
P.J., THMMU HU241: JEWRIA SHMATWN & SUSTHMATWN Ak. 'Eto 2013-1419-06-2014 2o SÔnolo Ask sewn LÔsei'Askhsh 2.1: Upolog�ste ton metasqhmatismì Fourier X(j Ω) tou s mato
x(t) =

1

π t 2
sin(t) sin(3 t/2) .LÔsh: Qrhsimopoi¸nta thn idiìthta tou metasqhmatism¸n Fourier ìson afor� pollapla-siasmì sto ped�o tou qrìnou / sunèlixh sto ped�o th suqnìthta, pa�rnoume:

F{x(t)} = π F{ sin(t)

π t

sin(3 t/2)

π t
} = π

1

2 π
F{ sin(t)

π t
} ∗ F{ sin(3 t/2)

π t
} =

1

2
X1(j Ω) ∗X2(j Ω) ,ìpou:

X1(j Ω) =

{

1 , gia |Ω| < 1

0 , gia |Ω| > 1
kai X2(j Ω) =

{

1 , gia |Ω| < 3/2

0 , gia |Ω| > 3/2
.Proqwr�me sth sunèqeia ston upologismì th sunèlixh

X1(j Ω) ∗ X2(j Ω) =

∫

+∞

−∞

X1(j Θ) X2(j (Ω−Θ)) dΘ .Sto aristerì tm ma tou sq mato th epìmenh sel�da èqoume sqedi�sei ta X1(j Θ) kai
X2(j (Ω−Θ)) .E�nai profanè ìti aut� den èqoune epik�luyh, ìtan 3/2 + Ω < −1 , isodÔnama Ω < −5/2 ,ìpw kai ìtan −3/2 + Ω > 1 , isodÔnama Ω > 5/2 . Sti dÔo autè peript¸sei h sunèlixhe�nai mhdenik .Suneq�zonta, blèpoume ìti ìpw to X2(j (Ω − Θ)) arq�zei kai metakine�tai pro ta dexi�(aux�netai dhlad  h tim  tou Ω ), merik  epik�luyh lamb�nei q¸ra sto di�sthma −1 < 3/2+
Ω < 1 , isodÔnama gia −5/2 < Ω < −1/2 . Sto di�sthma autì h sunèlixh ja isoÔtai me:

∫ Θ = 3/2+Ω

Θ =−1

1 . 1 . dΘ = 3/2 + Ω + 1 = Ω + 5/2 .Parìmoia, blèpoume ìti ìpw to X2(j (Ω−Θ)) arq�zei kai metakine�tai pro ta arister� thdexi� perioq  mh epik�luyh (mei¸netai dhlad  h tim  tou Ω se sqèsh me to 5/2 ), merik epik�luyh lamb�nei q¸ra sto di�sthma −1 < −3/2 + Ω < 1 , isodÔnama gia 1/2 < Ω < 5/2 .Sto di�sthma autì h sunèlixh ja isoÔtai me:
∫ Θ = 1

Θ =−3/2+Ω

1 . 1 . dΘ = 1− (Ω− 3/2) = 5/2 − Ω .Tèlo, paramènei m�a perioq  ìpou ìlo to X1(j Θ) epikalÔptetai apì tm mata tou X2(j (Ω−
Θ)) . Autì profan¸ sumba�nei gia to di�sthma gia to opo�o isqÔoun oi ex  dÔo anisìthtetautìqrona: 3/2 + Ω > 1 kai −3/2 + Ω < −1 , isodÔnama dhlad  −1/2 < Ω < 1/2 . Gia todi�sthma autì h sunèlixh d�netai apì to olokl rwma ∫

1

−1
dΘ = 2 .1



Sunoy�zonta ta parap�nw, kai pollaplasi�zonta kai me ton suntelest  1/2 th pr¸thex�swsh pou e�qame amel sei sta parap�nw, pa�rnoume thn zhtoÔmenh ap�nthsh:
F { x(t) } =



























0 , gia Ω ≤ −5/2

Ω/2 + 5/4 , gia − 5/2 < Ω < −1/2

1 , gia − 1/2 ≤ Ω ≤ 1/2 .

−Ω/2 + 5/4 , gia 1/2 < Ω < 5/2

0 , gia Ω ≥ 5/2O metasqhmatismì fa�netai sto dexiì tm ma tou sq mato.
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'Askhsh 2.2: Upolog�ste to s ma x[n] apì ton ant�stoiqì tou metasqhmatismì FourierdiakritoÔ qrìnou (DTFT),
X(e j ω ) =

sin (5 ω/2) cos (π/2− 3 ω/2)

sin 2 (ω/2)
.LÔsh: ParathroÔme, qrhsimopoi¸nta l�gh trigwnometr�a kai thn idiìthta ìti sunèlixh stoped�o tou qrìnou antistoiqe� se pollaplasiasmì sto ped�o th suqnìthta, ìti:

DF − 1 {X(e j ω )} = DF − 1

{

sin (5 ω/2) cos (π/2− 3 ω/2)

sin 2 (ω/2)

}

= DF − 1

{

sin (5 ω/2) sin (3 ω/2)

sin 2 (ω/2)

}

= DF − 1

{

sin (3 ω/2)

sin (ω/2)

}

∗ DF − 1

{

sin (5 ω/2)

sin (ω/2)

}

= x1[n] ∗ x2[n] ,ìpou
x1[n] = DF − 1

{

sin (3 ω/2)

sin (ω/2)

}

=

{

1 , gia |n| ≤ 1

0 , alloÔ ,kai
x2[n] = DF − 1

{

sin (5 ω/2)

sin (ω/2)

}

=

{

1 , gia |n| ≤ 2

0 , alloÔ .H zhtoÔmenh sunèlixh mpore� na upologiste� me di�forou trìpou. 'Ena ex� aut¸n e�nai otrìpo upologismoÔ th sunèlixh w ginomènou p�naka me di�nusma, kajìson prìkeitai giadÔo s mata diakritoÔ qrìnou kai peperasmènh di�rkeia. 'Eqoume loipìn:
x1 = [ x1[−1] , x1[0] , x1[1] ]T = [ 1 , 1 , 1 ]Tme m ko 3 , kai

x2 = [ x2[−2] , x2[−1] , x2[0] , x2[1] , x2[2] ]T = [ 1 , 1 , 1 , 1 , 1 ]Tme m ko 5 . Kat� sunèpeia h sunèlix  tou ja or�zetai metaxÔ −3 kai 3 (dhlad  èqei m ko
7 ), kai mpore� na upologiste� w:
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Kat� sunèpeia, to zhtoÔmeno s ma e�nai to:
x[n] = δ[n + 3] + 2 δ[n + 2] + 3 δ[n + 1] + 3 δ[n] + 3 δ[n− 1] + 2 δ[n− 2] + δ[n− 3] .
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'Askhsh 2.3: 'Estw to akìloujo sÔsthma, ìpw kai to zwnoperiorismèno (bandlimited)s ma eisìdou (X(j Ω) = 0 gia |Ω| ≥W ), pou d�nontai sto parak�tw sq ma.
(a) Apeikon�ste grafik� ta f�smata twn shm�twn xp(t) kai x[n] (dhl. ta Xp(j Ω) kai X(e j ω )ant�stoiqa), ìtan T = π/ W , shmei¸nonta ti kr�sime timè stou �xone.
(b) Upolog�ste ti posìthte ∫ +∞

t =−∞
| x(t)| 2 d t , ∫ +∞

t =−∞
x(t) d t , ∑+∞

n=−∞
| x[n] | 2 , kai

∑+∞

n =−∞
x[n] .

Ω
0

1
X  j(     )Ω

−W +WLÔsh:
(a) Gia to f�sma tou xp(t) parathroÔme pw:

xp(t) = [
n=+∞
∑

n=−∞

δ(t−nT )] . x(t) ⇒ F{ xp(t) } =
1

2 π
F{

n=+∞
∑

n=−∞

δ(t−nT )} ∗ X(j Ω)

⇒ Xp(j Ω) =
1

2 π

2 π

T

n=+∞
∑

n=−∞

δ(Ω − 2 π n

T
) ∗ X(j Ω) =

1

T

n=+∞
∑

n=−∞

[X(j Ω) ∗ δ(Ω − 2 n W )]

=
W

π

n=+∞
∑

n=−∞

X(j (Ω − 2 n W)) ,to di�gramma tou opo�ou d�netai parak�tw. ParathroÔme pw lìgw twn dedomènwn th�skhsh den up�rqei fainìmeno anad�plwsh (Ωs = 2 π/T = 2 W ).Suneq�zoume t¸ra me to f�sma tou diakritoÔ s mato xd[n] . MporoÔme eÔkola na doÔmeìti:
Xd(e

j ω ) = Xp(j ω/T ) ⇒ Xd(e
j ω ) =

1

T

n=+∞
∑

n=−∞

X(j (
ω

T
− 2 n W) )

=
W

π

n=+∞
∑

n=−∞

X(j (
W

π
ω − 2 n W ) ) ,to di�gramma tou opo�ou d�netai parak�tw. ParathroÔme fusik� ìti to f�sma èqei per�odo

2 π .To ìti Xd(e
j ω ) = Xp(j ω/T ) mpore� na deiqje� eÔkola epeid  xd[n] = x(n T ) kai ansugkr�noume to:

xp(t) = [

n=+∞
∑

n=−∞

δ(t − n T ) ].x(t) =

n=+∞
∑

n=−∞

x(n T ) δ(t − n T ) ⇒ Xp(j Ω) =

n=+∞
∑

n=−∞

x(n T ) e− j Ωn T4



me to:
Xd(e

j ω ) =

n=+∞
∑

n=−∞

xd[n] e− j ω n =

n=+∞
∑

n=−∞

x(n T ) e− j ω n .

Ω
0

1/T = W/π

X    jp(      )Ω

− 3W − 2W −W +W + 2W + 3W

ω
0

1/T = W/π

X  e(      )jω

− 3 π − 2 π − π + π + 2 π + 3 π

(b) Apì to f�sma (ìpw d�netai sthn ekf¸nhsh) e�nai profanè ìti to x(t) e�nai mh periodikìs ma. 'Ara, qrhsimopoi¸nta to je¸rhma tou Parseval pa�rnoume:
∫

+∞

−∞

| x(t)| 2 d t =
1

2 π

∫

+∞

−∞

|X(j Ω) | 2 d Ω

=
1

2 π

∫ 0

−W

(
Ω

W
+ 1 ) 2 d Ω +

1

2 π

∫ +W

0

(− Ω

W
+ 1 ) 2 d Ω

=
1

2 π
(

Ω 3

3 W 2
+ Ω +

Ω 2

W
)

∣

∣

∣

∣

0

−W

+
1

2 π
(

Ω 3

3 W 2
+ Ω − Ω 2

W
)

∣

∣

∣

∣

W

0

=
W

3 π
=

1

3 T
.Gia to deÔtero zhtoÔmeno, parathroÔme ìti:

∫ +∞

−∞

x(t) d t =

∫ +∞

−∞

x(t) e− j Ω t d t

∣

∣

∣

∣

Ω =0

= X(j Ω) |
Ω= 0

= 1 ,ìpw fa�netai eÔkola apì to dojèn f�sma sto sq ma th ekf¸nhsh th �skhsh.Gia to tr�to zhtoÔmeno tou erwt mato, qrhsimopoi¸nta to je¸rhma tou Parseval, pa�r-noume (blèpe ep�sh to sq ma tou f�smato):
+∞
∑

−∞

| x[n] | 2 =
1

2 π

∫ + π

−π

|X(e j ω ) | 2 d ω

=
1

2 π

∫

0

−π

W

π
(
ω

π
+ 1 ) 2 d ω +

1

2 π

∫

+ π

0

W

π
(− ω

π
+ 1 ) 2 d ω

=
W

2 π 2
(

ω 3

3 π 2
+ ω +

ω 2

π
)

∣

∣

∣

∣

0

−π

+
W

2 π 2
(

ω 3

3 π 2
+ ω − ω 2

π
)

∣

∣

∣

∣

π

0

=
W

3 π
=

1

3 T
.Tèlo, gia to tètarto zhtoÔmeno tou erwt mato, parathroÔme ìti:

+∞
∑

n =−∞

x[n] =
+∞
∑

n=−∞

x[n] e− j ω n

∣

∣

∣

∣

∣

ω = 0

= X(e j 0 ) =
1

T
=

W

π
,qrhsimopoi¸nta kai to parap�nw sq ma th X(e j ω ) .
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'Askhsh 2.4: Sto parak�tw sq ma d�netai èna di�gramma ulopo�hsh enì G.Q.A. kaieustajoÔ sust mato suneqoÔ qrìnou.
1
s

1
s

− 1

− 4 − 4

x(t)

y(t)

f (t)

(a) Upolog�ste th sun�rthsh metafor� tou ìlou sust mato H(s) .
(b) Sqedi�ste diagr�mmata ulopo�hsh tou sust mato en parall lw (in parallel) kai enseir� (cascade).
(c) Ekfr�ste th sqèsh eisìdou-exìdou tou sust mato w diaforik  ex�swsh.
(d) Upolog�ste thn kroustik  apìkris  tou, h(t) .LÔsh:
(a) Gia na bohjhjoÔme ston upologismì th sun�rthsh metafor� apì to dojèn di�grammaulopo�hsh eis�goume thn metablht  f(t) ìpw fa�netai sto parap�nw sq ma. E�naieÔkolo tìte na diapist¸soume ìti h e�sodo tou dexioÔ oloklhrwt  1/s ja e�nai tos ma d f(t) / d t , kaj¸ kai ìti h e�sodo tou aristeroÔ oloklhrwt  1/s ja e�nai tos ma d 2f(t) / d t 2 .Sth sunèqeia diapist¸noume apì to k�tw tm ma tou diagr�mmato ulopo�hsh ìti h e�so-do tou sust mato x(t) sqet�zetai me to s ma f(t) sÔmfwna me th diaforik  ex�swsh

d 2f(t)

d t 2
= x(t) − 4

d f(t)

d t
− 4 f(t) , , isodÔnama,

d 2f(t)

d t 2
+ 4

d f(t)

d t
+ 4 f(t) = x(t) .Pa�rnonta ton metasqhmatismì Laplace kai sta dÔo mèrh th ex�swsh èqoume

F (s)

X(s)
=

1

s 2 + 4 s + 4
.Sth sunèqeia br�skoume apì to p�nw tm ma tou diagr�mmato ulopo�hsh th sqèsh thexìdou tou sust mato y(t) me to bohjhtikì s ma f(t) . Aut  e�nai h

y(t) =
d f(t)

d t
− f(t) ,6



 , isodÔnama, sto ped�o tou metasqhmatismoÔ Laplace,
Y (s)

F (s)
= s − 1 .Pollaplasi�zonta ti dÔo sqèsei pou ex game sto ped�o tou metasqhmatismoÔ Laplacepa�rnoume th zhtoÔmenh sun�rthsh metafor� w

H(s) =
Y (s)

X(s)
=

Y (s)

F (s)

F (s)

X(s)
=

s − 1

s 2 + 4 s + 4
.

(b) Gia ti zhtoÔmene enallaktikè ulopoi sei tou sust mato prèpei pr¸ta na paragon-topoi soume to polu¸numo tou paronomast . EÔkola blèpoume ìti
H(s) =

s − 1

s 2 + 4 s + 4
=

s − 1

( s + 2 ) 2
.Sth sunèqeia anaptÔssoume th sun�rthsh metafor� se merik� kl�smata, kai lìgw thdipl  r�za ston paronomast  pa�rnoume telik�

H(s) =
s − 1

( s + 2 ) 2
=

1

s + 2
− 3

( s + 2 ) 2
=

1

s + 2
− 3

s 2 + 4 s + 4
.H an�ptuxh aut  odhge� sthn par�llhlh ulopo�hsh tou sq mato (se xeqwristì arqe�o).Gia m�a en seir� ulopo�hsh, gr�foume th sun�rthsh metafor� w

H(s) =

(

1

s + 2

) (

s − 1

s + 2

)

,pou ma odhge� sthn ulopo�hsh tou sq mato (se xeqwristì arqe�o).
(c) H diaforik  ex�swsh pou perigr�fei th sqèsh eisìdouexìdou tou sust mato prokÔpteime apl  episkìphsh apì th sun�rthsh metafor�, w

d 2y(t)

d t 2
+ 4

d y(t)

d t
+ 4 y(t) =

d x(t)

d t
− x(t) .

(d) Gia na broÔme thn kroustik  apìkrish tou sust mato, kai èqonta  dh analÔsei thsun�rthsh metafor� se merik� kl�smata se prohgoÔmeno upo-er¸thma, pa�rnoume:
h(t) = L− 1

{

1

s + 2
− 3

( s + 2 ) 2

}

= ( e− 2 t − 3 t e− 2 t ) u(t) .Katal xame sthn parap�nw qrhsimopoi¸nta kat�llhla zeÔgh metasqhmatismoÔ Laplacekai gn¸sh th perioq  sÔgklish th sun�rthsh metafor� tou sust mato. Pr�gmati,parathroÔme ìti h sun�rthsh metafor� èqei èna diplì pìlo sto − 2 (ìpw kai ènamhdenikì sto 1 kai èna akìmh mhdenikì sto ∞ ). Kaj¸ ma d�netai apì thn ekf¸nhshìti to sÔsthma e�nai eustajè, autì shma�nei ìti h perioq  sÔgklish th parap�nwsun�rthsh metafor� e�nai aut  me Re{ s } > − 2 (perilamb�netai o fantastikì�xona s = j Ω se aut n). H plhrofor�a aut  epitrèpei ton upologismì twn ant�strofwnmetasqhmatism¸n twn merik¸n klasm�twn.
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'Askhsh 2.5: 'Estw to aitiatì sÔsthma diakritoÔ qrìnou me sun�rthsh metafor�
H(z) =

(2 z 2 − 8 z + 7) z 2

(z − 1) (z − 2) 3
.

(a) Sqedi�ste to di�gramma pìlwn kai mhdenik¸n tou sust mato, ìpw kai thn perioq sÔgklish tou H(z) . E�nai to sÔsthma eustajè?
(b) Ekfr�ste th sqèsh eisìdou-exìdou tou sust mato w ex�swsh diafor¸n.
(c) Bre�te thn kroustik  apìkrish tou sust mato, h[n] .
(d) Sqedi�ste diagr�mmata ulopo�hsh tou sust mato se kanonik  morf  (direct form), enparall lw (in parallel), kai en seir� (cascade).LÔsh:
(a) E�nai eÔkolo na doÔme ìti to polu¸numo tou paronomast  èqei m�a tripl  r�za sth jèsh

z = 2 kai m�a apl  r�za sth jèsh z = 1 . EÔkola ep�sh blèpoume ìti to polu¸numo touarijmht  èqei m�a dipl  r�za sth jèsh z = 0 , kaj¸ kai akìmh dÔo r�ze pou prokÔptounapì to tri¸numo 2 z 2− 8 z +7 sti jèsei 2±
√

2/2 ≈ 1.293 kai 2.707 . Sunoy�zontaloipìn to dojèn sÔsthma èqei 4 mhdenik� sti jèsei { 0 , 0 , 1.293 , 2.707 } kai 4 pìlousti jèsei { 1 , 2 , 2 , 2 } . To di�gramma pìlwn kai mhdenik¸n tou èqei sqediaste� stoparak�tw sq ma.Epiplèon, gnwr�zonta ìti to sÔsthma e�nai aitiatì sunep�getai ìti h perioq  sÔgklishth sun�rthsh metafor� tou ja e�nai sto exwterikì tou kÔklou pou dièrqetai apì tonpìlo me to megalÔtero mètro, dhlad  | z | > 2 . H perioq  aut  e�nai episkiasmènh stodi�gramma pìlwn kai mhdenik¸n tou sust mato.Tèlo e�nai emfanè ìti h perioq  sÔgklish den emperièqei ton monadia�o kÔklo, kat�sunèpeia to sÔsthma e�nai astajè (ìpw ex�llou e�nai emfanè kai apì thn kroustik tou apìkrish, ìpw upolog�zetai se epìmeno upo-er¸thma).
Re{z}

Im{z}

0 1.293 2.7071 2

UNIT
CIRCLE

2nd Order

3rd Order
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(b) MporoÔme eÔkola na broÔme thn ex�swsh diafor¸n pou perigr�fei th sqèsh eisìdou-exìdou tou sust mato an ekfr�soume th sun�rthsh metafor� w lìgo dÔo poluwnÔmwnw pro z− 1 . Gia na to petÔqoume autì diairoÔme ton arijmht  kai paronomast  th
H(z) th ekf¸nhsh me to z4 , opìte pa�rnoume:

H(z) =
(2 z 2 − 8 z + 7)/z 2

((z − 1)/z) ((z − 2)/z) 3
=

2 − 8 z− 1 + 7 z− 2

( 1 − z− 1 ) ( 1 − 2 z− 1 ) 3

=
2 − 8 z− 1 + 7 z− 2

1 − 7 z− 1 + 18 z− 2 − 20 z− 3 + 8 z− 4
.H ex�swsh diafor¸n pou antistoiqe� sth sun�rthsh metafor� prokÔptei plèon me pro-fan  trìpo w h:

y[n] − 7y[n−1] + 18y[n−2] − 20y[n−3] + 8y[n−4] = 2x[n] − 8x[n−1] + 7x[n−2] .

(c) H zhtoÔmenh kroustik  apìkrish tou sust mato, h[n] , d�netai apì ton ant�strofometasqhmatismì Z th sun�rthsh metafor� tou, H(z) , maz� me gn¸sh th perioq sÔgklis  th, dhl. | z | > 2 , ìpw diapist¸jhke sto pr¸to upo-er¸thma.'Ena pr¸to trìpo ep�lush e�nai na anaptÔxoume thn H(z) se merik� kl�smata wex :
H(z)

z
=

z (2 z2 − 8 z + 7)

(z − 1) (z − 2)3
=

A

z − 1
+

B

z − 2
+

C

(z − 2)2
+

D

(z − 2)3
.Pollaplasi�zonta kai ta dÔo mèrh ep� (z − 1) kai jètonta z = 1, prokÔptei A = −1.Pollaplasi�zonta ep� (z − 2)3 kai jètonta z = 2, prokÔptei D = −2. Pollaplasi�-zonta ep� z kai upolog�zonta to ìrio gia z → ∞, prokÔptei 2 = −1 + B,   B = 3.Tèlo, jètonta z = 0, èqoume

0 = 1− 3

2
+

C

4
+

1

4
,ètsi ¸ste C = 1. Sunoy�zonta loipìn, èqoume:

H(z) = − z

z − 1
+

3 z

z − 2
+

z

(z − 2)2
− 2 z

(z − 2)3
.Dedomènou ìti

Z−1

{

z

(z − a)k+1

}

=
1

akk!
n(n− 1) · · · (n− k + 1) anu[n]gia k ≥ 1 kai gia perioq  sÔgklish |z| > |a|, h zhtoÔmenh kroustik  apìkrish h[n] =

Z−1{H(z) } d�netai apì:
h[n] = [− 1 + 3 . 2n +

1

2
n 2n − 1

4
n (n− 1) 2n ] u[n]

= [− 1 + 3 . 2n +
3

4
n 2n − 1

4
n 2 2n ] u[n] ,efìson, ìpw proanafèrame, h perioq  sÔgklish th H(z) e�nai gia |z| > 2 .9



Enallaktik�, mporoÔme na doulèyoume analÔonta se merik� kl�smata w pro υ = z−1.Apì to upo-er¸thma (b) èqoume:
H(z) =

2− 8 υ + 7 υ 2

(1− υ) (1− 2 υ) 3
=

A11

1− υ
+

A21

1− 2 υ
+

A22

(1− 2 υ) 2
+

A23

(1− 2 υ) 3
,ìpou to dexiì mèro proèkuye me an�ptuxh se merik� kl�smata. Oi �gnwstoi suntelestètou anaptÔgmato br�skontai eÔkola w:

A11 = (1− υ)
2− 8υ + 7υ2

(1− υ) (1− 2 υ)3

∣

∣

∣

∣

υ=1

= − 1 ,

A21 =
1

2!

(

− 1

2

)2
d 2

d υ 2

[

(1− 2 υ)3 2− 8υ + 7υ2

(1− υ) (1− 2 υ)3

]

∣

∣

∣

∣

∣

υ=1/2

= 2 ,

A22 = − 1

2

d

d υ

[

(1− 2 υ)3 2− 8υ + 7υ2

(1− υ) (1− 2 υ)3

]
∣

∣

∣

∣

υ=1/2

=
3

2
,

A23 = (1− 2 υ)3
2− 8υ + 7υ2

(1− υ) (1− 2 υ)3

∣

∣

∣

∣

υ=1/2

= − 1

2
,kat� sunèpeia,

H(z) = − 1

1− z−1
+

2

1− 2 z−1
+

3

2

1

(1− 2 z−1) 2
− 1

2

1

(1− 2 z−1) 3
.Qrhsimopoi¸nta idiìthte tou metasqhmatismoÔ Z, pa�rnonta ta akìlouja zeÔgh:

2n u[n]
Z←→ 1

1− 2 z−1
⇒ n 2n u[n]

Z←→ 2 z−1

(1− 2 z−1) 2

⇒ (n + 1) 2n u[n] = (n + 1) 2n u[n+1]
Z←→ 1

(1− 2 z−1) 2kai paragwg�zonta p�li to teleuta�o, èqoume (akolouj¸nta par�llhla b mata me taparap�nw):
(n + 1) (n + 2) 2n u[n]

Z←→ 2

(1− 2 z−1) 3
,ìpou fusik� h perioq  sÔgklish ìlwn twn metasqhmatism¸n e�nai h |z| > 2 . Me b�shta parap�nw, e�nai eÔkolo na doÔme ìti:

h[n] = [− 1 + 2 . 2n +
3

2
(n + 1) 2n − 1

4
(n + 1) (n + 2) 2n ] u[n]

= [− 1 + 3 . 2n +
3

4
n 2n − 1

4
n 2 2n ] u[n] ,pou e�nai to �dio apotèlesma me autì pou br kame prohgoumènw.
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(d) To di�gramma ulopo�hsh se kanonik  morf  sqedi�zetai eÔkola me b�sh thn morf  thsun�rthsh metafor� tou sust mato ìpw aut  èqei breje� w tm ma th ap�nthshsto upo-er¸thma (b). To di�gramma autì emfan�zetai sto sq ma (br�sketai se xeqwristì,sunodeutikì arqe�o).M�a ulopo�hsh se seir� mpore� na basiste� sthn akìloujh paragontopo�hsh th sun�r-thsh metafor� (fusik� up�rqoun pollè enallaktikè !):
H(z) =

2 − 8 z− 1 + 7 z− 2

[ ( 1 − z− 1 ) ( 1 − 2 z− 1 ) ] ( 1 − 2 z− 1 ) 2

=

(

2 − 8 z− 1 + 7 z− 2

1 − 3 z− 1 + 2 z− 2

) (

1

1 − 4 z− 1 + 4 z− 2

)

.Aut  ma odhge� sthn en-seir� ulopo�hsh tou sq mato (br�sketai se xeqwristì, suno-deutikì arqe�o).Tèlo, h par�llhlh ulopo�hsh ja basiste� sthn an�ptuxh th sun�rthsh metafor� semerik� kl�smata. 'Opw èqoume dei sto upo-er¸thma (c),
H(z) = − 1

1− z−1
+

2

1− 2 z−1
+

3

2

1

(1− 2 z−1) 2
− 1

2

1

(1− 2 z−1) 3

= − 1

1− z−1
+

2

1− 2 z−1
+

3/2

1− 4 z−1 + 4 z−2
− 1/2

1− 6 z−1 + 12 z−2 − 8 z−3
,odhg¸nta ma sthn (polÔ anapotelesmatik  !) en-parall lw ulopo�hsh tou sq mato(br�sketai se xeqwristì, sunodeutikì arqe�o).

TA DIAGRAMMATA ULOPOIHSHS TWN SUSTHMATWN TWN ASKHSEWN 2.4 KAI2.5 BRISKONTAI SE XEQWRISTO SUNODEUTIKO ARQEIO.
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