
Pan.Jessal�a,TMHUTD JEWRIA SHMATWN & SUSTHMATWN Ak.'Eto 2011-1216-02-2012 LÔsei Telik  Exètash 09-12-2012 Jèmata AJèma 1: (25%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 10%) Bre�te e�n to sÔsthma me apìkrish y[n] = x2[n] cos(ωon) (ìpou ωo > 0) sto s maeisìdou x[n] e�nai G.Q.A., an e�nai aitiatì, an e�nai eustajè, kai an e�nai antistrèyimo.
(b, 15%) Upolog�ste kai sqedi�ste thn sunèlixh y(t) = x(t) ∗h(t) , ìpou ta x(t) kai h(t) d�nontaiparak�tw.
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(a) ParathroÔme ta parak�tw:

• To dojèn sÔsthma den e�nai qronik� anallo�wto, kajìson h èxodì tou sto s ma
x[n − no] e�nai x2[n − no] cos(Ωon) . Profan¸ aut  den taut�zetai me thn èxodo
y[n − no] = x2[n − no] cos(Ωon − Ωono) (gia no tètoio ¸ste cos(Ωon − Ωono) 6=
cos(Ωon) ).To s ma ep�sh den e�nai grammikì, kajìson mporoÔme eÔkola na broÔme α, β, x1[n],
x2[n] , kai n gia ta opo�a isqÔei:

(α x1[n] + β x2[n]) 2 cos(Ωon) 6= α x2
1[n] cos(Ωon) + β x2

2[n] cos(Ωon) .'Ara to sÔsthma den e�nai G.Q.A.
• To sÔsthma e�nai aitiatì, kajìson h èxodì tou se k�je qronik  stigm  e�naisun�rthsh th tim  eisìdou tou mìno th �dia qronik  stigm .
• To sÔsthma e�nai BIBO eustajè, kajìson e�n isqÔei |x[n]| < B , gia k�je n ,ja èqoume kai:

|y[n]| = |x2[n] cos(Ωon)| = |x[n]| 2 | cos(Ωon)| ≤ |x[n]| 2 < B 2 ,�ra h èxodì tou ja e�nai fragmènh gia k�je n .
• To sÔsthma den e�nai antistrèyimo. Gia par�deigma, dÔo diaforetik� s mataeisìdou, ta δ[n] kai − δ[n] , d�noune thn �dia èxodo δ[n] .1



(b) Prin proqwr soume, gr�foume kai ta dÔo s mata se kleist  morf , ¸ste na dieukolun-joÔn oi pr�xei ma sto olokl rwma th sunèlixh, w:
x(t) =



















0 , gia t < −α

1 + t/α , gia − α ≤ t < 0

1 , gia 0 ≤ t < α

0 , gia t ≥ α

, kai h(t) =

{

1 , gia |t| ≤ α/2

0 , gia |t| > α/2
,ìpw prokÔptei eÔkola apì ta dojènta sq mata. Gia na bohjhjoÔme peraitèrw stonupologismì th sunèlixh y(t) =

∫ +∞

−∞
x(τ) h(t − τ) dτ , xanasqedi�zoume arister� stoparak�tw sq ma to x(τ) kai to metatopismèno s ma h(t − τ) w sun�rthsh tou τ , todeÔtero gia k�poio t .
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Sthn sunèqeia parathroÔme pw ta s mata den èqoune epik�luyh gia t + α/2 < −α ,isodÔnama dhlad  gia t < − 3 α/2 , ìpw kai gia t − α/2 > α , isodÔnama dhlad  gia
t > 3 α/2 . Gia ta parap�nw diast mata kat� sunèpeia èqoume y(t) = 0 .Suneq�zoume t¸ra, gia ta enapome�nanta t ∈ [− 3 α/2 , 3 α/2 ] , apì arister� pro tadexi�, ìpou up�rqei epik�luyh twn dÔo shm�twn. ParathroÔme pr¸ta pw gia −α <
t + α/2 < 0 , isodÔnama −3 α/2 < t < −α/2 , èqoume ep�sh ìti t − α/2 < −α , �ra:
y(t) =

∫ τ = t+α/2
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.Gia to amèsw epìmeno di�sthma endiafèronto èqoume 0 < t + α/2 < α , isodÔnama

−α/2 < t < α/2 , kat� sunèpeia isqÔei ep�sh kai −α < t − α/2 < 0 , �ra:
y(t) =

∫ τ = 0
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∣

∣
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Tèlo, èqoume to di�sthma 0 < t − α/2 < α , isodÔnama α/2 < t < 3 α/2 , gia to opo�opa�rnoume:
y(t) =

∫ τ = α

τ = t−α/2

d τ = α − ( t − α/2 ) = 3 α/2 − t .Sunoy�zonta ta parap�nw, pa�rnoume:
y(t) =
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+
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+
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, gia − 3 α/2 < t ≤ −α/2

−
t 2
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+
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+
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, gia − α/2 < t ≤ α/2 ,

− t +
3 α

2
, gia α/2 < t ≤ 3 α/2

0 , gia t > 3 α/2h grafik  th opo�a d�netai sta dexi� tou parap�nw sq mato.
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Jèma 2: (30%) Ta (a), (b), kai (c) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 10%) Upolog�ste ton metasqhmatismì Fourier diakritoÔ qrìnou (DTFT) X(e j ω ) tou s mato:

x[n] = δ[n − 4] + n

(

3

4

)n

u[n] − δ[n + 4] .

(b, 10%) Upolog�ste to s ma x[n] apì ton ant�stoiqì tou metasqhmatismì Fourier diakritoÔ qrì-nou (DTFT),
X(e j ω ) =

sin (5 ω/2) cos (π/2 − 3 ω/2)

sin 2 (ω/2)
.

(c, 10%) Bre�te thn kroustik  apìkrish h(t) tou aitiatoÔ, G.Q.A. sust mato suneqoÔ qrìnoupou ikanopoie� thn ex�swsh:
d2y(t)

dt2
− 4

dy(t)

dt
+ 4y(t) =

dx(t)

dt
+ x(t) .E�nai to sÔsthma eustajè?LÔsh:

(a) Apì gn¸sh zeug¸n DTFT , ti idiìthte th metatìpish ston qrìno kai th parag¸gishsto ped�o th suqnìthta, kai thn sqèsh tou Euler pa�rnoume:
DF{ x[n] } = DF{ δ[n − 4] } − DF{ δ[n + 4] } + DF{n

(
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)n

u[n] }

= e− 4 j ω − e 4 j ω + j
d

d ω
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3

4
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= − 2 j sin (4 ω) +

3

4
e− j ω

( 1 −
3

4
e− j ω ) 2

.

(b) ParathroÔme, qrhsimopoi¸nta l�gh trigwnometr�a kai thn idiìthta ìti sunèlixh stoped�o tou qrìnou antistoiqe� se pollaplasiasmì sto ped�o th suqnìthta, ìti:
DF − 1 {X(e j ω )} = DF − 1

{

sin (5 ω/2) cos (π/2 − 3 ω/2)

sin 2 (ω/2)

}

= DF − 1

{

sin (5 ω/2) sin (3 ω/2)

sin 2 (ω/2)

}

= DF − 1

{

sin (3 ω/2)

sin (ω/2)

}

∗DF − 1

{

sin (5 ω/2)

sin (ω/2)

}

= x1[n] ∗ x2[n] ,ìpou
x1[n] = DF − 1

{

sin (3 ω/2)

sin (ω/2)

}

=

{

1 , gia |n| ≤ 1

0 , alloÔ ,4



kai
x2[n] = DF − 1

{

sin (5 ω/2)

sin (ω/2)

}

=

{

1 , gia |n| ≤ 2

0 , alloÔ .H zhtoÔmenh sunèlixh mpore� na upologiste� me di�forou trìpou. 'Ena ex� aut¸n e�naio trìpo upologismoÔ th sunèlixh w ginomènou p�naka me di�nusma, kajìson prìkeitaigia dÔo s mata diakritoÔ qrìnou kai peperasmènh di�rkeia. 'Eqoume loipìn:
x1 = [ x1[−1] x1[0] x1[1] ]T = [ 1 1 1]Tme m ko 3 , kai

x2 = [ x2[−2] x2[−1] x2[0] x2[1] x2[2] ]T = [ 1 1 1 1 1]Tme m ko 5 . Kat� sunèpeia h sunèlix  tou ja or�zetai metaxÔ −3 kai 3 (dhlad  èqeim ko 7 ), kai mpore� na upologiste� w:
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Kat� sunèpeia, to zhtoÔmeno s ma e�nai to:
x[n] = δ[n + 3] + 2 δ[n + 2] + 3 δ[n + 1] + 3 δ[n] + 3 δ[n − 1] + 2 δ[n − 2] + δ[n − 3] .

(c) Efarmìzoume ton metasqhmatismì Laplace ep� th doje�sa diaforik  ex�swsh, kaiqrhsimopoi¸nta ti idiìthte th grammikìthta kai parag¸gish sto ped�o tou qrìnou,pa�rnoume:
s 2 Y (s) − 4 s Y (s) + 4 Y (s) = s X(s) + X(s) ,sunep¸:

H(s) =
Y (s)

X(s)
=

s + 1

s 2 − 4 s + 4
=

s + 1

(s − 2) 2
=

1

s − 2
+

3

(s − 2) 2
,ìpw prokÔptei eÔkola me an�lush se merik� kl�smata.ParathroÔme pw epeid  to sÔsthma e�nai aitiatì, h rht  sun�rthsh metafor� H(s) poue�nai o metasqhmatismì Laplace m�a dexi� kroustik  apìkrish h(t) ja èqei perioq sÔgklish sta dexi� tou pio dexioÔ pìlou, dhlad  ja sugkl�nei gia Re { s } > 2 . Hperioq  aut  sÔgklish den perilamb�nei ton fantastikì �xona, �ra o metasqhmatismì

Fourier H(Ω) (apìkrish suqnìthta) den up�rqei!Wstìso h kroustik  apìkrish up�rqei kai d�netai apì:
h(t) = L−1{H(s) } = L−1

{

1

s − 2
+

3

(s − 2) 2

}

= e 2 t u(t) + 3 t e 2 t u(t) ,lìgw th perioq  sÔgklish pou or�same parap�nw (lìgw aitiatìthta).Profan¸ to sÔsthma den e�nai eustajè, ìpw eÔkola fa�netai apì thn perioq  sÔg-klish th sun�rthsh metafor�   apì thn mh fragmènh kroustik  apìkrish.
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Jèma 3: (25%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 10%) Upojèste ìti èqoume dÔo zwnoperiorismèna (bandlimited) s mata x(t) kai y(t) gia taopo�a isqÔei X(Ω) = 0 gia |Ω| > 100 π rad/sec kai Y (Ω) = 0 gia |Ω| > 200 π rad/sec ,ant�stoiqa. Poia e�nai h mègisth per�odo deigmatolhy�a Ts ¸ste na mpore� na ana-kataskeuaste� pl rw apì ta de�gmat� tou to nèo s ma z(t) pou or�zetai w: z(t) =

3 x(2 t) ∗ y(t/5) ?
(b, 15%) 'Estw to akìloujo sÔsthma kai zwnoperiorismèno (bandlimited) s ma eisìdou (X(Ω) =

0 gia |Ω| ≥ W ), pou d�nontai sto sq ma.
(i, 8%) Apeikon�ste grafik� ta f�smata twn shm�twn xp(t) kai x[n] (dhl. ta Xp(Ω) kai

X(e j ω ) ant�stoiqa), ìtan T = π/ W , shmei¸nonta ti kr�sime timè stou �xone.
(ii, 7%) Upolog�ste ti posìthte ∫

+∞

t =−∞
| x(t)| 2 d t kai ∑+∞

n =−∞
x[n] .

Ω
0

1
X(   )Ω

−W +WLÔsh:
(a) Me b�sh ti idiìthte tou metasqhmatismoÔ Fourier, den e�nai dÔskolo na doÔme ìti todojèn s ma z(t) = 3 x (2 t) ∗ y (t/5) èqei f�sma:

Z(Ω) = 3
X(Ω/2)

2
5 Y (5 Ω) =

15

2
X(Ω/2) Y (5 Ω) .Ston parap�nw tÔpo to X(Ω/2) e�nai mhdenikì gia | Ω | > 2 (100 π) = 200 π(kajìson to X(Ω) e�nai mhdenikì gia |Ω | > 100 π ), kai to Y (5 Ω) e�nai mhdenikì gia

|Ω| > 200π/5 = 40π (kajìson to Y (Ω) e�nai mhdenikì gia |Ω| > 200π). Sunep¸ to Z(Ω)w ginìmeno twn parap�nw ja èqei mhdenikì f�sma gia |Ω | > min ( 200π , 40π ) = 40π .SÔmfwna me to je¸rhma deigmatolhy�a Shannon, o rujmì deigmatolhy�a prèpei naxepern�ei to ìrio Nyquist, dhlad , isodÔnama, Ts < π/Ωmax , ìpou Ωmax = 40 π e�nai hmègisth suqnìthta pou perilamb�nei to zwnoperiorismèno s ma endiafèronto. Sunep¸,to Ts ja prèpei na e�nai mikrìtero th tim  π/(40 π) = 0.025 sec .
(b.i) Gia to f�sma tou xp(t) parathroÔme pw:

xp(t) = [

n=+∞
∑

n=−∞

δ(t−nT )] . x(t) ⇒ F{ xp(t) } =
1

2 π
F{

n=+∞
∑

n=−∞

δ(t−nT )} ∗ X(Ω)

⇒ Xp(Ω) =
1

2 π

2 π

T

n=+∞
∑

n=−∞

δ(Ω −
2 π n

T
) ∗ X(Ω) =

1

T

n=+∞
∑

n=−∞

[X(Ω) ∗ δ(Ω − 2 n W )]

=
W

π

n=+∞
∑

n=−∞

X(Ω − 2 n W) ,6



to di�gramma tou opo�ou d�netai parak�tw. ParathroÔme pw lìgw twn dedomènwn th�skhsh den up�rqei fainìmeno anad�plwsh (Ωs = 2 π/T = 2 W ).Suneq�zoume t¸ra me to f�sma tou diakritoÔ s mato xd[n] . MporoÔme eÔkola na doÔmeìti:
Xd(e

j ω ) = Xp(ω/T ) ⇒ Xd(e
j ω ) =

1

T

n=+∞
∑

n=−∞

X(
ω

T
− 2 n W) =

W

π

n=+∞
∑

n=−∞

X(
W

π
ω − 2 n W) ,to di�gramma tou opo�ou d�netai parak�tw. ParathroÔme fusik� ìti to f�sma èqei per�odo

2 π .To ìti Xd(e
j ω ) = Xp(ω/T ) mpore� na deiqje� eÔkola epeid  xd[n] = x(n T ) kai ansugkr�noume to:

xp(t) = [
n=+∞
∑

n=−∞

δ(t − n T ) ] . x(t) =
n=+∞
∑

n=−∞

x(n T ) δ(t − n T ) ⇒ Xp(Ω) =
n=+∞
∑

n=−∞

x(n T ) e− j Ω n Tme to:
Xd(e

j ω ) =

n=+∞
∑

n=−∞

xd[n] e− j ω n =

n=+∞
∑

n=−∞

x(n T ) e− j ω n .

Ω
0

1/T = W/π

Xp(   )Ω

− 3W − 2W −W +W + 2W + 3W

ω
0

1/T = W/π

X  e(      )jω

− 3 π − 2 π − π + π + 2 π + 3 π

(b.ii) Apì to f�sma (ìpw d�netai sthn ekf¸nhsh) e�nai profanè ìti to x(t) e�nai mh periodikìs ma. 'Ara, qrhsimopoi¸nta to je¸rhma tou Parseval pa�rnoume:
∫ +∞

−∞

| x(t)| 2 d t =
1

2 π

∫ +∞

−∞

|X(Ω) | 2d Ω

=
1

2 π

∫ 0

−W

(
Ω

W
+ 1 ) 2 d Ω +

1

2 π

∫ +W

0

(−
Ω

W
+ 1 ) 2 d Ω

=
1

2 π
(

Ω 3

3 W 2
+ Ω +

Ω 2

W
)

∣

∣

∣

∣

0

−W

+
1

2 π
(

Ω 3

3 W 2
+ Ω −

Ω 2

W
)

∣

∣

∣

∣

W

0

=
W

3 π
=

1

3 T
.Gia to deÔtero zhtoÔmeno tou erwt mato, parathroÔme ìti:

+∞
∑

n =−∞

x[n] =
+∞
∑

n=−∞

x[n] e− j ω n

∣

∣

∣

∣

∣

ω = 0

= X(e j 0 ) =
1

T
=

W

π
,qrhsimopoi¸nta kai to parap�nw sq ma th X(e j ω ) .
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Jèma 4: (20%) Sto parak�tw sq ma d�netai èna sÔsthma anatrofodìthsh diakritoÔ qrìnoume mhdenikè arqikè sunj ke, ìpou ta dÔo upo-sust mata diakritoÔ qrìnou, H1 kai H2,èqoun sqèsei eisìdou / exìdou pou d�nontai apì ti:
H1 : y1[n] = 2 x1[n]kai
H2 : y2[n] = −

1

4
x2[n − 1] ,ant�stoiqa.

(a, 13%) Poia e�nai h kroustik  apìkrish pou perigr�fei to ìlo sÔsthma, h[n] ?
(b, 7%) Poia e�nai h èxodo y[n] tou sust mato se e�sodo x[n] = 2 1−n u[n − 1] ?

x[n] y[n]H  (z)1

H  (z)2LÔsh:To jèma mpore� na luje� sto ped�o tou diakritoÔ qrìnou   suqnìthta / metasqhmatismoÔ Z.Dialègoume ton deÔtero trìpo kai èqoume:
(a) Apì thn ekf¸nhsh èqoume gia to pr¸to uposÔsthma:

y1[n] = 2 x1[n] ⇒ h1[n] = 2 δ[n] ⇒ H1(z) = 2 ,kai gia to deÔtero:
y2[n] = −

1

4
x2[n − 1] ⇒ h2[n] = −

1

4
δ[n − 1] ⇒ H2(z) = −

1

4
z− 1 .Eis�gonta thn bohjhtik  metablht  / s ma e[n] w thn èxodo tou ajroist , èqoumesto ped�o tou metasqhmatismoÔ Z :

Y (z)

H1(z)
= E(z) = X(z) − H2(z) Y (z) ⇒

Y (z)

X(z)
= H1(z) − H1(z) H2(z)

Y (z)

X(z)

⇒
Y (z)

X(z)
[ 1 + H1(z) H2(z) ] = H1(z) ⇒ H(z) =

H1(z)

1 + H1(z) H2(z)
.Antikajist¸nta sthn parap�nw ti sunart sei metafor� twn dÔo uposusthm�twn,pa�rnoume:

H(z) =
2

1 − 2
1

4
z−1

=
2

1 −
1

2
z−1

⇒ h(n) = 2 (
1

2
)n u[n] ,lìgw kai tou ìti h perioq  sÔgklish th sun�rthsh metafor� e�nai h |z| > 1/2 , epeid to ìlo sÔsthma e�nai aitiatì. 8



(b) ParathroÔme ìti:
x[n] = 2 1−n u[n − 1] = (

1

2
)n−1 u[n − 1] ⇒ X(z) =

z−1

1 −
1

2
z−1

,me perioq  sÔgklish |z| > 1/2 , ìpou qrhsimopoi same kai thn idiìthta th qronik ol�sjhsh. Suneq�zonta, pa�rnoume thn zhtoÔmenh èxodo tou sust mato w ex :
Y (z) = X(z)H(z) =

2 z−1

(1 −
1

2
z−1) 2

= 4

1

2
z−1

(1 −
1

2
z−1) 2

⇒ y[n] = 4n (
1

2
)n u[n] ,kajìson h perioq  sÔgklish th Y (z) e�nai h |z| > 1/2 .
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Pan.Jessal�a,TMHUTD JEWRIA SHMATWN & SUSTHMATWN Ak.'Eto 2011-1216-02-2012 LÔsei Telik  Exètash 09-12-2012 Jèmata BJèma 1: (25%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 10%) Bre�te e�n to sÔsthma me apìkrish y(t) = x(t + 2) sin(ωot − π/3) + 5 (ìpou ωo 6= 0)se e�sodo x(t) e�nai G.Q.A., an e�nai aitiatì, an e�nai eustajè, kai an e�nai antistrèyimo.
(b, 15%) Upolog�ste kai sqedi�ste thn sunèlixh y(t) = x(t) ∗h(t) , ìpou ta x(t) kai h(t) d�nontaiparak�tw.

−a 0 a

1

x(t)

t

−a 0 a

−1

0

1

h(t)

t

LÔsh:
(a) ParathroÔme ta parak�tw:

• To dojèn sÔsthma den e�nai qronik� anallo�wto, kajìson h èxodì tou sto s ma
x(t − 2) e�nai x(t) sin(ωot − π/3) + 5 kai den taut�zetai me thn èxodo y(t − 2) =
x(t) sin(ωot − 2 ωo − π/3) (jewr¸nta ìti sin(ωot − 2 ωo − π/3) 6= sin(ωot − π/3) ,alli¸ mporoÔme na qrhsimopoi soume k�poia �llh kat�llhlh qronik  metatìpish).To s ma ep�sh den e�nai grammikì, lìgw th stajer  5 , kajìson isqÔei genik� ìti:

(α x1(t + 2) + β x2(t + 2) ) sin(ωot − π/3) + 5 6=

6= α [ x1(t+2) sin(ωot−π/3) + 5 ] + β [ x2(t+2) sin(ωot−π/3) + 5 ] ,gia α + β 6= 1 .'Ara to sÔsthma den e�nai G.Q.A.
• To sÔsthma den e�nai aitiatì, kajìson gia par�deigma h èxodì tou thn qronik stigm  t = 0 e�nai sun�rthsh mellontik  tim  eisìdou tou sto t = 2 .
• To sÔsthma e�nai BIBO eustajè, kajìson e�n isqÔei |x(t)| < B , gia k�je t ,ja èqoume kai:

|y(t)| = |x(t + 2) sin(ωo − π/3) + 5| ≤ |x(t + 2) sin(ωo − π/3)| + 5

≤ |x(t + 2)| + 5 ≤ B + 5 ,�ra h èxodì tou ja e�nai fragmènh gia k�je t .10



• To sÔsthma den e�nai antistrèyimo giat� h èxodì tou sta diaforetik� s mata
x1(t) = δ(t−π/3ωo) kai x2(t) = δ(t−4 π/3ωo) e�nai h �dia, dhlad  y1(t) = y2(t) = 5 .

(b) Prin proqwr soume, gr�foume kai ta dÔo s mata se kleist  morf , ¸ste na dieukolun-joÔn oi pr�xei ma sto olokl rwma th sunèlixh, w:
x(t) =



















0 , gia t < −α

1 + t/α , gia − α ≤ t < 0

1 , gia 0 ≤ t < α

0 , gia t ≥ α

, kai h(t) =



















0 , gia t < −α

− 1 , gia − α ≤ t < 0

1 , gia 0 ≤ t < α

0 , gia t > α

,ìpw prokÔptei eÔkola apì ta dojènta sq mata. Gia na bohjhjoÔme peraitèrw stonupologismì th sunèlixh y(t) =
∫ +∞

−∞
x(τ) h(t − τ) dτ , xanasqedi�zoume arister� stoparak�tw sq ma to x(τ) kai to metatopismèno s ma h(t − τ) w sun�rthsh tou τ , todeÔtero gia k�poio t .

τ
0

1

x (  )τ

− α + α

τ

1

-1

t

h(      )t− τ

t − α
t + α

− 2 α 
− α 

0 α  2 α
t

y ( t ) 

α

− α / 2

− 3 α / 4Sthn sunèqeia parathroÔme pw ta s mata den èqoune epik�luyh gia t + α < −α ,isodÔnama dhlad  gia t < − 2 α , ìpw kai gia t − α > α , isodÔnama dhlad  gia
t > 2 α . Gia ta parap�nw diast mata kat� sunèpeia èqoume y(t) = 0 .Suneq�zoume t¸ra, gia ta enapome�nanta t ∈ [− 2 α , 2 α ] , apì arister� pro ta dexi�,ìpou up�rqei epik�luyh twn dÔo shm�twn. ParathroÔme pr¸ta pw gia −α < t+α < 0 ,isodÔnama −2 α < t < −α , èqoume:

y(t) = −

∫ τ = t+α

τ =−α

(
τ

a
+ 1 ) d τ = (

τ
2

2 α
+ τ )

∣

∣

∣

∣

∣

−α

t+α

=
α

2
−

(t + α) 2

2 α
− α − t − α

= −
t 2

2 α
− 2 t − 2 α .Gia to amèsw epìmeno di�sthma endiafèronto èqoume 0 < t + α < α , isodÔnama

−α < t < 0 (kat� sunèpeia isqÔei ep�sh kai t − α < −α ), �ra:
y(t) =

∫ τ = t

τ =−α

(
τ

a
+ 1 ) d τ −

∫ τ =0

τ = t

(
τ

a
+ 1 ) d τ −

∫ τ = t+α

τ =0

d τ

= (
τ

2

2 α
+ τ )

∣

∣

∣

∣

∣

t

−α

+ (
τ

2

2 α
+ τ )

∣

∣

∣

∣

∣

t

0

+ τ | 0t+α =
t 2

α
+ t −

α

2
.11



Suneq�zonta gia 0 < t < α blèpoume pw −α < t − α < 0 kai t + a > a , opìte:
y(t) =

∫ τ = 0

τ = t−α

(
τ

a
+ 1 ) d τ +

∫ τ = t

τ = 0

d τ −

∫ τ = α

τ = t

d τ = (
τ

2

2 α
+ τ )

∣

∣

∣

∣

∣

0

t−α

+ τ | t
0
+ τ | tα

= −
t 2

2 α
+ 2 t −

α

2
.Tèlo, mènei èna akìmh di�sthma mh mhdenik  epik�luyh metaxÔ twn dÔo shm�twn, autìgia to opo�o isqÔei 0 < t − α < α , isodÔnama α < t < 2 α , kai gia to opo�o pa�rnoume:

y(t) =

∫ τ =α

τ = t−α

d τ = 2 α − t .Sunoy�zonta ta parap�nw, pa�rnoume:
y(t) =



































































0 , gia t ≤ − 2 α

−
t 2

2 α
− 2 t − 2 α , gia − 2 α < t ≤ −α

t 2

α
+ t −

α

2
, gia − α < t ≤ 0 ,

−
t 2

2 α
+ 2 t −

α

2
, gia 0 < t ≤ α

− t + 2 α , gia α < t ≤ 2 α

0 , gia t > 2 αh grafik  th opo�a d�netai sta dexi� tou parap�nw sq mato.
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Jèma 2: (30%) Ta (a), (b), kai (c) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 10%) Upolog�ste to s ma x[n] apì ton ant�stoiqì tou metasqhmatismì Fourier diakritoÔ qrì-nou (DTFT),

X(e j ω ) =
sin (3 ω/2) sin (5 ω/2)

1 − cos 2 (ω/2)
.

(b, 10%) Upolog�ste ton metasqhmatismì Fourier diakritoÔ qrìnou (DTFT) X(e j ω ) tou s mato:
x[n] = δ[n − 3] + n

(

2

3

)n

u[n] + δ[n + 3] .

(c, 10%) Bre�te thn kroustik  apìkrish h(t) tou aitiatoÔ, G.Q.A. sust mato suneqoÔ qrìnoupou ikanopoie� thn ex�swsh:
d2y(t)

dt2
− 6

dy(t)

dt
+ 9y(t) =

dx(t)

dt
− x(t) .E�nai to sÔsthma eustajè?LÔsh:

(a) ParathroÔme, qrhsimopoi¸nta l�gh trigwnometr�a kai thn idiìthta ìti sunèlixh stoped�o tou qrìnou antistoiqe� se pollaplasiasmì sto ped�o th suqnìthta, ìti:
DF − 1 {X(e j ω )} = DF − 1

{

sin (3 ω/2) sin (5 ω/2)

1 − cos 2 (ω/2)

}

= DF − 1

{

sin (3 ω/2) sin (5 ω/2)

sin 2 (ω/2)

}

= DF − 1

{

sin (3 ω/2)

sin (ω/2)

}

∗DF − 1

{

sin (5 ω/2)

sin (ω/2)

}

= x1[n] ∗ x2[n] ,ìpou
x1[n] = DF − 1

{

sin (3 ω/2)

sin (ω/2)

}

=

{

1 , gia |n| ≤ 1

0 , alloÔ ,kai
x2[n] = DF − 1

{

sin (5 ω/2)

sin (ω/2)

}

=

{

1 , gia |n| ≤ 2

0 , alloÔ .H zhtoÔmenh sunèlixh mpore� na upologiste� me di�forou trìpou. 'Ena ex� aut¸n e�naio trìpo upologismoÔ th sunèlixh w ginomènou p�naka me di�nusma, kajìson prìkeitaigia dÔo s mata diakritoÔ qrìnou kai peperasmènh di�rkeia. 'Eqoume loipìn:
x1 = [ x1[−1] x1[0] x1[1] ]T = [ 1 1 1]Tme m ko 3 , kai

x2 = [ x2[−2] x2[−1] x2[0] x2[1] x2[2] ]T = [ 1 1 1 1 1]Tme m ko 5 . Kat� sunèpeia h sunèlix  tou ja or�zetai metaxÔ −3 kai 3 (dhlad  èqeim ko 7 ), kai mpore� na upologiste� w:


















x[−3]
x[−2]
x[−1]
x[0]
x[1]
x[2]
x[3]



















=



















x2[−2] 0 0
x2[−1] x2[−2] 0
x2[0] x2[−1] x2[−2]
x2[1] x2[0] x2[−1]
x2[2] x2[1] x2[0]

0 x2[2] x2[1]
0 0 x2[2]



















.





x1[−1]
x1[0]
x1[1]



 =



















1 0 0
1 1 0
1 1 1
1 1 1
1 1 1
0 1 1
0 0 1



















.





1
1
1



 =



















1
2
3
3
3
2
1



















.
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Kat� sunèpeia, to zhtoÔmeno s ma e�nai to:
x[n] = δ[n + 3] + 2 δ[n + 2] + 3 δ[n + 1] + 3 δ[n] + 3 δ[n − 1] + 2 δ[n − 2] + δ[n − 3] .

(b) Apì gn¸sh zeug¸n DTFT , ti idiìthte th metatìpish ston qrìno kai th parag¸gishsto ped�o th suqnìthta, kai thn sqèsh tou Euler pa�rnoume:
DF{ x[n] } = DF{ δ[n − 3] } + DF{ δ[n + 3] } + DF{n

(

2

3

)n

u[n] }

= e− 3 j ω + e 3 j ω + j
d

d ω







1

1 −
2

3
e− j ω







= 2 cos (3 ω) +

2

3
e− j ω

( 1 −
2

3
e− j ω ) 2

.

(c) Efarmìzoume ton metasqhmatismì Laplace ep� th doje�sa diaforik  ex�swsh, kaiqrhsimopoi¸nta ti idiìthte th grammikìthta kai parag¸gish sto ped�o tou qrìnou,pa�rnoume:
s 2 Y (s) − 6 s Y (s) + 9 Y (s) = s X(s) − X(s) ,sunep¸:

H(s) =
Y (s)

X(s)
=

s − 1

s 2 − 6 s + 9
=

s − 1

(s − 3) 2
=

1

s − 3
+

2

(s − 3) 2
,ìpw prokÔptei eÔkola me an�lush se merik� kl�smata.ParathroÔme pw epeid  to sÔsthma e�nai aitiatì, h rht  sun�rthsh metafor� H(s) poue�nai o metasqhmatismì Laplace m�a dexi� kroustik  apìkrish h(t) ja èqei perioq sÔgklish sta dexi� tou pio dexioÔ pìlou, dhlad  ja sugkl�nei gia Re { s } > 3 . Hperioq  aut  sÔgklish den perilamb�nei ton fantastikì �xona, �ra o metasqhmatismì

Fourier H(Ω) (apìkrish suqnìthta) den up�rqei!Wstìso h kroustik  apìkrish up�rqei kai d�netai apì:
h(t) = L−1{H(s) } = L−1

{

1

s − 3
+

2

(s − 3) 2

}

= e 3 t u(t) + 2 t e 3 t u(t) ,lìgw th perioq  sÔgklish pou or�same parap�nw (lìgw aitiatìthta).Profan¸ to sÔsthma den e�nai eustajè, ìpw eÔkola fa�netai apì thn perioq  sÔg-klish th sun�rthsh metafor�   apì thn mh fragmènh kroustik  apìkrish.
14



Jèma 3: (25%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 10%) Upojèste ìti èqoume dÔo zwnoperiorismèna (bandlimited) s mata x(t) kai y(t) gia taopo�a isqÔei X(Ω) = 0 gia |Ω| > 100 π rad/sec kai Y (Ω) = 0 gia |Ω| > 200 π rad/sec ,ant�stoiqa. Poia e�nai h mègisth per�odo deigmatolhy�a Ts ¸ste na mpore� na ana-kataskeuaste� pl rw apì ta de�gmat� tou to nèo s ma z(t) pou or�zetai w: z(t) =

5 y(t) cos (300 π t ) + x(t/2) ?
(b, 15%) 'Estw to akìloujo sÔsthma kai zwnoperiorismèno (bandlimited) s ma eisìdou (X(Ω) =

0 gia |Ω| ≥ W ), pou d�nontai sto sq ma.
(i, 8%) Apeikon�ste grafik� ta f�smata twn shm�twn xp(t) kai x[n] (dhl. ta Xp(Ω) kai

X(e j ω ) ant�stoiqa), ìtan T = π/ W , shmei¸nonta ti kr�sime timè stou �xone.
(ii, 7%) Upolog�ste ti posìthte ∫ +∞

t =−∞
x(t) d t kai ∑

+∞

n =−∞
| x[n] | 2 .

Ω
0

1
X(   )Ω

−W +WLÔsh:
(a) Me b�sh ti idiìthte tou metasqhmatismoÔ Fourier, den e�nai dÔskolo na doÔme ìti todojèn s ma z(t) = 5 y(t) cos (300 π t ) + x(t/2) èqei f�sma:

Z(Ω) = 5 Y (Ω) ∗ F { cos (300 π t ) } + 2 X(2 Ω)

= 5 π Y (Ω) ∗ ( δ(Ω − 300 π) + δ(Ω + 300 π) ) + 2 X(2 Ω)

= 5 π ( Y (Ω − 300 π) + Y (Ω + 300 π) ) + 2 X(2 Ω) .Ston parap�nw tÔpo to X(2 Ω) e�nai mhdenikì gia | Ω | > 100 π/2 = 50 π (kajìsonto X(Ω) e�nai mhdenikì gia | Ω | > 100 π ), kai ta Y (Ω ± 300 π) e�nai mhdenik� gia
| Ω | > 200 π + 300 π = 500 π (kajìson èqoume metatìpish twn fasm�twn sto ped�oth suqnìthta). Sunep¸ to Z(Ω) w �jroisma twn parap�nw ja èqei mhdenikì f�smagia | Ω | > max ( 50 π , 500 π ) = 500 π .SÔmfwna me to je¸rhma deigmatolhy�a Shannon, o rujmì deigmatolhy�a prèpei naxepern�ei to ìrio Nyquist, dhlad , isodÔnama, Ts < π/Ωmax , ìpou Ωmax = 500π e�nai hmègisth suqnìthta pou perilamb�nei to zwnoperiorismèno s ma endiafèronto. Sunep¸,to Ts ja prèpei na e�nai mikrìtero th tim  π/(500 π) = 0.002 sec .

(b.i) Gia to f�sma tou xp(t) parathroÔme pw:
xp(t) = [

n=+∞
∑

n=−∞

δ(t−nT )] . x(t) ⇒ F{ xp(t) } =
1

2 π
F{

n=+∞
∑

n=−∞

δ(t−nT )} ∗ X(Ω)

⇒ Xp(Ω) =
1

2 π

2 π

T

n=+∞
∑

n=−∞

δ(Ω −
2 π n

T
) ∗ X(Ω) =

1

T

n=+∞
∑

n=−∞

[X(Ω) ∗ δ(Ω − 2 n W )]

=
W

π

n=+∞
∑

n=−∞

X(Ω − 2 n W) ,15



to di�gramma tou opo�ou d�netai parak�tw. ParathroÔme pw lìgw twn dedomènwn th�skhsh den up�rqei fainìmeno anad�plwsh (Ωs = 2 π/T = 2 W ).Suneq�zoume t¸ra me to f�sma tou diakritoÔ s mato xd[n] . MporoÔme eÔkola na doÔmeìti:
Xd(e

j ω ) = Xp(ω/T ) ⇒ Xd(e
j ω ) =

1

T

n=+∞
∑

n=−∞

X(
ω

T
− 2 n W) =

W

π

n=+∞
∑

n=−∞

X(
W

π
ω − 2 n W) ,to di�gramma tou opo�ou d�netai parak�tw. ParathroÔme fusik� ìti to f�sma èqei per�odo

2 π .To ìti Xd(e
j ω ) = Xp(ω/T ) mpore� na deiqje� eÔkola epeid  xd[n] = x(n T ) kai ansugkr�noume to:

xp(t) = [
n=+∞
∑

n=−∞

δ(t − n T ) ] . x(t) =
n=+∞
∑

n=−∞

x(n T ) δ(t − n T ) ⇒ Xp(Ω) =
n=+∞
∑

n=−∞

x(n T ) e− j Ω n Tme to:
Xd(e

j ω ) =
n=+∞
∑

n=−∞

xd[n] e− j ω n =
n=+∞
∑

n=−∞

x(n T ) e− j ω n .

Ω
0

1/T = W/π

Xp(   )Ω

− 3W − 2W −W +W + 2W + 3W

ω
0

1/T = W/π

X  e(      )jω

− 3 π − 2 π − π + π + 2 π + 3 π

(b.ii) Gia to pr¸to zhtoÔmeno tou erwt mato, parathroÔme ìti:
∫ +∞

−∞

x(t) d t =

∫ +∞

−∞

x(t) e− j Ω t d t

∣

∣

∣

∣

Ω = 0

= X(Ω = 0) = 1 ,ìpw fa�netai eÔkola apì to dojèn f�sma sto sq ma th ekf¸nhsh th �skhsh.Gia to deÔtero zhtoÔmeno tou erwt mato, qrhsimopoi¸nta to je¸rhma tou Parseval,pa�rnoume:
+∞
∑

−∞

| x[n] | 2 =
1

2 π

∫ + π

−π

|X(e j ω ) | 2 d ω

=
1

2 π

∫

0

−π

W

π
(
ω

π
+ 1 ) 2 d ω +

1

2 π

∫

+ π

0

W

π
(−

ω

π
+ 1 ) 2 d ω

=
W

2 π 2
(

ω 3

3 π 2
+ ω +

ω 2

π
)

∣

∣

∣

∣

0

−π

+
W

2 π 2
(

ω 3

3 π 2
+ ω −

ω 2

π
)

∣

∣

∣

∣

π

0

=
W

3 π
=

1

3 T
.
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Jèma 4: (20%) Sto parak�tw sq ma d�netai èna sÔsthma anatrofodìthsh diakritoÔ qrìnoume mhdenikè arqikè sunj ke, ìpou ta dÔo upo-sust mata diakritoÔ qrìnou, H1 kai H2,èqoun sqèsei eisìdou / exìdou pou d�nontai apì ti:
H1 : y1[n] = 2 x1[n]kai
H2 : y2[n] = −

1

6
x2[n − 1] ,ant�stoiqa.

(a, 13%) Poia e�nai h kroustik  apìkrish pou perigr�fei to ìlo sÔsthma, h[n] ?
(b, 7%) Poia e�nai h èxodo y[n] tou sust mato se e�sodo x[n] = 3 1−n u[n − 1] ?

x[n] y[n]H  (z)1

H  (z)2LÔsh:To jèma mpore� na luje� sto ped�o tou diakritoÔ qrìnou   suqnìthta / metasqhmatismoÔ Z.Dialègoume ton deÔtero trìpo kai èqoume:
(a) Apì thn ekf¸nhsh èqoume gia to pr¸to uposÔsthma:

y1[n] = 2 x1[n] ⇒ h1[n] = 2 δ[n] ⇒ H1(z) = 2 ,kai gia to deÔtero:
y2[n] = −

1

6
x2[n − 1] ⇒ h2[n] = −

1

6
δ[n − 1] ⇒ H2(z) = −

1

6
z− 1 .Eis�gonta thn bohjhtik  metablht  / s ma e[n] w thn èxodo tou ajroist , èqoumesto ped�o tou metasqhmatismoÔ Z :

Y (z)

H1(z)
= E(z) = X(z) − H2(z) Y (z) ⇒

Y (z)

X(z)
= H1(z) − H1(z) H2(z)

Y (z)

X(z)

⇒
Y (z)

X(z)
[ 1 + H1(z) H2(z) ] = H1(z) ⇒ H(z) =

H1(z)

1 + H1(z) H2(z)
.Antikajist¸nta sthn parap�nw ti sunart sei metafor� twn dÔo uposusthm�twn,pa�rnoume:

H(z) =
2

1 − 2
1

6
z−1

=
2

1 −
1

3
z−1

⇒ h(n) = 2 (
1

3
)n u[n] ,lìgw kai tou ìti h perioq  sÔgklish th sun�rthsh metafor� e�nai h |z| > 1/3 , epeid to ìlo sÔsthma e�nai aitiatì. 17



(b) ParathroÔme ìti:
x[n] = 3 1−n u[n − 1] = (

1

3
)n−1 u[n − 1] ⇒ X(z) =

z−1

1 −
1

3
z−1

,me perioq  sÔgklish |z| > 1/3 , ìpou qrhsimopoi same kai thn idiìthta th qronik ol�sjhsh. Suneq�zonta, pa�rnoume thn zhtoÔmenh èxodo tou sust mato w ex :
Y (z) = X(z)H(z) =

2 z−1

(1 −
1

3
z−1) 2

= 6

1

3
z−1

(1 −
1

3
z−1) 2

⇒ y[n] = 6n (
1

3
)n u[n] ,kajìson h perioq  sÔgklish th Y (z) e�nai h |z| > 1/3 .
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