
Pan. Jessal�a
, TMHUTD JEWRIA SHMATWN kai SUSTHMATWN Akad. 'Eto
 2011-12Hmeromhn�a: 22-11-2011 1o SÔnolo Ask sewn LÔsei
'Askhsh 1.1(a): 'Estw ìti to s ma suneqoÔ
 qrìnou w(t) or�zetai w
 w(t) = t + 1 stodi�sthma [−2, 0] kai w(t) = 0 ektì
 tou parap�nw diast mato
. Sqedi�ste ta s mata:
i. x(t) = u(t) + u(t − 1) − 2 u(t− 2) + w(t)

ii. x(t) [ δ(t + 1

2
) − δ(t − 1

2
) ]

iii. x(3 − t)

iv. 2 x(t/2 + 1) + 3LÔsh:
i. To s ma x(t) èqei thn parak�tw grafik :
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ii. To s ma x(t) [ δ(t + 1

2
) − δ(t − 1

2
) ] èqei thn parak�tw grafik :
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iii. To s ma x(3 − t) èqei thn parak�tw grafik :
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iv. To s ma 2 x(t/2 + 1) + 3 èqei thn parak�tw grafik :
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'Askhsh 1.1(b): Bre�te poia apì ta parak�tw s mata e�nai periodik� kai thn jemeli¸dhper�odì tou
:
i. x(t) = cos(10 t + 2) + sin(4 t)

ii. x[n] = (−1)n cos(2πn/7)

iii. x[n] = (−1)n + cos(2πn/7)

iv. x[n] = e j n/3LÔsh:
i. To s ma apotele�tai apì �jroisma dÔo periodik¸n shm�twn me jemeli¸dh per�odo T1 =

π/5 (to pr¸to) kai T2 = π/2 (to deÔtero). Kat� sunèpeia, to �jroism� tou
 ja e�naiep�sh
 periodikì s ma me jemeli¸dh per�odo T to mikrìtero koinì pollapl�sio kai twndÔo,  toi T = π.
ii. K�nonta
 pr�xei
, blèpoume pw


x[n] = (−1)n cos(2πn/7) = cos(πn) cos(2πn/7)

=
1

2
[cos(πn + 2πn/7) + cos(πn − 2πn/7)] =

1

2
[cos(9πn/7) + cos(5πn/7)] .To s ma apotele�tai apì �jroisma dÔo periodik¸n shm�twn me jemeli¸dh per�odo N = 14kai ta dÔo. Kat� sunèpeia, to �jroism� tou
 ja e�nai ep�sh
 periodikì s ma me jemeli¸dhper�odo N = 14.

iii. To s ma apotele�tai apì �jroisma dÔo periodik¸n shm�twn me jemeli¸dh per�odo N1 = 2(afoÔ cos(πn) = (−1)n), kai N2 = 7. Kat� sunèpeia to �jroism� tou
 ja e�nai ep�sh
periodikì s ma me jemeli¸dh per�odo T to mikrìtero koinì pollapl�sio kai twn dÔo,  toi
N = 14.

iv. To s ma den e�nai periodikì kajìson to ωo = 1/3 den e�nai rhtì pollapl�sio tou 2π .
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'Askhsh 1.2(a): An to s ma x[n] e�nai �rtio kai pragmatikì kai to s ma y[n] e�nai perittìkai pragmatikì, tìte apode�xte an ta epìmena s mata e�nai �rtia   peritt�:
i. x[n] x[n]

ii. x[n] y[n]

iii. y[n] y[n]

iv. x[n] u[n] − x[n] u[−n] + y[n]LÔsh:Apì thn upìjesh tou probl mato
 èqoume ìti x[−n] = x[n] (�rtio s ma) kai y[−n] = −y[n](perittì s ma). Kat� sunèpeia:
i. 'Eqoume: x[−n] x[−n] = x[n] x[n] , kat� sunèpeia to s ma e�nai �rtio.
ii. 'Eqoume: x[−n] y[−n] = x[n] (−y[n]) = −(x[n] y[n]) , kat� sunèpeia e�nai perittì.
iii. 'Eqoume: y[−n] y[−n] = (−y[n]) (−y[n]) = y[n] y[n] , kat� sunèpeia to s ma e�nai �rtio.
iv. ParathroÔme ìti x[n] u[n] − x[n] u[−n] = x[n] (u[n] − u[−n]) . Profan¸
 to s ma

u[n]−u[−n] = −(u[−n]−u[n]) e�nai perittì, kai apì to (ii.), to ginìmeno tou me to �rtiopragmatikì s ma x[n] e�nai ep�sh
 perittì. E�nai eÔkolo na de�xei kane�
 ìti to �jroismatou perittoÔ autoÔ s mato
 kai tou perittoÔ y[n] e�nai ep�sh
 perittì s ma.
'Askhsh 1.2(b): Poia apì ta parak�tw s mata e�nai s mata enèrgeia
 kai poia s mataisqÔo
? Bre�te (ant�stoiqa) thn enèrgeia   thn isqÔ tou
.

i. δ[n] + δ[n − 1]

ii. u[n] + 2 u[−n]

iii. e−4 tu(t)

iv. cos (πn/8)LÔsh:
i. Anamènoume ìti prìkeitai gia s ma enèrgeia
. Pr�gmati, èqoume E∞ =

∑+∞
−∞ |x[n]|2 =

|x[0]|2 + |x[1]|2 = 1 + 1 = 2 , kajìson oi mìne
 mh mhdenikè
 timè
 tou s mato
 x[n]lamb�noun q¸ra sta n = 0 kai n = 1 . Kat� sunèpeia to s ma e�nai ìntw
 s ma enèrgeia
me E∞ = 2 (kai profan¸
 P∞ = 0 ).
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ii. Anamènoume ìti prìkeitai gia s ma isqÔo
. ParathroÔme ìti x[n] = 2 u[−n] gia n < 0 ,
x[n] = u[n] gia n > 0 , kai x[0] = 3 , �ra:

1

2N + 1

N
∑

n=−N

|x[n]|2 =
1

2N + 1

(

−1
∑

n=−N

4 |u[−n]|2 + 32 +

N
∑

n=1

|u[n]|2
)

=
4N + 9 + N

2N + 1
=

5N + 9

2N + 1
.Sunep¸
 prìkeitai gia s ma isqÔo
 me P∞ = lim

N→+∞

5N + 9

2N + 1
= 2.5 (kai profan¸


E∞ = ∞ ).
iii. Skeftìmaste ìti kat� p�sa pijanìthta prìkeitai gia s ma enèrgeia
, kajìson e�nai ènafj�non ekjetikì s ma. Pr�gmati (kai afoÔ to s ma e�nai mh mhdenikì mìno gia t ≥ 0 ):

E∞ =

∫

+∞

t=−∞

|x(t)|2dt =

∫

+∞

0

(e−4t)2dt =

∫

+∞

0

e−8tdt = − 1

8
e−8t

∣

∣

∣

∣

+∞

0

=
1

8
.Kat� sunèpeia to s ma e�nai ìntw
 s ma enèrgeia
 me E∞ = 1/8 (kai profan¸
 P∞ = 0 ).

iv. Anamènoume ìti prìkeitai gia s ma isqÔo
 lìgw th
 periodikìtht�
 tou. Pr�gmati, qrh-simopoi¸nta
 kai thn sqèsh 2 cos2(θ) = (1 + cos(2 θ)) , èqoume:
1

2N + 1

N
∑

n=−N

|x[n]|2 =
1

2N + 1

N
∑

n=−N

cos2(πn/8)

=
1

2N + 1

N
∑

n=−N

1

2
+

1

2N + 1

N
∑

n=−N

1

2
cos (πn/4)

=
1

2N + 1

2N + 1

2
+

1

2N + 1

N
∑

n=0

cos (πn/4)

=
1

2
+

1

2N + 1

8 ⌊N/8⌋
∑

n=0

cos (πn/4) +
1

2N + 1

N
∑

8 ⌊N/8⌋+1

cos (πn/4) .ParathroÔme pw
 o deÔtero
 ìro
 tou parap�nw ajro�smato
 e�nai mhdèn, en¸ to ìrio toutr�tou ìrou me N → +∞ g�netai ep�sh
 mhdèn, ka9ìson fr�ssetai apì to ±8/(2N +1) .Sunep¸
 prìkeitai gia s ma isqÔo
 me P∞ = 1/2 (kai profan¸
 E∞ = ∞ ).
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'Askhsh 1.3(a): Gia ta akìlouja sust mata suneqoÔ
 (  diakritoÔ) qrìnou d�nontai oi apo-kr�sei
 tou
 y(t) (  y[n]) sta s mata eisìdou x(t) (  x[n]). Bre�te an e�nai G.Q.A. sust mata,an e�nai aitiat�, kai an e�nai eustaj .
i. y(t) = x(t − 2) + x(2 − t)

ii. y(t) = 2 x(t/4) + 3

iii. y[n] = (n + 5) x[n]LÔsh:
i. • E�nai eÔkolo na dei kane�
 ìti to sÔsthma e�nai grammikì, wstìso lìgw tou deÔterouìrou den e�nai qronik� anallo�wto. Pr�gmati, èstw ìti to s ma eisìdou e�nai oorjog¸nio
 palmì
 x1(t) = u(t + 1) − u(t − 1) . ParathroÔme ìti h èxodo
 tousust mato
 sto s ma autì e�nai o orjog¸nio
 palmì
 y1(t) = 2(u(t−1)−u(t−3)) .Wstìso, h èxodo
 tou sust mato
 ston orjog¸nio palmì x2(t) = x1(t − 1) =

u(t) − u(t − 2) e�nai o palmì
 y2(t) = u(t) − u(t − 4) kai ìqi o y1(t − 1) =
2(u(t − 2) − u(t − 4)) . Kat� sunèpeia to sÔsthma den e�nai G.Q.A.

• To sÔsthma den e�nai aitiatì (p.q. y(0) = x(−2)+x(2) , �ra h tim  th
 exìdou sthnqronik  stigm  t = 0 exart�tai apì tim  sto mèllon).
• To sÔsthma e�nai eustajè
 giat� e�n |x(t)| ≤ B , gia k�je t , sunep�getai pw


|y(t)| = |x(t − 2) + x(2 − t)| ≤ |x(t − 2)| + |x(2 − t)| ≤ 2B ,dhlad  h èxodì
 tou e�nai fragmènh gia fragmènh e�sodo.
ii. • To sÔsthma den e�nai grammikì lìgw th
 stajer�
 3 , ìpw
 kai den e�nai qronik�anallo�wto lìgw tou x(t/4) , �ra to sÔsthma den e�nai G.Q.A.

• To sÔsthma den e�nai aitiatì kajìson h èxodì
 tou gia par�deigma sto t = −4exart�tai apì thn e�sodì tou thn mellontik  qronik  stigm  t = −1 .
• To sÔsthma e�nai eustajè
 giat� e�n |x(t)| ≤ B , gia k�je t , sunep�getai pw


|y(t)| = |2 x(t/4) + 3| ≤ 2|x(t/4)| + 3 ≤ 2B + 3 ,dhlad  h èxodì
 tou e�nai fragmènh gia fragmènh e�sodo.
iii. • To sÔsthma e�nai grammikì, wstìso den e�nai qronik� anallo�wto, kajìson giapar�deigma ìtan h e�sodì
 tou e�nai x[n] = δ[n] , h èxodì
 tou e�nai y[n] = 5 δ[n] ,en¸ ìtan h e�sodì
 tou e�nai x[n] = δ[n + 5] , h èxodì
 tou e�nai y[n] = (−5 +

5) δ[n + 5] = 0 6= 5 δ[n + 5] . 'Ara to sÔsthma den e�nai G.Q.A.
• To sÔsthma e�nai profan¸
 aitiatì, kajìson h èxodì
 tou k�je qronik  stigm  ne�nai sun�rthsh th
 eisìdou tou thn �dia mìno qronik  stigm  n .
• To sÔsthma den e�nai eustajè
 kajìson gia par�deigma h èxodì
 tou sto fragmènos ma eisìdou x[n] = u[n] e�nai h mh fragmènh y[n] = (n + 5) u[n] , pou te�nei sto�peiro, ìtan n → +∞ .
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'Askhsh 1.3(b): Bre�te ta ant�strofa sust mata (e�n up�rqoun) gia ta parak�tw sust -mata:
i. y(t) = x(t − 2)

ii. y(t) = d x(t)/d t

iii. y[n] = x[n] − x[n − 1]LÔsh:
i. To ant�strofo tou sust mato
 y(t) = x(t − 2) e�nai to y(t) = x(t + 2) , kajìson

w(t) = y(t+2) = x(t−2+2) = x(t) , e�n sundèsoume seiriak� ta dÔo sust mata. Kat�sunèpeia to sÔsthma e�nai antistrèyimo.
ii. To sÔsthma den e�nai antistrèyimo, giat� ìla ta s mata pou diafèroun kat� m�a stajer�

x(t) + const d�noune tautìshmh èxodo.
iii. Gia ton �dio lìgo kai to sÔsthma autì den e�nai antistrèyimo, p.q. ìla ta s mata x[n] =

const d�noune mhdenik  èxodo, anexart tou tim 
 th
 stajer�
.
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'Askhsh 1.4(a): Upolog�ste thn sunèlixh y[n] = x[n] ∗ h[n] twn
x[n] = δ[n − 3] + 2 δ[n − 2] + 2 δ[n − 1] + δ[n]

h[n] = δ[n − 4] + δ[n − 3] + δ[n − 2] + δ[n − 1] + δ[n] .LÔsh:Prìkeitai gia dÔo s mata diakritoÔ qrìnou kai peperasmènh
 di�rkeia
, opìte mporoÔme naqrhsimopoi soume ton trìpo upologismoÔ th
 sunèlix 
 tou
 w
 ginomènou p�naka me di�nusma.'Eqoume loipìn:
x = [ x[0] x[1] x[2] x[3] ]T = [ 1 2 2 1]Tme m ko
 4 , kai

h = [ h[0] h[1] h[2] h[3] h[4] ]T = [ 1 1 1 1 1]Tme m ko
 5 . Kat� sunèpeia h sunèlix  tou
 ja or�zetai metaxÔ 0 kai 4 + 5 − 2 = 7 , kaimpore� na upologiste� w
:






















y[0]
y[1]
y[2]
y[3]
y[4]
y[5]
y[6]
y[7]























=























h[0] 0 0 0
h[1] h[0] 0 0
h[2] h[1] h[0] 0
h[3] h[2] h[1] h[0]
h[4] h[3] h[2] h[1]
0 h[4] h[3] h[2]
0 0 h[4] h[3]
0 0 0 h[4]























.









x[0]
x[1]
x[2]
x[3]









=























1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1
1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1























.









1
2
2
1









=























1
3
5
6
6
5
3
1























.

Kat� sunèpeia, h zhtoÔmenh sunèlixh e�nai:
y[n] = δ[n− 7]+ 3 δ[n− 6]+ 5 δ[n− 5]+ 6 δ[n− 4]+ 6 δ[n− 3]+ 5 δ[n− 2]+3 δ[n− 1]+ δ[n] .
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'Askhsh 1.4(b): Upolog�ste thn sunèlixh y[n] = x[n] ∗ h[n] twn
x[n] = 3nu[1 − n]

h[n] = u[n] .LÔsh:Sto sq ma (arister�) fa�nontai sqediasmèna ta s mata x[k] kai h[n − k] . E�nai profanè
ìti ta s mata èqoune mh mhdenik  epik�luyh gia ìla ta n . Gia n ≥ 1 , to ped�o epik�luyh
paramènei stajerì kai e�nai to di�sthma k ≤ 1 . 'Ara gia n ≥ 1 :
y[n] =

k=1
∑

k=−∞

3 k = 3 +
0
∑

k=−∞

3 k = 3 +
+∞
∑

r=0

(
1

3
) r = 3 +

1

1 − (1/3)
=

9

2
,dhlad  to y[n] krat�ei stajer  tim  4.5 gia n ≥ 1 .Gia n < 1 epik�luyh twn shm�twn lamb�nei q¸ra mìno gia k ≤ n . Sunep¸
:

y[n] =
n
∑

k=−∞

3 k =
+∞
∑

l=−n

(
1

3
) l =

+∞
∑

m=0

(
1

3
)m−n = (

1

3
)−n

+∞
∑

m=0

(
1

3
)m = 3n 3

2
=

3n+1

2
.Sunep¸
:

y[n] =

{

9/2 , gia n ≥ 1

3n+1/2 , alloÔ .H sunèlixh e�nai sqediasmènh sto dexiì mèro
 tou sq mato
.
k

- 2 - 1 0 1 2

3

1

1 / 3
1 / 9

x  k[   ]

k

n

1

h  n - k[        ]

n

- 2 - 1 0 1 2 3

9 / 2

3 / 2

1 / 2

1 / 6

y  n[   ]
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'Askhsh 1.4(c): Upolog�ste thn sunèlixh y(t) = x(t) ∗ h(t) twn
x(t) = e−atu(t) , me a > 0

h(t) = u(t) − u(t − T ) , me T > 0 .LÔsh:Parathr¸nta
 thn perioq  epik�luyh
 tou x(τ) kai tou h(t − τ) , blèpoume pw
 aut  e�naimhdenik  gia t ≤ 0 . Eke� profan¸
 èqoume y(t) = 0 .Sthn sunèqeia blèpoume pw
 gia 0 < t ≤ T h perioq  epik�luyh
 e�nai to τ ∈ [0, t] , �ra:
y(t) =

∫ t

0

e−α τ dτ = − 1

α
e−α τ

∣

∣

∣

∣

t

0

=
1 − e−α t

α
.Tèlo
, gia t > T h perioq  epik�luyh
 e�nai to τ ∈ [ t − T, t ] , sunep¸
:

y(t) =

∫ t

t−T

e−α τ dτ = − 1

α
e−α τ

∣

∣

∣

∣

t

t−T

=
eα T − 1

a
e−α t .Sunoy�zonta
, èqoume:

y(t) =



























0 , gia t ≤ 0

1 − e−α t

α
, gia 0 < t ≤ T

eα T − 1

a
e−α t , gia t > T .Ta s mata e�nai sqediasmèna sto parak�tw sq ma gia α = 1/2 kai T = 2 .

−10 −8 −6 −4 −2 0 2 4 6 8 10
−0.5

0

0.5

1

1.5

−10 −8 −6 −4 −2 0 2 4 6 8 10
−0.5

0

0.5

1

1.5

−10 −8 −6 −4 −2 0 2 4 6 8 10
−0.5

0

0.5

1

1.5

x(t) h(t) y(t)
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'Askhsh 1.5(a): Anaparast ste to s ma
x(t) = 2 + cos(πt + 3π/4) + sin(3πt) + 3 j cos(2πt) cos(5πt)w
 seir� Fourier.LÔsh:Qrhsimopoi¸nta
 thn sqèsh tou Euler kai to gegonì
 ìti 2 cos a cos b = cos(a+b)+cos(a−b) ,pa�rnoume:

x(t) = 2 +

(

1

2
e j 3 π/4 e j π t +

1

2
e−j 3 π/4 e−j π t

)

+

(

1

2j
e j 3 π t − 1

2j
e−j 3 π t

)

+
3j

2

1

2

(

e j 7 π t + e−j 7 π t
)

+
3j

2

1

2

(

e j 3 π t + e−j 3 π t
)

=
3j

4
e−j 7 π t + (

3j

4
− 1

2j
) e−j 3 π t +

e− j 3 π/4

2
e−j π t + 2 +

e j 3 π/4

2
e j π t

+ (
3j

4
+

1

2j
) e j 3 π t +

3j

4
e j 7 π t

=
3j

4
e−j 7 π t +

5j

4
e−j 3 π t − 1 + j

2
√

2
e−j π t + 2 +

j − 1

2
√

2
e j π t +

j

4
e j 3 π t +

3j

4
e j 7 π t .Kat� sunèpeia, oi mh mhdeniko� suntelestè
 th
 seir�
 Fourier tou periodikoÔ s mato
 (mejemeli¸dh per�odo Ωo = π )

x(t) =

k=+∞
∑

k=−∞

ck e j k Ωo te�nai oi:
c−7 =

3j

4
, c−3 =

5j

4
, c−1 = − 1 + j

2
√

2
, c0 = 2 , c1 =

j − 1

2
√

2
, c3 =

j

4
, c7 =

3j

4
.
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'Askhsh 1.5(b): Jewr ste to periodikì s ma x(t) me per�odo 2, gia to opo�o isqÔei x(t) = tentì
 tou diast mato
 [−1, 1]. Anaparast ste to w
 seir� Fourier.LÔsh:H jemeli¸dh
 per�odo
 tou s mato
 d�netai ìti e�nai T = 2 . Kat� sunèpeia, kai qrhsimopoi¸n-ta
 thn idiìthta ∫ y(t)(dz(t)/dt)dt = y(t)z(t) −
∫

(dy(t)/dt)z(t)dt , pa�rnoume gia k 6= 0 :
ck =

1

T

∫

T

x(t) e− j k 2 π

T
t dt =

1

2

∫ t=1

t=−1

t e− j k π t dt = − 1

2

∫ 1

−1

t

j k π

d

dt
(e− j k π t ) dt

= − 1

2

[

t

j k π
e− j k π t

∣

∣

∣

∣

1

−1

−
∫ 1

−1

1

j k π
e− j k π t dt

]

= − 1

2

[

e− j k π + e j k π

j k π
+

1

j2 k2 π2
e− j k π t

∣

∣

1

−1

]

= − 1

2

[

e− j k π + e j k π

j k π
− e− j k π − e j k π

k2 π2

]

= − cos(k π)

j k π
− j sin(k π)

k2 π2
=

j (−1)k

k π
.To parap�nw isqÔei gia k 6= 0 . Tèlo
, gia k = 0 , pa�rnoume:

co =
1

2

∫ t=1

t=−1

t dt = 0 .

'Askhsh 1.5(c): An oi suntelestè
 th
 seir�
 Fourier tou periodikoÔ s mato
 x(t) meper�odo T e�nai ck, poioi ja e�nai oi suntelestè
 th
 seir�
 Fourier gia to s ma
y(t) = x(t − to) + x(t + to)ekfrasmènoi se sqèsh me ta arqik� ck kai ta T , to ?LÔsh:E�nai polÔ eÔkolo na doÔme pw
 kai to s ma y(t) e�nai periodikì me per�odo T , kat� sunèpeiampore� na analuje� se seir� Fourier. E�nai ep�sh
 polÔ eÔkolo na doÔme pw
 oi suntelestè
th
 an�ptuxh
 se seir� Fourier twn x(t − to) kai x(t + to) e�nai:

ck e−j k 2 π

T
to , kai ck e j k 2 π

T
to ,ant�stoiqa. Lìgw grammikìthta
, katal goume pw
 oi suntelestè
 th
 seir�
 Fourier tou

y(t) e�nai oi:
ck ( e j k 2 π

T
to + e−j k 2 π

T
to ) = 2 ck cos ( k

2 π

T
to ) .
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'Askhsh 1.5(d): An h seir� Fourier tou periodikoÔ s mato
 x(t) me per�odo 3 e�nai ck = 2,gia k�je k, poio e�nai to s ma x(t) ?LÔsh:Jumìmaste ìti to periodikì s ma x(t) =
∑k=+∞

k=−∞ δ(t− kT ) èqei suntelestè
 seir�
 Fourierpou d�nontai apì:
ck =

1

T

∫ T/2

−T/2

x(t) e− j k 2 π

T
t dt =

1

T

∫ T/2

−T/2

δ(t) e− j k 2 π

T
t dt =

1

T

∫ T/2

−T/2

δ(t) dt =
1

T
.Kat� sunèpeia, to zhtoÔmeno s ma e�nai to x(t) = 6

∑k=+∞
k=−∞ δ(t − 3k) , to opo�o ìntw
 èqeisuntelestè
 seir�
 Fourier ta ck = 6/3 = 2 .
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