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Kef�laio 1

DianusmatikoÐ q¸roi

Estw E3 o tridi�statoc EukleÐdeioc q¸roc ston opoÐo èqei oristeÐ mÐa mon�da m kouc.
JewroÔme dÔo shmeÐa A kai B tou q¸rou. SumbolÐzoume me

AB � to eujÔgrammo tm ma me �kra A kai B
|AB| � to m koc tou AB
[AB) � thn hmieujeÐa me arq  to A h opoÐa dièrqetai apì to B
(AB) � thn eujeÐa pou dièrqetai apo ta shmeÐa A kai B

1.1 Efarmost� dianÔsmata tou q¸rou.

Orismìc 1.1.1. K�je diatetagmèno zeÔgoc (A,B) shmeÐwn A kai B tou q¸rou (A to pr¸to shmeÐo tou
zeÔgoc kai B to deÔtero shmeÐo tou zeÔgoc) kaleÐtai efarmostì di�nusma me arq  to A kai pèrac to B kai

sumbolÐzetai me
−−→
AB.

Orismìc 1.1.2. Ta efarmost� dianÔsmata
−−→
AB kai

−−→
CD lègetai ìti èqoun thn Ðdia dièujunsh an kai mìnon

an eÐte (AB) = (CD) eÐte (AB) ‖ (CD). Gr�foume tìte
−−→
AB‖

−−→
CD.

Orismìc 1.1.3. DÔo efarmost� dianÔsmata
−−→
AB kai

−−→
CD pou èqoun thn Ðdia dieÔjunsh kaloÔntai omìrropa

  lègetai ìti èqoun thn fìra (gr�foume tìte
−−→
AB ↑↑

−−→
CD) an kai mìnon an

(i) eÐte ta shmeÐa A,B,C,D an koun se mÐa eujeÐa kai oi hmieujeÐec [AB) kai [CD) tèmnontai kat� mÐa
hmieujeÐa,

(ii) eÐte oi eujeÐec (AB) kai (CD) eÐnai par�llhlec kai oi hmieujeÐec [AB) kai [CD) perièqontai sto Ðdio
hmiepÐpedo wc proc thn eujeÐa (AC).

Orismìc 1.1.4. DÔo efarmosta dianÔsmata
−−→
AB kai

−−→
CD pou èqoun thn Ðdia dieÔjunsh kai den eÐnai omìrropa

kaloÔntai antÐrropa (gr�foume
−−→
AB ↑↓

−−→
CD).

Orismìc 1.1.5. Ta efarmost� dianÔsmata
−−→
AB kai

−−→
CD kaloÔntai Ðsa (grafoume

−−→
AB =

−−→
CD) ìtan

−−→
AB ↑↑

−−→
CD kai |

−−→
AB| = |

−−→
CD|.

Prìtash 1.1.6. Gia k�je efarmostì di�nusma
−−→
AB kai gia k�je shmeÐo C up�rqei monadikì shmeÐo D

tètoio ¸ste
−−→
AB =

−−→
CD.

Orismìc 1.1.7. Estw
−−→
AB èna efarmostì di�nusma, d mia eujeÐa kai π èna epÐpedo.

(a)
−−→
AB‖d (

−−→
AB eÐnai par�llhlo sth d) ⇐⇒ (AB)‖d   (AB) = d.

(b)
−−→
AB‖π (

−−→
AB eÐnai par�llhlo sto π) ⇐⇒ (AB)‖π   (AB) ⊆ π.
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4 KEFALAIO 1

1.2 EleÔjera dianÔsmata.

Prìtash 1.2.1. H isìthta twn efarmost¸n dianusm�twn eÐnai sqèsh isodunamÐac sto sÔnolo ìlwn twn
efarmost¸n dianusm�twn tou q¸rou, dhlad  ikanopoieÐ ta akìlouja axi¸mata:

(i)
−−→
AB =

−−→
CD anaklastik  idiìthta

(ii)
−−→
AB =

−−→
CD =⇒

−−→
CD =

−−→
AB summetrik  idiìthta

(iii)
−−→
AB =

−−→
CD kai

−−→
CD =

−→
EZ =⇒

−−→
AB =

−→
EZ metabatik  idiìthta

Orismìc 1.2.2. K�je kl�sh isodunamÐac wc proc th sqèsh isodunamÐac ” = ” sto sÔnolo twn efarmost¸n
dianusm�twn tou q¸rou kaleÐtai eleÔjero di�nusma.

Ta eleÔjera dianÔsmata sumbolÐzoume me ~a, ~b, ~u, ... k.t.l..
SumbolÐzoume me ~0 to eleÔjero di�nusma pou perièqei ta efarmost� dianÔsmata:

−→
AA,

−−→
BB,

−−→
CC, ... k.t.l..

Prìtash 1.2.3. Gia k�je di�nusma ~u kai gia k�je shmeÐo A up�rqei monadikì shmeÐo B tètoio ¸ste
−−→
AB ∈ −→u .
Orismìc 1.2.4. Estw ~u kai ~v dÔo eleÔjera dianÔsmata, d mia eujeÐa tou q¸rou kai π èna epÐpedo tou
q¸rou.

(a) ~u‖~v (~u kai ~v eÐnai par�llhla) ⇐⇒
−−→
AB‖

−−→
CD, ìpou

−−→
AB ∈ ~u kai

−−→
CD ∈ ~v.

(b) ~u‖d (~u eÐnai par�llhlo sth d) ⇐⇒
−−→
AB‖d, ìpou

−−→
AB ∈ ~u.

(c) ~u‖π (~u eÐnai par�llhlo sto π) ⇐⇒
−−→
AB‖π, ìpou

−−→
AB ∈ ~u.

(d) ~u, ~v, ~w eÐnai sunepÐpeda ⇐⇒ an up�rqei epÐpedo π tètoio ¸ste ~u‖π, ~v‖π kai ~w‖π.
JewroÔme ìti ~0‖~u, ~0‖d kai ~0‖π.

Parat rhsh 1.2.5. Gia opoiad pote eleÔjera dianÔsmata ~u kai ~v up�rqei epÐpedo π tètoio ¸ste ~u‖π kai
~v‖π.

'Ajroisma duo eleÔjerwn dianusm�twn

To �jroisma duo eleÔjerwn dianusm�twn ~u kai ~v orÐzetai wc ex c:

(i) PaÐrnoume èna tuqaÐo shmeÐo A tou q¸rou.

(ii) Up�rqei monadikì shmeÐo B tètoio ¸ste
−−→
AB ∈ ~u.

(iii) Up�rqei monadikì shmeÐo C tètoio ¸ste
−−→
BC ∈ ~v.

To eleÔjero di�nusma pou perièqei to
−→
AC kaleÐtai �jroisma twn ~u kai ~v kai sumbolÐzetai me ~u+ ~v.

Ginìmeno pragmatikoÔ arijmoÔ epÐ eleÔjero di�nusma

To ginìmeno enìc eleÔjerou dianÔsmatoc ~u 6= ~0 epÐ λ ∈ R orÐzetai wc ex c:

jewroÔme
−−→
AB ∈ ~u kai èna shmeÐo C thc eujeÐac (AB) tètoio ¸ste

(i) |
−→
AC| = |λ||

−−→
AB|

(ii)
−→
AC ↑↑

−−→
AB, an λ > 0,

(iii)
−→
AC ↑↓

−−→
AB, an λ < 0,

(iv) C = A, an λ = 0

To eleÔjero di�nusma pou perièqei to
−→
AC kaleÐtai ginìmeno tou λ epÐ tou ~u kai sumbolÐzetai λ~u   me λ · ~u.

OrÐzoume λ ·~0 = ~0, gia k�je λ ∈ R.
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1.3 H ènnoia tou dianusmatikoÔ q¸rou.

Orismìc 1.3.1. 'Estw V èna sÔnolo kai èstw ìti gia k�je ~u,~v ∈ V èqei oristeÐ stoiqeÐo ~u + ~v ∈ V kai
gia k�je ~u ∈ V, λ ∈ R èqei oristeÐ stoiqeÐo λ · ~u ∈ V . To sÔnolo V mazÐ me tic pr�xeic + kai · kaleÐtai
dianusmatikìc q¸roc p�nw sto R, an

1. ~u+ ~v = ~v + ~u

2. (~u+ ~v) + ~w = ~u+ (~v + ~w)

3. ∃~0 ∈ V , tètoio ¸ste ~u+~0 = ~u, ∀~u ∈ V ,

4. ∀~u ∈ V, ∃ − ~u ∈ V , tètoio ¸ste ~u+ (−~u) = ~0,

5. (λ+ µ)~u = λ~u+ µ~u, ∀λ, µ ∈ R, ∀~u ∈ V ,

6. λ(µ~u) = (λµ)~u, ∀λ, µ ∈ R, ∀~u ∈ V ,

7. λ(~u+ ~v) = λ~u+ λ~v,

8. 1 · ~u = ~u.

Je¸rhma 1.3.2. To sÔnolo V3 ìlwn twn eleÔjerwn dianusm�twn tou EukleÐdiou q¸rou eÐnai dianusmatikìc
q¸roc p�nw sto R.

Je¸rhma 1.3.3. To sÔnolo Vπ ìlwn twn eleÔjerwn dianusm�twn par�llhlwn s' èna epÐpedo π eÐnai di-
anusmatikìc q¸roc p�nw sto R.

Je¸rhma 1.3.4. To sÔnolo Vε ìlwn twn eleÔjerwn dianusm�twn par�lhlwn se mia eujeÐa ε eÐnai dianus-
matikìc q¸roc p�nw sto R.

1.4 Grammik  ex�rthsh stoiqeÐwn dianusmatikoÔ q¸rou.

H prosetairistik  idiìthta thc prìsjeshc twn stoiqeÐwn enìc dianusmatikoÔ q¸rou mac epitrèpei na mil�me
gia to �jroisma twn tri¸n dianusm�twn:

~u+ ~v + ~w = (~u+ ~v) + ~w = ~u+ (~v + ~w)

Me epagwg  orÐzetai to �jroisma opoioud pote arijmoÔ dianusm�twn:

~u1 + ~u2 + ...+ ~un = (~u1 + ~u2 + ...+ ~un−1) + ~un

Apì tic idiìthtec tou dianusmatikoÔ q¸rou prokÔptei ìti gia k�je ~u ∈ V kai gia k�je λ ∈ R

0 · ~u = ~0, λ ·~0 = ~0, −~u = (−1)~u

'Ara, mporoÔme na aplopoioÔme tic exis¸seic kai thc parast�seic pou perièqoun dianÔsmata ìpwc kai tic
exis¸seic kai tic parast�seic pou perièqoun mìno aroijmoÔc: na topojetoÔme parenjèseic, na anetimetajètoume
touc ìrouc enìc ajroÐsmatoc, na metafèroume touc ìrouc apì èna mèloc miac isìthtac sto �llo all�zontac
prìshmo.

Orismìc 1.4.1. 'Estw ìti ~u, ~u1, ..., ~un, ~un+1 eÐnai stoiqeÐa enìc dianusmatikoÔ q¸rou p�nw sto R.
To �jroisma

λ1~u1 + ...+ λn~un

kaleÐtai grammikìc sunduasmìc twn dianusm�twn ~u1, ..., ~un me suntelestèc λ1, ..., λn.

Profan¸c k�je grammikìc sunduasmìc eleÔjerwn dianusm�twn eÐnai eleÔjero di�nusma. Gia k�je peperas-
mèno sÔnolo dianusm�twn ~u1, ..., ~un up�rqoun λ1, ..., λn ∈ R tètoioi ¸ste λ1~u1 + ... + λn~un = ~0. Pr�gmati,
arkeÐ na jèsoume λ1 = ... = λn = 0.

O grammikìc sunduasmìc 0 · ~u1 + ...+ 0 · ~un kaleÐtai tetrimmènoc grammikìc sunduasmìc twn ~u1, ..., ~un.
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Orismìc 1.4.2. To dianÔsmata ~u1, ..., ~un kaloÔntai grammik¸c exarthmèna, an up�rqei mh tetrimmènoc
grammikìc sunduasmìc aut¸n Ðsoc me to di�nusma ~0.

Dhlad  an up�rqoun λ1, ..., λn ∈ R tètoioi ¸ste:

(i) λ1~u1 + ...+ λn~un = ~0, (ii) |λ1|+ ...+ |λn| 6= 0

Orismìc 1.4.3. To dianÔsmata ~u1, ..., ~un kaloÔntai grammik¸c anex�rthta, an o mìnoc grammikìc sundu-
asmìc aut¸n Ðsoc me to di�nusma ~0 eÐnai o tetrimmènoc. Dhlad 

λ1~u1 + ...+ λn~un = ~0 ⇐⇒ λ1 = ... = λn = 0

ParadeÐgmata 1.4.1.

1. An ~u 6= ~0, tìte ~u eÐnai grammik¸c anex�rthto.

Pr�gmati, an λ~u = ~0, tìte epeid  ~u 6= ~0 eÐnai λ = 0.

2. An ~u ‖ ~v, tìte ~u,~v eÐnai grammik¸c exarthmèna.

Pr�gmati,

(i) An ~u = ~0, tìte 1 · ~u+ 0 · ~v eÐnai mh tetrimmènoc grammikìc sunduasmìc twn ~u kai ~u Ðsoc me to ~0.

(ii)An ~v = ~0, tìte 0 · ~u+ 1 · ~v eÐnai mh tetrimmènoc grammikìc sunduasmìc twn ~u kai ~u Ðsoc me to ~0.

(iii) An ~u kai ~v eÐnai dÔo mh mhdenik� par�llhla dianÔsmata, tìte ~u = λ~v. 'Ara, 1 · ~u − λ~v eÐnai mh
tetrimmènoc grammikìc sunduasmìc twn ~u kai ~u Ðsoc me to ~0.

1.5 Basikèc prot�seic gia thn grammik  ex�rthsh.

'Estw ìti ~u, ~u1, ..., ~un, ~un+1 eÐnai stoiqeÐa enìc dianusmatikoÔ q¸rou p�nw sto R.

Prìtash 1.5.1. An èna apì ta dianÔsmata ~u1, ..., ~un eÐnai ~0, tìte ta ~u1, ..., ~un eÐnai grammik¸c exarthmèna.

Apìdeixh. 'Estw p.q. ~u1 = ~0, tìte

1 · ~u1 + 0 · ~u2 + ...+ 0 · ~un = ~0,

ìpou o grammikìc sunduasmìc 1 · ~u1 + 0 · ~u2 + ...+ 0 · ~un eÐnai mh tetrimmènoc.

Prìtash 1.5.2. Ta dianÔsmata ~u1, ..., ~un eÐnai grammik¸c exarthmèna tìte kai mìnon tìte, ìtan èna apì ta
dianÔsmata ~u1, ..., ~un eÐnai grammikìc sunduasmìc twn �llwn.

Prìtash 1.5.3. An ~u1, ..., ~un eÐnai grammik¸c anex�rthta kai ~u1, ..., ~un, ~u eÐnai grammik¸c exarthmèna,
tìte ~u eÐnai grammikìc sunduasmìc twn ~u1, ..., ~un.

Prìtash 1.5.4. An ta ~u1, ..., ~un eÐnai grammik¸c anex�rthta kai

~u = λ1~u1 + ...+ λn~un,

tìte oi arijmoÐ λ1, ..., λn eÐnai monadikoÐ.

Prìtash 1.5.5. An ~u1, ..., ~un, ~un+1 eÐnai grammik¸c anex�rthta, tìte ~u1, ..., ~un eÐnai grammik¸c anex�rthta.

Prìtash 1.5.6. An ~u1, ..., ~un eÐnai grammik¸c exarthmèna, tìte ~u1, ..., ~un, ~un+1 eÐnai grammik¸c exarth-
mèna.
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1.6 Gewmetrik  ermhneÐa thc grammik c ex�rthshc

Prìtash 1.6.1. 'Ena eleÔjero di�nusma ~u eÐnai grammik¸c exarthmèno, tìte kai mìno tìte ìtan ~u = ~0.

Prìtash 1.6.2. DÔo eleÔjera dianÔsmata ~u1, ~u2 eÐnai grammik¸c exarthmèna, tìte kai mìno tìte ìtan
~u1‖~u2.

Prìtash 1.6.3. TrÐa eleÔjera dianÔsmata ~u1, ~u2, ~u3 eÐnai grammik¸c exarthmèna, tìte kai mìnon tìte ìtan
ta dianÔsmata ~u1, ~u2, ~u3 eÐnai sunepÐpeda.

Prìtash 1.6.4. Tèssera eleÔjera dianÔsmata tou q¸rou eÐnai p�nta grammik¸c exarthmèna.

1.7 Bash dianusmatikoÔ q¸rou

Orismìc 1.7.1. To sÔnolo ~e1, ..., ~en stoiqeÐwn enìc dianusmatikoÔ q¸rou V kaleÐtai b�sh tou V , an:
(1) ~e1, ..., ~en eÐnai grammik¸c anex�rthta,
(2) ~u = λ1~e1 + ...+ λn~en, gia k�je ~u ∈ V .

Pìrisma 1.7.2. Opoiad pote trÐa mh sunepÐpeda eleÔjera dianÔsmata tou sunìlou V3 ìlwn twn eleÔjerwn
dianusm�twn tou q¸rou apoteloÔn mÐa b�sh tou V3.

Pìrisma 1.7.3. Opoiad pote dÔo mh par�llhla eleÔjera dianÔsmata tou sunìlou Vπ ìlwn twn eleÔjerwn
dianusm�twn enìc epipèdou π apoteloÔn mÐa b�sh tou Vπ.

Pìrisma 1.7.4. Opoiod pote mh mhdenikì di�nusma tou sunìlou Vε ìlwn twn eleÔjerwn dianusm�twn miac
eujeÐac ε apoteloÔn mÐa b�sh tou Vε.

Orismìc 1.7.5. An ~e1, ..., ~en eÐnai mÐa b�sh enìc dianusmatikoÔ q¸rou V , ~u = a1~e1 + ...+ an~en ∈ V , tìte
a1, ..., an kaloÔntai suntetagnènec tou ~u wc proc ~e1, ..., ~en.

Gr�foume tìte ~u = {a1, ..., an}.

Je¸rhma 1.7.6. An ~u = {a1, ..., an} kai ~v = {b1, ..., bn} wc proc mÐa b�sh {~e1, ..., ~en}, tìte ~u + ~v =
{a1 + b1, ..., an + bn} kai λ~u = {λa1, ..., λan}

Prìtash 1.7.7. Ta dianÔsmata ~a = {a1, a2, a3} kai ~b = {b1, b2, b3} eÐnai grammik¸c exarthmèna an kai
mìnon an ∣∣∣∣ a1 a2

b1 b2

∣∣∣∣ = ∣∣∣∣ a2 a3

b2 b3

∣∣∣∣ = ∣∣∣∣ a3 a1

b3 b1

∣∣∣∣ = 0 (∗)

Prìtash 1.7.8. Ta dianÔsmata ~a = {a1, a2, a3}, ~b = {b1, b2, b3} kai ~c = {c1, c2, c3} eÐnai grammik¸c
exarthmèna an kai mìnon an ∣∣∣∣∣∣

a1 a2 a3

b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣ = 0
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1.8 Ask seic.

1. 'Estw ~e1 =
−→
OA, ~e2 =

−−→
OB, ~e3 =

−−→
OC mh sunepÐpeda dianÔsmata tou q¸rou kai P to parallhlepÐpedo p�nw

sta dianÔsmata aut�. Na brejoÔn wc proc b�sh {~e1, ~e2, ~e3} oi suntetagmènec twn dianusm�twn pou èqoun wc
arq  to shmeÐo C kai sumpÐptoun me tic akmèc tou P , me tic diagwnÐouc twn edr¸n, me th diag¸nio tou P .

2. 'Estw OABC èna tetr�edro, ~e1 =
−→
OA, ~e2 =

−−→
OB, ~e3 =

−−→
OC. Na brejoÔn wc proc b�sh {~e1, ~e2, ~e3} oi

suntetagmènec twn dianusm�twn:

(a)
−−→
AB,

−−→
BC,

−→
CA

(b)
−−→
DE, ìpou D eÐnai to mèso tou OA kai E eÐnai to mèso tou BC,

(g)
−−→
DF , ìpou F eÐnai to shmeÐo tom c twn diamèswn thc èdrac BOC,

(d)
−→
AE, ìpou E eÐnai to mèso tou BC,

(e)
−−→
OM , ìpou M eÐnai h tom  twn diamèswn thc èdrac ABC.

3. 'Estw ~a =
−→
OA kai ~b =

−−→
OB. Na brejeÐ èna di�nusma par�llhlo sth diqotìmo thc gwnÐac AOB, to opoÐo

na eÐnai grammikìc sunduasmìc twn ~a kai ~b.

4. Na apodeiqjeÐ ìti ta dianÔsmata x~a − y~b, z~b − x~c, y~c − z~a eÐnai sunepÐpeda gia k�je tri�da dianusm�twn

~a,~b,~c kai gia k�je tri�da arijm¸n x, y, z.

5. 'Estw ~a = {1, 5, 3}, ~b = {6,−4,−2}, ~c = {0,−5, 7}, ~d = {−20, 27,−35}.
Na prosdioristoÔn oi arijmoÐ x, y, z ètsi ¸ste ta dianÔsmata x~a, y~b, z~c, ~d na sqhmatÐzoun kleist  tejlas-

mènh gramm  an k�je epìmeno di�nusma èqei wc arq  to pèrac tou prohgoÔmenou.

6. Na prosdioristeÐ se poièc apì tic parak�tw peript¸seic ta dianÔsmata ~a,~b,~c eÐnai grammik¸c exarthmèna

kai sthn perÐptwsh pou autì eÐnai dunatì na ekfrasteÐ to ~c wc grammikìc sunduasmìc twn ~a kai ~b.

(i) ~a = {5, 2, 1},~b = {−1, 4, 2},~c = {−1,−1, 6}

(ii) ~a = {6, 4, 2},~b = {−9, 6, 3},~c = {−3, 6, 3}

(iii) ~a = {6,−18, 12},~b = {−8, 24,−16},~c = {8, 7, 3}

(iv) ~a = {1, 2, 3},~b = {4, 5, 6},~c = {2, 4, 6}



Kef�laio 2

Sust mata suntetagmènwn

2.1 Probolèc.

Apì ton algebrikì orismì twn suntetagmènwn enìc dianÔsmatoc ja per�soume sthn gewmetrik  perig-
graf , o sundetikìc krÐkoc eÐnai h ènnoia thc probol c.

Probol  shmeÐou sthn eujeÐa.

'Estw ε1 kai ε2 dÔo mh par�llhlec eujeÐec enìc epipèdou π kai M èna shmeÐo tou π .
'Apo to M fernoume mia eujeÐa ε′2 par�llhlh sthn ε2. H ε′2 tèmnei thn ε1 se èna shmeÐo M1. To M1

kaleÐtai probol  tou M sthn ε1 par�llhla sthn ε2, gr�foume M1 = prε2
ε1
M .

An ε1⊥ε2, tìte to shmeÐo M1 kaleÐtai orjog¸nia probol  tou M sthn ε1.

Probol  dianÔsmatoc sthn eujeÐa.

'Estw
−−→
MN èna efarmostì di�nusma tou epipèdou kaiM1 kaiN1 eÐnai oi probolèc twnM kaiN , antÐstoiqa,

sthn ε1 par�llhla sthn ε2. To di�nusma
−−−−→
M1N1 kaleÐtai probol  tou

−−→
MN sthn ε1 par�llhla sthn ε2.

Gr�foume
−−−−→
M1N1 = prε2

ε1

−−→
MN

Prìtash 2.1.1. An
−−→
AB =

−−→
CD, tìte prε2

ε1

−−→
AB = prε2

ε1

−−→
CD

'Estw ~u èna eleÔjero di�nusma tou epipèdou kai ~u =
−−→
MN . An

−−−−→
M1N1 = prε2

ε1

−−→
MN , tìte to eleÔjero

di�nusma ~u1 =
−−−−→
M1N1 kaleÐtai probol  tou ~u sthn ε1 par�llhla sthn ε2. Gr�foume ~u1 = prε2

ε1
~u.

Apì thn prohgoÔmenh prìtash prokÔptei ìti to di�nusma prε2
ε1
~u eÐnai anex�rthto apì thn epilog  tou

−−→
MN ∈ ~u.

Apì ton orismì thc probol c enìc eleÔjerou dianÔsmatoc p�nw se mia eujeÐa par�llhla se mia �llh eujeÐa
sumperaÐnoume ìti:

1. ~u = prε2
ε1
~u+ prε1

ε2
~u

2. prε2
ε1

(~u+ ~v) = prε2
ε1
~u+ prε2

ε1
~v

3. prε2
ε1

(λ~u) = λprε2
ε1
~u

Probol  shmeÐou sto epÐpedo.

'Estw π èna epÐpedo kai ε mia eujeÐa mh par�llhlh sto π. Apì èna shmeÐo M tou q¸rou fèrnoume mia
eujeÐa ε′ ‖ ε kai èna epÐpedo π′ ‖ π. JewroÔme ta shmeÐa Mε = ε ∩ π′ kai Mπ = π ∩ ε′.

ToMε kaleÐtai probol  touM sthn ε par�llhla sto π kaiMπ kaleÐtai probol  touM sto π par�llhla
sthn ε.

An ε⊥Π, tìte MΠ kaleÐtai orjog¸nia probol  tou M sto Π.

9
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Probol  dianÔsmatoc sto epÐpedo.

H probol  tou
−−→
MN sthn ε par�llhla sto π eÐnai to di�nusma

−−−→
MεNε. Gr�foume

−−−→
MεNε = prπ

ε

−−→
MN .

H probol  tou
−−→
MN sto π par�llhla sthn ε eÐnai to di�nusma

−−−−→
MπNπ. Gr�foume

−−−−→
MπNπ = prε

π

−−→
MN .

'Estw ~u =
−−→
MN kai

−−−→
MεNε = prπ

ε

−−→
MN , tìte ~uε =

−−−→
MεNε kaleÐtai probol  tou ~u sthn ε par�llhla sto π.

Gr�foume ~uε = prπ
ε ~u.

An
−−−−→
MπNπ = prε

π

−−→
MN , tìte ~uπ =

−−−−→
MπNπ kaleÐtai probol  tou ~u sthn π par�llhla sthn ε. Gr�foume

~uπ = prε
π~u.

Oi probolèc twn eleÔjerwn dianusm�twn èqoun tic parak�tw idiìthtec:

1. prπ
ε (~u+ ~v) = prπ

ε ~u + prπ
ε~v kai prπ

ε (λ~u) =λprπ
ε ~u

2. prε
π(~u+ ~v) = prε

π~u + prε
π~v kai prε

π(λ~u) =λprε
π~u

3. An ε1, ε2, ε3 eÐnai mh par�llhlec an� dÔo eujeÐec pou tèmnontai sto shmeÐo O kai π1, π2, π3 eÐnai ta
epÐpeda pou orÐzontai apì ta zeÔgh eujei¸n (ε1, ε2), (ε2, ε3), (ε1, ε3) antÐstoiqa, tìte gia k�je di�nusma
~u isqÔei

~u = prπ2
ε1
~u+ prπ3

ε2
~u+ prπ1

ε3
~u

Par�deigma 2.1.1. 'Estw ~u1, ~u2, ~u3 mh sunepÐpeda dianÔsmata tou q¸rou.

'Estw ~u1 =
−→
OA, ~u2 =

−−→
OB, ~u3 =

−−→
OC. Ta shmeÐa A, B, C orÐzoun èna parallhlepÐpedo. 'Estw O′ eÐnai h

koruf  apènanti thc O. Gia ~u =
−−→
OO′ isqÔei ~u = ~u1 + ~u2 + ~u3.

Sto par�deigma autì basÐzetai h apìdeixh thc idiìthtac 3 parap�nw.

2.2 Genik� sust mata suntetagmènwn

Sthn eujeÐa

'Estw ε mia eujeÐa, O ∈ ε kai ~e1 6= ~0 èna di�nusma par�llhlo sthn ε.
To zeÔgoc {O,~e1} kaleÐtai genikì sÔsthma suntetagmènwn thc ε kai sumbolÐzetai kai me O~e1.
To zeÔgoc {ε, O~e1} kaleÐtai �xonac suntetagmènwn .
'Enac �xonac suntetagmènwn sumbolÐzetai me Ox,   Oy,   Oz k.t.l..
Epeid  {~e1} eÐnai b�sh tou dianusmatikoÔ q¸rou thc ε, gia k�je M ∈ ε up�rqei arijmìc xM tètoioc ¸ste

−−→
OM = xM~e1. O arijmìc xM kaleÐtai suntetagmènh tou M wc proc O~e1. Gr�foume M = (xM ).

Prìtash 2.2.1. An M = (xM ) kai N = (xN ) wc proc to sÔsthma O~e1, tìte

−−→
MN = {xN − xM} kai |

−−→
MN | = |xN − xM ||e1|.

Prìtash 2.2.2. An M = (xM ) kai N = (xN ) wc proc to sÔsthma O~e1 kai |~e1| = 1, tìte

|
−−→
MN | = |xN − xM |.

Sto epÐpedo.

'Estw π èna epÐpedo, O ∈ π kai ~e1, ~e2 dÔo mh par�llhla dianÔsmata tou π.
H tri�da {O,~e1, ~e2} kaleÐtai genikì sÔsthma suntetagmènwn tou π kai sumbolÐzetai kai me O~e1~e2.
Epeid  {~e1, ~e2} eÐnai b�sh tou dianusmatikoÔ q¸rou tou π, gia k�je shmeÐo M ∈ π up�rqoun arijmoÐ

xM , yM , tètoioi ¸ste
−−→
OM = xM~e1 + yM~e2.

Oi arijmoÐ xM , yM kaloÔntai suntetagmènec (pr¸th kai deÔterh, antÐstoiqa) tou M wc proc O~e1~e2.
Gr�foume M = (xM , yM ).

'Estw O1 kai O2 shmeÐa tou π tètoia ¸ste ~e1 =
−−→
OO1 kai ~e2 =

−−→
OO2. Oi �xonec suntetagmènwn

{(OO1), O~e1} kai {(OO2), O~e2} sumbolÐzontai me Ox kai Oy, antÐstoiqa.



Sust mata suntetagmènwn 11

'Estw Mx = prOy
OxM kai My = prOx

OyM . An x eÐnai oi suntetagmènh tou Mx wc proc ton Ox kai y eÐnai

h suntetagmènh tou My wc proc ton Oy, tìte
−−→
OM =

−−−→
OMx +

−−−→
OMy = x~e1 + y~e2. Sunep¸c x kai y eÐnai oi

suntetagmènec tou M wc proc O~e1~e2.

Prìtash 2.2.3. An M = (xM , yM ) kai N = (xN , yN ) wc proc to sÔsthma O~e1~e2, tìte

−−→
MN = {xN − xM , yN − yM}.

Orismìc 2.2.4. An |~e1| = |~e2| = 1 kai ~e1 ⊥ ~e2, tìte to O~e1~e2 kaleÐtai orjokanonikì.

Prìtash 2.2.5. An M = (xM , yM ) kai N = (xN , yN ) wc proc èna orjokanonikì sÔsthma O~e1~e2, tìte

|
−−→
MN | =

√
(xN − xM )2 + (yN − yM )2.

Sto q¸ro.

H tetr�da {O,~e1, ~e2, ~e3}, ìpou O èna shmeÐo tou q¸rou kai ~e1, ~e2, ~e3 mh sunepÐpeda dianÔsmata, kaleÐtai
genikì sÔsthma suntetagmènwn tou q¸rou kai sumbolÐzetai kai me O~e1~e2~e3.

Epeid  {~e1, ~e2, ~e3} eÐnai b�sh tou dianusmatikoÔ q¸rou ìlwn twn eleÔjerwn dianusm�twn tou q¸rou, gia
k�je shmeÐo M tou E3 up�rqoun arijmoÐ xM , yM , zM , tètoioi ¸ste

−−→
OM = xM~e1 + yM~e2 + z~e3.

Oi arijmoÐ xM , yM , zM kaloÔntai suntetagmènec (tetmhmènh, tetagmènh kai kathgmènh, antÐstoiqa) wc
proc O~e1~e2~u3. Gr�foume M = (xM , yM , zM ).

Up�rqoun shmeÐa O1, O2, O3 tètoia ¸ste ~e1 =
−−→
OO1, ~e2 =

−−→
OO2 kai ~e3 =

−−→
OO3. Oi �xonec suntetagmènwn

{(OO1), O~e1}, {(OO2), O~e2} kai {(OO3), O~e3} sumbolÐzontai me Ox, Oy kai Oz, antÐstoiqa. Ta epÐpeda twn
axìnwn Ox kai Oy, Oy kai Oz, Ox kai Oz SumbolÐzontai me Oxy, Oyz, Oxz, antÐstoiqa.

'Estw Mx, My, Mz oi probolèc tou M stouc �xonec Ox, Oy, Oz, antÐstoiqa, par�llhla sta epÐpeda
Oyz, Oxz, Oxy, antÐstoiqa.

'Estw x, y, z eÐnai oi suntetagmènec twn Mx, My, Mz, antÐstoiqa, stouc �xonec Ox, Oy, Oz, antÐstoiqa.
Tìte −−→

OM =
−−−→
OMx +

−−−→
OMy +

−−−→
OMz = x~e1 + y~e2 + z~e3

Sunep¸c x, y, z eÐnai oi suntetagmènec tou M wc proc O~e1~e2~e3.

Prìtash 2.2.6. An M = (xM , yM , zM ) kai N = (xN , yN , zn) wc proc to sÔsthma O~e1~e2~e3, tìte

−−→
MN = {xN − xM , yN − yM , zN − zM}.

Orismìc 2.2.7. An |~e1| = |~e2| = |~e3| = 1, ~e1 ⊥ ~e2, ~e1 ⊥ ~e3 kai ~e3 ⊥ ~e2, tìte to O~e1~e2~e3 kaleÐtai
orjokanonikì.

Prìtash 2.2.8. AnM = (xM , yM , zM ) kai N = (xN , yN , zN ) wc proc èna orjokanonikì sÔsthma O~e1~e2~e3,
tìte

|
−−→
MN | =

√
(xN − xM )2 + (yN − yM )2 + (zN − zM )2

Orismìc. Ja lème ìti to shmeÐo M thc eujeÐac (AB), M 6= B, diaireÐ to efarmostì di�nusma
−−→
AB se lìgo

λ, an
−−→
AM = λ

−−→
MB.

Prìtash 2.2.9. An A = (xA, yA, zA), B = (xB , yB , zB) kai M = (x, y, z), M 6= B, diaireÐ to efarmostì

di�nusma
−−→
AB se lìgo λ, tìte

x =
xA + λxB

1 + λ
, y =

yA + λyB

1 + λ
z =

zA + λzB

1 + λ
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2.3 Eswterikì ginìmeno dianusm�twn

GwnÐa metaxÔ dÔo elèujerwn dianusm�twn.

Estw ~u kai ~v dÔo mh mhdenik� elèujera dianÔsmata tou q¸rou. Efarmìzoume ta dianÔsmata aut� se èna

tuqaÐo shmeÐo O tou q¸rou. Estw
−−→
OM ∈ ~u kai

−−→
ON ∈ ~v.

H gwnÐa ekeÐnh metaxÔ twn hmieujei¸n [OM) kai [ON) pou eÐnai ≤ π kaleÐtai gwnÐa metaxÔ twn ~u kai ~v.

An ~u = ~0   ~v = ~0,tìte jewroÔme ìti h gwnÐa metaxÔ twn ~u kai ~v den orÐzetai.

Probol  enìc dianÔsmatoc p�nw sto �llo.

Estw ~u kai ~v mh mhdenik� dianÔsmata. SumbolÐzoume me pr~v~u thn orjog¸nia probol  tou ~u p�nw sthn
eujeÐa (ON). Eqoume pr~v~u = λ ~v

|~v| . O arijmoc λ kaleÐtai algebrik  tim  thc probol c ~u p�nw sto ~v kai

sumbolÐzetai me at(pr~v~u).

Profan¸c

1. pr~v(~u1 + ~u2) = pr~v~u1+pr~v~u2

2. at(pr~v(~u1 + ~u2)) = at(pr~v~u1)+at(pr~v~u2)

3. at(pr~v(λ~u)) = λat(pr~v~u)

Orismìc tou eswterikoÔ ginomènou.

Eswterikì ginìmeno dÔo elèujerwn dianusm�twn ~u 6= ~0 kai ~v 6= ~0 eÐnai o arijmìc (~u,~v) = |~u||~v| cos(~u,~v).
An ~u = ~0   ~v = ~0, tìte orÐzoume (~u,~v) = 0.

To eswterikì ginìmeno ja to sumbolÐzoume kai me ~u · ~v.
Apo ton orismì tou eswterikoÔ ginomènou prokÔptei ìti, an ~u 6= 0 kai ~v 6= 0, tìte

cos(~u,~v) =
~u · ~v
|~u||~v|

Idiìthtec tou eswterikoÔ ginomènou.

1. ~u · ~v = ~v · ~u

2. ~u · ~u = |~u|2

3. ~u · ~v = |~v|at(pr~v~u), an ~u 6= 0 kai ~v 6= 0

4. (λ~u) · ~v = λ(~u · ~v)

5. ~u · ~v = 0 ⇐⇒ ~u⊥~v   ~u = ~0   ~v = ~0

6. (~u+ ~v) · ~w = ~u · ~w + ~v · ~w

7. −|~u||~v| ≤ (~u,~v) ≤ |~u||~v|

Je¸rhma 2.3.1. 'Estw ~u = {u1, u2, u3} kai ~v = {v1, v2, v3} wc proc èna orjokanonikì sÔsthma O~e1~e2~e3,
tìte

1. ~u · ~v = u1 · v1 + u2 · v2 + u3 · v3

2. |~u| =
√
u2

1 + u2
2 + u2

3
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2.4 Polikì sÔsthma suntetagmènwn sto epÐpedo.

To polikì sÔsthma suntetagmènwn mac prosfèrei ènan akìma trìpo na prosdiorÐzoume thn jèsh twn
shmeÐwn sto epÐpedo me thn bo jeia arijm¸n.

Gia na oristeÐ èna polikì sÔsthma suntetagmènwn arkeÐ na dojoÔn:

1. mia hmieujeÐa Ox (h opoÐa kaleÐtai polikìc �xonac kai h arq  thc O-arq  polikoÔ sust matoc,

2. mia mon�da m kouc (èstw E1 ∈ Ox kai |OE1| = 1)

3. mia jetik  for� peristrof s(sun jwc h antÐjeth me thn for� thc peristrof c twn deikt¸n tou rologioÔ)

'Estw M èna shmeÐo tou epipèdou. Sto M antistoiqoÔme dÔo arijmoÔc rM = |
−−→
OM | kai φM pou eÐnai h gwnÐa

ek tou
−−→
OE1 proc to

−−→
OM , 0 ≤ φM < 2π. Oi arijmoÐ autoÐ kaloÔntai polikèc suntetagmènec tou M , polik 

aktÐna kai polik  gwnÐa antÐstoiqa. Gr�foume M = 〈rM , φM 〉. Gia thn polik  arq  O h polik  aktÐna isoÔtai
me mhdèn en¸ h polik  gwnÐa eÐnai aprosdiìristh.

Se polikì sÔsthma Orφ suntetagmènwn antistoiqoÔme èna orjokanonikì sÔsthma suntetagmènwn Oxy wc
ex c

1. h arq  tou Oxy eÐnai h arq  tou polikoÔ Orφ,

2. ~e1 =
−−→
OE1, ìpou E1 = 〈1, 0〉 sto Orφ,

3. ~e2 =
−−→
OE2, ìpou E2 = 〈1, π

2 〉 sto Orφ.

GnwrÐzontac tic polikèc suntetagmènec 〈rM , φM 〉 enìc shmeÐou M sto Orφ mporoÔme na broÔme tic karte-
sianèc tou suntetagmènec (xM , yM ) sto Oxy apì tic sqèseic

xM = rM cosφM

yM = rM sinφM

AntÐstrofa, gnwrÐzontac tic kartesianèc suntetagmènec (xM , yM ) enìc shmeÐou M sto Oxy mporoÔme na
broÔme tic polikèc tou suntetagmènec 〈rM , φM 〉 sto Orφ apì tic sqèseic

rM =
√
x2

M + y2
M

sinφM =
yM

rM
, cosφM =

xM

rM
, φM ∈ [0, 2π).

2.5 Polikì sÔsthma suntetagmènwn sto q¸ro.

Gia na oristeÐ èna polikì   èna kulindrikì sÔsthma suntetagmènwn sto q¸ro arkeÐ na dojoÔn:

1. èna epÐpedo π me polikì sÔsthma suntetagmènwn Orφ (arq  O, polikìc �xonac Ox, mon�da m kouc kai
jetik  for� peristof c,

2. mia hmieujeÐa Oz k�jeth sto π.

'Estw M èna shmeÐo tou q¸rou gia to opoÐo
−−→
OM 6‖ Oz kai M ′ h orjog¸nia probol  tou M sto π. SumbolÐ-

zoume me ω thn gwnÐa metaxÔ twn dianusm�twn
−−→
OM kai

−−−→
OM ′.

Oi polikèc (  sfairikèc) suntetagmènec tou M eÐnai h tri�da arijm¸n (r, φ, ψ), ìpou

r = |
−−→
OM |-polik  aktÐna tou M

φ-polik  gwnÐa tou M ′ (φ-m koc tou M)

ψ = ω an
−−−→
MM ′ ↑↑ Oz, ψ = −ω an

−−−→
MM ′ ↑↓ Oz, ψ = 0 an M ∈ π (ψ-pl�toc tou M).
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Oi polikèc suntetagmènec den orÐzontai gia ta shmeÐa tou �xona Oz.

Se k�je polikì sÔsthma suntetagmènwn tou q¸rou Orφψ mporoÔme na antistoiq soume èna orjoknonikì
sÔsthma suntetagmènwn O~e1~e2~e3 wc ex c:

1. H arqh O sumpÐptei me thn arq  tou polikoÔ sust matoc,

2. ~e1 =
−−→
OE1, ìpou E1 ∈ π kai E1 = (1, 0) sto Orφ,

3. ~e2 =
−−→
OE2, ìpou E2 ∈ π kai E2 = (1, π

2 ) sto Orφ,

4. ~e3 =
−−→
OE3, ìpou E3 ∈ Oz kai |

−−→
OE3| = 1.

GnwrÐzontac tic polikèc suntetagmènec (r, φ, ψ) enìc shmeÐou mporoÔme na broÔme tic kartesianèc tou
suntetagmènec (x, y, z) apì tic sqèseic (parathroÔme ìti M ′ = 〈r cosψ, φ〉 sto Orφ tou π.)

x = r cosψ cosφ
y = r cosψ sinφ
z = r sinψ

kai antÐstrofa apì tic sqèseic

r =
√
x2 + y2 + z2

cosφ =
x√

x2 + y2
, sinφ =

y√
x2 + y2

, φ ∈ [0, 2π)

sinψ =
z√

x2 + y2 + z2
, ψ ∈ (−π

2
,
π

2
)

Oi kulindrikèc suntetagmènec tou M eÐnai h tri�da arijm¸n (r, φ, h), ìpou 〈r, φ〉 eÐnai oi polikèc suntetag-
mènec thc probol c M ′ wc proc to polikì sÔsthma Orφ tou π.

h = |
−−−→
MM ′|, an

−−−→
MM ′ ↑↑ Oz

h = −|
−−−→
MM ′|, an

−−−→
MM ′ ↑↓ Oz

Oi kulindrikèc suntetagmènec den orÐzontai gia ta shmeÐa tou �xona Oz.

GnwrÐzontac tic kulindrikèc suntetagmènec (r, φ, h) enìc shmeÐou mporoÔme na broÔme tic kartesianèc tou
suntetagmènec (x, y, z) apì tic sqèseic

x = r cosφ
y = r sinφ
z = h

kai antÐstrofa apì tic sqèseic

r =
√
x2 + y2

cosφ =
x√

x2 + y2
, sinφ =

y√
x2 + y2

, φ ∈ [0, 2π)

h = z
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ParadeÐgmata 2.5.1.

1. 'Estw A = 〈8, 2π
3 〉 kai B = 〈6, π

3 〉. Ja broÔme tic polikèc suntetagmènec tou mèsou M = (xM , yM ) kai
to |AB|.

xA = rA cosφA = 8 cos
2π
3

= −4, yA = rA sinφA = 8 sin
2π
3

= 4
√

3

xB = rB cosφB = 6 cos
π

3
= 3, yB = rB sinφB = 6 sin

π

3
= 3

√
3

xM =
xA + xB

2
= −1

2

yM =
yA + yB

2
= −7

√
3

2
|AB| =

√
(xB − xA)2 + (yB − yA)2 = 2

rM =
√
x2

M + y2
M =

√
148
2

sinφM =
yM

rM
=

7
√

3√
148

, cosφM =
xM

rM
= − 1√

148

2. 'Estw Oxyz èna orjokaninikì sÔsthma suntetagmènwn. Ja broÔme tic sfairikèc suntetagmènec tou

shmeÐou A = (xA, yA, zA), an zA = −1 kai oi gwnÐec metaxÔ tou
−→
OA kai twn ~e1 kai ~e2 eÐnai π

4 kai π
3 ,

antÐstoiqa.

xA =
−→
OA · ~e1 = rA cos

π

4
=
rA
√

2
2

yA =
−→
OA · ~e2 = rA cos

π

3
=
rA
2

r2A = x2
A + y2

A + z2
A =

r2A
2

+
r2A
4

+ 1 ⇒ rA = 2

xA =
√

2, yA = 1, zA = −1

sinφA =
yA√

x2
A + y2

A

=
1√
3
, cosφA =

xA√
x2

A + y2
A

=
√

2√
3

sinψA =
zA

rA
= −1

2
, ψA ∈ (−π

2
,
π

2
) ⇒ ψA = −π

6

3. O orjìc kÔlindroc pou èqei wc odhgì ton kÔklo x2 + y2 = 3 tou Oxy-epipèdou èqei kartesian  exÐswsh
x2 + y2 = 3 kai kulindrik  exÐswsh r = 3.
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2.6 Ask seic.

Sust mata suntetagmènwn sto epÐpedo kai sto q¸ro.

7. 'Estw ~e1 =
−→
OA, ~e2 =

−−→
OB, ~e3 =

−−→
OC grammik¸c anex�rthta dianÔsmata tou q¸rou. Na brejoÔn oi

suntetagmènec twn koruf¸n tou parallhlepipèdou me akmèc OA, OB, OC wc proc to sÔsthma O~e1~e2~e3.

8. Na brejoÔn oi suntetagmènec twn shmeÐwn tom c twn diamèswn twn edr¸n tou tetraèdrou OABC wc proc

to sÔsthma suntetagmènwn {O,~e1, ~e2, ~e3}, ìpou ~e1 =
−→
OA, ~e2 =

−−→
OB, ~e3 =

−−→
OC.

9. 'Estw
−→
OA = {−3, 0, 4} kai

−−→
OB = {5,−2, 14} wc proc èna orjokanonikì sÔsthma suntetagmènwn O~e1~e2~e3.

Na brejoun oi suntetagmènec tou monadiaÐou dianÔsmatoc
−−→
OM par�llhlou sth diqotìmo thc AOB wc proc

O~e1~e2~e3.

10. 'EstwM = (xM , yM , zM ), xM 6= 0, yM 6= 0, zM 6= 0, wc proc èna orjokanonikì sÔsthma suntetagmènwn
O~e1~e2~e3. Na brejoÔn oi suntetagmènec twn orjog¸niwn probol¸n tou M sta epÐpeda suntetagm�nwn Oxy,
Oyz, Oxz kai stouc �xonec suntetagmènwn Ox, Oy, Oz.

11. 'EstwM = (xM , yM , zM ), xM 6= 0, yM 6= 0, zM 6= 0, wc proc èna orjokanonikì sÔsthma suntetagmènwn
O~e1~e2~e3. Na brejoÔn oi suntetagmènec tou shmeÐou summetrikoÔ tou M wc proc:

(i) thn arq  tou sust matoc,

(ii) to epÐpedo Oxy(Oyz, Oxz),

(iii) ton �xona Ox(Oy, Oz)

12. 'EstwM = (xM , yM , zM ), xM 6= 0, yM 6= 0, zM 6= 0, wc proc èna orjokanonikì sÔsthma suntetagmènwn
O~e1~e2~e3. Na brejoÔn oi apost�seic tou M apì touc �xonec suntetagmènwn.

13. 'EstwOxyz èna orjokanonikì sÔsthma suntetagmènwn. Na brejeÐ to shmeÐoM me jetikèc suntetagmènec,
tou opoÐou oi apost�seic apì touc �xonec
Ox, Oy, Oz eÐnai 5, 3

√
5, 2

√
13, antÐstoiqa.

14. Na brejoÔn oi suntetagmènec tou sumeÐou P wc proc èna orjokanonikì sÔsthma suntetagmènwn O~e1~e2~e3,

an eÐnai gnwstì ìti to |OP | = ρ kai h gwnÐa metaxÔ twn dianusn�twn
−−→
OP kai ~ei eÐnai φi, i = 1, 2, 3.

15. 'Estw A = (1, 2, 3) kai B = (7, 2, 5) wc proc èna genikì sÔsthma suntetagmènwn. Sthn eujeÐa (AB) na
brejeÐ to shmeÐo M , tètoio ¸ste to A na brÐsketai metaxÔ twn M kai B kai to m koc tou tm matoc AM na
eÐnai dipl�sio apì to m koc tou tm matoc AB.

16. Na brejeÐ to kèntro kai h aktÐna thc sfaÐrac pou perièqei ta shmeÐa
A = (1, 2, 3), B = (5, 2, 3), C = (2, 5, 3) kai D = (1, 2,−1).
17. Na brejeÐ h sunj kh pou prèpei na ikanopoioÔn oi suntetagmènec twn shmeÐwn M1 kai M2 wc proc èna
genikì sÔsthma suntetagmènwn O~e1~e2~e3 ¸ste h eujeÐa (M1M2) na tèmnei kai ta trÐa epÐpeda suntetagmènwn
qwrÐc na perièqetai se kanèna apì aut�. Na brejeÐ o lìgoc ston opoÐo to shmeÐo tom c thc (M1M2) me to
Oxy-epÐpedo diaireÐ to di�nusma

−−−−→
M1M2.
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Metasqhmatismoi susthm�twn suntetagmènwn.

3.1 Metasqhmatismìc genikoÔ sust matoc suntetagmènwn

'Estw O~e1~e2~e3 kai O′~e ′
1 ~e

′
2 ~e

′
3 dÔo genik� sust mata suntetagmènwn tou q¸rou.

AnakÔptei to ex c prìblhma: gnwrÐzontac tic suntetagmènec enìc sumeÐou tou q¸rou wc proc to �nèo
sÔsthma� O′~e ′

1 ~e
′

2 ~e
′

3 , na broÔme tic suntetagmènec tou wc proc �paliì sÔsthma� O~e1~e2~e3.
To kajèna apì ta dianÔsmata tou O′~e ′

1 ~e
′

2 ~e
′

3 gr�fetai wc grammikìc sunduasmìc twn dianusm�twn thc
b�shc {~e1, ~e2, ~e3}:

~e ′
1 = a11~e1 + a21~e2 + a31~e3

~e ′
2 = a12~e1 + a22~e2 + a32~e3 (3.1)

~e ′
3 = a13~e1 + a23~e2 + a33~e3

O pÐnakac

A =

 a11 a12 a13

a21 a22 a23

a31 a32 a33


kaleÐtai pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì th b�sh {~e1, ~e2, ~e3} proc th b�sh {~e ′

1 ~e
′

2 ~e
′

3 } ìpwc
kai pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì to sÔsthma O~e1~e2~e3 proc to sÔsthma O′~e ′

1 ~e
′

2 ~e
′

3 .
Oi isìthtec (3.1) me thn bo jeia twn pin�kwn mporoÔn na grafoÔn se mÐa:

(~e ′
1 , ~e

′
2 , ~e

′
3 ) = (~e1, ~e2, ~e3) ·A

Je¸rhma 3.1.1. An A eÐnai o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì th b�sh {~e1, ~e2, ~e3} proc
th b�sh {~e ′

1 ~e
′

2 ~e
′

3 } kai o B eÐnai o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì th b�sh {~e ′
1 ~e

′
2 ~e

′
3 } proc

th b�sh {~e ′′
1 ~e

′′
2 ~e

′′
3 }, tìte A ·B eÐnai o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì th b�sh {~e1, ~e2, ~e3}

proc th b�sh {~e ′′
1 ~e

′′
2 ~e

′′
3 }.

Je¸rhma 3.1.2. An A eÐnai o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì th b�sh {~e1, ~e2, ~e3} proc
th b�sh {~e ′

1 ~e
′

2 ~e
′

3 }, tìte o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì th b�sh {~e ′
1 ~e

′
2 ~e

′
3 } proc th b�sh

{~e1, ~e2, ~e3} eÐnai o A−1.

Je¸rhma 3.1.3. 'Enac pÐnakac A eÐnai pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì èna sÔsthma
suntetagmènwn proc èna �llo an kai mìno an |A| 6= 0.

Je¸rhma 3.1.4. 'Estw èna di�nusma ~u èqei suntetagmènec {u1, u2, u3} wc proc th b�sh {~e1, ~e2, ~e3} kai
{u′1, u′2, u′3} wc proc th b�sh {~e ′

1 , ~e
′

2 , ~e
′

3 }.
An o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì th {~e1, ~e2, ~e3} proc th {~e ′

1 , ~e
′

2 , ~e
′

3 } eÐnai o a11 a12 a13

a21 a22 a23

a31 a32 a33
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tìte

u1 = a11u
′
1 + a12u

′
2 + a13u

′
3

u2 = a21u
′
1 + a22u

′
2 + a23u

′
3 (3.2)

u3 = a31u
′
1 + a32u

′
2 + a33u

′
3

Parat rhsh 3.1.4. Sthn perÐptwsh tou dianusmatÐkou q¸rou enìc epipèdou isqÔoun an�loga jewr mata.

3.2 TÔpoi allag c twn suntetagmènwn.

Je¸rhma 3.2.1. 'Estw èna shmeÐo M èqei suntetagmènec (x, y, z) wc proc to O~e1~e2~e3 kai (x′, y′, z′) wc
proc to O′~e ′

1 ~e
′

2 ~e
′

3 .
An O′ = (x0, y0, z0) wc proc to O~e1~e2~e3 kai o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì to

O~e1~e2~e3 proc to O′~e ′
1 ~e

′
2 ~e

′
3 eÐnai o  a11 a12 a13

a21 a22 a23

a31 a32 a33


tìte

x = a11x
′ + a12y

′ + a13z
′ + x0

y = a21x
′ + a22y

′ + a23z
′ + y0 (3.3)

z = a31x
′ + a32y

′ + a33z
′ + z0

Apìdeixh. 'Eqoume

−−→
OM = x~e1 + y~e2 + z~e3
−−→
OO′ = x0~e1 + y0~e2 + z0~e3 (3.4)
−−−→
O′M = x′~e ′

1 + y′~e ′
2 + z′~e ′

3

H dianusmatik  isìthta
−−→
OM =

−−→
OO′ +

−−−→
O′M gr�fetai

x~e1 + y~e2 + z~e3 = (x0~e1 + y0~e2 + z0~e3) + (x′~e ′
1 + y′~e ′

2 + z′~e ′
3 ) (3.5)

Antikajist¸ntac ta ~e ′
1 , ~e

′
2 , ~e

′
3 apì tic (3.1) sthn (3.5) paÐrnoume

x~e1 + y~e2 + z~e3 = (x0~e1 + y0~e2 + z0~e3) + x′(a11~e1 + a21~e2 + a31~e3) + y′(a12~e1 + a22~e2 + a32~e3) + z′(a13~e1 +
a23~e2 +a33~e3) = (x′a11 + y′a12 + z′a13 +x0)~e1 +(x′a21 + y′a22 + z′a23 + y0)~e2 +(x′a31 + y′a32 + z′a33 + z0)~e3

Exis¸nontac touc suntèlestec twn ~e1, ~e2, ~e3 paÐrnoume touc tÔpouc (3.3).

Orismìc 3.2.2. Oi (3.3) kaloÔntai tÔpoi allag c (  metasqhmatismoÔ) twn suntetagmènwn apì to sÔsthma
O~e1~e2~e3 proc to sÔsthma O′~e ′

1 ~e
′

2 ~e
′

3 .
Me th bo jeia twn pin�kwn oi (3.3) gr�fontai x

y
z

 = A ·

 x′

y′

z′


Pìrisma 3.2.3. Oi tÔpoi allag c twn suntetagmènwn apì to O~e1~e2~e3 proc to O~e ′

1 ~e
′

2 ~e
′

3 (stajer  arq )
eÐnai

x = a11x
′ + a12y

′ + a13z
′

y = a21x
′ + a22y

′ + a23z
′ (3.6)

z = a31x
′ + a32y

′ + a33z
′
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Pìrisma 3.2.4. Oi tÔpoi allag c twn suntetagmènwn apì to O~e1~e2~e3 proc to O
′~e1~e2~e3 (stajer� dianÔsmata

thc b�shc) eÐnai

x = x′ + x0

y = x′ + y0 (3.7)

z = x′ + z0

3.3 TÔpoi allag c twn suntetagmènwn sto epÐpedo

Je¸rhma 3.3.1. 'Estw èna di�nusma ~u èqei suntetagmènec {u1, u2} wc proc th b�sh {~e1, ~e2} kai {u′1, u′2}
wc proc th b�sh {~e ′

1 , ~e
′

2 }.
An o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì th {~e1, ~e2} proc th {~e ′

1 , ~e
′

2 } eÐnai o(
a11 a12

a21 a22

)
tìte

u1 = a11u
′
1 + a12u

′
2

u2 = a21u
′
1 + a22u

′
2 (3.8)

Je¸rhma 3.3.2. 'Estw èna shmeÐo M èqei suntetagmènec (x, y) wc proc to O~e1~e2 kai (x′, y′) wc proc to
O′~e ′

1 ~e
′

2 .
An O′ = (x0, y0) wc proc to O~e1~e2 kai o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì to O~e1~e2 proc

to O′~e ′
1 ~e

′
2 eÐnai o (

a11 a12

a21 a22

)
tìte

x = a11x
′ + a12y

′ + x0

y = a21x
′ + a22y

′ + y0 (3.9)

Orismìc 3.3.3. Oi (3.9) kaloÔntai tÔpoi allag c (  metasqhmatismoÔ) twn suntetagmènwn apì to sÔsthma
O~e1~e2 proc to O′~e ′

1 ~e
′

2 . Me thn bo jeia twn pin�kwn oi (2.2) gr�fontai(
x
y

)
= A ·

(
x′

y′

)
Pìrisma 3.3.4. Oi tÔpoi allag c twn suntetagmènwn apì to sÔsthma O~e1~e2 proc to O~e ′

1 ~e
′

2 eÐnai

x = a11x
′ + a12y

′

y = a21x
′ + a22y

′ (3.10)

Pìrisma 3.3.5. Oi tÔpoi allag c twn suntetagmènwn apì to sÔsthma O~e1~e2 proc to O′~e1~e2 eÐnai

x = x′ + x0

y = x′ + y0 (3.11)
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3.4 Allag  orjokanonikoÔ sust matoc.

Estw O~e1~e2 kai O~e ′
1 ~e

′
2 dÔo orjokanonik� sust mata suntetagmènwn tou epipèdou kai C =

(
c11 c12
c21 c22

)
eÐnai o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì to O~e1~e2 proc to O~e ′

1 ~e
′

2 . Tìte

~e ′
1 = c11~e1 + c21~e2
~e ′
2 = c12~e1 + c22~e2

Eqoume

|~e ′
1 | = 1 =⇒ c211 + c221 = 1

|~e ′
2 | = 1 =⇒ c212 + c222 = 1

~e ′
1 · ~e ′

2 = 0 =⇒ c11c12 + c21c22 = 0

Orismìc 3.4.1. O pÐnakac 
c11 . . . c1n

c21 . . . c2n

...
. . .

...
cn1 . . . cnn


kaleÐtai orjog¸nioc an:

(1) c21k + c22k + . . .+ c2nk = 1 gia k�je k = 1, ..., n
(2) c1kc1j + c2kc2j + . . .+ cnkcnj = 0, an k 6= j, k, j = 1, ..., n.

Je¸rhma 3.4.2. Oi akìloujec sunj kec eÐnai isodÔnamec:
(1) C eÐnai orjog¸nioc
(2) CTA = E
(3) CT = C−1

(4) CT eÐnai orjog¸nioc

Je¸rhma 3.4.3. H orÐzousa enìc orjog¸niou pÐnaka isoÔtai me ±1.

Je¸rhma 3.4.4. To ginìmeno dÔo orjog¸niwn pin�kwn eÐnai orjog¸nioc pÐnakac kai o antÐstrofoc enìc
orjog¸niou pÐnaka eÐnai orjog¸nioc pÐnakac.

Je¸rhma 3.4.5. O pÐnakac

C =
(
c11 c12
c21 c22

)
metasqhmatismoÔ twn suntetagmènwn apì èna orjokanonikì sÔsthma O~e1~e2 proc èna sÔsthma O~e ′

1 ~e
′

2 eÐnai
orjog¸nioc tìte kai mìnon tìte ìtan to O~e ′

1 ~e
′

2 eÐnai orjokanonikì.

Je¸rhma 3.4.6. An o pÐnakac C =
(
c11 c12
c21 c22

)
eÐnai orjog¸nioc, tìte èqei mÐa apì tic morfèc:(

cosφ − sinφ
sinφ cosφ

)
 

(
cosφ sinφ
sinφ − cosφ

)
ìpou φ ∈ [0, 2π]

Pìrisma 3.4.7. An C eÐnai o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì èna orjokanonikì sÔsthma
suntetagmènwn se èna �llo orjokanonikì sÔsthma suntetagmènwn, tìte

C =
(

cosφ − sinφ
sinφ cosφ

)
  C =

(
cosφ sinφ
sinφ − cosφ

)
, ìpou φ ∈ [0, 2π]

kai, sunep¸c, |C| = ±1.
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Parat rhsh 3.4.8.

1. An o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì èna orjokanonikì sÔsthma O~e1~e2 proc èna
sÔsthma O~e ′

1 ~e
′

2 eÐnai o (
cosφ − sinφ
sinφ cosφ

)
tìte

~e ′
1 = cosφ~e1 + sinφ~e2
~e ′
2 = − sinφ~e1 + cosφ~e2

dhladh to O~e ′
1 ~e

′
2 prokÔptei me peristrof  tou O~e1~e2 gÔro apì to O kat� thn gwnÐa φ.

Oi tÔpoi met�sqhmatismoÔ twn suntetagmènwn sth perÐptwsh aut  eÐnai

x = x ′ cosφ− y ′ sinφ
y = x ′ sinφ+ y ′ cosφ

2. An o pÐnakac met�sqhmatismoÔ twn suntetagmènwn apì èna orjokanonikì sÔsthma O~e1~e2 proc èna
sÔsthma O~e ′

1 ~e
′

2 eÐnai o (
cosφ sinφ
sinφ − cosφ

)
tìte

~e ′
1 = cosφ~e1 + sinφ~e2
~e ′
2 = −(− sinφ~e1 + cosφ~e2)

dhlad  to O~e ′
1 ~e

′
2 prokÔptei me peristrof  tou O~e1~e2 gÔro apì to O kat� thn gwnÐa φ kai metèpeita

an�klash tou deÔterou dianÔsmatoc tou sust matoc apì to pr¸to.

Oi tÔpoi allag c twn suntetagmènwn sth perÐptwsh aut  eÐnai

x = x ′ cosφ+ y ′ sinφ
y = x ′ sinφ− y ′ cosφ

ParadeÐgmata 3.4.1.

1. 'Estw h èlleiyh Γ èqei exÐswsh
x2

4
+ y2 = 1

sto sÔthma O~e1~e2. Ja broÔme thn exÐswsh thc Γ sto sÔsthma O~e′1~e
′
2 pou prokÔptei me thn peristrof 

tou O~e1~e2 gÔrw apì to O kat� thn gwnÐa φ = π
4 .

O pÐnakac met�sqhmatismoÔ twn suntetagmènwn eÐnai(
cosφ − sinφ
sinφ cosφ

)
=

(√
2

2 −
√

2
2√

2
2

√
2

2

)
Oi tÔpoi allag c twn suntetagmènwn eÐnai

x =
√

2
2
x′ −

√
2

2
y′

y =
√

2
2
x′ +

√
2

2
y′

Ara, h exÐswsh thc Γ sto sÔsthma O~e′1~e
′
2 eÐnai

(
√

2
2 x

′ −
√

2
2 y

′)2

4
+

(√
2

2
x′ +

√
2

2
y′

)2

= 1

met� apì pr�xeic paÐrnoume
5
8
x′2 +

3
4
x′y′ +

5
8
y′2 = 1.
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2. 'Estw h èlleiyh Γ èqei exÐswsh
x2

4
+ y2 = 1

sto sÔthma O~e1~e2. Ja broÔme thn exÐswsh thc Γ sto sÔsthma O′~e1~e2, ìpou O
′ = (1, 2) sto O~e1~e2.

Oi tÔpoi allag c twn suntetagmènwn eÐnai

x = x′ + 1
y = y′ + 2

Ara, h exÐswsh thc Γ sto sÔsthma O′~e1~e2 eÐnai

(x′ + 1)2

4
+ (y′ + 2)2 − 1 = 0

met� apì pr�xeic paÐrnoume
x′2

4
+ y′2 +

1
2
x′ + 4y′ +

13
4

= 0



Kef�laio 4

Exwterikì ginìmeno kai miktì ginìmeno dianusm�twn

4.1 Prosanatolismìc tou epipèdou kai tou q¸rou.

Gia na prosanatolÐsoume mia eujeÐa arkeÐ na orÐsoume mia kateÔjunsh kÐnhshc p�nw sthn eujeÐa. Mia
eujeÐa ε mazÐ me èna genikì sÔsthma suntetagmènwn O~e eÐnai prosanatolismènh.

Prosanatolismìc tou epipèdou.

'Ena epÐpedo π eÐnai prosanatolismèno an p�nw se autì èqei oristeÐ mia jetik  for� peristrof c (h for�
thc kÐnhshc twn deikt¸n tou rologioÔ   h antÐjeth for�).

Orismìc 4.1.1. Ja lème ìti to genikì sÔsthma suntetagmènwn O~e1~e2 enìc prosanatolismènou epipèdou
π eÐnai jetik¸c (arnhtik¸c) prosanatolismèno an h gwnÐa φ kat� thn opoÐa prèpei na peristrafeÐ to pr¸to
di�nusma ~e1 gÔrw apì to O kat� thn jetik  for� peristrof c gia na sumpèsei me to deÔtero di�nusma ~e2
ikanopoieÐ thn sunj kh: 0 < φ < π ( φ > π).

Gia na prosanatolisteÐ èna epÐpedo π arkeÐ na dojeÐ p�nw se autì èna genikì sÔsthma suntetagmènwn
O~e1~e2. Opìte jetik  for� peristrof c eÐnai ekeÐnh kat� thn opoÐa prèpei na peristrafeÐ to ~e1 gia na sumpèsei
me to ~e2 ètsi ¸ste h gwnÐa thc peristrof c φ na ikanopoieÐ th sunj kh: 0 < φ < π. Jetik¸c prosanatolismèna
ja eÐnai ìla ekeÐna ta genik� sust mata suntetagmènwn pou èqoun ton Ðdio prosanatolismì me to O~e1~e2.

Se èna genikì sÔsthma suntetagmènwn enìc prosanatolismènou epipèdou h antimet�jesh dÔo dianusm�twn
ìpwc kai h antikat�stash enìc dianÔsmatoc me to antÐjeto di�nusma odhgeÐ se genikì sÔsthma suntetagmènwn
antÐjetou prosanatolismoÔ.

Epomènwc

1. To Ðdio prosanatolismì me to O~e1~e2 èqoun ta sust mata: O~e2 − ~e1, O − ~e1 − ~e2, O − ~e2~e1.

2. AntÐjeto prosanatolismì apì to O~e1~e2 èqoun ta sust mata: O~e2~e1, O − ~e1~e2, O~e1 − ~e2.

Prosanatolismìc tou q¸rou.

Orismìc 4.1.2. Ja lème ìti èna genikì sÔsthma suntetagmènwn tou q¸rou O~e1~e2~e3 eÐnai dexiìstrofo
(aristerìstrofo), an parathr¸ntac apì to pèrac tou trÐtou dianÔsmatoc ~e3 proc to epÐpedo Oxy, h gwnÐa φ
kat� thn opoÐa prèpei na peristrafeÐ to pr¸to di�nusma ~e1 gÔrw apì to O kat� thn for� antÐjeth thc kÐnhshc
twn deikt¸n tou rologioÔ gia na sumpèsei me to deÔtero di�nusma ~e2 ikanopoieÐ thn sunj kh: 0 < φ < π (
π < φ < 2φ).

To sÔnolo ìlwn twn genik¸n susthm�twn suntetagmènwn tou q¸rou qrÐzetai se dÔo kl�seic: h mÐa kl�sh
apoteleÐtai apì ìla ta dexiìstrofa genik� sust mata suntetagmènwn kai h �llh apì ìla ta aristerìstrofa
genik� sust mata suntetagmènwn.

Orismìc 4.1.2. Ja lème ìti o q¸roc eÐnai prosanatolismènoc, an ta sust mata suntetagmènwn thc miac
oikogèneiac (p.q. ta dexiìstrofa) dhlwjoÔn wc jetik¸c prosanatolismèna.

23
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Gia na prosanatolisteÐ o q¸roc arkeÐ wa dojeÐ èna genikì sÔsthma suntetagmènwn O~e1~e2~e3. Opìte, jew-
r¸ntac ìla ta sust mata suntetagmènwn thc kl�shc pou perièqei to O~e1~e2~e3 wc jetik¸c prosanatolismèna
orÐzoume prosanatolismì tou q¸rou.

Se èna genikì sÔsthma suntetagmènwn tou q¸rou:

1. H antimet�jesh dÔo dianusm�twn ìpwc kai h antikat�stash enìc dianÔsmatoc me to antÐjeto di�nusma
odhgeÐ se genikì sÔsthma suntetagmènwn antÐjetou prosanatolismoÔ.

2. H kuklik  antimet�jesh dianusm�twn enìc genikoÔ sust matoc suntetagmènwn tou q¸rou odhgeÐ se
sÔsthma suntetagmènwn Ðdiou prosanatolismoÔ.

Epomènwc

1. To Ðdio prosanatolismì me to O~e1~e2~e3 èqoun ta sust mata:
O~e2~e3~e1, O~e3~e1~e2, O − ~e1 − ~e2~e3, O~e1 − ~e2 − ~e3, O − ~e1~e2 − ~e3 k.l.p.

2. AntÐjeto prosanatolismì apì to O~e1~e2~e3 èqoun ta sust mata:
O~e2~e1~e3, O~e3~e2~e1, O~e1~e3~e2, O − ~e1~e2~e3, O~e1 − ~e2~e3 k.l.p.

Ja lème ìti mia diatetagmènh tri�da mh sunepÐpedwn dianusm�twn {~u,~v, ~w} eÐnai jetik¸c (arnhtik¸c)
prosanatolismènh an gia k�je shmeÐo O tou q¸rou to genikì sÔsthma suntetagmènwn O~u~v ~w eÐnai jetik¸c
(arnhtik¸c) prosanatolismèno.

1. An λ > 0, tìte oi tri�dec {λ~e1, ~e2, ~e3}, {~e1, λ~e2, ~e3} kai {~e1, ~e2, λ~e3} èqoun ton Ðdio prosanatolismì me
thn {~e1, ~e2, ~e3}.

2. An λ < 0, tìte oi tri�dec {λ~e1, ~e2, ~e3}, {~e1, λ~e2, ~e3} kai {~e1, ~e2, λ~e3} èqoun antÐjeto prosanatolismì
apì thn {~e1, ~e2, ~e3}.

4.2 Exwterikì ginìmeno kai miktì ginìmeno dianusm�twn.

JewroÔme ìti o q¸roc eÐnai prosanatolismènoc (p.q. ac jewrhjoÔn wc jetik¸c prosanatolismèna ta
dexiìstrofa sust mata.)

Orismìc 4.2.1. Exwterikì (  dianusmatikì) ginìmeno dÔo grammik¸c anex�rthtwn dianusm�twn ~u kai ~v
enìc prosanatolismènou q¸rou kaleÐtai to di�nusma ~w tètoio ¸ste:

1. |~w| = |~u||~v| sin(~u.~v)

2. ~w⊥~u kai ~w⊥~v

3. {~u,~v, ~w} eÐnai jetik¸c prosanatolismèno.

Wc exwterikì ginìmeno dÔo grammik¸c exarthmènwn dianusm�twn orÐzetai to di�nusma ~0.
Gr�foume ~w = ~u× ~v   ~w = [~u,~v].

Orismìc 4.2.2. Miktì ginìmeno tri¸n dianusm�twn ~u,~v.~w kaleÐtai o arijmìc

([~u,~v], ~w),

dhlad  to eswterikì ginìmeno tou [~u,~v] epÐ to ~w.

SumbolÐzoume 〈~u,~v, ~w〉 = ([~u,~v], ~w).

Je¸rhma 4.2.3. Estw AOB ena trÐgwno ~u =
−→
OA kai ~v =

−−→
OB tìte

SOAB =
1
2
|~u× ~v|



Exwterikì ginìmeno kai miktì ginìmeno dianusm�twn 25

Pìrisma 4.2.4. To embadì tou parallhlìgrammou panw sta grammik¸c anex�rthta ~u kai ~v isoÔtai me
|~u× ~v|.

Je¸rhma 4.2.5. Estw ~u =
−→
OA, ~v =

−−→
OB, ~w =

−−→
OC mh sunepÐpeda dianÔsmata kai V o ìgkoc tou par-

allhlepipèdou me akmèc OA,OB,OC. An {~u,~v.~w} eÐnai jetik¸c prosanatolismèna, tìte 〈~u,~v.~w〉 = V . An
{~u,~v.~w} eÐnai arnhtik¸c prosanatplismèna, tìte 〈~u,~v.~w〉 = −V .

Je¸rhma 4.2.6. 〈~u,~v, ~w〉 = 0 tìte kai mìno tìte, ìtan ta dianÔsmata

~u,~v, ~w eÐnai sunepÐpeda

Idiìthtec tou miktoÔ ginomènou.

1. 〈~u,~v, ~w〉 = 〈~v, ~w, ~u〉 = 〈~w, ~u,~v〉 = −〈~v, ~u, ~w〉 = −〈~w,~v, ~u〉 = −〈~u, ~w,~v〉

2. 〈~u,~v, ~w〉 = ~u · (~v × ~w)

3. λ〈~u,~v, ~w〉 = 〈λ~u,~v, ~w〉 = 〈~u, λ~v, ~w〉 = 〈~u,~v, λ~w〉.

4. 〈~u1 + ~u2, ~v, ~w〉 = 〈~u1, ~v, ~w〉+ 〈~u2, ~v, ~w〉,

〈~u,~v1 + ~v2, ~w〉 = 〈~u,~v1, ~w〉+ 〈~u,~v2, ~w〉,

〈~u,~v, ~w1 + ~w2〉 = 〈~u,~v, ~w1〉+ 〈~u,~v, ~w2〉

Idiìthtec tou exwterikoÔ ginomènou.

1. ~u× ~v = −(~v × ~u)

2. (λ~u)× ~v = λ(~u× ~v)

3. (~u+ ~v)× ~w = ~u× ~w + ~v × ~w kai ~w × (~u+ ~v) = ~w × ~u+ ~w × ~v

4.3 Exwterikì kai miktì ginìmena sto q¸ro
me orjokanonikì sÔsthma suntetagmènwn

Je¸rhma 4.3.1. 'Estw ~u = {u1, u2, u3}, ~v = {v1, v2, v3}, ~w = {w1, w2, w3} wc proc èna jetik¸c prosana-
tolismèno orjokanonikì sÔsthma O~e1~e2~e3, tìte

1. ~u× ~v =

∣∣∣∣∣∣
~e1 ~e2 ~e3
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣ =
{∣∣∣∣ u2 u3

v2 v3

∣∣∣∣ , ∣∣∣∣ u3 u1

v3 v1

∣∣∣∣ , ∣∣∣∣ u1 u2

v1 v2

∣∣∣∣}

2. 〈~u,~v, ~w〉 =

∣∣∣∣∣∣
u1 u2 u3

v1 v2 v3
w1 w2 w3

∣∣∣∣∣∣
Pìrisma 4.3.2. 'Estw ABC èna trÐgwno tou epipèdou π kai O~e1~e2 èna orjokanonikì sÔsthma suntetag-
mènwn tou π. An A = (xA, yA), B = (xB , yB), C = (xC , yC) wc proc to O~e1~e2, tìte

EABC =
1
2

wwwwww
xA yA 1
xB yB 1
xC yC 1

wwwwww
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4.4 Ask seic.

18. DÐdontai ta dianÔsmata ~u = {3, 1, 2}, ~v = {2, 7, 4}, ~w = {1, 2, 1}.
Na brejoÔn ta dianÔsmata 〈~u,~v, ~w〉 kai (~u× ~v)× ~w.

LÔsh. Efarmìzontac touc tÔpouc 1 kai 2 tou Jewr matoc 4.3.1 brÐskoume

〈~u,~v, ~w〉 = −7, ~u× ~v = {−10,−8, 19}, (~u× ~v)× ~w = {−46, 29,−12}

19. Na apodeiqjeÐ ìti an ~u× ~v + ~v × ~w + ~w × ~u = ~0, tìte ta dianÔsmata ~u,~v, ~w eÐnai sunepÐpeda.

LÔsh.
~u · (~u× ~v + ~v × ~w + ~w × ~u) = ~u ·~0 ⇒

~u · (~u× ~v) + ~u · (~v × ~w) + ~u · (~w × ~u) = 0 ⇒

〈~u, ~u,~v〉+ 〈~u,~v, ~w〉+ 〈~u, ~w, ~u〉 = 0 ⇒

〈~u,~v, ~w〉 = 0 ⇒

~u,~v, ~w eÐnai sunepÐpeda.

20. Estw A = (3,−1, 0), B = (0,−7, 3), C = (−2, 1,−1), D = (3, 2, 6). Na brejeÐ to embadì thc tomhc tou

tetraèdrou ABCD me to epÐpedo pou dièrqetai apì ta mèsa twn akm¸n AB, AD, CD, , CB.

LÔsh.
L = (3, 1

2 , 3)
M = (3

2 ,−4, 3
2 )

N = (−1,−3, 1)

SLMNK = | ~ML× ~MN | =
√

( ~ML)2( ~MN)2 − ( ~ML · ~MN)2

~ML = {3
2
,−7

2
,
3
2
}, ~MN = {1

2
, 1,−1

2
}

~ML
2

=
67
4
, ( ~MN)2 =

6
4

( ~ML · ~MN)2 =
49
4
, SLMNK =

453
4

21. Na apodeiqjeÐ ìti

|~a×~b| =
√
~a2 ·~b2 − (~a ·~b)2

22. Estw ta dianÔsmata ~u,~v, ~w eÐnai mh mhdenik� kai mh par�llhla an� dÔo. Na apodeiqjeÐ ìti

~u+ ~v + ~w = ~0 ⇐⇒ ~u× ~v = ~v × ~w = ~w × ~u

LÔsh. (=⇒) ~u+~v+ ~w = ~0 =⇒ ~u×(~u+~v+w) = ~u×~0 =⇒ ~u×~u+~u×~v+~u× ~w = ~0 =⇒ ~u×~v = −~u× ~w = ~w×~u.
Omoia apì thn ~w × (~u+ ~v + ~w) = ~0 sumperaÐnoume ìti ~w × ~u = ~v × ~w.

(⇐=) Ac upojèsoume ìti ~u× ~v = ~v × ~w = ~w × ~u. Tìte

~u× (~u+ ~v + ~w) =

~u× ~u+ ~u× ~v + ~u× ~w =

~u× ~v − ~w × ~u = ~0

Ara ta ~u ‖ (~u+ ~v + ~w). Omoia apodeiknÔetai ìti ~v ‖ (~u+ ~v + ~w) kai ~w ‖ (~u+ ~v + ~w).
Apì ta parap�nw èpetai ìti an ~u+ ~v + ~w 6= ~0, tìte ~u‖~v‖~w, pou eÐnai �topo.
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23. An ~u = {u1, u2}, ~v = {v1, v2} wc proc èna orjokanonikì sÔsthma O~e1~e2, tìte to embadì E tou par-
allhlogr�mmou p�nw sta dianÔsmata ~u1 kai ~u2 upologÐzetai apì ton tÔpo:

E =
∣∣∣∣∣∣∣∣ u1 u2

v1 v2

∣∣∣∣∣∣∣∣
LÔsh. Sumplhr¸nontac to O~e1e2 me to di�vusma ~e3, tètoio ¸ste ~e3 ⊥ ~e1, ~e3 ⊥ ~e2 kai |~e3| = 1 paÐrnoume èna
orjokanonikì sÔsthma suntetegmènwn tou q¸rou O~e1~e2~e3 wc proc to opoÐo ~u = {u1, u2, 0} kai ~v = {v1, v2, 0}.

E = |~u× ~v| =

∣∣∣∣∣∣
∣∣∣∣∣∣
~e1 ~e2 ~e3
u1 u2 0
v1 v2 0

∣∣∣∣∣∣
∣∣∣∣∣∣ =

∣∣∣∣{0, 0,
∣∣∣∣ u1 u2

v1 v2

∣∣∣∣}∣∣∣∣ =

√∣∣∣∣ u1 u2

v1 v2

∣∣∣∣2 =
∣∣∣∣∣∣∣∣ u1 u2

v1 v2

∣∣∣∣∣∣∣∣
24. An ~u = {8, 4, 1} kai ~v = {2,−2, 1}, na brejeÐ to di�nusma ~w tètoio ¸ste ~w ⊥ ~u, |~w| = |~u|, h gwnÐa metaxÔ
twn ~w kai ~v na eÐnai oxeÐa kai ta dianÔsmata ~u, ~v, ~w na eÐnai sunepÐpeda.

LÔsh. 'Estw ~w = {w1, w2, w3}.
~w ⊥ ~u =⇒ ~u · ~w = 0 =⇒ 8w1 + 4w2 + w3 = 0
|~w| = |~u| =⇒ w2

1 + w2
2 + w2

3 = 82 + 42 + 12 = 81
Ta dianÔsmata ~u, ~v, ~w na eÐnai sunepÐpeda, �ra∣∣∣∣∣∣

w1 w2 w3

2 −2 1
8 4 1

∣∣∣∣∣∣ = 0 =⇒ w1 − w2 − 4w3 = 0

LÔnontac to sÔsthma

8w1 + 4w2 + w3 = 0

w2
1 + w2

2 + w2
3 = 81

w1 − w2 − 4w3 = 0

brÐskoume dÔo lÔseic: ~w1 = {− 5
√

2
2 , 11

√
2

2 ,−2
√

2} kai ~w2 = { 5
√

2
2 ,− 11

√
2

2 , 2
√

2}.
Epeid  h gwnÐa ϕ metaxÔ twn ~w kai ~v n eÐnai oxeÐa, isqÔei: ~w · ~v = |~w||~v| cosϕ > 0.
'Eqoume ~w2 · ~v = 5

√
2 + 11

√
2 + 2

√
2 > 0, �ra, ~w = { 5

√
2

2 ,− 11
√

2
2 , 2

√
2}

25. Na brejeÐ o ìgkoc tou parallhlepipèdou me akmèc
−→
OA,

−−→
OB,

−−→
OC, an O = (x0, y0, z0) A = (xA, yA, zA),

B = (xB , yB , zB) kai C = (xC , yC , zC) wc proc èna orjokanonikì sÔsthma suntetagmènwn.
26. Na apodeiqjeÐ ìti an sto tetr�edro ABCD oi dÔo akmèc eÐnai k�jetec proc tic antÐstoiqec apènanti

akmèc, tìte kai oi upìloipec dÔo akmèc èinai k�jetec.
LÔsh. 'Estw ìti O~e1~e2~e3 eÐnai èna orjokanonikì sÔsthma suntetagmènwn kai wc proc to sÔsthma autì:
A = (xA, yA, zA), B = (xB , yB , zB), C = (xC , yC , zC), D = (xD, yD, zD).

'Estw ìti sto tetr�edro ABCD eÐnai
−−→
AB ⊥

−−→
CD kai

−−→
BC ⊥

−−→
AD.

Tìte
−−→
AB ·

−−→
CD = 0,

−−→
BC ·

−−→
AD = 0.−−→

AB = {xB − xA, yB − yA, zB − zA},
−−→
BC = {xC − xB , yC − yB , zC − zB}−−→

CD = {xD − xC , yD − yC , zD − zC},
−−→
AD = {xD − xA, yD − yA, zD − zA}

Apì ta parap�nw
(xB − xA)(xD − xC) + (yB − yA)(yD − yC) + (zB − zA)(zD − zC) = 0
(xC − xB)(xD − xA) + (yC − yB)(yD − yA) + (zC − zB)(zD − zA) = 0

Prosjètontac tic dÔo teleutaÐec isìthtec paÐrnoume
(xD − xB)(xC − xA) + (yD − yB)(yC − yA) + (zD − zB)(zC − zA) = 0 ⇐⇒
{xD − xB , yD − yB , zD − zB} · {xC − xA, yC − yA, zC − zA} = 0 ⇐⇒

−−→
BC ·

−→
AC = 0 ⇐⇒

−−→
BD ⊥

−→
AC
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27. Mia eujeÐa ε sqhmatÐzei Ðsec gwnÐec me tic akmèc miac orj c trÐedrhc gwnÐac. Na brejoÔn oi gwnÐec autèc.

LÔsh. 'Estw O h koruf  thc triedrhc gwnÐac kai A,B,C ta shmeÐa twn akm¸n thc tètoia ¸ste

|
−→
OA| = |

−−→
OB| = |

−−→
OC| = 1.

PaÐrnoume èna shmeÐo M ∈ ε, tìte
−−→
OM = x

−→
OA+ y

−−→
OB + z

−−→
OC.

'Ara,
−−→
OM = {x, y, z},

−→
OA = {1, 0, 0},

−−→
OB = {0, 1, 0},

−−→
OC = {0, 0, 1} wc proc to oriokanonikì sÔsthma

{O,
−→
OA,

−−→
OB,

−−→
OC}.

'Estw ϕA, ϕB , ϕC oi gwnÐec metaxÔ tou
−−→
OM kai

−→
OA,

−−→
OB,

−−→
OC, antÐstoiqa. 'Eqoume

cosϕA =
−−→
OM ·

−→
OA

|
−−→
OM | · |

−→
OA|

=
x√

x2 + y2 + z2

cosϕB =
−−→
OM ·

−−→
OB

|
−−→
OM | · |

−−→
OB|

=
y√

x2 + y2 + z2

cosϕC =
−−→
OM ·

−−→
OC

|
−−→
OM | · |

−−→
OC|

=
z√

x2 + y2 + z2

Epeid  ϕA = ϕB = ϕC , èpeitai ìti cosϕA = cosϕB = cosϕC kai sunep¸c x = y = z.

Opìte cosϕA = x√
3x2 = 1√

3
, apì ìpou ϕA = ϕB = ϕC = arccos

√
3

3 .

28. Na apodeiqjeÐ ìti

〈~u,~v, ~w〉〈~a,~b,~c〉 =

∣∣∣∣∣∣∣
~u · ~a ~u ·~b ~u · ~c
~v · ~a ~v ·~b ~v · ~c
~w · ~a ~w ·~b ~w · ~c

∣∣∣∣∣∣∣
LÔsh. 'Estw
~u = {u1, u2, u3}, ~v = {v1, v2, v3}, ~w = {w1, w2, w3},
~a = {a1, a2, a3}, ~b = {b1, b2, b3}, ~c = {c1, c2, c3}.
wc proc èna orjokanonikì sÔsthma suntetagmènwn. Tìte

〈~u,~v, ~w〉〈~a,~b,~c〉 =

∣∣∣∣∣∣
u1 u2 u3

v1 v2 v3
w1 w2 w3

∣∣∣∣∣∣
∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
u1 u2 u3

v1 v2 v3
w1 w2 w3

∣∣∣∣∣∣
∣∣∣∣∣∣
a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
 u1 u2 u3

v1 v2 v3
w1 w2 w3

 a1 b1 c1
a2 b2 c2
a3 b3 c3

∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
~u · ~a ~u ·~b ~u · ~c
~v · ~a ~v ·~b ~v · ~c
~w · ~a ~w ·~b ~w · ~c

∣∣∣∣∣∣∣
29. An ~u1 = {2, 1,−1}, ~u2 = {−3, 0, 2} kai ~u3 = {5, 1,−2} wc proc èna orjokanonikì sÔsthma suntetag-

mènwn, na brejoÔn ta dianÔsmata ~v1, ~v2, ~v3 tètoia ¸ste

~ui · ~vj =
{

0, i 6= j,
1, i = j.

30. 'Estw ta dianÔsmata {~u1, ~u2, ~u3} eÐnai mh sunepÐpeda kai {~v1, ~v2, ~v3} eÐnai tètoia ¸ste

~ui · ~vj =
{

0, i 6= j,
1, i = j.

na ekfrastoÔn ta dianÔsmata ~vj wc sunart seic twn ~ui.



Kef�laio 5

EujeÐec kai epÐpeda sto q¸ro

To shmeÐo ekkÐnhshc gia thn melèth twn sqhm�twn sto q¸ro eÐnai ta axi¸mata pou ekfr�zoun thc idiìthec
twn poio apl¸n sqhm�twn tou q¸rou, ta opoÐa eÐnai: shmeÐo, eujeÐa kai epÐpedo. Ta axi¸mata aut� eÐnai:

A1 : Se k�je epÐpedo an koun toul�qiston trÐa mh suneujeiak� shmeÐa.

A2 : Up�rqei toul�qiston èna shmeÐo, pou den an kei se èna dedomèno epÐpedo.

A3 : TrÐa mh suneujeiak� shmeÐa an koun se èna monadikì epÐpedo.

A4 : An duo diaforetik� epÐpeda èqoun koinì shmeÐo, tìte tèmnontai kat� eujeÐa sthn opoÐa an kei to shmeÐo
autì.

A5 : H eujeÐa pou dièrqetai apì duo shmeÐa enìc epipèdou keÐtai ex olokl rou sto epÐpedo autì.

A6 : K�je epÐpedo qwrÐzei ta shmeÐa tou q¸rou, pou den an koun se autì, se duo perioqèc xènec metaxÔ
touc.

Basik� jewr mata thc stereometrÐac.

1. Duo diaforetikec eujeÐec pou èqoun koinì shmeÐo perièqontai se èna monadikì epÐpedo.

2. An mia eujeÐa eÐnai par�llhlh sto kajèna apì ta duo diaforetik� temnìmena epÐpeda, tìte eÐnai par�llhlh
sthn eujeÐa tom c twn epipèdwn aut¸n.

3. An to epÐpedo π1 eÐnai par�llhlo se duo temnìmenec se èna shmeÐo eujeÐec tou epipèdou π2, tìte π1 ‖ π2.

4. An h eujeÐa ε eÐnai k�jeth se duo temnìmenec se èna shmeÐo eujeÐec tou epipèdou π, tìte ε ⊥ π.

5.1 ExÐswsh epipèdou.

'Estw epÐpedo π kai M0,M1,M2 tri� mh suneujeik� shmeÐa tou.

Ja ekfr�soume thn ikan  kai anagkaÐa sunj kh èna shmeÐo tou q¸rou na an kei sto π.

Jètoume ~a =
−−−−→
M0M1 kai ~b =

−−−−→
M0M2, tìte ~a 6‖ ~b. 'Ena shmeÐo M tou q¸rou an kei sto π an kai mìnon an

ta dianÔsmata ~a,~b,
−−−→
M0M eÐnai sunepÐpeda, dhlad 

−−−→
M0M = λ~a+ µ~b, ìpou λ, µ ∈ R

29
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Dianusmatikoparametrik  exÐswsh epipèdou

'Estw O~e1~e2~e3 èna genikì sÔsthma suntetagmènwn tou q¸rou. Gia k�je shmeÐoN tou q¸rou sumbolÐzoume

me
−→
N to di�nusma jèshc

−−→
ON tou N .

Tìte
−−−→
M0M =

−−−→
M0O+

−−→
OM =

−−→
OM −

−−−→
OM0 =

−→
M −

−→
M0. 'Ara, èna shmeÐo M tou q¸rou an kei sto π an kai

mìnon an

−→
M =

−→
M0 + λ~a+ µ~b, ìpou λ, µ ∈ R (5.1)

H exÐswsh (1.1) kaleÐtai dianusmatikoparametrik  exÐswsh epipèdou pou dièrqetai apì to shmeÐo M0 kai

eÐnai par�llhlo sta duo mh par�llhla dianÔsmata ~a kai ~b.

Parametrikec exis¸seic epipèdou

'Estw M0 = (x0, y0, z0), ~a = {a1, a2, a3} kai ~b = {b1, b2, b3} kai M = (x, y, z) wc proc to genikì sÔsthma
suntetagmènwn O~e1~e2~e3. H exÐswsh (1.1) gr�fetai

{x, y, z} = {x0, y0, z0}+ λ{a1, a2, a3}+ µ{b1, b2, b3}

'Ara, èna shmeÐo M = (x, y, z) tou q¸rou an kei sto π an kai mìno an

x = x0 + λa1 + µb1

y = y0 + λa2 + µb2 (5.2)

x = z0 + λa3 + µb3

Oi exis¸seic (1.2) kaloÔntai parametrikèc exis¸seic tou epipèdou pou dièrqetai apì to shmeÐo M0 =
(x0, y0, z0) kai eÐnai par�llhlo sta duo mh par�llhla dianÔsmata ~a = {a1, a2, a3} kai ~b = {b1, b2, b3}.

Kartesian  exÐswsh epipèdou

Je¸rhma 5.1.1. K�je epÐpedo tou q¸rou èqei exÐswsh thc morf c

Ax+By + Cz +D = 0, |A|+ |B|+ |C| 6= 0 (5.3)

wc proc genikì sÔsthma suntetagmènwn tou q¸rou kai k�je exÐswsh thc morf c (5.3) eÐnai exÐswsh epipèdou.

5.2 Sqetik  jèsh epipèdwn.

Je¸rhma 5.2.1. 'Ena di�nusma ~u = {a, b, c} eÐnai par�llhlo sto epÐpedo
π : Ax+By + Cz +D = 0 an kai mìnon an Aa+Bb+ Cc = 0.

Je¸rhma 5.2.2. 'Estw ìti ta epÐpeda π1 kai π2 èqoun exis¸seic

π1 :A1x+B1y + C1z +D1 = 0 (5.4)

π2 :A2x+B2y + C2z +D2 = 0 (5.5)

1. π1 = π2 ⇐⇒ A2 = λA1, B2 = λB1, C2 = λC1 kai D2 = λD1 ìpou λ 6= 0

2. π1 ‖ π2 ⇐⇒ A2 = λA1, B2 = λB1, C2 = λC1 kai D2 6= λD1 ìpou λ 6= 0

3. π1 kai π2 tèmnontai kat� mia eujeÐa ⇐⇒ den up�rqei λ 6= 0 tètoioc ¸ste A2 = λA1, B2 = λB1,
C2 = λC1.

Je¸rhma 5.2.3. DÔo shmeÐa M1 = (x1, y1, z1) kai M2 = (x2, y2, z2) an koun se diforetikoÔc hmiq¸rouc
wc proc to epÐpedo Ax+By + Cz +D = 0, an kai mìnon an

(Ax1 +By1 + Cz1 +D)(Ax2 +By2 + Cz2 +D) < 0
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Pìrisma 5.2.1. To epÐpedo π : Ax+By+Cz+D = 0 qwrÐzei to q¸ro se dÔo hmiq¸rouc π− kai π+, ìpou
π− = {M = (x, y, z) : Ax+By + Cz +D < 0}
π+ = {M = (x, y, z) : Ax+By + Cz +D > 0}

Je¸rhma 5.2.4. An M0 eÐnai èna shmeÐo tou epipèdou

π : Ax+By + Cz +D = 0

kai
−−−→
M0M = {A,B,C}, tìte M ∈ π+.

5.3 EujeÐa sto q¸ro.

'Estw ε mÐa eujeÐa, M0 ∈ ε kai ~a èna mh mhdenikì di�nusma par�llhlo sthn ε. 'Ena shmeÐo M tou q¸rou
an kei sthn ε an kai mìnon an

−−−→
M0M = t~a, ìpou t ∈ R (5.6)

Dianusmatikoparametrik  exÐswsh thc eujeÐac.

'Estw O~e1~e2~e3 èna genikì sÔsthma suntetagmènwn tou q¸rou. Tìte
−−−→
M0M =

−→
M −

−→
M0. Opìte h exÐswsh

(5.9) gr�fetai
−→
M =

−→
M0 + t~a, ìpou t ∈ R (5.7)

H exÐswsh (5.10) kaleÐtai dianusmatikoparametrik  exÐswsh thc eujeÐac ε pou dièrqetai apì to shmeÐo M0

kai eÐnai par�llhlh sto mh mhdenikì di�nusma ~a.

Parametrikec exis¸seic eujeÐac

'Estw M0 = (x0, y0, z0), ~a = {a1, a2, a3} kai M = (x, y, z) wc proc to genikì sÔsthma suntetagmènwn
O~e1~e2~e3. H exÐswsh (5.10) gr�fetai

{x, y, z} = {x0, y0, z0}+ t{a1, a2, a3}

'Ara, èna shmeÐo M = (x, y, z) tou q¸rou an kei sthn ε an kai mìno an

x = x0 + ta1

y = y0 + ta2 (5.8)

x = z0 + ta3

Oi exis¸seic (1.13) kaloÔntai parametrikèc exis¸seic thc eujeÐac pou dièrqetai apì to shmeÐo M0 =
(x0, y0, z0) kai eÐnai par�llhlh sto mh mhdenikì di�nusma ~a = {a1, a2, a3}.

Kanonikèc exis¸seic eujeÐac.

An oi suntetagmènec tou dianÔsmatoc ~a eÐnai di�forec tou mhdenìc, dhlad  a1 6= 0, a2 6= 0 kai a3 6= 0, tìte
h ε gr�fetai wc tom  epipèdwn wc ex c: 

x− x0

a1
=
y − y0
a2

x− x0

a1
=
z − z0
a3

An mÐa suntetagmènh tou ~a eÐnai mhdèn kai dÔo eÐnai di�forec tou mhdènìc, p.q. a1 = 0, a2 6= 0 kai a3 6= 0,
tìte h ε gr�fetai wc tom  epipèdwn wc ex c:{

x− x0 = 0
y − y0
a2

=
z − z0
a3
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An dÔo suntetagmènec tou ~a eÐnai mhdèn kai mÐa eÐnai di�forh tou mhdenìc, p.q. a1 = a2 = 0 kai a3 6= 0, tìte
h ε gr�fetai wc tom  epipèdwn wc ex c: {

x− x0 = 0
y − y0 = 0

Se kajemi� apì tic parap�nw treic peript¸seic oi dÔo exis¸seic gr�fontai sumbolik� se mÐa exÐswsh:

x− x0

a1
=
y − y0
a2

=
z − z0
a3

(5.9)

h opoÐa kaleÐtai kanonik  exÐswsh thc ε.

Je¸rhma 5.3.1. An h eujeÐa ε eÐnai eujeÐa tom c twn epipèdwn π1 kai π2, ìpou

π1 :A1x+B1y + C1z +D1 = 0 (5.10)

π2 :A2x+B2y + C2z +D2 = 0 (5.11)

tìte to di�nusma

~a =
{∣∣∣∣ B1 C1

B2 C2

∣∣∣∣ , ∣∣∣∣ C1 A1

C2 A2

∣∣∣∣ , ∣∣∣∣ A1 B1

A2 B2

∣∣∣∣}
eÐnai mh mhdenikì kai par�llhlo sthn ε.

Je¸rhma 5.3.2. 'Ena epÐpedo π dièrqetai apì thn eujeÐa tom c ε twn epipèdwn

π1 :A1x+B1y + C1z +D1 = 0 (5.12)

π2 :A2x+B2y + C2z +D2 = 0 (5.13)

an kai mìnon an up�rqoun k,m ∈ R tètoioi ¸ste k2 +m2 6= 0 kai

π : k(A1x+B1y + C1z +D1) +m(A2x+B2y + C2z +D2) = 0. (5.14)

5.4 Sqetik  jèsh dÔo eujei¸n sto q¸ro.

'Estw ε1 :
−→
M =

−→
M1 + t~a1 kai ε2 :

−→
M =

−→
M2 + t~a2 dÔo eujeÐec tou q¸rou.

1. ε1 = ε2 ⇐⇒ ~a1 ‖ ~a2 ‖
−−−−→
M1M2

2. ε1 ‖ ε2 ⇐⇒ ~a1 ‖ ~a2 ∦
−−−−→
M1M2

3. ε1 kai ε2 tèmnontai se èna shmeÐo ⇐⇒ ~a1 ∦ ~a2 kai ta dianÔsmata ~a1, ~a2 kai
−−−−→
M1M2 eÐnai sunepÐpeda.

4. ε1 kai ε2 eÐnai asÔmbatec ⇐⇒ ta dianÔsmata ~a1, ~a2 kai
−−−−→
M1M2 eÐnai mh sunepÐpeda.

5.5 Apìstash shmeÐou apì thn eujeÐa kai epÐpedo.

Orismìc 5.5.1. SumbolÐzoume me ρ(M,N) thn apìstash metaxÔ twn shmeiwn M kai N tou q¸rou.
H apìstash ρ(Φ,Φ′) metaxÔ twn duo sunìlwn Φ kai Φ′ tou q¸rou orÐzetai wc ex c

ρ(Φ,Φ′) = inf{ρ(M,M ′)|M ∈ Φ,M ′ ∈ Φ′}

Je¸rhma 5.5.1. H apìstash tou shmeÐou N apì thn eujeÐa ε upologÐzetai apì ton tÔpo:

ρ(N, ε) =
|
−−−→
M0N × ~a|

|~a|
, ìpou M0 ∈ ε kai ~a ‖ ε.

Je¸rhma 5.5.2. H apìstash tou shmeÐou N apì to epÐpedo Π upologÐzetai apì ton tÔpo:

ρ(N,Π) =
|〈
−−−→
M0N,~a1,~a2〉|
|~a1 × ~a2|

, ìpou M0 ∈ Π, ~a1 ‖ Π,~a2 ‖ Π kai ~a1 ∦ ~a2.
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5.6 Apìstash metaxÔ twn eujei¸n.

Je¸rhma 5.6.1. H apìstash metaxÔ twn par�llhlwn eujei¸n ε1 kai ε2 upologÐzetai apì ton tÔpo:

ρ(ε1, ε2) =
|
−−−−→
M1M2 × ~a|

|~a|
, ìpou M1 ∈ ε1, M2 ∈ ε2 kai ~a ‖ ε1 ‖ ε2.

Je¸rhma 5.6.2. H apìstash metaxÔ twn asÔmbatwn eujei¸n ε1 kai ε2 upologÐzetai apì ton tÔpo:

ρ(ε1, ε2) =
|〈
−−−−→
M1M2,~a1,~a2〉|
|~a1 × ~a2|

, ìpou M1 ∈ ε1, M2 ∈ ε2, ~a1 ‖ ε1, ~a2 ‖ ε2.

5.7 EpÐpedo sto q¸ro me orjokanonikì
sÔsthma suntetagmènwn.

Je¸rhma 5.7.1. An èna epÐpedo Π èqei exÐswsh Ax+By+Cz+D = 0 wc proc èna orjokanonikì sÔsthma
suntetagmènwn O~e1~e2~e3, tìte to di�nusma ~n = {A,B,C} eÐnai k�jeto sto Π.

Apìdeixh. ArkeÐ na deÐxoume ìti to di�nusma ~n eÐnai k�jeto se k�je di�nusma par�llhlo sto epÐpedo Π.
'Estw ~u = {a, b, c} ‖ Π, tìte Aa + Bb + Cc = 0. 'Omwc Aa + Bb + Cc = ~n · ~u, �ra ~n · ~u = 0, sunep¸c

~n ⊥ ~u.

Je¸rhma 5.7.2. An èna epÐpedo Π èqei exÐswsh Ax+By+Cz+D = 0 kai èna shmeÐo N èqei suntetagmènec
(x0, y0, z0) wc proc èna orjokanonikì sÔsthma suntetagmènwn O~e1~e2~e3, tìte h apìstash tou N apì to Π
upologÐzeati apì ton tÔpo

ρ(N,Π) =
|Ax0 +By0 + Cz0 +D|√

A2 +B2 + C2

5.8 EujeÐa sto epÐpedo

'Estw π èna epÐpedo kai ε mia eujeÐa tou π.
An M0 ∈ ε kai ~a èna mh mhdenikì di�nusma par�llhlo sthn ε, tìte èna shmeÐo M tou π an kei sthn ε an

kai mìnon an
−−−→
M0M = t~a, ìpou t ∈ R (5.15)

Dianusmatikoparametrik  exÐswsh thc eujeÐac.

'Estw O~e1~e2 èna genikì sÔsthma suntetagmènwn tou π.

Tìte
−−−→
M0M =

−→
M −

−→
M0. Opìte h exÐswsh (1.17) gr�fetai

−→
M =

−→
M0 + t~a, ìpou t ∈ R (5.16)

H exÐswsh (1.18) kaleÐtai dianusmatikoparametrik  exÐswsh thc eujeÐac ε pou dièrqetai apì to shmeÐo M0 kai
eÐnai par�llhlh sto mh mhdenikì di�nusma ~a.

Parametrikec exis¸seic eujeÐac

'Estw M0 = (x0, y0), ~a = {a1, a2} kai M = (x, y) wc proc to genikì sÔsthma suntetagmènwn O~e1~e2. H
exÐswsh (1.18) gr�fetai

{x, y} = {x0, y0}+ t{a1, a2}
'Ara, èna shmeÐo M = (x, y, z) tou q¸rou an kei sthn ε an kai mìno an

x = x0 + ta1 (5.17)

y = y0 + ta2

Oi exis¸seic (1.19) kaloÔntai parametrikèc exis¸seic thc eujeÐac pou dièrqetai apì to shmeÐo M0 = (x0, y0)
kai eÐnai par�llhlh sto mh mhdenikì di�nusma ~a = {a1, a2}.
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Kanonikèc exis¸seic eujeÐac.

Ekfr�zontac to t apì tic (1.19) paÐrnoume:

x− x0

a1
=
y − y0
a2

(5.18)

H exÐswsh (1.20) kaleÐtai kanonik  exÐswsh thc eujeÐac pou dièrqetai apì to shmeÐo x0, y0) kai eÐnai par�llhlh
sto di�nusma {a1, a2} 6= ~0.

An a1 = 0, tìte h ε èqei exÐswsh: x = x0.
An a2 = 0, tìte h ε èqei exÐswsh: y = y0.

Genik  exÐswsh eujeÐac.

Je¸rhma 5.8.1. K�je eujeÐa tou epipèdou enoc epipèdou π wc proc èna genikì susthma suntetagmènwn
O~e1~e2 tou π èqei exÐswsh thc morf c

Ax+By + C = 0, ìpou A2 +B2 6= 0 (5.19)

kai k�je exÐswsh thc morf c 1.21 wc proc to sÔsthma suntetagmènwn O~e1~e2 tou π eÐnai exÐswsh miac eujeÐac
tou π.

Parat rhsh 5.8.1. An mia eujeÐa ε enìc epipèdou π èqei wc proc èna genikì sÔsthma suntetagmènwn
O~e1~e2 tou π exÐswsh Ax+By+C = 0 kai ~e3 èna di�nusma tou q¸rou mh par�llhlo sto π, tìte sto sÔsthma

suntetagmènwn O~e1~e2~e3 tou q¸rou h ε orÐzetai apì tic exis¸seic:

{
Ax+By + C = 0,

z = 0

Je¸rhma 5.8.2. Mia eujeÐa ε me exÐswsh Ax+By + C = 0 dièrqetai apì to shmeÐo tom c ε twn eujei¸n

ε1 :A1x+B1y + C1 = 0 (5.20)

ε2 :A2x+B2y + C2 = 0 (5.21)

an kai mìnon an up�rqoun k,m ∈ R tètoioi ¸ste k2 +m2 6= 0 kai

Ax+By + C = k(A1x+B1y + C1) +m(A2x+B2y + C2). (5.22)

Je¸rhma 5.8.3. 'Ena di�nusma ~u = {a, b} eÐnai par�llhlo sthn eujeÐa
Ax+By + C = 0 an kai mìnon an Aa+Bb = 0.

Pìrisma 5.8.1. An h eujeÐa ε enìc epipèdou π èqei exÐswsh Ax+By+C = 0 wc proc èna genikì sÔsthma
suntetagmènwn O~e1~e2 tou π , tìte to di�nusma {−B,A} eÐnai par�llhlo sthn ε.

Je¸rhma 5.8.4. 'Estw ìti oi eujeÐec ε1 kai ε2 enìc epipèdou èqoun exis¸seic

ε1 :A1x+B1y + C1z +D1 = 0
ε2 :A2x+B2y + C2z +D2 = 0

1. π1 = π2 ⇐⇒ A2 = λA1, B2 = λB1 kai C2 = λC1 ìpou λ 6= 0

2. π1 ‖ π2 ⇐⇒ A2 = λA1, B2 = λB1 kai C2 6= λC1 ìpou λ 6= 0

3. ε1 kai ε2 tèmnontai se èna shmeÐo ⇐⇒ den up�rqei λ 6= 0 tètoioc ¸ste A2 = λA1 kai B2 = λB1.

Je¸rhma 5.8.5. 'Estw π èna epÐpedo kai O~e1~e2 èna genikì sÔsthma suntetagmènwn tou π. JewroÔme ta
sÔnola

ε− = {M = (x, y) ∈ π : Ax+By + c < 0}
ε+ = {M = (x, y) ∈ π : Ax+By + c < 0}

Ta sÔnola ε− kai ε+ eÐnai ta dÔo hmiepÐpeda sta opoÐa h eujeÐa ε : Ax+By + C = 0 qwrÐzei to epÐpedo π.
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EujeÐa sto epÐpedo me orjokanonikì sÔsthma suntetagmènwn.

'Estw π èna epÐpedo me orjokanonikì sÔsthma suntetagmènwn O~e1~e2.
An h eujeÐa ε èqei exÐswsh Ax + By + C = 0 wc proc to O~e1~e2, tìte o arijmìc k = −A

B kaleÐtai
suntelist c dieÔjunshc thc ε.

Je¸rhma 5.8.6. An h eujeÐa ε èqei exÐswsh Ax+ By + C = 0 wc proc to orjokanonikì sÔsthma sunte-
tagmènwn O~e1~e2, tìte to di�nusma ~n = {A,B} eÐnai k�jeto sthn ε.

Je¸rhma 5.8.7. An ϕ eÐani h gwnÐa metaxÔ twn eujei¸n

ε1 : A1x+B1y + C1 = 0 kai ε2 : A2x+B2y + C2 = 0,

tìte

cosϕ = ± A1A2 +B1B2√
A2

1 +B2
1

√
A2

2 +B2
2

Pìrisma 5.8.2. Oi eujeÐec

ε1 :A1x+B1y + C1z +D1 = 0
ε2 :A2x+B2y + C2z +D2 = 0

eÐnai k�jetec an kai mìnon an A1A2 +B1B2 = 0

Je¸rhma 5.8.8. H apìstash tou shmeÐo M = (xM , yM ) tou π apì thn eujeÐa ε : Ax + By + C = 0
upologÐzetai apì ton tÔpo

ρ(M, ε) =
|AxM +ByM + C|√

A2 +B2
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5.9 Ask seic.

5.9.1 EujeÐa kai epÐpedo ston q¸ro me genikì
sÔsthma suntetagmènwn

31. Na brejoÔn oi parametrikèc exis¸seic thc eujeÐac{
x− 3y + z = 0
x+ y − z + 4 = 0

32. H eujeÐa ε na grafeÐ wc tom  epipèdwn 
x = 3 + 4t
y = 2− 5t
z = −1 + 8t

33. Na brejeÐ h kartesian  exÐswsh tou epipèdou
x = −1 + 2λ+ 3µ
y = 5 + 4µ
z = 7 + λ

34. Na brejoÔn oi parametrikèc exis¸seic tou epipèdou x− 2y + z − 4 = 0.

35. Na brejoÔn oi parametrikèc exis¸seic kai h kartesian  exÐswsh tou epipèdou Π an

(α) M0 = (2, 3,−5) ∈ Π, {−5, 6, 4} ‖ Π kai {2,−1, 0} ‖ Π

(β) M1 = (2, 1, 3) ∈ Π, M2 = (2, 4, 0) ∈ Π kai {−5,−4, 4} ‖ Π.

(γ) M1 = (3, 5,−1), M2 = (7, 5, 3), M3 = (5, 3,−3) ∈ Π.

36. Na brejeÐ èna di�nusma par�llhlo sthn eujeÐa d :
x

2
=
y

3
= 5.

37. Na prosdioristeÐ h sqetik  jèsh twn eujei¸n d1 kai d2, an

(α) d1 :


x = 1 + 2t
y = 7 + t

z = 3 + 4t
d2 :


x = 6 + 3t
y = −1− 2t
z = −2 + t

(β) d1 :


x = 1 + 2t
y = 2− 2t
z = −t

d2 :


x = −2t
y = −5 + 3t
z = 4

(γ) d1 :


x = 2 + 4t
y = −6t
z = −1− 8t

d2 :


x = 7− 6t
y = 2 + 9t
z = 12t

(δ) d1 :


x = 1 + 9t
y = 2 + 6t
z = 3 + 3t

d2 :


x = 7 + 6t
y = 6 + 4t
z = 5 + 2t
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LÔsh. (α) M1 = (1, 7, 3) ∈ d1, ~a1 = {2, 1, 4} ‖ d1,
M2 = (6,−1,−2) ∈ d2, ~a1 = {3,−2, 1} ‖ d2.
~a1 6= λ~a2 =⇒ ~a1 ∦ ~a2 =⇒ d1 kai d2   tèmnontai   eÐnai asÔmbatec.
−−−−→
M1M2 = {5,−8,−5}, sunep¸c

det(~a1,~a2,
−−−−→
M1M2} =

∣∣∣∣∣∣
2 1 4
3 −2 1
5 −8 −5

∣∣∣∣∣∣ = 0

Dhlad  ta dianÔsmata ~a1,~a2,
−−−−→
M1M2 eÐnai grammik¸c exarthmèna. Sunep¸c oi eujeÐec tèmnontai.

(β) M1 = (1, 2, 0) ∈ d1, ~a1 = {2,−2,−1} ‖ d1,
M2 = (0,−5, 4) ∈ d2, ~a1 = {−2, 3, 0} ‖ d2.
~a1 ∦ ~a2 =⇒ d1, d2   tèmnontai se èna shmeÐo   eÐnai asÔmbatec.

Ja exet�soume an ta dianÔsmata ~a1, ~a2,
−−−−→
M1M2 eÐnai sunepÐpeda.

−−−−→
M1M2 = {−1,−7, 4} =⇒ det

∣∣∣∣∣∣
2 −2 −1

−2 3 0
−1 −7 4

∣∣∣∣∣∣ = −9 6= 0,

'Ara, oi eujeÐec eÐnai asÔmbatec.

(γ) M1 = (2, 0− 1) ∈ d1, ~a1 = {4,−6,−8} ‖ d1,
M2 = (7, 2, 0) ∈ d2, ~a1 = {−6, 9, 12} ‖ d2.
~a1 = − 2

3~a2 =⇒ ~a1 ‖ ~a2 =⇒ d1, d2   eÐnai par�llhlec   sumpÐptoun.

Epeid 
−−−−→
M1M2 ∦ ~a1 =⇒ d1 6= d2. 'Ara, oi eujeÐec eÐnai par�llhlec.

(δ) M1 = (1, 2, 3) ∈ d1, ~a1 = {9, 6, 3} ‖ d1,
M2 = (7, 6, 5) ∈ d2, ~a1 = {6, 4, 2} ‖ d2.

~a1 = 3
2~a2 =⇒ ~a1 ‖ ~a2 =⇒ d1, d2   eÐnai par�llhlec   sumpÐptoun. Epeid 

−−−−→
M1M2 ‖ ~a1 =⇒ d1 = d2.

38. Na apodeiqjeÐ ìti oi eujeÐec d1 kai d2 tèmnontai, na brejeÐ to shmeÐo tom c touc kai h exÐswsh tou

epipèdou touc.

d1 :


x = 1 + 2t
y = 7 + t

z = 3 + 4t
d2 :


x = 6 + 3t
y = −1− 2t
z = −2 + t

39. Na brejoÔn oi exis¸seic thc eujeÐac ε h opoÐa dièrqetai apì thn arq  twn ax¸nwn kai tèmnei kajemi� apì

tic eujeÐec ε1, ε2 se èna shmeÐo, an

ε1 :


x = t

y = 1− t

z = 3 + t

ε2 :


x = 2 + 2t
y = 3− t

z = 4 + 3t

40. Na brejoÔn oi exis¸seic thc eujeÐac ε, an eÐnai gnwstì ìti ε ‖ ε1 kai tèmnei kajemi� apì tic eujeÐec ε2
kai ε3 se èna shmeÐo, an

ε1 :

{
x− 3y + z = 0
x+ y − z + 4 = 0

ε2 :


x = 3 + t

y = −1 + 2t
z = 4t

ε3 :


x = −2 + 3t
y = −1
z = 4− t

41. Na grafeÐ h exÐswsh tou epipèdou Π0 pou eÐnai par�llhlo sto epÐpedo Π : Ax + By + Cz +D = 0 kai

dièrqetai apì to shmeÐo M0 = (x0, y0, z0).
LÔsh. Π0 ‖ Π =⇒ Π0 : Ax+By + Cz +D0 = 0

M0 = (x0, y0, z0) ∈ Π0 =⇒ Ax0 +By0 + Cz0 +D0 = 0. =⇒ D0 = −(Ax0 +By0 + Cz0).
Apì ta parap�nw: Π0 : Ax+By + Cz − (Ax0 +By0 + Cz0) = 0.



38 KEFALAIO 5

42. 'Estw Π : x+ y + z − 10 = 0 kai

ε :


x = t

y = 1− t

z = 3 + t

Na melethjeÐ an h ε perièqetai sto Π, eÐnai par�llhlh sto Π,   tèmnei to Π se èna shmeÐo.
43. Na grafeÐ h exÐswsh tou epipèdou Π pou eÐnai par�llhlo ston �xona Ox kai perièqei thn eujeÐa

ε :

{
6x− y + z = 0
5x+ 3z − 10 = 0

LÔsh.
Π : κ(6x− y + z) + µ(5x+ 3z − 10) = 0 ⇐⇒ (6κ+ 5µ)x− κy + (κ+ 3µ)z − 10µ = 0 =⇒
A = 6κ+ 5µ, B = −κ, C = κ+ 3µ.
Ox ‖ Π =⇒ {1, 0, 0} ‖ Π =⇒ A · 1 +B · 0 + C · 0 = 0
=⇒ 6κ+ 5µ = 0 =⇒ µ

κ = − 6
5 . Gia µ = −6, κ = 5 paÐrnoume

Π : 5(6x− y + z)− 6(5x+ 3z − 10) = 0 ⇐⇒ Π : −5y − 13z + 60 = 0

44. Na brejeÐ h ikan  kai anakgaÐa sunj kh ¸ste to shmeÐo F = (xF , yF , zF ) na brÐsketai metaxÔ twn

epipèdwn

Π1 : Ax+By + Cz +D1 = 0
Π2 : Ax+By + Cz +D2 = 0

LÔsh. 'Estw Π : Ax + By + Cz +D = 0 to epÐpedo pou dièrqetai apì to F kai eÐnai par�llhlo sto Π1 .
Tìte AxF +ByF + CzF +D = 0 kai sunep¸c

AxF +ByF + CzF = −D.

'Estw F1 = (x1, y2, z1) kai F1 = (x1, y2, z1) oi orjog¸niec probolèc tou F sta epÐpeda Π1 kai Π2, antÐstoiqa.
Tìte Ax1 +By1 + Cz1 +D1 = 0 kai Ax2 +By2 + Cz2 +D2 = 0, sunep¸c

Ax1 +By1 + Cz1 = −D1

Ax2 +By2 + Cz2 = −D2

F brÐsketai metaxÔ twn Π1 kai Π2 ⇐⇒ F1 kai F2 eÐnai se diaforetikoÔc hmiq¸rouc wc proc to Π ⇐⇒
(Ax1 +By1 + Cz1 +D)(Ax2 +By2 + Cz2 +D) < 0 ⇐⇒ (D −D1)(D −D2) < 0 ⇐⇒ (D1 −D)(D2 −D) <
0 ⇐⇒ (AxF +ByF + CzF +D1)(AxF +ByF + CzF +D2) < 0.

45. Na prosdioristeÐ an to shmeÐo F = (5, 6, 1) brÐsketai sto q¸ro metaxÔ twn epipèdwn

Π1 : 3x+ 4y + 2z − 10 = 0
Π2 : 3x+ 4y + 2z + 5 = 0

46. Na brejeÐ h gwnÐa metaxÔ twn epipèdwn

Π1 : 8x+ 4y + z + 1 = 0
Π2 : 2x− 2y + z + 1 = 0

entìc thc opoÐac brÐsketai to shmeÐo F = (1, 1, 1).

47. DÐdontai to epÐpedo Π : 2x− 4y + z + 14 = 0 kai ta shmeÐa A = (−3, 1, 5), B = (5, 4, 2).
Na melethjeÐ an to Π tèmnei to eujÔgrammo tm ma AB,   thn proèktas  tou AB pèra apì to A,   thn

proèktas  tou AB pèra apì to B.
48. DÐdontai oi exis¸seic tri¸n edr¸n enìc parallhlepipèdou

Π1 : 2x+ 3y + 4z − 12 = 0, Π2 : x+ 3y − 6 = 0, Π3 : z + 5 = 0 kai mÐa koruf  A = (6,−5, 1). Na brejoÔn oi
exis¸seic twn �llwn tri¸n edr¸n tou parallhlepipèdou.
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5.9.2 EujeÐa kai epÐpedo ston q¸ro me orjokanonikì
sÔsthma suntetagmènwn

Stic ask seic pou akoloujoÔn to sÔsthma suntetagmènwn eÐnai orjokanonikì.

49. 'Estw A = (1, 2, 3) wc proc èna orjokanonikì sÔsthma suntetagmènwn. Na grafoÔn oi exis¸seic:
(a) Thc eujeÐac pou dièrqetai apì to A kai eÐnai par�llhlh proc ton �xona Ox.
(b) Thc eujeÐac pou dièrqetai apì to A kai eÐnai k�jeth sto epÐpedo Oxy.
(g) Thc eujeÐac pou dièrqetai apì to A kai eÐnai k�jeth ston �xona Ox.

50. Na brejeÐ h apìstash metaxÔ twn asÔmbatwn eujei¸n d1 kai d2, an

(α) d1 :


x = 1 + 2t
y = 2− 2t
z = −t

d2 :


x = −2t
y = −5 + 3t
z = 4

(β) d1 :

{
x− 3y + z = 0
x+ y − z + 4 = 0

d2 :


x = 3 + t

y = −1 + 2t
z = 4

LÔsh.

(α) M1 = (1, 2, 0) ∈ d1, ~a1 = {2,−2,−1} ‖ d1,

M2 = (0,−5, 4) ∈ d2, ~a1 = {−2, 3, 0} ‖ d2.

H apìstash metaxÔ ρ(d1, d2) twn asÔmbatwn eujei¸n d1 kai d2 upologÐzetai apì ton tÔpo

ρ(d1, d2) =
|〈~a1,~a2,

−−−−→
M1M2〉|

| ~a1 × ~a2|

'Eqoume
−−−−→
M1M2 = {−1,−7, 4} Epeid  to sÔsthma suntetagmènwn eÐnai orjokanonikì, brÐskoume:

〈~a1,~a2,
−−−−→
M1M2〉 = det(~a1,~a2,

−−−−→
M1M2) =

∣∣∣∣∣∣
2 −2 −1

−2 3 0
−1 −7 4

∣∣∣∣∣∣ = −9

~a1 × ~a2 =

∣∣∣∣∣∣
~e1 ~e2 ~e3
2 −2 −1
−2 3 0

∣∣∣∣∣∣ = {3, 2, 2}

|~a1 × ~a2| =
√

32 + 22 + 22 =
√

17

Opìte ρ(d1, d2) =
9√
17

.

(β) M1 = (3,−1, 4) ∈ d2, ~a1 = {1, 2, 0} ‖ d2.

~a1 =
{∣∣∣∣ −3 1

1 −1

∣∣∣∣ , ∣∣∣∣ 1 1
−1 1

∣∣∣∣ , ∣∣∣∣ 1 −3
1 1

∣∣∣∣} = {2, 2, 4} ‖ d1

Jètontac z = 0 sto sÔsthma twn exis¸sewn apì tic opoÐec orÐzetai h d1, paÐrnoume to sÔsthma{
x− 3y = 0
x+ y + 4 = 0

h monadik  lÔsh tou opoÐou eÐnai h (−3,−1). 'Ara, M2 = (−3,−1, 0) ∈ d2.

−−−−→
M1M2 = {6, 0, 4} =⇒ 〈~a1,~a2,

−−−−→
M1M2〉 =

∣∣∣∣∣∣
2 2 4
1 2 0
6 0 4

∣∣∣∣∣∣ = −40.

SuneqÐzoume ìpwc sthn �skhsh (α).
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51. Na brejeÐ h apìstash metaxÔ twn par�llhlwn eujei¸n d1 kai d2, an

(α) d1 :


x = 2 + 4t
y = −6t
z = −1− 8t

d2 :


x = 7− 6t
y = 2 + 9t
z = 12t

(β) d1 :

{
x+ y + z − 1 = 0
y + 4z = 0

d2 :

{
2x+ 3y + 6z − 6 = 0
3x+ 4y + 7z = 0

LÔsh. (α) An M1 ∈ d1, M2 ∈ d2 kai ~a ‖ d1(‖ d2), tìte

ρ(d1, d2) = ρ(M1, d2) =
|
−−−−→
M1M2 × ~a|

|~a|
.

BrÐskoume M1 = (2, 0− 1) ∈ d1, M2 = (7, 2, 0) ∈ d2 kai ~a = {4,−6,−8} ‖ d1.
−−−−→
M1M2 = {5, 2, 1} =⇒ |

−−−−→
M1M2 × ~a| =

√
(~a)2 · (

−−−−→
M1M2)2 − (~a ·

−−−−→
M1M2)2 =

√
116 · 30− 02,

|~a| =
√

116, �ra ρ(d1, d2) =
√

30

(β) 'Eqoume M1 = (1, 0, 0) ∈ d1, M2 = (0,−24, 18) ∈ d2 kai

~a =
{∣∣∣∣ 1 1

1 4

∣∣∣∣ , ∣∣∣∣ 1 1
4 0

∣∣∣∣ , ∣∣∣∣ 1 1
0 1

∣∣∣∣} = {3,−4, 1} ‖ d1.

H apìstash metaxÔ twn eujei¸n brÐsketai ìpwc sthn (α).

52. Na brejeÐ h orjog¸nia probol  tou shmeÐou F (1, 3, 5) sthn eujeÐa

d :

{
2x+ y + z − 1 = 0
3x+ y + 2z − 3 = 0

LÔsh. 'Estw F1 = (x1, y1, z1) eÐnai h orjog¸nia probol  tou F sthn d. BrÐskoume èna di�nusma ~a‖d.

~a =
{∣∣∣∣ 1 1

1 2

∣∣∣∣ , ∣∣∣∣ 1 2
2 3

∣∣∣∣ , ∣∣∣∣ 2 1
3 1

∣∣∣∣} = {1,−1,−1}

−−→
FF1 = {x1 − 1, y1 − 3, z1 − 5} kai

−−→
FF1⊥~a, sunep¸c

−−→
FF1 · ~a = 0 ⇐⇒ (x1 − 1) · 1 + (y1 − 3) · (−1) + (z1 − 5) · (−1) = 0

⇐⇒ x1 + y1 + z1 + 7 = 0

Epeid  F1 ∈ d, F1 eÐnai lÔsh tou sust matoc
2x1 + y1 + z1 − 1 = 0
3x1 + y1 + 2z1 − 3 = 0
x1 + y1 + z1 + 7 = 0

=⇒ F1 = (−2, 1, 4).

53. DeÐxte ìti h orjog¸nia probolh tou shmeÐo F = (xF , yF , zF ) p�nw sthn eujeÐa

ε :


x = x0 + at

y = y0 + bt

z = z0 + ct
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eÐnai lÔsh wc proc (x, y, z) tou sust matoc
x = x0 + at

y = y0 + bt

z = z0 + ct

a(x− xF ) + b(y − yF ) + c(z − zF ) = 0

54. Na brejeÐ to shmeÐo summetrikì tou M = (4, 3, 10) wc proc thn eujeÐa

d :


x = 1 + 2t
y = 2 + 4t
z = 1− t

55. DeÐxte ìti to shmeÐo summetrikì tou F = (xF , yF , zF ) wc proc thn eujeÐa

ε :


x = x0 + at

y = y0 + bt

z = z0 + ct

eÐnai lÔsh wc proc (x, y, z) tou sust matoc
x+xF

2 = x0 + at
y+yF

2 = y0 + bt
z+zF

2 = z0 + ct

a(x− xF ) + b(y − yF ) + c(z − zF ) = 0

56. Na brejeÐ h orjog¸nia probol  thc eujeÐac ε sto epÐpedo Π0 : 2x+ 3y + 4z − 5 = 0, an

ε :


x = −2 + 7t
y = 3 + 5t
z = 7 + 3t

57. Na brejeÐ h orjog¸nia probol  thc eujeÐac ε sto Oxy-epÐpedo, an

ε :

{
5x+ 8y − 3z + 9 = 0
2x− 4y + z − 1 = 0

58. Na brejeÐ h orjog¸nia probol  thc eujeÐac

ε :


x = x0 + at

y = y0 + bt

z = z0 + ct

sto epÐpedo Π0 : Ax+By + Cz +D = 0, an ε 6⊥ Π0.

LÔsh. An ε 6⊥ Π0 h orjog¸nia probol  thc ε eÐnai eujeÐa, thn sumbolÐzoume me ε′.
'Estw Π to epÐpedo pou perièqei thn ε kai eÐnai k�jeto sto Π0, tìte

Π :

∣∣∣∣∣∣
x− x0 y − y0 z − z0
a b c
A B C

∣∣∣∣∣∣ = 0
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Epeid  ε′ = Π0 ∩Π, brÐskoume:

ε′ :


∣∣∣∣∣∣∣
x− x0 y − y0 z − z0

a b c

A B C

∣∣∣∣∣∣∣ = 0

Ax+By + Cz +D = 0

59. Na brejeÐ h orjog¸nia probol  tou shmeÐou A = (1, 0, 1) sto epÐpedo Π : 2x+ 3y + 4z + 5 = 0.
60. Na brejeÐ h orjog¸nia probol  tou shmeÐou A = (3, 5, 8) sto epÐpedo

Π : 2x+ 3y + 4z + 5 = 0.

61. DeÐxte ìti h orjog¸nia probolh tou shmeÐou F = (xF , yF , zF ) p�nw sto epÐpedo Ax+By+Cz+D = 0
eÐnai lÔsh wc proc (x, y, z) tou sust matoc

x = xF +At

y = yF +Bt

z = zF + Ct

Ax+By + Cz +D = 0

62. Na brejeÐ to summetrikì shmeÐo tou A = (1, 3, 4) wc proc to epÐpedo Π : 3x+ y − 2z = 0.
63. Na brejeÐ h apìstash metaxÔ twn epipèdwn

Π1 : Ax+By + Cz +D1 = 0
Π2 : Ax+By + Cz +D2 = 0

LÔsh. 'Estw M0 = (x0, y0, z0) ∈ Π1 =⇒ Ax0 +By0 + Cz0 = −D1 =⇒

ρ(Π1,Π2) = ρ(M0,Π2) =
|Ax0 +By0 + Cz0 +D2|√

A2 +B2 + C2
=

|D2 −D1|√
A2 +B2 + C2

64. Na grafeÐ h exÐswsh tou epipèdou Π∗ pou eÐnai par�llhlo proc to epÐpedo

Π : 2x+ y − 4z + 5 = 0

kai apèqei apìstash
√

21 apì to shmeÐo F = (1, 2, 0).
65. Na grafoÔn oi exis¸seic twn epipèdwn pou diqotomoÔn tic dÐedrec gwnÐec pou sqhmatÐzoun ta epÐpeda:

Π1 : 7x+ y − 6 = 0

Π2 : 3x+ 5y − 4z + 1 = 0

66. Na grafeÐ h exÐswsh tou epipèdou pou perièqei ton �xona Oy kai isapèqei apì ta shmeÐa M1 = (2, 7, 3)
kai M2 = (−1, 1, 0).
67. Na apodeiqjeÐ ìti an èna epÐpedo Π tèmnei touc �xonec Ox, Oy kai Oz enìc orjokanonikoÔ sust matoc

sta shmeÐa (a, 0, 0), (0, b, 0) kai (0, 0, c), antÐstoiqa, tìte

1
a2

+
1
b2

+
1
c2

=
1
ρ2

ìpou ρ eÐnai h apìstash tou Π apì thn arq  twn axìnwn.

68. Na brejeÐ h koin  k�jetoc twn asÔmbatwn eujei¸n d1 kai d2, an

d1 :


x = 1 + 2t
y = 2− 2t
z = −t

d2 :


x = −2t
y = −5 + 3t
z = 4



Kef�laio 6

KampÔlec deutèrou bajmou

6.1 Algebrikèc kampÔlec tou epipèdou.

Orismìc 6.1.1. Ena sÔnolo Γ shmeÐwn enìc epipèdou kaleÐtai algebrik  kampÔlh, an se k�poio genikì
sÔsthma suntetagmènwn tou epipèdou to Γ sumpÐptei me to sÔnolo ìlwn twn lÔsewn (x, y) miac exÐswshc
F (x, y) = 0, ìpou F (x, y) eÐnai polu¸numo dÔo meteblht¸n.

O mikrìteroc fusikìc n gia ton opoÐo up�rqei polu¸numo F (x, y) bajmoÔ n, tètoio ¸ste F (x, y) = 0 na
eÐnai exÐswsh tou Γ, kaleÐtai bajmìc thc algebrik c kampÔlhc Γ.

Je¸rhma 6.1.2. Estw mia algebrik  kampÔlh Γ èqei exÐswsh F (x, y) = 0 wc proc sÔsthma O~e1~e2 kai

x = c11x
′ + c12y

′ + x0

y = c21x
′ + c22y

′ + y0

tÔpoi metasqhmatismoÔ twn suntetagmènwn apì to O~e1~e2 proc to O′~e′1~e
′
2. O bajmìc tou poluwnÔmou

G(x′, y′) = F (c11x′ + c12y
′ + x0, c21x

′ + c22y
′ + y0)

sumpÐptei me ton bajmì tou F (x, y).

Pìrisma 6.1.3. O bajmìc mi�c algebrik c kampÔlhc den exart�tai apì thn epilog  tou sust matoc sun-
tetagmènwn.

6.2 'Elleiyh

JewroÔme thn èlleiyh
x2

a2
+
y2

b2
= 1, a ≥ b > 0.

Ta shmeÐa F1 = (−c, o) kai F2 = (c, o) kaloÔntai estÐec thc èlleiyhc.
Gia ton kÔklo F1 = F2 = (0, 0).
O arijmìc e =

c

a
kaleÐtai ekkentrìthta thc èlleiyhc.

H ekkentrìthta tou kÔklou eÐnai mhdèn. Gia k�je èlleiyh 0 ≤ e < 1.
Oi eujeÐec d1 : x = −a

e
kai d2 : x =

a

e
kaloÔntai dieujetoÔsec thc èlleiyhc.

Epeid  0 ≤ e < 1 oi dieujetoÔsec thc èlleiyhc èqoun apìstash > a apì to kèntro thc èlleiyhc.
O kÔkloc den èqei dieujetoÔsec.

Je¸rhma 6.2.1. H èlleiyh
x2

a2
+
y2

b2
= 1 eÐnai to sÔnolo ìlwn twn shmeÐwn M tou epipèdou gia ta opoÐa

ρ(M,F1) + ρ(M,F2) = 2a,

ìpou F1 = (−c, 0), F2 = (c, 0), c =
√
a2 − b2.

43
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Je¸rhma 6.2.2. H èlleiyh
x2

a2
+
y2

b2
= 1 eÐnai to sÔnolo ìlwn twn shmeÐwn M tou epipèdou gia ta opoÐa

ρ(M,F1)
ρ(M,d1)

= e

(
antÐstoiqa,

ρ(M,F2)
ρ(M,d2)

= e

)

ìpou F1 = (−c, 0), F2 = (c, 0), c =
√
a2 − b2, e =

c

a
,

d1 : x = −a
e
kai d2 : x =

a

e
.

6.3 Uperbol 

JewroÔme thn uperbol 
x2

a2
− y2

b2
= 1.

'Estw c =
√
a2 + b2.

Ta shmeÐa F1 = (−c, o) kai F2 = (c, o) kaloÔntai estÐec thc uperbol c.

O arijmìc e =
c

a
kaleÐtai ekkentrìthta thc uperbol c kai eÐnai p�nta > 1.

Oi eujeÐec d1 : x = −a
e
kai d2 : x =

a

e
kaloÔntai dieujetoÔsec thc uperbol c kai èqoun apìstash apì to

kèntro thc uperbol c < a.

Oi eujeÐec ε1 : y = − b
a
x kai ε2 : x =

b

a
x kaloÔntai asÔmptwtec thc uperbol c.

Je¸rhma 6.3.1. H uperbol  x2

a2 − y2

b2 = 1 eÐnai to sÔnolo ìlwn twn shmeÐwn M tou epipèdou gia ta opoÐa

|ρ(M,F1)− ρ(M,F2)| = 2a,

ìpou F1 = (−c, 0), F2 = (c, 0), c =
√
a2 + b2.

Je¸rhma 6.3.2. H uperbol  x2

a2 − y2

b2 = 1 eÐnai to sÔnolo ìlwn twn shmeÐwn M tou epipèdou gia ta opoÐa

ρ(M,F1)
ρ(M,d1)

= e

(
antÐstoiqa,

ρ(M,F2)
ρ(M,d2)

= e

)

ìpou F1 = (−c, 0), F2 = (c, 0), c =
√
a2 + b2, e =

c

a
,

d1 : x = −a
e
kai d2 : x =

a

e
.

6.4 Parabol 

JewroÔme thn parabol  y2 = 2px.

To shmeÐo F = (
p

2
, 0) kaleÐtai estÐa thc parabol c.

H eujeÐa d : x = −p
2
kaleÐtai dieujetoÔsa thc parabol c.

O arijmoc p kaleÐtai estiak  par�metroc thc parabol c kai èqei thn ex c gewmetrik  ermhneÐa: isoÔtai me
thn apìstash metaxÔ thc estÐac kai thc dieujetoÔsac thc parabol c.

Je¸rhma 6.4.1. H parabol  y2 = 2px eÐnai to sÔnolo twn shmeÐwn M tou epipèdou gia ta opoÐa

ρ(M,F ) = ρ(M,d),

ìpou F =
(p

2
, 0
)
kai d : x = −p

2
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6.5 Metasqhmatismìc poluwnÔmou deutèrou bajmoÔ

K�je polu¸numo deutèrou bajmoÔ èqei thn morf 

F (x, y) = a11x
2 + 2a12xy + a22y

2 + 2a1x+ 2a2y + a0

To polu¸numo φ(x, y) = a11x
2 + 2a12xy + a22y

2 kaleÐtai tetragwnikì mèroc tou F (x, y) kai to l(x, y) =
a1x+ a2y kaleÐtai grammikì mèroc tou F (x, y).

Eqoume

φ(x, y) = (x, y)
(
a11 a12

a12 a22

)(
x
y

)
= (x, y)A

(
x
y

)
ìpou A =

(
a11 a12

a12 a22

)
kaleÐtai pÐnakac thc φ(x, y).

EpÐshc

F (x, y) = (x, y, 1)

a11 a12 a1

a12 a22 a2

a1 a2 a0

xy
1

 = (x, y, 1)B

xy
1


ìpou B =

a11 a12 a1

a12 a22 a2

a1 a2 a0

 kaleitai pinakac tou F (x, y).

Prìtash 6.5.1. H metafor� thc arq c tou sust matoc suntetagmènwn den metab�llei ton pÐnaka tou
tetragwnikoÔ mèrouc tou poluwnÔmou.

Apìdeixh. Pr�gmati, an

x = x′ + x0

y = y′ + y0

tìte F ′(x′, y′) = F (x′ + x0, y
′ + y0) =

= a11(x′ + x0)2 + 2a12(x′ + x0)(y′ + y0) + a22(y′ + y0)2 + 2a1(x′ + x0) + 2a2(y′ + y0) + a0 =
= a11x

′2 + 2a12x
′y′ + a22y

′2 + 2(a11x0 + a12y0 + a1)x′ + 2(a12x0 + a22y0 + a2)y′ + F (x0, y0).
Ara, A = A′.

Prìtash 6.5.2. An F (x, y) = a11x
2 + 2a12xy + a22y

2 + 2a1x + 2a2y + a0, to zeÔgoc (x0, y0) eÐnai lÔsh
tou sust matoc

a11x+ a12y + a1 = 0
a12x+ a22y + a2 = 0 (6.1)

kai F ′(x′, y′) = F (x′ + x0, y
′ + y0) = a′11x

′2 + 2a′12x
′y′ + a′22y

′2 + 2a′1x
′ + 2a′2y

′ + a′0, tìte a
′
1 = a′2 = 0 (h

metafor� thc arq c O sto shmeÐo O′ = (x0, y0) pou eÐnai lÔsh tou sust matoc (1.1) exaleÐfei to grammikì
mèroc 2a1x+ 2a2y).

6.6 Orjog¸niec analloÐwtec poluwnÔmou 2ou bajmou

Orismìc 6.6.1. Estw F (x, y) = a11x
2 + 2a12xy + a22y

2 + 2a1x+ 2a2y + a0 kai

F ′(x′, y′) ≡ F (c11x′ + c12y
′ + x0, c21x

′ + c22y
′ + y0) =

= a′11x
′2 + 2a′12x

′y′ + a′22y
′2 + 2a′1x

′ + 2a′2y
′ + a′0.

'Ena polu¸numo G(a11, a12, a22, a1, a2, a0) me metablhtèc a11, a12, a22, a1, a2, a0 kaleÐtai orjog¸nia anal-
loÐwth tou F (x, y), an

G(a11, a12, a22, a1, a2, a0) = G(a′11, a
′
12, a

′
22, a

′
1, a

′
2, a

′
0)

gia opoiod pote orjog¸nio pÐnaka

(
c11 c12
c21 c22

)
.
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Je¸rhma 6.6.2. Ta polu¸numa

∆ =

∣∣∣∣∣∣
a11 a12 a1

a12 a22 a2

a1 a2 a0

∣∣∣∣∣∣ , δ =
∣∣∣∣a11 a12

a12 a22

∣∣∣∣ , S = a11 + a22

eÐnai orjog¸niec analloÐwtec tou F (x, y) = a11x
2 + 2a12xy + a22y

2 + 2a1x+ 2a2y + a0.

Je¸rhma 6.6.3. An gia to polu¸numo F (x, y) = a11x
2 + 2a12xy + a22y

2 + 2a1x + 2a2y + a0, isqÔei
∆ = δ = 0, tìte kai to polu¸numo

K =
∣∣∣∣a11 a1

a1 a0

∣∣∣∣+ ∣∣∣∣a22 a2

a2 a0

∣∣∣∣
eÐnai orjog¸nia analloÐwth tou F (x, y).

6.7 Prosdiorismìc thc kanonik c exÐswshc
miac kampÔlhc 2ou bajmoÔ.

Prìtash 6.7.1. An F (x, y) = a11x
2 + a22y

2 + 2a1x+ 2a2y + a0, tìte a11 kai a22 eÐnai rÐzec thc exÐswshc
λ2 − Sλ+ δ = 0.

Apìdeixh.

δ =
∣∣∣∣a11 a12

a12 a22

∣∣∣∣ = ∣∣∣∣a11 0
0 a22

∣∣∣∣ = a11 · a22

kai S = a11 + a22. Ara, a11 kai a22 eÐnai rÐzec thc exÐswshc λ2 − Sλ+ δ = 0.

Orismìc 6.7.2. H exÐswsh λ2 − Sλ+ δ = 0 kaleÐtai qarakthristik  exÐswsh tou F (x, y).

Je¸rhma 6.7.3. Estw λ1, λ2 eÐnai rÐzec thc qarakthristik c exÐswshc tou
F (x, y) = a11x

2 + 2a12xy + a22y
2 + 2a1x+ 2a2y + a0, ìpou a12 6= 0.

An F (x′ cosφ− y′ sinφ, x′ sinφ+ y′ cosφ) = λ1x
′2 + λ2y

′2 + 2a′1x
′ + 2a′2y

′ + a′0, tìte

tanφ =
λ1 − a11

a12
.

Je¸rhma 6.7.4. Estw λ1, λ2 eÐnai rÐzec thc qarakthristik c exÐswshc tou
F (x, y) = a11x

2 + 2a12xy + a22y
2 + 2a1x+ 2a2y + a0, ìpou a12 6= 0.

An F (x′ cosφ− y′ sinφ, x′ sinφ+ y′ cosφ) = λ1x
′2 + λ2y

′2 + 2a′1x
′ + 2a′2y

′ + a′0, tìte

cot 2φ =
a11 − a22

2a12

Je¸rhma 6.7.5. Estw λ1, λ2 eÐnai rÐzec thc qarakthristik c exÐswshc tou poluwnÔmou

F (x, y) = a11x
2 + 2a12xy + a22y

2 + 2a1x+ 2a2y + a0, (6.2)

ìpou a12 6= 0.

An tanφ =
λ1 − a11

a12
, tìte me antikat�stash twn x kai y sto polu¸numo (6.2) apì touc tÔpouc

x = x ′ cosφ− y ′ sinφ
y = x ′ sinφ+ y ′ cosφ

prokÔptei polu¸numo thc morf c

λ1x
′2 + λ2y

′2 + 2a′1x
′ + 2a′2y

′ + a′0.



KampÔlec deutèrou bajmou 47

Par�deigma 6.7.1. Ja prosdiorÐsoume to eÐdoc thc kampÔlhc

x2 − 4xy + 4y2 + 4x− 3y − 7 = 0

S = a11 + a22 = 1 + 4 = 5, δ =
∣∣∣∣a11 a12

a21 a22

∣∣∣∣ = ∣∣∣∣ 1 −2
−2 4

∣∣∣∣ = 0

λ2 − Sλ+ δ = 0 ⇐⇒ λ2 − 5λ = 0 ⇐⇒ λ1 = 0, λ2 = 5

tanϕ =
λ1 − a11

a12
=

1
2

cosϕ =
1√

1 + tan2 ϕ
=

2√
5
, sinϕ = tanϕ · cosϕ =

1√
5

~e ′
1 = {cosϕ, sinϕ} = { 2√

5
, 1√

5
}

~e ′
2 = {− sinϕ, cosϕ} = {− 1√

5
, 2√

5
}

Oi tÔpoi metasqhmatismoÔ twn suntetagmènwn eÐnai

x =
2√
5
x′ − 1√

5
y′ (6.3)

y =
1√
5
x′ +

2√
5
y′

Antikajest¸ntac ta x kai y sthn arqik  exÐswsh paÐrnoume thn exÐswsh thc kampÔlhc sto O~e ′
1 ~e

′
2 :

5y′2 − 10√
5
y′ +

5√
5
x′ − 7 = 0 ⇐⇒ y′2 − 2√

5
y′ +

1√
5
x′ − 7

5
= 0 ⇐⇒

(y′ − 1√
5
)2 +

1√
5
x′ − 8

5
= 0 ⇐⇒ (y′ − 1√

5
)2 +

1√
5
(x′ − 8√

5
) = 0

Antikajest¸ntac ta x kai y �po touc tÔpouc metasqhmatismoÔ twn suntetagmènwn

x′ = x′′ +
8√
5

(6.4)

y′ = y′′ +
1√
5

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O se �llo shmeÐo O′, paÐrnoume thn exÐswsh thc parabol c
y′′2 = − 1√

5
x′′ sto O′~e1

′~e2
′.

Prìtash 6.7.4. To sÔsthma
a11x+ a12y + a1 = 0
a12x+ a22y + a2 = 0

}
(6.5)

èqei �peirec lÔseic an kai mìno an δ = ∆ = 0.

Je¸rhma 6.7.5. Estw mia kampÔlh Γ èqei exÐswsh

a11x
2 + 2a12xy + a22y

2 + 2a1 + 2a2 + a0 = 0

wc proc èna orjokanonikì sÔsthma suntetagmèmwn O~e1~e2.
Up�rqei èna orjokanonikì sÔsthma suntetagmèmwn O′~e ′

1 ~e
′

2 wc proc to opoÐo h Γ èqei mÐa apì tic morfèc:

I λ1x
′2 + λ2y

′2 +
∆
δ

= 0, an δ 6= 0

II y′2 = −K

S2
, an δ = 0 kai ∆ = 0

III y′2 = 2

√
−∆
S3

x′, an δ = 0 kai ∆ 6= 0
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Je¸rhma 6.7.6. Gia k�je kampÔlh 2ou bajmoÔ Γ up�rqei èna orjokanonikì sÔsthma suntetagmèmwn
O′~e ′

1 ~e
′

2 wc proc to opoÐo h Γ èqei mÐa apì tic morfèc:

1.
x′2

a2
+
y′2

b2
= 1, èlleiyh, an δ > 0 kai S ·∆ < 0.

2.
x′2

a2
+
y′2

b2
= −1, fantastik  èlleiyh, an δ > 0 kai S ·∆ > 0

3.
x′2

a2
+
y′2

b2
= 0, zeÔgoc temnomènwn fantastik¸n eujei¸n, an δ > 0 kai ∆ = 0.

4.
x′2

a2
− y′2

b2
= 1, uperbol , an δ < 0 kai ∆ 6= 0.

5.
x′2

a2
− y′2

b2
= 0, zeÔgoc temnomènwn pragmatik¸n eujei¸n, an δ < 0, ∆ = 0.

6. y′2 = a2 zeÔgoc parall lwn pragmatik¸n eujei¸n, an δ = ∆ = 0 kai K < 0

7. y′2 = −a2, zeÔgoc parall lwn fantastik¸n eujei¸n, an δ = ∆ = 0 kai K > 0.

8. y′2 = 0, zeÔgoc sumpiptous¸n eujei¸n, an δ = ∆ = 0 kai K = 0.

9. y′2 = 2px′, parabol , an δ = 0 kai ∆ 6= 0.

6.8 Ask seic.

Stic ask seic thc paragr�fou aut c oi arqikèc exis¸seic kampul¸n 2ou bajmoÔ dÐnontai wc proc èna
orjokanonikì sÔsthma suntetagmènwn O~e1~e2.

69. Na prosdioristeÐ to eÐdoc thc kampÔlhc:

6x2 + 6y2 + 6x+ 30y − 11 = 0

LÔsh. H exÐswsh gr�fetai

6
(
x2 + x

)
+ 6

(
y2 + 5y

)
− 11 = 0

6
(
x+

1
2

)2

+ 6
(
y +

5
2

)2

− 6
4
− 150

4
− 11 = 0 (6.6)

Antikajist¸ntac ta x, y sthn teleutaÐa exÐswsh apì touc tÔpouc

x = x′ − 1
2

y = y′ − 5
2

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1~e2 sto shmeÐo O′ =
(− 1

2 ,−
5
2 ), paÐrnoume thn exÐswsh thc kampÔlhc sto sÔsthma O′~e1~e2

6x′2 + 6y′2 − 50 = 0 ⇐⇒ x′2

50
6

+
y′2

50
6

= 1

pou eÐnai exÐswsh thc èlleiyhc.
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70. Na prosdioristeÐ to eÐdoc thc kampÔlhc: 3x2 − 18x+ 10y = 0.
LÔsh. H exÐswsh gr�fetai

3
(
x2 − 6x

)
+ 10y = 0

3 (x− 3)2 + 10y − 27 = 0

3 (x− 3)2 + 10
(
y − 27

10

)
= 0

Antikajist¸ntac ta x, y sthn teleutaÐa exÐswsh apì touc tÔpouc

x = x′ + 3

y = y′ +
27
10

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1~e2 sto shmeÐo O′ =(
3, 27

10

)
, paÐrnoume thn exÐswsh thc kampÔlhc sto sÔsthma O′~e1~e2

3x′2 + 10y′ = 0 ⇐⇒ x′2 = −10
3
y′

pou eÐnai exÐswsh thc parabol c.

71. Na brejeÐ h kanonik  exÐswsh kai to kanonikì sÔsthma thc kampÔlhc:

5x2 + 12xy − 22x− 12y − 19 = 0.

LÔsh.
cot 2φ = a11−a22

2a12
= 5

12 =⇒ cos 2φ = cot 2φ√
1+cot2 2φ

= 5
13 =⇒

cosφ =
√

1+cos 2φ
2 = 3

13 kai sinφ =
√

1−cos 2φ
2 = 2

13

Me thn peristrof  tou O~e1~e2 gÔrw apì to O kat� th gwnÐa φ prokÔptei to
orjokanonikì sÔsthma suntetagmènwn O~e1

′~e2
′, ìpou

~e′1 = {cosφ, sinφ} = { 3√
13
, 2√

13
} kai

~e′2 = {− sinφ, cosφ} = {− 2√
13
, 3√

13
}

Oi tÔpoi allag c twn suntetagmènwn apì to O~e1~e2 proc to O~e1
′~e2

′ eÐnai

x = x ′ cosφ− y ′ sinφ
y = x ′ sinφ+ y ′ cosφ

}
⇐⇒

x = 3√
13
x ′ − 2√

13
y ′

y = 2√
13
x ′ + 3√

13
y ′

}
(6.7)

Antikajist¸ntac to x kai to y apì touc (6.7) sthn arqik  exÐswsh thc kampÔlhc paÐrnoume thn exÐswsh
thc kamp lhc sto O~e1

′~e2
′:

9x′2 − 4y′2 − 90√
13
x′ +

8√
13
y′ − 19 = 0 ⇐⇒

9
(
x′2 − 10√

13
x′
)
− 4

(
y′2 − 2√

13
y′
)
− 19 = 0 ⇐⇒

9
(
x′2 − 10√

13
x′ +

25
13

)
− 4

(
y′2 − 2√

13
y′ +

1
13

)
− 19− 9 · 25

13
+ 4 · 1

13
= 0 ⇐⇒

9
(
x′ − 5√

13

)2

− 4
(
y′ − 1√

13

)2

− 36 = 0 (6.8)

Antikajist¸ntac ta x′, y′ sthn (6.8) apì touc tÔpouc

x′ = x′′ +
5√
13

y′ = y′′ +
1√
13
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oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1
′~e2

′ sto shmeÐo O′ =
(x′0, y

′
0) =

(
5√
13
, 1√

13

)
, paÐrnoume thn exÐswsh thc kampÔlhc sto sÔsthma O′~e1

′~e2
′:

9x′′2 − 4y′′2 − 36 = 0 ⇐⇒
x′′2

4
− y′′2

9
= 1 (6.9)

H (6.9) eÐnai h kanonik  exÐswsh thc kampÔlhc (h opoÐa eÐnai uperbol ).
To kanonikì sÔsthma thc kampÔlhc eÐnai to O′~e1

′~e2
′.

Apì touc tÔpouc (6.7) brÐskoume ìti O′ = (1, 1) wc proc to arqikì sÔsthma O~e1~e2.

72. brejeÐ h kanonik  exÐswsh kai to kanonikì sÔsthma thc kampÔlhc:

5x2 + 4xy + 8y2 − 32x− 56y + 80 = 0

LÔsh. Ja broÔme tic analloÐwtec thc kamp lhc

∆ =

∣∣∣∣∣∣
a11 a12 a1

a12 a22 a2

a1 a2 a0

∣∣∣∣∣∣ =
∣∣∣∣∣∣

5 2 −16
2 8 −28
−16 −28 80

∣∣∣∣∣∣ = −1296,

δ =
∣∣∣∣a11 a12

a12 a22

∣∣∣∣ = ∣∣∣∣5 2
2 8

∣∣∣∣ = 36,

S = a11 + a22 = 5 + 8 = 13

ParathroÔme ìti δ > 0 kai S ·∆ < 0 =⇒ h kampÔlh eÐnai èlleiyh.

Kanonik  exÐswsh kampÔlhc.

Epeid  δ 6= 0 h kanonil  exÐswsh thc kampÔlhc eÐnai isodÔnamh me thn exÐswsh:

λ1x
′2 + λ2y

′2 +
∆
δ

= 0 (6.10)

Ja broÔme thc qarakthristikèc rÐsec λ1 kai λ2 apì thn qarakthristik  exÐswsh

λ2 − Sλ+ δ = 0 ⇐⇒ λ2 − 13λ+ 36 = 0 ⇐⇒ λ = 4   λ− 9.

Gia thn èlleiyh epilègoume |λ1| ≤ |λ2| ⇐⇒ λ1 = 4 kai λ2 = 9.
H exÐswsh (6.10) gr�fetai

4x′2 + 9λ2y
′2 − 1296

36
= 0 ⇐⇒ 4x′2 + 9λ2y

′2 − 36 = 0 ⇐⇒ x′2

4
+
y′2

9
= 1

Kanonikì sÔsthma O′~e ′
1 ~e

′
2 thc kampÔlhc.

~e ′
1 = {cosφ, sinφ} kai ~e ′

2 = {− sinφ, cosφ}, ìpou tanφ = λ1−a11
a12

= 4−5
2 = − 1

2 .

BrÐskoume cosφ = 1√
1+tan2 φ

= 2√
5
kai sinφ = tanφ · cosφ = − 1√

5
.

'Ara, ~e ′
1 = { 2√

5
,− 1√

5
} kai ~e ′

2 = { 1√
5
, 2√

5
}.

Oi suntetagmènec thc arq c O′ = (x0, yo) tou kanonikoÔ sust matoc eÐnai lÔseic wc proc x kai y tou
sust matoc

a11x+ a12y + a1 = 0
a12x+ a22y + a2 = 0

}
⇐⇒ 5x+ 2y − 16 = 0

2x+ 8y − 28 = 0

}
⇐⇒ x = 2, y = 3

'Ara, O′ = (2, 3).
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73. Na brejeÐ h kanonik  exÐswsh kai to kanonikì sÔsthma thc kampÔlhc:

4x2 − 4xy + y2 − 6x+ 3y − 4 = 0.

Ja broÔme tic analloÐwtec thc kamp lhc

∆ =

∣∣∣∣∣∣
a11 a12 a1

a12 a22 a2

a1 a2 a0

∣∣∣∣∣∣ =
∣∣∣∣∣∣

4 −2 −3
−2 1 3

2
−3 3

2 −4

∣∣∣∣∣∣ = 0

δ =
∣∣∣∣a11 a12

a12 a22

∣∣∣∣ = ∣∣∣∣ 4 −2
−2 1

∣∣∣∣ = 0

S = a11 + a22 = 4 + 1 = 5

Ja broÔme tic rÐzec thc qarakthristik c exÐswshc:

λ2 − Sλ+ δ = 0 ⇐⇒ λ2 − 5λ = 0 ⇐⇒ λ1 = 0, λ2 = 5

Epeid  δ = 0 kai ∆ = 0, gia na prosdiorÐsoume to eÐdoc thc kampÔlhc prèpei na broÔme thn tim  thc
analloÐwthc K.

K =
∣∣∣∣a11 a1

a1 a0

∣∣∣∣+ ∣∣∣∣a22 a2

a2 a0

∣∣∣∣ = ∣∣∣∣ 4 −3
−3 −4

∣∣∣∣+ ∣∣∣∣1 3
2

3
2 −4

∣∣∣∣ = −125
4

K > 0 =⇒ h kampÔlh eÐnai zeÔgoc par�llhlwn pragmatik¸n eujei¸n.

Kanonik  exÐswsh kampÔlhc.

Epeid  δ = ∆ = 0 h kanonik  exÐswsh thc kampÔlhc eÐnai

y′2 = −K

S2
⇐⇒ y′2 =

5
4

Kanonikì sÔsthma O′~e ′
1 ~e

′
2 thc kampÔlhc.

~e ′
1 = {cosφ, sinφ}, ~e ′

2 = {− sinφ, cosφ}, ìpou tanφ = λ1−a11
a12

= −4
−2 = 2,

BrÐskoume cosφ = 1√
1+tan2 φ

= 1√
5
kai sinφ = tanφ · cosφ = 2√

5

'Ara, ~e ′
1 = { 1√

5
, 2√

5
} kai ~e ′

2 = {− 2√
5
, 1√

5
}.

Oi suntetagmènec thc arq c O′ = (x0, yo) tou kanonikoÔ sust matoc eÐnai lÔseic wc proc x kai y tou
sust matoc

a11x+ a12y + a1 = 0
a12x+ a22y + a2 = 0

}
⇐⇒ 4x− 2y − 3 = 0

−2x+ y + 3
2 = 0

}
⇐⇒ y = 2x− 3

2

Opoiod pote shmeÐo thc eujeÐac y = 2x− 3
2 mporeÐ na eÐnai arq  tou kanonikoÔ sust matoc. Epilègoume

tuqaÐa èna apì ta shmeÐa aut�:

O′ =
(

0,−3
2

)
.
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74. Na brejeÐ h kanonik  exÐswsh kai to kanonikì sÔsthma thc kampÔlhc:

x2 − 4xy + 4y2 + 4x− 3y − 7 = 0 (6.11)

LÔsh. Ja broÔme tic analloÐwtec thc kamp lhc:

∆ =

∣∣∣∣∣∣
a11 a12 a1

a12 a22 a2

a1 a2 a0

∣∣∣∣∣∣ =
∣∣∣∣∣∣

1 −2 2
−2 2 − 3

2
2 − 3

2 −7

∣∣∣∣∣∣ = −25
4
, δ =

∣∣∣∣a11 a12

a21 a22

∣∣∣∣ = ∣∣∣∣ 1 −2
−2 4

∣∣∣∣ = 0

Epeid  δ = 0 kai ∆ 6= 0, h kampÔlh eÐnai parabol .
Ja broÔme ta dianÔsmata tou kanonikoÔ sust matoc.

~e ′
1 = {cosφ, sinφ}, ~e ′

2 = {− sinφ, cosφ}, ìpou tanφ = −a11
a12

= −1
−2 = 1

2 .

cosϕ = 1√
1+tan2 ϕ

= 2√
5
, sinϕ = tanϕ · cosϕ = 1√

5
.

'Ara, ~e ′
1 = { 2√

5
, 1√

5
} kai ~e ′

2 = {− 1√
5
, 2√

5
}.

Oi tÔpoi metasqhmatismoÔ twn suntetagmènwn apì to O~e1~e2 sto O~e ′
1 ~e

′
2 eÐnai:

x =
2√
5
x′ − 1√

5
y′ (6.12)

y =
1√
5
x′ +

2√
5
y′

Antikajest¸ntac ta x kai y apì touc (6.12) sthn (6.11) paÐrnoume thn exÐswsh thc parabol c sto O~e ′
1 ~e

′
2 :

y′2 − 2√
5
y′ +

1√
5
x′ − 7

5
= 0 ⇐⇒ (y′ − 1√

5
)2 +

1√
5
x′ − 8

5
= 0 ⇐⇒

(y′ − 1√
5
)2 +

1√
5
(x′ − 8√

5
) = 0 (6.13)

Antikajest¸ntac ta x′ kai y′ sthn (6.13) �po touc tÔpouc

x′ = x′′ +
8√
5

(6.14)

y′ = y′′ +
1√
5

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O se �llo shmeÐo O′, paÐrnoume thn exÐswsh thc parabol c
sto O′~e ′

1 ~e
′

2 :

y′′2 = − 1√
5
x′′ (6.15)

Antikajist¸ntac ta x′′ kai y′′ sthn (6.15) apì touc tÔpouc

x′′ = −x′′′ (6.16)

y′′ = y′′′

paÐrnoume thn kanonik  exÐswsh y′′2 = 1√
5
x′′ thc parabol c sto kanonikì sÔsthma O′-~e ′

1 ~e
′

2 .

Mènei na broÔme tic suntetagmènec tou O′ wc proc to arqikì sÔsthma suntetagmènwn:

O′ = (x′′′0 , y
′′′
0 ) = (0, 0) sto O′-~e ′

1 ~e
′

2

O′ = (x′′0 , y
′′
0 ) = (0, 0) sto O′~e ′

1 ~e
′

2 apì touc (6.16),
O′ = (x′0, y

′
0) = ( 8√

5
, 1√

5
) sto O~e ′

1 ~e
′

2 apì touc (6.14),

O′ = (x0, y0) = (3, 2) sto O~e1~e2 apì touc (6.12).

ShmeÐwsh 6.8.1. H kanonik  exÐswsh thc parabol c mporeÐ na brejeÐ kai apì ton tÔpo

y′2 = 2

√
−∆
S3

x′



Kef�laio 7

Epif�neiec 2ou bajmoÔ

7.1 Kulindrikèc epif�neiec

'Estw π èna epÐpedo kai ε mia eujeÐa pou tèmnei to π se èna shmeÐo. JewroÔme mia kampÔlh γ tou π.
H ènwsh ìlwn twn eujei¸n pou eÐnai par�llhlec sth ε kai tèmnoun thn γ kaleÐtai kulindrik  epif�neia me
dieujÔnousa thn γ kai genèteirec par�llhlec sthn ε.

Je¸rhma 7.1.1. 'Estw ìti Oxyz eÐnai èna genikì sÔsthma suntetagmènwn tou q¸rou kai γ eÐnai mia
kampÔlh tou Oxy epipèdou.

An h γ èqei exÐswsh F (x, y) = 0 wc proc Oxy, tìte h kulindrik  epif�neia Eγ me dieujÔnousa th γ kai
genèteirec par�llhlec ston �xona Oz èqei exÐswsh F (x, y) = 0 wc proc Oxyz.

Apìdeixh. 'Estw M = (x, y, z) èna shmeÐo tou q¸rou kai M ′ = (x, y, 0) h probol  tou M sto π par�llhla
ston Oz. To shmeÐoM an kei sthn E an kai mìnon anM ′ = (x, y, 0) ∈ γ, dhlad  an kai mìnon an F (x, y) = 0.

'Ara, F (x, y) = 0 eÐnai h exÐswsh thc kulindrik c epif�neiac E sto Oxyz .

ParadeÐgmata 7.1.1. Sta paradeÐgmata pou akoloujoÔn to sÔsthma suntetagmènwn Oxyz eÐnai or-
jokanonikì.

1. H kulindrik  epif�neia me dieujÔnousa thn èlleiyh
x2

a2
+
y2

b2
= 1 tou Oxy-epipèdou kai genèteirec

par�llhlec ston Oz èqei sto sÔsthma Oxyz exÐswsh
x2

a2
+
y2

b2
= 1 kai kaleÐtai elleiptikìc kÔlindroc.

2. H kulindrik  epif�neia me dieujÔnousa thn èlleiyh
x2

a2
− y2

b2
= 1 tou Oxy-epipèdou kai genèteirec

par�llhlec ston Oz èqei sto sÔsthma Oxyz exÐswsh
x2

a2
− y2

b2
= 1 kai kaleÐtai uperbolikìc kÔlindroc.

3. H kulindrik  epif�neia me dieujÔnousa thn parabol  y2 = 2px tou Oxy-epipèdou kai genèteirec par�llh-
lec ston Oz èqei sto sÔsthma Oxyz exÐswsh y2 = 2px kai kaleÐtai parabolikìc kÔlindroc

53
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7.2 Kwnikèc epif�neiec.

'Estw π èna epÐpedo kai O èna shmeÐo pou den an kei sto π. JewroÔme mia kampÔlh γ sto π. H ènwsh
ìlwn twn eujei¸n oi opoÐec dièrqontai apì to O kai tèmnoun thn γ kaleÐtai kwnik  epif�neia me dieujÔnousa
thn γ kai koruf  to O. Oi eujeÐec pou dièrqontai apì to O kai tèmnoun thn γ kaloÔntai genèteirec thc
kwnik c epif�neiac.

Par�deigma 7.2.1. Ja broÔme thn exÐswsh thc kwnik c epif�neiac K pou èqei wc koruf  thn arq  O
enìc orjokanonikoÔ sust matoc O~e1~e2~e3 kai odhgì thn èlleiyh

γ :

 x2

a2
+
y2

b2
= 1

z = c, c 6= 0

'Estw M = (x, y, z) 6= O èna shmeÐo tou q¸rou kai M ′ to shmeÐo tom c thc eujeÐac (OM) me to epÐpedo
z = c. Tìte M ′ = (x′, y′, c) sto sÔsthma O~e1~e2~e3.

M ′ ∈ (OM) =⇒
−−−→
OM ′ = t

−−→
OM =⇒ {x′, y′, c} = t{x, y, c}

=⇒ x′ = tx, y′ = ty, c = tz
=⇒ t = c

z , x
′ = c

zx, y
′ = c

z y, an z 6= 0

M ∈ K ⇐⇒M ′ ∈ γ ⇐⇒ x2

a2 + y2

b2 = 1, ìpou x′ = c
zx, y

′ = c
z y ⇐⇒

x2

a2
+
y2

b2
− z2

c2
= 0

H suntetagmènec tic koruf c O = (0, 0, 0) ikanopoioÔn epÐshc thn parap�nw exÐswsh.

7.3 Epif�neiec ek peristrof c.

Se èna epÐpedo π jewroÔme mia eujeÐa ε kai mia kampÔlh γ. H epif�neia E pou par�getai ìtan h γ
peristrèfetai gÔrw apì thn ε kaleÐtai epif�neia ek peristrof c.

'Estw Oxyz èna orjokanonikì sÔsthma suntetagmènwn tou q¸rou. JewroÔme mia kampÔlh γ tou Oxy-
epipèdou me exÐswsh F (x, y) = 0 wc proc to sÔsthma Oxy. Upojètoume ìti h γ eÐte eÐnai summetrik  wc proc
ton �xona Oy eÐte brÐsketai se èna apo ta hmiepÐpeda sta opoÐa o Oy qwrÐzei to epÐpedo Oxy. Ja broÔme thn
exÐswsh thc kulindrik c epif�neiac E pou par�getai ìtan h γ peristrèfetai gÔro apì ton �xona Oy.

SumbolÐzoume me Πφ to epÐpedo pou dièrqetai apì ton �xona Oy kai sqhmatÐzei gwnÐa φ me to epÐpedo Oxy.
M(x, y, z) ∈ E an kai mìnon an up�rqei epÐpedo Πφ tètoio ¸ste M ∈ E ∩ Πφ. Sto Πφ jewroÔme to

orjokanonikì sÔsthma Oxφy, ìpou Oxφ ⊥ Oy. Sto Oxφy h kampÔlh γφ = Πφ∩E èqei exÐswsh F (xφ, y) = 0.
An M = (x, y, z) ∈ γφ, tìte xφ =

√
x2 + z2. Sunep¸c h exÐswsh thc E eÐnai

F (
√
x2 + z2, y) = 0.

ShmeÐwsh 7.3.1. Me peristrof  thc kampÔlhc F (x, z) = 0 tou Oxz-epipèdou gÔrw apì ton �xona Ox

par�getai epif�neia me exÐswsh F (x,
√
y2 + z2).

H epif�neia pou par�getai ìtan h kampÔlh F (x, y) = 0 tou Oxy-epipèdou peristrèfetai gÔrw apì ton

�xona Ox èqei exÐswsh F (x,
√
y2 + z2) = 0

ParadeÐgmata 7.3.1.

1. JewroÔme thn èlleiyh x2

a2 + y2

b2 = 1 tou Oxy- epipèdou. Jètoume F (x, y) = x2

a2 + y2

b2 − 1.

H epif�neia pou par�getai ìtan h èlleiyh peristrèfetai gÔrw apì ton �xonaOx èqei exÐswsh F (x,
√
y2 + z2) =

0, pou isodunameÐ me

x2

a2
+

(
√
y2 + z2)2

b2
= 1 ⇐⇒ x2

a2
+
y2

b2
+
z2

b2
= 1.
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2. JewroÔme thn uperbol  x2

a2 − z2

c2 = 1 tou Oxz- epipèdou. Jètoume F (x, z) = x2

a2 − z2

c2 − 1. H epif�neia

pou par�getai ìtan h uperbol  peristrèfetai gÔrw apì ton �xona Oz èqei exÐswsh F (
√
x2 + y2, z) = 0,

pou isodunameÐ me

(
√
x2 + y2)2

a2
− z2

c2
= 1 ⇐⇒ x2

a2
+
y2

a2
− z2

c2
= 1.

7.4 Elleiyoeidèc

Me thn peristrof  thc èlleiyhc x2

a2 + y2

b2 = 1 gÔrw apì ton �xona Ox par�getai epif�neia me exÐswsh

x2

a2
+
y2

b2
+
z2

b2
= 1.

Orismìc 7.4.1. H epif�neia pou par�getai me peristrof  thc èlleiyhc gÔrw apì ton �xona thc kaleÐtai
elleiyoeidèc ek peristrof c.

JewroÔme thn apeikìnish f : R3 → R3, pou orÐzetai wc ex c

(x, y, z) → (x, y, kz).

To elleiyoeidèc ek peristrof c apeikonÐzetai sthn epif�neia h opoÐa kaleÐtai elleiyoeidèc kai èqei èxÐswsh:

x2

a2
+
y2

b2
+

z2

k2b2
= 1.

Jètoume k2b2 = c2, opìte h parap�nw exÐswsh gr�fetai

x2

a2
+
y2

b2
+
z2

c2
= 1.

7.5 Ta uperboloeid .

Me thn peristrof  thc uperbol c x2

a2 − y2

b2 = 1 gÔrw apì ton �xona Ox par�getai epif�neia me exÐswsh

x2

a2
− y2

b2
− z2

b2
= 1.

Orismìc 7.5.1. H epif�neia pou par�getai me peristrof  thc uperbol c gÔrw apì ton pragmatikì �xona
thc kaleÐtai dÐqwno uperboloeidèc ek peristrof c.

JewroÔme thn apeikìnish f : R3 → R3, pou orÐzetai wc ex c

(x, y, z) → (x, y, kz).

To dÐqwno uperboloeidèc ek peristrof c apeikonÐzetai sthn epif�neia h opoÐa kaleÐtai dÐqwno uperboloeidèc
kai èqei èxÐswsh:

x2

a2
− y2

b2
− z2

k2b2
= 1.

Jètoume k2b2 = c2, opìte h parap�nw exÐswsh gr�fetai

x2

a2
− y2

b2
− z2

c2
= 1.

Me thn peristrof  thc uperbol c x2

a2 − y2

b2 = 1 gÔrw apì ton �xona Oy par�getai epif�neia me exÐswsh

x2

a2
− y2

b2
+
z2

a2
= 1.
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Orismìc 7.5.2. H epif�neia pou par�getai me peristrof  thc uperbol c gÔrw apì ton fantastikì �xona
thc kaleÐtai monìqwno uperboloeidèc ek peristrof c.

JewroÔme thn apeikìnish f : R3 → R3, pou orÐzetai wc ex c

(x, y, z) → (x, y, kz).

To monìqwno uperboloeidèc ek peristrof c apeikonÐzetai sthn epif�neia h opoÐa kaleÐtai monìqwno uper-
boloeidèc kai èqei èxÐswsh:

x2

a2
− y2

b2
+

z2

k2a2
= 1.

Jètoume k2a2 = c2, opìte h parap�nw exÐswsh gr�fetai

x2

a2
− y2

b2
+
z2

c2
= 1.

7.6 Ta paraboloeid .

Me thn peristrof  thc parabol c x2 = 2pz, p > 0, gÔrw apì ton �xona thc Oz par�getai epif�neia me
exÐswsh

x2

p
+
y2

p
= 2z.

Orismìc 7.6.1. H epif�neia pou par�getai me peristrof  thc parabol c gÔrw apì ton �xona thc kaleÐtai
paraboloeidèc ek peristrof c.

JewroÔme thn apeikìnish f : R3 → R3, pou orÐzetai wc ex c

(x, y, z) → (x, ky, z).

To paraboloeidèc ek peristrof c apeikonÐzetai sthn epif�neia h opoÐa kaleÐtai elleiptikì paraboloeidèc kai
èqei èxÐswsh:

x2

p
+

y2

k2p
= 2z.

Jètoume k2p = q, opìte h parap�nw exÐswsh gr�fetai

x2

p
+
y2

q
= 2z.

Orismìc 7.6.2. H epif�neia se èna orjokanonikì susthma suntetagmènwn èqei exÐswsh

x2

p
+
y2

q
= 2z, p ≥ q > 0

kaleÐtai elleiptikì paraboloeidèc.

Orismìc 7.6.3. H epif�neia se èna orjokanonikì susthma suntetagmènwn èqei exÐswsh

x2

p
− y2

q
= 2z, p > 0, q > 0

kaleÐtai uperbolikì paraboloeidèc.

ShmeÐwsh 7.6.1. JewroÔme dÔo parabolèc γ1 kai γ2 me koin  koruf  O kai koinì �xona summetrÐac Oz,
oi opoÐec brÐskontai se k�jeta epÐpeda kai èqoun diaforetik  ”kateÔjunsh”:

h γ1 brÐsketai sto Oxz-epÐpedo kai èqei s�uto exÐswsh x2 = 2pz, p > 0,
h γ2 brÐsketai sto Oyz-epÐpedo kai èqei s�uto exÐswsh y2 = −2qz, q > 0.
To uperbolikì paraboloeidèc par�getai ìtan h koruf  thc parabol c γ2 kineÐtai kat� m koc thc parabol c

γ1.
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7.7 Epif�neiec deutèrou bajmoÔ

'Estw Oxyz èna orjokanonikì sÔsthma suntetagmènwn tou q¸rou. 'Ena sÔnolo E shmeÐwn tou q¸rou
kaleÐtai epif�neia deutèrou bajmoÔ an sumpÐptei me to sÔnolo ìlwn twn shmeÐwn tou q¸rou oi suntetagmènec
(x, y, z) twn opoÐwn eÐnai lÔseic miac exÐswshc thc morf c

a11x
2 + a22y

2 + a33z
2 + 2a12xy + 2a13xz + 2a23yz + 2a1x+ 2a2y + 2a3z + a0 = 0

Je¸rhma. Gia k�je epif�neia deutèrou bajmoÔ up�rqei èna orjokanonikì sÔsthma suntetagmènwn Oxyz
sto opoÐo h epif�neia èqei mÐa apì tic morfèc:

1.
x2

a2
+

y2

b2
+

z2

c2
= 1 elleiyoeidèc (a ≥ b ≥ c > 0)

2.
x2

a2
+

y2

b2
+

z2

c2
= −1 fantastikì elleiyoeidèc (a ≥ b ≥ c > 0)

3.
x2

a2
+

y2

b2
− z2

c2
= 1 monìqwno uperboloeidèc (a ≥ b > 0, c > 0)

4.
x2

a2
− y2

b2
− z2

c2
= 1 dÐqwno uperboloeidèc (a ≥ b > 0, c > 0)

5.
x2

a2
+

y2

b2
+

z2

c2
= 0 fantastikìc k¸noc (a ≥ b ≥ c > 0)

6.
x2

a2
+

y2

b2
− z2

c2
= 0 k¸noc (a ≥ b > 0, c > 0)

7.
x2

p
+

y2

q
= 2z eleiptikì paraboloeidèc (p ≥ q > 0)

8.
x2

p
− y2

q
= 2z uperbolikì paraboloeidèc (p > 0, q > 0)

9.
x2

a2
+

y2

b2
= 1 eleiptikìc kÔlindroc (a ≥ b > 0)

10.
x2

a2
+

y2

b2
= −1 fantastikìc kÔlindroc(a ≥ b > 0)

11.
x2

a2
− y2

b2
= 1 uperbolikìc kÔlindroc (a > 0, b > 0)

12.
x2

a2
+

y2

b2
= 0 zeÔgoc fantastikwn temnìmenwn epipèdwn me tom  ton �xona Oz (a ≥ b > 0)

13.
x2

a2
− y2

b2
= 0 zeÔgoc pragmatik¸n temnìmenwn epipèdwn

14. y2 = 2px parabolikìc kÔlindroc (p > 0)

15. x2 − a2 = 0, a 6= 0, zeÔgoc par�llhlwn pragmatik¸n epipèdwn x = a, x = −a

16. x2 + a2 = 0, a 6= 0, zeÔgoc par�llhlwn fantastik¸n epipèdwn

17. x2 = 0 zeÔgoc sumpiptìntwn epipèdwn x = 0.

7.8 Ask seic.

75. Na prosdioristeÐ to eÐdoc thc epif�neiac: x2 + 4y2 + 9z2 − 6x+ 8y − 36z = 0.
LÔsh. H exÐswsh gr�fetai

(x2 − 6x+ 9) + 4(y2 + 2y + 1) + 9(z2 − 4z + 4)− 0− 4− 36 = 0
(x− 3)2 + 4(y + 1)2 + 9(z − 2)2 − 49 = 0 (7.1)

Antikajist¸ntac ta x, y, z sthn (7.1) apì touc tÔpouc allag c twn suntetagmènwn

x = x′ + 3
y = y′ − 1
z = z′ + 2



58 KEFALAIO 7

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1~e2~e3 sto shmeÐo O′ =
(3,−1, 2), paÐrnoume thn exÐswsh thc epif�neiac sto sÔsthma O′~e1~e2~e3

x′2 + 4y′2 + 9z′2 = 49 ⇐⇒ x′2

49
+
y′2

49
4

+
z′2

49
9

= 1

pou eÐnai exÐswsh tou elleyoeidoÔc. 'Ara, h epif�neia eÐnai elleiyoeidèc.

76. Na prosdioristeÐ to eÐdoc thc epif�neiac: 4x2 − y2 − z2 + 32x− 12z + 44 = 0.
LÔsh. H exÐswsh gr�fetai

4(x2 + 8x+ 16)− y2 − (z2 + 12z + 36) + 44− 64 + 36 = 0
4(x+ 4)2 − y2 − (z + 6)2 = −16 (7.2)

Antikajist¸ntac ta x, y, z sthn (7.2) apì touc tÔpouc allag c twn suntetagmènwn

x = x′ − 4
y = y′

z = z′ − 6

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1~e2~e3 sto shmeÐo O′ =
(−4, 0,−6), paÐrnoume thn exÐswsh thc epif�neiac sto sÔsthma O′~e1~e2~e3

4x′2 − y′2 − z′2 = −16 ⇐⇒ −x
′2

16
4

+
y′2

16
+
z′2

16
= 11

pou eÐnai exÐswsh tou monìqwnou uperboloeidoÔc.

77. Na prosdioristeÐ to eÐdoc thc epif�neiac: 6y2 + 6z2 + 5x+ 6y + 30z − 11 = 0.
LÔsh. H exÐswsh gr�fetai

6
(
y2 + y +

1
4

)
+ 6

(
z2 + 5z +

25
4

)
+ 5x− 11− 6

4
− 150

4
= 0

6
(
y +

1
2

)2

+ 6
(
z +

5
2

)2

+ 5x− 25 = 0

6
(
y +

1
2

)2

+ 6
(
z +

5
2

)2

+ 5(x− 5) = 0 (7.3)

Antikajist¸ntac ta x, y, z sthn (7.3) apì touc tÔpouc allag c twn suntetagmènwn

x = x′ + 5

y = y′ − 1
2

z = z′ − 5
2

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1~e2~e3 sto shmeÐo O′ =
(5,− 1

2 ,−
5
2 ), paÐrnoume thn exÐswsh thc epif�neiac sto sÔsthma O′~e1~e2~e3

6y′2 + 6z′2 + 5x′ = 0 ⇐⇒ y′2

5
12

+
z′2

5
12

= −2x′

pou eÐnai exÐswsh tou elleiptikoÔ paraboloeidoÔc.

78. Na prosdioristeÐ to eÐdoc thc epif�neiac: 6y2 + 6z2 + 6y + 30z − 11 = 0.
LÔsh. H exÐswsh gr�fetai

6
(
y2 + y

)
+ 6

(
z2 + 5z

)
− 11 = 0

6
(
y +

1
2

)2

+ 6
(
z +

5
2

)2

− 6
4
− 150

4
− 11 = 0 (7.4)
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Antikajist¸ntac ta x, y, z sthn (7.4) apì touc tÔpouc allag c twn suntetagmènwn

x = x′

y = y′ − 1
2

z = z′ − 5
2

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1~e2~e3 sto shmeÐo O′ =
(0,− 1

2 ,−
5
2 ), paÐrnoume thn exÐswsh thc epif�neiac sto sÔsthma O′~e1~e2~e3

6y′2 + 6z′2 − 50 = 0 ⇐⇒ y′2

50
6

+
z′2

50
6

= 1

pou eÐnai exÐswsh tou elleiptikoÔ kulÐndrou.

79. Na prosdioristeÐ to eÐdoc thc epif�neiac: 3x2 − 18x+ 10y = 0.
LÔsh. H exÐswsh gr�fetai

3
(
x2 − 6x

)
+ 10y = 0

3 (x− 3)2 + 10y − 27 = 0

3 (x− 3)2 + 10
(
y − 27

10

)
= 0 (7.5)

Antikajist¸ntac ta x, y, z sthn (7.5) apì touc tÔpouc allag c twn suntetagmènwn

x = x′ + 3

y = y′ +
27
10

z = z′

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1~e2~e3 sto shmeÐo O′ =(
3, 27

10 , 0
)
, paÐrnoume thn exÐswsh thc epif�neiac sto sÔsthma O′~e1~e2~e3

3x′2 + 10y′ = 0 ⇐⇒ x′2 = −10
3
y′

pou eÐnai exÐswsh tou parabolikoÔ kulÐndrou.

80. Na prosdioristeÐ to eÐdoc thc epif�neiac: 3x2 − 18x+ 14 = 0.
LÔsh. H exÐswsh gr�fetai

3
(
x2 + y − 6x

)
+ 14 = 0

3 (x− 3)2 − 27 + 14 = 0 (7.6)

Antikajist¸ntac ta x, y, z sthn (7.6) apì touc tÔpouc allag c twn suntetagmènwn

x = x′ + 3
y = y′

z = z′

oi opoÐoi antistoiqoÔn sthn metafor� thc arq c O tou sust matoc suntetagmènwn O~e1~e2~e3 sto shmeÐo O′ =
(3, 0, 0), paÐrnoume thn exÐswsh thc epif�neiac sto sÔsthma O′~e1~e2~e3

3x′2 − 13 = 0 ⇐⇒ x′2 =
13
3

pou eÐnai exÐswsh tou zeÔgouc par�llhlwn epipèdwn x′ =
√

13
3 kai x′ = −

√
13
3 .


