
Pan. JessalÐac, TMHUTD JEWRIA SHMATWN kai SUSTHMATWN Akad. 'Etoc 2011-12
HmeromhnÐa: 10-1-2012 2o SÔnolo Ask sewn LÔseic

'Askhsh 2.1(a): Upologismìc metasqhmatismoÔ Fourier tou x(t) =
d δ(t)

d t
+ 5 δ(2−5 t) .

LÔsh:

Epeid  δ(t)
F←→ 1, èqoume

d δ(t)

d t

F←→ jΩ.1 = jΩ kai

5 δ(2− 5 t) = 5 δ(−5(t− 2/5))
F←→ 5

1

| − 5|
e−j Ω2/5.1 = e−j Ω2/5 .

Kat� sunèpeia, X(Ω) = j Ω + e−j Ω2/5 .

'Askhsh 2.1(b): Upologismìc metasqhmatismoÔ Fourier tou x(t) = t e−2 t cos(t) u(t) .

LÔsh:

To prìblhma mporeÐ na lujeÐ me dÔo trìpouc. O pr¸toc qrhsimopoieÐ ton tÔpo tou Euler gia
to sunhmÐtono, opìte èqoume:

t e−2 t cos(t) u(t) = t e−2 t (e jt + e−jt)

2
u(t) =

1

2
t e−t(2−j)u(t) +

1

2
t e−t(2+j)u(t) .

Kajìson t e−atu(t)
F←→ 1/(a+jΩ)2 , e�n Re{a} > 0 (pr�gma to opoÐo isqÔei sthn perÐptws 

mac), apì thn parap�nw paÐrnoume:

X(Ω) =
1

2

1

(2− j + jΩ)2
+

1

2

1

(2 + j + jΩ)2
=

1

2

1

(2 + j(Ω− 1))2
+

1

2

1

(2 + j(Ω + 1))2
.

Enallaktik�, mporoÔme na parathr soume ìti x(t) = x1(t)x2(t) , ìpou x1(t) = t e−2 tu(t) kai
x2(t) = cos(t) . Kat� sunèpeia,

F{x(t)} =
1

2π
[F{x1(t)} ∗ F{x2(t)}] =

1

2π
[

1

(2 + jΩ)2
∗ π(δ(Ω− 1) + δ(Ω + 1)) ]

=
1

2

1

(2 + jΩ)2
∗ δ(Ω− 1) +

1

2

1

(2 + jΩ)2
∗ δ(Ω + 1)

=
1

2

1

(2 + j(Ω− 1))2
+

1

2

1

(2 + j(Ω + 1))2
,

apì thn gnwst  idiìthta sunèlixhc me thn kroustik  sun�rthsh.
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'Askhsh 2.1(c): Upologismìc metasqhmatismoÔ Fourier tou x(t) =


t + 1

2
, gia |t| ≤ 1

0 , alloÔ
.

LÔsh:

Ac jewr soume x1(t) =

{
1/2 , gia |t| ≤ 1

0 , alloÔ
. Tìte, x(t) = t x1(t) + x1(t) . Sunep¸c, kai

an jumhjoÔme ìti F{x1(t)} = (sin Ω)/Ω , lamb�noume, qrhsimopoi¸ntac kai thn idiìthta thc
parag¸gishc sto pedÐo thc suqnìthtac:

F{x(t)} = j
d

d Ω
(
sin Ω

Ω
) +

sin Ω

Ω
=

(
j

cos Ω

Ω
− j

sin Ω

Ω2

)
+

sin Ω

Ω

=
sin Ω

j Ω2
− cos Ω − j sin Ω

j Ω
=

sin Ω

j Ω2
− e− j Ω

j Ω
.

'Askhsh 2.1(d): Upologismìc antÐstrofou m/smoÔ Fourier tou X(Ω) = cos2(2 Ω+π/5) .

LÔsh:

ParathroÔme pwc epeid  2 cos2(θ) = 1 + cos(2 θ) ,

F−1{cos2(2 Ω + π/5)} = F−1{ 1

2
+

1

2
cos(4 Ω + 2 π/5)}

= F−1{ 1

2
+

1

4
(e j (4 Ω+ 2 π/5) + e−j (4 Ω+ 2 π/5))}

= F−1{ 1

4
e−j 2 π/5 e−4 j Ω +

1

2
+

1

4
e j 2 π/5 e 4 j Ω}

=
1

4
e−j 2 π/5 δ(t− 4) +

1

2
δ(t) +

1

4
e j 2 π/5 δ(t + 4) .

'Askhsh 2.1(e): Upologismìc antÐstrofou m/smoÔ Fourier tou X(Ω) =
e−j Ω

Ω2 + 5
.

LÔsh:

Wc gnwstì, o metasqhmatismìc Fourier tou x(t) = e−a|t| eÐnai o X(Ω) = 2a/(a2 + Ω2) (gia
a > 0 ). Kat� sunèpeia, èqoume:

F−1{ 1

Ω2 + 5
} = F−1{ 1

2
√

5

2
√

5

Ω2 + (
√

5)2
} =

1

2
√

5
e−

√
5 |t| .

K�nontac qr sh kai thc idiìthtac metatìpishc sto qrìno, paÐrnoume:

F−1{ e−j Ω

Ω2 + 5
} = F−1{ e−j Ω 1

Ω2 + 5
} =

1

2
√

5
e−

√
5 | t−1| .
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'Askhsh 2.1(f): Upologismìc antÐstrofou m/smoÔ Fourier tou

X(Ω) = δ(Ω− 4) + jδ(Ω− π)− jδ(Ω + π) + δ(Ω + 4) .

LÔsh:

ParathroÔme pwc

F−1{δ(Ω−4)+jδ(Ω−π)−jδ(Ω+π)+δ(Ω+4)} = F−1{δ(Ω−4)+δ(Ω+4)}+ j F−1{δ(Ω−π)−δ(Ω+π)}

=
1

π
cos(4 t) +

j

π
j sin(π t) =

1

π
(cos(4 t)− sin(π t)) .

'Askhsh 2.2(a): Upologismìc DTFT tou x[n] =

(
1

4

)|n|
u[−n− 1] .

LÔsh:

ParathroÔme pwc:

x[n] =

(
1

4

)−n

u[−n− 1] =

(
1

4

)−n

u[−n− 1] +

(
1

4

)0

δ[n] −
(

1

4

)0

δ[n]

=

(
1

4

)−n

u[−n] − δ[n] .

Efarmìzontac thn idiìthta DF{ x1[−n] } = X1(e
− j ω) ston pr¸to ìro tou ajroÐsmatoc

thc parap�nw, katal goume sto:

DF{ x[n] } =
1

1 − 1
4
e− j (−ω)

− 1 =
1

4
.

1

1 − 1
4
e j ω

.

'Askhsh 2.2(b): Upologismìc DTFT tou x[n] = −δ[n−2]+δ[n−1]+δ[n+1]+δ[n+2] .

LÔsh:

Apì to gegonìc ìti DF{δ[n− no]} = e− j ω no kai thn sqèsh tou Euler paÐrnoume:

X(ω) = − e− 2 j ω + e− j ω + e j ω + e 2 j ω

= (e j ω + e− j ω) + (e 2 j ω − e− 2 j ω) = 2 cos ω + 2 j sin(2 ω) .

'Askhsh 2.2(c): Upologismìc DTFT tou x[n] = (n− 1)2

(
1

2

)n

u[n] .

LÔsh:

H lÔsh prokÔptei apì pollapl  efarmog  thc idiìthtac thc parag¸gishc sto pedÐo thc suqnì-
thtac, kai thn gn¸sh ìti o DTFT tou x1[n] =

(
1
2

)n
u[n] eÐnai o X1(e

j ω) = 1/(1− 0.5 e− j ω ) .
Kat� sunèpeia:
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X(e j ω) = DF{n2 x1[n] − 2 n x1[n] + x1[n] } = j2 d
2

d ω2
X1(e

j ω) − 2 j
d

d ω
X1(e

j ω) + X1(e
j ω)

= − d
2

d ω2

(
1

1− 1
2
e−j ω

)
− 2 j

d

d ω

(
1

1− 1
2
e−j ω

)
+

1

1− 1
2
e−j ω

= −
1
2
e−2jω

(1− 1
2
e−j ω)3

−
1
2
e−jω

(1− 1
2
e−j ω)2

− e−jω

(1− 1
2
e−j ω)2

+
1

1− 1
2
e−j ω

= −
1
2
e−2jω

(1− 1
2
e−j ω)3

−
3
2
e−jω

(1− 1
2
e−j ω)2

+
1

1− 1
2
e−j ω

.

'Askhsh 2.2(d): Upologismìc IDTFT tou X(e j ω) =

{
1 , gia π

4
< |ω| < 3π

4

0 , gia 0 ≤ |ω| ≤ π
4
kai 3π

4
≤ |ω| < π

.

LÔsh:

An jewr soume X1(e
j ω) =

{
1 , gia 0 ≤ |ω| < π

4

0 , gia π
4
≤ |ω| ≤ π

, parathroÔme pwc:

X(e j ω) = X1(e
j (ω−π/2)) + X1(e

j (ω+π/2)) .

Kajìson DF−1{X1(e
j ω)} = sin(πn/4)/(πn) , qrhsimopoi¸ntac kai thn idiìthta metatìpishc

suqnìthtac kai thn sqèsh tou Euler, katal goume sto ìti:

x[n] = e j π
2

n sin(πn/4)

πn
+ e− j π

2
n sin(πn/4)

πn
=

2

πn
cos(πn/2) sin(πn/4) .

Parathr ste ìti h lÔsh epÐshc mporeÐ na grafeÐ kai wc x[n] = 1/(πn).[ sin(3πn/4) −
sin(πn/4)] , pou prokÔptei ìti eÐnai isodÔnamh me thn parap�nw apì thn sqèsh tou Euler.
H morf  aut  prokÔptei apì thn apeujeÐac olokl rwsh thc X(e j ω) qrhsimopoi¸ntac ton
orismì tou antÐstrofou metasqhmatismoÔ Fourier diakritoÔ qrìnou.

'Askhsh 2.2(e): Upologismìc IDTFT tou X(e j ω) = cos2(ω) .

LÔsh:

ParathroÔme pwc epeid  2 cos2(θ) = 1 + cos(2 θ) ,

DF−1{ cos2(ω) } = DF−1{ 1

2
+

1

2
cos(2 ω) } = DF−1{ 1

2
+

1

4
(e 2 j ω + e− 2 j ω ) }

=
1

4
δ[n− 2] +

1

2
δ[n] +

1

4
δ[n + 2] .
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'Askhsh 2.3:

'Ena grammikì, qronik� analloÐwto (G.Q.A.) sÔsthma suneqoÔc qrìnou ikanopoieÐ thn exÐswsh

d2y(t)

d t2
+ 5

dy(t)

d t
+ 6 y(t) =

dx(t)

d t
+ 4 x(t)

ìpou x(t) kai y(t) eÐnai ta s mata eisìdou kai exìdou tou sust matoc. UpologÐste:

(a) Thn apìkrish suqnìthtac tou sust matoc, H(Ω).

(b) Thn kroustik  apìkrish tou sust matoc, h(t).

(c) Thn èxodo tou sust matoc y(t), ìtan h eÐsodoc tou eÐnai to x(t) = e−4 tu(t)− t e−4 tu(t).

LÔsh:

(a) H apìkrish suqnìthtac dÐnetai apì:

H(Ω) =
Y (Ω)

X(Ω)
=

jΩ + 4

(−jΩ)2 + 5jΩ + 6
=

4 + jΩ

6− Ω2 + 5jΩ
.

(b) AnalÔontac thn parap�nw se merik� kl�smata, paÐrnoume:

H(Ω) =
4 + jΩ

(2 + jΩ)(3 + jΩ)
=

2

2 + jΩ
− 1

3 + jΩ
.

Kat� sunèpeia,

h(t) = F−1{H(Ω) } = 2 e−2 tu(t) − e−3 tu(t) .

(c) O metasqhmatismìc Fourier tou s matoc eisìdou eÐnai:

X(Ω) = F{x(t) } =
1

4 + jΩ
− 1

(4 + jΩ)2
=

3 + jΩ

(4 + jΩ)2
.

Kat� sunèpeia,

Y (Ω) = X(Ω) H(Ω) =
4 + jΩ

(2 + jΩ)(3 + jΩ)

3 + jΩ

(4 + jΩ)2
=

1

(2 + jΩ)(4 + jΩ)
.

AnalÔontac thn parap�nw se merik� kl�smata, paÐrnoume:

Y (Ω) =
1

2

1

2 + jΩ
− 1

2

1

4 + jΩ
.

Kat� sunèpeia,

x(t) = F−1{X(Ω) } =
1

2
e−2 tu(t) − 1

2
e−4 tu(t) .
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'Askhsh 2.4(a): Upojèste ìti èqoume dÔo zwnoperiorismèna (bandlimited) s mata x1(t)

kai x2(t) gia ta opoÐa isqÔei X1(Ω) = 0 gia |Ω| > 500 π kai X2(Ω) = 0 gia |Ω| > 1000 π ,
antÐstoiqa. Gia k�je apì ta parak�tw s mata, poia eÐnai h mègisth perÐodoc deigmatolhyÐac
Ts, ¸ste aut� na mporoÔn na anakataskeuastoÔn apì ta deÐgmat� touc?

i. x1(t)

ii. x2(t)

iii. x1(t) ∗ x2(t)

iv. x1(t) + x2(t)

v. x1(t) x2(t)

vi. x1(t) cos(2000 π t) + x2(t)

LÔsh:

SÔmfwna me to je¸rhma deigmatolhyÐac Shannon, o rujmìc deigmatolhyÐac prèpei na xepern�ei
to ìrio Nyquist, dhlad , isodÔnama, Ts < π/Ωmax , ìpou Ωmax eÐnai h mègisth suqnìthta pou
perilamb�nei to zwnoperiorismèno s ma endiafèrontoc. Kat� sunèpeia:

i. Gia to x1(t) èqoume Ωmax = 500π , sunep¸c Ts = π/(500π) = 0.002 sec .

ii. Gia to x2(t) èqoume Ωmax = 1000π , sunep¸c Ts = π/(1000π) = 0.001 sec .

iii. Gia to x(t) = x1(t) ∗ x2(t) , sto pedÐo thc suqnìthtac èqoume pollaplasiasmì twn
X1(Ω) kai X2(Ω) , kai kat� sunèpeia Ωmax = min{500π , 1000π } = 500π , sunep¸c
Ts = π/(500π) = 0.002 sec .

iv. Gia to x(t) = x1(t) + x2(t) , sto pedÐo thc suqnìthtac èqoume �jroish twn X1(Ω)
kai X2(Ω) , kai kat� sunèpeia Ωmax = max{500π , 1000π } = 1000π , sunep¸c Ts =
π/(1000π) = 0.001 sec .

v. Gia to x(t) = x1(t) x2(t) , sto pedÐo thc suqnìthtac èqoume sunèlixh twn X1(Ω) kai
X2(Ω) , kai kat� sunèpeia Ωmax = 500π + 1000π = 1500π , sunep¸c Ts = π/(1500π) =
0.00066 sec .

vi. Tèloc gia to x(t) = x1(t) cos(2000 π t)+x2(t) efarmìzoume ta parap�nw (iv. kai v.), kai
brÐskoume Ωmax = max{500π + 2000π , 1000π } = 2500π , sunep¸c Ts = π/(2500π) =
0.0004 sec .

'Askhsh 2.4(b, c): Sto parak�tw sq ma parousi�zetai èna aitiatì G.Q.A. sÔsthma sune-
qoÔc qrìnou pou ikanopoieÐ thn diaforik  exÐswsh

dyc(t)

d t
+ yc(t) = xc(t)

To sÔsthma akoloujeÐtai apì deigmatolhyÐa me kroustikoÔc palmoÔc kai èna G.Q.A. sÔsthma
diakritoÔ qrìnou. An h eÐsodoc tou sust matoc suneqoÔc qrìnou eÐnai xc(t) = δ(t − T

2
),

upologÐste:

(b) Ta yc(t) kai y[n].
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(c) Thn apìkrish suqnìthtac H(e j ω) kai kroustik  apìkrish tou sust matoc diakritoÔ
qrìnou h[n], ¸ste w[n] = δ[n].

LÔsh:

(b) H apìkrish suqnìthtac tou sust matoc suneqoÔc qrìnou eÐnai:

dyc(t)

dt
+ yc(t) = xc(t)

F←→ jΩYc(Ω) + Yc(Ω) = Xc(Ω) ⇒ Hc(Ω) =
Yc(Ω)

Xc(Ω)
=

1

1 + jΩ
.

'Ara se eÐsodo:

xc(t) = δ(t− T

2
)

F←→ Xc(Ω) = e−jΩT/2 ,

h apìkrish, me qr sh thc idiìthtac qronik c metatìpishc, ja eÐnai:

Yc(Ω) = Xc(Ω)Hc(Ω) = e−jΩT/2 1

1 + jΩ

F←→ yc(t) = e−(t−T/2)u(t− T/2) .

Sthn sunèqeia, h èxodoc tou sust matoc deigmatolhyÐac kai metatrop c C/D prokÔptei
mèsw thc antikat�stashc y[n] = yc(nT ) . Epomènwc:

y[n] =

{
e−nT+T/2, nT ≥ T/2

0, alli¸c
= e−nT+T/2u[n− 1] ,

kajìson nT ≥ 0.5T ⇒ n ≥ 1 (gia akèraia n).

(c) Apì idiìthtec kai zeÔgh m/smoÔ Fourier diakritoÔ qrìnou, o DTFT tou y[n] eÐnai:

Y (e j ω) = DF{e−nT + T/2u[n−1]} = DF{e−T/2
(
(e−T )n−1u[n− 1]

)
} = e−T/2e−jω 1

1− e−T e−jω
,

kajìson |e−T | < 1 (giatÐ profan¸c T > 0).

Gia to sÔsthma diakritoÔ qrìnou H(e j ω) isqÔei ìti W (e j ω) = Y (e j ω)H(e j ω) . Gia

èxodo w[n] = δ[n]
DF↔ W (e j ω) = 1, h apìkrish suqnìthtac H(e j ω) eÐnai:

H(e j ω) = 1/Y (e j ω) = eT/2ejω − e−T/2 ,

kai sunep¸c efarmìzontac antÐstrofo DTFT h zhtoÔmenh kroustik  apìkrish eÐnai:

h[n] = eT/2 δ[n + 1]− e−T/2 δ[n] .
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ParathroÔme m�lista ìti prìkeitai gia mh aitiatì sÔsthma, kajìson h kroustik  tou apìkrish
eÐnai mh mhdenik  gia t = −1 .
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