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 Epanalhptik 
 Exètash
 7-9-2012Jèma 1: (14%) Sto sÔsthma tou parak�tw sq mato
, èqoume:
Xc(j Ω) = 0 , gia |Ω| ≥ π/T ,kai

H(e j ω ) =

{

e− 2 j ω , |ω| ≤ π/L

0 , π/L < |ω| ≤ π .Ekfr�ste to y[n] w
 sun�rthsh tou xc(t) .
C/D

T

L H(e   )
jω

L
x  (t)c x[n] y[n]

LÔsh: �Sp�me� to tr�to uposÔsthma sthn akolouj�a tou idanikoÔ f�ltrou HLP (e j ω ) (katw-peratoÔ) kai enì
 kajusterht  e− 2 j ω , dhl. H(e j ω ) = HLP (e j ω ) e− 2 j ω , ìpou:
HLP (e j ω ) =

{

1 , |ω| ≤ π/L

0 , π/L < |ω| ≤ π ,ìpw
 fa�netai sto sq ma. Gia dieukìlunsh, sumbol�zoume me w[n] kai v[n] ti
 exìdou
 toutr�tou kai tètartou uposust mato
 tou sq mato
, kai parathroÔme ìti o sunduasmì
 toudeÔterou kai tr�tou uposust mato
 apoteloÔn ènan upsampler, qwr�
 wstìso to kat�llhlokèrdo
 L sto tr�to uposÔsthma. Ep�sh
 parathroÔme p¸
 lìgw tou zwnoperiorismoÔ tous mato
 eisìdou den up�rqei fainìmeno anad�plwsh
 kat� thn deigmatolhy�a tou xc(t) , kaikat� sunèpeia isqÔei h deÔterh ex�swsh apì ti
 parak�tw.'Eqoume loipìn:
x[n] = xc(nT ) ,

w[n] =
1

L
xc(n

T

L
) ,

v[n] = w[n − 2] =
1

L
xc(n

T

L
− 2

T

L
) ,

y[n] = v[nL] =
1

L
xc(n T − 2

T

L
) .H teleuta�a ex�swsh e�nai h zhtoÔmenh sqèsh.

C/D

T

L H(e   )
LP

jω e-2jω
L

x  (t)c x[n] w[n] v[n] y[n]
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Jèma 2: (18%) Sqedi�ste èna katwperatì (lowpass) f�ltro Butterworth t�xh
 1 me suqnì-thta sthn apìsbesh 3 dB �sh me ωc = 0.4 π . Qrhsimopoie�ste ton di-grammikì metasqhmati-smì, ìpw
 ep�sh
 kai thn mèjodo amet�blhth
 kroustik 
 apìkrish
. Bre�te ti
 H(z) se k�jeper�ptwsh. [Sthn pr¸th per�ptwsh krat ste thn apara�thth efaptomènh w
 m�a stajer�, dhl.qwr�
 na upolog�sete thn tim  th
.℄LÔsh:Me b�sh ton tÔpo twn analogik¸n f�ltrwn Butterworth (lowpass), kajìson to f�ltroe�nai t�xh
 1, èqoume:
H(s) =

Ωc

s + Ωc
,ìpou sth suqnìthta Ωc to f�ltro èqei apìsbesh 3 dB .Kajìson to f�ltro e�nai katwperatì, h mèjodo
 th
 amet�blhth
 kroustik 
 apìkrish
 mpore�na qrhsimopoihje�. Pa�rnonta
 T = 1 , èqoume Ωc = ωc = 0.4 π , kat� sunèpeia, efarmìzonta
ton tÔpo apì to tupolìgio, èqoume:

H(s) =
0.4 π

s + 0.4 π
⇒ H(z) =

0.4 π

1 − e− 0.4 π z− 1
.Enallaktik�, to f�ltro mpore� na sqediaste� me thn mèjodo tou di-grammikoÔ metasqhmati-smoÔ. 'Eqoume tìte:

Ωc = 2 tan(0.2 π) , s = 2
1 − z− 1

1 + z− 1
,opìte, antikajist¸nta
 sthn ex�swsh tou analogikoÔ f�ltrou, pa�rnoume:

H(z) =
2 tan(0.2 π)

2
1 − z− 1

1 + z− 1
+ 2 tan(0.2 π)

=
tan(0.2 π) + tan(0.2 π) z− 1

( 1 + tan(0.2 π) ) + ( tan(0.2 π) − 1 ) z− 1
.
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Jèma 3(a): (11%) Upolog�ste ton DFT tou parak�tw s mato
, ìpou to N e�nai �rtio
:
x[n] =

{

1 , n �rtio
 , 0 ≤ n ≤ N − 1

0 , n perittì
 , 0 ≤ n ≤ N − 1LÔsh: 'Eqoume:
X[k] =

N−1
∑

n= 0

x[n] W k n
N =

(N/2)−1
∑

n = 0

W 2 k n
N =

1 − e− j 2 π k

1 − e− j 4 π k/N
,gia 0 ≤ k ≤ N − 1 . ParathroÔme ìti gia ìla ta k 6= 0 , N/2 sto parap�nw di�sthma mìno oarijmht 
 e�nai mhdenikì
, �ra gia autè
 ti
 timè
 o zhtoÔmeno
 metasqhmatismì
 e�nai mhdèn.'Omw
, gia k = 0 , N/2 kai o arijmht 
 kai o paranomast 
 g�nontai mhdèn. Gia na broÔmeto zhtoÔmeno sti
 timè
 autè
 qrhsimopoioÔme ton kanìna tou De L�Hospital, kai pa�rnoumew
 ap�nthsh thn tim  2 π/(4 π/N) = N/2 . Sunoy�zonta
 loipìn, èqoume:

X[k] =

{

N/2 , k = 0 , N/2

0 , k = 1 ,..., (N/2) − 1 , (N/2) + 1 ,..., N − 1 .

Jèma 3(b): (11%) 'Estw to s ma x[n] , n = 0 ,..., N−1 , kai X[k] o DFT N shme�wn tous mato
. An to s ma ikanopoie� thn sqèsh x[m] = − x[m + N/2] gia m = 0 ,..., (N/2)− 1 ,kai to N e�nai �rtio
 arijmì
, bre�te thn tim  tou metasqhmatismoÔ sta �rtia shme�a, dhlad ti
 timè
 X[2 m] , gia m = 0 ,..., (N/2) − 1 .LÔsh: Apì ton orismì tou diakritoÔ metasqhmatismoÔ Fourier, kai jètonta
 K = N/2, poue�nai akèraio
 (lìgw artiìthta
 tou N ):
X[ 2 m ] =

N−1
∑

n=0

x[n] e− j 2 π n 2 m

N =
N−1
∑

n=0

x[n] e− j π

K
2 n m

=
K−1
∑

n=0

( x[n] e− j π

K
2 n m + x[K + n] e− j π

K
2 (n+K)m )

=

K−1
∑

n=0

( x[n] e− j π

K
2 n m − x[n] e− j π

K
2 n m e− j 2 π m )

=
K−1
∑

n=0

( x[n] e− j π

K
2 n m − x[n] e− j π

K
2 n m ) = K. 0 = 0 ,ìpou k�name qr sh tou dedomènou x[n] = − x[n + N/2] = − x[n + K] .
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Jèma 4(a): (11%) 'Eqoume èna sÔsthma me peperasmènh kroustik  apìkrish (FIR) kaigenikeumènh grammik  f�sh. H kroustik  tou apìkrish èqei pragmatikè
 timè
, kai isqÔei
h[n] = 0 gia n < 0 kai n ≥ 8 , ìpw
 kai h[n] = −h[7 − n] . Ep�sh
 ma
 d�nontai dÔo apì tamhdenik� tou sust mato
, ìti br�skontai sti
 jèsei
 z = 0.8 exp (j π/4) kai z = − 2 . Pìsasunolik� mhdenik� èqei to sÔsthma, ti tÔpou e�nai, kai poia e�nai h sun�rthsh metafor�
 tou,
H(z) ?LÔsh: Kaj¸
 h kroustik  apìkrish tou f�ltrou èqei m ko
 8, sumpera�noume ìti èqei 7 mh-denik�. Sumpera�noume ep�sh
 ìti e�nai f�ltro FIR genikeumènh
 grammik 
 f�sh
 tÔpou IV,diìti èqei �rtio m ko
 kroustik 
 apìkrish
, peritt  summetr�a, kai pragmatikoÔ
 suntele-stè
. Kat� sunèpeia ta mhdenik� tou ja parousi�zontai kat� suzug  ant�strofa summetrik�zeug�ria (conjugate reciprocal pairs). Sunep¸
, to mhdenikì z = − 2 sunep�getai mhdenikìsth jèsh z = − 1/2 . Parìmoia, to mhdenikì z = 0.8 exp (j π/4) sunep�getai mhdenik� sti
jèsei
 z = 0.8 exp (− j π/4) , z = 1.25 exp (j π/4) , kai z = 1.25 exp (− j π/4) . Tèlo
,kajìson to f�ltro e�nai tÔpou IV, sunep�getai mhdenikì sth jèsh z = 1 . Me ta parap�nwsumplhr¸noume ta apaitoÔmena 7 mhdenik� sti
 jèsei
 {− 2,− 0.5, 1, 0.8 e± j π/4, 1.25 e± j π/4} ,kai kat� sunèpeia pa�rnoume w
 sun�rthsh metafor�
 thn:

H(z) = ( 1 + 2 z− 1 ) ( 1 + 0.5 z− 1 ) ( 1 − 0.8 e j π/4 z− 1 ) ( 1 − 0.8 e− j π/4 z− 1 )

× ( 1 − 1.25 e j π/4 z− 1 ) ( 1 − 1.25 e− j π/4 z− 1 ) ( 1 − z− 1 ) .Jèma 4(b): (11%) 'Estw to G.Q.A. sÔsthma H(z) , sto opo�o ìtan efarmoste� h e�sodo

x[n] = 5

sin (0.4 π n)

π n
+ 10 cos (0.5 π n) ,h èxodì
 tou e�nai

y[n] = 10
sin [ 0.3 π (n − 10) ]

π (n − 10)
.Upolog�ste m�a apìkrish suqnìthta
 H(e j ω ) kai thn ant�stoiqh kroustik  apìkrish h[n] ,sumbat� me thn parap�nw plhrofor�a.LÔsh: DouleÔoume sto ped�o th
 suqnìthta
, upolog�zonta
 tou
 diakritoÔ
 metasqhmati-smoÔ
 Fourier (DTFT) twn shm�twn eisìdou kai exìdou tou sust mato
.Apì to tupolìgio blèpoume pw
 to s ma eisìdou èqei suqnotikì perieqìmeno X(e j ω ) sta

± 0.5 π (me morf  kroustik¸n, lìgw tou sunhmitìnou), ìpw
 ep�sh
 kai suqnotikì perièqo-meno sto di�sthma [− 0.4 π , 0.4 π ] se morf  palmoÔ me pl�to
 5 (lìgw th
 sun�rthsh

sync).EÔkola ep�sh
 blèpoume apì to tupolìgio (metasqhmatismì
 sun�rthsh
 sync kai idiìthtaqronik 
 metatìpish
) ìti to s ma exìdou èqei suqnotikì perieqìmeno Y (e j ω ) sto di�sthma
[− 0.3 π , 0.3 π ] se morf  palmoÔ pollaplasiasmènou me 10 e− j 10 ω .Kat� sunèpeia, h monadik  lÔsh gia thn H(e j ω ) pou e�nai sumbat  me thn parap�nw plhrofo-r�a e�nai èna
 palmì
 sto di�sthma [− 0.3 π , 0.3 π ] pollaplasiasmèno
 me (10 e− j 10 ω)/5 =
2 e− j 10 ω . H kroustik  apìkrish tou G.Q.A. sust mato
 d�netai apì ton IDTFT tou para-p�nw, kai e�nai h:

h[n] = 2
sin [ 0.3 π (n − 10) ]

π (n − 10)
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Jèma 5: (24%) D�netai to aitiatì, grammikì, qronik� anallo�wto sÔsthma:
H(z) =

( 1 − (1/3) z− 1 ) ( 1 + 9 z− 2 )

( 1 + 0.49 z− 2 )
.

(a) (9%) Sqedi�ste to di�gramma ulopo�hs 
 tou se kanonik  morf  (direct form) I kai II,ìpw
 kai èna di�gramma ulopo�hs 
 tou se seir� (cascade).
(b) (5%) Sqedi�ste to di�gramma mhdenik¸n kai pìlwn tou.
(c) (5%) Ekfr�ste th sun�rthsh metafor�
 w
 ginìmeno sust mato
 el�qisth
 f�sh
(minimum phase), H1(z) , kai oloperatoÔ (all pass), Hap(z) , dhlad  H(z) = H1(z) Hap(z) ,kai sqedi�ste ta diagr�mmata pìlwn/mhdenik¸n tou
.
(d) (5%) Ekfr�ste th sun�rthsh metafor�
 w
 ginìmeno enì
 �llou sust mato
 el�qisth
f�sh
 (minimum phase), H2(z) , kai enì
 sust mato
 peperasmènh
 kroustik 
 apìkri-sh
, grammik 
 f�sh
 (F.I.R., linear phase), Hlin(z) , dhlad  H(z) = H2(z) Hlin(z) ,kai sqedi�ste ta diagr�mmata pìlwn/mhdenik¸n tou
.LÔsh:
(a) Gia thn ulopo�hsh se kanonik  morf  k�noume pr�xei
 kai pa�rnoume:

H(z) =
( 1 − (1/3) z− 1 ) ( 1 + 9 z− 2 )

( 1 + 0.49 z− 2 )
=

1 − (1/3) z− 1 + 9 z− 2 − 3 z− 3

1 + 0.49 z− 2
,apì to opo�o eÔkola lamb�noume ta diagr�mmata kanonik 
 morf 
, ìpw
 fa�netai stoparak�tw sq ma. ParathroÔme ìti kl�doi me mhdenikoÔ
 suntelestè
 èqoun paralh-fje�. Gia thn ulopo�hsh se seir�, parathroÔme ìti up�rqoun pollè
 dunatìthte
. Stoparak�tw sq ma, dialègoume m�a ulopo�hsh dÔo uposusthm�twn se seir�, ìpw
 sthn

H(z) =

(

1 − (1/3) z− 1

1 + 0.49 z− 2

)

( 1 + 9 z− 2 ) ,ìpou to pr¸to èqei ulopoihje� se kanonik  morf  II, en¸ to deÔtero e�nai f�ltro FIR.
− 1/3

9

−3

− 0.49

z−1

z−1

z−1

z−1

z−1

DIRECT  FORM  I

− 0.49

− 1/3

9

−3

z−1

z−1

z−1

DIRECT  FORM  II

z−1

z−1

z−1

z−1

− 0.49

− 1/3
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(b) Apì thn ekf¸nhsh, paragontopoioÔme w

H(z) =

( 1 − (1/3) z− 1 ) ( 1 + 9 z− 2 )

( 1 + 0.49 z− 2 )
=

( 1 − (1/3) z− 1 ) ( 1 + 3 j z− 1 ) ( 1 − 3 j z− 1 )

( 1 + 0.7 j z− 1 ) ( 1 − 0.7 j z− 1 )
.EÔkola loipìn br�skoume ti
 r�ze
 tou arijmht  kai paranomast , èqoume dhlad  tr�amhdenik� { 1/3 , ± 3 j } , kai trei
 pìlou
 { 0 , ± 0.7 j } (parathroÔme ìti to 0 e�naipìlo
, lìgw tou ìti to polu¸numo tou arijmht  e�nai enì
 bajmoÔ parap�nw apì autìtou paranomast ). To di�gramma pìlwn kai mhdenik¸n d�netai sto k�tw arister� sq ma.

(c) To sÔsthma th
 ekf¸nhsh
 èqei dÔo mhdenik� ektì
 tou monadia�ou kÔklou, dhlad  ta
± 3 j . Eis�goume kat� sunèpeia mhdenik� kai pìlou
 sta ± (1/3) j , kai èqoume:

H(z) =

(

( 1 − (1/3) z− 1 ) ( 1 + (1/9) z− 2 )

1 + 0.49 z− 2

) (

1 + 9 z− 2

1 + (1/9) z− 2

)

.O pr¸to
 ìro
 e�nai sÔsthma el�qisth
 f�sh
 (minimum phase), H1(z) , me tr�a mh-denik� { 1/3 , ± (1/3) j } kai trei
 pìlou
 { 0 , ± 0.7 j } , ìla entì
 tou monadia�ou kÔ-klou, en¸ o deÔtero
 ìro
 e�nai oloperatì (all pass) sÔsthma, Hap(z) , me dÔo mhdenik�
{± 3 j } kai dÔo pìlou
 {± (1/3) j } . Ta diagr�mmata pìlwn kai mhdenik¸n twn dÔozhtoÔmenwn susthm�twn d�nontai sto k�tw mesa�o sq ma.

(d) Me m�a mikr  allag  sthn paragontopo�hsh sto upoer¸thma (c) pa�rnoume to zhtoÔmeno:
H(z) =

(

1 − (1/3) z− 1

( 1 + 0.49 z− 2 ) ( 1 + (1/9) z− 2 )

)

(

( 1 + (1/9) z− 2 ) ( 1 + 9 z− 2 )
)

.ParathroÔme ìti o pr¸to
 ìro
 e�nai sÔsthma el�qisth
 f�sh
 (minimum phase), H2(z) ,me tèssera mhdenik� { 0 , 0 , 0 , 1/3 } kai tèsserei
 pìlou
 {± 0.7 j , ± (1/3) j } , ìla en-tì
 tou monadia�ou kÔklou. ParathroÔme ìti to 0 e�nai mhdenikì tr�th
 t�xh
, lìgw touìti to polu¸numo tou arijmht  e�nai tri¸n bajm¸n ligìtero apì autì tou paranomast (w
 pro
 to z− 1 ). Tèlo
 parathroÔme pw
 to deÔtero uposÔsthma e�nai èna f�ltro FIR.K�nonta
 pr�xei
, blèpoume ìti h sun�rthsh metafor�
 tou e�nai 1 + (82/9)z− 2 + z− 4 ,kat� sunèpeia èqei kroustik  apìkrish summetrik  w
 pro
 to shme�o n = 2 . Sunep¸
prìkeitai gia f�ltro FIR genikeumènh
 grammik 
 f�sh
, Hlin(z) . To f�ltro autì èqeitèssera mhdenik� {± 3 j , ± (1/3) j } (kai ènan pìlo tet�rth
 t�xew
 sto mhdèn). Tadiagr�mmata pìlwn kai mhdenik¸n twn dÔo susthm�twn d�nontai sto k�tw dexi� sq ma.
H(z)

2(b)

1−1

j

−j

1/3

3 j

−3j

0.7j

− 0.7j

0

H (z)1

2(c)

1−1

j

−j

1/31/3 j

− 1/3j

0.7j

− 0.7j

0

H   (z)AP

1−1

j

−j

3 j

−3j

1/3 j

− 1/3j

H (z)2

2(d)

1−1

j

−j

1/30

3rd order

0.7j

− 0.7j

1/3 j

− 1/3j

H    (z)LIN

1−1

j

−j

3 j

−3j

1/3 j

− 1/3j

0

4th order
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