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 Set Ask sewn'Askhsh 1(a): 'Estw èna prìblhma taxinìmhsh
 se dÔo isop�jane
 kl�sei
 me b�sh dia-nÔsmata qarakthristik¸n x pou akoloujoÔn poludi�state
 kanonikè
 katanomè
 gia k�jekl�sh (class conditional pdfs) me koinì p�naka sundiaspor�
 (covariance matrix) S kai diafo-retik� dianÔsmata mèswn tim¸n m1 kai m2 . Apode�xte ìti h pijanìthta l�jou
 tou Bayesiantaxinomht  el�qistou sf�lmato
 d�netai apì thn
Pe =

∫

+∞

D/2

1√
2 π

exp (− z2/2) d z ,ìpou to D e�nai h apìstash Mahalanobis metaxÔ twn mèswn tim¸n m1 kai m2 .LÔsh:O taxinomht 
 kat� Bayes bas�zetai sto test tou lìgou th
 pijanof�neia
,
L12 =

p(x|ω1)

p(x|ω2)
> (<) 1(lìgw tou ìti oi kl�sei
 e�nai isop�jane
),   isodÔnama, an jewr soume thn tuqa�a metablht 

u = ln L12 = ln p(x|ω1) − ln p(x|ω2) ,h taxinìmhsh bas�zetai sto an h u e�nai jetik  (kl�sh ω1)   arnhtik  (kl�sh ω2).Apì ta dedomèna th
 �skhsh
 (kai thn (2.27) tou bibl�ou) èqoume:
u = − 1

2
(x−m1)

T S− 1 (x−m1) +
1

2
(x−m2)

T S− 1 (x−m2)

= xT S− 1 (m1 −m2) −
1

2
(m1 + m2)

T S− 1 (m1 −m2)(lìgw kai th
 summetr�a
 tou koinoÔ p�naka sundiaspor�
 S ). H tuqa�a metablht  u e�nailoipìn grammikì
 sunduasmì
 twn l tuqa�wn metablht¸n pou apoteloÔn ta stoiqe�a tou l-di�statou dianÔsmato
 x , pou e�nai apì koinoÔ Gkaousianè
, kat� sunèpeia h u akolouje�thn kanonik  katanom . H mèsh tim  kai diaspor� th
 u fusik� exart�tai apì thn kl�sh (ω1  ω2) apì thn opo�a proèrqetai to x . Sthn per�ptwsh pou prìkeitai gia thn kl�sh ω1, hmèsh tim  th
 u e�nai:
µ1,u = E1[u] = mT

1 S− 1 (m1 −m2) −
1

2
(m1 + m2)

T S− 1 (m1 −m2)

=
1

2
(m1 −m2)

T S− 1 (m1 −m2) =
1

2
D 2 ,ìpou D e�nai h apìstash Mahalanobis metaxÔ twn m1 kai m2 (ex�swsh (2.49) tou bibl�ou).Ep�sh
, h diaspor� th
 e�nai �sh me

σ2

1,u = E1[ (u − E1[u]) 2 ]

= E1[ ( xTS− 1(m1−m2) −
1

2
(m1+m2)

TS− 1(m1−m2) −
1

2
(m1−m2)

T S− 1 (m1−m2) ) 2 ]1



= E1[ ( (x−m1)
T S− 1(m1−m2) ) 2 ] = (m1−m2)

T S− 1 E1[ (x−m1)(x−m1)
T ] S− 1 (m1−m2)

= (m1 −m2)
T S− 1 (m1 −m2) = D 2 .Parìmoia me ta parap�nw, sthn per�ptwsh pou prìkeitai gia thn kl�sh ω2, èqoume:

µ2,u = − 1

2
D 2 , σ2

1,u = D 2 .MporoÔme t¸ra, me b�sh ta parap�nw, na ekfr�soume peraitèrw analutik� thn pijanìthtal�jou
 tou Bayesian taxinomht , pou apì thn (2.7) tou bibl�ou isoÔtai me:
Pe =

1

2
P (u < 0,x ∈ ω1) +

1

2
P (u > 0,x ∈ ω2) ,w
 ( blèpe ep�sh
 kai thn (2.24) )

Pe =
1

2

∫

0

−∞

1√
2 π D

exp (− (u − D 2/2) 2

2 D 2
) du +

1

2

∫

+∞

0

1√
2 π D

exp (− (u + D 2/2) 2

2 D 2
) du

=

∫

+∞

0

1√
2 π D

exp (− (u + D 2/2) 2

2 D 2
) du =

∫

+∞

D/2

1√
2 π

exp (− z2/2) dz ,ìpou h proteleuta�a isìthta proèkuye antikajist¸nta
 sto aristerì olokl rwma u← −u ,kai h teleuta�a isìthta proèkuye me thn antikat�stash z ← ( (u/D) + (D/2) ) .
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'Askhsh 1(b): De�xte ìti oi ektimhtè
 mègisth
 pijanof�neia
 (maximum likelihood

estimators) twn �gnwstwn paramètrwn m kai S th
 poludi�stath
 Gaussian sun�rthsh
puknìthta
 pijanìthta

p(x) =

1

(2 π) l/2 (detS)1/2
exp

(

− 1

2
(x−m)T S−1 (x−m)

)me b�sh N anex�rthte
 parathr sei
 / de�gmat� th
 x1 ,x2 , ... ,xN , d�nontai apì ti

m̂

ML
=

1

N

N
∑

n=1

xn , Ŝ
ML

=
1

N

N
∑

n=1

(xn − m̂
ML

) (xn − m̂
ML

)T .Ereun ste an oi parap�nw ektimhtè
 e�nai amerìlhptoi (unbiased), kai, an ìqi, diorj¸ste tou
kat�llhla ¸ste na e�nai.LÔsh:Gr�fonta
 thn sun�rthsh pijanof�neia
 se logarijmik  morf  pa�rnoume ( blèpe (2.27) kai(2.58) )
L (m ,S ) =

N
∑

n= 1

ln p (xn ;m ,S ) = − N l

2
ln (2 π) − N

2
ln |S | − 1

2

N
∑

n= 1

(xn−m ) S− 1 (xn−m )T

= − N l

2
ln (2 π) − N

2
ln |S | − 1

2
tr

[

S− 1

N
∑

n = 1

(xn − m ) (xn − m )T

]

.Paragwg�zonta
 pa�rnoume
d L (m ,S ) = − N

2
tr
[

S− 1 dS
]

− 1

2
tr

[

S− 1 ( dS ) S− 1

N
∑

n= 1

(xn − m ) (xn − m )T − 2 S− 1

N
∑

n =1

(xn − m ) ( dm )T

]

.Exis¸nonta
 to parap�nw me to mhdèn, apaitoÔme gia thn ep�teuxh mègistou oi ìroi pou pol-laplasi�zoun ta dm kai dS na e�nai �soi me to mhdèn. Gia ton pr¸to èqoume eÔkola
N
∑

n= 1

(xn − m ) = 0 ⇔ m̂
ML

=
1

N

N
∑

n=1

xn ,en¸ gia ton ìro pou perilamb�nei to dS èqoume
1

2
tr

(

S− 1 ( dS )

[

N I − S− 1

N
∑

n =1

(xn − m ) (xn − m )T

] )

= 0 ⇒

⇒ N S =

N
∑

n =1

(xn− m ) (xn− m )T ⇒ Ŝ
ML

=
1

N

N
∑

n=1

(xn−m̂
ML

) (xn−m̂
ML

)T .3



Exet�zonta
 tou
 parap�nw ektimhtè
 gia amerolhy�a, èqoume:
E [m̂

ML
] =

1

N

N
∑

n=1

E [xn] =
1

N
N m = m ,dhlad  o ektimht 
 mègisth
 pijanof�neia
 m̂

ML
tou dianÔsmato
 m e�nai amerìlhpto
(unbiased). Gia ton ektimht  Ŝ

ML
èqoume (prosjètonta
 kai afair¸nta
 to m )

E [Ŝ
ML

] =
1

N

N
∑

n=1

E
[

( (xn − m ) − ( m̂
ML
− m ) ) ( (xn − m ) − ( m̂

ML
− m ) )T

]

=
1

N

N
∑

n=1

E
[

(xn − m ) (xn − m )T
]

+
1

N

N
∑

n=1

E
[

( m̂
ML
− m ) ( m̂

ML
− m )T

]

− 1

N

N
∑

n=1

E
[

(xn − m ) ( m̂
ML
− m )T

]

− 1

N

N
∑

n=1

E
[

( m̂
ML
− m ) (xn − m )T

]Sth sunèqeia, gia k�je ènan apì tou
 tèsserei
 ìrou
 tou ajro�smato
 èqoume:
E
[

(xn − m ) (xn − m )T
]

= S ,

E
[

( m̂
ML
− m ) ( m̂

ML
− m )T

]

= E

[

1

N

N
∑

i=1

(xi − m )
1

N

N
∑

j=1

(xj − m )T

]

=
1

N2

N
∑

i=1

N
∑

j=1

E
[

(xi − m ) (xj − m )T
]

=
1

N2
NS =

1

N
S ,

E
[

(xn − m ) ( m̂
ML
− m )T

]

= E

[

(xn − m )
1

N

N
∑

j=1

(xj − m )T

]

=
1

N
S ,

E
[

( m̂
ML
− m ) (xn − m )T

]

= E

[

1

N

N
∑

i=1

(xi − m ) (xn − m )T

]

=
1

N
S .Antikajist¸nta
 ta parap�nw sthn prohgoÔmenh ex�swsh, èqoume:

E [Ŝ
ML

] = S +
1

N
S − 1

N
S − 1

N
S =

N − 1

N
S .Kat� sunèpeia o ektimht 
 mègisth
 pijanof�neia
 e�nai mìno asumptwtik� amerìlhpto
 (ka-j¸
 N →∞ ). E�nai eÔkolo wstìso na diorjwje� o ektimht 
, pa�rnonta
 ton

Ŝ =
N

N − 1
Ŝ

ML
=

1

N − 1

N
∑

n=1

(xn − m̂
ML

) (xn − m̂
ML

)T .O kainoÔrgio
 autì
 ektimht 
 e�nai profan¸
 amerìlhpto
.
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'Askhsh 1(c): Bre�te thn ex�swsh pou perigr�fei thn epif�neia diaqwrismoÔ (kai sqe-di�ste thn) sto prìblhma Bayesian taxinìmhsh
 dÔo isop�janwn kl�sewn me b�sh 3-D dianÔ-smata qarakthristik¸n x pou akoloujoÔn 3-D kanonikè
 katanomè
 gia k�je kl�sh (class
conditional pdfs) me koinì p�naka sundiaspor�
 (covariance matrix)

S =





0.3 0.1 0.1
0.1 0.3−0.1
0.1−0.1 0.3



kai dianÔsmata mèswn tim¸n m1 = [0, 0, 0]T kai m2 = [0.5, 0.5, 0.5]T .LÔsh:Me b�sh ta dedomèna th
 �skhsh
, to uperep�pedo apìfash
 (epif�neia diaqwrismoÔ) d�netaiapì thn ex�swsh (blèpe kai (2.35) sto bibl�o):
−1

2
(x−m1)

TS− 1(x−m1) + ln
P (ω1)

(2 π) l/2 |S|1/2
= −1

2
(x−m2)

TS− 1(x−m2) + ln
P (ω2)

(2 π) l/2 |S|1/2
.Kaj¸
 oi dÔo kl�sei
 e�nai isop�jane
 (P (ω1) = P (ω2) = 1/2 ), kai lìgw kai tou koinoÔp�naka sundiaspor�
 S , h ex�swsh diaqwrismoÔ twn kl�sewn aplopoie�tai sthn:

xT S− 1 m1 −
1

2
mT

1 S− 1 m1 = xT S− 1 m2 −
1

2
mT

2 S− 1 m2 .Antikajist¸nta
 ti
 timè
 twn m1 , m2 , kai S , kai br�skonta
 eÔkola ton ant�strofo p�nakath
 sundiaspor�
,
S− 1 =





5.0−2.5−2.5
−2.5 5.0 2.5
−2.5 2.5 5.0



 ,pa�rnoume thn ex�swsh
2.5 x2 + 2.5 x3 − 1.25 = 0 ⇔ x2 + x3 − 0.5 = 0 .H epif�neia aut  diaqwrismoÔ twn kl�sewn e�nai par�llhlh ston �xona tou x1 (prìkeitaiprofan¸
 gia eidik  per�ptwsh). H tom  th
 me to k�jeto se aut n ep�pedo twn axìnwn

( x2 , x3 ) sqedi�zetai sto parak�tw sq ma.
x2

0 0.5

x3

0.5

m1

[ 0.0 , 0.5 , 0.5 ]
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'Askhsh 2: 'Estw dÔo kl�sei
 ω1 kai ω2 me ta akìlouja 2-D dianÔsmata qarakthristi-k¸n ekpa�deush
 (dÔo gia k�je kl�sh, grammèna se morf  x = [ x1 , x2 ]T ):
ω1 : [−1 , 2 ]T , [ 0 , 1 ]T

ω2 : [ 0 ,−1 ]T , [ 1 ,−2 ]T .'Estw ep�sh
 kai èna di�nusma dokim 
 xtest = [−3 , 2 ]T .
(a) Sqedi�ste ta parap�nw dianÔsmata sto 2-D q¸ro me �xone
 ta x1 , x2 . E�nai oi kl�sei
grammik� diaqwr�sime
 (me b�sh ta dianÔsmata ekpa�deush
)? An nai, d¸ste m�a sun�rth-sh di�krish
 g(x) = w1 x1 +w2 x2 +w0 me di�nusma suntelest¸n w = [w1 ,w2 ,w0 ]T ,pou diaqwr�zei ti
 dÔo kl�sei
 me g(x) > 0 gia x ∈ ω1 kai g(x) < 0 gia x ∈ ω2 (gia tadianÔsmata ekpa�deush
) kai pou taxinome� to di�nusma dokim 
 sthn kl�sh ω1 . D¸steep�sh
 m�a sun�rthsh di�krish
 th
 �dia
 morf 
 pou na taxinome� to di�nusma dokim 
sthn kl�sh ω2 .
(b) Bre�te th grammik  sun�rthsh di�krish
 twn dÔo kl�sewn me b�sh ton algìrijmo perce-

ptron (se morf  batch), arqikopoi¸nta
 ton algìrijmo me timè
 w(0) = [ 0 , 0 , 0 ]T kaiqrhsimopoi¸nta
 b ma ρ = 1.0 . Sqedi�ste thn kai taxinom ste to xtest me aut n.
(c) Bre�te th grammik  sun�rthsh di�krish
 twn dÔo kl�sewn me b�sh thn elaqistopo�hshtou ajro�smato
 tetragwnik¸n sfalm�twn (minimum least squares error). Pìso e�naito el�qisto sf�lma ekpa�deush
 pou petuqa�nei o algìrijmo
? Sqedi�ste thn sun�rthshdi�krish
 kai taxinom ste to xtest me aut n.
(d) Bre�te th grammik  sun�rthsh di�krish
 twn dÔo kl�sewn me b�sh thn mèjodo twn mh-qan¸n dianusmatik 
 st rixh
 (support vector machines). Poia e�nai ta dianÔsmatast rixh
 (support vectors)? Poio e�nai to perij¸rio (margin) metaxÔ twn kl�sewn pouepitugq�nei o algìrijmo
? Sqedi�ste thn sun�rthsh di�krish
 kai taxinom ste to xtestme aut n.LÔsh:
(a) Sto sq ma th
 epìmenh
 sel�da
 èqoun sqediaste� ta tèssera dianÔsmata ekpa�deush
kai to di�nusma dokim 
. Oi kl�sei
 e�nai profan¸
 grammik� diaqwr�sime
, ìpw
 fa�netaikai apì ti
 trei
 euje�e
 (grammikè
 sunart sei
 di�krish
) pou èqoun sqediaste� [èqounsqediaste� kai oi euje�e
 pou prokÔptoun apì ta upìloipa upo-erwt mata th
 �skhsh
℄.DÔo grammikè
 sunarthsei
 di�krish
 pou ikanopoioÔn to pr¸to upo-er¸thma e�nai oi

gA(x) = −x1 + x2 = 0 , dhlad  wA = [−1 , 1 , 0 ]T ,kai
gB(x) = x1 + x2 = 0 , dhlad  wB = [ 1 , 1 , 0 ]T .E�nai eÔkolo na doÔme ìti gA(x) > 0 gia x = [−1 , 2 , 1 ]T kai gia x = [ 0 , 1 , 1 ]T , ìpw
kai ìti gA(x) < 0 gia x = [ 0 ,−1 , 1 ]T kai gia x = [ 1 ,−2 , 1 ]T , dhlad  ta dianÔsmataekpa�deush
 taxinomoÔntai swst� (èqoume epaux sei ìla ta dianÔsmata me thn stajer�

1). EÔkola blèpoume ep�sh
 ìti gA(x test) = wT
A x = [−1 , 1 , 0 ] . [−3 , 2 , 1 ]T = 5 > 0 ,kat� sunèpeia to di�nusma dokim 
 x test taxinome�tai sthn kl�sh ω1 .6



x1

- 4 - 3 - 2 - 1 0 1 2 3

x2

- 1

- 2

- 3

1

2

3

ω1

ω2

xtest

gA(  )x

gB(  )x

gC(  )x

gD(  )x

Epanalamb�nonta
 ta parap�nw gia thn euje�a gB(x) , parathroÔme ìti h taxinìmhsh twndianusm�twn ekpa�deush
 g�netai swst�, kai ìti gB(x test) = [ 1 , 1 , 0 ] . [−3 , 2 , 1 ]T =
−1 < 0 , kat� sunèpeia to di�nusma dokim 
 x test taxinome�tai t¸ra sthn kl�sh ω2 .

(b) E�nai profanè
 ìti h arqik  tim  tou dianÔsmato
 w(0) den taxinome� swst� kanènaapì ta dianÔsmata ekpa�deush
. Kat� sunèpeia, h pr¸th epan�lhyh tou algor�jmou
perceptron se morf  batch (ex�swsh (3.9) tou bibl�ou) ja d¸sei:
w(1) = w(0)−

4
∑

n=1

δxn
xn =





0.0
0.0
0.0



+





−1.0
2.0
1.0



+





0.0
1.0
1.0



−





0.0
−1.0

1.0



−





1.0
−2.0

1.0



 =





−2.0
6.0
0.0



 .ParathroÔme eÔkola ìti h grammik  sun�rthsh di�krish
 pou prokÔptei e�nai h
gC(x) = − 2 x1 + 6 x2 = 0 , dhlad  me wC = [−2 , 6 , 0 ]T ,kai taxinome� swst� kai ta tèssera dianÔsmata ekpa�deush
. Kat� sunèpeia o algìrijmo
èqei sugkl�nei. H sun�rthsh di�krish
 èqei sqediaste� sto parap�nw sq ma. EÔkolaep�sh
 blèpoume ìti gC(x test) = wT

C x = [−2 , 6 , 0 ] . [−3 , 2 , 1 ]T = 18 > 0 , kat� sunè-peia to di�nusma dokim 
 x test taxinome�tai sthn kl�sh ω1 .
(c) Akolouj¸nta
 th mejodolog�a twn exis¸sewn (3.44) kai (3.45) tou bibl�ou, sqhmat�zou-me ton p�naka X (qrhsimopoi¸nta
 ta epauxhmèna dianÔsmata dedomènwn ekpa�deush
)kai to di�nusma y w


X =









−1 2 1
0 1 1
0−1 1
1−2 1









, y =









1
1
−1
−1









.Sth sunèqeia sqhmat�zoume tou
 p�nake

XTX =





2 −4 0
−4 10 0

0 0 4



 ⇒ (XTX)− 1 =





2.50 1.00 0.00
1.00 0.50 0.00
0.00 0.00 0.25



 , kai XTy =





−2
6
0



 ,
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kai eÔkola pa�rnoume to zhtoÔmeno di�nusma
w = (XT X)− 1 XT y =





2.50 1.00 0.00
1.00 0.50 0.00
0.00 0.00 0.25



 .





−2
6
0



 =





1
1
0



 .H grammik  sun�rthsh di�krish
 pou prokÔptei loipìn e�nai h
gB(x) = x1 + x2 = 0 ,h opo�a e�qe oriste� sthn ap�nths  ma
 sto upo-er¸thma 2(a). Eke� e�qame ep�sh
 diapi-st¸sei ìti gB(x test) = −1 < 0 , dhlad  ìti to di�nusma dokim 
 taxinome�tai sthn kl�sh

ω2 . ParathroÔme ep�sh
 ìti to �jroisma twn tetragwnik¸n sfalm�twn (ex�swsh (3.42)tou bibl�ou) pou petuqa�nei h sugkekrimènh sun�rthsh di�krish
 e�nai mhdenikì, kaj¸
kai gia ta tèssera dianÔsmata ekpa�deush
 tuqa�nei na isqÔei yi = wT
B x i .

(d) To er¸thma lÔnetai eÔkola (epoptik�) an diapist¸soume ìti to mègisto perij¸rio (margin)metaxÔ twn dianusm�twn ekpa�deush
 twn dÔo kl�sewn e�nai 2, kai epitugq�netai apì thgrammik  sun�rthsh di�krish

gD(x) = x2 = 0 , dhlad  wD = [ 0 , 1 , 0 ]T .Ta dianÔsmata ekpa�deush
 pou ikanopoioÔn thn w1x1+w2x2+w0 = ± 1 e�nai ta [ 0 , 1 ]Tkai [ 0 ,−1 ]T (grammèna sth mh epauxhmènh tou
 morf ). Aut� apoteloÔn kat� sunèpeiata dianÔsmata upost rixh
 (support vectors). ParathroÔme ìntw
 ìti h ex�swsh (3.79)tou bibl�ou isqÔei, kaj¸


[

w1

w2

]

=

[

0
1

]

=
1

2
(+ 1)

[

0
1

]

+
1

2
(− 1)

[

0
−1

]

=
∑

i

λi yi xi ,dhlad  èqoume dÔo mhdenikoÔ
 kai dÔo jetikoÔ
 pollaplasiastè
 Lagrange (oi sugke-krimènoi fusik� apoteloÔn m�a apì ti
 �peire
 epilogè
 tètoiwn suntelest¸n). Ep�sh
 hex�swsh (3.80) tou bibl�ou ikanopoie�tai gia w0 = 0 . Tèlo
, to di�nusma dokim 
 x testtaxinome�tai sthn kl�sh ω1 , kaj¸
 gD(x test) = [ 0 , 1 , 0 ] . [−3 , 2 , 1 ]T = 2 > 0 .Enallaktik�, sta parap�nw fusik� katal goume an akolouj soume th mejodolog�a touParade�gmato
 3.5 tou bibl�ou.

8



'Askhsh 3: 'Estw dÔo kl�sei
 ω1 kai ω2 me ta akìlouja 2-D dianÔsmata qarakthristi-k¸n ekpa�deush
 (grammèna se morf  x = [ x1 , x2 ]T ):
ω1 : [ 0 , 0 ]T , [ 0 ,−1 ]T , [ 0 , 1 ]T , [−1 , 0 ]T , [ 1 , 0 ]T

ω2 : [ 2 , 0 ]T , [ 0 ,−2 ]T , [ 2 ,−2 ]T , [−2 , 0 ]T , [−2 , 2 ]T , [ 0 , 2 ]T .'Estw ep�sh
 kai èna di�nusma dokim 
 xtest = [ 2 , 2 ]T .
(a) Sqedi�ste ta parap�nw dianÔsmata sto 2-D q¸ro me �xone
 ta x1 , x2 . E�nai oi kl�sei
grammik� diaqwr�sime
 (me b�sh ta dianÔsmata ekpa�deush
)?
(b) Kataskeu�ste èna perceptron dÔo epipèdwn pou na taxinome� ta dianÔsmata ekpa�deush
swst� sti
 dÔo kl�sei
. Se poia kl�sh taxinome�tai to di�nusma dokim 
 xtest ?
(c) LÔste to parap�nw prìblhma me d�ktuo aktinwt 
 sun�rthsh
 b�sh
 (RBF). Se poiakl�sh taxinome�tai to di�nusma dokim 
?
(d) LÔste to prìblhma qrhsimopoi¸nta
 poluwnumikì taxinomht  kai taxinom ste to di�nu-sma dokim 
 me autìn.LÔsh:
(a) Ta dojènta dianÔsmata ekpa�deush
 kai to di�nusma dokim 
 èqoun sqediaste� sto pa-rak�tw sq ma. E�nai profanè
 ìti den up�rqei euje�a pou na diaqwr�zei ta dianÔsmataekpa�deush
 swst� sti
 dÔo kl�sei
 ω1 kai ω2 , kai kat� sunèpeia proqwroÔme sthnsqed�ash mh grammik¸n taxinomht¸n sta parak�tw upo-erwt mata.

x1

- 3 - 2 - 1 0 1 2 3

x2

- 1

- 2

- 3

1

2

3

xtest

ω1

ω2

ω2
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x1

- 3 - 2 - 1 0 1 2 3

x2

- 1

- 2

- 3

1

2

3

xtest

ω1

ω2B

ω2A

gA(  )x

− +

gB(  )x
− +

y1

- 2 - 1 0 1 2

y2

- 1

- 2

1

2

ω1 ω2

g(  )y

+ −

(b) AkoloujoÔme thn mejodolog�a th
 Enìthta
 4.3 tou bibl�ou. JewroÔme ti
 euje�e
di�krish
 (blèpe parap�nw sq ma)
gA(x) = x1 − x2 + 3/2 = 0 , dhlad  wA = [ 1 ,−1 , 3/2 ]T ,kai
gB(x) = x1 − x2 − 3/2 = 0 , dhlad  wB = [ 1 ,−1 ,−3/2 ]T ,pou or�zoun ant�stoiqa perceptrons (enì
 epipèdou). Or�zonta
 w
 ti
 exìdou
 tou
 ta

y1 = percB(x) kai y2 = percA(x) ,parathroÔme ìti èqei epiteuqje� h ex 
 antisto�qhsh twn perioq¸n ω1 , ω2A , ω2B touepipèdou eisìdou x (blèpe parap�nw sq ma arister�) se tr�a shme�a tou kainoÔrgioudidi�statou q¸rou y = [ y1 , y2 ]T (blèpe parap�nw sq ma dexi�):
x ∈ ω1 ⇒ y1 = 0 , y2 = 1 ,

x ∈ ω2A ⇒ y1 = 0 , y2 = 0 ,

x ∈ ω2B ⇒ y1 = 1 , y2 = 1 .Oi dÔo kl�sei
 tou probl mato
 apoteloÔntai apì sunolik� tr�a plèon shme�a
ω1 : [ 0 , 1 ]T , ω2 : [ 0 , 0 ]T , [ 1 , 1 ]T ,ston q¸ro twn y, kai e�nai fusik� grammik� diaqwr�sime
. M�a euje�a di�krish
 e�nai h

g(y) = −y1 + y2 − 1/2 = 0 , dhlad  w = [−1 , 1 ,−1/2 ]T ,h opo�a èqei sqediaste� sto parap�nw sq ma, dexi�, kai h opo�a d�nei to deÔtero ep�pedotou zhtoÔmenou perceptron. To sunolikì sÔsthma taxinìmhsh
 d�netai sto parak�twsq ma. E�nai profanè
 ep�sh
 ìti to di�nusma dokim 
 taxinome�tai sthn kl�sh ω1 .
−3/2

3/2

−1/2

1

−1
1

−1

−1

1

x1

x2 10



(c) To prìblhma lÔnetai eÔkola an parathr soume ìti opoiosd pote kÔklo
 me kèntro thnarq  twn axìnwn kai akt�na metaxÔ twn tim¸n 1 kai 2 diaqwr�zei ti
 dÔo kl�sei
. Kat�sunèpeia, m�a mìno sun�rthsh RBF arke� gia na antistoiq�sei ton didi�stato q¸ro seèna monodi�stato q¸ro ìpou oi ω1 kai ω2 e�nai grammik� diaqwr�sime
. Pr�gmati, èstw
y = f(x) = exp (− ‖x‖ 2 ) ,dhlad  m�a sun�rthsh aktinwt 
 b�sh
 th
 morf 
 th
 ex�swsh
 (4.53) tou bibl�ou mekèntro c = [ 0 , 0 ]T kai σ = 1/
√

2 . ParathroÔme ti
 akìlouje
 antistoiq�sei
:
x = [ 0 , 0 ]T ⇒ y = exp(0) = 1 ,

x = [ 0 ,−1 ]T , [ 0 , 1 ]T , [−1 , 0 ]T , [ 1 , 0 ]T ⇒ y = exp(−1) = 0.3679 ,

x = [ 2 , 0 ]T , [ 0 ,−2 ]T , [−2 , 0 ]T , [ 0 , 2 ]T ⇒ y = exp(−4) = 0.0183 ,

x = [ 2 ,−2 ]T , [−2 , 2 ]T ⇒ y = exp(−8) = 0.0003 ,dhlad  ta dedomèna ekpa�deush
 ston kainoÔrgio ma
 q¸ro e�nai ta
ω1 : 1 , 0.3679 ,kai
ω2 : 0.0183 , 0.0003 .Aut� plèon e�nai grammik� diaqwr�sima, gia par�deigma apì th sun�rthsh di�krish


g(y) = y− 0.2231 ,  , isodÔnama (ston arqikì q¸ro), g(x) = exp (− ‖x‖ 2 ) − 0.2231 .Parathr¸nta
 ìti exp(−1.5) = 0.2231 , e�nai profanè
 ìti h parap�nw sun�rthsh di�-krish
 antistoiqe� se epif�neia diaqwrismoÔ pou e�nai kÔklo
 me kèntro thn arq  twnaxìnwn kai akt�na 1.5 . Tèlo
, èqoume g(x test) = exp(−8) − exp(−1.5) = −0.2228 ,kat� sunèpeia to di�nusma dokim 
 taxinome�tai sthn kl�sh ω2 .
(d) M�a apl  antisto�qhsh tou arqikoÔ q¸rou se q¸ro ìpou to prìblhma e�nai grammik�diaqwr�simo me qr sh poluwnumik¸n sunart sewn e�nai h

y1 = x2

1 , y2 = x2

2 .ParathroÔme tìte ìti
x = [ 0 , 0 ]T ⇒ y = [ 0 , 0 ]T ,

x = [ 0 ,−1 ]T , [ 0 , 1 ]T ⇒ y = [ 0 , 1 ]T ,

x = [−1 , 0 ]T , [ 1 , 0 ]T ⇒ y = [ 1 , 0 ]T ,

x = [ 2 , 0 ]T , [−2 , 0 ]T ⇒ y = [ 4 , 0 ]T ,

x = [ 0 ,−2 ]T , [ 0 , 2 ]T ⇒ y = [ 0 , 4 ]T ,

x = [ 2 ,−2 ]T , [−2 , 2 ]T ⇒ y = [ 4 , 4 ]T .Kat� sunèpeia, ta dedomèna ekpa�deush
 ston kainoÔrgio q¸ro e�nai ta:
ω1 : [ 0 , 1 ]T , [ 1 , 0 ]T , [ 0 , 0 ]T .11



kai
ω2 : [ 0 , 4 ]T , [ 4 , 0 ]T , [ 4 , 4 ]T .Aut� plèon e�nai grammik� diaqwr�sima (fa�netai eÔkola an sqediastoÔn se sq ma), giapar�deigma apì th sun�rthsh di�krish


g(y) = − y1 − y2 + 2 ,  , isodÔnama (ston arqikì q¸ro), g(x) = −x2

1 − x2

2 + 2 .ParathroÔme ìti h parap�nw sun�rthsh di�krish
 antistoiqe� se epif�neia diaqwrismoÔston arqikì q¸ro pou e�nai kÔklo
 me kèntro thn arq  twn axìnwn kai akt�na √2 . Tèlo
,èqoume g(x test) = −4 − 4 + 2 = −6 , kat� sunèpeia to di�nusma dokim 
 taxinome�taisthn kl�sh ω2 .
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'Askhsh 4(a): Apode�xte ìti h apìklish (Kullback-Leibler divergence) dij(x) enì
dianÔsmato
 qarakthristik¸n x = [ x1 , x2 , ... , xL ]T w
 pro
 kl�sei
 ωi, ωj (ex�swsh (5.21)tou bibl�ou) ikanopoie� th sqèsh dij(x) ≥ 0 .LÔsh:Qrhsimopoi¸nta
 th gnwst  idiìthta ln x ≤ x − 1 , pa�rnoume (blèpe ep�sh
 ex�swsh (5.19)tou bibl�ou):
Dij = −

∫

p (x|ωi) ln
p (x|ωj)

p (x|ωi)
dx ≥ −

∫

p (x|ωi)

(

p (x|ωj)

p (x|ωi)
− 1

)

dx

=

∫

p (x|ωj) dx −
∫

p (x|ωi) dx = 1 − 1 = 0 .Parìmoia, pa�rnoume Dji ≥ 0 kai, kat� sunèpeia, dij = Dij + Dji ≥ 0 .'Askhsh 4(b): Apode�xte ìti dij(x) =

L
∑

l=1

dij(xl) , gia statistik� anex�rthte
metablhtè
 x1 , x2 , ... , xL .LÔsh:Ja apode�xoume to parap�nw gia L = 2 . H gen�keush gia L > 2 e�nai profan 
. 'Eqoumeloipìn,
dij(x1, x2) =

∫

x1

∫

x2

( pi(x1, x2) − pj(x1, x2) ) ln
pi(x1, x2)

pj(x1, x2)
d x1 d x2

=

∫

x1

∫

x2

( pi(x1) pi(x2) − pj(x1) pj(x2) ) ( ln
pi(x1)

pj(x1)
+ ln

pi(x2)

pj(x2)
) d x1 d x2

=

∫

x1

∫

x2

( pi(x1) pi(x2) − pj(x1) pj(x2) ) ln
pi(x1)

pj(x1)
d x1 d x2

+

∫

x1

∫

x2

( pi(x1) pi(x2) − pj(x1) pj(x2) ) ln
pi(x2)

pj(x2)
d x1 d x2

=

∫

x1

( pi(x1) − pj(x1) ) ln
pi(x1)

pj(x1)
d x1 +

∫

x2

( pi(x2) − pj(x2) ) ln
pi(x2)

pj(x2)
d x2

= dij(x1) + dij(x2) .
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'Askhsh 4(c): Apode�xte ìti gia poludi�state
 kanonikè
 katanomè
 gia k�je kl�sh(multivariate Gaussian class conditional pdfs) me koinì p�naka sundiaspor�
 S kai dianÔsmatamèswn tim¸n mi (gia thn kl�sh ωi ), h apìklish isoÔtai me thn apìstash Mahalanobis metaxÔtwn ant�stoiqwn dianusm�twn mèswn tim¸n, dhl. dij(x) = (mi −mj)
T S−1 (mi −mj) .LÔsh:'Opw
 èqoume  dh de�xei sti
 pr¸te
 exis¸sei
 th
 'Askhsh
 1(a), o log�rijmo
 tou lìgoutwn sunart sewn puknìthta
 pijanìthta
 dÔo poludi�statwn kanonik¸n katanom¸n me koinìp�naka sundiaspor�
 e�nai

ln p(x|ωi) − ln p(x|ωj) = xT S− 1 (mi −mj) −
1

2
(mi + mj)

T S− 1 (mi −mj) .Kat� sunèpeia,
Dij =

∫

p (x|ωi) ln
p (x|ωi)

p (x|ωj)
dx = mT

i S− 1 (mi −mj) ,afoÔ o deÔtero
 ìro
 e�nai m�a stajer� kai h mèsh tim  tou dianÔsmato
 x pou akolouje� thn
p (x|ωi) e�nai h mi . Ant�stoiqa, èqoume

Dji =

∫

p (x|ωj) ln
p (x|ωj)

p (x|ωi)
dx = mT

j S− 1 (mj −mi) .Ajro�zonta
 ta Dij kai Dji , pa�rnoume to zhtoÔmeno.
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'Askhsh 5(a): Upolog�ste me diadikas�a dunamik 
 qronik 
 strèblwsh
 (dynamic time

warping) thn apìstash edit metaxÔ twn akolouji¸n sumbìlwn “harbour” (prìtupo anafo-r�
) kai “hair born” (upì exètash prìtupo) kai sqedi�ste to sqetikì di�gramma dunamikoÔprogrammatismoÔ.LÔsh:H lÔsh tou probl mato
 fa�netai sto parak�tw sq ma, akolouj¸nta
 thn mejodolog�a th
enìthta
 7.2.2 tou bibl�ou (sÔmfwna ep�sh
 me ta sq mata 7.4). E�nai profanè
 ìti h zhtoÔmenhapìstash isoÔtai me 4 (Parat rhsh: Sto bèltisto monop�ti èqoume shmei¸sei to sunolikìkìsto
 tou se k�je shme�o). ParathroÔme ep�sh
 ìti to bèltisto monop�ti den e�nai monadikì.Bèltisth ep�sh
 e�nai kai h parallag  tou pou èqei shmeiwje� me gkri qr¸ma.

h a r b o u r

h

a

i

r

_

b

o

r

n

0

0

1

1

2

2

2

3

4

3

3
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'Askhsh 5(b): Upolog�ste me diadikas�a dunamik 
 qronik 
 strèblwsh
 (dynamic ti-

me warping) to kìsto
 sÔgkrish
 metaxÔ th
 akolouj�a
 tess�rwn 2-D qarakthristik¸n(prìtupo anafor�
)
X =

[

1.0 −1.0 −1.0 0.0
1.0 0.0 −1.0 −1.0

]kai th
 akolouj�a
 pènte 2-D qarakthristik¸n (upì exètash prìtupo)
Y =

[

2.0 0.0 −1.0 −1.0 1.0
1.0 −1.0 0.0 −2.0 −3.0

]upì topikoÔ
 periorismoÔ
 met�bash
 Itakura (sq ma 7.10) tou bibl�ou kai kìsto
 sÔgkri-sh
 dianusm�twn thn apìstash L1 (Manhattan distance). Sqedi�ste to sqetikì di�grammadunamikoÔ programmatismoÔ.LÔsh:H lÔsh tou probl mato
 fa�netai sto parak�tw sq ma, akolouj¸nta
 thn mejodolog�a th
enìthta
 7.2.3 tou bibl�ou. Gia dieukìlunsh, upolog�zoume pr¸ta ìle
 ti
 apost�sei
 L1metaxÔ twn dianusm�twn (blèpe arijmoÔ
 se mikr  grammatoseir�). Sth sunèqeia efarmìzoumeton algìrijmo upì topikoÔ
 periorismoÔ
 met�bash
 tou sq mato
 7.10 tou bibl�ou. Tobèltisto monop�ti èqei sunolikì kìsto
 5. Wstìso, an epitrèpame qalaroÔ
 periorismoÔ
�krwn, tìte to bèltisto monop�ti ja e�qe kìsto
 4, termat�zonta
 èna shme�o pio k�tw apìto monop�ti pou èqei sqediaste� sto sq ma. Ax�zei ep�sh
 na parathrhje�, ìti ìpw
 kai prin,kai sti
 dÔo peript¸sei
, to bèltisto monop�ti den e�nai monadikì.

[1,1] [−1,0] [−1,−1] [0,−1]

[2,1]

[0,−1]

[−1,0]

[−1,−2]

[1,−3]

1 4 5 4

3 2 1 0

3 0 1 2

5 2 1 2

4 5 4 3

1

1 2

5
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'Askhsh 6:Jewr ste thn montelopo�hsh enì
 peir�mato
 r�yh
 tri¸n nomism�twn me prokat�lhyh, qrh-simopoi¸nta
 èna HMM me trei
 katast�sei
.
• H pr¸th kat�stash montelopoie� to pr¸to nìmisma c1 kai èqei pijanìthte
 parat rhsh


P (H|c1) = 0.50, P (T |c1) = 0.50 (gia apotèlesma r�yh
 heads (H)   tails (T) ).
• Gia to deÔtero nìmisma èqoume P (H|c2) = 0.75, P (T |c2) = 0.25.
• Gia to tr�to nìmisma èqoume P (H|c3) = 0.25, P (T |c3) = 0.75.Upojètoume ep�sh
 ìti h pijanìthta met�bash
 metaxÔ nomism�twn e�nai omoiìmorfh kai �shme aij = 1/3 (ìpw
 ep�sh
 kai h arqik  pijanìthta).

(a) An èqei parathrhje� h akolouj�a apotelesm�twn r�yh
 O = (HHTH), mpore�te na de�teeÔkola poi� e�nai h pio pijan  akolouj�a katast�sewn ĉ (dhlad  twn nomism�twn twntess�rwn r�yewn)?
(b) Upolog�ste thn koin  pijanìthta P [O, ĉ] .
(c) Pìse
 forè
 pio mikr  apì thn ap�nthsh sto (b) e�nai h pijanìthta ìti h akolouj�aapotelesm�twn r�yh
 pro lje apì tèsserei
 r�yei
 tou nom�smato
 c1 ?
(d) Upolog�ste thn akolouj�a ĉ tou erwt mato
 (a) qrhsimopoi¸nta
 ton algìrijmo Viterbi .LÔsh:
(a) Efìson ìle
 oi pijanìthte
 met�bash
 kai oi arqikè
 pijanìthte
 èqoun thn �dia ti-m , h pio pijan  akolouj�a katast�sewn ja e�nai aut  pou megistopoie� thn pijanìthtak�je parat rhsh
, dhlad  kat�stash c2 k�je for� pou emfan�zetai H , kai kat�sta-sh c3 k�je for� pou emfan�zetai T . Kat� sunèpeia, h zhtoÔmenh akolouj�a e�nai h

ĉ = ( c2 , c2 , c3 , c2 ) .
(b) E�nai eÔkolo na doÔme pw
 h zhtoÔmenh pijanìthta isoÔtai me

P [O, ĉ ] = (1/3)4 (0.75)4 = 0.0039 .

(c) Parìmoia, br�skoume, sumbol�zonta
 me c = ( c1 , c1 , c1 , c1 ) , ìti
P [O, c ]

P [O, ĉ ]
=

(1/3)4 (0.50)4

(1/3)4 (0.75)4
= 0.1975 ,dhlad  h sugkekrimènh akolouj�a katast�sewn e�nai per� ti
 5 forè
 ligìtero pijan apì thn ĉ .

(d) Efarmìzonta
 ton algìrijmo Viterbi , èqoume (aplopoi¸nta
 to sumbolismì gr�foume iant� gia ci , kai or�zoume δt(i) = max q1,q2,...,qt−1
P (o1, o2, ..., ot, q1, q2, ..., qt−1, qt = i) ):17



δ1(1) = (1/3) 0.5 , δ1(2) = (1/3) 0.75 , δ1(3) = (1/3) 0.25 ,

δ2(1) = (1/3)2 0.75 . 0.5 , δ2(2) = (1/3)2 (0.75)2 , δ2(3) = (1/3)2 0.75 . 0.25(me kalÔterh prohgoÔmenh kat�stash thn 2),
δ3(1) = (1/3)3 (0.75)2 0.5 , δ3(2) = (1/3)3 (0.75)2 0.25 , δ3(3) = (1/3)3 (0.75)3 ,(me kalÔterh prohgoÔmenh kat�stash thn 2),
δ4(1) = (1/3)4 (0.75)3 0.5 , δ4(2) = (1/3)4 (0.75)4 , δ4(3) = (1/3)4 (0.75)3 0.25 ,(me kalÔterh prohgoÔmenh kat�stash thn 3). To mègisto apì ta δ4 epitugq�netai apìthn kat�stash 2, kat� sunèpeia me upanaq¸rhsh (backtracking) pa�rnoume thn akolouj�a(2,2,3,2).
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