
Pan.Jessal�a
,TMHUTD JEWRIA SHMATWN & SUSTHMATWN Ak.'Eto
 2011-1213-12-2011 LÔsei
 Proìdou 8-12-2011 Jèmata AJèma 1: (30%) Ta (a), (b), kai (c) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 8%) D�netai to s ma: x[n] = δ[n] − cos(π n/8) .

(i, 3%) E�nai to s ma �rtio   perittì?
(ii, 5%) Prìkeitai gia s ma isqÔo
   enèrgeia
 kai poia e�nai h isqÔ
 kai enèrgei� tou?

(b, 7%) Bre�te thn jemeli¸dh per�odo tou s mato
 x(t) = sin(2 t) + [cos(2 t− π/3)]2 .
(c, 15%) D�netai to sÔsthma me apìkrish y(t) = x(t/2) + 3 se e�sodo x(t) .

(i, 4%) E�nai to sÔsthma aitiatì?
(ii, 4%) E�nai to sÔsthma G.Q.A.?
(iii, 4%) E�nai to sÔsthma eustajè
?
(iv, 3%) E�nai to sÔsthma antistrèyimo, kai an nai, poio e�nai to ant�strofì tou?LÔsh:
(a.i) To s ma e�nai �rtio, giat�: x[−n] = δ[−n]−cos (−π n/8) = δ[n]−cos (π n/8) = x[n] .
(a.ii) To s ma e�nai s ma isqÔo
, ìpw
 apodeiknÔoume parak�tw. Autì e�nai anamenìmeno,giat� e�nai �jroisma enì
 periodikoÔ s mato
 (tou cos(•) ) kai enì
 s mato
 me topik enèrgeia (to δ[n] e�nai mon�da mìno sto mhdèn). Pr�gmati, qrhsimopoi¸nta
 kai thnsqèsh 2 cos2(θ) = (1 + cos(2 θ)) , èqoume:
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cos (πn/4) .ParathroÔme pw
 o deÔtero
 ìro
 tou parap�nw ajro�smato
 e�nai mhdèn, en¸ to ìrio toutr�tou ìrou me N → +∞ g�netai ep�sh
 mhdèn, ka9ìson fr�ssetai apì to ±8/(2N +1) .To ìrio tèlo
 tou pr¸tou ìrou ìtan N → +∞ e�nai profan¸
 1/2 . Sunep¸
 prìkeitaigia s ma isqÔo
 me P∞ = 1/2 (kai profan¸
 E∞ =∞ ).
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(b) QrhsimopoioÔme thn sqèsh 2 cos 2 θ = 1 + cos (2θ) kai xanagr�foume to s ma w
:
x(t) = sin (2 t) +

1

2
cos (4 t− 2 π/3) +

1

2
.O pr¸to
 ìro
 e�nai periodikì s ma me Ωo = 2 , �ra To = π , o deÔtero
 ìro
 periodikìs ma me Ωo = 4 , �ra To = π/2 , en¸ o tr�to
 ìro
 e�nai stajer�. Kat� sunèpeia to�jroism� tou
 e�nai periodikì me jemeli¸dh per�odo To = π (Ωo = 2 ) [afoÔ o deÔtero
ìro
 èqei jemeli¸dh per�odo To = π/2 ja èqei per�odo kai thn 2 To = π ℄.

(c.i) To sÔsthma e�nai mh aitiatì, kajìson gia t = − 2 , h èxodì
 tou e�nai y(−2) =
x(−1) + 3 , dhlad  exart�tai apì thn tim  eisìdou sthn mellontik  qronik  stigm 
t = − 1 .

(c.ii) To sÔsthma den e�nai G.Q.A., kajìson den e�nai oÔte grammikì (lìgw th
 stajer 
3), oÔte qronik� anallo�wto (lìgw tou t/2 ). Pio analutik�:To sÔsthma den e�nai grammikì, lìgw th
 stajer 
 3 , kajìson isqÔei genik� ìti:
(α x1(t/2) + β x2(t/2) ) + 3 6= α [ x1(t/2) + 3 ] + β [ x2(t/2) + 3 ] ,gia α + β 6= 1 .To sÔsthma ep�sh
 e�nai qronik� metaballìmeno, lìgw tou ìrou t/2 ep� tou s mato
eisìdou. Pr�gmati, e�n jewr soume w
 s ma eisìdou to x1(t) = u(t + 1) − u(t − 1) ,dhlad  ton palmì me tim  1 sto di�sthma [−1, 1] , pa�rnoume w
 èxodo to y1(t) =

u(t + 2) − u(t − 2) + 3 , dhlad  ton palmì me tim  4 sto di�sthma [−2, 2] . E�n t¸rajewr soume w
 s ma eisìdou to x2(t) = x1(t−1) = u(t)−u(t−2) , dhlad  ton palmì metim  1 sto di�sthma [0, 2] , pa�rnoume w
 èxodo to y2(t) = u(t)−u(t−4)+3 , dhlad  tonpalmì me tim  4 sto di�sthma [0, 4] . ParathroÔme kat� sunèpeia ìti y2(t) 6= y1(t− 1) ,kajìson y1(t − 1) = u(t − 1) − u(t − 3) + 3 , dhlad  palmì
 me tim  4 sto di�sthma
[−1, 3] .

(c.iii) To sÔsthma e�nai eustajè
 (kat� BIBO), kajìson gia fragmènh e�sodo |x(t)| < Mgia ìla ta t,
| y(t) | = | x(t/2) + 3 | ≤ | x(t/2) |+ 3 = M + 3 ,gia ìla ta t, èqoume kat� sunèpeia fragmènh èxodo.

(c.iv) To sÔsthma e�nai antistrèyimo, me to ant�strofo sÔsthma na d�netai apì thn ex�swsheisìdou-exìdou: y(t) = x(2 t) − 3 . Autì e�nai eÔkolo na to diapist¸sei kane�
, e�njewr sei to ant�strofo w
 sundedemèno seiriak� me to arqikì sÔsthma. H e�sodo
 stoant�strofo sÔsthma ja e�nai to s ma y(t) = x(t/2) + 3 , opìte h èxodì
 tou ja e�nai
w(t) = y(2 t)− 3 = x(2 t/2) + 3− 3 = x(t) , dhlad  to arqikì s ma x(t) .
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Jèma 2: (20%) Upolog�ste analutik� thn sunèlixh y[n] = x[n] ∗ h[n] , ìpou:
x[n] = 3nu[1− n] , h[n] = u[n] .Sqedi�ste kai ta tr�a s mata (x[n], h[n], kai y[n]), shmei¸nonta
 kr�sime
 timè
 stou
 �xone
.LÔsh:Sto sq ma (arister�) fa�nontai sqediasmèna ta s mata x[k] kai h[n − k] . E�nai profanè
ìti ta s mata èqoune mh mhdenik  epik�luyh gia ìla ta n . Gia n ≥ 1 , to ped�o epik�luyh
paramènei stajerì kai e�nai to di�sthma k ≤ 1 . 'Ara gia n ≥ 1 :
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Jèma 3: (25%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 12%) Upolog�ste ton metasqhmatismì Fourier X(Ω) tou s mato
 x(t) = 3 t e 2 t cos (

π

4
t )u(− t).

(b, 13%) Upolog�ste ton metasqhmatismì Fourier X(Ω) tou s mato
 x(t) =
1

π t 2
sin(t) sin(3t/2) .LÔsh:

(a) To prìblhma mpore� na luje� me dÔo trìpou
. Kai oi dÔo apaitoÔn qr sh tou zeÔgou
metasqhmatismoÔ Fourier t e−atu(t)
F
←→ 1/(a + jΩ)2 , e�n Re{a} > 0 , h isodÔnamalìgw th
 idiìthta
 antistrof 
 ston qrìno ( x(−t)

F
←→ X(−Ω) ), t eatu(− t)

F
←→

− 1/(a− jΩ)2 , e�n Re{a} > 0 .O pr¸to
 trìpo
 upologismoÔ qrhsimopoie� ton tÔpo tou Euler gia to sunhm�tono, opìteèqoume:
3 t e 2 t cos (

π

4
t ) u(−t) = 3 t e 2 t e jπt/4 + e−jπt/4

2
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2
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2
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.Ta parap�nw isqÔoun kajìson Re{2± j π/4} = 2 > 0 .Enallaktik�, mporoÔme na parathr soume ìti x(t) = x1(t) x2(t) , ìpou x1(t) = 3 t e 2 tu(−t)kai x2(t) = cos ( π t/4 ) . Kat� sunèpeia,
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1
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,apì thn gnwst  idiìthta sunèlixh
 me thn kroustik  sun�rthsh.

(b) Qrhsimopoi¸nta
 thn idiìthta tou metasqhmatism¸n Fourier ìson afor� pollaplasiasmìsto ped�o tou qrìnou / sunèlixh sto ped�o th
 suqnìthta
, pa�rnoume:
F{ x(t) } = πF{
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kai X2(Ω) =
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1 , gia |Ω| < 3/2

0 , gia |Ω| > 3/2
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Proqwr�me sthn sunèqeia ston upologismì th
 sunèlixh
 X1(Ω) ∗ X2(Ω)

=
∫ +∞

−∞
X1(Θ) X2(Ω − Θ) dΘ . Sto aristerì tm ma tou parak�tw sq mato
 èqoumesqedi�sei ta X1(Θ) kai X2(Ω−Θ) .E�nai profanè
 ìti aut� den èqoune epik�luyh, ìtan 3/2+Ω < −1 , isodÔnama Ω < −5/2 ,ìpw
 kai ìtan −3/2+Ω > 1 , isodÔnama Ω > 5/2 . Sti
 dÔo autè
 peript¸sei
 h sunèlixhe�nai mhdenik .Suneq�zonta
, blèpoume ìti ìpw
 to X2(Ω − Θ) arq�zei kai metakine�tai pro
 ta dexi�(aux�netai dhlad  h tim  tou Ω ), merik  epik�luyh lamb�nei q¸ra sto di�sthma −1 <

3/2 + Ω < 1 , isodÔnama gia −5/2 < Ω < −1/2 . Sto di�sthma autì h sunèlixh jaisoÔtai me:
∫ Θ =3/2+Ω

Θ =−1

1 . 1 . dΘ = 3/2 + Ω + 1 = Ω + 5/2 .Parìmoia, blèpoume ìti ìpw
 to X2(Ω − Θ) arq�zei kai metakine�tai pro
 ta arister�th
 dexi�
 perioq 
 mh epik�luyh
 (mei¸netai dhlad  h tim  tou Ω se sqèsh me to 5/2 ),merik  epik�luyh lamb�nei q¸ra sto di�sthma −1 < −3/2 + Ω < 1 , isodÔnama gia
1/2 < Ω < 5/2 . Sto di�sthma autì h sunèlixh ja isoÔtai me:

∫ Θ = 1

Θ =−3/2+Ω

1 . 1 . dΘ = 1− (Ω− 3/2) = 5/2 − Ω .Tèlo
, paramènei m�a perioq  ìpou ìlo to X1(Θ) epikalÔptetai apì tm mata tou X2(Ω−
Θ) . Autì profan¸
 sumba�nei gia to di�sthma gia to opo�o isqÔoun oi ex 
 dÔo anisìth-te
 tautìqrona: 3/2+Ω > 1 kai −3/2+Ω < −1 , isodÔnama dhlad  −1/2 < Ω < 1/2 .Gia to di�sthma autì h sunèlixh d�netai apì to olokl rwma ∫ 1

−1
dΘ = 2 .Sunoy�zonta
 ta parap�nw, kai pollaplasi�zonta
 kai me ton suntelest  1/2 th
 pr¸-th
 ex�swsh
 pou e�qame amel sei sta parap�nw, pa�rnoume thn zhtoÔmenh ap�nthsh:

F { x(t) } =



























0 , gia Ω ≤ −5/2

Ω/2 + 5/4 , gia − 5/2 < Ω < −1/2

1 , gia − 1/2 ≤ Ω ≤ 1/2 .

−Ω/2 + 5/4 , gia 1/2 < Ω < 5/2

0 , gia Ω ≥ 5/2O metasqhmatismì
 fa�netai sto dexiì tm ma tou sq mato
.
Θ

- 3 - 2 - 1 0 1 2 3

1

X1(   )Θ
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1
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−3/2 + Ω 3/2 + Ω

Ω
- 3 - 2 - 1 0 1 2 3

1

1
2

X1(  )Ω * X2(  )Ω
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Jèma 4: (25%) Bre�te thn apìkrish suqnìthta
 H(Ω) kai thn kroustik  apìkrish h(t) touaitiatoÔ, G.Q.A. sust mato
 suneqoÔ
 qrìnou pou ikanopoie� thn ex�swsh:
d2y(t)

dt2
+ 6

dy(t)

dt
+ 9y(t) =

dx(t)

dt
+ x(t) .Poia e�nai h èxodo
 tou parap�nw sust mato
 y(t) , ìtan h e�sodì
 tou e�nai x(t) = e− t u(t) ?LÔsh:H apìkrish suqnìthta
 d�netai apì:

H(Ω) =
Y (Ω)

X(Ω)
=

jΩ + 1

(jΩ)2 + 6jΩ + 9
=

1 + jΩ

9− Ω2 + 6jΩ
.AnalÔonta
 thn parap�nw se merik� kl�smata, pa�rnoume:

H(Ω) =
1 + jΩ

(3 + jΩ)2
=

1

3 + jΩ
−

2

(3 + jΩ)2
.Kat� sunèpeia,

h(t) = F−1{H(Ω) } = e−3 tu(t) − 2 t e−3 tu(t) .O metasqhmatismì
 Fourier tou s mato
 eisìdou e�nai:
X(Ω) = F{ x(t) } =

1

1 + jΩ
.Kat� sunèpeia,

Y (Ω) = X(Ω) H(Ω) =
1 + jΩ

(1 + jΩ)(3 + jΩ)2
=

1

(3 + jΩ)2
,opìte to zhtoÔmeno s ma e�nai to

y(t) = F−1{ Y (Ω) } = t e−3 tu(t) .
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Pan.Jessal�a
,TMHUTD JEWRIA SHMATWN & SUSTHMATWN Ak.'Eto
 2011-1213-12-2011 LÔsei
 Proìdou 8-12-2011 Jèmata BJèma 1: (30%) Ta (a), (b), kai (c) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 8%) D�netai to s ma: x(t) = e−3 tu(t) − e 3 tu(−t) .

(i, 3%) E�nai to s ma �rtio   perittì?
(ii, 5%) Prìkeitai gia s ma isqÔo
   enèrgeia
 kai poia e�nai h isqÔ
 kai enèrgei� tou?

(b, 7%) Bre�te thn jemeli¸dh per�odo tou s mato
 x[n] = cos(πn/2) cos(πn/4) + sin(πn/8) .
(c, 15%) D�netai to sÔsthma me apìkrish y[n] = (n + 1) x[n] se e�sodo x[n] .

(i, 4%) E�nai to sÔsthma aitiatì?
(ii, 4%) E�nai to sÔsthma G.Q.A.?
(iii, 4%) E�nai to sÔsthma eustajè
?
(iv, 3%) E�nai to sÔsthma antistrèyimo, kai, an nai, poio e�nai to ant�strofì tou?LÔsh:
(a.i) To s ma e�nai perittì, giat�:

x(−t) = e3 tu(−t) − e−3 tu(t) = − (e−3 tu(t) − e 3 tu(−t)) = − x(t) .

(a.ii) Upoyiazìmaste ìti lìgw th
 morf 
 tou (fj�non ekjetikì s ma pro
 ta ±∞ ) prìkeitaigia s ma enèrgeia
. Pr�gmati:
E∞ =

∫ +∞

t=−∞

|x(t)|2dt =

∫ +∞

0

(e−3t)2dt +

∫ 0

−∞

(e3t)2dt = 2

∫ +∞

0

e−6tdt = −
2

6
e−6t

∣

∣

∣

∣

+∞

0

=
1

3
.Kat� sunèpeia to s ma e�nai ìntw
 s ma enèrgeia
 me E∞ = 1/3 (kai profan¸
 me

P∞ = 0 ).
(b) QrhsimopoioÔme thn sqèsh 2 cos α cos β = cos (α+β) + cos(α−β) kai xanagr�foumeto s ma w
:

x[n] =
1

2
cos (3πn/4) +

1

2
cos (πn/4) + sin (πn/8) .Den e�nai dÔskolo na doÔme pw
 kai oi trei
 ìroi tou ajro�smato
 antistoiqoÔn seperiodik� s mata me jemeli¸dh per�odo No = 8 (= m (8/3) me m = 3 ), No = 8 , kai

No = 16 ant�stoiqa. 'Ara ta �jroism� tou
 èqei jemeli¸dh per�odo No = 16 [afoÔ oidÔo pr¸toi ìroi èqoun jemeli¸dh per�odo No = 8 , ja èqoun per�odo kai thn 2 No = 16 ℄.
(c.i) To sÔsthma e�nai profan¸
 aitiatì, kajìson h èxodì
 tou gia k�je tim  n exart�taimìno apì thn e�sodo tou sthn �dia tim  n .
(c.ii) To sÔsthma e�nai grammikì, wstìso den e�nai qronik� anallo�wto, kajìson gia par�deig-ma ìtan h e�sodì
 tou e�nai x[n] = δ[n] , h èxodì
 tou e�nai y[n] = δ[n] , en¸ ìtan h e�so-dì
 tou e�nai x[n] = δ[n+1] , h èxodì
 tou e�nai y[n] = (−1+1) δ[n+1] = 0 6= δ[n+1] .'Ara to sÔsthma den e�nai G.Q.A. 7



(c.iii) To sÔsthma e�nai astajè
 (kat� BIBO) kajìson gia par�deigma h èxodì
 tou stofragmèno s ma eisìdou x[n] = u[n] e�nai h mh fragmènh y[n] = (n + 1) u[n] , pou te�neisto �peiro, ìtan n→ +∞ .
(c.iv) To sÔsthma e�nai mh antistrèyimo kajìson gia par�deigma dÔo diaforetik� s mataeisìdou, ta x[n] = δ[n + 1] kai x[n] = 0 d�noun thn �dia èxodo y[n] = 0 .Jèma 2: (20%) Upolog�ste analutik� thn sunèlixh y(t) = x(t) ∗ h(t) , ìpou:

x(t) = e−atu(t) , h(t) = u(t)− u(t− T ) ,me a > 0 kai T > 0 . Sqedi�ste ta x(t), h(t), kai y(t), shmei¸nonta
 kr�sime
 timè
 stou
�xone
.LÔsh:Parathr¸nta
 thn perioq  epik�luyh
 tou x(τ) kai tou h(t − τ) , blèpoume pw
 aut  e�naimhdenik  gia t ≤ 0 . Eke� profan¸
 èqoume y(t) = 0 .Sthn sunèqeia blèpoume pw
 gia 0 < t ≤ T h perioq  epik�luyh
 e�nai to τ ∈ [0, t] , �ra:
y(t) =

∫ t

0

e−α τ dτ = −
1

α
e−α τ

∣

∣

∣

∣

t

0

=
1 − e−α t

α
.Tèlo
, gia t > T h perioq  epik�luyh
 e�nai to τ ∈ [ t− T, t ] , sunep¸
:

y(t) =

∫ t

t−T

e−α τ dτ = −
1

α
e−α τ

∣

∣

∣

∣

t

t−T

=
eα T − 1

a
e−α t .Sunoy�zonta
, èqoume:

y(t) =



























0 , gia t ≤ 0

1 − e−α t

α
, gia 0 < t ≤ T

eα T − 1

a
e−α t , gia t > T .Ta s mata e�nai sqediasmèna sto parak�tw sq ma gia α = 1/2 kai T = 2 .

−10 −8 −6 −4 −2 0 2 4 6 8 10
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0
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1
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−10 −8 −6 −4 −2 0 2 4 6 8 10
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0

0.5
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1.5

x(t) h(t) y(t)
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Jèma 3: (25%) Ta (a) kai (b) e�nai anex�rthta erwt mata. Apant ste analutik�.
(a, 12%) Upolog�ste to s ma x(t) apì ton metasqhmatismì Fourier tou: X(Ω) =

3 Ω

Ω 4 + 8 Ω 2 + 16
.

(b, 13%) Upolog�ste ton metasqhmatismì Fourier X(Ω) tou s mato
 x(t) =
2

π t 2
sin(t) sin(t/2) .LÔsh:

(a) W
 gnwstì, o metasqhmatismì
 Fourier tou x(t) = e−a |t| e�nai o X(Ω) = 2 a/(a2 + Ω2)(gia a > 0 ). Kat� sunèpeia, parathr¸nta
 ìti o paranomast 
 tou dojènto
 X(Ω)mpore� na grafe� w
 Ω 4+ 8Ω 2+ 16 = ( Ω 2+2 2 )
2 , èqoume: e−2 |t| F

←→ 4/ ( Ω 2+2 2 ) .Qrhsimopoi¸nta
 sthn sunèqeia thn idiìthta th
 parag¸gish
 sto ped�o th
 suqnìthta
,pa�rnoume:
t e−2 |t| F

←→ 4 j
d

d Ω

1

( Ω 2 + 2 2 )
= −

8 j Ω

( Ω 2 + 2 2 )2
=

8

3 j

3 Ω

Ω 4 + 8 Ω 2 + 16
.Kat� sunèpeia, to zhtoÔmeno s ma e�nai:

x(t) = F − 1

{

3 Ω

Ω 4 + 8 Ω 2 + 16

}

=
3 j

8
t e−2 |t| .

(b) Qrhsimopoi¸nta
 thn idiìthta tou metasqhmatism¸n Fourier ìson afor� pollaplasiasmìsto ped�o tou qrìnou / sunèlixh sto ped�o th
 suqnìthta
, pa�rnoume:
F{ x(t) } = 2 πF{

sin(t)

π t

sin(t/2)

π t
} = 2 π

1

2 π
F{

sin(t)

π t
}∗F{

sin(t/2)

π t
} = X1(Ω) ∗X2(Ω) ,ìpou:

X1(Ω) =

{

1 , gia |Ω| < 1

0 , gia |Ω| > 1
kai X2(Ω) =

{

1 , gia |Ω| < 1/2

0 , gia |Ω| > 1/2
.Proqwr�me sthn sunèqeia ston upologismì th
 sunèlixh
 X1(Ω) ∗ X2(Ω)

=
∫ +∞

−∞
X1(Θ) X2(Ω − Θ) dΘ . Sto aristerì tm ma tou parak�tw sq mato
 èqoumesqedi�sei ta X1(Θ) kai X2(Ω−Θ) .E�nai profanè
 ìti aut� den èqoune epik�luyh, ìtan 1/2+Ω < −1 , isodÔnama Ω < −3/2 ,ìpw
 kai ìtan −1/2+Ω > 1 , isodÔnama Ω > 3/2 . Sti
 dÔo autè
 peript¸sei
 h sunèlixhe�nai mhdenik .Suneq�zonta
, blèpoume ìti ìpw
 to X2(Ω − Θ) arq�zei kai metakine�tai pro
 ta dexi�(aux�netai dhlad  h tim  tou Ω ), merik  epik�luyh lamb�nei q¸ra sto di�sthma −1 <

1/2 + Ω < 0 , isodÔnama gia −3/2 < Ω < −1/2 . Sto di�sthma autì h sunèlixh jaisoÔtai me:
∫ Θ =1/2+Ω

Θ =−1

1 . 1 . dΘ = 1/2 + Ω + 1 = Ω + 3/2 .9



Parìmoia, blèpoume ìti ìpw
 to X2(Ω − Θ) arq�zei kai metakine�tai pro
 ta arister�th
 dexi�
 perioq 
 mh epik�luyh
 (mei¸netai dhlad  h tim  tou Ω se sqèsh me to
3/2 ), merik  epik�luyh lamb�nei q¸ra sto di�sthma 0 < −1/2 + Ω < 1 , isodÔnama gia
1/2 < Ω < 3/2 . Sto di�sthma autì h sunèlixh ja isoÔtai me:

∫ Θ = 1

Θ =−1/2+Ω

1 . 1 . dΘ = 1− (Ω− 1/2) = 3/2 − Ω .Tèlo
, paramènei m�a perioq  ìpou tm mata tou X1(Θ) epikalÔptoun pl rw
 to X2(Ω−
Θ) . Autì profan¸
 sumba�nei gia to di�sthma gia to opo�o isqÔoun oi ex 
 dÔo anisìth-te
 tautìqrona: 1/2+Ω < 1 kai −1/2+Ω > −1 , isodÔnama dhlad  −1/2 < Ω < 1/2 .Gia to di�sthma autì h sunèlixh d�netai apì to olokl rwma ∫ 1/2

−1/2
dΘ = 1 .Sunoy�zonta
 ta parap�nw, pa�rnoume thn zhtoÔmenh ap�nthsh:

F { x(t) } =



























0 , gia Ω ≤ −3/2

Ω + 3/2 , gia − 3/2 < Ω < −1/2

1 , gia − 1/2 ≤ Ω ≤ 1/2 .

−Ω + 3/2 , gia 1/2 < Ω < 3/2

0 , gia Ω ≥ 3/2O metasqhmatismì
 fa�netai sto dexiì tm ma tou sq mato
.
Θ

- 3 - 2 - 1 0 1 2 3

1

X1(   )Θ

Θ
1

X2 (          )Ω − Θ

−1/2 + Ω 1/2 + Ω

Ω
- 3 - 2 - 1 0 1 2 3

1

X1(  )Ω * X2(  )Ω
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Jèma 4: (25%) Bre�te thn apìkrish suqnìthta
 H(Ω) kai thn kroustik  apìkrish h(t) touaitiatoÔ, G.Q.A. sust mato
 suneqoÔ
 qrìnou pou ikanopoie� thn ex�swsh:
d2y(t)

dt2
+ 4

dy(t)

dt
+ 4y(t) =

dx(t)

dt
+ x(t) .Poia e�nai h èxodo
 tou parap�nw sust mato
 y(t) , ìtan h e�sodì
 tou e�nai x(t) = e− t u(t) ?LÔsh:H apìkrish suqnìthta
 d�netai apì:

H(Ω) =
Y (Ω)

X(Ω)
=

jΩ + 1

(jΩ)2 + 4jΩ + 4
=

1 + jΩ

4− Ω2 + 4jΩ
.AnalÔonta
 thn parap�nw se merik� kl�smata, pa�rnoume:

H(Ω) =
1 + jΩ

(2 + jΩ)2
=

1

2 + jΩ
−

1

(2 + jΩ)2
.Kat� sunèpeia,

h(t) = F−1{H(Ω) } = e−2 tu(t) − t e−2 tu(t) .O metasqhmatismì
 Fourier tou s mato
 eisìdou e�nai:
X(Ω) = F{ x(t) } =

1

1 + jΩ
.Kat� sunèpeia,

Y (Ω) = X(Ω) H(Ω) =
1 + jΩ

(1 + jΩ)(2 + jΩ)2
=

1

(2 + jΩ)2
,opìte to zhtoÔmeno s ma e�nai to

y(t) = F−1{ Y (Ω) } = t e−2 tu(t) .
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