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 2ou Sunìlou Ask sewn'Askhsh 1:Upolog�ste ton DFT, X[k] gia 0 ≤ k ≤ N − 1 , tou s mato
:
x[n] =

{

1 , gia 0 ≤ n ≤ (N/2)−1

0 , gia N/2 ≤ n ≤ N−1 ,me N �rtio. Aplopoie�ste thn èkfrash pou lamb�nete gia k = 0, k �rtio, kai k perittì.LÔsh: 'Eqoume:
X[k] =

N−1
∑

n= 0

x[n] W k n
N =

(N/2)−1
∑

n = 0

W k n
N =

1 − e− j π k

1 − e− j 2 π k/N
=

1 − (−1) k

1 − e− j 2 π k/N
,gia 0 ≤ k ≤ N − 1 . ParathroÔme ìti gia ìla ta k 6= 0 sto parap�nw di�sthma o parano-mast 
 e�nai mh mhdenikì
, opìte kai h tim  th
 parap�nw èkfrash
 br�sketai eÔkola, afoÔ htim  tou arijmht  isoÔtai me 0   2 (blèpe parak�tw). Wstìso, gia k = 0 , kai o arijmht 
kai o paranomast 
 mhden�zontai. Gia na broÔme to zhtoÔmeno sthn tim  aut  qrhsimopoioÔmeton kanìna tou De L�Hospital, kai paragwg�zonta
 arijmht  kai paranomast  w
 pro
 k ,pa�rnoume w
 ap�nthsh gia k = 0 thn tim  j π/(j 2 π/N) = N/2 . Sunoy�zonta
 loipìn,èqoume gia 0 ≤ k ≤ N − 1 :

X[k] =















N/2 , k = 0

0 , k �rtio 6= 0 .
2

1 − e− j 2 π k/N
, k perittì'Askhsh 2:Jewr ste thn peperasmènh akolouj�a x[n] tou parak�tw sq mato
 (arister�). 'Estw ep�sh


X[k] o DFT tess�rwn shme�wn ( N = 4 ) th
 akolouj�a
 aut 
. Sqedi�ste thn akolouj�a
y[n] , th
 opo�a
 o DFT isoÔtai me

Y [k] = e− j 3 π k / 2 X[k] , k = 0 , 1 , 2 , 3 .LÔsh: ParathroÔme eÔkola pw
 Y [k] = e− j 3 π k / 2 X[k] = e− j 6 π k / 4 X[k] = W 3 k
4 X[k] ,gia k = 0 , 1 , 2 , 3 , kat� sunèpeia y[n] = x[<n − 3>4] (blèpe parak�tw sq ma, dexi�).
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'Askhsh 3:Upolog�ste ton DFT m kou
 N = 24 twn dÔo peperasmènwn akolouji¸n x[n] = δ[n − 8]kai x[n] = sin (π n/3) , gia 0 ≤ n ≤ 23 .LÔsh: Gia thn pr¸th akolouj�a gnwr�zoume ìti DFT {δ[n] } = 1 , gia 0 ≤ k ≤ 23 , sunep¸
apì thn idiìthta met�jesh
 ston qrìno èqoume:
DFT { δ[n − 8] } = W 8 k

24 = e− j 2 π 8 k/24 = e− j 2 π k/3 = (−1/2) k ( 1 +
√

3 j ) k ,gia 0 ≤ k ≤ 23 .Gia th deÔterh akolouj�a èqoume:
x[n] = sin (π n/3) =

1

2 j

(

e j π n/3 − e− j π n/3
)

=
1

2 j

(

e j 2 π

24
4 n − e− j 2 π

24
4 n

)

⇒ DFT { x[n] } =
24

2 j
( δ[ <k−4>24 ] − δ[ <k+4>24 ] ) = −12jδ[k−4] + 12jδ[k−20] ,gia 0 ≤ k ≤ 23 .
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'Askhsh 4:D�nontai oi akolouj�e
 tess�rwn deigm�twn:
x[n] = cos

(π n

2

)

, h[n] = 2n , gia n = 0, 1, 2, 3 .Upolog�ste pr¸ta tou
 DFT twn x[n] kai h[n], X[k] kai H [k], gia N = 4. Sth sunèqeiaupolog�ste thn grammik  kai thn kuklik  sunèlixh twn x[n] kai y[n], kai sugkr�nete ti
metaxÔ tou
, ìpw
 kai me thn akolouj�a pou prokÔptei apì ton ant�strofo DFT tou ginomènou
X[k] H [k] (N = 4).LÔsh: Upolog�zoume pr¸ta ton DFT tou x[n]. 'Eqoume:

X[k] =
3

∑

n= 0

cos(π n/2) W kn
4 , 0 ≤ k ≤ 3 .Epeid  to sunhm�tono suneisfèrei mìno dÔo mh mhdenikè
 timè
 sta parap�nw ajro�smata (e�naimon�da gia n = 0 kai −1 gia n = 2), pa�rnoume:

X[k] = 1 − W 2k
4 , 0 ≤ k ≤ 3 .Sth sunèqeia upolog�zoume ton DFT tou h[n]. 'Eqoume:

H [k] =

3
∑

n = 0

2n W kn
4 = 1 + 2 W k

4 + 4 W 2k
4 + 8 W 3k

4 , 0 ≤ k ≤ 3 .MporoÔme na broÔme thn kuklik  sunèlixh w
 ton ant�strofo DFT tou ginomènou X[k] H [k](gia N = 4). Pr�gmati:
X[k] H [k] = (1 − W 2k

4 ) (1 + 2 W k
4 + 4 W 2k

4 + 8 W 3k
4 )

= 1 + 2 W k
4 + 4 W 2k

4 + 8 W 3k
4 − W 2k

4 − 2 W 3k
4 − 4 W 4k

4 − 8 W 5k
4

= − 3 − 6 W k
4 + 3 W 2k

4 + 6 W 3k
4 , 0 ≤ k ≤ 3 ,ìpou qrhsimopoi same to ìti W 4k

4 = 1 kai W 5k
4 = W k

4 . Kat� sunèpeia, h kuklik  sunèlixhd�netai apì:
IDFT {X[k] H [k]} = − 3 δ[n] − 6 δ[n − 1] + 3 δ[n − 2] + 6 δ[n − 3] ,orismènh fusik� gia 0 ≤ n ≤ 3 .ParathroÔme pw
 h kuklik  sunèlixh mpore� na upologiste� kai apì thn grammik  sunèlixhtwn dÔo akolouji¸n, pou eÔkola mpore� na breje� ìti isoÔtai me

x[n] ∗ y[n] = δ[n] + 2 δ[n − 1] + 3 δ[n − 2] + 6 δ[n − 3] − 4 δ[n − 4] − 8 δ[n − 5] ,an p�roume upìyh ma
 to fainìmeno th
 qronik 
 anad�plwsh
 sta shme�a 4 → 0 kai 5 → 1 .
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'Askhsh 5:Upolog�ste thn kuklik  sunèlixh twn akolouji¸n:
x[n] = 6 δ[n] + 5 δ[n − 1] + 4 δ[n − 2] + 3 δ[n − 3] + 2 δ[n − 4] + δ[n − 5]kai
h[n] = δ[n] + δ[n − 4] ,gia N = 6 kai gia N = 10 .LÔsh: O pio eÔkolo
 trìpo
 gia thn ep�lush tou probl mato
 e�nai mèsw tou upologismoÔth
 grammik 
 sunèlixh
 twn dÔo akolouji¸n. Aut  br�sketai eÔkola w
:

x[n]∗h[n] = x[n]+x[n−4] =

6δ[n]+5δ[n−1]+4δ[n−2]+3δ[n−3]+8δ[n−4]+6δ[n−5]+4δ[n−6]+3δ[n−7]+2δ[n−8]+δ[n−9].H akolouj�a aut , ìpw
 anamenìtan, èqei m ko
 10, kai kat� sunèpeia sump�ptei me thn kuklik sunèlixh twn x[n] kai h[n] gia N = 10 . Antijètw
, h kuklik  sunèlix  tou
 diafèrei gia
N = 6 , kajìson ta de�gmata sti
 timè
 6 ≤ n ≤ 9 anadipl¸nontai (ajro�zontai) sti
 timè

0 ≤ n ≤ 3 . Kat� sunèpeia, h zhtoÔmenh kuklik  sunèlixh gia N = 6 isoÔtai me

10 δ[n] + 8 δ[n − 1] + 6 δ[n − 2] + 4 δ[n − 3] + 8 δ[n − 4] + 6 δ[n − 5] .'Askhsh 6:To di�gramma ro 
 petaloÔda
 (butterfly) tou parak�tw sq mato
 apotele� tm ma th
 ulo-po�hsh
 tou algor�jmou FFT me apodekatismì ston qrìno (decimation in time), gia m ko
metasqhmatismoÔ N = 16 . Pìsa e�nai ta st�dia/b mata tou diagr�mmato
 ulopo�hsh
 tou
FFT, kai poie
 e�nai oi pijanè
 timè
 tou r gia k�je èna apì ta st�dia/b mata aut�? Se poiast�dia up�rqoun petaloÔde
 me tim  r = 2 ?

−1W16

rLÔsh: Me b�sh ton algìrijmo ulopo�hsh
 FFT apodekatismoÔ ston qrìno, e�nai eÔkolo nadoÔme pw
 sto:
• Pr¸to st�dio, èqoume r = 0 .
• DeÔtero st�dio, èqoume r = 0, 4 .
• Tr�to st�dio, èqoume r = 0, 2, 4, 6 .
• Tètarto st�dio, èqoume r = 0, 1, 2, 3, 4, 5, 6, 7 .(Autì apotele� m�a gen�keush tou sq. 4.2 tou bibl�ou tou Moustak�dh gia èna akìmh st�dio).Kat� sunèpeia, h petaloÔda tou sq mato
 me tim  r = 2 sunantiètai mìno sto tr�to kaitètarto st�dio tou algor�jmou ulopo�hsh
 tou FFT me apodekatismì ston qrìno.4



'Askhsh 7:Bre�te proseggistik� ti
 paramètrou
 ω0 kai λ tou s mato

x[n] = sin

(

ω0 n +
1

2
λ n 2

)(chirp signal) apì to fasmatìgramm� tou (spectrogram), pou èqei sqediaste� sto parak�twsq ma (skoÔre
 perioqè
 upodhl¸noun meg�le
 timè
 tou mètrou tou DFT).

LÔsh: H stigmia�a suqnìthta tou parap�nw s mato
 chirp isoÔtai me ωi[n] = ω0 + λ n ,kat� sunèpeia perimènoume na doÔme proseggistik� m�a euje�a gramm  sto fasmatìgrammatou s mato
, pou pern�ei apì to ω0 gia n = 0 kai èqei kl�sh λ (to akribè
 fasmatìgrammafusik� ja exart�tai apì ti
 paramètrou
 R , L , N (blèpe ep�sh
 'Askhsh 9) ). Kat� sunèpeia,proseggistik� mporoÔme na poÔme blèponta
 to sq ma ìti ω0 = 0.25 π rad kai λ =
(0.5 π − 0.25 π)/(19000 − 0) = 1.3 π × 10− 5 = 4.1 × 10− 5 rad .'Askhsh 8:Jèloume na ektim soume to f�sma tou s mato
 diakritoÔ qrìnou

x[n] = cos (π n/4) + cos (17π n/64) ,qrhsimopoi¸nta
 èna orjog¸nio par�juro w[n] me m ko
 64, kai diakritì metasqhmatismì
Fourier (DFT) m kou
 ep�sh
 64. Exhg ste e�n anamènete na diakr�nontai dÔo diaqwr�sime
korufè
 pou antistoiqoÔn sti
 suqnìthte
 twn dÔo sunhmitìnwn,   ìqi.LÔsh: Oi suqnìthte
 twn dÔo sunhm�tonwn diafèroun kat�

∆ ω =

∣

∣

∣

∣

π

4
− 17 π

64

∣

∣

∣

∣

=
π

64
.ParathroÔme ìti h diafor� aut  e�nai kat� polÔ mikrìterh apì to pl�to
 tou kÔriou loboÔtou orjog¸niou parajÔrou ∆ ωw = 4 π/64 (blèpe p�naka 3.1 tou bibl�ou tou Moustak�dhme L = 64 ). Kat� sunèpeia, den anamènoume na doÔme dÔo diaqwr�sime
 korufè
.5



'Askhsh 9:D�netai to s ma:
x[n] =











cos (π n/6) , 0 ≤ n ≤ 35

cos (π n/2) , 36 ≤ n ≤ 71

0 , alloÔtou opo�ou jèloume na ektim soume to fasmatìgramma. Upolog�ste (kai sqedi�sete se 3 − D)ta de�gmata
X[rR, k] =

L−1
∑

m = 0

x[rR + m] w[m] e− j (2 π/N) k m ,gia −∞ < r < ∞ kai 0 ≤ k ≤ N − 1 , ìpou to w[n] e�nai èna orjog¸nio par�juro m kou

L = 36 , o DFT èqei m ko
 N = 36 , kai h deigmatolhy�a sto qrìno g�netai ep�sh
 me R = 36 .LÔsh: Apì ton orismì tou X[rR, k] kai to gegonì
 ìti to s ma e�nai mhdenikì gia n < 0 kai
n > 71, e�nai profanè
 ìti ta zhtoÔmena de�gmata e�nai mhdenik� gia r < 0 kai r > 1.Gia r = 0 mìno to pr¸to sunhm�tono suneisfèrei sto zhtoÔmeno �jroisma, kai to zhtoÔmenoe�nai o DFT 36 shme�wn tou

cos (π n/6) =
1

2
(e j 2π

36
3 n + e− j 2π

36
3 n )Apì ti
 idiìthte
 tou DFT (duikìthta, metatìpish ston qrìno), pa�rnoume:

X[0, k] =
36

2
δ[<k − 3>36] +

36

2
δ[<k + 3>36] = 18 δ[k − 3] + 18 δ[k − 33] .Parìmoia, gia r = 1, mìno to deÔtero sunhm�tono suneisfèrei sto �jroisma, opìte pa�rnoume:

X[36, k] =
36

2
δ[<k − 9>36] +

36

2
δ[<k + 9>36] = 18 δ[k − 9] + 18 δ[k − 27] .H trisdi�stath anapar�stash tou parap�nw fasmatogr�mmato
 fa�netai sto parak�tw sq ma.
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