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H par�dosh twn ask sewn ja gÐnei sthn arq  tou maj matoc thc Tet�rthc 1hc IounÐou.
EpishmaÐnetai ìti oi ergasÐec eÐnai atomikèc kai ìti suneisfèroun 8% tou telikoÔ bajmoÔ.

'Askhsh 1: Ta parak�tw eÐnai anex�rthta erwt mata:

(a) BreÐte thn exÐswsh pou perigr�fei thn epif�neia diaqwrismoÔ (kai sqedi�ste thn) sto
prìblhma Bayesian taxinìmhshc dÔo isopÐjanwn kl�sewn me b�sh 2-D dianÔsmata qara-
kthristik¸n x pou akoloujoÔn 2-D kanonikèc katanomèc gia k�je kl�sh (class condi-
tional pdfs) me koinì pÐnaka sundiaspor�c (covariance matrix) ton monadiaÐo diag¸nio
pÐnaka I kai dianÔsmata mèswn tim¸n m1 = [ 0 , 0 ]T kai m2 = [ 1 , 1 ]T .

(b) 'Estw poludi�stata dianÔsmata qarakthristik¸n x = [ x1 , x2 ,..., xL ]T me statistik�
anex�rthta stoiqeÐa (statistically independent components) pou paÐrnoun duadikèc timèc
(dhl. xl = 0   1 , gia l = 1 , 2 ,..., L ). Ta dianÔsmata aut� qrhsimopoioÔntai gia thn
taxinìmhsh se K kl�seic, ω1 , ω2 ,..., ωK , me ek twn protèrwn pijanìthtec (prior pro-
babilities) P (ωk) , k = 1 , 2 ,..., K . 'Estw epÐshc ìti oi upì sunj kh (class conditional)
pijanìthtec dÐnontai apì tic

P l k = P [ xl = 1 |ωk ] , gia l = 1 , 2 ,..., L kai k = 1 , 2 ,..., K .

BreÐte th morf  thc sun�rthshc di�krishc (kanìna taxinìmhshc) gk(x) sÔmfwna me thn
jewrÐa apof�sewn kat� Bayes.

BreÐte epÐshc p¸c aut  aplopoieÐtai se mÐa apl  sun�rthsh tou ajroÐsmatoc
∑L

l=1 xl ,
gr�fontac thn exÐswsh pou perigr�fei to uperepÐpedo apìfashc, gia thn eidik  perÐptwsh
dÔo isopÐjanwn kl�sewn, dhl. K = 2 kai P (ω1) = P (ω2) = 1/2 , kai me Ðsec upì sunj kh
pijanìthtec gia ìla ta stoiqeÐa tou dianÔsmatoc qarakthristik¸n, dhl. P l 1 = p > 1/2 ,
kai P l 2 = 1 − p , gia l = 1 , 2 ,..., L .

(c) BreÐte ton ektimht  mègisthc pijanof�neiac (maximum likelihood estimator) thc para-
mètrou θ > 0 thc ekjetik c sun�rthshc puknìthtac pijanìthtac,

p ( x | θ ) =

{
θ e− θ x , x ≥ 0

0 , alloÔ
,

me b�sh N statistik� anex�rthta deÐgmat� thc xn , n = 1 , 2 ,..., N .

(d) 'Estw h apìklish (Kullback-Leibler divergence) dij(x) enìc dianÔsmatoc qarakthristi-
k¸n x = [ x1 , x2 , ... , xL ]T wc proc kl�seic ωi, ωj (exÐswsh (5.21) tou biblÐou). Apo-
deÐxte ìti gia poludi�statec kanonikèc katanomèc gia k�je kl�sh (multivariate Gaussian
class conditional pdfs) me koinì pÐnaka sundiaspor�c S kai dianÔsmata mèswn tim¸n mk

(gia k = i, j ), h apìklish isoÔtai me thn apìstash Mahalanobis metaxÔ twn antÐstoiqwn
dianusm�twn mèswn tim¸n, dhl. dij(x) = (mi −mj)

T S−1 (mi −mj) .
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(e) 'Estw s mÐa metrik  omoiìthtac (similarity metric) orismènh sto sÔnolo X , gia thn
opoÐa isqÔei s (x ,y) > 0 , ∀ x ,y ∈ X . ApodeÐxte ìti h d , pou orÐzetai wc

d (x ,y) =
a

s (x ,y)
, me a > 0

eÐnai metrik  anomoiìthtac (dissimilarity metric) sto sÔnolo X .

'Askhsh 2: 'Estw dÔo kl�seic ω1 kai ω2 me ta akìlouja 2-D dianÔsmata qarakthristik¸n

ekpaÐdeushc (trÐa gia k�je kl�sh, grammèna se morf  x = [ x1 , x2 ]T ):

ω1 : [ 1 , 1 ]T , [ 2 , 1 ]T , [ 1 , 2 ]T

ω2 : [−1 ,−1 ]T , [−2 ,−1 ]T , [−1 ,−2 ]T .

'Estw epÐshc kai èna di�nusma dokim c xtest = [ 1 , 0 ]T .

(a) Sqedi�ste ta parap�nw dianÔsmata sto 2-D q¸ro me �xonec ta x1 , x2 . EÐnai oi kl�seic
grammik� diaqwrÐsimec (me b�sh ta dianÔsmata ekpaÐdeushc)? An nai, d¸ste mÐa sun�rth-
sh di�krishc g(x) = w1 x1 + w2 x2 + w0 me di�nusma suntelest¸n w = [ w1 , w2 , w0 ]T ,
pou diaqwrÐzei tic dÔo kl�seic me g(x) > 0 gia x ∈ ω1 kai g(x) < 0 gia x ∈ ω2 (gia
ta dianÔsmata ekpaÐdeushc) kai pou taxinomeÐ to di�nusma dokim c sthn kl�sh ω2 .

(b) Taxinom ste to di�nusma dokim c me b�sh ton kanìna tou plhsièsterou geÐtona (1-NN),
qrhsimopoi¸ntac opoiod pote mètro apìstashc metaxÔ dianusm�twn ston dudi�stato
q¸ro epijumeÐte.

(c) BreÐte th grammik  sun�rthsh di�krishc twn dÔo kl�sewn me b�sh ton algìrijmo perce-
ptron (se morf  batch), arqikopoi¸ntac ton algìrijmo me timèc w(0) = [ 1 , 1 ,− 15/4 ]T

kai qrhsimopoi¸ntac b ma ρ = 1/4 . Sqedi�ste thn kai taxinom ste to xtest me aut n.
ShmeÐwsh: O sumbolismìc thc g(x) kai ta prìshma epilog c twn kl�sewn eÐnai ìpwc
sto upo-er¸thma (a) .

(d) BreÐte th grammik  sun�rthsh di�krishc twn dÔo kl�sewn me b�sh thn mèjodo twn
mhqan¸n dianusmatik c st rixhc (support vector machines), ekfr�zontac to di�nusma
[ w1 , w2 ]T wc grammikì sunduasmì twn dianusm�twn st rixhc (support vectors) kai sth
sunèqeia brÐskontac kai to w0 . Poio eÐnai to perij¸rio (margin) metaxÔ twn kl�sewn
pou epitugq�nei o algìrijmoc? Sqedi�ste thn sun�rthsh di�krishc kai taxinom ste to
xtest me aut n.

(e) Mei¸ste thn di�stash twn dedomènwn apì dÔo se mÐa qrhsimopoi¸ntac an�lush kÔriwn
sunistws¸n (Principal Component Analysis – PCA). BreÐte tic probolèc twn dianusm�-
twn ekpaÐdeushc ston monodi�stato q¸ro pou prokÔptei, kai diapist¸ste an oi kl�seic
eÐnai grammik� diaqwrÐsimec se autìn ton q¸ro   ìqi. An nai, taxinom ste to par�deigma
dokim c sthn kat�llhlh kl�sh, me b�sh ton kanìna tou plhsièsterou geÐtona (1-NN)
ston monodi�stato q¸ro pou prokÔptei.
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(f) Prosjèste t¸ra dÔo akìmh shmeÐa sto sÔnolo ekpaÐdeushc, sugkekrimèna to [ 2 , 2 ]T

sthn kl�sh ω1 kai to [− 2 ,− 2 ]T sthn kl�sh ω2 (sunep¸c èqoume 4 shmeÐa ekpaÐdeu-
shc gia k�je kl�sh). UpologÐste me th mèjodo thc mègisthc pijanof�neiac kanonikèc
katanomèc (2-D Gaussian) gia tic upì sunj kh sunart seic puknìthtac pijanìthtac
p (x |ω1 ) kai p (x |ω2 ) . Sth sunèqeia taxinom ste to di�nusma dokim c, xtest , me b�sh
th jewrÐa apof�sewn tou Bayes.

'Askhsh 3: 'Estw dÔo kl�seic ω1 kai ω2 me ta akìlouja 2-D dianÔsmata qarakthristik¸n

ekpaÐdeushc (grammèna se morf  x = [ x1 , x2 ]T ):

ω1 : [ 1 , 0 ]T , [−1 , 0 ]T , [ 3 , 1 ]T , [−3 , 1 ]T , [ 3 ,−1 ]T , [−3 ,−1 ]T ,

ω2 : [ 1 , 2 ]T , [ 1 ,−2 ]T , [−1 , 2 ]T , [−1 ,−2 ]T .

'Estw epÐshc kai èna di�nusma dokim c xtest = [ 3 , 2 ]T .

(a) Sqedi�ste ta parap�nw dianÔsmata sto 2-D q¸ro me �xonec ta x1 , x2 . EÐnai oi kl�seic
grammik� diaqwrÐsimec (me b�sh ta dianÔsmata ekpaÐdeushc)?

(b) Taxinom ste to di�nusma dokim c me b�sh ton kanìna twn tri¸n plhsièsterwn geitìnwn
(3-NN), qrhsimopoi¸ntac thn EukleÐdeia apìstash (L2) metaxÔ dianusm�twn.

(c) Kataskeu�ste èna perceptron dÔo epipèdwn pou na taxinomeÐ ta dianÔsmata ekpaÐdeushc
swst� stic dÔo kl�seic. Se poia kl�sh taxinomeÐtai to di�nusma dokim c xtest ?

(d) Kataskeu�ste (kai sqedi�ste) ènan poluwnumikì taxinomht  pou na taxinomeÐ ta dia-
nÔsmata ekpaÐdeushc swst� stic dÔo kl�seic kai taxinom ste to di�nusma dokim c me
autìn. EpÐshc, sqedi�ste tic perioqèc apìfashc gia k�je kl�sh ston arqikì q¸ro.

'Askhsh 4: Ta parak�tw eÐnai anex�rthta erwt mata:

(a) 'Estw ta èxi parak�tw dianÔsmata ekpaÐdeushc ta opoÐa parousi�zontai sto basikì ako-
loujiakì algorijmikì sq ma omadopoÐhshc (BSAS) me thn akìloujh seir�:

x1 =[ 1 , 1 ]T, x2 =[ 2 , 1 ]T, x3 =[ 1 , 2 ]T, x4 =[−1 ,−1 ]T, x5 =[−2 ,−1 ]T, x6 =[−1 ,−2 ]T.

Omadopoi ste ta dianÔsmata aut� me b�sh ton algìrijmo BSAS, qrhsimopoi¸ntac thn
apìstash L1 (Manhattan distance), kat¸fli θ = 1.25 , kai jewr¸ntac ìti oi antiprì-
swpoi twn om�dwn pou prokÔptoun eÐnai h mèsh tim  twn mel¸n thc om�dac.

(b) 'Estw dianÔsmata ekpaÐdeushc:

x1 =[ 1 , 1 ]T, x2 =[ 2 , 2 ]T, x3 =[−1 ,−1 ]T, x4 =[−2 ,−1 ]T.

Omadopoi ste ta ierarqik�, qrhsimopoi¸ntac ton susswreutikì algìrijmo omadopoÐhshc
(agglomerative clustering) me b�sh thn apìstash L1 (Manhattan distance). Qrhsimo-
poieÐste dÔo diaforopoi seic tou algorÐjmou, ìson afor� thn enhmèrwsh twn apost�-
sewn tou pÐnaka anomoiìthtac, ton pr¸to me b�sh ton algìrijmo aploÔ desmoÔ (single
link), kai ton deÔtero me b�sh ton algìrijmo pl rouc desmoÔ (complete link). Kai stic
dÔo peript¸seic sqedi�ste ta dentrogr�mmata anomoiìthtac (dendrograms) pou prokÔ-
ptoun.
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(c) UpologÐste me diadikasÐa dunamik c qronik c strèblwshc (dynamic time warping) to
kìstoc sÔgkrishc metaxÔ thc akoloujÐac tess�rwn 2-D qarakthristik¸n (prìtupo ana-
for�c)

X =

[
1.0 −1.0 −1.0 0.0
1.0 0.0 −1.0 −1.0

]
kai thc akoloujÐac pènte 2-D qarakthristik¸n (upì exètash prìtupo)

Y =

[
2.0 0.0 −1.0 −1.0 1.0
1.0 −1.0 0.0 −2.0 −3.0

]
upì topikoÔc periorismoÔc met�bashc Sakoe-Chiba (sq ma 7.11.a) tou biblÐou, kìstoc
sÔgkrishc dianusm�twn thn apìstash L1 (Manhattan distance), kai periorismoÔc �krwn
pou apaitoÔn to bèltisto monop�ti na dièrqetai apì ton arqikì kai ton telikì kìmbo
pou apoteloÔntai apì ta zeÔgh twn pr¸twn kai teleutaÐwn dianusm�twn twn protÔpwn
anafor�c kai dokim c, antÐstoiqa.

4


