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 Exètash
 5-9-12Jèma 1: (a) (10%) Bre�te e�n to sÔsthma me sqèsh eisìdou/exìdou thn:
y(t) = 2 x(t/5) + 3e�nai G.Q.A., an e�nai aitiatì, an e�nai eustajè
, kai an e�nai antistrèyimo (sthn teleuta�aper�ptwsh, an nai, bre�te kai ton ant�strofì tou).LÔsh:

• To sÔsthma den e�nai grammikì lìgw th
 stajer�
 3 , ìpw
 kai den e�nai qronik� anal-lo�wto lìgw tou x(t/5) , �ra to sÔsthma den e�nai G.Q.A.
• To sÔsthma den e�nai aitiatì kajìson h èxodì
 tou gia par�deigma sto t = −5 , y(−5) ,exart�tai apì thn e�sodì tou x(−1) (dhlad  se mellontik  qronik  stigm ).
• To sÔsthma e�nai eustajè
 giat� e�n |x(t)| ≤ B , gia k�je t , sunep�getai pw


|y(t)| = |2 x(t/5) + 3| ≤ 2|x(t/5)| + 3 ≤ 2B + 3 ,dhlad  h èxodì
 tou e�nai fragmènh gia fragmènh e�sodo.
• To sÔsthma e�nai antistrèyimo, me ant�strofo to sÔsthma

y(t) =
x(5 t) − 3

2
,kaj¸
, an sundèsoume seiriak� ta dÔo sust mata, pa�rnoume:

w(t) =
y(5 t) − 3

2
=

(2 x(t) + 3) − 3

2
= x(t) .
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Jèma 1: (b) (14%) Upolog�ste kai sqedi�ste thn sunèlixh y[n] = x[n] ∗ h[n] , ìpou
x[n] = 2n u[2 − n] , h[n] = u[n] .LÔsh: Sto parak�nw sq ma (arister�) fa�nontai sqediasmèna ta s mata x[k] kai h[n− k] .E�nai profanè
 ìti ta s mata èqoune mh mhdenik  epik�luyh gia ìla ta n . Gia n ≥ 2 , toped�o epik�luyh
 paramènei stajerì kai e�nai to di�sthma k ≤ 2 . 'Ara gia n ≥ 2 :

y[n] =

k=2
∑

k=−∞

2 k = 4 + 2 +

0
∑

k=−∞

2 k = 6 +

+∞
∑

r=0

(
1

2
) r = 6 +

1

1 − (1/2)
= 8 ,dhlad  to y[n] krat�ei stajer  tim  8 gia n ≥ 2 .Gia n < 2 epik�luyh twn shm�twn lamb�nei q¸ra mìno gia k ≤ n . 'Eqoume loipìn:

y[n] =
n

∑

k=−∞

2 k =
+∞
∑

l=−n

(
1

2
) l =

+∞
∑

m=0

(
1

2
)m−n = (

1

2
)−n

+∞
∑

m=0

(
1

2
)m = 2n 2 = 2n+1 .Sunep¸
, telik� èqoume:

y[n] =

{

8 , gia n ≥ 2

2n+1 , alloÔ .H sunèlixh e�nai sqediasmènh sto dexiì mèro
 tou sq mato
.
k

- 2 - 1 0 1 2 3

4

2

1

1 / 2
1 / 4

x  k[   ]

k

n

1

h  n - k[        ]

n
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8

4

2

1

1 / 2

y  n[   ]
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Jèma 2: (a) (9%) Upolog�ste to s ma x(t) apì ton metasqhmatismì Fourier tou,
X(Ω) = cos 2 (3 Ω + π/4) .LÔsh: ParathroÔme pw
 epeid  2 cos2(θ) = 1 + cos(2 θ) ,

F−1{cos2(3 Ω + π/4)} = F−1{
1

2
+

1

2
cos (6 Ω + π/2)}

= F−1{
1

2
+

1

4
(e j (6 Ω+ π/2) + e−j (6 Ω +π/2))}

= F−1{
1

4
e−j π/2 e−6 j Ω +

1

2
+

1

4
e j π/2 e 6 j Ω}

= −
j

4
δ(t − 6) +

1

2
δ(t) +

j

4
δ(t + 6) .

Jèma 2: (b) (9%) Upolog�ste ton metasqhmatismì Fourier diakritoÔ qrìnou X(e j ω) tou
x[n] =

(

1

3

)|n|

u[−n − 1] .LÔsh: ParathroÔme pw
:
x[n] =

(

1

3

)−n

u[−n − 1] =

(

1

3

)−n

u[−n − 1] +

(

1

3

)0

δ[n] −

(

1

3

)0

δ[n]

=

(

1

3

)−n

u[−n] − δ[n] .Efarmìzonta
 thn idiìthta DF{ x1[−n] } = X1(e
− j ω) ston pr¸to ìro tou ajro�smato
th
 parap�nw, katal goume sto:

DF{ x[n] } =
1

1 −
1

3
e− j (−ω)

− 1 =
1

3
.

e j ω

1 −
1

3
e j ω

.
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Jèma 2: (c) (9%) D�nontai oi suntelestè
 th
 seir�
 Fourier

c k =

{

j k , gia |k| < 3

0 , alloÔenì
 periodikoÔ s mato
 x(t) suneqoÔ
 qrìnou me per�odo 4 . Prosdior�ste to s ma x(t) seìso to dunatìn aploÔsterh morf .LÔsh: Apì ta dedomèna th
 �skhsh
 èqoume To = 4 , sunep¸
 Ωo = 2 π/To = π/2 .Ekfr�zonta
 to s ma se an�ptugma ekjetik¸n, èqoume (kaj¸
 mìno oi suntelestè
 c± 2 , c± 1e�nai mh mhdeniko�):
x(t) =

+∞
∑

k =−∞

ck e j k Ωo t = c−2 e− j 2 (π/2) t + c−1 e− j (π/2) t + c1 e j (π/2) t + c2 e j 2 (π/2) t

= − 2 j e− j π t + 2 j e j π t − j e− j π t/2 + j e j π t/2

= 2 j ( e j π t − e− j π t ) + j ( e j π t/2 − e− j π t/2 )

= 2 j 2 j sin (π t) + j 2 j sin (π t/2)

= − 4 sin (π t) − 2 sin (
π

2
t) .Jèma 2: (d) (9%) Upolog�ste ton ant�strofo metasqhmatismì Z tou

X(z) = log ( 1 −
1

2
z − 1 ) ,me perioq  sÔgklish
 to |z| > 1/2 .LÔsh: Paragwg�zoume to X(z) kai pollaplasi�zoume me − z , opìte pa�rnoume:

Y (z) = − z
d

d z
X(z) = −

1

2
z − 1

1 −
1

2
z − 1

.Apì to tupolìgio, kai me b�sh thn doje�sa perioq  sÔgklish
, èqoume:
y[n] = Z − 1{Y (z)} = − (

1

2
)n u[n − 1] .Ep�sh
, me b�sh thn idiìthta th
 parag¸gish
, èqoume ìti to zhtoÔmeno x[n] sundèetai me toparap�nw y[n] mèsw th
 sqèsh
 y[n] = n x[n] . 'Ara, kat� sunèpeia, to zhtoÔmeno s ma e�naito:

x[n] = Z − 1{X(z)} = −
1

n
(
1

2
)n u[n − 1] .4



Jèma 3: (20%) 'Ena G.Q.A., aitiatì, kai eustajè
 sÔsthma èqei apìkrish suqnìthta
:
H(Ω) =

j Ω + 4

6 − Ω 2 + 5 j Ω
.

(a, 6%) Upolog�ste m�a diaforik  ex�swsh pou na sundèei thn e�sodo x(t) kai èxodo y(t) tousust mato
.
(b, 7%) Upolog�ste thn kroustik  apìkrish h(t) tou sust mato
.
(c, 7%) Upolog�ste thn èxodo tou sust mato
, ìtan h e�sodì
 tou e�nai h:

x(t) = e− 4 t u(t) − t e− 4 t u(t) .LÔsh:
(a) 'Eqoume apì thn dedomènh apìkrish suqnìthta


H(Ω) =
Y (Ω)

X(Ω)
=

jΩ + 4

(−jΩ)2 + 5jΩ + 6
⇒ [ (−jΩ)2+5jΩ+6 ] Y (Ω) = [ jΩ+4 ] X(Ω) ,kai sunep¸
 m�a zhtoÔmenh diaforik  ex�swsh eisìdou/exìdou e�nai h

d2y(t)

d t2
+ 5

dy(t)

d t
+ 6 y(t) =

dx(t)

d t
+ 4 x(t) .

(b) AnalÔonta
 thn apìkrish suqnìthta
 se merik� kl�smata, pa�rnoume:
H(Ω) =

4 + jΩ

(2 + jΩ)(3 + jΩ)
=

2

2 + jΩ
−

1

3 + jΩ
.Kat� sunèpeia,

h(t) = F−1{H(Ω) } = 2 e−2 tu(t) − e−3 tu(t) .

(c) O metasqhmatismì
 Fourier tou s mato
 eisìdou e�nai:
X(Ω) = F{ x(t) } =

1

4 + jΩ
−

1

(4 + jΩ)2
=

3 + jΩ

(4 + jΩ)2
.Kat� sunèpeia,

Y (Ω) = X(Ω) H(Ω) =
4 + jΩ

(2 + jΩ)(3 + jΩ)

3 + jΩ

(4 + jΩ)2
=

1

(2 + jΩ)(4 + jΩ)
.AnalÔonta
 thn parap�nw se merik� kl�smata, pa�rnoume:

Y (Ω) =
1

2

1

2 + jΩ
−

1

2

1

4 + jΩ
.Kat� sunèpeia,

x(t) = F−1{X(Ω) } =
1

2
e−2 tu(t) −

1

2
e−4 tu(t) .
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Jèma 4: (20%) Sto parak�tw sq ma d�netai èna sÔsthma anatrofodìthsh
 diakritoÔ qrìnoume mhdenikè
 arqikè
 sunj ke
, ìpou ta dÔo upo-sust mata diakritoÔ qrìnou, H1 kai H2,èqoun sqèsei
 eisìdou / exìdou pou d�nontai apì ti
:
H1 : y1[n] = 2 x1[n]kai
H2 : y2[n] = −

1

6
x2[n − 1] ,ant�stoiqa.

(a, 13%) Poia e�nai h kroustik  apìkrish pou perigr�fei to ìlo sÔsthma, h[n] ?
(b, 7%) Poia e�nai h èxodo
 y[n] tou sust mato
 se e�sodo x[n] = 3 1−n u[n − 1] ?

x[n] y[n]
e[n]

H  (z)1

H  (z)2LÔsh: To jèma mpore� na luje� sto ped�o tou diakritoÔ qrìnou   suqnìthta
 / metasqhma-tismoÔ Z. Dialègoume ton deÔtero trìpo kai èqoume:
(a) Apì thn ekf¸nhsh èqoume gia to pr¸to uposÔsthma:

y1[n] = 2 x1[n] ⇒ h1[n] = 2 δ[n] ⇒ H1(z) = 2 ,kai gia to deÔtero:
y2[n] = −

1

6
x2[n − 1] ⇒ h2[n] = −

1

6
δ[n − 1] ⇒ H2(z) = −

1

6
z− 1 .Eis�gonta
 thn bohjhtik  metablht  / s ma e[n] w
 thn èxodo tou ajroist , èqoumesto ped�o tou metasqhmatismoÔ Z :

Y (z)

H1(z)
= E(z) = X(z) − H2(z) Y (z) ⇒

Y (z)

X(z)
= H1(z) − H1(z) H2(z)

Y (z)

X(z)

⇒
Y (z)

X(z)
[ 1 + H1(z) H2(z) ] = H1(z) ⇒ H(z) =

H1(z)

1 + H1(z) H2(z)
.Antikajist¸nta
 sthn parap�nw ti
 sunart sei
 metafor�
 twn dÔo uposusthm�twn,pa�rnoume:

H(z) =
2

1 − 2
1

6
z−1

=
2

1 −
1

3
z−1

⇒ h[n] = 2 (
1

3
)n u[n] ,lìgw kai tou ìti h perioq  sÔgklish
 th
 sun�rthsh
 metafor�
 e�nai h |z| > 1/3 , epeid to ìlo sÔsthma e�nai aitiatì. 6



(b) ParathroÔme ìti:
x[n] = 3 1−n u[n − 1] = (

1

3
)n−1 u[n − 1] ⇒ X(z) =

z−1

1 −
1

3
z−1

,me perioq  sÔgklish
 |z| > 1/3 , ìpou qrhsimopoi same kai thn idiìthta th
 qronik 
ol�sjhsh
. Suneq�zonta
, pa�rnoume thn zhtoÔmenh èxodo tou sust mato
 w
 ex 
:
Y (z) = X(z)H(z) =

2 z−1

(1 −
1

3
z−1) 2

= 6

1

3
z−1

(1 −
1

3
z−1) 2

⇒ y[n] = 6n (
1

3
)n u[n] ,kajìson h perioq  sÔgklish
 th
 Y (z) e�nai h |z| > 1/3 .
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