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 1ou Sunìlou Ask sewn'Askhsh 1:Sto s ma suneqoÔ
 qrìnou xc(t) = sin (10 π t) + cos (20 π t) èqei g�nei deigmatolhy�a meper�odo T kai, w
 apotèlesma, èqei prokÔyei to s ma diakritoÔ qrìnou
x[n] = sin (

π n

5
) + cos (

2 π n

5
) .Bre�te thn per�odo deigmatolhy�a
. E�nai monadik ? An ìqi, entop�ste kai deÔterh kat�llhlhper�odo T , sumbat  me ta parap�nw. Ja up�rqei fainìmeno anad�plwsh
 (aliasing) kat� thnanakataskeu  tou s mato
 suneqoÔ
 qrìnou apì to s ma diakritoÔ qrìnou?LÔsh: Met� apì deigmatolhy�a me per�odo T lamb�nei q¸ra h antikat�stash t −→ n T ,kai kat� sunèpeia èqoume:

xc(t) −→ x[n] = sin (10 π n T ) + cos (20 π n T ) .ParathroÔme ìti m�a epilog  periìdou pou k�nei to s ma autì na isoÔtai me to dedomèno sthnekf¸nhsh th
 �skhsh
 e�nai aut  pou ikanopoie�:
10 π n T = π n/5 ⇒ T = 1/50 ,kai

20 π n T = 2 π n/5 ⇒ T = 1/50 .Oi epilogè
 autè
 e�nai sumbatè
, �ra h ap�nthsh e�nai T = 1/50 = 0.02 . ParathroÔme ìti hepilog  aut 
 th
 periìdou ikanopoie� to je¸rhma th
 deigmatolhy�a
 tou Shannon, kajìsonto Niquist rate isoÔtai me 20 Hz , �ra Tmax = 1/20 = 2.5/50 , kai sunep¸
 T ≤ Tmax . Denup�rqei dhlad  fainìmeno anad�plwsh
.ParathroÔme wstìso ìti h parap�nw epilog  den e�nai monadik . Pr�gmati, lìgw periodikì-thta
 twn sunart sewn sin(•) kai cos(•), èqoume �peire
 dunatè
 lÔsei
, m�a ek twn opo�wne�nai aut  pou ikanopoie� ti
:
10 π n T = π n/5 + 2 π n ⇒ 10 π n T =

11 π n

5
⇒ T = 11/50 ,kai

20 π n T = 2 π n/5 + 4 π n ⇒ 20 π n T =
22 π n

5
⇒ T = 11/50 ,�ra h epilog  aut  e�nai sumbat  metaxÔ twn dÔo exis¸sewn kai sunep¸
 T = 11/50 = 0.22apotele� m�a dunat  per�odo deigmatolhy�a
 pou ikanopoie� ta dedomèna tou probl mato
.Fusik� ìmw
 den ikanopoie� to je¸rhma th
 deigmatolhy�a
 tou Shannon, kajìson T > Tmax ,kai kat� sunèpeia up�rqei fainìmeno anad�plwsh
.
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'Askhsh 2:Poia e�nai h èxodo
 y[n] tou sust mato
 tou sq mato
 se e�sodo
x[n] =

[

sin(π n/8)

πn

] 2

;

x[n] y[n]y [n]
1

y [n]
2

4 4
− π/4 π/4

1H(e    )ωj

ωLÔsh: Antimetwp�zoume to prìblhma autì sto ped�o th
 suqnìthta
. 'Eqoume loipìn gia tos ma eisìdou:
x[n] =

sin(π n/8)

πn
.
sin(π n/8)

πn
⇒ X(e j ω ) =

1

2 π
Π(e j ω ) ∗ Π(e j ω ) ,ìpou

Π(e j ω ) =

{

1 , |ω| ≤ π/8 .

0 , π/8 < |ω| ≤ πDen e�nai dÔskolo na dei kane�
 pw
 h sunèlixh twn dÔo id�wn palm¸n e�nai èna s ma metrigwnikì f�sma ekteinìmeno sto di�sthma [−π/4 , π/4 ] , me mhdenik  tim  sta ±π/4 kaimègisth tim  sto ω = 0 , �sh me π/4 . Fusik� h tim  aut  prèpei na pollaplasiaste� me to
1/2 π , opìte lamb�noume mègisth tim  f�smato
 tou s mato
 eisìdou �sh me 1/8 .Sth sunèqeia to s ma pern�ei apì ènan downsampler, kat� sunèpeia to f�sma br�sketai me�jroish tess�rwn ìrwn,

Y1(e
j ω ) =

1

4
[ X(e j ω

4 ) + X(e j ( ω

4
−

2 π

4
)) + X(e j ( ω

4
−

4 π

4
)) + X(e j ( ω

4
−

6 π

4
)) ] .Kajìson wstìso to s ma eisìdou e�nai zwnoperiorismèno metaxÔ [−π/4 , π/4 ] , mìno o pr¸-to
 ìro
 tou ajro�smato
 ja d¸sei f�sma metaxÔ twn [−π , π ] . H èxodo
 kat� sunèpeiaja e�nai p�li èna trigwnikì s ma pou ja kalÔptei wstìso t¸ra (lìgw klim�kwsh
) ìlo todi�sthma [−π , π ] , me mhdenik  tim  sta ±π kai mègisth tim  1/4 . 1/8 = 1/32 sto ω = 0 .Sth sunèqeia to s ma pern�ei apì ènan upsampler, opìte to f�sma exìdou prokÔptei mem�a klim�kwsh tou f�smato
 eisìdou, Y2(e

j ω ) = Y1(e
j ω/4 ) . Autì sunep�getai èna f�smaexìdou me morf  {prionioÔ}, dhlad  me mhdenikè
 timè
 sta ±π/4 kai ± 3 π/4 kai mègisthtim  1/32 sta ω = 0 , ±π/2 , ±π .Tèlo
 to s ma filtr�retai me to sugkekrimèno idanikì katwperatì f�ltro H(e j ω ) th
 ek-f¸nhsh
, kat� sunèpeia apì autì paramènei mìno to trigwnikì f�sma sto [−π/4 , π/4 ] memègisth tim  sto ω = 0 �sh me 1/32 .Dhlad  to s ma exìdou èqei to �dio f�sma me to s ma eisìdou me thn exa�resh m�a
 polla-plasiastik 
 stajer�
 (1/32)/(1/8) = 1/4 . Kat� sunèpeia, to s ma exìdou e�nai to 1/4tou arqikoÔ s mato
 exìdou, dhlad :

y[n] =
1

4

[

sin(π n/8)

πn

] 2

.
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'Askhsh 3:Sto sÔsthma tou sq mato
, h e�sodo
 e�nai h x[n] = δ[n] . Sqedi�ste to pl�to
 kai thn f�shtou Y (e j ω ) th
 exìdou (gia |ω| < π ).
x[n] v[n] y[n]

2e−  ω/2jLÔsh: LÔnoume to prìblhma sto ped�o th
 suqnìthta
. Sumbol�zoume me v[n] thn èxodotou pr¸tou uposust mato
 (ìpw
 fa�netai sto parap�nw sq ma), kai èqoume:
x[n] = δ[n] ⇒ X(e j ω ) = 1 ⇒ V (e j ω ) = e− j ω/2 ,gia −π < ω ≤ π , ìpou qrhsimopoi same to gegonì
 ìti o DTFT tou δ[n] e�nai mon�da.To f�sma (pl�to
 kai f�sh) tou V (e j ω ) èqei sqediaste� sto parak�tw sq ma gia trei
periìdou
, gia na bohjhje� h sqed�ash tou Y (e j ω ) . Sthn sunèqeia, me b�sh to ìti Y (e j ω ) =

V (e j ω 2 ) , lìgw th
 uperdeigmatolhy�a
 kat� 2, pa�rnoume:
Y (e j ω ) =











e− j ω − j π , −π < ω < −π/2

e− j ω , |ω| ≤ π/2 .

e− j ω + j π , π/2 < ω ≤ πKat� sunèpeia, | Y (e j ω ) | = 1 gia −π < ω ≤ π kai
arg { Y (e j ω ) } =











−ω − π , −π < ω < −π/2

−ω , |ω| ≤ π/2 ,

−ω + π , π/2 < |ω| ≤ πta opo�a kai sqedi�zontai sto parak�tw sq ma gia m�a per�odo (−π , π ] .
1

ω

X  e    (      )|        |ωj

−π π

0

ω

X  e    (      )ωj

−π π

1

ω

V  e    (      )|        |ωj

−3π −π π 3π

0

ω

π/2

−π/2

2π

V  e    (      )ωj

−3π
−π π 3π

1

ω

Y  e    (      )|        |ωj

−π π

ω

π/2

−π/2

Y  e    (      )ωj

−π
π
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'Askhsh 4:D�netai to parak�tw sÔsthma allag 
 rujmoÔ deigmatolhy�a
 kat� rhtì M/L , me qr shkat�llhlou katwperatoÔ f�ltrou kèrdou
 L kai suqnìthta
 apokop 
 ωc = π/K , ìpou
K = max {L , M} . Poia e�nai h èxodo
 y[n] tou sust mato
, e�n L = 4 , M = 3 , kai

x[n] =
sin (2 π n/3)

π n
;

L M
− π/Κ π/Κ

L

ω

x[n] x [n]1 x [n]2 y[n]LÔsh: LÔnoume to prìblhma sto ped�o th
 suqnìthta
. To s ma eisìdou èqei fasmatikìperieqìmeno se morf  monadia�ou palmoÔ sto di�sthma [− 2 π/3 , 2 π/3 ] , dhlad 
X(e j ω ) =

{

1 , |ω| ≤ 2 π/3 .

0 , 2 π/3 < |ω| ≤ πMet� thn pr¸th allag  tou rujmoÔ th
 deigmatolhy�a
, èqoume (entì
 tou diast mato

[−π , π ] )

X1(e
j ω ) = X(e j 4 ω ) =



























1 , |ω| ≤ π/6

0 , π/6 < |ω| ≤ 2 π/6

1 , 2 π/6 < |ω| ≤ 4 π/6 ,

0 , 4 π/6 < |ω| ≤ 5 π/6

1 , 5 π/6 < |ω| ≤ πto opo�o met� apì to katwperatì filtr�risma tou sq mato
, kaj¸
 {pern�ei} mìno suqnotikìperieqìmeno entì
 tou diast mato
 [−π/4 , π/4 ] (me kèrdo
 4 ), metatrèpetai sto f�sma
X2(e

j ω ) =

{

4 , |ω| ≤ π/6 .

0 , π/6 < |ω| ≤ πSth sunèqeia akolouje� h deÔterh allag  rujmoÔ deigmatolhy�a
, pou lìgw tou ìti denup�rqei anad�plwsh d�nei (entì
 tou diast mato
 [−π , π ] )
Y (e j ω ) =

1

3
[ X2(e

j ω

3 ) + X2(e
j ( ω

3
− 2 π

3
)) + X2(e

j ( ω

3
− 4 π

3
)) ] =

{

4/3 , |ω| ≤ π/2 .

0 , π/2 < |ω| ≤ πKat� sunèpeia, pa�rnonta
 ton ant�strofo metasqhmatismì Fourier diakritoÔ qrìnou, èqoume
y[n] =

4

3

sin (π n/2)

π n
.

4



'Askhsh 5:Poia e�nai h kajustèrhsh om�da
 tou grammik� qronik� anallo�wtou sust mato
 me kroustik apìkrish pou d�netai sto parak�tw sq ma?
n

−2
−1

0 1 2 3

4

5

−1

1

2 2

1

−1

h  n[   ]

LÔsh: ParathroÔme ìti h kroustik  apìkrish e�nai summetrik  gÔrw w
 pro
 to shme�o
3/2 = 1.5 , dhlad  isqÔei h[ n ] = h[ 3 − n ] . Prìkeitai kat� sunèpeia gia FIR sÔsthmagenikeumènh
 grammik 
 f�sh
 TÔpou II, kai sunep¸
 h kajustèrhsh om�da
 e�nai τ = 3/2 .Enallaktik�, mporoÔme na gr�youme thn apìkrish suqnìthta
 tou sust mato
:
H(e j ω ) = − e j ω + 1 + 2 e− j ω + 2 e− j 2 ω + e− j 3 ω − e− j 4 ω

= e− j 3 ω / 2 [(−e j 5 ω / 2 − e− j 5 ω / 2 )+ ( e j 3 ω / 2 + e− j 3 ω / 2)+ ( 2e j ω / 2 +2 e− j ω / 2 ) ]

= e− j 3 ω / 2 [ − 2 cos (
5 ω

2
) + 2 cos (

3 ω

2
) + 4 cos (

ω

2
) ] .H posìthta entì
 th
 agkÔlh
 e�nai pragmatikì
 arijmì
, kai kat� sunèpeia h f�sh th
apìkrish
 suqnìthta
 e�nai − 3 ω/2   − 3 ω/2 + π . Paragwg�zonta
 w
 pro
 ω , agno¸nta
ti
 asunèqeie
, kai antistrèfonta
 to prìshmo, pa�rnoume τ = 3/2 .
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'Askhsh 6:Sto parak�tw sq ma, d�netai to di�gramma enì
 grammik� qronik� anallo�wtou sust mato
.Bre�te thn sun�rthsh metafor�
 tou sust mato
, H(z), kai sqedi�ste to se kanonik  morf I kai II. Sqedi�ste ep�sh
 to mètro th
 apìkrish
 suqnìthta
 tou sust mato
, |H(e j ω )| .
x[n] y[n]

−1 1/2

z−1

w1 w2

w3 w4LÔsh: Eis�gonta
 ti
 bohjhtikè
 metablhtè
 tou sq mato
, gr�foume exis¸sei
 gia ìlou
tou
 kìmbou
 sto ped�o tou metasqhmatismoÔ Z, w
 ex 
:
W1 (z) = − X(z) + W4 (z)

W2 (z) =
1

2
W1 (z)

W3 (z) = W2 (z) + X(z)

Y (z) = W2 (z) + W4 (z)Apì thn pr¸th kai deÔterh ex�swsh pa�rnoume:
W2 (z) =

1

2
( W4 (z) − X(z) ) ,en¸ apì thn tr�th kai tètarth:

W4 (z) = z− 1 ( W2 (z) + X(z) ) .Antikajist¸nta
 thn m�a sthn �llh pa�rnoume apì autè
 ti
 dÔo exis¸sei
 ant�stoiqa:
W2 (z) =

1
2

( z− 1 − 1 )

1 − 1
2

z− 1
X(z) ,kai:

W4 (z) =
z− 1 ( 1 − 1

2
)

1 − 1
2

z− 1
X(z) =

1
2

z− 1

1 − 1
2

z− 1
X(z) .Antikajist¸nta
 tèlo
 sthn pèmpth ex�swsh apì thn pr¸th om�da, èqoume:

Y (z) =
z− 1 − 1

2

1 − 1
2
z− 1

X(z) ⇒ H(z) =
Y (z)

X(z)
=

z− 1 − 1
2

1 − 1
2
z− 1

.ParathroÔme ìti prìkeitai gia sÔsthma all pass (oloperatì), �ra |H(e j ω ) | = 1 .
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Tèlo
, sto parak�tw sq ma fa�netai h ulopo�hsh tou sust mato
 sti
 zhtoÔmene
 morfè
,dhl. kanonik  morf  I kai II, qrhsimopoi¸nta
 signal flow graphs.
−1/2

1/2
z−1 z−1

DIRECT  FORM  I

−1/2

1/2
z−1

DIRECT  FORM  II
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'Askhsh 7:Sto parak�tw sq ma d�netai to di�gramma ulopo�hsh
 enì
 aitiatoÔ, grammikoÔ kai qronik�anallo�wtou sust mato
.
z−1

z−1

z−1

z−1

0.36

− 0.3

2

x  n y  n[   ] [   ]

(a) Bre�te th sun�rthsh metafor�
 tou, H(z) , kai sqedi�ste to di�gramma mhdenik¸n kaipìlwn tou sust mato
.
(b) Sqedi�ste to di�gramma ulopo�hs 
 tou se kanonik  morf  (direct form) I kai II.
(c) Ekfr�ste th sun�rthsh metafor�
 w
 ginìmeno sust mato
 el�qisth
 f�sh
 (minimum

phase), Hmin(z) , kai oloperatoÔ (all pass), Hap(z) , kai sqedi�ste ta diagr�mmata pì-lwn/mhdenik¸n tou
.LÔsh:
(a) To di�gramma ulopo�hsh
 apotele� en seir� (cascade) ulopo�hsh enì
 sust mato
 ulo-poihmènou se kanonik  morf  II (direct form II) kai enì
 f�ltrou FIR, opìte

H(z) =
1 − 0.3 z− 1

1 − 0.36 z− 2
( 1 + 2 z− 2 ) =

1 − 0.3 z− 1 + 2 z− 2 − 0.6 z− 3

1 − 0.36 z− 2
.Blèpoume eÔkola ìti to sÔsthma èqei tr�a mhdenik� sti
 jèsei
 {±

√
2 j , 0.3 } kaiis�rijmou
 pìlou
 sti
 jèsei
 {± 0.6 , 0 } . To mhdèn apotele� pìlo kaj¸
 o bajmì
tou poluwnÔmou tou arijmht  (w
 pro
 to z− 1 ) e�nai kat� èna
 megalÔtero
 autoÔ touparanomast . To zhtoÔmeno di�gramma mhdenik¸n kai pìlwn tou sust mato
 d�netai stoaristerì sq ma sto tèlo
 th
 lÔsh
 th
 �skhsh
 (epìmenh sel�da).

(b) Ta zhtoÔmena diagr�mmata ulopo�hsh
 d�nontai sto k�twji sq ma, prokÔptonta
 eÔkolaapì th rht  sun�rthsh metafor�
 th
 H(z) ìpw
 èqei anaptuqje� parap�nw.
− 0.3

2

− 0.6

0.36

z−1

z−1

z−1

z−1

z−1

DIRECT  FORM  I

0.36

− 0.3

2

− 0.6

z−1

z−1

z−1

DIRECT  FORM  II8



(c) Eis�goume mhdenik� kai pìlou
 sti
 jèsei
 ± 1/
√

2 j ≈ ± 0.707 j , pollaplasi�zonta
dhlad  kai diair¸nta
 thn H(z) me to polu¸numo ( 1 + (1/2) z− 2 ) , opìte èqoume
H(z) =

[

1 − 0.3 z− 1

1 − 0.36 z− 2
( 1 + 0.5 z− 2 )

] [

1 + 2 z− 2

1 + 0.5 z− 2

]

.ParathroÔme ìti h sun�rthsh metafor�
 entì
 th
 arister 
 agkÔlh
 antistoiqe� stozhtoÔmeno sÔsthma el�qisth
 f�sh
, Hmin(z) , kaj¸
 èqei w
 pìlou
 tou
 {± 0.6 , 0 }kai mhdenik� ta {± 1/
√

2 j , 0.3 } , pou br�skontai ìla entì
 tou monadia�ou kÔklou.Ep�sh
, h sun�rthsh metafor�
 entì
 th
 dexi�
 agkÔlh
 antistoiqe� se sÔsthma all pass(lìgw th
 morf 
 th
) me pìlou
 {± 1/
√

2 j } kai mhdenik� {±
√

2 j } . Ta diagr�mmatapìlwn kai mhdenik¸n twn dÔo susthm�twn d�nontai sto mesa�o kai dexiì sq ma parak�tw,maz� me to di�gramma pìlwn kai mhdenik¸n tou arqikoÔ sust mato
 (aristerì sq ma).
H(z)

1−1

j

−j

0.3

1.414j

− 1.414j

− 0.6

0

0.6

H     (z)min

1−1

j

−j

0.3
0.707j

−0.707j
− 0.6

0

0.6

H   (z)ap

1−1

j

−j

1.414j

− 1.414j

0.707j

−0.707j
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'Askhsh 8:Bre�te th sun�rthsh metafor�
, H(z), tou katwperatoÔ (lowpass) f�ltrou Butterworth t�-xh
 1 me suqnìthta sthn apìsbesh 3 dB �sh me ωc = 0.2 π , qrhsimopoi¸nta
 ton di-grammikìmetasqhmatismì ìpw
 ep�sh
 kai thn mèjodo amet�blhth
 kroustik 
 apìkrish
. Se k�jeper�ptwsh sqedi�ste to di�gramma ulopo�hsh
 twn f�ltrwn se kanonik  morf  (direct form)II, ìpw
 ep�sh
 kai to di�gramma mhdenik¸n kai pìlwn. Gia bo jeia sti
 pr�xei
, d�nontai ta:
tan (0.1 π) = 0.325 ,

tan (0.1 π)

1 + tan (0.1 π)
= 0.245 ,

1 − tan (0.1 π)

1 + tan (0.1 π)
= 0.51 , e− 0.2 π = 0.53 .LÔsh: Me b�sh ton tÔpo twn analogik¸n f�ltrwn Butterworth (lowpass), kajìson tof�ltro e�nai t�xh
 1, èqoume:

H(s) =
Ωc

s + Ωc
,ìpou sth suqnìthta Ωc to f�ltro èqei apìsbesh 3 dB .Epeid  to epijumhtì f�ltro e�nai katwperatì, h mèjodo
 th
 amet�blhth
 kroustik 
 apìkri-sh
 ja mporoÔse jewrhtik� na qrhsimopoihje�. Pa�rnonta
 T = 1 , èqoume Ωc = ωc = 0.2 π ,kat� sunèpeia, efarmìzonta
 ton tÔpo apì to tupolìgio, èqoume:

H(s) =
0.2 π

s + 0.2 π
⇒ Himp(z) =

0.2 π

1 − e− 0.2 π z− 1
=

0.63

1 − 0.53 z− 1
.To di�gramma ulopo�hsh
 tou f�ltrou d�netai sto sq ma th
 epìmenh
 sel�da
 (arister�).Wstìso, an sqedi�soume thn apìkrish suqnìtht�
 tou, ja diapist¸soume ìti to fainìmeno th
anad�plwsh
 e�nai polÔ isqurì, lìgw th
 mikr 
 t�xh
 tou analogikoÔ f�ltrou Butterworthpou qrhsimopoi same. Gia par�deigma, to mètro th
 apìkrish
 suqnìthta
 sto ω = 0 e�nai1.35, xepern¸nta
 kat� polÔ thn tim  1, en¸ sto ω = π paramènei sthn tim  0.41.Enallaktik�, to f�ltro mpore� na sqediaste� me thn mèjodo tou di-grammikoÔ metasqhmati-smoÔ. 'Eqoume tìte:

Ωc = 2 tan (0.1 π) , s = 2
1 − z− 1

1 + z− 1
,opìte, antikajist¸nta
 sthn ex�swsh tou analogikoÔ f�ltrou, pa�rnoume:

Hbil(z) =
2 tan (0.1 π)

2
1 − z− 1

1 + z− 1
+ 2 tan (0.1 π)

=
tan (0.1 π) + tan (0.1 π) z− 1

( 1 + tan (0.1 π) ) + ( tan (0.1 π) − 1 ) z− 1

=

tan (0.1 π)

tan (0.1 π) + 1
+

tan (0.1 π)

tan (0.1 π) + 1
z− 1

1 +
tan (0.1 π) − 1

tan (0.1 π) + 1
z− 1

=
0.245 + 0.245 z− 1

1 − 0.51 z− 1
.
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To di�gramma ulopo�hsh
 tou f�ltrou d�netai sto epìmeno sq ma (dexi�). Ant�jeta me toprohgoÔmeno f�ltro, to mètro th
 apìkrish
 suqnìtht�
 tou èqei ta epijumht� qarakthristik�(isoÔtai me 1 sto ω = 0 kai me 0 sto ω = π ), an kai lìgw th
 qamhl 
 t�xh
 touf�ltrou Butterworth pou qrhsimopoi same, to mètro th
 apìkrish
 suqnìthta
 sto stopbandparamènei sqetik� uyhlì (gia par�deigma, sto ω = 0.5 π e�nai �so me 0.31).
0.63

0.53
z−1

H      (z)imp

0.245

0.2450.51
z−1

H    (z)bil

11



'Askhsh 9:'Estw ìti to f�ltro diakritoÔ qrìnou d�netai apì thn:
H(z) =

6

1 − e− 0.3 z− 1
− 3

1 − e− 0.6 z− 1
.To f�ltro autì èqei sqediaste� me thn mèjodo th
 amet�blhth
 kroustik 
 apìkrish
 (implulse

invariance) me b�sh èna f�ltro suneqoÔ
 qrìnou, qrhsimopoi¸nta
 th sqèsh h[n] = 3 hc(3 n)metaxÔ twn kroustik¸n apokr�sewn tou f�ltrou diakritoÔ kai suneqoÔ
 qrìnou. Bre�te m�asun�rthsh metafor�
 tou f�ltrou suneqoÔ
 qrìnou, Hc(s) , apì thn opo�a mpore� na proèkuyeto dojèn f�ltro diakritoÔ qrìnou.LÔsh: Gnwr�zoume pw
 gia thn mèjodo th
 amet�blhth
 kroustik 
 apìkrish
 isqÔei:
Hc (s) =

∑

k

A k

s − sk

⇒ H(z) =
∑

k

A k T

1 − e sk T z − 1
.Gnwr�zoume ep�sh
 ìti h[n] = T hc (T n) . Apì thn ekf¸nhsh èqoume h[n] = 3 hc (3 n) , kat�sunèpeia T = 3 . Apì ta parap�nw kai thn doje�sa H(z) èqoume:

− 0.3 = so T ⇒ so = − 0.1 , A o T = 6 ⇒ A o = 2 ,

− 0.6 = s1 T ⇒ s1 = − 0.2 , A 1 T = − 3 ⇒ A 1 = − 1 .Kat� sunèpeia, to zhtoÔmeno arqikì f�ltro suneqoÔ
 qrìnou e�nai to:
Hc (s) =

2

s + 0.1
− 1

s + 0.2
.
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'Askhsh 10:Sqedi�ste èna uyiperatì f�ltro me kroustik  apìkrish peperasmènou m kou
 (FIR highpass filter)pou na ikanopoie� ti
 sunj ke

|H(e j ω )| < 2/

√
10 , gia 0 ≤ |ω| ≤ 0.25 πkai

1 − 1/
√

10 < |H(e j ω )| < 1 + 1/
√

10 , gia 0.75 π ≤ |ω| ≤ π ,qrhsimopoi¸nta
 thn mèjodo th
 parajÔrwsh
 (qrhsimopoi¸nta
 k�poio kat�llhlo aplì pa-r�juro). Bre�te thn kroustik  apìkrish tou f�ltrou (qwr�
 ton arijmhtikì upologismì twn
h[n] ) kai sqedi�ste to di�gramma ulopo�hs 
 tou. Parale�yte to telikì st�dio elègqou th
ikanopo�hsh
 twn prodiagraf¸n apì to sqediasmèno f�ltro.LÔsh: ParathroÔme ìti to mikrìtero δ sti
 parap�nw prodiagrafè
 e�nai to

δ = 1/
√

10 ⇒ 20 log10 δ = 20 log10 10− 1/2 = −10 dB ,to opo�o uperkalÔptetai apì to orjog¸nio par�juro (peak approximation error of side lobes),all� fusik� kai apì ta �lla apl� par�jura pou èqoume dei sto m�jhma (Hamming, Hanning,k.t.l.). Epilègoume na qrhsimopoi soume to orjog¸nio par�juro ìmw
, lìgw tou aploÔste-rou majhmatikoÔ tou tÔpou all� kai tou stenìterou kÔriou loboÔ tou se sqèsh me ta �llapar�jura (pou ja d¸sei kat� sunèpeia mikrìtero m ko
 f�ltrou).Sth sunèqeia, br�skoume to M ,
∆ ω = 0.75 π − 0.25 π = 0.5 π = 4 π/(M + 1) ⇒ M = 7 .Tètoia tim  ìmw
 ma
 dhmiourge� FIR f�ltro tÔpou II, pou ìpw
 xèroume èqei mhdenikì sthnuyhl  suqnìthta π . Profan¸
 k�ti tètoio den e�nai apodektì gia uyiperatì f�ltro, kai kat�sunèpeia epilègoume to amèsw
 epìmeno, M = 8 .'Eqoume ep�sh
 ìti h suqnìthta apokop 
 e�nai ωc = (0.75 π + 0.25 π)/2 = 0.5 π .Telik� èqoume:
h[n] =

[

sin ( π (n − 4) )

π (n − 4)
− sin ( ωc (n − 4) )

π (n − 4)

]

wrect
8 [n]

=
sin ( π (n − 4) )

π (n − 4)
− sin ( (π/2) (n − 4) )

π (n − 4)

= δ[ n − 4 ] − sin ( (π/2) (n − 4) )

π (n − 4)
, gia n = 0 , 1 , 2 , ..., 8 .Upolog�zoume ti
 parap�nw 9 timè
 th
 kroustik 
 apìkrish
 kai pa�rnoume th sun�rthshmetafor�
 tou sqediasmènou f�ltrou

H(z) =
1

3 π
z−1 − 1

π
z−3 +

1

2
z−4 − 1

π
z−5 +

1

3 π
z−7 .
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ParathroÔme ìmw
 ìti kai to f�ltro
H1(z) = z H(z) =

1

3 π
− 1

π
z−2 +

1

2
z−3 − 1

π
z−4 +

1

3 π
z−6 .ja èqei to �dio mètro apìkrish
 suqnìthta
 me to prohgoÔmeno, �ra apotele� thn epijumht ma
 epilog .'Ena apotelesmatikì di�gramma ulopo�hsh
 tou parap�nw f�ltrou ja prèpei na ekmetalleute�th summetr�a twn tim¸n th
 kroustik 
 apìkrish
 gÔrw apì to shme�o M/2 = 3 .
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