO TOAVYWMVO,

* N BEATIGTN AVGT OV VITAPYEL EIVOL GE LKL KOPLUPT TG
EPIKTNG TEPLOYNC.



Example 3.2 A manufacturing firm produces two machine parts using lathes, milling
machines, and grinding machines. The different machining times required for each part,

the machining times available on different machines, and the profit on each machine
part are given in the following table.

Machining time required (mi
acnmmg time requird {nnn) Maximum time available

Type of machine Machine part 1 Machine part 11 per week (min)
Lathes 10 3 2500
Milling machines + 10 2000
Grinding machines | 1.5 4510)
Profit per unit $50 $100

Determine the number of parts [ and II to be manufactured per week to maximize the
profit.



* 'Eotm X ko1 y 0 aplOpoc tov mapayoueveov tpoiovioy I
Ko II avtictorya. Avtéc etvor petafAnNTEC oY eOLUGLOV 1
aTOPAGCTG.

* ®EAOVUE VO, LEYIGTOTOLGOLLUE TO €R00OA010H0 KEPOOC TO
omoio teovtan pe: $50 - x + $100 - y

° Avtn €lval N AOVTIKEILEVIKT] GLVAPTNON:
°* maximize f(x,y)=50-x+100 -y

o [Iepropiopot: 10x + 5y = 2500 (E1)
4x + 10y < 2000 (E2)
x+ 1.5y < 450 (E3)

r=0
(E4)

y=10



The optimum solution cnrrﬂ;punds to a value of x* = 187.5, y* — 125.0 and ﬂ"prnﬁl
of $21,875.00.

-

G(187.5, 125.0)

] - X

(0,0) B F D
Figure 3.3 Feasible region given by Eqgs. (E;) to (Ey).
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Figure 3.4 Contours of objective function.



In some cases, the optimum solution may not be unique. For example, if the
profit rates for the machine parts I and IT are $40 and $100 instead of $50 and $100,
respectively, the contours of the profit function will be parallel to side CG of the
feasible region as shown in Fig. 3.5. In this case, line P"Q", which coincides with the
boundary line CG, will correspond to the maximum (feasible) profit. Thus there i1s no
unique optimal solution to the problem and any point between C and G on line P Q"

Y
!

Figure 3.5 Infinile solutions.



Figure 3.6 Unbounded solution.

Thus a linear programming problem may have (1) a unique and finite optimum
solution, (2) an infimite number of optimal solutions, (3) an unbounded solution, (4) no
solution, or (3) a unique feasible point. Assuming that the linear programming problem

s properly formulated, the following general geometrical characteristics can be noted
from the graphical solution:

1. The feasible region is a convex polygon.’
2. The optimum value occurs at an extreme point or vertex of the feasible region.
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| [Tapadeiyua 1°

* 'Evog aypotnc £xel 240 otpéupato yempyikng yne. @&iel
Vo, 0TOQaGIGEL TOGH GTPEUUOTO 00 PUTEDGEL KAAOUTOKL
Ko toca TPLPOVAAL. To KOAAUTOKL TOV ATOPEPEL KEPOOC
40€ and kdbe otpEupa, evo to TPLPLAAM 30€ amd kabe
otpEupa. To kaAoumokt yperaletor Tepimov 2 MPES
epyaciog yio kKOs oTpEupd, EVO TO TPLPVAAL ¥pEIALETOL
uovo 1 opa yio kdbe otpéupa. Mmopei va amacyoindet
oTN YEMPYIKN epyocio cuvoAlka 320 opec. 1o va
LEYIGTOTOIMOEL TO KEPOOC TOV TOGH oTPEULATO O
KOAMEPYNGEL KAOAOUTOKL KOl TTOGO, TPLPVAAL?
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| [Tapadeiyua 2°

* 2116 €€eTdoELS TOV podnuatog vTapyovy BEpata TOTOL A,
ta omoia aciCovv 10 Babuovc kot OEpata tomov B, ta
omoia aciCovv 15 Pabuovc. Xpetdleote 3 Aemtd Yo KAOe
O¢ua TOmov A kot 6 Aemtd yio kdBe OEpa tomov B. O
GLVOMKOC O1l0EGIHOC ¥pOVOoC ivan 60 AETTA Ko OEV GOG
EMTPETETOL VO OTTAVTNGETE GE TEPLGGOTEPEC Ao 16
ePMTNOELS. OempvTog OTL OAEC 01 AMAVINGELS GOG Eivat
ocWOoTEC, TOGEC O mpémel va, emAEEeTE amd KAOE TVUTO,
(OGTE VO, EMTVYETE TO UEYOAVTEPO PaOuod?



| [Tapaodeiyua 3°

* Mo Kovtiva WNVeL Kol TOVAGEL UTLPTEKLO KO AOVKAVIKO GE
TOO0GPUIPIKOVC arywVEG. [l va mopapeivel 6T 00vAELd
TPEMEL VO TOVAAEL TOVAQYLoTOV 10 pmieTéKia, aAAd OV
uUmTopel va ynoel tepiccotepa amo 40. Avtictoryo TPETEL VoL
TOVAQEL TOVAQYLoTOV 30 AOVKAVIKA, OAAL OEV UTOPEL VU
ynoel teprocotepa amd 70. Emiong oev umopet va ynoeet yio
nepiecotePa amd 90 cavtovitc cuvoMKkd TV nueEpa. To
KoBapd KEpooc amd Eva umetékt etvon 0.33€ ko and Eva
Aovkaviko 0.21€. I1oca amd kdbe €100C TPEMEL VoL TOVANGCEL,
(OGTE VO, EYEL TO PUEYIGTO KEPOOC?
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- Tapaodeiyua 4°
* 'Eva katdotnuo 0Opmv TOLAGEL TOAVTEAT OEVOPOL TO!

Xprotovyevva. O tpounbevtng e ypewverl 8OE€ yia
QLGIKO 0EVOPO Ko 160€ yia TexvNTO 0EVOPO. AOY®
OVGUEVODC OLKOVOUIKTC PEVGTOTNTOG TO KOTACTNUO OEAEL
VO, ETEVOVGEL GTNV EAGYIGTN TOGOTNTO OEVOP®V. To
KotaoTnuo uropet va ayopdacetl aro 20 g kot 90 puoika
0Evopa. Mmopel va, ayopacel Em¢ ko 100 teyvntd 0&vopa.
O mpounBevtnc umopel va mapadmcel Letacd 50 Emc kot
100 0évopa 6to cUVOLO. To KOTAGTNUO OTTOUTEL VoL

Otaf€TEL PO TEYVNTAOV 0EVOPMV TOVAAYLOTOV OGO O
UG OC aplOUdC TOV PUGIKDV OEVOPMV.
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| [Tapadeiyua 5°

* 'Evag ktnvotpdpoc avauyvoel tpoen amo 2 tpoundevtéc,
A xou B, oote va mapéyel ota (oo tov. Xe Kdbe tdoua
amontovvTol ToOVAdyteTov 60 yYpauudpio TpoTeivng kot 30
ypauuapio Airovc. H tpoen tov mpounbevtn A €xet 15
ypauuapio tpoteivnc ko 10 ypouudpio Amwovg Kot
KootiCel 80 Aemtd to KIAO. H tpopny Tov mpounbevtn B
Exel 20 ypaupdplo TpoTEVIC Kot S YpOoULapLo. MTovg Kot
KooTiCel S0 Aemtd to KIAO. 166N TpOPN TPEMEL v
YPNCILOTOMGEL amO KAOE Tpounbevtn, MoTE va
EAOYIGTOTOINGEL TO KOGTOG TOL?



~ TNapadeyua 6°

* 'Eva gpyootdoio mapayel 2 mpoiovta: 10 A kou 10 B. To
epyootdoto ownbéter 3 mapaptruata 111, 112 ko 113. To k€pdog
oo TO TPoiov A gival 4€ ava tepdyto Kot amtd to tpoiov B 8€

ava tepdyto. To kdOe mapdpTnuo £xel TIC TOPAUKATM
OLVOLTOTNTEC:

opes/ TUY A opes / Tuy A LEYLOTN dvvoKOTNTO
o II1 8 wpec/TuyxA 10wpec/TuyB 11000mpec max
° [12 4 opec/tuyA 10mpeg/TuyB 9000mpeg max
o [I3 12 opec/tuyA 6wpec/TuyB 12000mpec max

[Hog 0o peyrotononbel to kKEPOOC?
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* H toun omotovonmote aplfuov kuptwv cuvOAmV (convex sets)
elvan EMioNC KupT).

Figure 3.12 Intersection of two convex sels.

* To 6OvoAo €PIKT®V ADGEMV EVOC TPOPANUOTOC YPOLLULKOV
TPOYPUULOTIGUOV V0L KVPTO.

* "Eva tomik0 €Ady16T0 TOL OVNKEL GE EVO KUPTO GUVOAO Elvor Ko
amOALTO (KoBOAIKO) EAAYIGTO.

® Olec 01 Bacikéc ePikTEC ADOELC elval axpoaio GUElo TOV KVPTOV
GLVOAOV EPIKTOV AVGEMV.

* 'Eotm S 0t1 etvorl kuptd Ko KAELGTO TOAVEOPO. H eddiyiotn Tiun

L0 YPOUUIKNG cuvapTnone 6to S Ba PplokeTol oto cLVOPLOKQ
onueto Tov S.



Definitions
1. Point in n-dimensional space. A point X in an n-dimensional space is char-
acterized by an ordered set of n values or coordinates (xj, xs,...,x,). The

coordimates of X are also called the components of X.

2. Line segment in n dimensions (L), If the coordinates of two points A and B

are given by :-:}“ and I}jj{j = 1. 2.....n), the line segment (L) joining these

points is the collection of points X(4) whose coordinates are given by x; =
i+ (1=, j=1,2.....n with0 <A < 1.
Thus

L={X|X=x"+(1-21)x") (3.4)

In one dimension, for example, it is easy to see that the definition is in accor-
dance with out experience (Fig. 3.7):

D —x) = AP =2, 0<21<1 (3.5)
whence

W)=+ a-0x¥, 0<i<] (3.6)



3. Hyperplane. In n-dimensional space, the set of points whose coordinates satisfy
a linear equation

A1X) + - t+lyXy = a'X =b (3.7)
15 called a hyperplane. A hyperplane. H, is represented as
H(a,b) = (X |a'X = b) (3.8)

A hyperplane has n — 1 dimensions in an n-dimensional space. For example,
in three-dimensional space it is a plane, and in two-dimensional space it i1s a
line. The set of points whose coordinates satisfy a linear inequality like a;x; +
v+ aux, < b is called a closed half-space, closed due to the inclusion of an
equality sign in the inequality above. A hyperplane partitions the n-dimensional
space (E£") into two closed half-spaces, so that

HY = (X|a'X = b) (3.9)
H =(X|a'X < b) (3.10)

A

H
Hyperplane

T a

Figure 3.8 Hyperplane in two dimensions.



4. Convex set. A convex set is a collection of points such that if X'V and X'*) are
any two points in the collection, the line segment joining them is also in the
collection. A convex set, §, can be defined mathematically as follows:

IFXY. x% eS8 then Xe8

where
X = AXxM 1l =0)X®. =<l

A set containing only one point is always considered to be convex. Some
examples of convex sets in two dimensions are shown shaded in Fig. 3.9. On
the other hand, the sets depicted by the shaded region in Fig. 3.10 are not
convex. The L-shaped region, for example. 1s not a convex set because it is
possible to find two points @ and b in the set such that not all points on the line

Y o % @ o o O

Figure 3.9 Convex sets.

zn ) %

Figure 3.10 Nonconvex sets. Zomjpa 5-2 Timor yopoy oAk
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5. Convex polvhedron and convex polytope. A convex polyhedron is a set of points
common to one or more half-spaces. A convex polyhedron that i1s bounded is
called a convex polytope.

Figure 3.11a and b represents convex polytopes in two and three dimensions,

and Fig. 3.11¢ and d denotes convex polyhedra in two and three dimensions. It
can be seen that a convex polygon, shown in Fig. 3.11a and ¢, can be considered

as the intersection of one or more half-planes.
xz

Xz
A
- xq
(e} ()
xo xa
'S
—{— xg

x3
{c) {ef)

Figure 3.11 Convex polytopes in two and three dimensions (a, ) and convex polyvhedra in
two and three dimensions (¢, d).



6.

Vertex or extreme point. This 1s a point in the convex set that does not lic on a
line segment joining two other points of the set. For example, every point on
the circumference of a circle and each corner point of a polygon can be called
a vertex or extreme point.

. Feasible solution. In a linear programming problem, any solution that satisfies

the constraints
aX="h (3.2)
X>0 (3.3)

1s called a feasible solution.

Basic solution. A basic solution is one in which n — m variables are set equal
to zero. A basic solution can be obtained by setting n — m variables to zero and
solving the constraint Egs. (3.2) simultaneously.

Basis. The collection of variables not set equal to zero to obtain the basic
solution 1s called the basis.



10.

11.

12.

13.

Basic feasible solution. This is a basic solution that satisfies the nonnegativity
conditions of Eq. (3.3).

Nondegenerate basic feasible solution. This is a basic feasible solution that has
got exactly m positive x;.

Optimal solution. A feasible solution that optimizes the objective function is
called an optimal solution.

Optimal basic solution. This is a basic feasible solution for which the objective
function is optimal.



o Ileprotpoeikn avaymyn (Pivotal reduction) cuetiuatoc m
eCLOMGEMV UE N AYVOGTOVS (M<n)



