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Kef�laio 1

DianusmatikoÐ Q¸roi

ArijmoÐ kai DianÔsmata

Algebrik� s¸mata

Axi¸mata DianusmatikoÔ Q¸rou
JewroÔme èna algebrikì s¸ma K. 'Ena sÔnolo V , me dÔo pr�xeic

α : V × V → V α(v, w) = v u w

kai
µ : K× V → V µ(a, v) = a · v

onom�zetai dianusmatikìc q¸roc p�nw apì to K e�n ikanopoioÔntai ta
akìlouja axi¸mata.

DQ1. Gia k�je v, w ∈ V, v u w = w u v.

DQ2. Gia k�je v, w, u ∈ V, (v u w) u u = v u (w u u).

DQ3. Up�rqei stoiqeÐo 0̄ ∈ V tètoio ¸ste, gia k�je v ∈ V, v u 0̄ = v.

DQ4. Gia k�je v ∈ V up�rqei w ∈ V tètoio ¸ste u u w = 0.

DQ5. Gia k�je a, b ∈ K kai v ∈ V, a · (b · v) = (ab) · v.

DQ6. Gia k�je v ∈ V isqÔei 1 · v = v.

DQ7. Gia k�je a ∈ K kai v, w ∈ V, a · (v u w) = a · v u a · w.

DQ8. Gia k�je a, b ∈ K kai v, ∈ V, (a + b) · v = a · v u b · v.

Ta stoiqeÐa enìc dianusmatikoÔ q¸rou onom�zontai dianÔsmata.
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Pr¸ta apotelèsmata apì ta axi¸mata.
L mma 1.1 JewroÔme èna dianusmatikì q¸ro V p�nw apì to s¸ma K, me
pr�xeic u kai ·.

1. To ginìmeno enìc arijmoÔ a ∈ K, kai enìc dianÔsmatoc v ∈ V , eÐnai to
mhdenikì di�nusma e�n kai mìnon e�n a = 0   v = 0.
Pio analutik�, gia k�je v ∈ V, 0·v = 0̄, kai gia k�je a ∈ K, a·0̄ = 0̄,
kai antistrofa, gia k�je a ∈ K kai gia k�je v ∈ V , e�n a · v = 0̄, tìte
a = 0   v = 0̄.

2. To antÐjeto enìc dianÔsmatoc v ∈ V eÐnai monadikì, kai Ðso me (−1) · v.

Apìdeixh. Gia to 1, jewroÔme èna di�nusma v ∈ V , kai ton arijmì mhdèn,
0 ∈ K. Ja deÐxoume oti 0 · v = 0̄. 'Eqoume

0 · v = (0 + 0) · v
= 0 · v u 0 · v

'Estw w èna antÐjeto tou dianÔsmatoc 0 · v, dhlad  0 · v + w = 0̄. Tìte

0̄ = 0 · v u w

= (0 · v u 0 · v) u w

= 0 · v u (0 · v u w)

= 0 · v u 0̄

= 0 · v

JewroÔme ènan arijmì a ∈ K, kai to mhdenikì di�nusma 0̄ ∈ V . Ja deÐxoume
oti a · 0̄ = 0̄. 'Eqoume

a · 0̄ = a · (0̄ u 0̄)

= a · 0̄ u a · 0̄

'Estw u èna antÐjeto tou dianÔsmatoc a · 0̄, dhlad  a · 0̄ + u = 0̄. Tìte

0̄ = a · 0̄ u u

= (a · 0̄ u a · 0̄) u u

= a · 0̄ u (a · 0̄ u u)

= a · 0̄ u 0̄

= a · 0̄

AntÐstrofa, e�n a 6= 0 kai a · v = 0̄, tìte

v = 1 · v = (a−1a) · v = a−1 · (a · v) = a−1 · 0̄ = 0̄ .

Gia to 2, upojètoume ìti w kai w′ eÐnai antÐjeta tou v ∈ V , kai ja deÐxoume
ìti w = w′. 'Eqoume ìti v u w = 0̄ = v u w′. Sunep¸c

w = w u 0̄

= w u (v u w′)
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= (w u v) u w′

= (v u w) u w′

= 0̄ u w′

= w′ u 0̄

= w′

T¸ra deÐqnoume ìti to ginìmeno (−1) · v eÐnai antÐjeto tou v:

v u ((−1) · v) = (1 · v) u ((−1) · v)

= (1 + (−1)) · v
= 0 · v
= 0̄

To monadikì antÐjeto tou v sumbolÐzoume −v.
¤

Genik� paradeÐgmata dianusmatik¸n q¸rwn p�-
nw apì to s¸ma K.

Par�deigma 1.1Diatetagmènec n−�dec stoiqeÐwn tou s¸matoc K,
  enìc dianusmatikoÔ q¸rou V p�nw apì to K.

JewroÔme to sÔnolo twn diatetagmènwn n-�dwn stoiqeÐwn tou K,

Kn = {(x1, . . . , xn) | xi ∈ K, i = 1, . . . , n}.
Oi pr�xeic orÐzontai kat� sunist¸sa, dhlad  e�n x = (x1, . . . , xn) ∈ Kn, y =
(y1, . . . , yn) ∈ Kn Kai a ∈ K,

x u y = (x1 + y1, . . . , xn + yn)

kai
a · x = (ax1, . . . , axn)

Mhdenikì di�nusma eÐnai to 0̄ = (0, . . . , 0). H isqÔc twn axiwm�twn tou dianu-
smatikoÔ q¸rou apodeiknÔetai eÔkola me qr sh twn antÐstoiqwn axiwm�twn
enìc s¸matoc. Ta stoiqeÐa tou Kn ja ta lème arijmhtik� dianÔsmata.

Parìmoia, e�n V eÐnai dianusmatikìc q¸roc p�nw apì to K,

V n = {(v1, . . . , vn) | vi ∈ V, i = 1, . . . n}
eÐnai epÐshc dianusmatikìc q¸roc p�nw apì to K.

Par�deigma 1.2AkoloujÐec me ìrouc sto s¸ma K   se èna dianu-
smatikì q¸ro V p�nw apì to K.

JewroÔme to sÔnolo

K∞ = {(x1, x2, . . .) | xi ∈ K, i ∈ N} .

Oi pr�xeic orÐzontai kat� sunist¸sa: e�n (x) = (x1, x2, . . .) kai (y) =
(y1, y2, . . .), kai a ∈ K, tìte

(x) u (y) = (x1 + y1, x2 + y2, . . .)
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kai
a(x) = (ax1, ax2, . . .).

Mhdenikì di�nusma eÐnai h akoloujÐa 0̄ = (0, 0, . . .). Parìmoia,

V ∞ = {(v1, v2, . . .) | vi ∈ V, i ∈ N} ,

me pr�xeic kat� sunist¸sa, eÐnai dianusmatikìc q¸roc p�nw apì to K.

Par�deigma 1.3ApeikonÐseic apì èna sÔnolo A sto s¸ma K,   se
èna dianusmatikì q¸ro V p�nw apì to K.

To sÔnolo ìlwn twn apeikonÐsewn apì to A sto K sumbolÐzetai KA. E�n
f, g ∈ KA kai a ∈ K, orÐzoume tic apeikonÐseic f u g kai a · f oi opoÐec, gia
k�je x ∈ A, ikanopoioÔn

(f u g)(x) = f(x) + g(x)

(a · f)(x) = af(x)

Autèc tic pr�xeic onom�zoume prìsjesh kai pollaplasiasmì kat� shmeÐo.
Mhdenikì di�nusma eÐnai h stajer  apeikìnish 0̄ : A → K, gia thn opoÐa
0̄(x) = 0 gia k�je x ∈ A.

Par�deigma 1.4Polu¸numa me suntelestèc sto K, me mÐa   peris-
sìterec metablhtèc.

'Ena polu¸numo mÐac metablht c x me suntelestèc sto K eÐnai èna tupikì
�jroisma

p = a0x
0 + a1x

1 + . . . + anxn, ai ∈ K, i = 1, . . . , n, kai an 6= 0.

To sÔnolo ìlwn twn poluwnÔmwn mÐac metablht c x me suntelestèc sto K
sumbolÐzetai K [x]. Ja qrhsimopoi soume epÐshc to sumbolismì Pn gia ta
polu¸numa mÐac metablht c x bajmoÔ Ðsou   mikrìterou apì n.

H prìsjesh poluwnÔmwn kai o pollaplasiasmìc me arijmì orÐzontai ìpwc
sun jwc. 'Otan melet�me to sÔnolo twn poluwnÔmwn wc dianusmatikì q¸ro,
den mac apasqoleÐ o pollaplasiasmìc poluwnÔmwn. To mhdenikì di�nusma
tou K [x] eÐnai to polu¸numo 0̄, sto opoÐo ìloi oi suntelestèc eÐnai 0.

An�loga orÐzontai q¸roi poluwnÔmwn me perissìterec metablhtèc,

p(x, y) =
n∑

i=0

n−j∑
j=0

aijx
iyj .

Par�deigma 1.5Tupikèc dunamoseirèc, me mÐa   perissìterec me-
tablhtèc kai suntelestèc sto K.

MÐa dunamoseir� mÐac metablht c t, me suntelestèc stoK eÐnai èna tupikì
�jroisma

∞∑
i=0

ait
i , ai ∈ K , i ∈ N0.

To sÔnolo ìlwn twn dunamoseir¸n mÐac metablht c t me suntelestèc sto K
sumbolÐzetai K(t).



5

H prìsjesh dunamoseir¸n kai o pollaplasiasmìc me arijmì c ∈ K, orÐ-
zontai wc ex c

( ∞∑
i=0

ait
i

)
u

( ∞∑
j=0

bjt
j

)
=

∞∑

k=0

(ak + bk)t
k

c ·
( ∞∑

i=0

ait
i

)
=

∞∑
j=0

(caj)t
j.

Mhdenikì di�nusma eÐnai h dunamoseir�
∞∑
i=0

0ti.

Par�deigma 1.6Tupik� ajroÐsmata stoiqeÐwn enìc sunìlou X me
suntelestèc sto K,   se èna dianusmatikì q¸ro V p�nw apì to K.

JewroÔme èna sÔnolo X kai ta tupik� ajroÐsmata
∑
x∈X

axx , ax ∈ K

H prìsjesh orÐzetai mèsw thc prìsjeshc twn suntelest¸n omoÐwn ìrwn :
∑
x∈X

axx u
∑
x∈X

bxx =
∑
x∈X

(ax + bx)x,

en¸ o pollaplasiasmìc me ton arijmì c ∈ K, mèsw tou pollaplasiasmoÔ
twn suntelest¸n:

c ·
∑
x∈X

axx =
∑
x∈X

(cax)x.

To mhdenikì di�nusma eÐnai to tupikì �jroisma me ìlouc touc suntelestèc
Ðsouc me 0,

0̄ =
∑
x∈X

0x.

GrammikoÐ upìqwroi

Orismìc. JewroÔme èna dianusmatikì q¸ro V p�nw apì to s¸ma K, kai
èna mh kenì uposÔnolo X tou V . To X lègetai grammikìc upìqwroc tou
V e�n

1. To X eÐnai kleistì wc prìc thn prìjesh dianusm�twn,

v, w ∈ X ⇒ v + w ∈ X

2. To X eÐnai kleistì wc prìc ton pollaplasiasmì dianÔsmatoc me arijmì,

v ∈ X, a ∈ K⇒ av ∈ X.
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L mma 1.2 E�n X eÐnai grammikìc upìqwroc tou V , tìte to X, me touc
periorismoÔc twn pr�xewn tou V ,

α|X×X : X ×X → X

µ|K×X : K×X → X

eÐnai dianusmatikìc q¸roc.

Apìdeixh. Elègqoume oti, e�n to uposÔnolo X eÐnai kleistì wc proc tic
pr�xeic tou V , tìte ikanopoioÔntai ta axi¸mata tou dianusmatikoÔ q¸rou.

¤
Par�deigma 1.7 Sto R2, tautismèno me to kartesianì epÐpedo, grammikoÐ
upìqwroi eÐnai to sÔnolo {(0, ))} (o mhdenikìc upìqwroc), ìlec oi eujeÐec
pou perièqoun to (0, 0), dhlad  uposÔnola thc morf c

X =
{
(x, y) ∈ R2 | ax + by = 0

}
,

kai olìklhro to epÐpedo R2.

Par�deigma 1.8 Se èna dianusmatikì q¸ro V , gia k�je v ∈ V to sÔnolo
{a v | a ∈ K} eÐnai grammikìc upìqwroc.

Par�deigma 1.9 Sto dianusmatikì q¸ro R∞ twn akolouji¸n stouc prag-
matkoÔc arijmoÔc, to uposÔnolo twn akolouji¸n pou eÐnai telik� Ðsec me
mhdèn eÐnai grammikìc upìqwroc, (h akoloujÐa (x1, x2, . . .) eÐnai telik� Ðsh
me mhdèn e�n up�rqei M ∈ N tètoio ¸ste n > M ⇒ xn = 0).

E�n X kai Y eÐnai dÔo grammikoÐ upìqwroi tou dianusmatikoÔ q¸rou V ,
eÐnai ta sÔnola X ∪Y kai X ∩Y grammikoÐ upìqwroi? Ac exet�soume k�poia
paradeÐgmata.

E�n V eÐnai o q¸roc R3, kai X, Y eÐnai dÔo diaforetikèc eujeÐec pou
perièqoun to 0, eÐnai h ènwsh X ∪ Y grammikìc upìqwroc?

E�n X apoteleÐtai apì to di�nusma (1, 1, 2) kai ìla ta pollapl�si� tou,
X = {a(1, 1, 2) | a ∈ R}, kai Y apoteleÐtai apì ìla ta pollapl�sia tou
(1, 1, 0), Y = {a(1, 1, 0) | a ∈ R}, tìte (1, 1, 2)+(1, 1, 0) = (2, 2, 2). All�
to di�nusma (2, 2, 2) den an kei oÔte sto X, oÔte sto Y . SumperaÐnoume ìti
X ∪ Y den eÐnai upoqrewtik� grammikìc upìqwroc.

E�n t¸ra U kai W eÐnai dÔo diaforetik� epÐpeda sto R3, ta opoÐa periè-
qoun to 0, eÐnai h tom  U ∩W grammikìc upìqwroc?

Upojètoume ìti

U =
{
(x, y, z) ∈ R3 | x = 0

}
,

kai
W =

{
(x, y, z) ∈ R3 | 2x + 3y = 0

}
.

Tìte h tom  twn dÔo epipèdwn U∩W = {(x, y, z) ∈ R3 | x = 0, 2x + 3y = 0}
eÐnai mÐa eujeÐa. EÔkola blèpoume ìti apoteleÐtai apì ta shmeÐa gia ta opoÐa
x = 0 kai y = 0, dhlad  apoteleÐtai apì ta pollapl�sia tou dianÔsmatoc
(0, 0, 1), kai eÐnai upìqwroc tou V .

L mma 1.3 E�n X, Y eÐnai grammikoÐ upìqwroi tou V , tìte X ∩ Y eÐnai
grammikìc upìqwroc.
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Apìdeixh. E�n v, w ∈ X ∩ Y , tìte v, w ∈ X kai afoÔ X eÐnai grammikìc
upìqwroc, v + w ∈ X, kai gia k�je a ∈ K, a v ∈ X. Parìmoia, v, w ∈ Y
kai sunep¸c v + w ∈ Y kai a v ∈ X gia k�je a ∈ K. SumperaÐnoume ìti
v + w ∈ X ∩ Y , kai a v ∈ X ∩ Y gia k�je a ∈ K, dhlad  ìti X ∩ Y
eÐnai kleistì wc proc thn prìsjesh kai ton pollaplasiasmì me arijmì, kai
sunep¸c eÐnai grammikìc upìqwroc tou V .

¤

GrammikoÐ SunduasmoÐ
E�n v1, . . . , vk eÐnai dianÔsmata tou V , ènac grammikìc sunduasmìc twn
v1, . . . , vk eÐnai èna �jroisma thc morf c a1v1 + a2v2 + · · · + akvk, ìpou oi
suntelestèc a1, a2, . . . , ak an koun sto s¸ma K p�nw apì to opoÐo orÐzetai
o V .

Par�deigma 1.10 K�je di�nusma (x, y, z) ∈ R3, ekfr�zetai wc grammikìc
sunduasmìc twn dianusm�twn e1 = (1, 0, 0), e2 = (0, 1, 0) kai e3 = (0, 0, 1):

(x, y, z) = x(1, 0, 0) + y(0, 1, 0) + z(0, 0, 1) .

Par�deigma 1.11 K�je polu¸numo bajmoÔ n sto K[x] ekfr�zetai wc gram-
mikìc sunduasmìc twn n + 1 monwnÔmwn p0(x) = x0, p1(x) = x1,. . . ,pn(x) =
xn,

p(x) = a0x
0 + a1x

1 + . . . + anxn.

Par�deigma 1.12 E�n ~OA, ~OB eÐnai dÔo mh suggrammik� gewmetrik� dia-
nÔsmata sto epÐpedo E2, k�je di�nusma me arq  sto O ekfr�zetai wc gram-
mikìc sunduasmìc twn ~OA kai ~OB,

~OC = ~OA + ~OB .

Genikìtera, e�n S eÐnai opoiod pote uposÔnolo (peperasmèno   �peiro) e-
nìc dianusmatikoÔ q¸rou V , ènac grammikìc sunduasmìc stoiqeÐwn tou S
eÐnai èna peperasmèno �jroisma: a1v1+ · · ·+akvk, ìpou, gia i = 1, . . . , k, vi ∈
S kai ai ∈ K.

Q¸roc pou par�getai apì sÔnolo dianusm�twn.
E�n S = {v1, . . . , vk} eÐnai èna sÔnolo dianusm�twn tou dianusmatikoÔ q¸rou
V , jèloume na exet�soume to mikrìtero grammikì upoq¸ro tou V pou perièqei
ta stoiqeÐa tou S.

EÐnai profanèc ìti o Ðdioc o q¸roc V perièqei ta stoiqeÐa tou S. GenikeÔ-
ontac to L mma ??, mporoÔme na deÐxoume ìti h tom  k�je mh ken c sullog c
grammik¸n upìqwrwn tou V eÐnai grammikìc upìqwroc tou V . JewroÔme
to sÔnolo T ìlwn twn grammik¸n upìqwrwn tou V oi opoÐoi perièqoun ta
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stoiqeÐa tou S. Autì to sÔnolo perièqei to Ðdio to V , kai sunep¸c den eÐnai
kenì. H tom  tou T , X =

⋂
Z∈T Z, eÐnai grammikìc upìqwroc tou V , kai

eÐnai upìqwroc k�je grammikoÔ upìqwrou tou V pou perièqei ta stoiqeÐa tou
S. Me aut  thn ènnoia X eÐnai o mikrìteroc grammikìc upìqwroc tou V o
opoÐoc perièqei ta stoiqeÐa tou S.

Ja deÐxoume oti o grammikìc upìqwroc X eÐnai Ðsoc me to sÔnolo Y ìlwn
twn grammik¸n sunduasm¸n stoiqeÐwn tou S. Pr¸ta parathroÔme oti afoÔ
X eÐnai kleistì wc proc tic pr�xeic tou dianusmatikoÔ q¸rou kai perièqei ta
stoiqeÐa tou S, perièqei epÐshc k�je grammikì sunduasmì twn stoiqeÐwn tou
S, dhlad  Y ⊆ X.

Katìpin deÐqnoume oti Y eÐnai grammikìc upìqwroc. E�n x = a1v1 + · · ·+
akvk kai y = b1v1 + · · · + bkvk, gia ai, bi ∈ K, tìte x + y ekfr�zetai wc
grammikìc sunduasmìc stoiqeÐwn tou S,

x + y = (a1 + b1)v1 + · · ·+ (ak + bk)vk ,

kai e�n c ∈ K, cx epÐshc ekfr�zetai wc grammikìc sunduasmìc stoiqeÐwn tou
S,

cx = ca1v1 + · · ·+ cakvk .

'Ara Y eÐnai kleistì wc proc tic pr�xeic tou V , kai sunep¸c eÐnai upìqwroc
tou V .

Efìson Y eÐnai grammikìc upìqwroc tou V , kai perièqei ta stoiqeÐa tou
S, o X eÐnai uposÔnolo tou Y , X ⊆ X. SumperaÐnoume ìti X = Y , dhlad 
ìti o mikrìteroc grammikìc upìqwroc tou V pou perièqei ta stoiqeÐa tou S
eÐnai to sÔnolo ìlwn twn grammik¸n sunduasm¸n stoiqeÐwn tou S.

To sÔnolo ìlwn twn grammik¸n sunduasm¸n twn dianusm�twn v1, . . . , vk,
to sumbolÐzoume 〈v1, . . . , vk〉. Lème ìti o grammikìc upìqwroc 〈v1, . . . , vk〉
par�getai apì ta v1, . . . , vk.

Genikìtera, e�n S eÐnai opoiod pote uposÔnolo tou V , to sÔnolo ìlwn
twn grammik¸n sunduasm¸n stoiqeÐwn tou S eÐnai o mikrìteroc grammikìc
upìqwroc tou V o opoÐoc perièqei to S, kai sumbolÐzetai 〈S〉. Lème ìti o
grammikìc upìqwroc 〈S〉 par�getai apì to S, kai to S onom�zetai par�gon
sÔnolo tou 〈S〉. E�n up�rqei peperasmèno sÔnolo {v1, . . . , vk} ⊆ V to
opoÐo par�gei to dianusmatikì q¸ro V , lème ìti o V eÐnai peperasmèna
paragìmenoc.

Par�deigma 1.13 O grammikìc upìqwroc U{(x, y) ∈ R2 | 2x+y = 0} eÐnai
o upìqwroc pou par�getai apì to di�nusma (1, −2). Pr�gmati, k�je stoiqeÐo
tou U eÐnai pollapl�sio tou (1, −2).

Par�deigma 1.14 To epÐpedo E = {(x, y, z) ∈ R3 | ax+by+cz = 0}, a 6= 0,
par�getai apì ta dianÔsmata (b, −a, 0) kai (c, 0, −a):

E = 〈(b, −a, 0), (c, 0, −a)〉
Pr�gmati, ìpwc elègqoume eÔkola, e�n antikatast soume to di�nusma (b, −a, 0)
  to di�nusma (c, 0, −a) gia to (x, y, z) sthn exÐswsh ax + by + cz = 0, blè-
poume ìti aut  ikanopoieÐtai. SumperaÐnoume ìti 〈(b, −a, 0), (c, 0, −a)〉 ⊆ E.

AntÐstrofa, k�je lÔsh thc exÐswshc ax+by+cz = 0, mporeÐ na ekfrasteÐ
sth morf 

s(b, −a, 0) + t(c, 0, −a)
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gia kat�llhla s, t ∈ R. Sunep¸c E ⊆ 〈(b, −a, 0), (c, 0, −a)〉.

Par�deigma 1.15 O mhdenikìc upìqwroc {0} par�getai apì to kenì sÔno-
lo, 〈∅〉 = {0}.

JewroÔme touc upìqwrouc X kai Y tou V pou par�gontai apì ta stoiqeÐa
x1, x2 kai y1, y2 antÐstoiqa X = 〈x1, x2〉, Y = 〈y1, y2〉. P¸c mporoÔme na
prosdiorÐsoume ta stoiqeÐa tou grammikoÔ upìqwrou X ∩ Y ?

E�n u ∈ X ∩ Y , tìte u ∈ X kai mporeÐ na ekfrasteÐ wc grammikìc
sunduasmìc twn x1, x2: up�rqoun arijmoÐ a1, a2 ∈ K, tètoioc ¸ste u =
a1x1 + a2x2. EpÐshc u ∈ Y , kai ekfr�zetai wc grammikìc sunduasmìc twn
y1, y2, me suntelestèc b1, b2 ∈ K : u = b1y1+b2y2. SumperaÐnoume ìti h tom 
X ∩Y apoteleÐtai apì ta dianÔsmata thc morf c a1x1 + a2x2, ìpou ta a1, a2

apoteloÔn mèroc miac lÔshc (a1, a2, b1, b2) thc dianusmatik c exÐswshc

a1x1 + a2x2 = b1y1 + b2y2 a1, a2, b1, b2 ∈ K

Par�deigma 1.16 JewroÔme touc upìqwrouc X kai Y tou R3, X = 〈x1, x2〉,
Y = 〈y1, y2〉, ìpou x1 = (1, 1, 0), x2 = (−1, 0, 1), y1 = (1, −1, 1) kai
y2 = (1, 0, 3). Gia na broÔme ton upìqwro X ∩ Y , prosdiorÐzoume ta a1, a2

ta opoÐa apoteloÔn mèroc mÐac lÔshc tou sust matoc

a1




1
1
0


 + a2



−1
0
1


 = b1




1
−1
1


 + b2




1
0
3


 .

to opoÐo gr�foume se morf  pÐnaka



−1 −1 1 −1

1 0 1 0
−1 −3 0 1







b1

b2

a1

a2


 = 0

kai efarmìzoume apaloif  Gauss:



−1 −1 1 −1

0 −1 2 −1
0 0 −5 4







b1

b2

a1

a2


 = 0

dhlad  a1 = 4
5
a2, kai o upìqwroc X∩Y par�getai apì to di�nusma 4

5
(1, 1, 0)+

(−1, 0, 1) =
(−1

5
, 4

5
, 1

)
,

X ∩ Y =

〈(
−1

5
,

4

5
, 1

)〉

AjroÐsmata grammik¸n upìqwrwn
EÐdame ìti, e�n X, Y eÐnai grammikoÐ upìqwroi tou V , X ∩ Y eÐnai epÐshc
grammikìc upìqwroc, all� X ∪ Y den eÐnai, en gènei, grammikìc upìqwroc.
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Ja orÐsoume èna uposÔnolo tou V , pou eÐnai grammikìc upìqwroc, kai ja
deÐxoume ìti eÐnai o mikrìteroc grammikìc upìqwroc pou perièqei to X ∪ Y .

Orismìc. E�n V eÐnai dianusmatikìc q¸roc, kai X, Y eÐnai grammikoÐ upì-
qwroi tou V , to sÔnolo

X + Y = {v ∈ V | ∃x ∈ X, ∃y ∈ Y : v = x + y}

eÐnai grammikìc upìqwroc tou V , kai onom�zetai �jroisma twn X kai Y .

L mma 1.4 To �jroisma twn grammik¸n upìqwrwn X + Y eÐnai grammikìc
upìqwroc tou V , kai par�getai apì thn ènwsh X ∪ Y ,

X + Y = 〈X ∪ Y 〉.

Apìdeixh. Gia k�je x ∈ X, y ∈ Y isqÔei x + y ∈ 〈X ∪ Y 〉. SumperaÐnoume
ìti X + Y ⊆ 〈X ∪ Y 〉.

Gia thn antÐjeth kateÔjunsh, eÐnai profanèc ìti X ⊆ X +Y, Y ⊆ X +Y ,
kai sunep¸c X ∪ Y ⊆ X + Y . EÔkola elègqoume ìti to sÔnolo X + Y eÐnai
kleistì wc proc tic pr�xeic tou dianusmatikoÔ q¸rou V , kai sunep¸c eÐnai
grammikìc upìqwroc. 'Ara

〈X ∪ Y 〉 ⊆ X + Y

¤
Par�deigma 1.17 JewroÔme tou upoq¸rouc tou K3,

X = {(x, 0, 0) | x ∈ K}

kai
Y = {(0, y, 0) | y ∈ K} .

Tìte
X + Y = {(x, y, 0) | x, y ∈ K} .

JewroÔme èna trÐto upìqwro tou K3, Z = {(y, y, 0) | y ∈ K}. EÐnai ta
X + Y , X + Z diaforetik�   Ðsa? EÔkola elègqoume ìti k�je stoiqeÐo tou
X + Y an kei sto X + Z,

(x, y, 0) = ((x− y) + y, y, 0)

= (x− y, 0, 0) + (y, y, 0) ∈ X + Z.

kai antÐstrofa, ìti X + Z ⊆ X + Y . SumperaÐnoume ìti ta dÔo ajroÐsmata
eÐnai Ðsa.

'Otan K = R, h gewmetrik  ermhneÐa tou sumper�smatoc eÐnai ìti to
epÐpedo pou orÐzoun oi eujeÐec {(x, 0, 0) | x ∈ R} kai {(y, y, )) | y ∈ R},
eÐnai to Ðdio me to epÐpedo pou perièqei touc x kai y �xonec.

Par�deigma 1.18 Sto sÔnolo C0(R) ìlwn twn suneq¸n sunart sewn stouc
pragmatikoÔc arijmoÔc, onom�zoume mÐa sun�rthsh �rtia e�n f(x) = f(−x)
gia k�je x ∈ R, kai peritt  e�n f(x) = −f(−x) gia k�je x ∈ R. Elègxte
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ìti ta sÔnola C0
+ twn �rtiwn sunart sewn kai C0

−twn peritt¸n sunart sewn
eÐnai grammikoÐ upìqwroi tou C0(R).

Ja deÐxoume ìti C0(R) = C0
+ +C0

−. JewroÔme mia sun�rthsh f ∈ C0, kai
orÐzoume

f+(x) =
1

2
(f(x) + f(−x))

f−(x) =
1

2
(f(x)− f(−x))

Elègqoume ìti h f+ eÐnai �rtia, h f− peritt , kai ìti f = f+ + f−.

Par�deigma 1.19 JewroÔme touc upìqwrouc tou R3, Y = {(x, y, z) ∈ R3 | z = 0}
kai Z = {(u, v, w) ∈ R3 | u + v + w = 0}. To �jroisma Y + Z eÐnai ìloc o
q¸roc R3. Gia opoiod pote di�nusma (a, b, c) ∈ R3, èqoume:

(a, b, c) = (a, (b + c)− c, c)

= (a, b + c, 0) + (0, −c, c)

me (a, b + c, 0) ∈ Y , (0, −c, c) ∈ Z, kai epÐshc

(a, b, c) = ((a + c)− c, b, c)

= (a + c, b, 0) + (−c, 0, c)

me (a + c, b, 0)) ∈ Y , (−c, 0 c) ∈ Z. ParathroÔme ìti k�je stoiqeÐo tou
R3 gr�fetai me perissìterouc apì èna diaforetikoÔc trìpouc wc �jroisma
stoiqeÐwn twn Y kai Z.

Upojètoume ìti èqoume grammikoÔc upìqwrouc Y kai Z tou dianusmati-
koÔ q¸rou V , kai oti sto �jroisma X = Y + Z, to stoiqeÐo x ∈ X gr�fetai
wc x = y1 + z1 kai wc x = y2 + z2, me y1, y2 ∈ Y , z1, z2 ∈ Z. Tìte

0 = x− x = (y1 + z1)− (y2 + z2)

= (y1 − y2) + (z1 − z2) .

SumperaÐnoume ìti
y1 − y2 = z2 − z1 .

All� to y1−y2 an kei sto Y en¸ to z2−z1 an kei sto Z, kai ef' ìson eÐnai Ðsa,
an koun sthn tom  Y ∩Z. Blèpoume ìti e�n up�rqoun dÔo diaforetikoÐ trìpoi
na ekfrasteÐ to x wc �jroisma stoiqeÐwn twn Y kai Z, tìte Y ∩ Z 6= {0}.

SumperaÐnoume ìti e�n Y ∩ Z = {0}, tìte k�je stoiqeÐo tou Y + Z
ekfr�zetai me monadikì trìpo wc �jroisma stoiqeÐwn tou Y kai tou Z.

Orismìc. JewroÔme dianusmatikì q¸ro V kai grammikoÔc upìqwrouc
Y, Z. E�n Y ∩ Z = {0}, tìte to �jroisma Y + Z onom�zetai (eswterikì)
eujÔ �jroisma, kai sumbolÐzetai Y ⊕ Z.

Par�deigma 1.20
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Kef�laio 2

Grammik  anexarthsÐa, b�seic,
di�stash

Grammik  ex�rthsh
Sto q¸ro TOE2 twn gewmetrik¸n dianusm�twn sto epÐpedo me shmeÐo efar-
mog c sto O, jewroÔme dÔo mh suggrammik� dianÔsmata, ~u kai ~v. E�n ~w
eÐnai opoiod pote �llo di�nusma tou TOE2, gnwrÐzoume ìti mporoÔme na ek-
fr�soume to ~w wc grammikì sunduasmì twn ~u kai ~v,

~w = a~u + b~v . (2.1)

SumperaÐnoume ìti o q¸roc TOE2 par�getai apì ta ~u kai ~v,

TOE2 = 〈~u, ~v〉 .
Poio sÔnolo par�goun ta dianÔsmata ~u, ~v kai ~w? 'Ena di�nusma ~z ∈

〈~u, ~v, ~w〉, ekfr�zetai wc grammikìc sunduasmìc

~z = c~u + d~v + f ~w, gia c, d, f ∈ R
all�, antikajist¸ntac to ~w apì thn ??, èqoume

~z = c~u + d~v + f(a~u + b~v)

= (c + fa)~u + (d + fb)~v,

dhlad  ~z ∈ 〈~u, ~v〉. Sunep¸c o q¸roc pou par�getai apì ta ~u, ~v kai ~w eÐnai
o Ðdioc me autìn pou par�getai apì ta ~u kai ~v. To ~w den prosfèrei k�ti
perissìtero. Me aut  thn ènnoia eÐnai perittì.

JewroÔme to sÔsthma grammik¸n exis¸sewn,

3x + 5y + 2z = 0

2x + y − z = 0

x + 4y + 3z = 0

to opoÐo mporoÔme na lÔsoume, kai na broÔme to sÔnolo twn lÔsewn

U = {(t, −t, t), t ∈ R}

13
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E�n t¸ra jewr soume mìno tic dÔo pr¸tec exis¸seic, ja doÔme ìti kai autì
to sÔsthma èqei ¸c sÔnolo lÔsewn to U . H trÐth exÐswsh eÐnai h diafor�
thc deÔterhc apì thn pr¸th, kai ètsi den b�zei k�poion epÐ plèon periorismì
sto sÔnolo lÔsewn. Me aut  thn ènnoia, h trÐth exÐswsh eÐnai peritt .

Aut  h ènnoia tou perittoÔ, dianusm�twn ta opoÐa den prosfèroun peris-
sìterec dunatìthtec paragwg c,   exis¸sewn oi opoÐec den jètoun perissì-
terouc periorismoÔc, apoteleÐ mÐa basik  ènnoia thc Grammik c 'Algebrac,
thn opoÐa onom�zoume grammik  ex�rthsh. Mia sullog  dianusm�twn eÐ-
nai grammik� exarthmènh ìtan perièqei peritt� dianÔsmata. 'Ena sÔsthma
exis¸sewn eÐnai grammikì exarthmèno ìtan perièqei perittèc exis¸seic.

Orismìc. H peperasmènh sullog  dianusm�twn v1, v2, . . . , vn, n ≥ 2, eÐnai
grammik� exarthmènh e�n k�poio apì ta vi mporeÐ na ekfrasteÐ wc gram-
mikìc sunduasmìc twn upoloÐpwn. Dhlad  up�rqei k�poio j, 1 ≤ j ≤ n, kai
arijmoÐ ai ∈ K gia k�je i, me 1 ≤ i ≤ n, i 6= j, tètoioi ¸ste

vj = a1v1 + · · ·+ aj−1vj−1 + aj+1vj+1 + · · ·+ anvn .

Par�deigma 2.1 Sto K2, ta dianÔsmata (1, 0), (0, 1) kai (a, b) eÐnai gram-
mik� exarthmèna, afoÔ

(a, b) = a (1, 0) + b (0, 1) .

Par�deigma 2.2 Ta polu¸numa p(x) = 1 − x, q(x) = x(1 − x) kai r(x) =
1− x2, eÐnai grammik� exarthmèna, afoÔ

r(x) = p(x) + q(x) .

Par�deigma 2.3 JewroÔme ta dianÔsmata x1 = (2, 0, 1), x2 = (0, 2, −1)
kai x3 = (0, −4, 2) sto R3. EÐnai profanèc ìti den up�rqoun arijmoÐ a2 kai
a3 tètoioi ¸ste

(2, 0, 1) = a2(0, 2, −1) + a3(0, −4, 2),

giatÐ a20 + a30 = 0 6= 2. 'Omwc

(0, 2, −1) = 0 · (2, 0, 1)− 1

2
(0, −4, 2)

kai sunep¸c h sullog  x1, x2, x3 eÐnai grammik� exarthmènh.

H ènnoia thc grammik c ex�rthshc emplèkei me ousiastikì trìpo to s¸ma
p�nw apì to opoÐo orÐzetai o dianusmatikìc q¸roc V , ìpwc faÐnetai sto
akìloujo par�deigma.

Par�deigma 2.4 JewroÔme to C2 wc dianusmatikì q¸ro p�nw apì to
s¸ma C. Ta dianÔsmata (1, i) kai (i, −1) eÐnai grammik� exarthmèna, a-
foÔ (i, −1) = i (1, i). E�n jewr soume to C2 wc dianusmatikì q¸ro p�-
nw apì to R, ta dianÔsmata (1, i) kai (i, −1) den eÐnai grammik� exarthmè-
na: den up�rqoun pragmatikoÐ arijmoÐ a, b tètoioi ¸ste (1, i) = a(i, −1)  
(i, −1) = b(1, i).
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Sta prohgoÔmena paradeÐgmata  tan eÔkolo na broÔme k�poio di�nusma
thc sullog c to opoÐo mporoÔsame na ekfr�soume wc grammikì sunduasmì
twn upoloÐpwn. E�n ìmwc eÐqame mÐa megalÔterh sullog  den ja  tan pra-
ktikì na exet�soume k�je di�nusma, mèqri na broÔme k�poio to opoÐo na
mporeÐ na ekfrasteÐ wc grammikìc sunduasmìc twn upoloÐpwn.

Gi' autì to lìgo eÐnai qr simo na èqoume èna qarakthrismì thc grammik c
ex�rthshc pou den diakrÐnei k�poio apì ta stoiqeÐa. ParathroÔme ìti e�n

vj = a1v1 + · · ·+ aj−1vj−1 + aj+1vj+1 + · · ·+ anvn

tìte
a1v1 + · · ·+ aj−1vj−1 − vj + aj+1vj+1 + · · ·+ anvn = 0 .

Dhlad , e�n h sullog  v1, . . . , vn eÐnai grammik� exarthmènh, tìte to mhde-
nikì di�nusma mporeÐ na ekfr�stei wc grammikìc sunduasmìc twn v1, . . . , vn,
me toul�qiston èna suntelest  diaforetikì apì 0 (sthn parap�nw perÐptwsh
autìn tou vj, o opoÐoc eÐnai −1). Ja deÐxoume ìti isqÔei kai to antÐstrofo,
dhlad  e�n up�rqei grammikìc sunduasmìc twn v1, . . . , vn o opoÐoc na eÐnai
Ðsoc me to mhdenikì di�nusma, en¸ toul�qiston ènac suntelest c eÐnai dia-
foretikìc apì to 0, tìte k�poio apì ta vi mporeÐ na ekfrasteÐ wc grammikìc
sunduasmìc twn upoloÐpwn.

L mma 2.1 H sullog  dianusm�twn v1, . . . vn, n ≥ 2, eÐnai grammik� exar-
thmènh e�n kai mìnon e�n to mhdenikì di�nusma mporeÐ na ekfrasteÐ ¸c gram-
mikìc sunduasmìc twn v1, . . . , vn, me toul�qiston èna suntelest  diaforetikì
apì to 0.

Apìdeixh. 'Eqoume  dh deÐxei th mÐa kateÔjunsh. AntÐstrofa, e�n up�rqei
ènac grammikìc sunduasmìc

a1v1 + · · ·+ anvn = 0

kai aj 6= 0, tìte

vj =
−a1

aj

v1 + · · ·+ −aj−1

aj

+
−aj+1

aj

vj+1 + · · ·+ −an

aj

vn .

¤
Sto akìloujo apotèlesma diatup¸noume me pio sugkekrimèno trìpo thn

ènnoia upo thn opoÐa èna grammik� exarthmèno sÔnolo perièqei peritt� stoi-
qeÐa.

L mma 2.2 (L mma Grammik c Ex�rthshc) JewroÔme th grammik� exarth-
mènh sullog  dianusm�twn v1, . . . , vn. E�n up�rqei mÐa sqèsh

a1v1 + · · ·+ anvn = 0

sthn opoÐa o suntelest c tou vj den eÐnai Ðsoc me 0, tìte o upìqwroc pou
par�getai apì to sÔnolo {v1, . . . , vn} eÐnai Ðsoc me ton upìqwro pou par�getai
apì to sÔnolo {v1, . . . , vn} \ {vj}.
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Apìdeixh. Apì thn apìdeixh tou L mmatoc ?? gnwrÐzoume ìti mporoÔme na
ekfr�soume to vj wc grammikì sunduasmì twn upoloÐpwn dianusm�twn, èstw

vj =
∑

i6=j

bivi .

E�n w = a1v1 + · · · + anvn, mporoÔme na antikatast soume to vj, kai na
p�roume

w =
∑

i6=j

(ai + ajbi)vi ,

pou shmaÐnei ìti to w brÐsketai ston upìqwro pou par�getai apì to

{v1, . . . , vn} \ {vj} .

¤
EpekteÐnoume ton orismì thc grammik c ex�rthshc se aujaÐretec sullo-

gèc dianusm�twn me ton akìloujo trìpo. H ken  sullog  dianusm�twn, dh-
lad  h sullog  pou den perièqei kanèna di�nusma, den eÐnai grammik� exarth-
mènh. H sullog  pou perièqei mìnon èna di�nusma eÐnai grammik� exarthmènh
mìnon e�n autì eÐnai to mhdenikì di�nusma. Mia �peirh sullog  dianusm�twn
eÐnai grammik� exarthmènh e�n perièqei k�poia peperasmènh sullog  dianu-
sm�twn h opoÐa eÐnai grammik� exarthmènh.

Grammik  anexarthsÐa
MÐa sullog  dianusm�twn eÐnai grammik� anex�rthth e�n den eÐnai gram-
mik� exarthmènh. Gia mÐa peperasmènh sullog  v1, . . . , vn, n ≥ 2, autì shmaÐ-
nei ìti kanèna stoiqeÐo thc sullog c den mporeÐ na ekfrasteÐ wc grammikìc
sunduasmìc twn upoloÐpwn.

Par�deigma 2.5 Duo mh suggrammik� gewmetrik� dianÔsmata tou epipè-
dou, ~u, ~v ∈ TOE2, eÐnai grammik� anex�rthta. Ef' ìson ta ~u, ~v den eÐnai
suggrammik�, to èna den eÐnai pollapl�sio tou �llou.

Par�deigma 2.6 Sto K2, ta dianÔsmata (1, 0), (0, 1) eÐnai grammik� a-
nex�rthta. Den up�rqei stoiqeÐo a tou K tètoio ¸ste (1, 0) = a(0, 1)  
(0, 1) = a(1, 0), giatÐ se èna s¸ma a0 = 0.

Par�deigma 2.7 Ta polu¸numa p(x) = 1 − x, q(x) = x(1 − x) kai s(x) =
x3−1 eÐnai grammik� anex�rthta. E�n oi arijmoÐ a, b, c ikanopoioÔn th sqèsh

a (1− x) + b x(1− x) + c (x3 − 1) = 0

tìte
c x3 − b x2 + (b− 1) x + (a− c)

eÐnai to mhdenikì polu¸numo, kai sunep¸c c = 0, b = 0, b−a = 0, kai �ra a =
0. SumperaÐnoume ìti o mìnoc trìpoc na ekfrasteÐ to mhdenikì polu¸numo
wc grammikìc sunduasmìc twn p(x), q(x) kai s(x), eÐnai o tetrimmènoc,

0 p(x) + 0 q(x) + 0 s(x) = 0 .
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'Ara ta polu¸numa p(x), q(x), s(x) den eÐnai grammik� exarthmèna.

SÔmfwna me thn epèktash thc ènnoiac thc grammik c ex�rthshc se au-
jaÐretec sullogèc, h ken  sullog  dianusm�twn eÐnai grammik� anex�rthth,
en¸ h sullog  me èna di�nusma eÐnai grammik� anex�rthth ektìc e�n autì
eÐnai to mhdenikì di�nusma. MÐa �peirh sullog  dianusm�twn eÐnai grammik�
anex�rthth e�n k�je peperasmènh sullog  dianusm�twn pou perièqetai se
aut n eÐnai grammik� anex�rthth.

O summetrikìc qarakthrismìc thc grammik c ex�rthshc sto L mma ?? epi-
trèpei na qarakthrÐsoume kai th grammik  anexarthsÐa me summetrikì trìpo.

L mma 2.3 H sullog  dianusm�twn v1, . . . , vn, n ≥ 1, eÐnai grammik� a-
nex�rthth e�n kai mìnon e�n o monadikìc trìpoc na ekfrasteÐ to mhdenikì
di�nusma wc grammikìc sunduasmìc twn v1, . . . , vn eÐnai o tetrimmènoc gram-
mikìc sunduasmìc, me ìlouc touc suntelestèc Ðsouc me 0.

Apìdeixh. H prìtash eÐnai antistrofoantÐjeth, kai sunep¸c logik� isodÔ-
namh, me to L mma ??.

¤
Par�deigma 2.8 Sto q¸ro C0(R), jewroÔme tic sunart seic sin kai cos.
E�n h mhdenik  sun�rthsh ekfr�zetai wc grammikìc sunduasmìc

a(sin) + b(cos) = 0

tìte gia k�je x ∈ K isqÔei h isìthta

a sin x + b cos x = 0 .

Eidikìtera e�n x = 0 èqoume a sin 0 + b cos 0 = 0, dhlad  b = 0 kai e�n
x = π

2
èqoume a sin π

2
+ b cos π

2
= 0, dhlad  a = 0. SumperaÐnoume ìti o mìnoc

trìpoc na ekfrasteÐ h mhdenik  sun�rthsh wc grammikìc sunduasmìc twn
sin kai cos eÐnai me ìlouc touc suntelestèc Ðsouc me 0. Sunep¸c sin kai cos
eÐnai grammik� anex�rthtec.

Prìtash 2.4 E�n mÐa sullog  dianusm�twn eÐnai grammik� exarthmènh,
tìte k�je sullog  pou thn perièqei eÐnai epÐshc grammik� exarthmènh. E�n
mÐa sullog  dianusm�twn eÐnai grammik� anex�rthth, tìte k�je sullog  pou
perièqetai se aut n eÐnai epÐshc grammik� anex�rthth.

Apìdeixh. JewroÔme th sullog  dianusm�twn v1, . . . , vn, w1, . . . , wm. E-
�n ta dianÔsmata v1, . . . , vn eÐnai grammik� exarthmèna, up�rqoun arijmoÐ,
a1, . . . , an, oi opoÐoi den eÐnai ìloi Ðsoi me 0, tètoioi ¸ste

a1v1 + · · ·+ anvn = 0 .

SqhmatÐzoume to grammikì sunduasmì

a1v1 + · · ·+ anvn + 0w1 + · · ·+ 0wm

o opoÐoc eÐnai Ðsoc me to mhdenikì di�nusma, all� toul�qiston ènac apì touc
suntelestèc den eÐnai 0. 'Ara h sullog  v1, . . . , vn, w1, . . . , wm eÐnai grammik�
exarthmènh.
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JewroÔme mia grammik� anex�rthth sullog  dianusm�twn v1, . . . , vn, kai
th sullog  vi1 , . . . , vik , ìpou k ≤ n kai ij eÐnai diaforetikoÐ fusikoÐ arijmoÐ
metaxÔ 1 kai n. Jèloume na deÐxoume ìti h sullog  vi1 , . . . , vik eÐnai grammik�
anex�rthth. 'Estw ènac grammikìc sunduasmìc twn vi1 , . . . , vik , o opoÐoc eÐnai
Ðsoc me to mhdenikì di�nusma,

a1vi1 + · · ·+ akvik = 0 .

SqhmatÐzoume to grammikì sunduasmì

b1v1 + · · ·+ bnvn

ìpou bij = aj gia j = 1, . . . k, kai bi = 0 e�n i den eÐnai Ðso me k�poio
ij, 1 ≤ j ≤ k. Tìte

b1v1 + · · ·+ bnvn = a1vi1 + · · ·+ akvik = 0

AfoÔ h sullog  v1, . . . , vn eÐnai grammik� anex�rthth, ìloi oi suntelestèc
bi, 1 ≤ i ≤ n eÐnai Ðsoi me 0. Sunep¸c kai oi aj = bij eÐnai Ðsoi me 0. 'Ara h
sullog  vi1 , . . . , vik eÐnai grammik� anex�rthth.

¤
Par�deigma 2.9Sto q¸ro K[x] twn poluwnÔmwn mÐac metablht c me su-
ntelestèc sto s¸ma K, to sÔnolo

B =
{
pk(x) = xk | k ∈ N0

}
= {p0(x), p1(x), p2(x), . . .}

eÐnai grammik� anex�rthto.
Prèpei na deÐxoume ìti k�je peperasmèno uposÔnolo tou B eÐnai grammik�

anex�rthto. Apì thn Prìtash ??, k�je uposÔnolo enìc grammik� anex�rthtou
sunìlou eÐnai grammik� anex�rthto. AfoÔ k�je peperasmèno uposÔnolo tou
B perièqetai se èna uposÔnolo thc morf c {p0(x), p1(x), p2(x), . . . , pn(x)}
gia k�poio n ∈ N, arkeÐ na apodeÐxoume ìti sÔnola aut c thc morf c eÐnai
grammik� anex�rthta. JewroÔme èna grammikì sunduasmì pou ekfr�zei to
mhdenikì polu¸numo:

a0 p0(x) + a1 p1(x) + a2 p2(x) + · · ·+ anpn(x) = 0

dhlad  a0 +a1x+a2x
2 + · · ·+anx

n eÐnai to mhdenikì polu¸numo kai sunep¸c
a0 = a1 = · · · = an = 0.

'Ena grammik� anex�rthto sÔnolo qarakthrÐzetai apì thn idiìthta ìti to
mhdenikì di�nusma ekfr�zetai me monadikì trìpo wc grammikìc sunduasmìc
twn stoiqeÐwn tou sunìlou. Ja doÔme ìti to Ðdio isqÔei kai gia k�je �llo
di�nusma pou brÐsketai sto q¸ro pou par�gei to sÔnolo.

Prìtash 2.5 To sÔnolo dianusm�twn {v1, . . . , vn} eÐnai grammik� anex�r-
thto e�n kai mìnon e�n k�je di�nusma w ∈ 〈v1, . . . , vn〉 ekfr�zetai kat� èna
kai mìno trìpo wc grammikìc sunduasmìc twn v1, . . . , vn.

Apìdeixh. Upojètoume ìti to sÔnolo {v1, . . . , vn} eÐnai grammik� anex�r-
thto. JewroÔme di�nusma w ∈ 〈v1, . . . , vn〉, kai grammikoÔc sunduasmoÔc pou
ekfr�zoun to w,

w = a1v1 + · · ·+ anvn kai w = b1v1 + · · ·+ bnvn
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Tìte a1v1 + · · · anvn − (b1v1 + · · ·+ bnvn) = 0, kai sunep¸c

(a1 − b1)v1 + · · ·+ (an − bn)vn = 0 .

AfoÔ to sÔnolo {v1, . . . , vn} eÐnai grammik� anex�rthto,

a1 − b1 = 0, a2 − b2 = 0, . . . , an − bn = 0 ,

kai sunep¸c a1 = b1, a2 = b2, . . . , an = bn. SumperaÐnoume ìti to w ek-
fr�zetai me monadikì trìpo wc grammikìc sunduasmìc twn stoiqeÐwn tou
{v1, . . . , vn}.

Antistrìfwc, upojètoume ìti k�je di�nusma w ∈ 〈v1, . . . , vn〉 ekfr�zetai
me monadikì trìpo wc grammikìc sunduasmìc twn v1, . . . , vn. To mhdenikì
di�nusma an kei sto 〈v1, . . . , vn〉, kai profan¸c 0 = 0 v1 + · · · + 0 vn. A-
pì thn upìjesh thc monadikìthtac den up�rqei grammikìc sunduasmìc me
toul�qiston èna suntelest  diaforetikì apì 0 pou na ekfr�zei to mhdenikì
di�nusma, kai sunep¸c to sÔnolo {v1, . . . , vn} eÐnai grammik� anex�rthto.

¤
E�n èna uposÔnolo S tou dianusmatikoÔ q¸rou V par�gei to V , tìte

k�je stoiqeÐo tou V ekfr�zetai wc grammikìc sunduasmìc twn stoiqeÐwn
tou S. E�n epÐ plèon to sÔnolo S eÐnai grammik� anex�rthto, tìte autìc o
grammikìc sunduasmìc eÐnai monadikìc gia k�je stoiqeÐo tou V . Gi' autì to
lìgo èna grammik� anex�rthto sÔnolo pou par�gei èna q¸ro V èqei idiaÐtero
endiafèron. 'Ena tètoio sÔnolo onom�zetai b�sh tou V .

Orismìc. 'Ena uposÔnolo B tou dianusmatikoÔ q¸rou V lègetai b�sh tou
V e�n to B eÐnai grammik� anex�rthto kai par�gei to dianusmatikì q¸ro V .

Par�deigma 2.10 Sto K2, ta dianÔsmata (1, 0) kai (0, 1) apoteloÔn mÐa
b�sh tou q¸rou, giatÐ eÐnai grammik� anex�rthta kai par�goun to q¸ro K2:
e�n (a, b) ∈ K2, tìte (a, b) = a (1, 0) + b (0, 1) .

Par�deigma 2.11 To sÔnolo

B = {pk(x) = xk | k ∈ N0}
apoteleÐ b�sh tou q¸rou poluwnÔmwn K[x]. EÐdame sto Par�deigma ?? ìti
eÐnai grammik� anex�rthto. K�je polu¸numo gr�fetai sth morf  p(x) =
a0 +a1x+a2x

2 + . . .+anx
n, me an 6= 0, kai sunep¸c ekfr�zetai wc grammikìc

sunduasmìc stoiqeÐwn tou B:
p(x) = a0p0(x) + a1p1(x) + . . . + anpn(x) .

MÐa b�sh enìc dianusmatikoÔ q¸rou V qarakthrÐzetai wc èna mègisto
grammik� anex�rthto uposÔnolo tou V , kai epÐshc wc èna el�qisto par�gon
sÔnolo tou V .

Prìtash 2.6 JewroÔme to dianusmatikì q¸ro V , kai èna sÔnolo {v1, . . . vn} ⊆
V . Tìte ta akìlouja eÐnai isodÔnama.

1. {v1, . . . , vn} eÐnai b�sh tou V , dhlad  eÐnai grammik� anex�rthto par�-
gon sÔnolo tou V .
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2. K�je di�nusma w ∈ V ekfr�zetai me monadikì trìpo wc grammikìc
sunduasmìc v1, . . . , vn.

3. {v1, . . . , vn} eÐnai grammik� anex�rthto, all� gia k�je w ∈ V \{v1, . . . , vn},
to sÔnolo {v1, . . . , vn} ∪ {w} eÐnai grammik� exarthmèno.

4. {v1, . . . , vn} eÐnai par�gon sÔnolo V , en¸ gia k�je i = 1, . . . , n, to
sÔnolo {v1, . . . , vn} \ {vi} den par�gei to V .

Apìdeixh. H isodunamÐa twn 1 kai 2 eÐnai sunèpeia thc Prìtashc ??.
Gia na deÐxoume ìti to 1 sunep�getai to 3, parathroÔme ìti e�n {v1, . . . , vn}

eÐnai b�sh kai w ∈ V \ {v1, . . . , vn}, tìte to w ekfr�zetai wc grammikìc
sunduasmìc twn v1, . . . , vn, kai sunep¸c {v1, . . . , vn} ∪ {w} eÐnai grammik�
exarthmèno. Antistrìfwc, e�n isqÔei to 3, tìte k�je stoiqeÐo w ∈ V ek-
fr�zetai wc grammikìc sunduasmìc twn v1, . . . , vn, kai sunep¸c {v1, . . . , vn}
eÐnai grammik� anex�rthto par�gon sÔnolo.

Gia na deÐxoume ìti to 1 sunep�getai to 4, parathroÔme oti e�n gia k�poio
j = 1, . . . , k, to sÔnolo {v1, . . . , vn} \ {vj} par�gei to V , tìte to vj ekfr�ze-
tai wc grammikìc sunduasmìc twn upoloÐpwn stoiqeÐwn tou {v1, . . . , vn}, to
opoÐo sunep¸c den eÐnai grammik� anex�rthto. Antistrìfwc, e�n to sÔnolo
{v1, . . . , vn} par�gei to V , all� den eÐnai grammik� anex�rthto, tìte, apì
to L mma Grammik c Ex�rthshc, L mma ??, up�rqei gn sio uposÔnolo tou
{v1, . . . , vn} to opoÐo par�gei to V .

¤
To epìmeno apotèlesma eÐnai k�pwc teqnikì, all� jemeli¸dec gia th jew-

rÐa twn peperasmèna paragìmenwn dianusmatik¸n q¸rwn. Lèei ìti èna gram-
mik� anex�rthto sÔnolo den mporeÐ na èqei perissìtera stoiqeÐa apì èna sÔ-
nolo pou par�gei to q¸ro, kai ìti mporoÔme na antikatast soume k�poia apì
ta stoiqeÐa tou par�gontoc sunìlou me stoiqeÐa tou grammik� anex�rthtou
sunìlou ¸ste na èqoume èna nèo par�gon sÔnolo pou perièqei to grammik�
anex�rthto sÔnolo.

Je¸rhma 2.7 (Je¸rhma Antikat�stashc). E�n to peperasmèno sÔnolo
{v1, . . . , vn} par�gei to grammikì q¸ro V , kai {w1, . . . , wk} eÐnai grammi-
k� anex�rthto uposÔnolo tou V , tìte k ≤ n kai up�rqoun n− k stoiqeÐa vij ,
gia j = 1, . . . , n− k tètoia ¸ste

{w1, . . . , wk, vij , · · · , vin−k
}

par�goun to V .

Apìdeixh. AfoÔ to sÔnolo {v1, . . . , vn} par�gei to dianusmatikì q¸ro V ,
to w1 gr�fetai wc grammikìc sunduasmìc

w1 = a1v1 + . . . + anvn ,

kai efìson w1 6= 0, up�rqei k�poio j = 1, . . . , n gia to opoÐo aj 6= 0. Antika-
jistoÔme to vj me to w1, kai èqoume to sÔnolo

S1 = ({v1, . . . , vn} \ {vj}) ∪ {w1} .
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Apì to L mma Grammik c Ex�rthshc, L mma ??, to S1 par�gei to q¸ro V .
An qrei�zetai all�zoume thn arÐjmhsh twn stoiqeÐwn tou S1 ¸ste na èqoume

S1 = {w1, v2, . . . , vn} .

Katìpin jewroÔme to di�nusma w2. AfoÔ to S1 par�gei to V , to w2 gr�fetai
wc grammikìc sunduasmìc twn stoiqeÐwn tou S1,

w2 = a1w1 + a2v2 + . . . + anvn .

AfoÔ ta w1, w2 eÐnai grammik� anex�rthta, w2 − a1w1 6= 0, kai sunep¸c
up�rqei k�poio j = 2, . . . , n gia to opoÐo aj 6= 0. Jètoume S2 = (S1 \ {vj})∪
{w2}, kai upojètoume ìti

S2 = {w1, w2, v3, . . . , vn} .

SuneqÐzontac me autìn ton trìpo upojètoume ìti, gia m < k, èqoume kata-
skeu�sei to sÔnolo Sm = {w1, . . . , wm, vm+1, . . . , vn}, to opoÐo par�gei to
V . JewroÔme to di�nusma wm+1 wc grammikì sunduasmì twn stoiqeÐwn tou
Sm, kai èqoume

wm+1 − (a1w1 + . . . + amwm) = am+1vm+1 + . . . + anvn .

AfoÔ ta w1, . . . , wm+1 eÐnai grammik� anex�rthta, h dexi� pleur� den eÐnai Ðsh
me to mhdenikì di�nusma. Sunep¸c m < n kai up�rqei j = m+1, . . . , n tètoio
¸ste aj 6= 0. SumperaÐnoume ìti to sÔnolo Sm+1 = (Sm \ {vj}) ∪ {wm+1}
par�gei to V .

Aut  h diadikasÐa mporeÐ na suneqisteÐ mèqri na kataskeu�soume to sÔ-
nolo

Sk = {w1, . . . , wk, vk+1, . . . , vn} ,

to opoÐo par�gei to dianusmatikì q¸ro V .
¤

Pìrisma 2.8 'Ena grammik� anex�rthto sÔnolo se èna dianusmatikì q¸ro
den mporeÐ na èqei perissìtera stoiqeÐa apì èna sÔnolo pou par�gei to q¸ro.

¤

Pìrisma 2.9 E�n B kai B′ eÐnai b�seic enìc peperasmèna paragìmenou dia-
nusmatikoÔ q¸rou, tìte B kai B′ èqoun ton Ðdio arijmì stoiqeÐwn.

Apìdeixh. Apì to Je¸rhma Antikat�stashc, Je¸rhma ??, kai oi dÔo b�seic
èqoun peperasmèno pl joc stoiqeÐwn. Upojètoume ìti B èqei n stoiqeÐa kai
h B′ èqei n′ stoiqeÐa. AfoÔ to sÔnolo B′ par�gei to dianusmatikì q¸ro, kai
B eÐnai grammik� anex�rthto, n ≤ n′. Parìmoia to B par�gei to q¸ro kai to
B′ eÐnai grammik� anex�rthto, �ra n′ ≤ n. Sunep¸c n = n′.

¤

Prìtash 2.10 E�n o dianusmatikìc q¸roc V par�getai apì to peperasmèno
sÔnolo S, kai F eÐnai grammik� anex�rthto uposÔnolo tou S, tìte up�rqei
mÐa b�sh B tou V tètoia ¸ste

F ⊆ B ⊆ S .
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Apìdeixh. 'Estw {v1, . . . , vk} to grammik� anex�rthto sÔnolo F , kai S =
{v1, . . . , vk, w1, . . . , wm}. E�n to S eÐnai grammik� anex�rthto, tìte S eÐnai
b�sh tou V , kai jètoume B = S. E�n to S den eÐnai grammik� anex�rthto,
tìte mporoÔme na ekfr�soume to mhdenikì di�nusma wc grammikì sunduasmì
twn stoiqeÐwn tou S, me toul�qiston èna suntelest  diaforetikì apì to 0:

a1v1 + · · ·+ akvk + b1w1 + · · ·+ bmwm = 0 .

E�n gia ìla ta i = 1, . . . , k, ai = 0, tìte up�rqei k�poio j = 1, . . . , m
gia to opoÐo bj 6= 0. E�n gia k�poio i = 1, . . . , k, ai 6= 0, tìte, apì thn
grammik  anexarthsÐa twn v1, . . . , vn, sumperaÐnoume ìti a1v1+. . .+akvk 6= 0,
kai sunep¸c p�li up�rqei k�poio j = 1, . . . , m gia to opoÐo bj 6= 0. Se k�je
perÐptwsh, up�rqei k�poio j = 1, . . . ,m tètoio ¸ste wj èqei mh mhdenikì
suntelest , kai apì to L mma Grammik c Ex�rthshc ??, to sÔnolo S1 = S \
{wj} par�gei ìlo to q¸ro V . E�n S1 eÐnai grammik� anex�rthto, jètoume B =
S1. Diaforetik�, epanalamb�noume th diadikasÐa kai diagr�foume k�poio
�llo apì ta peritt� wj. H diadikasÐa aut  mporeÐ na epanalhfjeÐ to polÔ m
forèc, kai katal gei se èna grammik� anex�rthto sÔnolo pou par�gei to V ,
dhlad  th zhtoÔmenh b�sh B.

¤
To epìmeno apotèlesma isqÔei se k�je dianusmatikì q¸ro, all� ed¸ ja to
apodeÐxoume mìno gia peperasmèna paragìmenouc dianusmatikoÔc q¸rouc.
Sthn perÐptwsh mh peperasmèna paragìmenwn q¸rwn, h Ôparxh b�shc eÐnai
sunèpeia tou Axi¸matoc Epilog c (dec Jemèlia twn Majhmatik¸n, EpÐlo-
goc).

Je¸rhma 2.11 K�je dianusmatikìc q¸roc V perièqei mÐa b�sh. Eidikìtera,
k�je grammik� anex�rthto sÔnolo tou V mporeÐ na epektajeÐ se mÐa b�sh tou
q¸rou V , kai k�je sÔnolo pou par�gei to dianusmatikì q¸ro V perièqei mÐa
b�sh tou V .

Apìdeixh. Upojètoume ìti o dianusmatikìc q¸roc V par�getai apì to
peperasmèno sÔnolo S.

JewroÔme èna grammik� anex�rthto sÔnolo F sto V (to opoÐo mporeÐ na
eÐnai kai to kenì sÔnolo) kai efarmìzoume thn Prìtash ?? sto peperasmèno
par�gon sÔnolo S ∪F kai sto grammik� anex�rthto sÔnolo F , gia na kata-
skeu�soume mÐa b�sh B tou V , me F ⊆ B.

¤
Orismìc. 'Estw dianusmatikìc q¸roc V . H di�stash tou V sumbolÐzetai
dim V kai orÐzetai wc ex c:

dim V =





0 e�n V = {0}
n e�n up�rqei b�sh tou V me n stoiqeÐa

∞ e�n gia k�je m ∈ N, up�rqei grammik�
anex�rthto uposÔnolo tou V me m stoiqeÐa

Lème ìti o dianusmatatikìc q¸roc V èqei peperasmènh di�stash e�n
dim V ∈ N0, en¸ onom�zoume apeirodi�stato èna q¸ro gia ton opoÐo
dim V = ∞.



23

EÐnai fanerì ìti ènac q¸roc eÐnai peperasmèna paragìmenoc e�n kai mìnon
e�n èqei peperasmènh di�stash. Gi' autì to lìgo, o ìroc peperasmèna para-
gìmenoc den qrhsimopoieÐtai gia dianusmatikoÔc q¸rouc, kai antikajÐstatai
apì ton ìro q¸roc peperasmènhc di�stashc.

H akìloujh Prìtash eÐnai �mesh sunèpeia tou orismoÔ thc di�stashc kai thc
Prìtashc ??.

Prìtash 2.12 'Estw dianusmatikìc q¸roc V di�stashc n. Tìte

1. Kanèna sÔnolo me perissìtera apì n stoiqeÐa den eÐnai grammik� ane-
x�rthto sto V .

2. Kanèna sÔnolo me ligìtera apì n stoiqeÐa den par�gei to V .

¤

Je¸rhma 2.13 'Estw dianusmatikìc q¸roc V di�stashc n, kai S uposÔnolo
tou V me n stoiqeÐa. Tìte ta akìlouja eÐnai isodÔnama:

1. S eÐnai grammik� anex�rthto sto V .

2. S par�gei to dianusmatikì q¸ro V .

3. S eÐnai b�sh tou V .

Apìdeixh. Se èna dianusmatikì q¸ro di�stashc n, èna grammik� anex�r-
thto sÔnolo me n stoiqeÐa eÐnai mègisto, kai sunep¸c eÐnai mÐa b�sh , en¸ èna
par�gon sÔnolo me n stoiqeÐa eÐnai el�qisto, kai sunep¸c eÐnai mÐa b�sh.

¤

Prìtash 2.14 'Estw dianusmatikìc q¸roc V di�stashc n, kai {v1, . . . , vn}
b�sh tou V . E�n {w1, . . . , wk} eÐnai grammik� anex�rthto uposÔnolo tou V ,
tìte up�rqoun n− k stoiqeÐa vij , gia j = 1, . . . , n− k, tètoia ¸ste

{w1, . . . , wk, vi1 , . . . , vin−k
}

eÐnai b�sh tou V .

Apìdeixh. Apo to Je¸rhma Antikat�stashc, Je¸rhma ??, up�rqoun vij

tètoia ¸ste {w1, . . . , wk, vi1 , . . . , vin−k
} par�gei to V . Apì to Je¸rhma ??,

èna par�gon sÔnolo tou V me n stoiqeÐa eÐnai b�sh tou V .
¤

Prìtash 2.15 K�je grammikìc upìqwroc X ènoc dianusmatikoÔ q¸rou V
peperasmènhc di�stashc èqei peperasmènh di�stash kai dim X ≤ dim V .
E�n dim X = dim V , tìte X = V .

Apìdeixh. Den mporoÔme na qrhsimopoi soume thn Prìtash ?? gia na ka-
taskeu�soume b�sh tou X, kaj¸c den eÐnai profanèc ìti ènac upìqwroc enìc
peperasmèna paragìmenou q¸rou eÐnai peperasmèna paragìmenoc. Ja kata-
skeu�soume mÐa b�sh tou X wc èna mègisto grammik� anex�rthto uposÔnolo,
basizìmenoi sthn idiìthta oti k�je grammik� anex�rthto uposÔnolo tou X
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eÐnai epÐshc grammik� anex�rthto uposÔnolo tou V , kai sunep¸c èqei to polÔ
dim V stoiqeÐa.

E�n X = {0}, tìte dim X = 0 ≤ dim V . Upojètoume ìti X 6= {0}, kai
jewroÔme mh mhdenikì di�nusma x1 ∈ X. Jètoume Y1 = 〈x1〉.

Upojètoume ìti èqoume èna grammik� anex�rthto uposÔnolo {x1, . . . , xk}
tou X, kai Yk = 〈x1, . . . , xk〉. E�n X = Yk, tìte dim X = k ≤ dim V . Dia-
foretik�, jewroÔme di�nusma xk+1 ∈ X \ Yk. Ja deÐxoume ìti {x1, . . . , xk+1}
eÐnai grammik� anex�rthto.

JewroÔme grammikì sunduasmì twn x1, . . . , xk+1 pou ekfr�zei to mhdenikì
di�nusma,

a1x1 + . . . + ak+1xk+1 = 0 .

E�n ak+1 6= 0, tìte xk+1 ∈ Yk, pou antif�skei proc tic upojèseic mac. 'Ara
ak+1 = 0, kai

a1x1 + . . . + akxk = 0 ,

all� {x1, . . . , xk} eÐnai grammik� anex�rthto, kai sunep¸c a1 = · · ·+ ak = 0.
Me autì ton trìpo mporoÔme na kataskeu�soume diadoqik� megalÔtera gram-
mik� anex�rthta uposÔnola tou X. AfoÔ den up�rqoun grammik� anex�r-
thta uposÔnola tou V me perissìtera apì dim V stoiqeÐa, h diadikasÐ-
a termatÐzetai, kai X = 〈x1, . . . , xn〉 gia k�poio n ≤ dim V . Sunep¸c
dim X = n ≤ dim V .

E�n dim X = dim V , tìte mÐa b�sh tou X eÐnai grammik� anex�rthto
uposÔnolo tou V me dim V stoiqeÐa, kai sunep¸c par�gei to V .

¤

Prìtash 2.16 JewroÔme dianusmatikì q¸ro V peperasmènhc di�stashc,
kai grammikoÔc upìqwrouc X kai Y . Tìte isqÔei h sqèsh

dim(X + Y ) = dim X + dim Y − dim(X ∩ Y ).

Apìdeixh. JewroÔme pr¸ta thn perÐptwsh ìpou X∩Y 6= {0}. Dialègoume
mÐa b�sh {z1, . . . , zn} tou X ∩Y . Tìte up�rqoun x1, . . . , x` ∈ X tètoia ¸ste
to sÔnolo {z1, . . . , zn, x1, . . . , x`} na apoteleÐ b�sh tou X, kai y1, . . . , ym ∈
Y tètoia ¸ste to sÔnolo {z1, . . . , zn, y1, . . . , ym} na apoteleÐ b�sh tou Y .

Ja apodeÐxoume ìti to sÔnolo

B = {z1, . . . , zn, x1, . . . , x`, y1, . . . , ym}

eÐnai b�sh tou X + Y .
EÐnai eÔkolo na doÔme ìti to B par�gei to X + Y . Gia na deÐxoume ìti to

B eÐnai grammik� anex�rthto, jewroÔme èna grammikì sunduasmì

a1z1 + · · ·+ anzn + b1x1 + · · ·+ b`y` + c1y1 + · · · cmym = 0.

Jètoume v = a1z1 + cldots + anzn + b1x1 + · · · b`x` ∈ X, kai èqoume v =
−(c1y1 + · · · + cmym) ∈ Y . SumperaÐnoume oti to v ∈ X ∩ Y kai sunep¸c
up�rqoun d1, . . . , dn ∈ K, tètoia ¸ste v = d1z1 + · · ·+ dnzn.

Apì th grammik  anexarthsÐa twn z1, . . . , zn, x1, . . . , x`, h èkfrash tou v
wc grammikoÔ sunduasmoÔ eÐnai monadik , kai h isìthta

a1z1 + · · ·+ anzn + b1x1 + · · ·+ blxl = d1z1 + · · ·+ dnzn
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sunep�getai ìti, gia k�je i = 1, . . . , n, ai = di, kai gia k�je j = 1, . . . , `,
bj = 0.

Parìmoia, h grammik  anexarthsÐa twn z1, . . . , zn, y1, . . . , ym kai h isìthta

d1z1 + · · ·+ dnzn = −(c1y1 + · · ·+ cmym)

sunep�getai ìti, gia k�je i = 1, . . . , n, di = 0, kai gia k�je j = 1, . . . ,m,
cj = 0. Katal goume ìti ìloi oi suntelestèc eÐnai 0, sunep¸c to sÔnolo B
eÐnai grammik� anex�rthto.

H perÐptwsh X ∩ Y = {0} apodeiknÔetai me an�logo trìpo.
¤

Pìrisma 2.17 To �jroisma twn grammik¸n upìqwrwn X +Y eÐnai eujÔ e�n
kai mìnon e�n

dim X + Y = dim X + dim Y .

¤

Prìtash 2.18 'Estw dianusmatikìc q¸roc V peperasmènhc di�stashc. E-
�n X eÐnai upìqwroc tou V , up�rqei upìqwroc Y tou V , tètoioc ¸ste

V = X ⊕ Y .

Apìdeixh. Upojètoume ìti dim V = n, dim X = m, kai jewroÔme b�sh
{x1, . . . , xm} tou X. Apì thn Prìtash ??, up�rqoun dianÔsmata y1, . . . , yn−m

tou V tètoia ¸ste {x1, . . . , xm, y1, . . . , yn−m} eÐnai b�sh tou V . Jètoume
Y = 〈y1, . . . , yn−m〉. Profan¸c X + Y = 〈x1, . . . , xm, y1, . . . , yn−m〉 = V , kai
apì th grammik  anexarthsÐa tou {x1, . . . , xm, y1, . . . , yn−m} deÐqnoume ìti
X ∪ Y = {0}.

¤
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Kef�laio 3

Grammikèc ApeikonÐseic

Ja exet�soume apeikonÐseic apì èna dianusmatikì q¸ro se ènan �llo. A-
pì th skopi� thc grammik c �lgebrac, mac endiafèroun oi apeikonÐseic pou
diathroÔn k�poia stoiqeÐa thc dom c tou dianusmatikoÔ q¸rou: autèc pou
apeikonÐzoun ajroÐsmata se ajroÐsmata, kai ginìmena se ginìmena.

GnwrÐzoume  dh apeikonÐseic me autèc tic idiìthtec:

Par�deigma 3.1 E�n A eÐnai ènac m× n pÐnakac, o pollaplasiasmìc enìc
x ∈ Rn, me ton pÐnaka apì ta arister�, dÐdei èna stoiqeÐo Ax ∈ Rm kai, gia
x, y ∈ Rn kai a ∈ R, ikanopoieÐ tic sqèseic

A(x + y) = Ax + Ay

A(ax) = aAx.

Par�deigma 3.2 'Estw C1(R) o q¸roc twn sunart sewn miac pragmatik c
metablht c, pou eÐnai paragwgÐsimec se ìlo to R, kai èqoun suneq  par�gw-
go. E�n f ∈ C1(R), h parag¸gish D, pou apeikonÐzei thn f sthn par�gwgì
thc D(f) = f ′, eÐnai apeikìnish apì to C1(R) sto C0(R), kai èqei tic idiìth-
tec, gia f , g ∈ C1(R) kai a ∈ R,

D(f + g) = Df + Dg

D(af) = aDf

Orismìc. JewroÔme dÔo dianusmatikoÔc q¸rouc V kai U p�nw apì to
s¸ma K. H apeikìnish L : V → U onom�zetai grammik  e�n gia k�je
v, w ∈ V kai a ∈ K, isqÔei

L(v + w) = L(v) + L(w)

L(av) = aL(v)

To epìmeno apotèlesma lèei ìti mporoÔme na sundu�soume ton èlegqo
twn dÔo sunjhk¸n se mÐa. H apìdeixh tou basÐzetai sthn epilog  kat�llhlwn
tim¸n tou a kai tou w.

27
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L mma 3.1 H apeikìnish L eÐnai grammik  e�n kai mìnon e�n , gia k�je
v, w ∈ V kai a ∈ K,

L(av + w) = aL(v) + L(w) .

'Askhsh 3.1 Gr�yte thn apìdeixh tou L mmatoc.

Par�deigma 3.3 H mhdenik  apeikìnish 0 : V → W , h opoÐa apeikonÐzei
k�je di�nusma tou V sto mhdenikì di�nusma tou W , 0(v) = 0, eÐnai grammik .

Par�deigma 3.4 H tautotik  apeikìnish IV : V → V , h opoÐa apeÐkonÐzei
k�je di�nusma tou V ston eautì tou, I(v) = v, eÐnai grammik .

Par�deigma 3.5 Gia k�je a ∈ K, h apeikìnish Ta : V → V , h opoÐa
pollaplasi�zei k�je di�nusma me ton arijmì a, Ta(v) = a v, eÐnai grammik .
ParathroÔme ìti h apeikìnish 0 : V → V eÐnai Ðsh me thn T0 : V → V , en¸
h I : V → V eÐnai Ðsh me thn T1 : V → V .

Par�deigma 3.6 Gia k�je m× n pÐnaka A, h apeikìnish TA : Rn → Rn, h
opoÐa pollaplasi�zei k�je di�nusma sto Rn me ton pÐnaka A apì ta arister�,
TA(x) = Ax, eÐnai grammik .

Par�deigma 3.7 H parag¸gish, D : C1(R) → C0(R), h opoÐa apeikonÐzei
k�je diaforÐsimh apeikìnish me suneq  par�llhlo sto R, sthn par�gwgo
thc, D(f) = f ′, eÐnai grammik  apeikìnish.

Par�deigma 3.8 H olokl rwsh, I : C0 ([0, 1]) → R, h opoÐa apeikonÐzei
k�je suneq  apeikìnish sto di�sthma [0, 1], sto olokl rwma thc sto [0, 1],

I(f) =

∫ 1

0

f(t)dt ,

eÐnai grammik  apeikìnish. Pr�gmati, gia k�je f, g ∈ C0[0, 1] kai k�je a ∈ R,

I(af + g) =

∫ 1

0

(af(t) + g(t)) dt

= a

∫ 1

0

f(t)dt +

∫ 1

0

g(t)dt

= aI(f) + I(g)

Par�deigma 3.9 Sto q¸ro twn poluwnÔmwn, o pollaplasiasmìc me èna
stajerì mon¸numo eÐnai grammik  apeikìnish. JewroÔme to mon¸numo p(x) =
bxm, kai orÐzoume thn apeikìnish Tp(x) : K[x] → K[x] me

Tp(x) (q(x)) = p(x) q(x)

E�n q(x) = a0 + a1x + . . . + anxn, tìte

Tp(x) (q(x)) = ba0x
m + · · ·+ banx

m+n ,
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kai mporeÐte eÔkola na elègxete ìti Tp(x) eÐnai grammik  apeikìnish.

Par�deigma 3.10 Sto q¸ro K∞ twn akolouji¸n me ìrouc sto K, orÐzoume
thn apeikìnish shift, s : K∞ → K∞, me

(a1, a2, a3, . . .) = (a2, a3, a4, . . .) ,

  , pio austhr�, s ((an)) = (bn), ìpou bn = an+1. H apeikìnish shift eÐnai
grammik .

Ja exet�soume paradeÐgmata apeikonÐsewn pou den eÐnai grammikèc.

Par�deigma 3.11 H apeikìnish f : R → R : x 7→ ax + b den eÐnai
grammik , par' ìlo pou to gr�fhma thc eÐnai mÐa eujeÐa. Genikìtera, oi
mìnec poluwnumikèc sunart seic f : R→ R oi opoÐec eÐnai grammikèc eÐnai ta
mon¸numa bajmoÔ 1. 'Etsi h: f(x) = 3x eÐnai grammik , all� oi g(x) = 3x+2
kai h(x)2x2, den eÐnai grammikèc.

Par�deigma 3.12 E�n A eÐnai m × n pÐnaka, kai b ∈ Rm, h apeikìnish
Rn → Rm : x 7→ Ax + b den eÐnai grammik .

MporoÔme na broÔme sunart seic pou ikanopoioÔn th mÐa apì tic dÔo
sunj kec all� ìqi thn �llh.

Par�deigma 3.13 Sto R2 orÐzoume

f(x1, x2) =

{
x1

x2
(x1, x2) e�n x2 6= 0

(0, 0) e�n x2 = 0.

H f : R2 → R2 ikanopoieÐ th idiìthta f(ax) = af(x) gia k�je x ∈
R2, a ∈ R, all� den ikanopoieÐ prosjetik  idiìthta.

H grammikìthta miac apeikìnishc exart�tai me ousiastikì trìpo apì to
s¸ma p�nw apì to opoÐo orÐzontai oi dianusmatikoÐ q¸roi. Sto epìmeno pa-
r�deigma, h apeikìnish ikanopoieÐ thn prosjetik  idiìthta, all� h epal jeush
thc pollaplasiastik c idiìthtac exart�tai apì to s¸ma orismoÔ.

Par�deigma 3.14 JewroÔme to migadikì epÐpedo C wc dianusmatikì q¸ro
p�nw apì C. Gr�foume z = x + iy gia èna stoiqeÐo z ∈ C ìtan to jewroÔme
wc di�nusma, kai w gia èna stoiqeÐo w ∈ C ìtan to jewroÔme wc arijmì.
OrÐzoume thn apeikìnish

L : C→ C : z 7→ z̄ = x− iy .

H prosjetik  idiìthta isqÔei. L(z1 + z2) = (z1 + z2) = z̄1 + z̄2. H pollapla-
siastik  idiìthta den isqÔei:L(wz) = (wz) = w̄z̄, to opoÐo den eÐnai Ðso me
wL(z) = wz̄, e�n IM(w) 6= 0.

Blèpoume ìti h L den eÐnai grammik  apeikìnish ìtan jewroÔme to C wc
dianusmatikì q¸ro p�nw apì touc migadikoÔc arijmoÔc. E�n ìmwc jewroÔme
to C wc dianusmatikì q¸ro CR p�nw apì touc pragmatikoÔc arijmoÔc, ¸ste
gia k�je a ∈ R,

L(az) = az̄ = aL(z)

kai h L : CR → CR eÐnai grammik .



30 KEF�ALAIO 3. GRAMMIK�ES APEIKON�ISEIS

Par�deigma 3.15E�n L : V → W kai M : V → W eÐnai grammikèc
apeikonÐseic kai a ∈ K, tìte oi apeikonÐseic

L + M : V → W : v 7→ L(v) + M(v)

kai
aL : V → W : v 7→ aL(v)

eÐnai epÐshc grammikèc. To sÔnolo ìlwn twn grammik¸n apeikonÐsewn apì
to dianusmatikì q¸ro V sto W sumbolÐzetai L(V, W )   Hom (V, W ) me tic
parap�nw pr�xeic L(V, W ) eÐnai dianusmatikìc q¸roc.

'Askhsh 3.2 DeÐxte ìti L + M kai aL eÐnai grammikèc apeikonÐseic, kai ìti
L(V, W ) eÐnai dianusmatikìc q¸roc.

'Askhsh 3.3 Qrhsimopoi ste th dom  dianusmatikoÔ q¸rou tou L(K[x], K[x]),
gia na deÐxete ìti o pollaplasiasmìc me stajerì polu¸numo, p(x) ∈ K[x],

Tp(x) : K[x] → K[x] : q(x) 7→ p(x)q(x) ,

eÐnai grammik  apeikìnish.

Sta epìmena apotelèsmata apodeiknÔoume orismènec basikèc idiìthtec
twn grammik¸n apeikonÐsewn. Eidikìtera sto L mma ??, 2 kai 3 deÐqnoume
ìti mia grammik  apeikìnish mporeÐ na qal�sei th grammik  anexarthsÐa miac
sullog c dianusm�twn, all� den mporeÐ mia grammik  exarthmènh sullog 
na thn k�nei grammik� anex�rthta.

L mma 3.2 JewroÔme dianusmatikoÔc q¸rouc V kai W , kai grammik  apei-
kìnish L : V → W .

1. L(0) = 0.

2. E�n ta dianÔsmata v1, . . . , vn eÐnai grammik� exarthmèna, tìte ta L(v1), . . . , L(vn)
eÐnai grammik� exarthmèna.

3. E�n L(v1), . . . , L(vn) eÐnai grammik� anex�rthta, tìte ta v1, . . . , vn eÐnai
grammik� anex�rthta.

Apìdeixh. E�n v ∈ V , tìte 0v = 0 kai L(0) = L(0v) = 0L(v) = 0.
JewroÔme to grammikì sunduasmì a1v1 + . . .+anvn. E�n autìc eÐnai Ðsoc

me to mhdenikì di�nusma, tìte

a1L(v1) + · · ·+ anL(vn) = L(a1v1 + · · ·+ anvn) = L(0) = 0 .

Sunep¸c e�n up�rqei mh tetrimmènoc grammikìc sunduasmìc twn v1, . . . , vn

pou ekfr�zei to 0, tìte to Ðdio isqÔei kai gia ta L(v1), . . . , L(vn).
Antijètwc, e�n to mhdenikì di�nusma den ekfr�zetai wc mh tetrimmènoc

grammikìc sunduasmìc twn L(v1), . . . , L(vn), tìte to Ðdio isqÔei kai gia ta
v1, . . . , vn.

¤

L mma 3.3 JewroÔme dianusmatikoÔc q¸rouc V , W , grammik  apeikìnish
L : V → W , kai grammikoÔc upìqwrouc X ⊆ V kai Y ⊆ W .
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1. L(X) eÐnai grammikìc upìqwroc tou W , kai L−1(Y ) eÐnai grammikìc
upìqwroc tou V .

2. dim (L(X)) ≤ dim X.

Apìdeixh. E�n y1, y2 ∈ L(X), up�rqoun dianÔsmata x1, x2 ∈ X tètoia
¸ste L(x1) = y1 kai L(x2) = y2. Apì th grammikìthta thc L, y1 + y2 =
L(x1 + x2) ∈ L(X) kai ay1 = L(ax1) ∈ L(X). SumperaÐnoume ìti L(X) eÐnai
kleistì wc proc tic pr�xeic tou dianusmatikoÔ q¸rou W , kai sunep¸c L(X)
eÐnai grammikìc upìqwroc. Parìmoia, e�n x1, x2 ∈ L−1(Y ), tìte L(x1 +
x2) = L(x1) + L(x2) ∈ Y kai L(ax1) = aL(x1) ∈ Y kai sunep¸c L(Y ) eÐnai
grammikìc upìqwroc tou X.

Apì to 1 gnwrÐzoume ìti L(X) eÐnai grammikìc upìqwroc. E�n X = {0},
tìte L(X) = {0}, kai dim L(X) = 0 = dim X. Katìpin upojètoume ìti
0 < dim X < ∞. JewroÔme èna grammik� anex�rthto sÔnolo {y1, . . . , yn}
sto L(X), kai dianÔsmata x1, . . . , xn sto X tètoia ¸ste L(xi) = yi, gia
i = 1, . . . , n. Apì to L mma ??, 3, ta x1, . . . , xn eÐnai grammik� anex�rthta,
kai sunep¸c n ≤ dim X. Autì isqÔei gia k�je grammik� anex�rthto sÔnolo
sto L(X), �ra to L(X) èqei peperasmènh di�stash kai dim L(X) ≤ dim X.

¤
E�n L : V → W eÐnai grammik  apeikìnish, o upìqwroc L(V ) ⊆ W

onom�zetai eikìna thc L, kai sumbolÐzetai im L. O upìqwroc L−1 ({0}) ⊆ V
onom�zetai pur nac thc L, kai sumbolÐzetai ker L.

Prìtash 3.4 H grammik  apeikìnish L : V → W eÐnai 1− 1 e�n kai mìnon
e�n ker(L) = {0}.

Apìdeixh. Upojètoume ìti h L eÐnai 1−1. E�n v ∈ ker(L), tìte L(v) = 0 =
L(0), kai sunep¸c v = 0. 'Ara ker(L) = {0}. Upojètoume ìti ker(L) = {0}.
E�n L(v) = L(u), tìte L(v − u) = 0, �ra v − u ∈ ker(L) = {0}, kai sunep¸c
v = u. 'Ara h L eÐnai 1− 1

¤
Par�deigma 3.16 O pur nac thc mhdenik c apeikìnishc 0 : V → W eÐnai
ìlo to pedÐo orismoÔ, ker0 = V . H eikìna thc eÐnai o mhdenikìc upìqwroc
tou W , im0 = {0} ⊆ W .

Par�deigma 3.17 O pur nac thc apeikìnishc parag¸gishc D : C1(R) →
C0(R) eÐnai to sÔnolo ìlwn twn stajer¸n sunart sewn,

ker D = {f ∈ C1(R) | ∃c ∈ R∀t ∈ Rf(t) = c} .

H eikìna thc eÐnai ìlo to sÔnolo C0(R), afoÔ gia k�je sun�rthsh f pou eÐnai
suneq c sto R, up�rqei antipar�gwgoc

F (x) =

∫ x

0

f(t)dt .

Sunep¸c im D = C0(R).

Par�deigma 3.18 JewroÔme ton m × n pÐnaka A, kai th grammik  apei-
kìnish L : Rn → Rm, L(x) = Ax. O pur nac thc L eÐnai to sÔnolo twn
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dianusm�twn x tou Rn gia ta opoÐa Ax = 0, dhlad  o mhdenìqwroc tou
pÐnaka A,

ker L = N (A) .

H eikìna tou L eÐnai o q¸roc ìlwn twn dianusm�twn y ∈ Rm gia ta opoÐa
up�rqei x ∈ Rn tètoio ¸ste Ax = y, dhlad  o q¸roc sthl¸n tou A,

im L = R(A) .

H apeikìnish L eÐnai 1 − 1 e�n kai mìnon e�n N (A) = {0}, dhlad  ìtan o
pÐnakac A èqei t�xh n. H apeikìnish L eÐnai epÐ e�n kai mìnon e�nR(A) = Rm,
dhlad  ìtan o pÐnakac A èqei t�xh m.

Par�deigma 3.19 H apeikìnish shift, s : K∞ → K∞ den eÐnai 1 − 1. O
pur nac thc eÐnai o upìqwroc ìlwn twn akolouji¸n (an) gia tic opoÐec an = 0
gia n ≥ 2. H eikìna thc eÐnai ìloc o q¸roc K∞, kai h apeikìnish eÐnai epÐ.

GnwrÐzoume ìti h di�stash tou mhdenìqwrou kai h di�stash tou q¸rou
sthl¸n enìc m× n pÐnaka ikanopoioÔn th sqèsh

n = dimN (A) + dimR(A) .

Sunep¸c gia thn apeikìnish L : Rn → Rm, L(x) = AX, isqÔei

dimRn = dim ker L + dim im L .

Ja deÐxoume ìti h an�logh sqèsh isqÔei gia k�je grammik  apeikìnish me
pedÐo orismoÔ peperasmènhc di�stashc.

Je¸rhma 3.5 E�n L : V → W , eÐnai grammik  apeikìnish, kai dim V < ∞,
tìte h sqèsh

dim V = dim ker K + dim im L .

Apìdeixh. O pur nac ker L eÐnai upìqwroc tou V , kai apì thn Prìtash
??, dim ker L < ∞. 'Eqoume  dh deÐxei, sto L mma ??, 2, ìti dim L(V ) ≤
dim V , sunep¸c dim im L < ∞. JewroÔme b�sh {w1, . . . , wm} thc im L,
kai b�sh {v1, . . . , vn} tou ker L, kai dianÔsmata vn+1, . . . , vn+m tètoia ¸-
ste, gia k�je i = 1, . . . , m, L(vn+i = wi. Ja deÐxoume ìti to sÔnolo B =
{v1, . . . , vn, vn+1, . . . , vn+m} eÐnai b�sh tou V .

Pr¸ta deÐqnoume ìti to B par�gei to V . 'Estw v ∈ V . Tìte L(v) ∈ im L,
kai sunep¸c ekfr�zetai wc grammikìc sunduasmìc twn w1, . . . , wm.

L(v) = a1w1 + · · ·+ amwm

= a1L1(vn+1) + · · ·+ amLm(vn+m)

= L(a1vn+1 + · · ·+ amvn+m) .

SumperaÐnoume ìti v−(a1vn+1+· · ·+amvn+m) ∈ ker L, kai sunep¸c ekfr�zetai
wc grammikìc sunduasmìc twn v1, . . . , vn, v − (a1vn+1 + · · · + amvn+m) =
b1v1 + · · · + bnvn. 'Ara v = b1v1 + · · · + bnvn + a1vn+1 + · · · + amvn+m, kai
v ∈ 〈v1, . . . , vn+m〉. Sunep¸c V = 〈v1, . . . , vn+m〉. Gia na deÐxoume ìti B eÐnai
grammik� anex�rthto, upojètoume ìti a1v1 + · · ·+ an+mvn+m = 0.'Alla tìte

an+1vn+1 + · · ·+ an+mvn+m = −(a1v1 + · · ·+ anvn) .
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Efarmìzontac thn apeikìnish L stic dÔo pleurèc èqoume

an+1w1 + · · ·+ an+mwm = 0 .

'Alla {w1, . . . , wm} eÐnai grammik� anex�rthto, kai sunep¸c an+1 = · · · =
an+m = 0. All� tìte a1v1 + · · · anvn = 0, kai apì th grammik  anexarthsÐa
tou {v − 1, . . . , vn} èqoume a1 = · · · = an = 0.

SumperaÐnoume ìti to sÔnolo B eÐnai b�sh tou V , kai sunep¸c

dim V = n + m = dim ker L + dim im L .

¤

Pìrisma 3.6 E�n dim V > dim W , tìte den up�rqei grammik  apeikìnish
apì to V sto W pou eÐnai 1− 1.

Apìdeixh. JewroÔme grammik  apeikìnish L : V → W . E�n dim V < ∞,
tìte apì to Je¸rhma ??, dim ker L > 0, kai apì thn Prìtash ?? h L den eÐnai
1− 1.

E�n dim V = ∞ kai dim W < ∞, up�rqei upìqwroc X tou V , tètoioc
¸ste ∞ > dim X > dim W . O periorismìc thc L ston upìqwro X den eÐnai
1− 1, kai sunep¸c h L den eÐnai 1− 1

¤

Pìrisma 3.7 E�n dim V < dim W , tìte den up�rqei grammik  apeikìnish
apì to V sto W pou na eÐnai epÐ.

¤

Pìrisma 3.8 E�n L : V → W kai M : W → U eÐnai grammikèc apeikonÐ-
seic, tìte h sÔnjesh M ◦ L eÐnai epÐshc grammik  apeikìnish.

Apìdeixh. Gia k�je v1, v2 ∈ V kai a ∈ K, èqoume

M ◦ L(a v1 + v2) = M (aL(v1) + L(v2))

= aM (L(v1)) + M (L(v2))

= aM ◦ L(v1) + M ◦ L(v2) .

SumperaÐnoume ìti M ◦ L eÐnai grammik  apeikìnish.
¤

Prìtash 3.9 JewroÔme dianusmatikoÔc q¸rouc V kai W p�nw apì to s¸ma
K. E�n B eÐnai b�sh tou V kai f : B → W eÐnai apeikìnish, tìte up�rqei
akrib¸c mÐa grammik  apeikìnish L : V → W tètoia ¸ste gia k�je v ∈
B, L(v) = f(v).
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Apìdeixh. AfoÔ B eÐnai b�sh tou V , k�je di�nusma u ∈ V ekfr�zetai me
monadikì trìpo wc grammikìc sunduasmìc stoiqeÐwn tou B,

u = a1v1 + · · ·+ anvn . (3.1)

OrÐzoume L(u) = a1f(v1)+· · ·+anf(vn). Apì th monadikìthta tou grammikoÔ
sunduasmoÔ ??, h L orÐzetai me monadikì trìpo gia k�je u ∈ V , kai sunep¸c
eÐnai apeikìnish. EÔkola elègqoume ìti eÐnai grammik .

Gia na deÐxoume ìti eÐnai monadik , jewroÔme mÐa grammik  apeikìnish
M : V → W tètoia ¸ste M(v) = f(v) gia k�je v ∈ B. 'Ean u ∈ V , kai
u = a1v1 + · · ·+ anvn gia vi ∈ B, èqoume

M(u) = M(a1v1 + · · ·+ anvn)

= a1M(v1) + · · ·+ anM(vn)

= a1f(v1) + · · ·+ anf(vn)

= L(u) .

Sunep¸c M = L.
¤

Prìtash 3.10 Me tic upojèseic thc Prìtashc ??,

1. H eikìna thc grammik c apeikìnishc L : V → W eÐnai upìqwroc tou W
pou par�getai apì to sÔnolo f(B,

2. H L eÐnai 1 − 1 e�n kai mìnon e�n h sullog  f(v) gia v ∈ B, eÐnai
grammik� anex�rthth 1.

Apìdeixh. Profan¸c im L ⊆ 〈f(B)〉. AntÐjeta, e�n w ∈ 〈f(B)〉, tìte
w = a1f(v1) + · · · + anf(vn), gia kat�llhla vi ∈ B kai ai ∈ K, kai sunep¸c
w = a1L(v1) + · · ·+ anL(vn) = L(a1v1 + · · ·+ anvn) ∈ im L.

Gia na deÐxoume to 2, parathroÔme ìti sthn perÐptwsh pou B eÐnai �peiro
sÔnolo, to L na eÐnai h sullog  f(v) gia v ∈ B grammik� anex�rthth, sh-
maÐnei ìti gia k�je peperasmèno uposÔnolo {v1, . . . , vn} tou B, h sullog 
f(v1), . . . , f(vn) eÐnai grammik� anex�rthth.

Pr¸ta deÐqnoume ìti h L eÐnai 1 − 1 mìnon e�n h sullog  f(v), v ∈ B,
eÐnai grammik� anex�rthth. Upojètoume ìti up�rqei peperasmèno sÔnolo
{v1, . . . , vn} kai ai ∈ K, 1 ≤ i ≤ n, me a1 6= 0, tètoia ¸ste

a1f(v1) + · · ·+ anf(vn) = 0 .

AfoÔ ai 6= 0 kai v1, . . . , vn eÐnai grammik� anex�rthta, v = a1v1+· · ·+anvn 6=
0. All� L(v) = a1f(v1) + · · ·+ anf(vn) = 0. Sunep¸c h L den eÐnai 1− 1.

AntÐstrofa, deÐqnoume ìti h sullog  f(v), v ∈ B eÐnai grammik� anex�r-
thth mìnon e�n h L eÐnai 1 − 1. JewroÔme v, u ∈ V , me v 6= u, kai èstw
v = a1v1 + · · ·+anvn kai u = b1v1 + · · ·+ anvn gia k�poio peperasmèno sÔno-
lo {v1, . . . , vn} ⊆ B kai a1, b1 ∈ K, 1 ≤ i ≤ n. 'Estw ìti h L den eÐnai 1− 1,
kai L(v) = L(u). Tìte 0 = L(v − u) = (a1 − b1)f(v1) + · · ·+ (an − bn)f(vn),

1Autì shmaÐnei ìti h f : B → W eÐnai 1−1 kai to sÔnolo f(B eÐnai grammik� anex�rthto
sto W
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all� ta (ai− bi) den eÐnai ìla mhdèn, kai sunep¸c h sullog  f(v1), . . . , f(vn)
eÐnai grammik� exarthmènh.

¤
AxÐzei na diatup¸soume tic parap�nw Prot�seic sth eidikìterh perÐptw-

sh pou ja mac apasqol sei sth sunèqeia, aut  twn q¸rwn peperasmènhc
di�stashc. Tìte mÐa b�sh tou V eÐnai peperasmèno sÔnolo {v1, . . . , vn} kai
h Prìtash ?? lèei ìti mporoÔme na epilèxoume opoiad pote sullog  dianu-
sm�twn w1, . . . , wn, kai tìte up�rqei monadik  grammik  apeikìnish gia thn
opoÐa L(vi) = wi gia k�je i = 1, . . . , n. H eikìna thc L eÐnai o upìqwroc
〈w1, . . . , wn〉 ∈ W , kai h L eÐnai 1−1 e�n kai mìnon e�n h sullog  w1, . . . , wn

eÐnai grammik� anex�rthth.

IsomorfismoÐ
Mia grammik  apeikìnish L : V → W onom�zetai isomorfismìc e�n h L
eÐnai 1−1 kai epÐ, kai h antÐstrofh aepikìnish eÐnai epÐshc grammik . Dhlad 
e�n up�rqei L−1 : W → V tètoia ¸ste L ◦ L1 = IW , L1 ◦ L = IV , kai gia
k�je v1, v2 ∈ V kai a ∈ K,

L−1(a v1 + v2) = aL−1(v1) + l−1(v2) .

E�n up�rqei isomorfismìc metaxÔ twn dianusmatik¸n q¸rwn V kai W , lème
ìti oi q¸roi V kai W eÐnai isomorfikoÐ, kai to sumbolÐzoume V ∼= W .

To akìloujo apotèlesma deÐqnei ìti h upìjesh ìti L−1 eÐnai grammik 
eÐnai peritt . H antÐstrofh sun�rthsh k�je grammik c sun�rthshc eÐnai
grammik .

L mma 3.11 H grammik  apeikìnish L : V → W eÐnai isomorfismìc e�n
kai mìnon e�n eÐnai 1− 1 kai epÐ.

Apìdeixh. AfoÔ h L eÐnai 1 − 1 kai epÐ, up�rqei h antÐstrofh apeikìnish
L−1, kai L ◦ L−1 = IW .

JewroÔme w1, w2 ∈ W kai a ∈ K. Tìte

L ◦ L−1(aw1 + w2) = IW (a w1 + w2) = aw1 + w2 .

EpÐshc, afoÔ h L eÐnai grammik ,

L
(
aL−1(w1) + L−1(w2)

)
= aL

(
l−1(w1)

)
+ L

(
l−1(w2)

)

= aw1 + w2 .

Sunep¸c
L

(
L−1(aw1 + w2)

)
= L

(
aL−1(w1) + L−1(w2)

)

kai afoÔ h L eÐnai 1− 1,

L−1(aw1 + w2) = aL−1(w1) + L−1(w2) .

¤
Apì thn �poyh thc Grammik c 'Algebrac, dÔo isomorfikoÐ q¸roi eÐnai

panomoiìtupoi. Opoiad pote idiìthta èqei èna uposÔnolo X tou V h opoÐa
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ekfr�zetai apokleistik� mèsw grammik¸n sunduasm¸n twn stoiqeÐwn tou,
thn Ðdia idiìthta èqei kai h eikìna Y tou uposunìlou X sto W mèsw tou
isomorfismoÔ L.

JewroÔme èna dianusmatikì q¸ro peperasmènhc di�stashc V p�nw apì to
s¸ma K, dim V = n, kai mÐa b�sh B = {v1, . . . , vn} tou V . K�je stoiqeÐo v ∈
V ekfr�zetai me monadikì trìpo wc grammikìc sunduasmìc twn dianusm�twn
thc b�shc B,

v = a1v1 + · · ·+ anvn .

Sunep¸c se k�je di�nusma v ∈ V antistoiqeÐ to diatetagmèno sÔnolo twn n
arijm¸n tou K, (a1, . . . , an).

To arijmhtikì di�nusma (a1, . . . , an) ∈ Kn onom�zetai di�nusma sunte-
tagmènwn tou v wc proc thn b�sh B. H antistoiqÐa v 7→ (a1, . . . , an) eÐnai
amfimonos manth: se k�je di�nusma tou V antistoiqeÐ monadikì di�nusma
suntetagmènwn sto Kn, kai se k�je arijmhtikì di�nusma sto Kn antistoiqeÐ
monadikì di�nusma sto V . Aut  h antistoiqÐa eÐnai polÔ shmantik , giatÐ mac
epitrèpei, afoÔ epilèxoume mÐa b�sh se èna dianusmatikì q¸ro peperasmènhc
di�stashc V , na metafèroume erwt mata sqetik� me ta dianÔsmata tou V ,
se erwt mata sqetik� me arijmhtik� dianÔsmata tou Kn, ìpou mporoÔme na
qrhsimopoi soume tic upologistikèc mejìdouc thc �lgebrac pin�kwn.

L mma 3.12 H apeikìnish ιB : V → Kn pou orÐzei h parap�nw antistoiqÐa
eÐnai isomorfismìc.

Apìdeixh. JewroÔme thn kanonik  b�sh {e1, . . . , en} tou Kn. Ja deÐxoume
ìti h apeikìnish ιB : V → Kn eÐnai h monadik  grammik  apeikìnish pou
orÐzetai sÔmfwna me thn Prìtash ?? kai apeikonÐzei, gia k�je i = 1, . . . , n,
to di�nusma vi thc b�shc B sto di�nusma ei ∈ Kn. Pr�gmati, e�n v =
a1v1 + · · ·+ anvn,

ιB(v) = (a1, . . . , an) = a1e1 + · · ·+ anen .

SÔmfwna me thn Prìtash ??, h apeikìnish ιB eÐnai epÐ, ef' ìson {e1, . . . , en}
par�goun ton Kn, kai eÐnai 1− 1 ef�oson {e1, . . . , en} eÐnai grammik� anex�r-
thto sÔnolo sto Kn. 'Ara ιB eÐnai isomorfismìc

¤
Diatup¸noume to epìmeno sumpèrasma wc èna Je¸rhma Dom c dhlad  èna
je¸rhma pou taxinomeÐ mÐa kathgorÐa majhmatik¸n antikeimènwn sugkrÐno-
ntac ta me sugkekrimèna antikeÐmena, th dom  twn opoÐwn katalabaÐnoume
arket� ikanopoihtik�.

Je¸rhma 3.13 (Je¸rhma Dom c Dianusmatik¸n Q¸rwn Peperasmènhc Di�-
stashc) 'Estw V dianusmatikìc q¸roc peperasmènhc di�stashc p�nw apì to
s¸ma K, kai dim V = n. Tìte o V eÐnai isomorfikìc me to q¸ro Kn,

V ∼= Kn .

¤



Kef�laio 4

Kataskeu  nèwn dianusmatik¸n
q¸rwn

EujÔ Ajroisma
Ja exet�soume trìpouc na kataskeu�zoume nèouc dianusmatikoÔc q¸rouc.

JewroÔme V kai W dianusmatikoÔc q¸rouc p�nw apì to s¸ma K. Sto
kartesianì ginìmeno V ×W = {(v, w) | v ∈ V, w ∈ W} orÐzoume tic pr�xeic
thc prìsjeshc kai tou pollaplasiasmoÔ me stoiqeÐa tou K wc ex c: gia
(v, w), (x, y) ∈ V ×W kai a ∈ K,

(v, w) + (x, y) = (v + x, w + y) kai a (v, w) = (a v, aw) .

Me autèc tic pr�xeic to sÔnolo V ×W eÐnai dianusmatikìc q¸roc p�nw apì
to s¸ma K, ton opoÐo onom�zoume (exwterikì) eujÔ �jroisma twn V kai
W , kai sumbolÐzoume V ⊕W .

L mma 4.1 E�n X kai Y eÐnai grammikoÐ upìqwroi tou V , kai X ∩ Y =
{0}, tìte to (eswterikì eujÔ) �jroisma twn X kai Y eÐnai isomorfikì me to
(exwterikì) eujÔ �jroisma:

X + Y ∼= X ⊕ Y .

Apìdeixh. E�n v ∈ X + Y ⊆ V , up�rqoun monadik� x ∈ X kai y ∈ Y
tètoia ¸ste v = x + y. OrÐzoume thn apeikìnish L : X + Y → X ⊕ Y me
L(v) = (x, y). Elègqoume oti eÐnai 1 proc 1, epÐ kai grammik .

¤
Prosèxte th diafor� metaxÔ tou isomorfismoÔ sto L mma ?? kai tou iso-

morfismoÔ V ∼= Kdim V sto Je¸rhma ??. O isomorfismìc X +Y ∼= X⊕Y den
basÐzetai se k�poia epilog : ta x kai y eÐnai monadik� kajorismèna apì ta
dedomèna tou probl matoc. Lème oti autìc eÐnai ènac kanonikìc isomorfi-
smìc, en¸ o isomorfismìc V ∼= Kdim V den eÐnai kanonikìc, afoÔ exart�tai
apì thn epilog  mÐac b�shc tou V .

Par�deigma 4.1 To eujÔ �jroisma R⊕R eÐnai o dianusmatikìc q¸roc pou
sun jwc sumbolÐzoume R2.

37
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L mma 4.2 E�n {v1, v2, . . . , vk} kai {w1, w2, . . . , wm} eÐnai grammik� ane-
x�rthta sÔnola (par�gonta sÔnola, b�seic) stouc dianusmatikoÔc q¸rouc V
kai W antÐstoiqa, tìte

{(v1, 0), (v2, 0), . . . , (vk, 0), (0, w1), (0, w2), . . . , (0, wm)}

eÐnai grammik� anex�rthto sÔnolo (antÐstoiqa, par�gon sÔnolo, b�sh) tou
V ⊕W .

¤

Je¸rhma 4.3 E�n V kai W eÐnai dianusmatikoÐ q¸roi peperasmènhc di�-
stashc p�nw apì to s¸ma K, tìte

dim V ⊕W = dim V + dim W .

4.1 Q¸roc phlÐko
JewroÔme dianusmatikì q¸ro V p�nw apì to s¸ma K, kai upìqwro X tou
V . Sto V orÐzoume th sqèsh isodunamÐac

v ∼ w e�n kai mìnon e�n v − w ∈ X .

To sÔnolo twn kl�sewn isodunamÐac aut c thc sqèshc to onom�zoume ph-
lÐko tou V me to X, kai to sumbolÐzoume

V/ X .

Thn kl�sh isodunamÐac tou v ∈ V wc proc aut  th sqèsh th sumbolÐzoume

v + X,   ṽ .

Par�deigma 4.2 Sto R3, jewroÔme ton upìqwro X = {(t, t, 2t) | t ∈ R}.
X eÐnai h eujeÐa pou pern�ei apì ta shmeÐa (0, 0, 0) kai (1, 1, 2). H kl�-
sh isodunamÐac tou shmeÐou (x, y, z) eÐnai to sÔnolo twn dianusm�twn thc
morf c

(x, y, z) + (t, t, 2t) t ∈ R,

dhlad  eÐnai h eujeÐa pou pern�ei apì to (x, y, z) kai eÐnai par�llhlh proc
to Q. O q¸roc phlÐko R3/Q eÐnai to sÔnolo ìlwn twn eujei¸n sto R3 pou
eÐnai Ðsec   par�llhlec me thn Q.

Sto phlÐko V/ X orÐzoume tic pr�xeic, gia v + X, y + X ∈ V/ X, a ∈ K.

(v + X) + (w + X) = (v + w) + X

a (v + X) = a v + X .

L mma 4.4 Me autèc tic pr�xeic V/ X eÐnai dianusmatikìc q¸roc p�nw apo
to K, o q¸roc phlÐko tou V mod X.
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Apìdeixh. Mhdèn eÐnai h kl�sh tou X = 0 + X kai to antÐjeto eÐnai
−(v + X) = (−v) + X. EÔkola elègqoume ta upìloipa axi¸mata.

¤

Je¸rhma 4.5 JewroÔme dianusmatikì q¸ro V peperasmènhc di�stashc kai
upìqwro X tou V . E�n {x1, . . . , xk} eÐnai b�sh tou X, kai {x1, . . . , xk, v1, . . . , vm}
b�sh tou V , tìte {v1 +X, . . . , vm +X} apoteleÐ b�sh tou V/ X, kai sunep¸c

dim(V/ X) = dim V − dim X .

Apìdeixh. Estw v ∈ V . Up�rqoun a1, . . . , ak kai b1, . . . , bm tètoia ¸ste
v = a1x1 + · · ·+ akxk + b1v1 + · · ·+ bmvm. Tìte v− (b1v1 + · · ·+ bmvm) ∈ X,
�ra

v + X = (b1v1 + · · ·+ bmvm) + X

= b1(v1 + X) + · · ·+ bm(vm + X)

�ra {v1 + X, · · · , vm + X} par�goun to V/ X.
'Estw b1(v1 + X) + · · · + bm(vm + X) = 0. Tìte b1v1 + · · · + bmvm ∈ X,

�ra up�rqoun a1, · · · , ak tètoia ¸ste b1v1 + · · ·+ bmvm = a1x1 + · · ·+ akxk.
All� apo grammik  anexarthsÐa twn {x1, · · · , xk, v1, · · · , vm} èqoume a1 =
· · · = ak = b1 = · · · = bm = 0. 'Ara to sÔnolo {v1 + X, · · · , vm + X} eÐnai
grammik� anex�rthto kai apoteleÐ b�sh tou V/X.

¤
Par�deigma 4.3 JewroÔme to �polÔedro� tou sq matoc, me mÐa èdra σ,
pènte akmèc α, β, γ, δ, ε kai tèssereic korufèc A, B, C, D.

OrÐzoume touc dianusmatikoÔc q¸rouc

C0 = {a1A + a2B + a3C + a4D | ai ∈ R}

C1 = {b1α + b2β + · · ·+ b5ε | bi ∈ R}
C2 = {sσ | s ∈ R} .

kai tic grammikèc apeikonÐseic

∂2 : C2 → C1, ∂1 : C1 → C0

me

∂2(σ) = α + δ − ε

∂1(b1α + · · ·+ b5ε) = b1(B − A) + b2(C −B) + b3(D − C) + b4(A−D) + b5(B −D)

= (b4 − b1)A + (b1 − b2 + b5)B + (b2 − b3)C + (b3 − b4 − b5)D .
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L mma 4.6 (L mma Poincaré)

∂1∂2 = 0 .

Apìdeixh. ∂1∂2(σ) = ∂1(α + δ − ε) = (B −A) + (A−D) + (B −D) = 0.
¤

Sunep¸c im ∂2 ⊆ ker ∂1 kai orÐzetai o dianusmatikìc q¸roc phlÐko

H1 = ker ∂1/ im ∂2 .

Ja prosdiorÐsoume mÐa b�sh tou H1. Pr¸ta lÔnoume to sÔsthma twn exis¸-
sewn pou orÐzoun to ker ∂1, kai brÐskoume oti ta dianÔsmata β + γ + ε kai
α + β + γ + δ apoteloÔn mÐa b�sh tou q¸rou ker ∂1. To di�nusma α + δ − ε
apoteleÐ mÐa b�sh tou im ∂2. Apì to Je¸rhma ??, gia na prosdiorÐsoume mÐa
b�sh tou phlÐkou ker ∂1/ im ∂2, prèpei na broÔme mÐa b�sh tou ker ∂1 h opoÐa
na perièqei to di�nusma α + δ − ε thc b�shc tou im ∂2. ParathroÔme oti
α + β + γ + δ = (α + δ− ε) + (β + γ + ε) kai sunep¸c {α + δ− ε, β + γ + ε}
eÐnai b�sh tou ker ∂1. SumperaÐnoume oti to di�nusma (β + γ + ε) + im ∂2

apoteleÐ b�sh tou H1.
H di�stash tou H1 metr�ei tic �trÔpec� sto polÔedro. To stoiqeÐo thc

sugkekrimènhc b�shc pou br kame diagr�fei ènan �kÔklo� gÔrw apì thn trÔpa
tou poluèdrou.

Je¸rhma 4.7 JewroÔme dianusmatikoÔc q¸rouc V kai W p�nw apì to s¸ma
K, kai grammik  apeikìnish L : V → W . Up�rqei kanonikìc isomorfismìc

im L ∼= V/ ker L .

Apìdeixh. JewroÔme thn kl�sh isodunamÐac tou v sto V/ ker L, dhlad 
v + ker L = {u ∈ V |u − v ∈ ker L}. Tìte L(u) = L(v). Ara h apeikìnish
L̃ : V/ ker L → W , L̃(v+ker L) = L(v) eÐnai kal� orismènh. H L̃ eÐnai 1−1,
ef' ìson e�n L(v) = L(u), tìte v − u ∈ ker L kai v + ker L = u + ker L. H L̃
eÐnai epÐ thc eikìnac thc L, giatÐ e�n w = L(v), tìte w = L̃(v). Tèloc h L̃
eÐnai grammik :

L̃ (a )v + ker L) + (u + ker L)) = L̃ ((a v + u) + ker L)

= L(a v + u) = aL(v) + L(u)

= a L̃(v + ker L) + L̃(u + ker L) .

¤
Up�rqei epÐshc isomorfismìc V ∼= ker L ⊕ im L, all� autìc den eÐnai

kanonikìc. E�n epilèxoume mÐa b�sh {w1, . . . , wm} tou im L, kai v1, . . . , vm

tètoia ¸ste L(vi) = wi, tìte ta v1, . . . , vm eÐnai grammik� anex�rthta, kai
orÐzetai grammik  apeikìnish 1− 1, M2 : im L → V : wi 7→ vi. H apeikìnish
M : ker L⊕ im L → V : (v, w) 7→ v + M2(w) eÐnai isomorfismìc.
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4.2 DuðkoÐ q¸roi
Eqoume deÐ oti to sÔnolo twn grammik¸n apeikonÐsewn apì èna dianusmatikì
q¸ro V se èna dianusmatikì q¸ro W eÐnai epÐshc dianusmatikìc q¸roc, o
L(U, V ). Sthn perÐptwsh pou W eÐnai o monodi�statoc q¸roc K, onom�zoume
ton L(V, K) duðkì q¸ro tou V , kai ton sumbolÐzoume

V ′ .

Par�deigma 4.4 Sto dianusmatikì q¸ro Kn orÐzontai oi sunart seic su-
ntetagmènwn ϕ1, ϕ2, . . . , ϕn. E�n x = (x1, . . . , xn), tìte ϕk(x) = xk.

E�n {e1, . . . , en} eÐnai h kanonik  b�sh tou Kn, èqoume ϕi(ej) = δij. E�n
ψ : Kn → K eÐnai opoiad pote grammik  sun�rthsh, h ψ kajorÐzetai apì
tic timèc thc sta stoiqeÐa thc b�shc: e�n ψ(ei) = ai ∈ K, tìte gia k�je
x = (x1, . . . , xn), èqoume

ψ(x) = ψ(x1e1 + · · ·+ xnen)

= x1ψ(e1) + · · ·+ xnψ(en)

= x1a1 + · · ·+ xnan ,

dhlad  k�je grammik  sun�rthsh ψ : Kn → K eÐnai grammikìc sunduasmìc
twn suntetagmènwn xi = ϕi(x) tou x, kai

ψ(x) = x1a1 + · · ·+ xnan

= ϕ1(x)a1 + · · ·+ ϕn(x)an ,

all� kaj¸c o pallaplasiasmìc sto K eÐnai metajetikìc,

ψ(x) = a1ϕ1(x) + · · ·+ anϕn(x)

= (a1ϕ1 + · · ·+ anϕn)(x) .

Kaj¸c autì isqÔei gia k�je x ∈ Kn, èqoume ψ = a1ϕ1 + · · · + anϕn, kai oi
sunart seic suntetagmènwn ϕi par�goun to duðkì q¸ro (Kn)′.

Sumbolismìc. Ektìc apì to sunhjismèno sumbolismì twn sunart sewn,
ϕ(x) = a, gia stoiqeÐa tou duðkoÔ q¸rou qrhsimopoieÐtai kai o sumbolismìc

〈x, ϕ〉 = a .

Par�deigma 4.5 Sto q¸ro K[x] twn poluwnÔmwn mÐac metablht c, h a-
peikìnish ϕ : K[x] → K gia thn opoÐa ϕ(p(x)) = 〈p(x), ϕ〉 = p(0) eÐ-
nai èna stoiqeÐo tou duðkoÔ q¸rou (K[x])′. Genikìtera, e�n t1, . . . , tk kai
a1, . . . , ak eÐnai stoiqeÐa tou K, tìte h sun�rthsh ψ : K[x] → K, gia thn
opoÐa ψ(p(x)) = 〈p(x), ψ〉 = a1p(t1)+ · · ·+ akp(tk), eÐnai stoiqeÐo tou duðkoÔ
q¸rou (K[x])′.

Par�deigma 4.6 Sto q¸ro C0[0, 1] twn suneq¸n sunart sewn sto kleistì
di�sthma [0, 1], e�n 0 ≤ a < b ≤ 1, kai α : [a, b] → R eÐnai suneq c, h
sun�rthsh ψ : C0[0, 1] → R, gia thn opoÐa

ψ(f) = 〈f, ψ〉 =

∫ b

a

α(t) f(t) dt
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eÐnai stoiqeÐo tou duðkoÔ q¸rou (C0[0, 1])′.

UpenjumÐzoume oti e�n V eÐnai dianusmatikìc q¸roc p�nw apì to s¸ma
K, {v1, . . . , vn} eÐnai b�sh tou V , kai a1, . . . , an ∈ K, tìte up�rqei monadik 
grammik  apeikìnish ϕ ∈ L(V, K) tètoia ¸ste ϕ(vi) = ai gia k�je i =
1, . . . , n. Dhlad  up�rqei monadikì stoiqeÐo ϕ ∈ V ′ tètoio ¸ste 〈vi, ϕ〉 = ai.

Je¸rhma 4.8 E�n V eÐnai dianusmatikìc q¸roc kai {v1, . . . , vn} eÐnai b�sh
tou V , tìte up�rqei b�sh tou V ′, {ϕ1, . . . , ϕn}, tètoia ¸ste

〈vi, ϕj〉 = δij

kai �ra
dim V ′ = dim V .

H b�sh {ϕ1, . . . , ϕn} onom�zetai duðk  b�sh thc {v1, . . . , vn}.
Apìdeixh. Pr¸ta deÐqnoume oti to {ϕ1, . . . , ϕn} eÐnai grammik� anex�rth-
to. O grammikìc sunduasmìc ψ = a1ϕ1 + · · · + anϕn eÐnai 0 e�n kai mìnon
e�n ψ(v) = 0 gia k�je v ∈ V . Eidikìtera, gia k�je i = 1, . . . , n, èqoume

0 = ψ(vi) = 〈vi, a1ϕ1 + · · ·+ anϕn〉
= a1〈vi, ϕ1〉+ · · ·+ an〈vi, ϕn〉
= a1δi1 + · · ·+ anδin

= ai

kai sumperaÐnoume oti {ϕ1, . . . , ϕn} eÐnai grammik� anex�rthto.
Gia na deÐxoume oti ta ϕ1, . . . , ϕn par�goun to duðkì q¸ro V ′, jewroÔme

ψ ∈ V ′ me 〈vi, ψ〉 = ci gia k�je i = 1, . . . , n, kai u = b1v1 + · · ·+ bnvn. Tìte

〈u, ψ〉 = 〈b1v1 + · · ·+ bnvn, ψ〉
= b1〈v1, ψ〉+ · · ·+ 〈bn, ψ〉
= b1c1 + · · ·+ bncn

= 〈u, ϕ1〉c1 + · · ·+ 〈u, ϕn〉cn

= 〈u, c1ϕ1 + · · ·+ cnϕn〉

�ra ψ = c1ϕ1 + · · ·+ cnϕn.
¤

Je¸rhma 4.9 E�n v, w ∈ V kai v 6= w, tìte up�rqei ψ ∈ V ′ tètoio ¸ste
〈v, ψ〉 6= 〈w, ψ〉.

Apìdeixh. E�n 〈v, ψ〉 = 〈w, ψ〉 gia ìla ta ψ ∈ V ′, tìte, gia k�je ϕi thc
duðk c b�shc, èqoume 〈v−w, ϕi〉 = 0, kai v−w = 〈u−w, ϕ1〉v1 + · · ·+ 〈v−
w, ϕn〉vn = 0.

¤
AfoÔ o duðkìc q¸roc V ′ eÐnai dianusmatikìc q¸roc p�nw apì to s¸ma

K, mporoÔme na jewr soume to duðkì tou q¸ro, (V ′)′, o opoÐoc sumbolÐzetai
V ′′. 'Ena stoiqeÐo χ tou q¸rou V ′′ eÐnai mÐa grammik  sun�rthsh sto q¸ro
V ′,

χ : V ′ → K : ψ 7→ χ(ψ) .
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Par�deigma 4.7 E�n v ∈ V , tìte h apeikìnish η : ψ 7→ 〈v, ψ〉 eÐnai
grammik  wc proc to ψ, (Askhsh: TÐ akrib¸c shmaÐnei autì?). Sunep¸c gia
k�je v ∈ V orÐzetai, me fusikì trìpo, èna η ∈ V ′′. Ja doÔme oti, gia q¸rouc
peperasmènhc di�stashc, aut  h antistoiqÐa eÐnai ènac isomorfismìc.

Je¸rhma 4.10 E�n V eÐnai dianusmatikìc q¸roc peperasmènhc di�stashc,
tìte h apeikìnish

ν : V −→ V ′′ : v 7−→ (η : ψ 7→ 〈v, ψ〉)
eÐnai (kanonikìc) isomorfismìc.

Apìdeixh. H ν eÐnai grammik :

ν(a v + w)(ψ) = 〈a v + w, ψ〉
= a 〈v, ψ〉+ 〈w, ψ〉
= a ν(v)(ψ) + ν(w)(ψ) .

Gia na deÐxoume oti h ν eÐnai 1− 1, jewroÔme v, w ∈ V . E�n ν(v) = ν(w)
tìte, gia k�je ψ ∈ V ′, ψ(v) = ψ(w), kai apì to Je¸rhma ??, v = w.

Apì to Je¸rhma ??, dim V ′′ = dim V ′ = dim V , kai sunep¸c h ν eÐnai epÐ.

¤
E�n L : V → W eÐnai grammik  apeikìnish, mporoÔme na orÐsoume th

duðk  apeikìnish L′ (  an�strofh apeikìnish LT ) an�mesa stouc duðkoÔc
q¸rouc:

L′ : W ′ → V ′ , L′(ψ) = ψ ◦ L .

Prosèxte oti h L′ èqei for� antÐjeth apì thn L, kai ikanopoieÐ th sqèsh
〈v, L′ψ〉 = 〈Lv, ψ〉.

ParathroÔme oti h antistoiqÐa L 7→ L′ eÐnai grammik  apeikìnish apì to
L(V, W ) sto L(W ′, V ′): (aL + M)′ = aL′ + M ′.

L mma 4.11 JewroÔme tic grammikèc apeikonÐseic L : U → V kai M :
V → W . Tìte

1. (M ◦ L)′ = L′ ◦M ′.

2. E�n h L : U → V eÐnai antistrèyimh, tìte h L′ : V ′ → U ′ eÐnai epÐshc
antistrèyimh kai (L−1)′ = (L′)−1.

3. E�n U kai V eÐnai q¸roi peperasmènhc di�stashc, kai L : U → V ,
tìte to akìloujo di�gramma grammik¸n apeikonÐsewn metatÐjetai:

U −→ V
νU ↓ ↓ νV

U ′′ −→ V ′′
,

dhlad 
νV ◦ L = L′′ ◦ νU ,

ìpou L′′ = (L′)′ kai νU , νV eÐnai oi kanonikoÐ isomorfismoÐ.
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Apìdeixh. E�n ζ ∈ W ′, tìte

(M ◦ L)′(ζ) = ζ ◦ (M ◦ L)

= (ζ ◦M) ◦ L

= L′(ζ ◦M)

= L′(M ′(ζ))

= L′ ◦M ′(ζ)

E�n h L eÐnai antistrèyimh, tìte
(
L−1

)′ ◦ L′ =
(
L ◦ L−1

)′
= (IV )′ = IV ′

kai
L′ ◦ (

L−1
)′

=
(
L−1 ◦ L

)′
= (IU)′ = IU ′ .

E�n u ∈ U kai ϕ ∈ U ′, èqoume νU(u)(ϕ) = 〈u, ϕ〉. E�n ψ ∈ V ′, èqoume

L′′νU(u)(ψ) = νU(u)(L′ψ)

= 〈u, L′ψ〉
= 〈Lu, ψ〉
= νV (Lu)(ψ)

= νV ◦ L(u)(ψ) .

¤


