
P.J., TMHUTD HU 345: ANAGNWRISH PROTUPWN Ak. 'Etoc 2012-13
Hm/nÐa: 08-05-2013 Set Ask sewn Par�dosh: 31-05-2013

Oi ask seic, graptèc   tupwmènec, paradÐdontai:

• 'Wrec grafeÐou did�skontoc (10:30 � 12:00)   sto m�jhma (12:15 � 14:00) thn Paraskeu 
31-05-2013.

Alli¸c de ja gÐnontai dektèc. EpishmaÐnetai ìti oi ergasÐec eÐnai atomikèc.

'Askhsh 1:

Ta akìlouja erwt mata eÐnai anex�rthta.

(a) 'Estw èna prìblhma taxinìmhshc se dÔo isopÐjanec kl�seic me b�sh dianÔsmata qarakth-
ristik¸n x pou akoloujoÔn poludi�statec kanonikèc katanomèc gia k�je kl�sh (class
conditional pdfs) me koinì pÐnaka sundiaspor�c (covariance matrix) S kai diaforetik�
dianÔsmata mèswn tim¸n m1 kai m2 . ApodeÐxte ìti h pijanìthta l�jouc tou Bayesian
taxinomht  el�qistou sf�lmatoc dÐnetai apì thn

Pe =

∫ +∞

d/2

1√
2 π

exp (− z2/2) d z ,

ìpou to d eÐnai h apìstash Mahalanobis metaxÔ twn mèswn tim¸n m1 kai m2 .

(b) DeÐxte ìti oi ektimhtèc mègisthc pijanof�neiac (maximum likelihood estimators) twn
�gnwstwn paramètrwn m kai S thc poludi�stathc Gaussian sun�rthshc puknìthtac
pijanìthtac

p(x) =
1

(2 π) l/2 (detS)1/2
exp

(
− 1

2
(x−m)T S−1 (x−m)

)
me b�sh N anex�rthtec parathr seic / deÐgmat� thc x1 ,x2 , ... ,xN , dÐnontai apì tic

m̂
ML

=
1

N

N∑
n=1

xn , Ŝ
ML

=
1

N
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n=1

(xn − m̂
ML

) (xn − m̂
ML

)T .

Ereun ste an oi parap�nw ektimhtèc eÐnai amerìlhptoi (unbiased), kai, an ìqi, diorj¸ste
touc kat�llhla ¸ste na eÐnai.

(c) BreÐte thn exÐswsh pou perigr�fei thn epif�neia diaqwrismoÔ (kai sqedi�ste thn) sto
prìblhma Bayesian taxinìmhshc dÔo isopÐjanwn kl�sewn me b�sh 3-D dianÔsmata qara-
kthristik¸n x pou akoloujoÔn 3-D kanonikèc katanomèc gia k�je kl�sh (class condi-
tional pdfs) me koinì pÐnaka sundiaspor�c (covariance matrix)

S =

 0.3 0.1 0.1
0.1 0.3−0.1
0.1−0.1 0.3


kai dianÔsmata mèswn tim¸n m1 = [0, 0, 0]T kai m2 = [0.5, 0.5, 0.5]T . ShmeÐwsh: Na
epilujeÐ qwrÐc th qr sh Matlab.
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'Askhsh 2:

'Estw dÔo kl�seic ω1 kai ω2 me ta akìlouja 2-D dianÔsmata qarakthristik¸n ekpaÐdeushc
(dÔo gia k�je kl�sh, grammèna se morf  x = [ x1 , x2 ]T ):

ω1 : [−1 , 2 ]T , [ 0 , 1 ]T

ω2 : [ 0 ,−1 ]T , [ 1 ,−2 ]T .

'Estw epÐshc kai èna di�nusma dokim c xtest = [−3 , 2 ]T .

(a) Sqedi�ste ta parap�nw dianÔsmata sto 2-D q¸ro me �xonec ta x1 , x2 . EÐnai oi kl�seic
grammik� diaqwrÐsimec (me b�sh ta dianÔsmata ekpaÐdeushc)? An nai, d¸ste mÐa sun�rth-
sh di�krishc g(x) = w1 x1 +w2 x2 +w0 me di�nusma suntelest¸n w = [w1 ,w2 ,w0 ]T ,
pou diaqwrÐzei tic dÔo kl�seic me g(x) > 0 gia x ∈ ω1 kai g(x) < 0 gia x ∈ ω2 (gia ta
dianÔsmata ekpaÐdeushc) kai pou taxinomeÐ to di�nusma dokim c sthn kl�sh ω1 . D¸ste
epÐshc mÐa sun�rthsh di�krishc thc Ðdiac morf c pou na taxinomeÐ to di�nusma dokim c
sthn kl�sh ω2 .

(b) BreÐte th grammik  sun�rthsh di�krishc twn dÔo kl�sewn me b�sh ton algìrijmo perce-
ptron (se morf  batch), arqikopoi¸ntac ton algìrijmo me timèc w(0) = [ 0 , 0 , 0 ]T kai
qrhsimopoi¸ntac b ma ρ = 1.0 . Sqedi�ste thn kai taxinom ste to xtest me aut n.

(c) BreÐte th grammik  sun�rthsh di�krishc twn dÔo kl�sewn me b�sh thn elaqistopoÐhsh
tou ajroÐsmatoc tetragwnik¸n sfalm�twn (minimum least squares error). Pìso eÐnai
to el�qisto sf�lma ekpaÐdeushc pou petuqaÐnei o algìrijmoc? Sqedi�ste thn sun�rthsh
di�krishc kai taxinom ste to xtest me aut n.

(d) BreÐte th grammik  sun�rthsh di�krishc twn dÔo kl�sewn me b�sh thn mèjodo twn mh-
qan¸n dianusmatik c st rixhc (support vector machines). Poia eÐnai ta dianÔsmata
st rixhc (support vectors)? Poio eÐnai to perij¸rio (margin) metaxÔ twn kl�sewn pou
epitugq�nei o algìrijmoc? Sqedi�ste thn sun�rthsh di�krishc kai taxinom ste to xtest

me aut n.

ShmeÐwsh: Ta parap�nw na epilujoÔn qwrÐc th qr sh Matlab.

'Askhsh 3:

'Estw dÔo kl�seic ω1 kai ω2 me ta akìlouja 2-D dianÔsmata qarakthristik¸n ekpaÐdeushc
(grammèna se morf  x = [ x1 , x2 ]T ):

ω1 : [ 0 , 0 ]T , [ 0 ,−1 ]T , [ 0 , 1 ]T , [−1 , 0 ]T , [ 1 , 0 ]T

ω2 : [ 2 , 0 ]T , [ 0 ,−2 ]T , [ 2 ,−2 ]T , [−2 , 0 ]T , [−2 , 2 ]T , [ 0 , 2 ]T .

'Estw epÐshc kai èna di�nusma dokim c xtest = [ 2 , 2 ]T .

(a) Sqedi�ste ta parap�nw dianÔsmata sto 2-D q¸ro me �xonec ta x1 , x2 . EÐnai oi kl�seic
grammik� diaqwrÐsimec (me b�sh ta dianÔsmata ekpaÐdeushc)?

(b) Kataskeu�ste èna perceptron dÔo epipèdwn pou na taxinomeÐ ta dianÔsmata ekpaÐdeushc
swst� stic dÔo kl�seic. Se poia kl�sh taxinomeÐtai to di�nusma dokim c xtest ?
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(c) LÔste to parap�nw prìblhma me dÐktuo aktinwt c sun�rthshc b�shc (RBF). Se poia
kl�sh taxinomeÐtai to di�nusma dokim c?

(d) LÔste to prìblhma qrhsimopoi¸ntac poluwnumikì taxinomht  kai taxinom ste to di�nu-
sma dokim c me autìn.

ShmeÐwsh: Ta parap�nw na epilujoÔn qwrÐc th qr sh Matlab.

'Askhsh 4:

ApodeÐxte tic akìloujec idiìthtec gia thn apìklish (Kullback-Leibler divergence) dij(x)
enìc dianÔsmatoc qarakthristik¸n x = [ x1 , x2 , ... , xL ]T wc proc kl�seic ωi, ωj (exÐswsh
(5.21) tou biblÐou):

(a) dij(x) ≥ 0 .

(b) Gia statistik� anex�rthtec metablhtèc x1 , x2 , ... , xL , isqÔei dij(x) =
L∑

l=1

dij(xl) .

(c) Gia poludi�statec kanonikèc katanomèc gia k�je kl�sh (multivariate Gaussian class
conditional pdfs) me koinì pÐnaka sundiaspor�c S kai dianÔsmata mèswn tim¸n mi (gia
thn kl�sh ωi ), h apìklish isoÔtai me thn apìstash Mahalanobis metaxÔ twn antÐstoiqwn
dianusm�twn mèswn tim¸n, dhl. dij(x) = (mi −mj)

T S−1 (mi −mj) .

'Askhsh 5:

UpologÐste me diadikasÐa dunamik c qronik c strèblwshc (dynamic time warping):

(a) Thn apìstash edit metaxÔ twn akolouji¸n sumbìlwn “harbour” (prìtupo anafor�c)
kai “hair born” (upì exètash prìtupo).

(b) To kìstoc sÔgkrishc metaxÔ thc akoloujÐac tess�rwn 2-D qarakthristik¸n (prìtupo
anafor�c)

X =

[
1.0 −1.0 −1.0 0.0
1.0 0.0 −1.0 −1.0

]
kai thc akoloujÐac pènte 2-D qarakthristik¸n (upì exètash prìtupo)

Y =

[
2.0 0.0 −1.0 −1.0 1.0
1.0 −1.0 0.0 −2.0 −3.0

]
upì topikoÔc periorismoÔc met�bashc Itakura (sq ma 7.10) tou biblÐou kai kìstoc sÔg-
krishc dianusm�twn thn apìstash L1 (Manhattan distance).

Sqedi�ste ta sqetik� diagr�mmata dunamikoÔ programmatismoÔ kai stic dÔo peript¸seic.

ShmeÐwsh: Ta parap�nw na epilujoÔn qwrÐc th qr sh Matlab.
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'Askhsh 6:

Jewr ste thn montelopoÐhsh enìc peir�matoc rÐyhc tri¸n nomism�twn me prokat�lhyh, qrh-
simopoi¸ntac èna HMM me treic katast�seic.

• H pr¸th kat�stash montelopoieÐ to pr¸to nìmisma c1 kai èqei pijanìthtec parat rhshc
P (H|c1) = 0.50, P (T |c1) = 0.50 (gia apotèlesma rÐyhc heads (H)   tails (T) ).

• Gia to deÔtero nìmisma èqoume P (H|c2) = 0.75, P (T |c2) = 0.25.

• Gia to trÐto nìmisma èqoume P (H|c3) = 0.25, P (T |c3) = 0.75.

Upojètoume epÐshc ìti h pijanìthta met�bashc metaxÔ nomism�twn eÐnai omoiìmorfh kai Ðsh
me aij = 1/3 (ìpwc epÐshc kai h arqik  pijanìthta).

(a) An èqei parathrhjeÐ h akoloujÐa apotelesm�twn rÐyhc O = (HHTH), mporeÐte na deÐte
eÔkola poi� eÐnai h pio pijan  akoloujÐa katast�sewn ĉ (dhlad  twn nomism�twn twn
tess�rwn rÐyewn)?

(b) UpologÐste thn koin  pijanìthta P [O, ĉ] .

(c) Pìsec forèc pio mikr  apì thn ap�nthsh sto (b) eÐnai h pijanìthta ìti h akoloujÐa
apotelesm�twn rÐyhc pro lje apì tèssereic rÐyeic tou nomÐsmatoc c1 ?

(d) UpologÐste thn akoloujÐa ĉ tou erwt matoc (a) qrhsimopoi¸ntac ton algìrijmo Viterbi .

ShmeÐwsh: Ta parap�nw na epilujoÔn qwrÐc th qr sh Matlab.

4


