
P. Je/l�a, TMHUTD JEWRIA SHMATWN kai SUSTHMATWN Ak. 'Eto 2011-12Hm/n�a: 06-02-2012 3o SÔnolo Ask sewn LÔsei'Askhsh 3.1:JewroÔme èna GQA sÔsthma suneqoÔ qrìnou me s ma eisìdou xc(t) kai s ma exìdou yc(t).Gia na ulopoi soume autì to sÔsthma yhfiak�, qrhsimopoioÔme ta ex  tr�a st�dia:
• Deigmatolhy�a tou xc(t) kai metatrop  tou se s ma diakritoÔ qrìnou xd[n].
• Epexergas�a tou xd[n] apì èna GQA sÔsthma diakritoÔ qrìnou me èxodo to yd[n].
• Metatrop  tou yd[n] se suneqè s ma yc(t) me pl rh anakataskeu  (parembol ) suneqoÔs mato apì diakritì s ma (ìpw problèpei to je¸rhma deigmatolhy�a).Ta st�dia aut� fa�nontai parak�tw. JewroÔme ìti to s ma suneqoÔ qrìnou sthn e�sodo èqeipeperasmèno eÔro z¸nh, dhl., Xc(Ω) = 0 gia |Ω| ≥ ΩM . Ep�sh h deigmatolhy�a tou g�netaime suqnìthta Ωs = 3ΩM . To diakritì sÔsthma perigr�fetai apì thn ex�swsh diafor¸n

yd[n] =
1

3
(xd[n− 1] + xd[n] + xd[n + 1]) .

(a) Na sqedi�sete ta f�smata twn shm�twn xp(t), xd[n], yd[n], yp(t) kai yc(t) gia ìla tast�dia th epexergas�a, shmei¸nonta kr�sime timè stou �xone, an to f�sma tous mato eisìdou xc(t) d�netai apì to parak�tw sq ma (exhg ste analutik�).
(b) Na bre�te thn isodÔnamh apìkrish suqnìthta tou sust mato suneqoÔ qrìnou Hc(Ω) =

Yc(Ω)/Xc(Ω) .
LÔsh:
(a) Xekin�me me ta zhtoÔmena f�smata, èna pro èna, apì ta dexi� pro ta arister� tousq mato. ParathroÔme apì thn ekf¸nhsh th �skhsh ìti T = 2π/Ωs = 2π/(3ΩM) .Sthn sunèqeia èqoume:

• Gia to f�sma tou xp(t) parathroÔme pw:
xp(t) = [

n=+∞
∑

n=−∞

δ(t−nT )] . xc(t) ⇒ F{ xp(t) } =
1

2 π
F{

n=+∞
∑

n=−∞

δ(t−nT )} ∗ Xc(Ω)1



⇒ Xp(Ω) =
1

2 π

2 π

T

n=+∞
∑

n=−∞

δ(Ω −
2 π n

T
) ∗ Xc(Ω) =

1

T

n=+∞
∑

n=−∞

[Xc(Ω) ∗ δ(Ω − n Ωs)]

=
1

T

n=+∞
∑

n=−∞

Xc(Ω − n Ωs) ,to di�gramma tou opo�ou d�netai sto parak�tw sq ma. ParathroÔme pw lìgw twndedomènwn th �skhsh den up�rqei fainìmeno anad�plwsh (Ωs = 3 ΩM ), parath-re�tai ep�sh kenì pl�tou ΩM metaxÔ twn epanal yewn mh mhdenikoÔ f�smato.
• Suneq�zoume t¸ra me to f�sma tou diakritoÔ s mato xd[n] . MporoÔme eÔkola nadoÔme ìti:

Xd(e
j ω) = Xp(ω/T ) ⇒ Xd(e

j ω) =
1

T

n=+∞
∑

n=−∞

Xc (
ω − 2 π n

T
) =

1

T

n=+∞
∑

n=−∞

Xc (
Ωs

2 π
ω − n Ωs) ,to di�gramma tou opo�ou d�netai sto parak�tw sq ma. ParathroÔme fusik� ìti tof�sma èqei per�odo 2 π . To ìti Xd(e

j ω) = Xp(ω/T ) mpore� na deiqje� eÔkolaepeid  xd[n] = xc(n T ) kai an sugkr�noume to:
xp(t) = [

n=+∞
∑

n=−∞

δ(t − n T ) ] . xc(t) =
n=+∞
∑

n=−∞

xc(n T ) δ(t − n T )

⇒ Xp(Ω) =
n=+∞
∑

n=−∞

xc(n T ) e− j Ω n Tme to:
Xd(e

j ω) =
n=+∞
∑

n=−∞

xd[n] e− j ω n =
n=+∞
∑

n=−∞

xc(n T ) e− j ω n .

• Suneq�zoume t¸ra me to f�sma tou diakritoÔ s mato yd[n] . Apì thn ekf¸nhsh th�skhsh èqoume:
Yd(e

j ω) =
1

3

(

Xd(e
j ω) e− j ω + Xd(e

j ω) + Xd(e
j ω) e j ω

)

⇒ Hd(e
j ω) =

Yd(e
j ω)

Xd(e j ω)
=

e− j ω + 1 − e j ω

3
=

1

3
( 1 + 2 cos ω ) .Sunep¸:

Yd(e
j ω) = Xd(e

j ω) Hd(e
j ω) =

1

3 T
( 1 + 2 cos ω )

n=+∞
∑

n=−∞

Xc (
ω − 2 π n

T
) .ParathroÔme pw isodÔnama èqoume:

Yd(e
j ω) =







1

3 T
( 1 + 2 cos ω ) , gia |ω| ≤ 2π/3

0 , gia 2π/3 < |ω| ≤ π ,fusik� me periodik  epan�lhyh k�je 2 π .2



• Suneq�zoume t¸ra me to f�sma tou suneqoÔ s mato yp(t) . Parìmoia me parap�nw,mporoÔme na de�xoume ìti:
Yp(Ω) = Yd(e

j Ω T ) =
1

3 T
( 1 + 2 cos ( 2 π

Ω

Ωs
) )

n=+∞
∑

n=−∞

Xc(Ω − n Ωs) ,to di�gramma tou opo�ou d�netai sto parak�tw sq ma.
• Tèlo, to teleuta�o f�ltro th seir� epexergas�a èqei san apotèlesma na up�rxeimh mhdenikì f�sma exìdou mìno sto di�sthma [−Ωs/2 , Ωs/2 ] , kat� sunèpeia:

Yc(Ω) = T
1

3 T
( 1 + 2 cos ( 2π

Ω

Ωs

) ) Xc(Ω) =
1

3
( 1 + 2 cos ( 2π

Ω

Ωs

) ) Xc(Ω) ,to di�gramma tou opo�ou d�netai sto parak�tw sq ma.
(b) Me b�sh to teleuta�o apì ta f�smata pou upolog�same parap�nw, e�nai profanè ìti:

Hc(Ω) =
Yc(Ω)

Xc(Ω)
=







1

3
( 1 + 2 cos (

2 π Ω

3 ΩM
) ) , gia |Ω| ≤ ΩM

0 , gia |Ω| > ΩM .H isodÔnamh aut  apìkrish suqnìthta tou sust mato suneqoÔ qrìnou e�nai sqedia-smènh sto parak�tw sq ma.
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π
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−ΩM 0 ΩM

Ω  /2S Ω

Yc(Ω)
1
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'Askhsh 3.2:Bre�te thn kroustik  apìkrish h(t) tou aitiatoÔ, G.Q.A. sust mato suneqoÔ qrìnou pouikanopoie� thn ex�swsh:
d2y(t)

dt2
− 6

dy(t)

dt
+ 9y(t) =

dx(t)

dt
− x(t) .Or�zetai h apìkrish suqnìthta H(Ω) tou parap�nw sust mato? E�nai to sÔsthma eustajè?LÔsh: Efarmìzoume ton metasqhmatismì Laplace ep� th doje�sa diaforik  ex�swsh, kaiqrhsimopoi¸nta ti idiìthte th grammikìthta kai parag¸gish sto ped�o tou qrìnou, pa�r-noume:

s 2 Y (s) − 6 s Y (s) + 9 Y (s) = s X(s) −X(s) ,sunep¸:
H(s) =

Y (s)

X(s)
=

s− 1

s 2 − 6 s + 9
=

s− 1

(s− 3) 2
=

1

s− 3
+

2

(s− 3) 2
,ìpw prokÔptei eÔkola me an�lush se merik� kl�smata.ParathroÔme pw epeid  to sÔsthma e�nai aitiatì, h rht  sun�rthsh metafor� H(s) poue�nai o metasqhmatismì Laplace m�a dexi� kroustik  apìkrish h(t) ja èqei perioq sÔgklish sta dexi� tou pio dexioÔ pìlou, dhlad  ja sugkl�nei gia Re { s } > 3 . H perioq aut  sÔgklish den perilamb�nei ton fantastikì �xona, �ra o metasqhmatismì Fourier H(Ω)(apìkrish suqnìthta) den up�rqei!Wstìso h kroustik  apìkrish up�rqei kai d�netai apì:

h(t) = L−1{H(s) } = L−1

{

1

s− 3
+

2

(s− 3) 2

}

= e 3 t u(t) + 2 t e 3 t u(t) ,lìgw th perioq  sÔgklish pou or�same parap�nw (lìgw aitiatìthta). E�nai endiafèronna parathr soume ìti to sÔsthma den e�nai eustajè.
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'Askhsh 3.3:Prosdior�ste ton ant�strofo metasqhmatismì Z th parak�tw sun�rthsh X(z) me perioq sÔgklish:
X(z) =

(2 z2 − 8 z + 7) z2

(z − 1) (z − 2)3
, |z| > 2.LÔsh: 'Ena pr¸to trìpo ep�lush e�nai na anaptÔxoume th sun�rthsh X(z) se merik�kl�smata w ex :

X(z)

z
=

z (2 z2 − 8 z + 7)

(z − 1) (z − 2)3
=

A

z − 1
+

B

z − 2
+

C

(z − 2)2
+

D

(z − 2)3
.Pollaplasi�zonta kai ta dÔo mèrh ep� (z − 1) kai jètonta z = 1, prokÔptei A = −1.Pollaplasi�zonta ep� (z − 2)3 kai jètonta z = 2, prokÔptei D = −2. Pollaplasi�zontaep� z kai upolog�zonta to ìrio gia z →∞, prokÔptei 2 = −1+B,   B = 3. Tèlo, jètonta

z = 0, èqoume
0 = 1−

3

2
+

C

4
+

1

4
,ètsi ¸ste C = 1. Sunoy�zonta, èqoume:

X(z) = −
z

z − 1
+

3 z

z − 2
+

z

(z − 2)2
−

2 z

(z − 2)3
.Dedomènou ìti

Z−1

{

z

(z − a)k+1

}

=
1

akk!
n(n− 1) · · · (n− k + 1) anu[n]gia k ≥ 1 kai gia perioq  sÔgklish |z| > |a|, to s ma x[n] = Z−1{X(z) } d�netai apì:

x[n] = [− 1 + 3 . 2n +
1

2
n 2n −

1

4
n (n− 1) 2n ] u[n]

= [− 1 + 3 . 2n +
3

4
n 2n −

1

4
n 2 2n ] u[n] ,efìson h perioq  sÔgklish th X(z) e�nai |z| > 2.Enallaktik� mporoÔme na doulèyoume analÔonta se merik� kl�smata w pro υ = z−1.Diair¸nta arijmht  kai paranomast  me to z4 pa�rnoume:

X(z) =
1

8

2− 8υ + 7υ 2

(υ − 1) (υ − 0.5) 3
=

A11

υ − 1
+

A21

υ − 0.5
+

A22

(υ − 0.5) 2
+

A23

(υ − 0.5) 3
.QrhsimopoioÔme sthn sunèqeia tou gnwstoÔ tÔpou gia thn an�ptuxh se merik� kl�smatakai pa�rnoume:

A11 = (υ − 1)
1

8

2− 8υ + 7υ2

(υ − 1) (υ − 0.5)3

∣

∣

∣

∣

υ=1

= 1 ,

A21 =
1

2!

d2

d υ2

[

(υ − 0.5)3 1

8

2− 8υ + 7υ2

(υ − 1) (υ − 0.5)3

]
∣

∣

∣

∣

υ=1/2

= − 1 ,5



A22 =
1

1!

d

d υ

[

(υ − 0.5)3 1

8

2− 8υ + 7υ2

(υ − 1) (υ − 0.5)3

]
∣

∣

∣

∣

υ=1/2

=
3

8
,

A23 = (υ − 0.5)3 1

8

2− 8υ + 7υ2

(υ − 1) (υ − 0.5)3

∣

∣

∣

∣

υ=1/2

=
1

16
,kat� sunèpeia,

X(z) =
1

z−1 − 1
−

1

z−1 −
1

2

+
3

8

1

(z−1 −
1

2
) 2

+
1

16

1

(z−1 −
1

2
) 3

= −
1

1− z−1
+

2

1− 2 z−1
+

3

2

1

(1− 2 z−1) 2
−

1

2

1

(1− 2 z−1) 3
.Qrhsimopoi¸nta idiìthte tou metasqhmatismoÔ Z, pa�rnonta ta akìlouja zeÔgh:

2n u[n]
Z
←→

1

1− 2 z−1
⇒ n 2n u[n]

Z
←→

2 z−1

(1− 2 z−1) 2

⇒ (n + 1) 2n u[n] = (n + 1) 2n u[n + 1]
Z
←→

1

(1− 2 z−1) 2kai paragwg�zonta p�li to teleuta�o, èqoume (akolouj¸nta par�llhla b mata me ta para-p�nw):
(n + 1) (n + 2) 2n u[n]

Z
←→

2

(1− 2 z−1) 3
,ìpou fusik� h perioq  sÔgklish ìlwn twn metasqhmatism¸n e�nai h |z| > 2 . Me b�sh taparap�nw, e�nai eÔkolo na doÔme ìti:

x[n] = [− 1 + 2 . 2n +
3

2
(n + 1) 2n −

1

4
(n + 1) (n + 2) 2n ] u[n]

= [− 1 + 3 . 2n +
3

4
n 2n −

1

4
n 2 2n ] u[n] ,pou e�nai to �dio apotèlesma me autì pou br kame prohgoumènw.
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'Askhsh 3.4:'Estw èna G.Q.A. sÔsthma diakritoÔ qrìnou me sqèsh eisìdou-exìdou
y[n]− 3 y[n− 2] + 2 y[n− 3] = x[n] + 4 x[n− 1] + 3 x[n− 2]kai me mhdenikè arqikè sunj ke.

(a) Prosdior�ste th sun�rthsh metafor� H(z) tou sust mato kai upolog�ste thn tim th gia z = 1.
(b) Poio� e�nai oi pìloi kai ta mhdenik� tou sust mato? E�nai to sÔsthma eustajè?
(c) Prosdior�ste th bhmatik  apìkrish tou sust mato.LÔsh:
(a) Efarmìzonta ton metasqhmatismì Z kai sta dÔo mèrh th sqèsh eisìdou-exìdou, pa�r-noume:

Y (z) − 3 z− 2 Y (z) + 2 z− 3 Y (z) = X(z) + 4 z− 1 X(z) + 3 z− 2 X(z) ,opìte h sun�rthsh metafor� tou sust mato br�sketai eÔkola w:
H(z) =

Y (z)

X(z)
=

1 + 4 z− 1 + 3 z− 2

1 − 3 z− 2 + 2 z− 3
=

z (z 2 + 4 z + 3)

z 3 − 3 z + 2
=

z (z + 1) (z + 3)

(z − 1) 2 (z + 2)
.ParathroÔme ìti gia z = 1 o paranomast  mhden�zetai, en¸ o arijmht  e�nai mh mhdeni-kì. Sunep¸ h sun�rthsh metafor� den sugkl�nei sthn tim  aut , kajìson apeir�zetai(dhl. to z = 1 e�nai pìlo th kai ìqi mhdenikì th).

(b) Me b�sh ta parap�nw, to sÔsthma èqei èna diplì pìlo sto + 1 kai ènan pìlo sto − 2.Ep�sh to sÔsthma èqei tr�a mhdenik� sta 0, − 1 , kai − 3 . To sÔsthma e�nai kat�sunèpeia astajè kajìson o monadia�o kÔklo den an kei sthn perioq  sÔgklish thsun�rthsh metafor� (h opo�a e�nai |z| > 2 , lìgw twn mhdenik¸n arqik¸n sunjhk¸n).
(c) H bhmatik  apìkrish tou sust mato e�nai h èxodì tou se e�sodo x[n] = u[n] . K�noumetou upologismoÔ sto ped�o tou metasqhmatismoÔ Z, kai èqoume:

Y (z) = H(z) X(z) =
z (z + 1) (z + 3)

(z − 1) 2 (z + 2)

z

z − 1
=

z 2 (z 2 + 4 z + 3)

(z − 1) 3 (z + 2)
,me perioq  sÔgklish |z| > 2 . Gia na broÔme thn y[n], akoloujoÔme ton trìpo ep�lushth 'Askhsh 3.3. Gr�foume loipìn:

Y (z)

z
=

z (z 2 + 4 z + 3)

(z − 1) 3 (z + 2)
=

A

z − 1
+

B

(z − 1) 2
+

C

(z − 1) 3
+

D

(z + 2)
.Pollaplasi�zonta kai ta dÔo mèrh ep� (z + 2) kai jètonta z = − 2 , prokÔptei D =

− 2/27 . Pollaplasi�zonta ep� (z − 1) 3 kai jètonta z = 1, prokÔptei C = 8/3 .7



Pollaplasi�zonta ep� z kai upolog�zonta to ìrio gia z →∞ , prokÔptei 1 = A−2/27 ,  A = 29/27 . Tèlo, jètonta z = 0, èqoume
0 = −

29

27
+ B −

8

3
−

1

27
,ètsi ¸ste B = 34/9 . Sunoy�zonta, èqoume:

Y (z) =
29

27

z

z − 1
+

34

9

z

(z − 1) 2
+

8

3

z

(z − 1) 3
−

2

27

z

(z + 2)

=
29

27

z

z − 1
+

102

27

z

(z − 1) 2
+

72

27

z

(z − 1) 3
−

2

27

z

(z + 2)
.Dedomènou ìti

Z−1

{

z

(z − a)k+1

}

=
1

akk!
n(n− 1) · · · (n− k + 1) anu[n]gia k ≥ 1 kai gia perioq  sÔgklish |z| > |a|, h zhtoÔmenh bhmatik  apìkrish y[n] =

Z−1{ Y (z) } d�netai apì:
y[n] = [

29

27
+

102

27
n +

36

27
n(n− 1) +

1

27
(−2)n+ 1 ] u[n]

= [
29

27
+

11

9
n +

4

3
n 2 +

1

27
(−2)n +1 ] u[n] ,efìson h perioq  sÔgklish th Y (z) e�nai |z| > 2.
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'Askhsh 3.5:
(a) 'Estw to s ma x[n] , n = 0 ,..., N − 1 , kai X[k] o diakritì metasqhmatismì Fourier

N shme�wn tou s mato. An to s ma apotele� summetrik  akolouj�a, dhlad  x[n] =
x[N − 1− n] kai to N e�nai �rtio arijmì, upolog�ste thn tim  X[N/2] .

(b) 'Estw to s ma x[n] , n = 0 ,..., N − 1 , kai X[k] o diakritì metasqhmatismì Fourier
N shme�wn tou s mato. An to s ma ikanopoie� thn sqèsh x[m] = − x[m + N/2] gia
m = 0 ,..., (N/2)− 1 , kai to N e�nai �rtio arijmì, de�xte ìti h tim  tou X[2 m] = 0 .LÔsh:

(a) Apì ton orismì tou diakritoÔ metasqhmatismoÔ Fourier èqoume sthn tim  k = N/2 (poue�nai akèraia kajìson o N e�nai �rtio):
X[

N

2
] =

N−1
∑

n=0

x[n]e− j
2 π n N/2

N =

N−1
∑

n=0

x[n]e− j π n =

N−1
∑

n=0

x[n] (− 1)n

= x[0] − x[1] + x[2] − ... − x[N − 1]

= ( x[0] − x[N − 1] ) − ( x[1] − x[N − 2] ) + ... ± ( x[
N

2
− 1] − x[

N

2
] )

= 0 .
N

2
= 0 ,ìpou sti pr�xei parap�nw qrhsimopoi same to gegonì ìti o N − 1 e�nai perittìarijmì. ParathroÔme ep�sh ìti to prìshmo tou teleuta�ou ajro�smato exart�tai apìto e�n to N/2 e�nai �rtio   perittì, all� fusik� autì den all�zei to apotèlesma.

(b) Apì ton orismì tou diakritoÔ metasqhmatismoÔ Fourier, kai jètonta K = N/2, poue�nai akèraio (lìgw artiìthta tou N ):
X[ 2 m ] =

N−1
∑

n=0

x[n] e− j 2 π n 2 m
N =

N−1
∑

n=0

x[n] e− j π
K

2 n m

=
K−1
∑

n=0

( x[n] e− j π
K

2 n m + x[K + n] e− j π
K

2 (n+K) m )

=

K−1
∑

n=0

( x[n] e− j π
K

2 n m − x[n] e− j π
K

2 n m e− j 2 π m )

=
K−1
∑

n=0

( x[n] e− j π
K

2 n m − x[n] e− j π
K

2 n m ) = K. 0 = 0 ,ìpou k�name qr sh tou dedomènou x[n] = − x[n + N/2] = − x[n + K] .
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