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BasikoÐ OrismoÐ

'Enac n× n pÐnakac A = [aij ] onom�zetai k�tw trigwnikìc an aij = 0
gia j > i, dhlad 

A =


a11 0 ··· 0 0

a21 a22
. . . 0 0

...
...

. . . 0 0
an−1,1 an−1,2 ··· an−1,n−1 0
an1 an2 ··· an,n−1 ann

 .

'Enac n× n pÐnakac A onom�zetai �nw trigwnikìc an aij = 0 gia
j < i, dhlad  o an�strofoc tou AT eÐnai k�tw trigwnikìc.

'Enac m× n pÐnakac A onom�zetai pl rouc bajmoÔ (full rank) an
rankA = min{m,n}.
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Apl  QR ParagontopoÐhsh

Je¸rhma

Gia k�je pÐnaka A ∈ Cm×n (m ≥ n) pl rouc bajmoÔ up�rqei m× n
pÐnakac Q me Q∗Q = In kai n× n �nw trigwnikìc pÐnakac R ¸ste

[ a1 a2 ··· an ]︸ ︷︷ ︸
A

= [ q1 q2 ··· qn ]︸ ︷︷ ︸
Q


r11 r12 ··· r1n

0 r22
. . . r2n

...
...
. . .

...
0 0 ··· rnn


︸ ︷︷ ︸

R

.

q1, q2, . . . , qn eÐnai orjokanonik� dianÔsmata tou Cm, dhlad 
‖qi‖ = 1 kai q∗i qj = 0 an i 6= j
an ta diag¸nia stoiqeÐa rii > 0, tìte oi pÐnakec Q kai R eÐnai
monadikoÐ
an rii < 0, tìte enall�soume ta prìshma twn rii, . . . , rin me autì
tou qi
R eÐnai antistrèyimoc pÐnakac (rii 6= 0).
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Efarmogèc thc QR ParagontopoÐhshc

H QR paragontopoÐhsh mporeÐ na efarmosteÐ sta akìlouja:

EpÐlush grammikoÔ sust matoc Ax = b:

Ax = b ⇔ Qy = b kai y = Rx,

ìpou to sÔsthma y = Rx epilÔetai me proc ta pÐsw antikat�stash
kai to sÔsthma Qy = b epilÔetai �mesa jewr¸ntac y = Q∗b.

Upologismìc orÐzousac kai antistrìfou tou pÐnaka A ∈ Cn×n:

an detA = detQ · detR =

n∏
j=1

rjj 6= 0, tìte A−1 = R−1Q∗.

ParagontopoÐhsh Cholesky jetik� orismènou pÐnaka A ∈ Cn×n:

A = LL∗,

ìpou L eÐnai k�tw trigwnikìc n× n pÐnakac me jetik� diag¸nia
stoiqeÐa, dhlad  L = R∗.
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OrjokanonikopoÐhsh Gram Schmidt

'Estw {v1, . . . , vn} b�sh tou q¸rou Cm. H mèjodoc Gram-Schmidt
kataskeu�zei mia orjokanonik  b�sh me grammikoÔc sunduasmoÔc twn
probol¸n thc arqik c b�shc. H kataskeu  gÐnetai se 2 st�dia:

1 Orjog¸nia b�sh {e1, . . . , en} (dianÔsmata an� dÔo k�jeta):

e1 = v1

e2 = v2 −
v2 · e1
e1 · e1

e1

e3 = v3 −
v3 · e1
e1 · e1

e1 −
v3 · e2
e2 · e2

e2

.

.

. =
.

.

.

en = vn −
n−1∑
j=1

vn · ej
ej · ej

ej .

2 Kanonikopoihmènh b�sh {q1, . . . , qn} (monadiaÐa dianÔsmata):

q1 =
e1
‖e1‖

, . . . , qn =
en
‖en‖

.
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Par�deigma

'Estw v1 = (1, 1, 1), v2 = (0, 1, 1), v3 = (0, 0, 1) mia b�sh tou R3.
Qrhsimopoi¸ntac th mèjodo Gram-Schmidt ja kataskeu�soume mia
orjokanonik  b�sh.

OrjogwnopoÐhsh b�shc

e1 = (1, 1, 1)

e2 = (0, 1, 1)− (0, 1, 1) · (1, 1, 1)
(1, 1, 1) · (1, 1, 1)

(1, 1, 1) = (0, 1, 1)− 2

3
(1, 1, 1)

=

(
−2

3
,
1

3
,
1

3

)
e3 = (0, 0, 1)− (0, 0, 1) · (1, 1, 1)

(1, 1, 1) · (1, 1, 1)
(1, 1, 1)

−
(0, 0, 1) ·

(
− 2

3 ,
1
3 ,

1
3

)(
− 2

3 ,
1
3 ,

1
3

)
·
(
− 2

3 ,
1
3 ,

1
3

) (−2

3
,
1

3
,
1

3

)
= (0, 0, 1)− 1

3
(1, 1, 1)− 1

2

(
−2

3
,
1

3
,
1

3

)
=

(
0,−1

2
,
1

2

)
.
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Par�deigma (sunèqeia)

KanonikopoÐhsh b�shc

q1 =

(√
3

3
,

√
3

3
,

√
3

3

)
, q2 =

(
−
√
6

3
,

√
6

6
,

√
6

6

)
, q3 =

(
0,−
√
2

2
,

√
2

2

)
.

A = [ v1 v2 v3 ] = [ e1 e2+
2
3
e1 e3+

1
2
e2+

1
3
e1 ] = [ e1 e2 e3 ]

[
1 2

3
1
3

0 1 1
2

0 0 1

]
= ET

An D =

[ ‖e1‖ 0 0
0 ‖e2‖ 0
0 0 ‖e3‖

]
=

[√
3 0 0

0
√
6

3
0

0 0
√
2
2

]
, tìte A = ED−1︸ ︷︷ ︸

Q

DT︸︷︷︸
R

, ìpou

Q =

[
1 −2/3 0
1 1/3 −1/2
1 1/3 1/2

]
kai R =

[√
3 0 0

0
√

6
3

0

0 0
√
2

2

]
.

Shmei¸noume oti Q∗Q = I3 kai R antistrèyimoc.
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'Askhsh 1

Na brejeÐ h QR paragontopoÐhsh tou pÐnaka A =

[
1 0 0
1 1 0
1 1 1
1 1 1

]
.

'Estw v1, v2, v3 oi st lec tou A, efìson rank(A) = 3. Tìte me th
mèjodo Gram-Schmidt brÐskoume ta orjog¸nia dianÔsmata

e1 = v1 =
[
1 1 1 1

]T
e2 = v2 −

3

4
e1 =

[
− 3

4
1
4

1
4

1
4

]T
e3 = v3 −

1

2
e1 −

2

3
e2 =

[
0 − 2

3
1
3

1
3

]T
.

A = [ e1 e2 e3 ]

[
1 3

4
1
2

0 1 2
3

0 0 1

]
= ED−1︸ ︷︷ ︸

Q

DT︸︷︷︸
R

=


1
2
−
√

3
2

0

1
2

1
2
√
3
−
√

2
3

1
2

1
2
√
3

1√
6

1
2

1
2
√
3

1√
6


 2 3

2
1

0
√
3

2
1√
3

0 0
√

2
3

 ,

ìpou D = diag(2,
√
3
2 ,
√

2
3).
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'Askhsh 2

Na brejeÐ h QR paragontopoÐhsh tou pÐnaka A =
[
1 −1 0 0
1 0 1 0
0 1 1 1

]
.

'Estw v1, v2, v3 oi grammèc tou A, efìson rank(A) = 3. Tìte

e1 = v1 =
[
1 −1 0 0

]T
e2 = v2 −

1

2
e1 =

[
1
2

1
2 1 0

]T
e3 = v3 −

1

2
e1 − e2 =

[
0 0 0 1

]T
.

A =

[ 1 0 0
1
2

1 0

− 1
2
1 1

] [
e1
e2
e3

]
= TD︸︷︷︸

R

D−1E︸ ︷︷ ︸
Q

=

 √
2 0 0

1√
2

√
3
2
0

− 1√
2

√
3
2
1

[ 1√
2
− 1√

2
0 0

1√
6

1√
6

√
2
3
0

0 0 0 1

]
,

ìpou D = diag(
√
2,
√

3
2 , 1).
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Metasqhmatismìc Householder

O pio eurèwc qrhsimopoioÔmenoc algìrijmoc gia thn QR
paragontopoÐhsh (entol  qr tou MATLAB).

Ligìtero euaÐsjhtoc se sf�lmata stroggulopoÐhshc sugkritik� me
th mèjodo Gram-Schmidt.

Kataskeu�zei thn pl rh QR paragontopoÐhsh

A =
[
Q Q̃

] [R
0

]
, ìpou

[
Q Q̃

]
orjomonadiaÐoc pÐnakac

O orjomonadiaÐoc pÐnakac kataskeu�zetai apì to ginìmeno[
Q Q̃

]
= H1H2 · · ·Hn,

ìpou Hi ∈ Cm×m kaleÐtai pÐnakac (antan�klashc) Householder.
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PÐnakac Antan�klashc Householder

H = I − 2uuT me u ∈ Cn, ‖u‖ = 1

H ermitianìc pÐnakac

H orjomonadiaÐoc pÐnakac

An 0 6= x ∈ Cn, tìte Hx eÐnai mia antan�klash tou x wc proc to
uperepÐpedo span{u}⊥ =

{
z : uT z = 0

}
to di�nusma Hx upologÐzetai apì thn posìthta

Hx = x− 2(uTx)u
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Di�nusma antan�klashc pollapl�sio tou monadiaÐou

'Estw dedomèno di�nusma y = (y1, y2, . . . , yn) 6= 0, tìte orÐzoume to
di�nusma Householder

u =
w

‖w‖
, ìpou w = y + sign(y1) ‖y‖ e1 =

 y1+sign(y1)‖y‖
y2
...
yn

 ,

ìpou e1 = (1, 0, . . . , 0) eÐnai to di�nusma thc kanonik c b�shc.

OrÐzoume sign(0) = 1.

To di�nusma w ikanopoieÐ th sqèsh

‖w‖2 = 2(wT y) = 2 ‖y‖ (‖y‖+ |y1|).

O antÐstoiqoc pÐnakac Householder H = I − 2uuT apeikonÐzei to y
sto span{e1}, dhlad 

Hy = y − 2
(wT y)

‖w‖2
w = y − w = −sign(y1) ‖y‖ e1.
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Gewmetrik  anapar�stash

Antan�klash wc proc to uperepÐpedo
{
x : wTx = 0

}
me k�jeto di�nusma

w = y + sign(y1) ‖y‖ e1,

to opoÐo apeikonÐzei to y sto di�nusma sign(y1) ‖y‖ e1.

QR ParagontopoÐhsh (Master) LamÐa, M�rtioc 2019 14 / 34



Par�deigma

An y =


3
1
5
1

 me ‖y‖ = 6, tìte gia to di�nusma Householder

w = y + ‖y‖ e1 =


9
1
5
1

, o antÐstoiqoc pÐnakac Householder eÐnai

H = I − 2uuT =
1

54


−27 −9 −45 −9
−9 53 −5 −1
−45 −5 29 −5
−9 −1 −5 53

 ,

o opoÐoc ikanopoieÐ th sqèsh Hy =


−6
0
0
0

 ∈ span {e1}.
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Pl rhc QR paragontopoÐhsh

'Estw A ∈ Cm×n (m ≥ n) me rank(A) = n.

1. JewroÔme thn pr¸th st lh a1 ∈ Cm tou A kai upologÐzoume to
di�nusma Householder

u1 =
w

‖w‖
, w = a1 ± ‖a1‖ e1

kai ton pÐnaka Householder

H1 = Im − 2u1u
T
1 ,

2. UpologÐzoume to ginìmeno twn pin�kwn

H1A =

[
−‖a1‖ ?

0 A1

]
, A1 ∈ C(m−1)×(n−1)
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3. JewroÔme thn pr¸th st lh ã1 ∈ Cm−1 tou A1 kai upologÐzoume to
di�nusma Householder

u2 =
w

‖w‖
, w = ã1 ± ‖ã1‖ ẽ1

kai ton pÐnaka Householder

H2 = Im−1 − 2u2u
T
2 ,

4. UpologÐzoume to ginìmeno twn pin�kwn

H2A1 =

[
−‖ã1‖ ?

0 A2

]
, A2 ∈ C(m−2)×(n−2)
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5. An Q1 = H1 kai Q2 =

[
1 0
0 H2

]
, tìte

Q2Q1A =

−‖a1‖ ? ?
0 −‖ã1‖ ?
0 0 A2


6. SuneqÐzoume th diadikasÐa me ton pÐnaka A2 ∈ C(m−2)×(n−2) kai

èqoume

H3A2 =

[
−‖ã1‖ ?

0 A3

]
, A3 ∈ C(m−3)×(n−3)

kai

Q3Q2Q1A =


−‖a1‖ ? ? ?

0 −‖ã1‖ ? ?

0 0
. . . ?

0 0 0 A3

 , me Q3 =

[
I2 0
0 H3

]
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7. Telik� ja èqoume

Qm−1 · · ·Q2Q1A =

[
R̃
0

]
,

ìpou o pÐnakac Qm−1 · · ·Q2Q1 eÐnai ermitianìc wc ginìmeno
ermitian¸n pin�kwn.

8. Sunep¸c, èqoume

A = Q1Q2 · · ·Qm−1︸ ︷︷ ︸
Q∈Cm×m

[
R̃
0

]
︸︷︷︸

R∈Cm×n
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'Askhsh 3

Na brejeÐ h pl rhc QR tou pÐnaka A =

[−1 −1 1
1 3 3
−1 −1 5
1 3 7

]
.

Ja kataskeu�soume pÐnakec Householder H1, H2, H3 ¸ste

A = H1H2H3


r11 r12 r13
0 r22 r23
0 0 r33
0 0 0

 .

1. Jewr¸ntac thn pr¸th st lh tou A, upologÐzoume:

a1 =


−1
1
−1
1

 , w = a1 − ‖a1‖ e1 =


−3
1
−1
1

 , u1 =
w

‖w‖
=

1

2
√
3


−3
1
−1
1

 .
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2. Gia H1 = I4 − 2u1u
T
1 èqoume

H1A =


2 4 2
0 4/3 8/3
0 2/3 16/3
0 4/3 20/3


3. OmoÐwc, upologÐzoume:

a1 =

4/32/3
4/3

 , w = a1 − ‖a1‖ e1 =

10/32/3
4/3

 , u2 =
w

‖w‖
=

1√
30

51
2

 .

4. Gia H2 =

[
1 0
0 I3 − 2u2u

T
2

]
èqoume

H2H1A =


2 4 2
0 −2 −8
0 0 16/5
0 0 12/5
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5. OmoÐwc

a1 =

[
16/5
12/5

]
, w = a1 − ‖a1‖ e1 =

[
36/5
12/5

]
, u2 =

w

‖w‖
=

1√
10

[
3
1

]
.

6. Gia H3 =

[
I2 0
0 I2 − 2u3u

T
3

]
èqoume

H3H2H1A =


2 4 2
0 −2 −8
0 0 −4
0 0 0


Telik�,

A = H1H2H3

[
R
0

]
.
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'Askhsh 4

Na kataskeuasteÐ h apl  QR paragontopoÐhsh tou pÐnaka

A =

[ 1 −1 1
1 2 1
2 −1 2
1 1 1
2 0 −2

]
∈ R5×3.

1. O bajmìc tou pÐnaka eÐnai rank(A) = 3 (full rank).

2. 'Estw A = [ a1 a2 a3 ]. Efarmìzoume th mèjodo Gram-Schmidt gia
na kataskeu�soume orjog¸nia dianÔsmata

u1 = a1 =
[
1 1 2 1 2

]T
u2 = a2 −

0

11
u1 =

[
−1 2 −1 1 0

]T
u3 = a3 −

3

11
u1 −

0

7
u2 =

[
8
11

8
11

16
11

8
11 − 28

11

]T
.
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3. LÔnoume tic sqèseic tou b matoc 2 wc proc tic st lec tou pÐnaka A

a1 = u1

a2 = 0u1 + u2

a3 =
3

11
u1 + 0u2 + u3.

Sunep¸c,

A = [ u1 u2 u3 ]

[
1 0 3

11
0 1 0
0 0 1

]
= ED−1︸ ︷︷ ︸

Q

DT︸︷︷︸
R

=


1√
11
−1√
7

2√
77

1√
11

2√
7

2√
77

2√
11
−1√
7

4√
77

1√
11

1√
7

2√
77

2√
11

0 7√
77


[√

11 0 3
√
11

11

0
√
7 0

0 0 12
√
77

121

]
,

ìpou D = diag(‖u1‖ , ‖u2‖ , ‖u3‖) = diag(
√
11,
√
7, 4
√
77

11 ).
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QR ParagontopoÐhsh sto MatLab

H entol 

[Q,R] = qr(A, 0); % compute economy QR factorization

kataskeu�zei thn apl  QR paragontopoÐhsh tou full rank pÐnaka
A ∈ Rm×n (m ≥ n) me orjog¸nio pÐnaka Q ∈ Rm×n kai �nw trigwnikì
pÐnaka R ∈ Rn×n.

Eidikìtera, sthn �skhsh mac èqoume:

Q =


−0.3015 0.3780 −0.2279
−0.3015 −0.7559 −0.2279
−0.6030 0.3780 −0.4558
−0.3015 −0.3780 −0.2279
−0.6030 0 0.7977

 , R =

[−3.3166 −0.0000 −0.9045
0 −2.6458 0
0 0 −3.1909

]
.
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'Askhsh 5

Na kataskeuasteÐ h pl rhc QR paragontopoÐhsh tou
pÐnaka

A =

[ 1 −1 1
1 2 1
2 −1 2
1 1 1
2 0 −2

]
∈ R5×3.

1. O bajmìc tou pÐnaka eÐnai rank(A) = 3 (full rank).

2. 'Estw a1 = [ 1 1 2 1 2 ]T . UpologÐzoume to di�nusma Householder

u1 =
w

‖w‖
= [ 0.8067 0.1869 0.3738 0.1869 0.3738 ]T , ìpou w = a1+‖a1‖ e1

kai ton pÐnaka Householder

H1 = I5−2u1uT1 =


−0.3015 −0.3015 −0.6030 −0.3015 −0.6030
−0.3015 0.9302 −0.1397 −0.0698 −0.1397
−0.6030 −0.1397 0.7206 −0.1397 −0.2794
−0.3015 −0.0698 −0.1397 0.9302 −0.1397
−0.6030 −0.1397 −0.2794 −0.1397 0.7206

.
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3. UpologÐzoume to ginìmeno twn pin�kwn

H1A =


−3.3166 0 −0.9045

0 2.2317 0.5588
0 −0.5367 1.1176
0 1.2317 0.5588
0 0.4633 −2.8824

,

kai jetoume A1 =

 2.2317 0.5588
−0.5367 1.1176
1.2317 0.5588
0.4633 −2.8824

 ∈ R4×2.
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4. JewroÔme thn pr¸th st lh ã1 = [ 2.2317 −0.5367 1.2317 0.4633 ]T tou
A1. UpologÐzoume to di�nusma Householder

u2 =
w

‖w‖
= [ 0.9601 −0.1056 0.2424 0.0912 ]T , w = ã1 + ‖ã1‖ ẽ1

kai ton pÐnaka Householder

H2 = I4 − 2u2u
T
2 =

−0.8435 0.2028 −0.4655 −0.1751
0.2028 0.9777 0.0512 0.0193
−0.4655 0.0512 0.8824 −0.0442
−0.1751 0.0193 −0.0442 0.9834

,
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5. UpologÐzoume to ginìmeno twn pin�kwn

[
1 0
0 H2

]
H1A =


−3.3165 0 −0.9045

0 −2.6459 −0.0002
0 0 1.1791
0 0 0.4177
0 0 −2.9355

.
6. Me di�nusma ã2 = [ 1.1791 −0.4177 −2.9355 ]T ja upologÐsoume to

di�nusma Householder

u3 =
w

‖w‖
= [ 0.8275 0.0791 −0.5559 ]T , w = ã2 + ‖ã2‖ ẽ1

kai ton pÐnaka Householder

H3 = I3 − 2u3u
T
3 =

[−0.3695 −0.1309 0.9200
−0.1309 0.9875 0.0879
0.9200 0.0879 0.3820

]
,
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7. UpologÐzoume to ginìmeno twn pin�kwn

[
I2 0
0 H3

] [
1 0
0 H2

]
H1A =


−3.3166 0 −0.9045

0 −2.6458 0
0 0 −3.1909
0 0 0
0 0 0


8. Telik�, ja èqoume

A = H1

[
1 0
0 H2

] [
I2 0
0 H3

]
︸ ︷︷ ︸

Q∈R5×5

[
R̃
0

]
︸︷︷︸

R∈R5×3

.
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Pl rhc QR ParagontopoÐhsh sto MatLab

H entol 

[Q,R] = qr(A); % compute full QR factorization

kataskeu�zei thn pl rh QR paragontopoÐhsh tou full rank pÐnaka
A ∈ Rm×n (m ≥ n) me orjog¸nio pÐnaka Q ∈ Rm×m kai �nw trigwnikì
pÐnaka R ∈ Rm×n.

Eidikìtera, sthn �skhsh mac èqoume:

Q =

[−0.3015 0.3780 −0.2279 −0.0869 −0.8407
−0.3015 −0.7559 −0.2279 −0.5218 −0.1160
−0.6030 0.3780 −0.4558 −0.1160 0.5218
−0.3015 −0.3780 −0.2279 0.8407 −0.0869
−0.6030 0 0.7977 0 0

]
, R =

[−3.3166 0 −0.9045
0 −2.6458 0
0 0 −3.1909
0 0 0
0 0 0

]
.
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LU ParagontopoÐhsh

Prìtash

An se ènan pÐnaka A h diadikasÐa apaloif c tou Gauss brÐskei èna
pl rec sÔnolo odhg¸n stoiqeÐwn qwrÐc na gÐnoun enallagèc gramm¸n,
tìte o pÐnakac A mporeÐ na grafeÐ sth morf  A = LU , ìpou

L eÐnai k�tw trigwnikìc, me 1 sth diag¸nio kai touc pollaplasiastèc
Gauss k�tw apì th diag¸nio,

U eÐnai �nw trigwnikìc me touc odhgoÔc sth diag¸nio, o opoÐoc
prokÔptei apì thn apaloif .
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PÐnakac enallag c

PÐnakac enallag c Pij : 'Eqei 1 stic jèseic ij, ji kai sth diag¸nio
ektìc apì tic jèseic ii kai jj, en¸ èqei 0 stic upìloipec jèseic.

PijA enall�sei thn i kai th j gramm  tou pÐnaka A

APij enall�sei thn i kai th j st lh tou pÐnaka A

To gÐnìmeno pin�kwn enallag c onom�zetai pÐnakac met�jeshc.

Prìtash

An h diadikasÐa apaloif c tou Gauss brÐskei èna pl rec sÔnolo odhg¸n
stoiqeÐwn me enallagèc gramm¸n, tìte up�rqei pÐnakac met�jeshc P
¸ste PA = LU , gia ènan pÐnaka A.
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Par�deigma - 'Askhsh

A =


1 −1 1
1 2 1
2 −1 2
1 1 1
2 0 −2

 =


1.0 0 0
0.5 1.0 0
1.0 0.4 1
0.5 0.6 0
0.5 −0.2 0


︸ ︷︷ ︸

L

2 −1 2
0 2.5 0
0 0 −4


︸ ︷︷ ︸

U

me pÐnaka met�jeshc P =


0 0 1 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1 0
1 0 0 0 0

.
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