
PANEPISTHMIO STEREAS ELLADASTMHMA PLHROFORIKHS ME EFARMOGES STH BIOÛATRIKHMAJHMATIKH ANALUSH IISHMEIWSEIS - Sunart sei poll¸n metablht¸nAUGOUSTOS 2010Did�skousa : Ad�m Mar�aBasikè ènnoieOrismì 1 'Estw mia sun�rthsh poll¸n anex�rthtwn metablht¸n orismènh sto
D , f : D → R. Merik  par�gwgo th f w pro mia anex�rthth metablh-t  lègetai h sun jh par�gwgo th sun�rthsh w pro th metablht  aut  e-n¸ ìle oi �lle metablhtè diathroÔntai stajerè. Sumbol�zetai ∂f(x1,x2,...,xn)

∂xi

 
fxi

(x1, x2, . . . , xn)   sÔntoma ∂f
∂xi

, ìpou xi e�nai oi anex�rthte metablhtè.Gia par�deigma, mia sun�rthsh dÔo metablht¸n, f(x1, x2) = x2
1 + 2x1x

3
2 + 3x2 èqeiped�o orismoÔ D = R × R ≡ R

2 kai merikè parag¸gou ∂f
∂x1

= 2x1 + 2x3
2 kai

∂f
∂x2

= 6x1x
2
2 + 3.Orismì 2 'Estw mia sun�rthsh poll¸n anex�rthtwn metablht¸n orismènh sto

D , f : D → R. Merik  par�gwgo deÔterh t�xh th f onom�zetai h sun -jh par�gwgo deÔterh t�xh th sun�rthsh w pro ti metablhtè pou shmei¸-nontai k�je for� kai diathr¸nta th seir�. Sumbol�zontai ∂2f(x1,x2)

∂x2

1

= ∂
∂x1

(

∂f
∂x1

)

=

fx1x1
(x1, x2)   ∂2f(x1,x2)

∂x1∂x2

= ∂
∂x1

(

∂f
∂x2

)

= fx1x2
(x1, x2).Gia par�deigma, h sun�rthsh f(x1, x2, x3) = x2

1 + 2x1x
3
2 + 3x2 − 4x2x3, me ped�oorismoÔ D = R × R × R ≡ R

3, èqei merikè parag¸gou pr¸th t�xh
∂f

∂x1

= 2x1 + 2x3
2,

∂f

∂x2

= 6x1x
2
2 + 3 − 4x3,

∂f

∂x3

= −4x2.Orismène deÔterh t�xh merikè par�gwgoi e�nai:
∂2f

∂x1∂x2

=
∂

∂x1

(

∂f

∂x2

)

=
∂

∂x1

(6x1x
2
2 + 3 − 4x3) = 6x2

2,1



∂2f

∂x2
1

=
∂

∂x1

(

∂f

∂x1

)

=
∂

∂x1

(2x1 + 2x3
2) = 2,

∂2f

∂x2∂x3

=
∂

∂x2

(

∂f

∂x3

)

=
∂

∂x2

(−4x2) = −4,en¸
∂2f

∂x1∂x3

=
∂

∂x1

(

∂f

∂x3

)

=
∂

∂x1

(−4x2) = 0.Me an�logo trìpo or�zontai kai oi par�gwgoi an¸terh t�xh. Sto prohgoÔmenopar�deigma èqoume
∂3f

∂x2
1∂x2

=
∂

∂x2
1

(

∂f

∂x2

)

=
∂

∂x2
1

(6x1x
2
2 + 3 − 4x3) =

∂

∂x1

(6x2
2) = 0.Sto ex  ìtan anaferìmaste se sun�rthsh duo anex�rthtwn metablht¸n ja gr�-foume f(x, y) kai tri¸n anex�rthtwn f(x, y, z).Idiìthte

• An mia sun�rthsh poll¸n metablht¸n orismènh sto D èqei suneqe� merikèparag¸gou, tìte e�nai suneq  sto D. H Ôparxh mìno twn merik¸n parag¸-gwn qwr� th sunèqei� tou den arkoÔn gia th sunèqeia th sun�rthsh, p.q.
f(x, y) =

{

2xy
x2+y2 , (x, y) 6= (0, 0)

0, (x, y) = (0, 0).

• An oi deÔterh t�xh merikè par�gwgoi fxy, fyx e�nai suneqe�, tìte fxy =

fyx, dhlad  den pa�zei rìlo h seir� parag¸gish.
• (Parag¸gish sÔnjetwn sunart sewn) 'Estw h sun�rthsh f(x1, x2, . . . , xn)ìpou oi xi e�nai sÔnjete sunart sei, dhlad  xi = hi(u1, u2, . . . , us) giak�je i = 1, 2, . . . , n. Tìte

∂f

∂uℓ

=
∂f

∂x1

∂x1

∂uℓ

+
∂f

∂x2

∂x2

∂uℓ

+ · · · +
∂f

∂xn

∂xn

∂uℓ

, ℓ = 1, 2, . . . , s.Orismì 3 An h sun�rthsh f(x1, x2, . . . , xn) èqei suneqe� pr¸th t�xh merikèparag ģou sto ped�o orismoÔ th D, h èkfrash
df =

∂f

∂x1

dx1 +
∂f

∂x2

dx2 + · · · +
∂f

∂xn

dxnonom�zetai olikì diaforikì th f(x1, x2, . . . , xn) ìpou dxi e�nai to diaforikì th
xi metablht , gia k�je i = 1, 2, . . . , n. 2



Gia par�deigma, an gnwr�zoume gia mia sun�rthsh f(x, y) ìti isqÔoun oi sunj -ke ∂f
∂x

(x, y) = 3x2y − 2y2 kai ∂f
∂y

(x, y) = x3 − 4xy + 6y2, prospaj¸nta na broÔmeton tÔpo th sun�rthsh, mporoÔme na efarmìsoume ton parap�nw orismì gia toolikì diaforikì th kai na oloklhr¸soume kat� mèlh, dhlad ,
∫

df =

∫

∂f

∂x
dx +

∂f

∂y
dy =

∫

(3x2y − 2y2)dx +

∫

(x3 − 4xy + 6y2)dy ⇒

f(x, y) = x3y − 2xy2 + x3y − 2xy2 + 2y3 + c.Orismì 4 'Estw oi paragwg�sime sunart sei f(x, y) kai g(x, y) orismène sto
D ⊆ R

2. H Iakwbian  or�zousa e�nai
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(1)en¸ ìtan oi paragwg�sime sunart sei e�nai f(x, y, z), g(x, y, z) kai h(x, y, z) ori-smène sto D ⊆ R
3 h ant�stoiqh or�zousa e�nai
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∣Orismì 5 'Estw mia paragwg�simh sun�rthsh f(x1, x2, . . . , xn) sto D ⊆ R
n.Kr�simo   st�simo onom�zetai to shme�o (x

(0)
1 , x

(0)
2 , . . . , x

(0)
n ) ∈ D to opo�o pro-kÔptei apì th lÔsh tou sust mato

fx1
(x1, x2, . . . , xn) =

∂f(x1, x2, . . . , xn)

∂x1

= 0

fx2
(x1, x2, . . . , xn) =

∂f(x1, x2, . . . , xn)

∂x2

= 0... (2)
fxn

(x1, x2, . . . , xn) =
∂f(x1, x2, . . . , xn)

∂xn

= 0.Prìtash 1 'Estw mia sun�rthsh f(x1, x2, . . . , xn) orismènh sto D ⊆ R
n me me-rikè parag ģou deÔterh t�xh suneqe�, to kr�simo shme�o (x

(0)
1 , x

(0)
2 , . . . , x

(0)
n ).3



O Hessian p�naka th f(x1, x2, . . . , xn) e�nai H(x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ) kai isoÔtai me :















fx1x1
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1 , x
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n )... ... ...

fx1xn
(x
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1 , x

(0)
2 , . . . , x
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n ) fx2xn

(x
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n ) . . . fxnxn
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2 , . . . , x

(0)
n )















(3)
• An o H(x

(0)
1 , x

(0)
2 , . . . , x

(0)
n ) th (3) e�nai jetik� orismèno1, tìte to (x

(0)
1 , x

(0)
2 , . . . , x

(0)
n )e�nai shme�o topikoÔ elaq�stou gia thn f(x1, x2, . . . , xn) me el�qisth tim  thn

f(x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ).

• An o H(x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ) th (3) e�nai arnhtik� orismèno2, tìte to (x

(0)
1 , x

(0)
2 , . . . , x

(0)
n )e�nai shme�o topikoÔ meg�stou gia thn f(x1, x2, . . . , xn) me mègisth tim  thn

f(x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ).

• An o H(x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ) th (3) e�nai aìristo, tìte h f(x1, x2, . . . , xn) denèqei akrìtato.Ti mègiste   el�qiste timè th sun�rthsh ti upolog�zoume k�nonta antikat�-stash se aut n to kr�simo shme�o.Prìtash 2 'Estw mia sun�rthsh f(x, y) orismènh sto D ⊆ R

2 me merikè para-g ģou deÔterh t�xh suneqe�, to kr�simo shme�o (x0, y0) ∈ D pou ikanopoie� thn(2) kai h posìthta
∆ = detH = fxx(x0, y0)fyy(x0, y0) − f 2

xy(x0, y0). (4)
• An ∆ > 0 kai fxx(x0, y0) > 0, tìte to (x0, y0) e�nai shme�o topikoÔ elaq�stou.
• An ∆ > 0 kai fxx(x0, y0) < 0, tìte to (x0, y0) e�nai shme�o topikoÔ meg�stou.
• An ∆ < 0, tìte to (x0, y0) e�nai shme�o s�gmato   sagmatikì shme�o.
• An ∆ = 0 den mporoÔme na apofanjoÔme gia to akrìtato th sun�rthsh.Ti mègiste   el�qiste timè th sun�rthsh ti upolog�zoume k�nonta antikat�-stash se aut n to kr�simo shme�o.1d1 = fx1x1

(x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ) > 0, d2 = detH2 > 0, d3 = detH3 > 0, ....2d1 = fx1x1

(x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ) < 0, d2 = detH2 > 0, d3 = detH3 < 0, ....4



Orismì 6 'Estw mia paragwg�simh sun�rthsh f(x1, x2, . . . , xn) sto D ⊆ R
n kaièstw oi sunart sei-periorismo�

gj = gj((x1, x2, . . . , xn) gia j = 1, 2, . . . ,m me m < n.W sun�rthsh Lagrange or�zetai h sun�rthsh
F (x1, x2, . . . , xn, λ1, λ2, . . . , λm) = f(x1, x2, . . . , xn) +

m
∑

j=1

λjgj(x1, x2, . . . , xn) (5)kai oi suntelestè twn sunart sewn-periorism¸n λ1, λ2, . . . , λm ∈ R onom�zontaipollaplasiastè Lagrange.Se k�je sun�rthsh Lagrange antistoiqe� èna summetrikì p�naka n × n,

H(F ) =













Fx1x1
(x1, x2, . . . , xn, λ1, . . . , λm) Fx1x2

(x1, x2, . . . , λm) . . . Fx1xn
(x1, x2, . . . , λm)

Fx1x2
(x1, x2, . . . , xn, λ1, . . . , λm) Fx2x2
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(x1, x2, . . . , λm)... ...

Fx1xn
(x1, x2, . . . , xn, λ1, . . . , λm) Fx2xn

(x1, x2, . . . , λm) . . . Fxnxn
(x1, x2, . . . , λm)













(6)èna m × n p�naka
G =



















∂g1(x1,x2,...,xn)
∂x1

∂g1(x1,x2,...,xn)
∂x2

. . . ∂g1(x1,x2,...,xn)
∂xn

∂g2(x1,x2,...,xn)
∂x1

∂g2(x1,x2,...,xn)
∂x2

. . . ∂g2(x1,x2,...,xn)
∂xn... ...

∂gm(x1,x2,...,xn)
∂x1

∂gm(x1,x2,...,xn)
∂x2

. . . ∂gm(x1,x2,...,xn)
∂xn



















(7)
kai èna (n + m) × (n + m) p�naka

D(x1, x2, . . . , xn, λ1, . . . , λm) =

[

H(F ) GT

G O

] (8)ìpou H(F ) e�nai o p�naka sthn (6), G e�nai o p�naka sthn (7) kai me GT shmei¸-netai o an�strofo tou G.JewroÔme ti or�zouse
D1, D2, D3, . . .ìpou D1 = detD(x1, x2, . . . , xn, λ1, . . . , λm)

D2 e�nai h or�zousa tou p�naka pou prokÔptei apì ton p�naka sthn (8), an diagr�-youme apì autìn thn pr¸th gramm  kai thn pr¸th st lh.
D3 e�nai h or�zousa tou p�naka pou prokÔptei apì ton p�naka sthn (8), an diagr�-youme apì autìn ti dÔo pr¸te grammè kai ti dÔo pr¸te st le, k.o.k..5



Prìtash 3 'Estw mia sun�rthsh f(x1, x2, . . . , xn) orismènh sto D ⊆ R
n me me-rikè parag ģou deÔterh t�xh suneqe�, èstw oi sunart sei-periorismo�

gj = gj(x1, x2, . . . , xn) = 0 gia j = 1, 2, . . . ,m me m < nna e�nai suneqe� sunart sei kai na èqoun merikè parag ģou pr¸th t�xh su-neqe� kai F (x1, x2, . . . , xn, λ1, λ2, . . . , λm) h ant�stoiqh sun�rthsh Lagrange ìpwor�sthke sthn (5). 'Estw to kr�simo shme�o (x
(0)
1 , x

(0)
2 , . . . , x

(0)
n , λ

(0)
1 , . . . , λ

(0)
m ) th

F (x1, x2, . . . , xn, λ1, λ2, . . . , λm) pou e�nai h lÔsh tou sust mato
∂F (x1, . . . , xn, λ1, . . . , λm)

∂xi

= 0

∂F (x1, . . . , xn, λ1, . . . , λm)

∂λj

= gj = 0gia k�je i = 1, 2, . . . , n kai j = 1, . . . ,m. 'Estw oi or�zouse Dk, k = 1, 2, . . . , n−mupologismène sto shme�o (x
(0)
1 , x

(0)
2 , . . . , x

(0)
n , λ

(0)
1 , . . . , λ

(0)
m ). Tìte isqÔoun :1. To shme�o (x

(0)
1 , x

(0)
2 , . . . , x

(0)
n ) e�nai shme�o topikoÔ elaq�stou gia th sun�rthsh

f(x1, x2, . . . , xn) me tou periorismoÔ gj(x1, x2, . . . , xn) = 0, ìtan isqÔei ènaapì ta epìmena:
i) m �rtio kai Dk > 0, gia k�je k = 1, 2, . . . , n − m.

ii) m perittì kai Dk < 0, gia k�je k = 1, 2, . . . , n − m.2. To shme�o (x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ) e�nai shme�o topikoÔ meg�stou gia th sun�rthsh

f(x1, x2, . . . , xn) me tou periorismoÔ gj(x1, x2, . . . , xn) = 0, ìtan isqÔei ènaapì ta epìmena:
i) n �rtio kai (−1)kDk < 0, gia k�je k = 1, 2, . . . , n − m.

ii) n perittì kai (−1)kDk > 0, gia k�je k = 1, 2, . . . , n − m.Ti mègiste   el�qiste timè th sun�rthsh ti upolog�zoume k�nonta antikat�-stash sthn f(x1, x2, . . . , xn) to shme�o (x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ).Orismì 7 'Estw mia suneq  sun�rthsh f(x, y) sto D ⊆ R

2. To
∫

D

∫

f(x, y)dxdyonom�zetai diplì olokl rwma th f(x, y) sto qwr�o D.An h f(x, y) ≥ 0 gia k�je (x, y) ∈ D, tìte to stereì to opo�o perib�lletai apì6



thn epif�neia me ex�swsh z = f(x, y), to sÔnolo D kai thn kulindrik  epif�neiapou èqei b�sh to sÔnoro tou D kai kÔrio �xona par�llhlo pro ton �xona Oz, èqeiìgko o opo�o upolog�zetai apì
V =

∫

D

∫

f(x, y)dxdy.Sthn per�ptwsh pou f(x, y) = 1, tìte
E(D) =

∫

D

∫

dxdy =

∫

D

∫

dydx.Prìtash 4 ( probol  tou qwr�ou ston �xona xx′) 'Estw mia sun�rthsh f(x, y)orismènh sto D ⊆ R
2 oloklhr¸simh, to de qwr�o D mpore� na perigrafe� apì dÔosuneqe� kampÔle f1 : [a, b] → R kai f2 : [a, b] → R me f1(x) ≤ f2(x) gia k�je

x ∈ [a, b]. Tìte
∫

D

∫

f(x, y)dxdy =

∫ b

a

∫ f2(x)

f1(x)

f(x, y)dydx.(probol  tou qwr�ou ston �xona yy′) 'Estw mia sun�rthsh f(x, y) orismènhsto D ⊆ R
2, oloklhr¸simh, to de qwr�o D mpore� na perigrafe� apì dÔo suneqe�kampÔle g1(y) ≤ g2(y) gia k�je y ∈ [c, d]. Tìte

∫

D

∫

f(x, y)dxdy =

∫ d

c

∫ g2(y)

g1(y)

f(x, y)dxdy.'Otan f(x, y) = 1, gia x ∈ [a, b]   y ∈ [c, d] èqoume ant�stoiqa
E(D) =

∫

D

∫

dxdy =

∫ b

a

∫ f2(x)

f1(x)

dydx =

∫ d

c

∫ g2(y)

g1(y)

dxdy.

ASKHSH 1η Na upologisjoÔn an up�rqoun kai na qarakthrisjoÔn taakrìtata th sun�rthsh
f(x1, x2, x3) = 4x2

1 + 4x2
2 + 2x2

3 + 4x1x2 + 2x1x3 − 2x2x3 + 5.LUSH Pr¸ta upolog�zoume ta kr�sima shme�a th sun�rthsh, an up�rqoun,sÔmfwna me th (2), sth sunèqeia gia kajèna apì aut� efarmìzoume thn Prìtash 1,7



axiopoi¸nta thn oristikìthta tou Hessian p�naka th (3). Ta kr�sima shme�a e�naih lÔsh tou sust mato
∂ f(x1, x2, x3)

∂ x1

= 0 ⇒ 8x1 + 4x2 + 2x3 = 0

∂ f(x1, x2, x3)

∂ x2

= 0 ⇒ 4x1 + 8x2 − 2x3 = 0

∂ f(x1, x2, x3)

∂ x3

= 0 ⇒ 2x1 − 2x2 + 4x3 = 0pou e�nai A ≡ (x
(0)
1 , x

(0)
2 , x

(0)
3 ) = (0, 0, 0). Sth sunèqeia, upolog�zoume ti merikèparag¸gou deÔterh t�xh pou e�nai

fx1x1
(x1, x2, x3) = 8, fx2x2

(x1, x2, x3) = 8, fx3x3
(x1, x2, x3) = 4

fx1x2
(x1, x2, x3) = 4, fx1x3

(x1, x2, x3) = 2, fx2x3
(x1, x2, x3) = −2kaj¸ kai ton p�naka

H(0, 0, 0) =









fx1x1
(0, 0, 0) fx1x2

(0, 0, 0) fx1x3
(0, 0, 0)

fx1x2
(0, 0, 0) fx2x2

(0, 0, 0) fx2x3
(0, 0, 0)

fx1x3
(0, 0, 0) fx2x3

(0, 0, 0) fx3x3
(0, 0, 0)









=









8 4 2

4 8 −2

2 −2 4







O p�naka H(0, 0, 0) e�nai jetik� orismèno epeid 
d1 = fx1x1

(0, 0, 0) = 8 > 0, d2 = det

[

8 4

4 8

]

= 48 > 0 kai d3 = detH(0, 0, 0) = 96 > 0.'Ara, sto A(0, 0, 0) up�rqei topikì el�qisto, me el�qisth tim  th sun�rthsh e�nai
f(0, 0, 0) = 5.ASKHSH 2η Na upologisjoÔn an up�rqoun kai na qarakthrisjoÔn taakrìtata twn sunart sewn

i) f(x, y) = x4 − y4 − 2x2 + 4y − 1,

ii) f(x, y) = x4 + y4 − 4xy + 5,

iii) f(x, y) = x3 + y3 − 3(x2 + y2) + 9.LUSH Pr¸ta upolog�zoume ta kr�sima shme�a th sun�rthsh, an up�rqoun,sÔmfwna me th (2), sth sunèqeia gia kajèna apì aut� efarmìzoume thn Prìtash 2,8



axiopoi¸nta to prìshmo th (4).
i) Ta kr�sima shme�a e�nai h lÔsh tou sust mato

∂ f(x, y)

∂ x
= 0 ⇒ 4x3 − 4x = 0 ⇒ x = 0,   x = −1,   x = 1

∂ f(x, y)

∂ y
= 0 ⇒ −4y3 + 4 = 0 ⇒ y = 1dhl. ta kr�sima shme�a e�nai ta A ≡ (x0, y0) = (0 , 1) B ≡ (x0, y0) = (−1 , 1) kai

Γ ≡ (x0, y0) = (1 , 1). Upolog�zoume ti merikè parag¸gou deÔterh t�xh poue�nai
∂2 f(x, y)

∂ x2
= fxx(x, y) = 12x2 − 4,

∂2 f(x, y)

∂ y2
= fyy(x, y) = −12y2,

∂2 f(x, y)

∂ x ∂ y
= fxy(x, y) = 0kaj¸ kai thn posìthta ∆ = fxx(x0, y0)fyy(x0, y0) − f 2

xy(x0, y0) = 12y2
0(4 − 12x2

0)gia ìla ta parap�nw kr�sima shme�a (x0, y0). 'Etsi, gia to A(0, 1) èqoume shme�otopikoÔ meg�stou, afoÔ ∆ = 12 · 4 > 0 kai fxx(0, 1) = −4 < 0, gia to B(−1, 1)èqoume sagmatikì shme�o, afoÔ ∆ = 12 · (−8) < 0 kai gia to Γ(1, 1) èqoume ep�shsagmatikì shme�o, afoÔ ∆ = 12 · (−8) < 0 .
ii) Ta kr�sima shme�a e�nai h lÔsh tou sust mato

∂ f(x, y)

∂ x
= 0 ⇒ 4x3 − 4y = 0 ⇒ y = x3 (*)

∂ f(x, y)

∂ y
= 0 ⇒ 4y3 − 4x = 0 apì (*) ⇒ (x3)3 − x = 0 ⇒ x9 − x = 0

⇒ x(x8 − 1) = 0 ⇒ x = 0,   x = −1,   x = 1kai me antikat�stash twn x sthn (*) br�skoume ta ant�stoiqa y , ètsi ta kr�simashme�a e�nai ta A ≡ (x0, y0) = (0 , 0) B ≡ (x0, y0) = (−1 , −1) kai Γ ≡ (x0, y0) =

(1 , 1). Upolog�zoume ti merikè parag¸gou deÔterh t�xh pou e�nai
∂2 f(x, y)

∂ x2
= fxx(x, y) = 12x2,

∂2 f(x, y)

∂ y2
= fyy(x, y) = 12y2,

∂2 f(x, y)

∂ x ∂ y
= fxy(x, y) = −4kaj¸ kai thn posìthta ∆ = fxx(x0, y0)fyy(x0, y0)− f 2

xy(x0, y0) = 144x2
0y

2
0 − 16 giaìla ta parap�nw kr�sima shme�a (x0, y0). 'Etsi, gia to A(0, 0) èqoume sagmatikìshme�o, afoÔ ∆ = −16 < 0, gia to B(−1,−1) èqoume shme�o topikoÔ elaq�stou,afoÔ ∆ = 144−16 > 0 kai fxx(−1,−1) = 12 > 0, kai gia to Γ(1, 1) èqoume ep�sh9



shme�o topikoÔ elaq�stou, afoÔ ∆ = 144 − 16 > 0 kai fxx(1, 1) = 12 > 0.

iii) Ta kr�sima shme�a e�nai h lÔsh tou sust mato
∂ f(x, y)

∂ x
= 0 ⇒ 3x2 − 6x = 0 ⇒ x = 0   x = 2

∂ f(x, y)

∂ y
= 0 ⇒ 3y2 − 6y = 0 ⇒ y = 0   y = 2epomènw e�nai ìloi oi dunato� sunduasmo� pou prokÔptoun apì ti lÔsei tou sust -mato dhl. ta shme�a A ≡ (x0, y0) = (0 , 0), B ≡ (x0, y0) = (0 , 2), Γ ≡ (x0, y0) =

(2 , 0) kai E ≡ (x0, y0) = (2 , 2). Upolog�zoume ti merikè parag¸gou deÔterht�xh pou e�nai
∂2 f(x, y)

∂ x2
= fxx(x, y) = 6x − 6,

∂2 f(x, y)

∂ y2
= fyy(x, y) = 6y − 6,

∂2 f(x, y)

∂ x ∂ y
= fxy(x, y) = 0kaj¸ kai thn posìthta ∆ = fxx(x0, y0)fyy(x0, y0)−f 2

xy(x0, y0) = 36(x0−1)(y0−1)gia ìla ta parap�nw kr�sima shme�a (x0, y0). 'Etsi, gia to A(0, 0) èqoume shme�-o topikoÔ meg�stou, afoÔ ∆ = 36(−1)(−1) > 0 kai fxx(0, 0) = −6 < 0, gia to
B(0, 2) èqoume sagmatikì shme�o, afoÔ ∆ = 36 ·(−1) ·1 < 0, gia to Γ(2, 0) èqoumesagmatikì shme�o, afoÔ ∆ = 36 ·1 · (−1) < 0. Tèlo, gia to E(2, 2) èqoume shme�otopikoÔ elaq�stou, afoÔ ∆ = 36 · 1 · 1 > 0 kai fxx(2, 2) = 6 > 0.ASKHSH 3η Na upologisjoÔn an up�rqoun kai na qarakthrisjoÔn taakrìtata twn sunart sewn
i) f(x, y, z) = −x2 − y2 − z2 + 12x + 12y + 9z + 10, ìtan x + y + z = 0

ii) f(x, y, z) = x2+y2+z2−2x−2y−2z+3, ìtan x+y+z = 12, 2x−y−z = 6LUSH Pr¸ta kataskeu�zoume th sun�rthsh Lagrange sÔmfwna me th (5) giak�je m�a apì ti parap�nw sunart sei kai tou ant�stoiqou periorismoÔ th. Sthsunèqeia, upolog�zontai ta kr�sima shme�a twn sunart sewn Lagrange, an up�rqoun,kataskeu�zontai oi p�nake (6)-(8) kai efarmìzetai h Prìtash 3.
i) 'Estw g1(x, y, z) = x + y + z. H sun�rthsh Lagrange e�nai
F (x, y, z, λ1) = f(x, y, z)+λ1g1(x, y, z) = −x2−y2−z2+12x+12y+9z+10+λ1(x+y+z)10



To kr�simo shme�o th F (x, y, z, λ1) br�sketai apì th lÔsh tou sust mato
∂ F (x, y, z, λ1)

∂ x
= 0 ⇒ −2x + 12 + λ1 = 0

∂ F (x, y, z, λ1)

∂ y
= 0 ⇒ −2y + 12 + λ1 = 0

∂ F (x, y, z, λ1)

∂ z
= 0 ⇒ −2z + 9 + λ1 = 0

∂ F (x, y, z, λ1)

∂ λ1

= 0 ⇒ x + y + z = 0pou e�nai : (x0, y0, z0, λ1) = ( 1
2

, 1
2
, −1, −11)SÔmfwna me tou tÔpou (6)-(8) kataskeu�zoume tou p�nake

H(F ) =









Fxx(x, y, z, λ1) Fxy(x, y, z, λ1) Fxz(x, y, z, λ1)

Fxy(x, y, z, λ1) Fyy(x, y, z, λ1) Fyz(x, y, z, λ1)

Fxz(x, y, z, λ1) Fyz(x, y, z, λ1) Fzz(x, y, z, λ1)









=









−2 0 0

0 −2 0

0 0 −2









G =
[

∂g1(x,y,z)
∂x

∂g1(x,y,z)
∂y

∂g1(x,y,z)
∂z

]

=
[

1 1 1
]

D(
1

2
,

1

2
, −1, −11) =

[

H(F ) GT

G O

]

=













−2 0 0 1

0 −2 0 1

0 0 −2 1

1 1 1 0











Epeid  n = 3 kai m = 1 sumpera�noume ìti k = n − m = 2, �ra qrei�zetai naupologisjoÔn oi or�zouse D1, D2 gia ti opo�e br�skoume ìti:
D1 = detD(

1

2
,

1

2
, −1, −11) = −12 kai D2 = det









−2 0 1

0 −2 1

1 1 0









= 4Epeid  (−1)D1 > 0, (−1)2D2 > 0, sÔmfwna me thn Prìtash 3 per�ptwsh 2-upoper�ptwsh ii) h sun�rthsh f(x, y, z) parousi�zei topikì mègisto sto shme�o
( 1

2
, 1

2
, −1).

ii) 'Estw g1(x, y, z) = x + y + z − 12, g2(x, y, z) = 2x− y − z − 6. H sun�rthsh
Lagrange e�nai
F (x, y, z, λ1, λ2) = f(x, y, z) + λ1g1(x, y, z) + λ2g2(x, y, z)

= x2 + y2 + z2 − 2x − 2y − 2z + 3 + λ1(x + y + z − 12) + λ2(2x − y − z − 6)11



To kr�simo shme�o th F (x, y, z, λ1, λ2) br�sketai apì th lÔsh tou sust mato
∂ F (x, y, z, λ1, λ2)

∂ x
= 0 ⇒ 2x − 2 + λ1 + 2λ2 = 0

∂ F (x, y, z, λ1, λ2)

∂ y
= 0 ⇒ 2y − 2 + λ1 − λ2 = 0

∂ F (x, y, z, λ1, λ2)

∂ z
= 0 ⇒ 2z − 2 + λ1 − λ2 = 0

∂ F (x, y, z, λ1, λ2)

∂ λ1

= 0 ⇒ x + y + z − 12 = 0

∂ F (x, y, z, λ1, λ2)

∂ λ2

= 0 ⇒ 2x − y − z − 6 = 0pou e�nai : (x0, y0, z0, λ1, λ2) = (6, 3, 3, −6, −2)SÔmfwna me tou tÔpou (6)-(8) kataskeu�zoume tou p�nake
H(F ) =









Fxx(x, y, z, λ1, λ2) Fxy(x, y, z, λ1, λ2) Fxz(x, y, z, λ1, λ2)

Fxy(x, y, z, λ1, λ2) Fyy(x, y, z, λ1, λ2) Fyz(x, y, z, λ1, λ2)

Fxz(x, y, z, λ1, λ2) Fyz(x, y, z, λ1, λ2) Fzz(x, y, z, λ1, λ2)









=









2 0 0

0 2 0

0 0 2









G =

[

∂g1(x,y,z)
∂x

∂g1(x,y,z)
∂y

∂g1(x,y,z)
∂z

∂g2(x,y,z)
∂x

∂g2(x,y,z)
∂y

∂g2(x,y,z)
∂z

]

=

[

1 1 1

2 −1 −1

]

D(6, 3, 3, −6, −2) =

[

H(F ) GT

G O

]

=



















2 0 0 1 2

0 2 0 1 −1

0 0 2 1 −1

1 1 1 0 0

2 −1 −1 0 0

















Epeid  n = 3 kai m = 2 sumpera�noume ìti k = n − m = 1, �ra qrei�zetai naupologisje� h or�zousa D1, pou isoÔtai me D1 = detD(6, 3, 3, −6, −2) = 36. E-peid  D1 > 0, sÔmfwna me thn Prìtash 3 per�ptwsh 1-upoper�ptwsh i) h sun�rthsh
f(x, y, z) parousi�zei topikì el�qisto sto shme�o (x0, y0, z0) = (6, 3, 3).ASKHSH 4η Na upologisje� to olokl rwma I =

∫

D

∫

(x3 − x y)dxdy ì-pou to qwr�o D perigr�fetai w to sÔnolo D = { ( x , y ) ∈ R
2 : x ≥ 0 , 1

2
≤

y ≤ x , y ≥ x2 }.LUSH Apì to sq ma fa�netai pw e�nai protim¸tero na upolog�soume to olo-12
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−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

O 

B 

A 

K 

kl rwma prob�llonta autì ston �xona yy′. LÔnonta to sÔsthma twn exis¸sewn
y = x kai y = x2 br�skoume ta shme�a tom  A(1 , 1) kai O(0 , 0) ìmoia apì tosÔsthma y = 1

2
kai y = x br�skoume to shme�o tom  tou B( 1

2
, 1

2
), tèlo apìth lÔsh tou sust mato y = 1

2
kai y = x2 upolog�zoume to shme�o K(

√
2

2
, 1

2
) ,endiaferìmaste mìno gia ti suntetagmène tou K, giat� x ≥ 0 . 'Etsi èqoume giato olokl rwma

I =

∫ 1

1/2

∫ x=
√

y

x=y

(x3 − xy) dxdy =

∫ 1

1/2

[

x4

4
−

x2y

2

]x=
√

y

x=y

dy

=

∫ 1

1/2

(

y2 − y4

4
−

y2 − y3

2

)

dy =

∫ 1

1/2

−y4 + 2y3 − y2

4
dy

=
1

4

(

−
y5

5
+

y4

2
−

y3

3

)1

1/2

=
1

4

(

−
1 − (1/2)5

5
+

1 − (1/2)4

2
−

1 − (1/2)3

3

)

=
−1

240
.ASKHSH 5η Na upologisje� to olokl rwma I =

∫

D

∫

(x + y) dxdy, ìpouto qwr�o D perigr�fetai w to sÔnolo D = { ( x , y ) ∈ R
2 : x ≥ 1, −2x ≤

y ≤ −x2 }.LUSH Apì to sq ma fa�netai pw e�nai protim¸tero na upolog�soume to olo-kl rwma prob�llonta autì ston �xona xx′. LÔnonta to sÔsthma twn exis¸sewn
y = −2x kai y = −x2 br�skoume ta shme�a tom  A(2 , −4) kai O(0 , 0) ìmoia apìto sÔsthma x = 1 kai y = −2x br�skoume to shme�o tom  B(1 , −2 ), tèlo apìth lÔsh tou sust mato x = 1 kai y = −x2 upolog�zoume to shme�o K(1 , −1) .
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'Etsi èqoume gia to olokl rwma
I =

∫ 2

1

∫ y=−x2

y=−2x

(x + y) dydx =

∫ 2

1

[

xy +
y2

2

]y=−x2

y=−2x

dx

=

∫ 2

1

(

x(−x2 + 2x ) +
(−x2)2 − (−2x)

2

2

)

dx =

∫ 2

1

(

−x3 +
x4

2

)

dx

=

(

−
x4

4
+

x5

10

)2

1

= −
24 − 14

4
+

25 − 15

10
= −

15

4
+

31

10
= −

13

20
.ASKHSH 6η Na upologisje� to olokl rwma I =

∫

D

∫

(6 x y) dxdy ìpouto qwr�o D perikle�etai an�mesa sti kampÔle yx = 1, yx = 3, y = x2 kai
y = 5x2 .LUSH Epeid  up�rqei summetr�a sti kampÔle de qrei�zetai sq ma, kai h�skhsh aplopoie�tai an jèsoume

u = yx kai v =
y

x2
. (9)O metasqhmatismì, mèsw th Iakwbian  or�zousa (1) d�nei

∂(u, v)

∂(x, y)
=

∣

∣

∣

∣

∣

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

y x
−2y
x3

1
x2

∣

∣

∣

∣

∣

⇒
du dv

dx dy
=

3y

x2
=⇒ dxdy =

du dv

3v
. (10)Metasqhmat�zonta kai to qwr�o D w pro ti nèe metablhtè u, v ja èqoume taìria tou u na kuma�nontai apì 1 èw 3, kai tou v apì 1 èw 5, to de olokl rwma

14



upolog�zetai k�nonta antikat�stash apì (9) kai (10)
I =

∫ 5

1

∫ 3

1

6u
dudv

3v
=

∫ 5

1

1

v

∫ 3

1

2u dudv =

∫ 5

1

1

v

[

u2
]u=3

u=1
dv

= 8

∫ 5

1

1

v
dv = 8 [ ln |v| ]v=5

v=1 = 8 ln 5.
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PROTEINOMENES ASKHSEIS
1i) Na upologisjoÔn kai na qarakthrisjoÔn, ta akrìtata th sun�rthsh
f(x, y) = 2x2 + 4y2 − (x − y)2.

1ii) Na upologisje� to olokl rwma I =

∫

D

∫

[f(x, y) − 2x2 − 4y2] dxdy ìpou
D to qwr�o D = { (x, y) ∈ R

2 : x + 1 ≤ y ≤ −x + 3, y ≥ x2 + 1 }.

2i) Na upologisjoÔn kai na qarakthrisjoÔn, ta akrìtata th sun�rthsh
f(x, y) = x3 + y3 − 3(x + y).

2ii)Na upologisje� to olokl rwma I =

∫

D

∫

[f(x, y) − x3 − y3 + 3(x + y + xy)] dxdyìpou to qwr�o D perikle�etai an�mesa sti kampÔle xy = 2, xy = 4, y = x2, y =

4x2.

3i) Na upologisjoÔn kai na qarakthrisjoÔn, ta akrìtata th sun�rthsh
f(x, y) = x2 + y2 − xy.

3ii) Na upologisje� to olokl rwma I =

∫

D

∫

[f(x, y) − x2 − y2 + 5xy] dxdyìpou D to qwr�o D = { (x, y) ∈ R
2 : 1 ≤ y ≤ 3, 1+x2 ≤ y ≤ 2x2+1, x ≤ 0 }.

4i) Na upologisjoÔn kai na qarakthrisjoÔn, ta akrìtata th sun�rthsh
f(x, y) = x2 + y2 − 2xy + 4.

4ii) Na upologisje� to olokl rwma I =

∫

D

∫

[f(x, y) − 2y2 + 2xy − 4] dxdyìpou to qwr�o D perikle�etai an�mesa sti kampÔle x2 +y2 = 1, x2 +y2 = 4, y =
2
x
, y = 4

x
.

5i) Na upologisjoÔn kai na qarakthrisjoÔn, ta akrìtata th sun�rthsh
f(x, y) = x4 + y4 − xy.

5ii) Na upologisje� to olokl rwma I =

∫

D

∫

[f(x, y) − x4 − y4 + 2xy] dxdyìpou to qwr�o D perikle�etai apì ti grammè y2 = 9x, y = −3x2 .

6i) Na upologisjoÔn kai na qarakthrisjoÔn, ta akrìtata th sun�rthsh
f(x, y) = x3 + y3 − 3(x2 + y2).

6ii)Na upologisje� to olokl rwma I =

∫

D

∫

[f(x, y) − x3 − y3 + 6(x2 + y2 − xy)] dxdyìpou to qwr�o D perikle�etai an�mesa sti kampÔle x2 − y2 = 1, x2 − y2 = 9,

y = x, y = x + 1.

7) Na upologisjoÔn kai na qarakthrisjoÔn, ta akrìtata th sun�rthsh
f(x, y) = x2 + 4xy − (x − y)2 + 3x2y.
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