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Kepaiaro 9
TETPATQNIKEX MOP®EZX

9.1 Baowoi Opwopoi

Opwopog 9.1
Mia ameicovion R > R ue
q(x) = a11X12 + 2a12X1X2 + 2a13X1X3 +eeet 2a1nX1Xn
+ 8, X5 +28,,X, X, + -+ + 28, X, X,
FaX + e+ 28, XX,
W )

+a X

nn°'n

Za X2 +2) a XX (9-1)

i<j

t ’
X,) €R™  ovoudlero

omov g, eR we 1<j=12,..,n Ko X:(X1 X,
reTpaywvikl popor tov R".

o mopéderypo M omewdvion 0y (X) =X +8XX, +12XX, +4X; +4X,X, eivon
TeTpoyoviKy popen tov R®, emiong n 0, (X)=2x" —4xX, —4x; eivor TeTpayoviky
popen tov R?, evd n q(x)=2x; —4x,X, —4X; +3X, Sev eivar teTpaywviky poper,
emedn mepLE el Tov 6po 3X, .

Onwg ko oto TTapddetypa 1.11, av OeopnioovpE TOV TPAYUATIKO GUUUETPIKO

TivoKao
&; 8, ... Ay
a oo a
A: a:12 22 N :2n ’ (92)
ain a2n ann
gvkolo emaAnfebovpe OTL M TETPAYOVIKY] HLOPON q Za“ : +22a., iXj NG

i<j

(9.1) woodvvapei pe ™ popen G(X)=x" AX, omov X=(X X, - X, )t eR™.
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Opopog 9.2
e k6 tetpayovieh popern 4R > R ue

q(x):zn:a"xi2+22aijxixj:x‘Ax, (9.3)
i=1

i<j
X e R™, avrioroiysl évag mpoyuatixdc oouuetpixoc nivaxas A= (aij ) eM, (R) , OwG

oty (9.2), T ov ovoualetal avrieTolyog TVeKaAS TS TETPOYWVIKNS LOPPHS ( ( X) .

O avtiotoyog mpaypatikdg GLUUETPIKOG Tivakas A= (aij) NG TETPUYMVIKNG LOPONG
q(x) omv (9.1), mpokdmtel pe Tov €ENG AmAd UVNHOVIKO KavOva: To ototyeio a; g
Stoymviov Tov A givar 0 cuvIEAESTHG TOL X7, EVO TO oTOtKEl0 MOV PBpickeTar GTV
I —ypapun kot j—otAn (i< j) eivar 160 e TO HIGO TOV GLVTEAEGTH TOV YIVOUEVOD
XX -

‘Eto1, Yo T00 TOpadetyplato Tmv IponyouHEVOV TETPAYOVIKOV LOPPOV 01 0VTIGTOL(O0l

1 4 6
2 2
nivaxeg etvan A ={4 4 2| ko A, =( 5 4}, KOl Ol OVTIOTOUYEG TETPAYOVIKEG
6 2 0

popoés eivan g, (x)=x" A x, ,(x)=x"A, x.

Avtiotpoa, kdBe mpoyuatikdg cvppeTpikdg mivokag A€ Mn(R) opiler  pia

tetpoyoviky poper mv ¢ R™ >R pe q(x)=x"Ax, xeR™.

0 -2 3
Mo mapaderypa, av A=| -2 -1 1| and v (9.3) opileton n TETpAYOVIKT LOPOT|
3 1 5
0 -2 3\(x
q(x)=x"Ax=(x X X)|[-2 =1 1| %, |==X; +5X; —4XX, +6XX; +24%,X;.
3 1 5){x

3
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Opwopog 9.3
Mia tetpoyovikn uopeii o :R™ - R ue

q(x)=ax +a,x; +... +anxn2:2n:a“xf, (9.4)
i=1

omov &, eR ue i=12,...,n kax X eR"™ ovoudleton draydwvia tetpaywviki popes
oo R",

INo mopadetypa, av Bempnoovpe 10 daydvio mpayuatikd mivako A= diag (2,7),
vmoloyilovtag Vv aviiotoym  TETpAymVIKY  poper;  otov  R*  &yovps

q(x)=x"Ax=2x+7x;,n onola eivon Srydvia: popen.

H (9.4) eivon o ékppoon amiovotepn g (9.3), 010TL and avtiv amovsidlovv ot

OpOL LLE TO YIVOLEVO TV OLOPOPETIKAOV PETARANTOV.

Amo 10 Poopotikd Bedpnuo (Ipodtaon 8.14) kot o oxdAl0 TOL AKOAOVOOVGAV TO

Beopnua  ovtd, Topatnproope OTL Yoo KAOE TPAYUOTIKO CULUUETPIKO TivaKo
AeM, (]R) vrapyel opboyaviog nivaxkag Pe M | (]R) He OTHAESG TO 131031VOGHLOTOL
o0 A, 1o Tov onofo wyder P'AP =diag (A, 4,,...,4,), (*) 6mov 4 €R givor ot

wotwés tov A . Emedn o avrtiotoyyog mivokag NG TETPOYOVIKNG  HOPONG

q(x)=x"Ax eivor mpaypoticodg ovppetpikds (Opiopd 9.2), o A dayovoroeital
pnéow opBoymviov mivaka PeM, (R) ko av 6écovpe
Xx=Py (9.5)
yokdbe XxeR™ ko y=(y, Y, ... VY, )t e R™ mporvntet :
a(x)=x"'Ax=(Py) A(Py)= y‘(P‘AP) y
(;)y‘ diag (A, Apsees Ay )Y = AYE + A5+ + A, Ys
‘Etol and v q(x), epapuoloviag aAlayn HETAPANTOV OT®G TEPLYPAPETOL GTNV

(9.5), mpokdmTEL 1oL OTAOTOMNUEVT] TETPOYDVIKT LOPPT q(y), OTOTEAEGILO TO OTO10

OLOTLIOVETOL TNV EXOUEV TPOTAOT).
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IIpoéTaon 9.1

Eotw q ( X) =x'AX uia TETPOYOVIKY]  LOPPH 700 R"
X=(X X - X )t eR™  ku AeM (R) évac ovuuetpikéc mivaxas
AeM (R) . Eotw PeM,(R) opboyidvios mivakas tétoios — dote

P'AP = diag (/11/1 ,...,Zn), yia kabe 1=1,2,...,n, omov A €R eivar o1 1010T116¢
o0 mivaxe A ( vmoloyiouévng s adyefpikns moilamiotntas tovg). Av n
TETPAYOVIKI] UOPPY EKPPOOTEL OG TPOG TS VEES UETAPANTES Yy, Y,,..., Y, WOV
TPoKOTTOLY Ao ™V aAlayn petofintov X=Py, Yy :(yl Y, Y, )t eR™,

TOTE 1 OLOYWDOVIO TETPOYOVIKI LOPPH ELVal

Q(y) =AY + Ay + +A4Y2. (9.6)

o my tetpayovik poper q(X)=x —8xx,—5x; 100  R* o avrictoyog

GUUUETPIKOG TtivaKag stval A = ( 4 5

], o omotog €xeL wWoTég A, =—7 ko 4, =3.

Tomy 4, ==7, 0 Wwympog givon V (=7) = {Xl(l 2)t X € ]R} Ko yioo v A, =3

0 avtictorog Wympog eivar V (3) = {XZ (-2 1)t X, € ]R} . Ene1dn o1 181otipég tov

GUUUETPIKOV Tivoka A givol SlokeKpPUEVES, Ta 101001vOGHaTo gival avd dvo kdbetTa
(ITp6taom 7.11), Gpa o opBoydviog mivokag mov HIopel VO KOTOOKEVAOTEL, €lval

aVTOC TOV TPOKVTTEL av BEcoVE MG GTAAEG TOL 1010010vioHATO TOV A, 0oV £Yovpe
A
V5 /B
2
VA

opBoydviog mivakag P eivon avtictpéyipog pe Pt = P'. Me v adllayn petofantodv

dwpécel to Kabéva pe to puétpo tov, dniadn P = . IIpogoavag o

omwg oy (9.5) &ovue L[l =2 1 TETpayOVIKY popef q(X) petd
‘ x,) 5\2 1)\y,)

oo TPAEEIS LETATPETETOL GTNV OVTIGTOLYN OLyMVLK TOL Eivo

-7
q(x)=x"Ax=y' P'APy= yt( 0 OJy=—7yf+3y§-

3
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Mopatypnon 9.2 e Kabe TETPOYOVIKY HLOPON q(x)z x' AX tov R" dev vrépyet

HOVO o JloydVvio TETPOYOVIKN HOPPN, €MEWN avt) eEaptdtor amd 1O 7TOG

kataokevdletor o mivakag P . Tlpdypartt, 6o propodoope va vToroyicovpe pio GAAN

Swrydvia popen g mponyovpevng TeTpayevikig popehg  g(X)=X; —8xX, —5x;

2 _
tov R?, av ypnoipomolovcaps tov mivake P :(4 ZJ . Evkoha emainBevovpe

. t,
onye y=(y, Y,) &xovue

t t pt t 2 4 1 -4)y2 -4 2 2
q(x)=x"Ax=y P'APy=y 4 ollea slla y =-140y; + 60y, ,

ONAadn 1 Stydvia LOpeN, TOL TPOKVITEL, OV EXEL WG GUVIEAECTES TIG OIOTIUES TOV
nivoka A ko ovtd yuri o mivakoag P mov emdéEope doev givon opBoymdviog ( Ta

SlovOoHOTa-GTAAEG OgV ivan povadiaia).

Opwopoc 9.4

Mo tetpaywvikn popen q ( X) oo R" ovoudlerou

o Ocstiid opiouévy av yia ké0e un undeviké X € R™ 1oyder q ( X) =x"'Ax>0

o Oetind nuiopicuévy av yia kéle un pndeviké X € R™ 1oyver q ( X) =x"'Ax>0

e apvyTikd opiouévy av yia kO un undeviké X € R™ 1oyder —q ( X) >0

o apvyTikd nuiopiouévy oy yio kGls un pndeviké X € R™ ioyder —q ( X) >0

®  aopIeTH OV OV 1GYDEL KOWULO OTTO TIG TPONYOVUEVES TEPITTWTELG.

ApPKETEG POPEC OL TOPOUTAVE YOPAUKINPIGUOL avaQEPOVTAL KOl ®G TPOCHUO NG

TETPOyOVIKNG Popehg G (X).

Mopaderypa 9.3

o H tetpoywvikn popon q(x) =4x} +3%; + X, tov R® givon Oetikd opiopévn, aeov
q(x)=4x2 +3x + X2 >0 yio k6fe pn pndeviké x=(x, X, %) .

o H q,(X)=x —6xX,+9%; +2x; 100 R® givan Betucd nuoptopévn, yuori éxet

t

LOPON qz(x):(xl—3xz)2+2xaz, omov Y X, =(3 1 0), 0,(%,)=0 ko 11t

KkaBe X =k X,, keR, égovpe qZ(X)>0.
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e H tetpayovikn popen G, (X) =X —2XX, +X; —X; tov R® eivar adpiom, yori av
Bicovpe X, =(x X X)) €R** épovpe G,(X,)<0 , evd av Bécovpe

t 31«
Xa:(x1 X, 0) e R™ &yovue q3(xa)20.

‘Evoc mpayuatikdg ovppuetpikods mivakag Aéyeton Oetikd opicuévog, OTOV M
avtioToyyn TETPOy®VIKN Hopen elvar Betikd opiopévn kot cvpPoirileton A>0 .
Avdroya opilovtor Kot ot vmOrowmeg £€vvoleg Kot VIOETOVVIOL Ol OVTIGTOLYOl

SLUPBOMGOL YO TOV TTPAYLOTIKO GUUUETPIKO Tivoka A.

-1 3 O

o moapdderypo, o ovpperpikdg mivakag A= 3 -9 0 | sivan apvnrikd
0 0 -2

NUWOPICUEVOG,  EMEWON 1 OVTIOTOYN  TETPOYOVIK  HOPON oo A ,

q(X) ==X +6x%, —9x; —2x; = —(x,—3X, )2 —2x2 <0 eivor apynTiKé NUIOPIGHE.
‘Eoto A évag mpaypotikOg GUUUETPIKOS TIVOKOG Kot q(x) =x"AX 1 avtictoyn
TETpayOVIK Hopei. Av 0 X € R™ sivar éva  18odiévoopa g Sotiunig A, tote
a7t TOV OPIGHO TOV 1O10TOGAOV EXOVUE
q(x):x‘Ax:x‘ﬂ.x:/1||x||2. (9.7)
Enmeidn 10 pétpo evog dtavdopatog givor Betikdg apBuodg, cdpeova pe v (9.7),

OVOUEVOVLE TO TPOGTLLO TNG TETPAYWOVIKNG LOPPONG VAL £XEL GYECT LE TO TPOGMLO TV

WO0TILAV TOV Tivako A . XYeTIKA 1oY0EL TO EMOUEVO UTOTEAEGLAL.

[potaon 9.4

Eotw AeM, (]R) &vag ovuuetpixog mivaxog. Tote o A eival

1) BOetid opiouévog (Muiopiougvog), av kor uovo oy 0Aeg ot 10LoTiuéS tov A eivai
Oetikés (un opvnTikég),

i) apvytikd opiouévog, av kot uévo av 64ec ot 101oTiuéG Tov A eivor apvnTIKéS,

Iil) adpiorog, av ka1 uovo av o mivakas A Exer tovddyiotov pio Getiy ki

TOVAGYIOTOV Ui OPVITIKH 1O1OTIUT].
AméoeiEn 1 i) Avo AeM, (]R) elvar Betikd opiopévog (MUOPIoUEVOS) TOTE Yo TV

avtictoym teTpayovicy popeh toxbdet q(x)>0, (q(x) > O) , Y k4Pe X eR™
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(Opiopdg 9.4), omdte kau yo X € R™ ¢ 18odiévoopo tov A avrtictoryo ¢
wBrotyng A oyve g(x) >0, (q (x)= 0) . Opwg omo (9.7) éxovpe kar q(X)= ﬂL”X”2 :
dpa pénet o A va givon Betikog (un apvntikdg) aptdpodg.

Avtiotpo@a, av 0Aec ot W10THEG Tov A glvar Beticéc (un apvntikég) omd v (9.6)
éyovpe OTL vdpyovy Y € R™, éto1 dote 1 TETpOyOVIK Hopen va sivan Storydvia,
Smadh,  q(y)=AY + Ay, + +A4,¥: >0 1 (q(y) > O) , OTMOTE O OVTIGTO(OG
mivaxkog A elvar Betikd opropévog (MUIOPIoUEVOQ).

i) H amddeién ompiletar 610 i) ko otov Opiopod 9.4 kot aprveTol og doknon.

i) H onodeién ompiletan oto mponyodueva epotuato kat otov Opiopd 9.4 kot

aQTVETOL MG AGKNOMN. A
1 -1 0

Mo mopdderypo, o ocvpperpikdc mivokag A=|-1 1 0 |, o omolog elvar o
0O 0 -1

avtictoyog  mivakag G TETPAYOVIKAG  poppng Oy (X) =X —2XX, +X; — X;

(Hapdoderypa 9.3), Exer wotipég 4 =-1, 4, =0 xar 4; =2, cvvenag etvar adpioTog.

I[poTaon 9.5
Eotw AeM, (R) OVUUETPIKOG TIVOKOG KOl EVOS DTOTIVOKAS TOV

8y .- Ay
A, =| : : |, m=1...,n.

Tote o A eivou
1) Oetixa oprouévog, av kou uovo av det A, >0 yia kafe m=1,2,...,n.
i) apvytikd opiouévog, av kot uoévo av
detA <0, detA, >0, detA <O, ..., (-1)"detA>0.
AmodelEn i) Apywkd 8o amodeiovue 0tL av 0 mivakag A€ Mn(]R) elvar Oetikd
opwopévog tote kot ot A, m=12,...,n eivaw Beticd opopévol. Iopatnpodpe o1t o

A, elvan mpaypoatikol ocvppeTpukol ®G VRTOMIVAKEG TOPOYUOTIKOV GULUUETPIKAOV

mvhkov. Emedn évoag mivakag A umopel va ypagel g ovvOetog mivakag
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A:(':“ 2} 6tav. m=12,...,n-1 xon ov A,A,A eivon mivokeg katdAiniov

TOMOV, OTOG TPOKVTTOVY and TN dapépion mov yivetan pe Pdon tov A, Beopovrag

éva drvoopo X e R™ g popefig x=(x X, -+ X, 0 - O)tz()?t 0),

m m
X e R™, gokoha vroroyilovpe 6L

X' AX=(%, o)(iﬂ QJ(zjzxtAﬂx (9.8)

Emopévag, av Ae M (]R) etvan Betikd opropévog amd v (9.8) elvar pavepd 4TL Kot
o A, ,ywkdbe m=12,...,n-1 eivor OeTikd opropévog.

Amd o i) g [Ipdtaong 9.4 dkeg ov wotipég twv A, m=12,...,n givon Oeticég Ko
and ™ oxéon (7.2), n opiCovoa tov mivoko A, eivar ion pe 10 ywvopevo TV
W0TIUAOV TOV, and 6oy cupmepaivovpe 6Tt det A, >0 yo kdbe m=1,2,...,n.

To avtiotpopo ¢ mpdtacng Oa to anodeifovpie pe emaymyn, ag vwobécovpe OTL OTOV
woyoet detA >0, m=12,...,n-1, ot avtictoyor mivakeg A,  eivar Oetikd
opiopévol (vmdbeon emaywyng). Oa deifovpe 6t otav det A>0, tote A Oetikd
optopévoc. Amd v vrobeon g emayyng sivor eovepd ot det A =a,, >0. Xtov

nivoka A avTIGTOLXEL O TETPAYMOVIKY] LOPPT], EGT® q(x) = X' AX. Av Beopncovpe

1 .
TOV PETOOYNUOTION Y, =— (@, X +83,X, +++-+ 8y, X, ), Kat Y, =X, i=2,...,n, 1018
1

N teTpayoviky popen q(Xx)=x" AX ypagpeton
~ ~ t
q(x):XtAXZa11y12+ql(y)’M8 yz(yz yn) (99)
Enewdn n q, ( )7) etvar teTpayoviky popen Betikd opiopévn amd v vwoddeon g
ENAYMYNG, oLven®s and (9.9) cvunepaivoope OTL q(x) >0, dpa ka1 o avticToryog

mivaxkog A elvar Betikd opropévoc.

i) 6tav o mivakag A, eivor apvntikd opiopévog, o —A, eivar Betikd opiopévoc,
(Opwopdg 9.4), axoun eivor yvootd OtL yioo €vov mivako Ae Mn(IF) 1GYVEL

det(AA)= A" (det A) ( IIpdtaon 2.2 iii ), emopévag yio 6Lovg Tovg vIoTivakes A,
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m=12,...,n, éovpe det(-A,)=(-1)" (detA,), ovvdvalovtag ta omoterécpata

and 1) GUUTANPOVETOL 1] ATOIEEN. oo
-2 4 1

Mo mapdderypa, o ovppetpikds mivakag A=| 4 =10 0 | eivor apvnrikd
1 0 -8

optopévog, yuati det A =-2<0, detA, =4>0, detA =-22<0.

9.2 Kovikég Topég (1 EQappoyés otn INeoperpia)

H dvvatdémra mov divetan amd v [Ipdtaon 9.1, kdOe teTpaywviky popen uropsei
va avayBel oe dwyovia popen (oxéon (9.6)) péom &vog opboymviov mivoka,
0E10MOLEITAL GE P10 EVILAPEPOVCH YEMUETPIKY EQAPUOYT, TV Tafvounon oto R*
TOV EMPOVEIOV Kol 670 R’ TV KApmvAidv mov opiloviarl amd pio devtepofadpio

eElowon.

9.2.1 Emoaveieg devtépov Babpod otov xdpo
H yevikn popon g elowong devtépov Pabuov pe tpeig petaAntég etvon
Ay, X, + 28, X X, + 28,,X Xg + 8y, X, + 28X X, + 83 X,” + b X +0,X, +hX, +c =0

N omoio YPAPETUL GTN LOPOT|

X' Ax+b' x+c=0, (9.10)
omov Ae M, (]R) elvol 0 CUUPETPIKOC TTIVOKAG TNG TETPAYWOVIKNG LOPPNG q(x) TOV
R® kaw b=(b, b, b) eR*™ ku x=(x % X)eR* . Toppova pe v
IIpétoon 9.1, vmépyer opboyoviog mivaxag P e M, (]R) mov  Otvel

P'AP =diag (4, 4,, ), ne A4, 4,, 4, wWwtpés o0 A, n odhayn petopintdv x =Pz,

2=(z, 7, 1z, )t eR* ko n avukoatdotaon (B, B, f;)=b'P ankomowvv v
(9.10) og&dng:
22+ 2,20 + A28+ Bz, + B2, + Bz, +C =0 (9.11)

Alokpivovpe TIg TEPIMTOGELS:
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> Av 4,4,,4,#0, 0 petaoynpoTiopnos W, =z, +2’%, i1=12,3 petotpémer Vv
(9.11) o¢
AWE + W5 + W2 =K (9.12)

k :ﬂ_3-2+ﬂ_22+ﬁ_32
44, 44, 44

* Avdloya pe TO TPOGNUO TOV WIOTIUAV A, A,, A, Kot epdcov o apBuog k =0,

Omov —C.

1 (9.12) &yel pia amod T LopQES,.

2 2 2

W_12 W_g W_Z =1, av 4>0,4,>0,4 >0, ellewyoectdég

a & &

wow, Wl

—é+—§——§ =1, av A4, >04,>0,4,<0, povoyovo vrepPforoctdég

8 a &

woow, owe

_§+_§__§ =-1, av 4>0,4,>0,4, <0, diywvo vrepPoroctdég

8 & &

W2 W2 W2

—+—=2+—=3=-1, av 4>0,4,>0,4,>0, govtoctiki empdveia

a & &

* 'Eoto k=0

woow wl
_12 _5__2:0, av 4, >0,4,>0,4,<0, ehhemticodg kavog

8 & &

woowr o owg
§+a_§+_§=0, av 4,>0,4,>0,4,>0, 7o onucio (0,0,0)

2
» Av pilo otpn sivor pndév, éoto A, =0, xor 4,4, #0 ot petacynuaticpol
2 2
W, =z, +ﬂ, =12 kot W, :'B—1+&—C—ﬁ’3z3 uetatpémovv v (9.11) oe
22, 42, 44,
AW+ L,We =W, (9.13)

H (9.13) &yet pia amod T1g popés :

2

2
W, W. , .
_;4._; =W, av A4 >04,>0, ellemtikd nmapaPforoctdég
a &

2 2
W W , .
—+—==-W, slhewmtiko vrepPoroetdég
a &

* Tw ;=0 ot popeég etvan :
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2
W + W, _ 1 elhemtikdg KOAVOPOG

2
1
CH
woowl
———2=1 vrepPolikdg KOAVSpOg
a a
2
1
2

2
2
2
2

2
2

wooows . .
—+—2=-1 pavtooTik emeavela
&
2 2
W W
1 2 _ 4
—+—5=0 odalovag w,
aZ
2 2
W W . , ,
? - a—; =0 Cevydpt tepvopevov emmédmv
2

> Av dvo Wrotég eivor pndév, éoto A,, 4, =0 xou 4, =0,

0étoviog W, =7 +2'% Ko Z, =W, , Z, =W, 1 (9.11) petacynpotiCeton o

W12 :ﬁ_ﬁzwz — psW; —C (9.14)

H (9.14) &yel pia amod T1g popEg :

w’ W’

—=W, | = =W, 7apaBoAkog kdAVpog

&

W2

;; =1 Cevyog TapAAANA®V EMTES OV
W2

—=0 10 eninedo W, =0

&

W2

—=-1 {evyoc @avVTOoTIKAOV EMTESWDV
&

9.2.2 Kapmdreg devtépov Babpod 6to eninedo
H yevicn popoen g e&iocwong devtépov Babpov pe dvo petafantég sivon
a, X +2a,XX, +a,X,° +hx +b,x, +c=0,
1 omoio ypapeton oty id10 Loper TG (9.10) pe otorgeia Tov R?, dnhady,
X' Ax+b' x+c=0, (9.10)

omov AeM,(R) eivar évag ovppetpwog mivakag, b=(b b,) eR* kxam

X = (x1 X, )t e R**. And v Ipétacn 9.1 vrapyst opboydviog mivoxoe P tétotog
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wote P'AP =diag(4,,4,), 4,4, Wwtipégov A. Av oty (9.10) aviikatooticovpe
x=Pz,2=(z, z,) eR**, (B, p,)=b'P naipvoope
22+ 2,20+ Bz, + B2, +¢c=0 (9.15)

Awokpivovpe Tig €ENG TEPITTAOCELS:

» Av 4,4, #0, 0étovtag W, =z, +2’%, i1=12 n(9.15) petaoynparileron o

AW+ W5 =k (9.16)

()novk:ﬁ1 A

PR —C. Avbloyo pE TO TPOCTILO T®V WIOTHOV A, A, Kol EQOGOV

o apBuog k eivar un undevikodg, n (9.16) €xet pia omd TIG EMOUEVES LOPPEC.

e Fotw k#0.

W W
—+—=1av 4,>0,4 >0 (éMewyn)
& az
w2 oWl
——-—2=1 av 4,>0,4,<0 (vmepPoin)
q &
2
—W—E—W—Z—l av 4, <0,4, <0 (kevo cdvolro)
a8 &
* 'Eoto k =0.
W Wl
¥§+a—§=0 av 4, >0,4,>0 fav 4 <0,4, <0 (0 onpeio (0,0))
2
2 WZ
— - a—§ =0 av 4, >0,4,<0 (Cevydpt tepvopevav gubetv)
2
> Av pio dotun givon undév, éotm A4, =0 ko A4, # 0, 6étovrag w, =2 +2"l Kol
2
W, = f ;1 —C—f3,2, moipvovpe amd v (9.15) AW, = W,, 1 omoio, efvan ) e&icwon
Tapaffoing.

» Av 4 =4,=0,n(9.15) nopiotdver evbeia.



Kepdhawo 9 — Tetpayovikég LOpQEG 13 and 53

9.3 Tomké akpotota cvvaptiiocemv (1 EQappoyég oty Avaiven)

‘Eoto f:R" >R pwo covdptmon noldv petofintdv pe f(xl,xz,...,xn)e]R Yo
KéOe (xl,xz,...,xn) eR". Mgpwki mapaymyos apdTNG TAENS TG GLVAPTNONG, OC
Tpog e aveEapmn petafint X; ywo j=1,2,...,n, givor n cvving (mpdmg t4.Eng)
TapGy®wyog NG GLVAPTNONG WG TPOG TN HeTaPANT X, Bewpdviog Tig voAoTEg

of (X, X,,..., X,)
OX;

]

HETOBANTEG Xy, Xy vy X g, Xjygy- -0 X, OG OTOBEPES, KO cLpPOAiLeTaL

vy k6Be J=12,...,n. Megpwi mopay®yog ogvTtEPNS TAENS TNG OCLVAPTNONG
ovopdletor n ocvvnOng mopdymyog devTEPNG TAENG TNG CLVAPTNONG, G TPOS TIG
HETAPANTEG TTOL GNUEIDOVOVTOAL KABE POPA dlaTNPOVTOG T 6e1pd. XvpuPoiilovran

0% F (X, X101 Xy ) _i(&f (xi,xz,...,xn)]

x> T oX. OX;

]

0 (X, Xy,ee 0 X)) i[af(xl,xz,...,x
]

L B OX,

n) ,ywkabe j,k=12,...,n.
OX O, OX.

Avdroya opifovTot Kot 01 HePIKES TAPAY®OYOL VATEPNS TAENS TNG CLVAPTNOMNG.

I mapédeypa, pa cvvapmon dbo petopintdv f(x,X,) =X +2%X; +3X,, pe

nedio opiopod 0 R?, éxet pepikéc mopaydyovs TpdTG TEENC = 2%, +2X5

of (X, %,)
0%,

of (%, X
Kot %:6X1X22+3 . Ot pepwkég mopdymyor oOevtepng TAENG eivan
X2

*f(x,%,) o *f(x,%) o
a—xf2=a(2x1+2x§)=2, #=8—X2(6x1x§+3)=12x1x2

2 2
Ko M:i(lexj +3)=6x;, M:i(ZXNLZXS) = 6x2.
OX,0X, OX, OX,0%, OX,

Av gival yvooTOg 0 TPOYHOTIKOS YOPOG GTOV 0010 aVOPEPOUOCTE, Y10, GUVTOUio Ba

ypagovpe f=f(x,%,...,X,).

O (X, %prenii X,) ) O (X, Xy0eei Xy )
OX O, OX OX;

['evikd 1oyvet ,ywkade j,k=12,...,n.
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Av o cuvaptnon ivar cuveyng Kot OAEG 01 LEPIKEG TAPAYMYOL TPMTNG KO OEVTEPNG

. . . . , . . 0 o* f
TdENG vapyovv Ko €ival cvveyeic, amodekvoeTOl OTL 1YDEL = Y
OX 0%, OX,OX;

kéOe J,k=12,...,n. Eropévemg, o Tivokag TV HEPIKMOV TAPAYDY®V de0TEPNC TAENS

ot o*f o f
o onox, T oxdx,
o’ f o’ f o’ f
H(X, X0 X, ) =] 0X,0%  OX2 9X,0%, (9.17)
o’f  o*f o f
ox.0x, Ox0x,  oX

elval €vag TETPOY®OVIKOS TPAYUATIKOG CUUUETPIKOG ko ovopaleton Hessian wivakaog

g ovvapmong f oto onueio (Xl,xz,...,xn) N mivakog Tov Hesse oto onueio

(X4 Xg, o0 Xy ) -

Xmv Avdivon TOV GUVOPTACEDV TOAADV UETAPANTOV OTOOEIKVOETOL 1] ETOUEVN
TPOTOOT 1 Omoia YapoKTNPIlEl TO £180C TOV OKPOTAT®V oNusiov (xlo,xzo,...,xno)
QoG Tpaypatikng ovvaptnong f 1 omola sivor cvuveyne kot €xel cuveyelg LePIKES

TOPAYDYOVC.
IIpétaocn 9.6
Eotw o ovviptnon f:R" >R ovveyic kou o1 pepixés mapdywyor dedtepng

’ ’ ’ ’ ’ ’ 0 0 0 14 2
TACNS €IVOL OVVEYELS, KOl £0TW EVO. ONUELD (X1 D S & ) mov givor n Aben tov

O (X, %y, X))
OX:

]

OVOTHUOTOS =0 paxabe j=12,...,n. Tote

i) av o Hessian wivaxag e T, oto onueio (Xlo,xzo,...,xno), elvar opvntika

opirouévog, tote n t mapoveoialer tomxo uéyioro oto (Xlo, X0, Xno).

i) av o Hessian mivokog ¢ f, oto onueio (xio,xzo,...,xno), sivor Oetika
opiouévog, tote n t moapovoraler romixo eldyioro aro (Xlo, X0 Xno).

i) av o Hessian mivaxag s f, oto onueio (Xlo,xzo,...,xno), elvol aopLoTog,

oten T odev érer axporaro aro (Xlo, Xzo,...,xno).
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Hopaderypo 9.7 ‘Eotow n ovvdpmon f:R*P >R, ue
F (X%, X3 ) = 4% + 4% +2X; +4X,X, + 2%, X + 2X, X,

To opoyevég OO TOV TPOKVTTEL OO TO UNOEVIOCUO TMOV UEPIKMOV TOPUYDYMV

TPAOTNG TAENS etvou

8f(X1,X2,X3)=

% 8X, +4x, +2x,=0 8 4 2\(x 0
FXX) o s gy 48y 4220 < |4 8 2 x |=| 0| Ax=0.

X, 2x 42 +4% =0 (2 2 4)lx) |0
af(xl’XZ’X3):0

OX,

Emeor) det A=160 , 10 opoyevéc ovotnuo €xel HOVOSIK Avom TN UNdEVIKY,
(Ilpdtaon 3.6i kot kepdrato 4 det A=0 r(A)=n), cuvendg , (xlo, x,’, X30) =(0,0,0).
ZymuotiCovpe Tov Hessian mivaka tng cuvdpmong oto onpeio (0, 0, 0), 0 omoiog amod

(9.17) eivou:

0*£(0,0,0) 0°f(0,0,0) o°f(0,0,0)
ox; OX,0X, OX,0%,
8 4 2
H(0,0,0)= *£(0,00) 2°f(0.00) &f(0,00)| |, o
T axox, Xz MOX, | s 5 4 '
8*£(0,0,0) &2f(0,0,0) &£ (0,0,0)
OX,OX, OX,0X, ox;

O mivaxag H (0,0,0) eivon Betuca opiopévog (Ipotacn 9.5), enewdn

8 4 2
8 4
detH, =8>0, detHZ:det(4 8j:48>0, detH =det| 4 8 2|=160>0.
2 2 4

Epapuodlovtag v Ipdtacn 9.6, counepaivovpe 611  ovvaptnon f (Xi, Xy, X3) Exel

TOTKO EAUYIGTO GTO (xlo, x,’, x3°) =(0,0,0).

2& KATMOLEG TEPIMTMOCELS EVOLUPEPOUACTE VO EEETAGOVE AV VTTAPYOLY OKPOTOTO LG
ovvaptong f =1 (Xl, Xz,...,xn) pe v tpoimdOeon ot petafAnTég vor cuvOEOVTL LUE
Kémoleg oyéoelg petah tovg (Vo LIAPYOLV  TMEPLOPICUOL).  ZMUEUDVOVTOG
9, =9; (X % X,)» J=12,...,m pe M<N TOVG TMEPIOPIGHODG OV TPEMEL Ve

wKavomolovv ot avedptnteg petofAntég  ypnowwomolovpe M pEBodo TV
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ToALOTAQCIHGTOV Lagrange yio va vtoAoyicovpe av vapyel LEYIOTO 1 EA(IOTO TG
ocvvapmong f.
OpiCovpe ™ cvvdptnon Lagrange

F (X Xareeor Xgs Ay Ay A ) = F (X0 X000 X0 )+ D0 24,05 (X0 X0 X, ) (9.18)
-1

omov A4, A4,....4, R ot mollamiaciaotéc Lagrange, tov nxn wivoko

°F  °F O°F og, 09, a9,
ok o, o, E Y
o°F  O°F o0°F a9, 99, g,
O =|ox,0x X OX,0X, |, Tov mxn mivaka G=| 0%  0X, X, |,
O*F  O°F O°F o Gn .. OGn
ox0x Ooxox, OX 0% Ox, ox,

kot tov (N+m)x(n+m) mivaka

o G
Al(xl,xz,...,xn,kl,kz,...,xm):(G OJ' (9.19)

Ocopodpue 1 opiovoeg D, D,,...,D,

Dy = det (A, (X, X X1 Ay Agres A ) )

D, eivau 1 opilovca tov wivaka mov mpoxvrtel amd tov (9.19) av dwypdyovue v

mov  opifovian ¢  €&ng

“m

TPMOTN YPOUUN KOL TV TPOTH GTHAN

D, etvar n opiCovoa tov mivaka mov wpokvmtel omd tov (9.19) av dayphyovue Tig
00 TPMTEG YPOUUUES KOt TIG VO TPMTEG CTNAES

K.0.K.

Xmv Avdivon 1OV GUVOPTACEOV TOAADV UETAPANTOV OTOOEIKVOETOL 1] ETOUEVN
TPOTOOT 1 Omoia YapoKINPIlEl TO £180C TOV OKPOTAT®V oNusiov (xlo,xzo,...,xno)
QoG Tpaypatikng ovvaptnong f 1 omola sivor cvuveyne kot €xel cuveyelg LePIKES

TOPAYDYOVC.

IIpétaocn 9.8
Eotw o ovveyng ovvaptnon fiR" >R we tg uepikés mopaydyovg debrepng

T0CHG OVVEELS, £0TW 01 TEPIOPITUOT
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9,=0;(%:%,-,%)=0, j=12,...m ue m<n,
OOV 01 §; VOl GUVEYEIS OVVOPTHOEIS [E OVVEXEIS HEPIKES TOPOYDYOVS TPWTNG

taéng, kau FR™™ — R 5 avtiotoyyn ovvéptnon Lagrange érwe otiv (9.18).
Av 10 onueio (Xio, X0, X ﬂlo,ﬂzo,...,ﬂmo) givar n Abon Tov ocVOTHUATOS

OF (X Xgr e Xy Ay Ay Ay 0. OF (X0 Xg -1 X gy Ay Ay

OX; oA,

i J

=0, yo xobe

i1=12,...,n, j=12,...,m, ko1 o1 opilovoeg D,, k=1,2,...,n—m, vroloyiousveg
a70 1010 oHUELO (Xio, XZO,..., Xno,ﬂﬁo,izo,...,ﬂmo) , TOTE 1GYDOVY TOL EXOUEVO !
i) To (Xlo, X, Xno) eivar onueio tomikov elayiotov ¢ ovovaptnons f ue tovg
mepiopiouotvs g; =0, drav iyver éva amd To emoueva. :
a) m dptiog kor D, >0, yia kdfe k=1,2,...,n—m
B) m mepirrog kor D, <0, yia kabe k=1,2,...,n—m
i) To (Xio, X0\ Xno) eivor onueio tomikov ueyiotov ¢ ovviptnons f ue toog
mepropiouovs g; =0, otav ioyver évo amd Ta emoueva. :

a) N dptiog kai (—l)k D, <0, yia xabe k=1,2,...,n—m

B) N mepirrog ko (—l)k D, >0, piakabe k=12,...,n—m

Hopaderypa 9.9 Eoto 1 ovvdpmon f :R®* > R, 6mov

(X0 X0 Xg ) =X+ X5 + X5 — 2% —2X, — 2%, +3
HE TEPLOPIGUOVG X, + X, + X3 =12 ko 2X —X, —X; =6 . Ogwpodue TG GLVAPTAGELS
TOV TEPOPIOUMY Gy (X, Xy, Xg ) =X + X, + X =12, 0, (X, Xy, X3) = 2% — X, — X3 —6 Kkon
™ ovvaptnon Lagrange, 6tmg avti opiotnke otnyv (9.18),

F(Xl,XZ,XS,ﬂi,ﬂ,Z): f (Xl,XZ,X3)+21g1(X1,X2,X3)+A,Zg2(X1,X2,X3)
=X XS XS — 2% —2X, — 2% + 3+ A, (X + X, + X, —12)+ 2, (2% — X, — X, — 6)

H Adom tov cvotpatog
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OF (X, %y, X, 41, 4,)
ox, =0 2% -2+, +21,=0
8F(X1'X2'X3!/11'/12)
=0 2X, =2+, -4, =0
axz X2 +ﬂl 2
5F(X1,X2,X3,ﬂl,ﬂ,2)
=0y © 2x,-2+4,-4,=0
o 2444,
6F()(1')(2')(3’2'1'/?“2):0 X1+X2+X3—12=0
0%
6F(x1,x2,x3,21,12)20 2X, =X, =%, —6=0
0%,
gtvor X, =6, X,=X%=3, A4 =-6, A, =-2.0 nivaxog and (9.19) eivan
2 0 01 2
0 2 01 -1
4(6,33-6,-2)=|0 0 2 1 -1
1 1 10 0
2 -1 -1 0 O

Emedn) oto mopdoctypa égoope N=3, m=2, ypealetor vo vwoloyiobel povo m
opilovoa tov mivaka 4 (6,3,3,—6,-2), n omoia eivon det(A1 (6,3,3,-6, —2)) =36>0,
kot and Ilpotacn 9.8 1 vmomepintwon o ocvumepaivovpe OTL 6TO0  ONUELo

(xlo,xzo,x3°)=(6, 3,3) n f mapovcidlerl Tomkd EAGyIOTO pE EAGYIOTN TIUAG TNG

cuvapmong f(6,3,3)=33.
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9.4 Iowilovoeg Tipég mivaxka ( EQappoyéc otn Lratiotikng)

Onwg damotdcape 610 kKe@Aaiaio 8, n mopayovromoinon evog mivaka Ae M, (]R) o€
dlydvio, popen pe aAda Adyla n dtaywvomoinon tov A, mailel onpavtikd polo oTig
epapuoyég g Ipappkne AlyePpac. To mpdPAnua eivan 6t n dtaywvomoinon evog
TETPAYOVIKOD Tivako A dgv eivonl TAvTo €QIKTY, HO Kol OTMG OOMICTOOOUE OEV

VILAPYEL TAVTOTE AVTIIGTPEYILOG TTivaKag P, ylo va emtuyyaveTan 1 mopoyovionoinon
ot popeny A=PAP™, 6mov A KoTdAANAOC S1arydviog Tivako.
2V Topdypopo anTh oVTILETOTICETOL TO AVAAOYO TPOPANLLO TG TOPOYOVTOTOINOoTG
evog Mxn mivoko Kot omodetkvieTor 0Tt Yo évav mivako A€ men(R) VILAPYOVV
névtote KatdAAniol Tivakeg Q, P ®ote va emituyydvetot pio Topayovionoinon tov
ot poppt; A=QAP™, dmov A eivon Storydviog mivakac.
Ta évav wivaka Ae M, (R) napampodpe 61t AAeM (R), AA' e M (R) ka
onw¢ oto IMopadetypo 1.12, epapudlovtag tig 1010tnTeg | kan Vi tov [Ipotdoemvy 1.2
kat 1.3 cvpmepaivoopie 011, emedn

(AA) = A (A) = AA ko (AA) =(A) A= AN (9.20)
Enionc ot cuppetpicol mivaxeg A'A, AA' eivon Ostiké npopiopévot, 10Tt yio kée

x#0, XxeR™ ko y#0, yeR™ &ovue avrictorya T1¢ oyéosiq :

X A'Ax=(Ax) Ax=|Ax|* 20, y AAy=(Ay) Ay=|ay| >0, (9.21)
Sy mepintoon e evog ovppetprod mivaka A, 6mov woyder AX=AX pe |x|=1,
TOPATNPODLE OTL

[Ax]=lax] =12 [x]=[4]
amb 6mov GLUTEPAIVOLKE OTL av A £ival 1810TYT TOV GUUPETPIKOD Tivaka A, TOTE T0

avTioTolyo pHovadloio 101001dvucpa givol avtd mTov KAvel To dtavocpa AX va €xel
axplPdg 1010 UAKOG e TNV TIUN |ﬁ| :

Avtég o1 mopatnpNoEl CLUPAAAOLY  OTNV  TOPOYOVTOTMOINoN €VOC  TivaKa
AeM, (R), apKel Vo KAVOVUE TN HEAETN TOV PECH TOV OVTIGTOLY MV CUUUETPIKAYV,
omwg amodeiydniov o6t givor omv (9.20). A&iler va avagépovpe TV €mOUEVN
TPOTACY, M omoio pag mAnpoeopsi 6Tl Y1 dAa Tar povadiaion X € R™ ot Tyuég ¢

TETPAYOVIKNG  LOPONS q(x): X' AX avikoov og £va KAEIGTO S1AGTNUA  TOV
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TPOAYLOTIKOD AEOVa LE TO aploTEPO AKPO TOL SLOGTHUOTOS TV EAAYLOTI OIOTIUN TOL
aVTIOTOLYOV GLUUETPIKOV Tivako A Kot 0egld GKPO TOL OOCTAUOTOS TN HEYLOTN

Wty Tov A.

IIpoétaon 9.10
Eotw AeM, (]R) EVAS OUUUETPIKOG TIVAKOG KO O1 TYUES

m:min{x‘Ax . ||x||=1} Ko y:max{x‘Ax . ||x||=1}.
Tote u eivou n ueyodvtepn 1010ty A, tov A, otav 10 X eivou éva povooiaio

S1avooua kou TavTiCeTar pe 0 101001GVVaue. X, IOV aVTIGTOLYEL 6€ avTh TV 1010TI]

Kou M givou n pipotepn 1o1otyun] ov A, otav X givai éva Lovadlaio d1avoaio Kol

TOVTICETOL [UE TO 101001GVOGO, TOD OVTITTOLYEL GTHY UIKPOTEPH 1OLOTIUN.
Améoeln : Emnedn o AeM, (]R) etvar ocvoppetpikdg mivakog doyovomoteital omd
évav opboyovio mivaka PeM, (]R) (ITp6taon 9.1). Acg vmoBécovpe OTL OAeg o1
TPAYUOTIKES 1010TIHEG TOL A €xovv dtatayDel

MSA, < <A <A, (9.22)

KoL To ovTioTOLY 0 1010310VOG AT TOVG Elvart

X X . X eR™,

229 n-1> n

X,
Ao avtd (av ypeldletoan epapudlovpe pébodo Gram-Scmidt) amoxtodue o

opBoxovovikr facn SLaVLOGHATOV Ta.

Kot Oewpovpe 611 0 opboydviog mivaxag Pe M | (]R) €xel oTNAEG e TNV 1010 GEPd TOL

Swvoopata g opbokavovikig Baong, dnkadn P=(%, X, - X,).
Xpnowonowwvtag v oAlayn petafintov (9.5), X =Py, éovue
=% x=(Py) Py=y PPy=y y=|y’ 029
i
on6te amd v (9.23) ocvumepaivovpe
||X|| =1 oav kot pévo av ||y|| =1. (9.24)
Ag Bswpnoovpe kamoo X € R™ pe ||X|| =1, epapuolovtag v aAlayn HETOPANTOV

x=Py, yeR™ ko v [potaon 9.1 éovpe P'AP = A =diag (4, 4,,..., 4,) kot

ces My
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X'AX=Yy' PAP Y=Yy Ay = Ay +A4Y2 +-+ A Y
(9.22)

< A yl +A y2 +- +ﬂbnyn

, ) , ) (9-24)
= ),n(y1+y2+--~+yn):ﬂ,n||y|| = A
amd 6mov cvpmepaivovpe 6Tt X' AX <A, nhadn u< A, .

Eniong av emiéEoope §=(0 0 - l)t, mpogave | ¥ =1 xon §'A Y=

0
, , o (o ¢ N o
Enopévorg p=4,. Bmmiéov, x=P§=(%X X, - X )| .|=X,, éto1 petd and
1

TPAEELS

A=Y Ay=9'(P'AP)y=(P§) A(P¥)=x Ax=X AX,,
gmoAnOgvovpe 0Tt T0 povadiaio Wodidvocua X, efvar ovtd TOL KAVEL péYIGTN TNV
THING TG TETPOYOVIKIG HOPQTG.

Me avéroya emyepnpoto omodetkvoeTol 6Tt M= 4, Kot 0Tt T0 avTticToyo dibvucua

1

Xx=Py=(% % - %) .|=%.

2

3
Hopdadsrypa 9.11 'Eocto o wivakag A= (2 3

ZJ . Avalnrovpe X € R* é1o1 dote

VO LEYIOTOTOLEITOL TO UNKOG TOV O1avOGHATOS A X .

13 12 2
O ovppetpicdg mivoxag A'A=|12 13 -2 | &t Wotpég 4, =25, 4,=9 «ku
2 -2 8

2,=0 pe avtictoya WBodaviopota X, =(1 1 0)t , %=1 -1 4)t Kot

:(—2 2 1)t. Emedn ot wiotipég sivar dtokekpiuéveg o Wdtodtovocpata ivort

KkéBeta ava 600, ondTe T povadiaio eival

X 1

Tl V2

l

N 3||

x2_1

B B 1 -1 4) -
”Xz” \/1_8( Kot X,

% = (110) (-2 2 1).
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H mocomta ||A X||2 peylotonoteitat 610 1010 X 6TO 0Mol0 LLEYIOTOTOELTAL KO ™ ||AX||,
opog amo (9.21) é&ovpe |A x||2 =x"A'Ax , emiong amd (9.20) o A'A eivar
ovupeTpkdg mivaxag, dpa epapupolovroc v Ilpotaon 9.10 cvumepaivovpe O6TL N
péytomn Tipf e X' A'AX 1600tan pe ) péytot wotip tov A'A Kot LdAMGTo ovTd
EMTVYYAVETOL YI0L X = X, , GP0. KATOAYOLHE 6TO GLUTEPAGH OTL ||A X|| =25,

‘Boto AeM_, (R), amo (9.20) o A'A eivar ovppetpikds, Gpa opBoydvia
owyovomomoog (Ilpdtaon 8.14) péow evog mivaka P . Ag Bswpnoovue
{V1’V2"">Vn} po. opfokovoviky Baon mov Ta dlevOCUATA TG va elval povadioio
Wodtavocpata tov A'A otig avtictoreg 0TS A, Ay, ..., 4, . Ao v (9.21) ka
v [Ipotaon 9.4 eivor pavepd mmg dheg o1 WO10TIHES elval pun apvnTikoi apBuol, dpa

pmopovpe vo Oewpricovpe pa drataén tovg 4, 24, >...>2 4, 20.

Opwopoc 9.5
Eotw AeM, . (R) kou 4, i=12,....n o1 i6iotiuéc tov A'A pe 4 >2,>...>2,>0.

Oleg o1 tetpaywvikes piles twv 1010tiudv A, ovoualoviar 101aéovees Tiués (singular
values) oo A, cupporifovtar o;, dnhadn

o, =4

i=12,...,n.
Hopatipnon 9.12 Av Bswpricovpe 611 X =V,, 6mov 10 V;, 1 =1,2,...,Nn givon Kbmoro
ototyelo g moapandve opbokavovikng Baong ( ||V,|| =1) kdvovtag mphtelg dmwg Kot
omv (9.21), £povpe

|Av|* =v! (A‘Avi):vit (A v;)=4.

Yvvovdalovtag v terevtaio oxéon pe tov Opiopd 9.5 mpokvmel OTL TO UK TOV

Av,, Av,,...,Av, givon ot WOalovoeg Tipég tov A, dnladn

|Avi|=J% =0 (9.25)

Ta mopaderypo, ot Wotipég tov A'A oto Hopdderypa 9.11 givar 4, =25, 4, =9 ka
A, =0 . Emopévmg ot wWidlovoeg tipég tov avtictoyov A givar o) = \/Z =5,

o, =\/Z =3 kut 0;=0 . Erniong pmopodue va emainbevcovpe o oydAM NG
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[Mopatipnong 9.12, o Kot  ¥PNOWOTOIOVTAG TO  Hovodloio  SlovOCUOTO

V, =X, V, =X,, V3 =X, 100 Hopodeiypotog 9.11 maipvoope:

Av= (32 2 0|15 onere AP =25 = [Av|=5=0,,
J2l2 3 =2)| o] V2l5
1 (3 2 2 ! 1 (9
B 2
AVZZE(Z 3 _2j 1 =T8(_9j,cmvan(og [Av,|7=9 = |Av,[=3=0,.

ot Avgzlf 2 Zj 2 =(gj,omé()nov AV =0 = |Av|=0=c,.

H emdpevn mpoétaon pog diver évav adyopiBpo yio v «wapoyovtomoinon» evog

mxn mivoko A LE TN XP1OT «EWOKOVY TIVAK®V.

IIpoéTaon 9.13
Eotw AeM_ (]R) e r(A) =K. Tote vmdpyer Mxn wivaxog

Akxk @kx(n—k)
Y =
@(m—k)xk @(m—k)x(n—k)
pe tov A=diag(0,,0,,...,0,), émov 6,>0,>...2 0, >0 o1 1016{ovoEes TIES TOV

mivaxa A kor vmapyovv or MxM kor NxN opboywvior wivaxeg U,V avuiotoiywe

TETOL0L WOTE

A=UzV". (9.26)

Am6degn : Eoto 4 ot wbotipé tov A'A pe 4 >4, 2.2 4,20 ko {V,,V,,...,V, }
givat éva opHokavovikd civoro Wrodtavucpdtoy otov yopo R".

Av yia kémow v, wyder A'Av, =0, tote |A,|° =v! A'Av; =0= Av, =0. Enopévag
glvon pavepd 6tt A'Av, =0 av kot povo av Av, =0, to omofo onpaivel 6t 10 V,
aviKeL oTov undevoywpo tov A, o omoiog £xsl didotacn N—K, emedn r(A): k.

Eniong vndpyovv k to minbog dovocpato ywo to omoie Av, #0, omdte amd v
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(9.25) vrbpyovv ||AVi || =0;20, 1=12,...,k xou étor pmopovpe va opicovpe
1 (9.25) 1
{U,U,,...,u.} o opbokavovikh Boon pe Uy =——— AV, = — AV, o6 dmov
|Avi %
Av,=o;u, i=12,..k. (9.27)

Enextetvovpe ™ Baon {U;,U,,..., U} oV {U;,U,,..., U, } kot Bewpodpe
U=(u u, ... uy) xouo V=(v, v, ... V).

[Tpogavmg ot mivakeg U,V amd v Kataokevn Toug ivor opfoymdviot mivakeg Kot

AV =A(v, v, ... v)=(Av; Av, ... Av, Ay, ... Av,)
(9.27)
(O‘lul o,u, ... ou 0 .. O) (9.28)
0,
O,
. 0O,
x(n—k)
Us=(u, u, ... u,) o
(D)(m—k)xk (O)(m—k)x(n—k)
=(oyu, o,u, ... oy 0 ... 0) (9.29)

Amo ta devtepa péAN Tov (9.28) kat (9.29) cvumepaivoope 611 AV =UZ kon emeidn
o mivakag V etvar opBoydviog moAlamiacidloviag v mponyoduevn 1ootnTo desid

emi V' kataljyovpe oty (9.26). soe

Mopatypnon 9.14 H mopayovromoinon tov mxn wivaka A ot popoen (9.26)
ovoudletar widlovea avaivon (singular value decomposition, 1 cuvtopoypa@iKd
SVD) tov A. O mivakag X €ival HOVOSIKA OPIGUEVOG, L0 KOl TO, S10yMVI0. GTOLYEI
TOV givor ot OeTikéc TeTpayoViKEC pilec TV 1810TIGY Tov Tivoka A'A, TOGOTNTEC

povadikd opiopéveg. Ov mivakeg U,V dev elval HOVOOIKA OPIGUEVOL, ETELON

gEaptdvTon omd o Wodtavocpata tov A'A, ot otikec Tov U ovopdlovton apiotepd
walovta davoopota tov mivake A, kol ot otieg Tov V  ovopdlovion oe&ld

wuaovta dtavoopato tov A.
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1 2 11

Hopdoderypo 9.15 ‘Eoto A=
pAactiit [—1 2 13

j . Na vroroyisBodv opBoydviot

nivakeg U,V , dote va mapayovroromnbel o mivakag A ot popon (9.26).

2 4 -2 2
. p ; t 4 8 -4 -4 , p
Apywkd o ovppetpikog mivokag A'A= > 4 2 2]’ EXEL YOPAKTINPLOTIKO
-2 -4 2 10

moWwGvopo 7, (1) =A% (A° -221+96)=A*(1—-6)(1-16) . Or Wotpég sivon

A=16, 4,=6 xar A4, =0 (dwtA) pifa). To avrictoyo wWwodwvocuato eivor

x=(-1 -2 12 , x=012-13" , x=(210 0 «a«

,=(1 01 0) Xpedletar va epappdcovpe pébodo Gram-Schmidt avapsso oto

XOX

[

dlvocpate pE TO HETPO. TOVG €YOoLUE To otolyeion tng opbokavovikng Pdong,

dvo tedevtaio wodavocpoto X, = X,—

t
(1 2 1 Oj . Awpovtag ta

GUYKEKPLUEVQL

X 1 t X, 1 t
V=—r—=—+(-1 -2 1 2 , = =—(1 2 -1 3 ,
T ) ] "5 )

X 1 (210 o),

TN

~ t
X, 5 (1 2 ] 1 t
v, = =——|= — 1 0]|=—(1 2 5 0).
%] 3ols 5 30 ( )
O walovoeg Tyég tov A givar o = \/Z =4, 0, = \/ﬂ: =6 , 0 BaBuog Tov A elvan
r(A)=2. Enopévag Av, = Av, =0. Opilovpe dmmg oty (9.27) v opbokavovik

Bdon {ulauz} e

1 1 t 1 t
== AV, =——(-4 12) =——(-1 3),
" o, Y 4\/10( ) \/10( )

1 1 t
u =—Av 9 3)=—(3 1),
L= Y- Y

oLVETMG 0 opBoymviog mivaxkog U sivon
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|/ N
e Y

VAT A AR
Yo Vs V6 N
S Jm ° Jm
VA4

4 0 00

0 6 0 0

Kot 0 opBoydviog mivakag V etvan

Me tovg mopamave opBoydviovg TvaKes Kol Yo Tov X :[ J woyveL M

(9.26), coppwva pe v Ipotaon 9.13.
Av o mivakag Ae M, (R) éer r(A)=k kavoviag po koatdAANAn Sapépion tov

opBoywvieov mvikev U,V

U=U, U,y), omov U.=(u u, ... u) (9.30)
V=(Ve Vo) omov Ve=(v, Vv, ... V) (9.31)
Kol avTIKaO16TOVTOG TOVG Tivakes otV (9.26) Katairyovue
A O
A=UzV' =(Uk U, ) =U, AV, (9.32)
O O Vnt ‘

onov A=diag(o,,0,,...,0,), o; o un pndevikég Wiaovoes Tég Tov A. Me Béon

™V Tapayovromoinon tov wivaka A otnv (9.32), kot emeldn o A givar avTieTpEYLLOG
nivokag (ta daydvia otoryeio Tov eivan Betikol apiBpol), opilovpe Tov Nxm mivaxo
YEvdoavTicTpo@o mivaka tov A ( YVOOTO Kol MG YEVIKELUEVO OVTIGTPO®O Tov A 1)
Moore-Penrose inverse matrix)
+ -1t
A=V, AU, . (9.33)

1 2 11

tov IMopadetyuatoc 9.15,
1 2 1 3j p YHOTOG

Mo mopddetypo, ywoo Tov mivoko A=(

EMELON r(A) =2, Bewpovpue 11 dwpepioelg Towv opboywviov mvikeov U,V , 6mmg ot
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Vs N
VAT

oyéoelg (9.30) xar (9.31) vrodewvvovy. Onodte Exovpe U, =U =

Yo
VZ:(V1 v2)= 10 15 kot oamd v (9.33) vmoroyilovpe o611 O

VA
VAR

yevdoavtioTpoog mivakag tov A gival

7

0
Ul =
0 2
J6

B

A" =V,A7U; =V,

S

Sy e
RN

IIpoétaon 9.16
Eotw AeM, (]R) uer (A) =K. Tote o nxm mivaxog A" éxer tig €€1¢ 1010TNnTES:

i) AATA=A
i) A"AA"=A"
i) o1 mpayuatikoi wivoxkeg AA" kar A" A eivar oopuetpixol.

Am6deiln i) Avuikabiotdvrag omd v (9.32) kar v (9.33) tovg mivakeg A, A”
OVTIGTOLY MG EXOVLE

(9.32)
ANA = U, AV, (VAU JULAV, =U,AVY, A*UU, AV,
| |

(9.32)
=U AAAV =U AV, = A
[S——
|

i) Avahoya 6mmg kot oty amodelén g i) Exovue

(9.33)
ATAAT = (VAU UAVY (VAU ) =V,A U, AVY, AU

(9.33)

=V, ATAATU] =V AU, = A"
|

1) Ao ™ oyéon
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(9.32)
AT = UAVY, AU =U, AA U =U, UL *)
' |

*

(*)
TPOPAVAS  TPOKVITEL (AA+)t =(UkU§>t =U, U, = AA" |, dniadfp AA" sivar

GUUHETPIKOG, Kot amd v wétnta. A'A= V, ATUU, AV =V, ATAV! =V, (*%)
D — I
|

kk skok

GLUTEPAIVOVLLE OTL (A+ A)t = (Vkat )t =V,V, = A"A, Gpa o AA givor Tpoypatikdg

GUUUETPIKOG TVOKOG. X

Mopatypnon 9.17 ¢ Amodeikvieton ko 1o avtiotpopo g [Ipodtaong 9.16, to onoio

OPKETEG (POPES YPTOLOTOLEITOL KOL MG OPICUOGC Y10 TOV YEVIKELUEVO OVTIGTPOQPO.
Svykekppéva, yoo tov mivakae AeM_ (R), o A"eM  (R) ovopdletar
YEVOOOVTIGTPOPOS TOV A 1 YeVIKELUEVOG avTIioTPOPOG, av emaindevel Tig TpELg
wiwdmteg i) AATA=A, i) ATAA"=A", iii) o1 mivokeg AA" ka1t ATA eivan
GUUUETPIKOL.

* An6 tov 0pIopd TOVL YEVJOAVTIGTPOPOL Tivaka (9.33) pumopovpe va amodeifovpe

OTL 0V TOG £ivort LOVAOTKAG,.

TV mepintmon mov o mivakag A eivon avTioTpéyipog mivakag, tote A givon o AT
[evikd 0 yevdoovTioTpoPog mivakag YPNCILOTOIEITOL GE TEPUTTMOGELS TOV O TIVOKOG

glvar A glvar pun avtiotpéyyoc.
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9.5 I'evikG TOPOOEIYRATO KOl EQUPNOYES

Mopaderypa 9.18 Xe kdBe pia amd TG EMOUEVES TETPAYMVIKEG HOPPES Vo, Bpeite o
aVTIoTOYN Oy DVIL TETPAYMVIKT LOPON.

i) 0,(x)=3% —4xX,+6x; Tov R’

i) 0,(x)=4x—8xX, +4x; +6X,X, +4x; Tov R’

iii) 0, (X)=7x +7x +10%; —2X,X, — 4X X, +4X,X, o0 R®

AmodelEn @ i) Zopgova pe v (9.2) ko (9.3), 0 avticToyog mPUYUATIKOG

3 2

. 20UQOVO UE
9 GJ no W

GUHUETPIKOG TIVOKAG TNG TETPUYOVIKNG HOPONG tvor A :(

mv IIpotacn 9.1 ypedletonr va vwoAoyicovpe g W0TIHEG TOL Tivaka A Kot Ta

odvicpatd tov T omoia Oa amoteAéGovy TIC 6THAES TOV opBoywviov mivaka P,
apkel avtéd vo etvar opBoyavio. To yapoktnpiotikd moAvmvopo tov A - etvon
s (A)=(A2-2)(A=T7), Gpa ot 1drotiuég ivar 4 =2 ko 4, =7.

o 4 =2 1o opoyevés cvomua (A —-21)x=0 &el Abon 1o dwvdopata Tov
1810ydpov V(2)={X2(2 1)t L X, ER} , Kol emAfyovpe ¢ 1310d1Gvocua g A,
wBlotipng 1o X, =(2 1)t :

IN'o 4,=7 to opoyevég cHotnua (Al -71 ) Xx=0 éyer Adon 1o SVOGUOTA TOL
Woxmdpov V (7):{x1(1 —2)t DX, ER}, Kot emAéyovpe g 181081Gvucpa g A,
wBrotyng to X, =(1 —2)t.

Enedr) ot wwotpég tov ovpperpikod mivako A eivar  Swaxekpipéveg,  Ta
wodtavoopoto eivon petad tovg kdbeta (Ilpodtacn 7.11). Apa o opBoymdviog

nivokag P e MZ(R) Kotookevdletar pe otheg ta wWodwvdcuato tov A, apov

1
TPpAOTO Olpécovpe to kabévo pe to pétpo tov, oniadn P = J Evkola

E(i -2

emoAnbevoope  oxfon P'AP=diag(2,7) «a ypnowomoudviag  Tov

petaoynpuotiopd mg (9.5), x=Py= oL 2 L N TETPOYOVIKN
o X \/g 1 =2)\Y, ’
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Hopoen ql(x)z X' A X, HETd omd TPGEELS, HETOTPEMETOL GTNV avTIoTOL(N Soydvia

TETPOYMVIKT] LOPPN TOL £fvor

2 0
X A Xx=Yy PtAlF’y=yt{O 7jy=2yf+7y§,

amoTéEAECUO COLP®VO pE TNV (9.6).

i) Topeova pe mv (9.3), 0 avtioToyog GLUUETPIKOC TVOKOG TNG TETPOUYWOVIKNG

4 0 -4
popeng d,(x) eivar A,=[ 0 4 3 |. ' vo epappdoovpe v Tpdraon 9.1
-4 3 4

Bpiokovpe mpoto Tig WoTWES TOL Tivaka A, ko ta wWodavdcpotd tov. To
AAPAKTNPLOTIKG MOAVGVVRO Tov A, givan , (4)=(A+1)(A-4)(1-9). Enopévag
ovwotpég etvan 4, =-1, 4, =4 xar 4, =9.

To 4, =-1 10 opoyevég odomua (A, +1)x=0 éxer Mon to dwavdopata Tov
wBioxdpov V (-1) = { X;(4 -3 5)I DX, € ]R}, Kot EMAEYOVLE ©C 131081GVOGHA TS
2, Wotpigto X, =(4 -3 5)t.

T 4, =4 om6 10 ovotpa (A, —41)x =0 vroloyiCovpe tov avtictoyo Wi1x®po
V(4)= {X2(3 4 O)t L X, € ]R}, Ko emALyoVHE WG 1310816vuGHo TG A, 1810TIHAG
0 %,=(3 4 0).

Téhog, 1 4, =9 o avtictoyog W1 wpog eivor V (9):{x3(—4 3 5)t DX, ER},
KoL EMAEYOVUE MG 131031vLG IO TNG WOTIUNAG A TO Xy = (—4 3 5)t :

Enedn) ot d0tipuég tov ovppetpikov mivoke A, eivor dwokekpyléveg, Ola Ta
wwodaviopata etvor ovd dvo petald tovg kdBeto (Ilpdtaom 7.11). Apa o
opBoydviog mivaxag P e MS(]R) KOTOOKELALETOL e OTHAEG TO 1O1001VOGHATO TOV

A, , aeod mpoTo OSwipécovpe To  KabEvo pe TO  pETPO  TOL, OMAAOM
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Vi %5 V| | Jer 5 Ve
P= _y\/% % 7\/% = % NG % % NG . Hpopavmg emainBedeton M

Jm ° Jwml\ Ve e

oyéon P'AP =diag(-1 4,9) kot CLUOTOIOVTOG TOV petacynuotiopnd mg (9.5),
xeon g xpno q U AN MO NG

t ’ ’ , ’
x=Py, e y=(y, ¥, ¥s), n terpayovici popefi g,(x)=x"A, X, petd and

TPAEELS, LETATPEMETAL GTNV OVTIGTOLYN SLOLYDVLIK TETPOYDVIKT LOPPT TTOV Eivor

10 0
X'Ax=yPAPy=Yy'| 0 4 0|y=-y?+4y;+9y..
009

Iil) Onwg kot TponyodUeEVa, 0 OVTIGTOLY0C GUUUETPIKOG TIVOKOG TNG TETPOUYWOVIKNG

7 -1 -2
popefig Gs(x) eive Aj=| -1 7 2 |. T va gpappdcovpe v Hpotaon 9.1
-2 2 10

Bpickovpe mpmTo TIG 1010TIEG TOV Tivoke A, Kot To 1010010vOGHATE TOV, EMEWN TO
AUPAKTNPIGTIKO TOAVGVVHO Tov A; ivan g, (4)=(4-12)(4 - 6)2, o1 1810TIéG gtvon
A, =12 xou A4, =6 (aryefpiknc moAlrhomhotnTag 2).

Ty oty 4 =12 10 opoyevég cvotnua (A, —-121)x =0 diver Tov WB1ox®po
V(12)= {X2 (-1 1 2)t L X, € ]R} Ko eMAEYOLpE OG 1310816vuG 0 TNG 110TIAG A
0 x=(-1 1 2).

Xmv 4, =6 m Adom TOL GULOTHHATOG (A3 -6l ) X =0 divel Tov avtictoyo 116x®Po
Y (6)={X2 11 0)+x(2 0 1) :x,x% e]R} Ko emA&yovpe g
wBrodaviopata avtictoye mg wWwtuAg 4, ta X, =(1 1 O)t Ko X, =(2 0 1)t.

To 1600vicpata X, , X, Kot X , X; 0VTIGTOL(O00V GE OLOKEKPILEVES OLOTIHEG, Gpa.
etvan kéBeta (IIpodTaon 7.11).
Toppova pe my Ipdtaon 9.1, o mivakag P e M, (R) mpénel va éxel omheg ta

opBoydvia wiodavdcpata. Eropévog yperaleton va epapuoloope m péboodo Gram-
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Schmidt ot {X,,X;}, Ppiokovpe X, = Xs—ﬁ %=1 -1 1). Awpdviag to
X2

dltavoopoTo {Xl, X, §(3} LE TO HETPO TOV TO KOBEVA, OGTE va Yivel povadlaio, EYovue
-1 1 1

p—ix—il p—ix—il p—l

S Bl B P R e e

2 0
Ve Ve Y
‘Eto, 0 opfoydviog mivakag P eivme P=(p, p, p;)= }/ 5 }/ 15 _}/ Al
VA A

Eivan gavepd 6t emoknbedvetan n oxgon P'AP =diag (12, 6, 6) ko ypnoponoidvtag

. t , ,
Tov petaoynuatiopo mge (9.5), x=Py, ue y =(y1 Y2 ys) » T TETPAYOVIKT] HOPOT|
q3(x) =x'A X , petd omd wphels, petatpémetal oV aviiotoym  Slaydvia

TETPAYOVIKT] LOPPT] TTOL £ivar

12 0 0
X'AX=y PAPy=Yy'| 0 6 0|y=12y;+6Yy,+6y’. see
0 0 6

Mopdaderypa 9.19 Na e€etocOel To TPOONLO TOV EMOUEVOV TETPAYOVIKDOV LOPOOV
i) 0,(X)=8%—6xX, +3X; —4X,X, +8%; Tov R’

i) 0, (X) =% +4xX%+X] +6%,% +5X; to0 R®

i) 0, (X)=—4% +2XX, +2XX, —4%] +4X,X, —4%; o0 R°®

iV) 0, (X)=4x +4xX, +2x; —4%,X, +3X%; +3%; To0 R*

Am6oeiEn : i) H tetpayovikn popon ql(x)z X' A X &gt avtictoro mivoko,

8 -3 0
A=-3 3 -2|. To mpéonuo g TETPUyOVIKNG MOpPNG eivar to 10 pe 10
0 -2 8

TPOONUO TOV avtioTolyov Tivakd tg, To omoio €aptdtor omd TO TPOCHUO TWV

wiotu®v tov mivaxa (Ipdtacn 9.4). To yopokINPIoTIKO TOAVOVVLO TOV Tivara A



Kepdhawo 9 — Tetpayovikég LOpQEG 33 amo6 53

eivor  y, (1)=(A-8)(A*-114+11) . Enopévog ot dotuég sivar A, =8
A

RN 11++/77
2

A, 0 xou A, = — Oleg ot 1d10t1pég etvan Beticol apBpoi, omdte 0

nivokog A etvon Oetikd opropévog (Ilpdtaon 9.4), dpa n teTpaywvikny popen ql(x)
etvon BeTikd oplopévn.
i) O ovtiotoyog mivakag NG TETPAYOVIKNG HOPONG 0, (X) =x'A X sivon

A =

. Onmg kol TponyovUEVa, TO YOPAKTNPLOTIKO TOAVOVULO TOL Tivoka

N O -
w +— O
g w N

givar  yz, (1) :(Z—l)(lz —6/1—8) . Emopévog, ov wotwég eivar A4 =1,
A, =3-417 <0 kot A =3+4/17. Emeidn vmapyer tovddyiotov pio Betikny kou pio
apvntikn woty, o mivakag A, givor aopiotog (IIpodtacn 9.4), dpa n tetpaywvikn
pHopen g, (X) eivar adprom.

i) O avrtiotoyog mivakog TG TETPAYOVIKNG HOPONS qs(x)=xt A X elvon

-4 1 1
A=1 -4 2| . To yxoapakmpoTikd TOAOVVUO TOL Tivoko  &fvon
1 2 4

I (A)=(2 —1-6)(/12 +64+ 6). Eropéva o1 d1otipéc eivar 4, =—6, 4, =—3—+/3 ko
A, = —3+4/3. Oleg ot 1dwoTpég elvanr apvntikol apBuoi, coppova pe v Ipdtaon
9.4 o mivaxog A; givar apvntikd opiopéVog, Apo M TETPOYOVIKT HOPPN q3(x) glvan

aPVNTIKAE OPIGUEVT).

4 0 0 2

| , ’ t , , 0 2 0 -2

iv) H tetpayoviky popen g, (x)=x" A, x &gt mivaka A, = 0 0 3 . To
2 -2 0 3

AAPOKTNPIOTIKG  TOAGVORO TOL  Tivaka A, sivar g, (/1):1(1—3)2(1—6) :
gnopévog ot wotwés etvan 4, =0, 4, =3 (duthfy piCa) kou A, =6. Eneidn oleg ot
wotpég etvar pun apvnuoi apibpoi, o wivakoag A, etvar Oetikd muopiopévog

(IIpoétaon 9.4), apa N tetpaymviky popen eivar g, (x)>0. soe
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IMopdaderypa 9.20 Na Bpebovv ot Tiég g mapauétpov a € R, ®ote o1 mivokeg

11 a 5 2 -1 1 4 5
. . . 4 a
i) A=|1 1 1|, ii) B={2 1 -1},iii)C=|4 a 6], |v)D:(a 9}
all1l -1 -1 a 56 1

va glvar Betikd opropévor.

Am6deiln : i) H opilovoa tov mivaka sivor det A=-—a’ +2a—1:—(a—1)2 <0, 7
omoio 1oVt PE TO YvOUEVO TV 1WTIHOV Tov Tivaka A (IIpdtacn 7.2). Eivon
QavepO OTL TNV TEPITTMON LOG Ol TPELG W0TIUEG OV pmopet va eivor OAeg BeTiké,
®OTE 0 CLUUETPIKOG Tivakag A va glvar Betikd opiopévog, copewva pe v [podtaon
9.4. Katd ovvémelo dev vapyovv TéG Tov a, dote o mivakag A vo givor Betikd
OPLGUEVOC.

i) Ot opilovoeg OAwV TV KOpwV vromvakmv Tov mivako B etvar detB, =5>0,
5 2 , , : .
detB, = ) 1 =1>0 xou detB=a-2. Andé v Ilpotaon 9.5i, o ocvupeTpikog

nivakog B elvar Betikd opiopévog av kot poévo av Oieg ot opilovoeg twv KOpLwv
vromvakwv tov givar Betikég, dpo mpéner a—2>0, cvvendg Yo kdbe a>2 o

nivaxkog B elvan Betikd opropévoc.

i) Onwg kot mponyovpeva, vroloyilovtag Ohec Tig opilovceg TV KOLPLOV
1 4

vromwvakev tov C éyovpe : detC,=1>0, detC, =det 4 =a-16 xkm
a

detC =-24a+188 . I'a va eivar Betikd opopévog o C, mpémer detC, >0 xon
detC >0, apa ot avicdoelg cuvaAnfevovy dtav

a-16>0 } a>16

—24a+188>0 a<%z7.833

T0 omoio eivar advvarto. Apa, dev VILAPYOLV TIEG TOL a wote o wivokag C va eivon
BeTikd opiopévoc.

Iv) Emedn n opifovoa tov npdrov vronivaka eivar Oetikn (det D, = 4), mpémet kou n
opifovoa tov mivaxe D va givon Oetikn ya va epapudletar n Ipdtaon 9.51, dnradn

npénel det D =36—a” >0, 1o omoio cupPaivel povo dtov —6<a<6. o0
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Mopdadcrypa 9.21 Na Bpeite o €100¢ TOV ETOUEVOV EMPAVEIDV
i) 5X2+2%X, +5x5 — x5 =1

i) 5XZ —4XX, +6X> +4X,X, +7x; —10%, +8X, +14x, =6

i) 3X7 + 4% X, +4X X, +2X> +4x2 =1

iV) 4% —4X X, +8X X, + X5 —4X, X, +4X; —12% —12X, + 6%, =1
V) 2X7 +12% X, +8X X, +3X +4X,X, —2X. =0

AmédeiEn : i) H avtictoym eéiocoon g (9.10) givor 1 X'Ax—1=0 (*), 6mov

51 0
A=|1 5 O glval 0 OULUPETPIKOC TivoKOG TNG  TETPOYOVIKNG  HOPPNG
0 0 -1

Oy (X)=5%2+2%X, +5X2 = X2, v k6Be X=(% X, %) €R* pe b=0. I'a tov
petaoynuotiopnd g (*) ypewaletar va vrohloyicovpe évav opboymvio mivaka P, o

onoiog Ppioketar énmwg oto ITopaderypa 8.15. Ot wWwotipég tov A eivan 4 =-1,

A=4 xou A4,=6 . H wWonun A4, =-1 £&eE aviictoyyo WwW0xwpo TOV
V(—l):{x3(0 0 1)t: X, GR} , emA&youue évo ovTioTowo 181081GVUCHO TG
A=-1 10 x=(0 0 1)t , o wotwy A4, =4 el 80yopo  TOVv
V(4)= {x1 1 O)t X € ]R} , omOTE emMALYOLUE €Vl aVTIGTOLO 151031GVVGHa TO
X, :(l -1 O)t , kot Ttéhog M A, =6 $éyet  oavtictoyo WWOxwpo  TOV
V(6)={X2 (11 O)t: X, ER} , amd Tov omoio emAfyovpe évo 1810814VVGHO TO

Xy = (1 1 O)t. Eme1on ot 1010Tég Tov GUUUETPIKOV Tivaka €ivol SOKEKPIUEVEG TA.

wodavicpata gival ava dvo Kabeta. Apa o opboymviog mivakag P givol avtdg mov

€xel 0TNAEG TO 1010010VOGHOTO TOV A, 0QOV TPAOTH SPEGOLUE TO KOOEVAL LE TO

° V5 Vo

pétpo tov, dniadn P=|0 %E }(/E . Epappolovtoc v Ipdtaon 9.1, o
1 0 0

UETACYNUOTIGLOG
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o [0V Jaln

X=Pz=|X, |=|0 _}/\/5 }/\/5 zZ, |,

)11 o o |\B

odnyet X'Ax =z'P'APz=z'diag(-1,4,6)z, yw kabe z=(z, 7z, 23)t eR*, apa 1

(*) xataAnyel oty e&icmon

-1 00
X'Ax-1=0=17'| 0 4 0|z-1=0=-2/+42;+62.-1=0, (**)
0 0 6

n omoia &ivar M avrtiotoyn oyxéon g (9.11). Emewdn b=0 , é&yxovue tov
petacynuaticpd W, =z, ywo kabe i =1,2,3, ondte n avriotoyn mg (9.12) etvou n

—W + 4w + 6w =1. (***)
H moocétrta k =1+ 0, 6Aec ot 1d10TIpéG givan pun undevikéc, coppova pe ) Bewmpio

g mopaypdoov 9.2.1, n emedveia mov meptypdeeTot amd v (¥**) elvar povoymvo

VEPPOLOEIDEG.
i) H doBeica eicmon yphopetar
X'Ax+b'x—6=0, (*)
5 -2 0
(avtiotoym popoen e&icwong (9.10)), 6mov A= -2 6 2| givar 0 GLUUETPIKOG
0o 2 7

TVaKOG TG TETPAYOVIKIG HOPPNS O, (X)=5X —4X X, +6X; +4X,X; +7X; , yw0 k6e

Xx=(% % X)eR*, ue b=(-10 8 14) . O petacyuotiopss g (*)
emtuyybvetar ond évav opBoydvio mivaka P, o omolog katackevdletor pe

Bonoeia TV Wodvucudtov tov wivaka A. Ot dotiuég tov mivako A eivon 4, =3,

A,=6 xau A4,=9 . H wotmun A4 =3 £er aviictoryo Widxwpo TOV
V(3)= {x3 (-2 -2 1)t X, € ]R} , emAéyovpe avtiotoyo 1810divocpo g A =3
0 x=(-2 -2 1)t , m Wompy A4, =6 e &idgwpo  TOV
V(6)= {Xz (-2 1 —2)t DX, € ]R} , OTOTE EMAEYOVLE EVOL OVTIGTOL(O 1310816VUGHLOL TO

X, :(_2 1 —2)t , ko téhog M A4 =9 £xet aviictoyo WWOYwpo TOV
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\ (9):{x1(1 -2 —2)t: X, GR}, amd Tov omoio emdéyovpe £va 131081Gvocua TO

Xy = (1 -2 —2)t. Eme1dn ot 1010Tpég Tov GUUUETPIKOD TivaKa ivol SOKEKPIUEVES

Ta W1odvoouato etvatl ava dvo kdbeta. Apa o opBoydviog mivakag P etvar awtdg
oV €yel OTNAEG Ta 1010d0VOGHATA TOV Tivoka A, a@od TpOTA OoPEGOVUE TO

S AL 2 2 1

kabBéva pe 10 pétpo Tov, OnAadn P = _% % _23 :% -2 1 =2

2/ -2 1 -2 2
BT H
Epappolovtag v [Ipotaon 9.1, o petaocynuaticpdg etvon
X, 1 -2 -2 1)z
X=Pz=|X, |==|-2 1 -=2]z,]|

3
X 1 -2 2)\z

amd 6mov éxovpe X'Ax =2'P'APz =z'diag (3,6,9)z, y oha z=(z, 2z, z,) eR*,

B . 2 2 1
B, =b‘P=§(—10 8 14))-2 1 -2|=(6 0 -18). Etwot 1 (*) kataiyst
B, 1 2 =2

otV e&icoon
3 00
20 6 0|z+(6 0 -18)z-6=0=3z +6z;+9z; +67,-182,-6=0, (**)
0 0 9

n omoia eivar M avrtiotoyyn oyéon g (9.11). Enedn OAeg ot wwotég eivor un

UNdeVIKES, EPUPUOLOVTOG TO UETACYNUATIOUO W, = Z, +ﬂ =7, =W, —2’%, Yo KaOe
A w, -1
1=12,3, éovpe | Z, |=| W, [, ondte aviikabiotdvrag otnv (**) Kataiyovpe
Z, w, +1
2 W2 W2
3W12+6W22+9W32:18:>?1+_2+_3:1’ (***)

N omoia giva avtictoyn g (9.12). H mocdmra K # 0, 6Aeg ot 1dtotipég givan Oeticés,
ondte cOpemva pe T Bewpio (map. 9.2.1), n emedvela mov TEPLYpAPeTOL OTd TV

(¥**) etvou eEAAenyoeIdEC.



Kepdhawo 9 — Tetpayovikég LOpQEG 38 amo6 53

iii) H do0sico e&icwon ypdgetar X'AX—1=0 (*), émov A= givar o

N N W
S N DN
H~ O DN

GUUUETPIKOG TVOKOG TNG TETPAYMVIKNG LOPPNS
O (X) = 3% +4%,X, +4x X, +2X2 +4x2, yio k4B X =(X% X, %) eR*'. Ta tov
petacynuoticpd mg (*) yperdletar va vroioyicoopue tov opboymvio mivaka P. Ot

wotég tov A givar 4, =0, 4,=3 xar 4, =6. O WOywpog ¢ wWotyung 4 =0

2 1
etvar X[ =2 |, XeR}p , mg 4, =3 elvan 1X| 2 [, XeR; xot téhog ¢ 4, =6 elvan
-1 -2

X| 1], xeR}. Enedn] ot 1d10tipég tov ouppetpkod mivaka sivor Stokekpuéves, to

wodtaviopata gtvar ava 6vo kdbeta. Apa o opBoydviog wivaxkag P elvar avtdg mov

€xel oTNAEG Ta 1010310VOG AT TOV TTivaka A, a@ol mTpdta dSopESOVUE TO KaBEva pe

% KA (201
10 P€Tpo ToL, dnhadn P = _% % }/ :% -2 2 1.

_% _%% -1 -2 2

X, 2 1 z,
Epappolovpe tov petooynpotiopd X =Pz =| X, |= 3 -2 zZ, |,
X -1 -2 2)\z

omote wyver X' Ax = 2'P'APz =2'diag (0,3,6)z , v kdfe 2=(z, z, z,) eR*.

Eneidn vmapyer pio ot ion pe pndév, ypnoylomoidvtag tn oadikasioo g
Bempiag, n (*) kataAnyel og e€lomon EAAEMTIKOD KLATVOPOL
0 0O
X'Ax-1=0=72'|0 3 0|z=1=3z+62=1.
0 0 6
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4 -2 4
iv) H Sobeica eticmon ypapeton X'AX+b'Xx-1=0 (*), émov A=|-2 1 -2
4 -2 4

glvol 0 GLUUETPIKOG TVAKOG TNG TETPOYMDVIKNG LOPPNG

Oy (X) = 4X2 — 44X X, +8X X, + X2 — 4%, X, +4%2 , v k&fe X=(¥% X %) € R* kat
b :(—12 -12 6)t. INa tov petaoymuatiopd g (*) ypetdleton vo voloyicovpe
tov opboyavio mivaka P . O wotpég tov A eivon 4, =9 ko 4, =4, =0 (dumhn

2
piCa). O Wwywpog tng wWwtyung A4 =9 eivar <k| -1|=kp, keR} , evd g
2

A=A =0 aivou{k(l 2 0)+u(0 2 1) =kp,+up, k,,ue]R}.

Ta 1drodavocuato D, anotehobv  PBaon tov ydpov RP . emmiéov 1O
1 2 s

1010010VOGLOTO. TTOV OVTIGTOL(OVV GE OLOKEKPIUEVEG OIOTIUEG CLUUETPIKOD TIVOKOL

elvar peta&d tovg kdbeta, emouévog €00 ypeldlovtor opbokavovikomoinon Tto

1310310VOGHOTO. TTOV AVTIETOYOOV ot itk Ty, ‘Etot égovpe p, =(1 2 0)t

%
0 A 5
Ko P, =| 2 "% p, = % . Atupovpe to kéBe 1010016vuoa Kol PE TO HETPO TOV,

1

2 —4\/_5/

% Ve s
omote 0 ophoydviog ivakag P givon P = _% y\/g 2[5/15
% 0 %%
3 3

2 —4f5/

o |5 SE s

Epappolovue tov petaoynuatiopd X =Pz =| X, |= _% %g 2\/§%5 Z |

X3 Z3
2 J§/
% o 3

ométe wydet X' Ax =2'P'APz = z'diag (9,0,0)z y ke 2=(z, z, z,) eR* xan
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% Ve %
b'P=(-12 -12 6) % %/g 2\/543 =(o —3?6 18\/54),
% 0 V%
dpa n (*) kataAnyel otV

9 00

z'{0 0 O Z+(0 _By 18‘/—5/)2:1:9212:14_%22_%23 (**).
000 V5 > V5 5

Enedn vmépyovv 800 wWotpég ioeg pe undév, n de A4, etvar un pundevikn o,

COUEMVO L€ TOVG UETACYNUOTIOHOVS OV TpoTeivoviol otnv avrtictolyrn Oewpia,

Wl
Zl
W,
gpovpe W, =2, +i:> W, =2 ko |z, |= ﬁwz +—3—£ . Onote petd omod
24, 36 2 36
Z, w,

paselg oty (**) xatadyovpe oty e&icmon mapafoitkod KLAIVOPOL

V) 2% +12X,X, +8X X, +3X; +4X, X, — 2% =0
H dobcica e€iomon yphoetal

X'Ax =0, *)
4
2

(avtiotoym popoen e&iocwong (9.10)), o6mov A= elval 0 cuppETPIKOG

BN o) B V)
N W O

-2
nivakog G TETPay@VIKAG Hopeng O (X) =2 +12X,X, +8X,X; +3X; +4X,X, — 25
yo kale X=(¥% X, %) eR*. O petacynpomopdg mg (*) emroyydvetar omd

évav opboyovio mivaka P , o omoiog katackevdletor pe tn Ponbela tov

wiodavvopdtmv tov mivaka A. Ot wotpég tov mivaka A eivan 4, =-5, A, =-2

ku A4,=10 . H wotwn A4 =-5 £xer  oavtictoyo WOWOxwpo  TOV
V(-5)= {x2 (-2 1 2)t DX, € R}, gmAéyovpe avtictoryo odibvocpa mg 4, =-5

o x=(-212 , nm Woupq A=-2 e 8dgepo  TOV
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<

(-2)= {Xz (-1 2 —2)t X, € ]R} , OmOTE EMAEYOVUE OVTIGTOL(O 110816VUGHO. TO
X, =(—1 2 —2)t , kou téhog mn A4 =10 éxer avtictoryo WWOwpoO TOV
V(lO):{X3(2 2 l)t: X, GR} , omd Tov omoio emAéyovps vo 1510816VUGHA TO

X5 = (2 2 l)t. Eme1dn ot 1310TéG TOL GUUUETPIKOV TTivaKo eivol SLOKEKPUUEVES TOL

wodavicpata gival ava dvo Kabeta. Apa o opboymviog wivakag P givol avtdg mov

€xel oTNAEG Ta 1010310VOG AT TOV TTivaka A, a@ol Tpdta SopESOVE TO KabEva pe

N h n 2 -1

2
1
TO UETPO TOL, ONAadN P = 2 2/ == 1 2 2/|. Epopuodoviac v
Hétp niadn %A/szzlcppucgn
2 -2 -
% A
[Ip6taon 9.1, o petacynuaticpdg sivon
X . -2 -1 2\(z
X=Pz=|X, =3 1 2 2| z]
X, 2 -2 1)\z
an6  o6mov  &ovpe X 'Ax=2z'P'APz=7z'diag(-5,-2,10)z , yw ko
2=(z, z, 1z,) eR*™.
B . 2 -2 1
B, :btP:§(—1O 8 14)|-2 1 -2|=(6 0 -18). Etor n (*) xataliysl
b; 1 -2 =2
otV e&icwon
-5 0 O
/0 -2 0|z=0=-5z7-227+10z. =0, (**)
0 0 10

n omoia eivar M avtiotoym oyxéon ¢ (9.11). Emedn OAeg ot 1d0Tég eivon pn
UNJEVIKEG, O HETUCYNUOTIONOG Tov epappodlovpe etvar W, =2, yo kae 1=1,2,3,
omote N (**) yphoetal

—5w? —2w2 +10w2 =0, (**)
N omoio givar avtiotoryn g (9.12). H mocotta k =0, pe 300 1810Tipég apvnTikég
kot pla Betikr, omdte ovupwva pe ™ Oeoplo (map. 9.2.1), n emedveln mov

neprypapetan omd v (¥**) elvar EAAETIKOG KOVOG,. *oe
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Mopaderypa 9.22 Noa Ppeite o €100G TOV ENOUEVOV KOUTOAWDV
i) 5%’ —6XX, +5X5 —14x, +2x,+5=0

i) X7 —2xX, + X, —6x —14x, +19=0

iii) X7 +6xX, + X5 +4x +4x, =10

Amédeitny @ i) H doBsico efiowon yphpeton X' AX+b'X+5=0 (*), omov

5 -3
A=( 3 5] glvol 0  OCLUPETPIKOC TIVOKOG TNG  TETPOYMOVIKNG  HOPONG

0y (X) =5x2 —6X,%, +5x2, yio kGO x=(%  X,) eR* xaw b=(-14 2)'. I'a tov

petaoynuotiopd g (*) ypewaletar va vroAoyicovpe tov opfoydvio mivaxke P . Ot

wotpég ov A givan 4, =2 kw4, =8. O 100xwpog g wotung 4 =2 eivon

1 1
{X[J, XER} Kot g 4, =8 eivan {x[ J, XER}. Emedn ot wotpéc tov

GUUUETPIKOV Tivaxka €ivor StoakeKpléveS Tto. todtavoopoto  sivor  kdbeta, o
opBoydviog mivakag P etvar awtdg mov €xel otAeg T 1d10d1avucate Tov A, apov

TpOTO Jdwpécovpe 1O KaBéva pe 1o pétpo 1OV, onrodn

(e Ve 1)
e ) R

Mo xabe 2=(z, z,) € R*, spappolovpie T0V LETUGYHATIONO

_ X1 _ 1 11 Zl . . t _ Stpt ot
Xx=Pz= =— , 0mOTE 1oyvel X Ax =2 P APz =z diag(2,8)z kot
x,) 2\1 -1z

biP Jli( 14 z)(l 1] (j_z IJ Apa 1) (¥) katodiiyer oty
2[2 Oj [\/1_2 \/l_GJ +5=0= 22 +82 \1/_ \/_2

21N GUVEXELQ, OV YPTCLULOTOUCOVLE TOV OKOAOVOO LETAGYNUATIOUO

+5=0 (**)
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=12
20| (el
- 1
Z j _ 4 _ V2
Z, —1y 1
W, +——

Kot ovTiKoTootoovpe oty (¥*) katalyovpe oty e€icmon tng EAAEIYNG

2 2
wWoow,
2w + 8w, :8:>Tl+T2

=1.

1 -1
i) H Sobeica e€icwon ypagetar X' AX+b'x+19=0 (*), dmov A=( . 1} givot o

GUHETPIKOG TVOKAG TNG TETPAYOVIKAG HOPONG O, (X) = X[ —2X.X, + X5 , Y1 KéOe
x=(¥ %) eR* ku b=(-6 -14)". I tov petooynuomiopnsd g (*) ypeidieton

vo. vmoAoyicovpe tov opboyavio mivaka P . Ot wwotipués tov A eivar 4 =0 xon

1
A, =2. O W0ymwpog g wotung 4, =0 sivon {X[J, XER} Kot g A, =2 eivan

1
{X[ 1], Xe ]R} . Eme1dn] ot 1dtoTtipéc tov ovppetpcod mivako ivaol SIKEKPYUEVES TO

wodavocpata gival kdbeta, o opboymdviog wivakag P elval avtdc mov €xel GTHAEG

T 1010010vOouaTe TOV A, 0QOL TPOTO JAPECOVUE TO KaBEVO e TO HETPO TOV,

Y& Vi A1)
V5 V) P

Mo xabe 2=(z, z,) € R*, spappolovjie T0V LETUGYHATIONS

oniadn P =

X,

X,

1 1 1 Zl r 4 t tpt tA:
X=Pz= =— e ondte woyvel X Ax =z P APz = z'diag(0,2)z ko
2

J2l1 -1
1

b'P = T(— —14)(1 1 j ( —20 j Apo n (*) xatoAfyel oty

1 2

j \/29 \/,)Z+19 0=2z - \/, \/,Z +19=0 (**).
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2T OLVEKEW, OV YPNOLUOTOU|COVUE TOLG OKOAOVOOVLG  LETACYNUATIGLOVG

“ sk
z,-15 xor aviikatostioovpe oty (*¥*)

2

Kotaryovpe oty eéicwon g mapaforig 2wl = w, = (1/22) =W,.

1 3
iii) H Sobsico ekicwon ypdoetar X'AX+b'x—-10=0 (*), 6mov A:(3 J givar o

CUUUETPIKOG TIVOKOG TNG TETPAYOVIKNG MOPONG 0, (X) = Xf +6XX, +X22 , Yw Kabe
x=(¥% %) eR* xu b=(4 4). Tl tov petacynuatiops mg (¥) yperdletal va

vmoAoyicovpe tov opboymvio mivaxa P . Ot wwotipés tov A eivar 4 =-2 xon

1
A, =4 . O wWioywpog g wwotpng 4 =-2 &ivan {X( 1], XER} ko g 4, =4

1
glvan {X(J, XER} . Emedn] ot wotéc tov ovppetpwkod  mivaxko  eival

SloKEKPIUEVEG TOL 1010010viopaT etvan KaBetTa, o opBoymviog mivakag P elvarl owtog

OV £YEL GTNAES TA 1010310VOCHOTO TOV A, POV TPMTO dlAPEGOLUE TO KaBEvVa [LE TO

Y& /% A1)
Ve V)

Mo xabe 2=(z, 2,) € R*, spapprolovjie T0V LETUGYHATIONO

puétpo tov, dniaon P =

1

z
X = Pz:>[ 1J=$( ) j[zlj omdte woyvel X' AX = 2'P'APz = z'diag(-2,4)z kou
2

1 1
b'P = 1 J [ ] Apo n (*) xatoAnyel oty

-

-2 0 8
z 10=0= -2z} +42; +—=12,-10=0 (**).
0 4 Neks
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2 ovvEYEln, €MEWDN Ol WOIOTIHES eivar Un UNOEVIKEG, OV YPTCLUOTO|COVUE TOV

0
W, —— W,

1
z —4
LETOCYNUOTIOUO ( l] = 8 = 1 | kol avtikataotnoovpe otny (**)
W 8|
g

V2

2 2
KotoAyoupe oty eicoon g vrepforfg —2We + AW, =12 = % - W—61 =1. soe

Moapaderypa 9.23 No eEetdoete av Ol ETOUEVEG GUVAPTACELS EYOVV OKPOTOTO KOL VO,
T YOPOKTNPICETE

i) fiR®R, f(X,X%,X)=X +2X5 + X+ XX, — 2%, — 7% +12

i) f:R° >R, f(X,%,%)=12—x"—x; =X + XX, +30%,

i) FiR* >R, f(X,X%,%)=10—X =X+ X +X +X, + XX,

AnédeiEn = i) Av m oovapmon f (X, X, Xy) =X +2X2 + X + XX, — 2%, — TX, +12
&xel axportata, avtd Ba Bpickovtar ota onueia, 6mov pundevifovior ot TPAOTG TAENG

UEPIKEG TTapAy®mYOL. Apa. apkel Vo ADGOVE TO OLOYEVEG CUCTNUA

o060

%, 2% +%-7=0) x=4
A% %) ol oy vax, =0l=x,=-1l.

%, 2% -2=0| x =1
o (6% %)

OX,

"E161, 1 LOVOSIKH ADGT TOV GUGTHUOTOC Eivat (Xlo, X,’, X3°) =(4,-11).
YymuatiCovpe tov Hessian wivoka ¢ cuvaptnong oto onueio (4,—1,1), 0 omoiog

o’ f % f i
ox OxOX, OxOX,
2 2 2
om (9.17) etvar: H (4,-11)= ail afx sz ai afx _
2 2 2023
o f o’ f % f
axl a)(3 axz ax;; 6X§

(eI B\
o b~
N O O




Kepdhawo 9 — Tetpayovikég LOpQEG 46 amo6 53

Epappolovtag v Ilpdtaon 9.5, mpoxvntel 6t1 o mivaxkog H (4,—1,1) gtvol BeTika

OPIGUEVOC, ETEWDN 1OYVEL
5 1 2 10
detA =2>0, detAzzdet(1 4J:8>O, detA=det|1 4 0|=14>0.
0 0 2

Zopgpove pe v Ipétaon 9.6, cvunepaivovpe 61t 1 cvvapton f(x,X,,X;) €xet
TOTIKO EAYIGTO GTO (Xlo, X,0, X30) =(4,-11).

i) Av n ocuvépmon f(X,X,,X,) =12—Xx = X2 — X + XX, +30x%, &yl axpdroTa avtd,

Ba PBpiokovtal ota onueio, 6mov undevifovrol ot TPOTNG TAENS HEPIKES TOPAy®YOL.

Apa apkel va AOGOVLE TO OHOYEVEG GUGTNUA :

of (%, %, %) _

% 2% +%+30=0] x =20
AOXX) ol oy —ox, =0l —10!.
X, —-2%,=0| x,=0
o e, % )

)8

‘Etol, 1 povadiky AOGM 1oL GLOTAMATOC  Efvar (xlo,xzo,x3°):(20,10,0) :

YynuatiCovpe tov Hessian wivaka ¢ cvvaptnong oto cmusio(ZO,l0,0), 0 omoiog

glva:

o’ f o* f o’ f

ox;  OXOX, OX0X, 01 0

2 2 2

H (20,10,0) = ot 61; ot 1 1 -2 0
OX,0X,  OX;  OX,0%, 0 0 2

o’ f o’ f o’ f

OX0%X, OX, 0%  OX;

EpappoCovtag v Ilpotaon 9.5, mpoxdmter ot o mivokag H(20,10,0) eivon
apVNTIKAE OPIoUEVOGS, EMEWON 1OYVEL

-2 1 0
-2 1
detA =-2<0, detAZ:det[1 2j:3>0, detA=det| 1 -2 0 |=-6<0.
0 0 -2
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Zopewva pe v IIpdtaon 9.6, cvunepaivovpe 61t N cvvaptnon f(x,X,,X;) €xet
TOTKO LEYIOTO GTO (xlo, X’ X3°) =(20,10,0).

iii) Av n oovapmon fiR® >R, f(X,X,,%X)=10—x" =X + X, + X +X, + XX, &xel
akpotota ovtd Bo Ppiokovior ota onueion 6mov pndeviovtar ot Tp®OTS TAENG

pepkég moapdymyor tng ovvdptnons. Apo ypeldletor va AVCOVUE TO OUOYEVES

GUGTNUO :
af (Xl’ X2’ X3) — O
_2
af(axl ) —2% + X% +1=0 Xl_é
Xl’ XZ’ X3 _ _ _ _
a—xz_o =2+l =0r=x%=1
X +2%, =0 —
o (%o %) _ g L X3 = %
0%,
, L n , , 0,0 0 21 -1
Eto1, 1 povadikn Aom tov cuotipatog eival (x1 Xy Xy ): =25 )
, L, . , (21 -1 ,
ZymuatiCovpe tov Hessian wivaka tng cuvdptnong oto onpeio =25 ) 0 omoiog
etvau
o’ f o’ f o’ f
ox: OX0X, OX0X, 50 1
2 2 2
(ZLANZL 2 2ty |
52 5 OX,0X,  OX;  OX,0%, 1 0 2
o° f o° f o° f
OXOX, OX,0% — OX:

Epappolovtag v Ilpdtacn 9.5, mpoxvmter 011 0 mivaxog H(%%,%lj elvan

adp1oTOG, EMELON 1GYVEL

-2 0 1
-2 0
det A =-2<0, detAzzdet(O 2J:4>O, detA=det|] 0 -2 0(=10>0
1 0 2

2opeova pe v Ilpétaon 9.6, cvumepaivovpe 6tL 1 cvvdptnon (X, X,, %) M

cuvaptnon ogv TOPOVGLALEL TOMKO

0%, %)

wax){s375)

aKpOTATO 61O

*00
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Mopaderypa 9.24 No e€etdoete av 01 ETOUEVES GUVAPTIGELS £XOVV AKPOTATO,
i) fIR* >R, f(X,X,X%)=-X —x5—x;+12x +12x, +8x, —50

LLE TOV TEPLOPGHO X, + X, + X, =0
i) iR SR, f(x,%, %)=(X—2) +3(x 1) —2(x —4)(x, +1)

e TOVG TEPOPIGUOVG 3X, +2X, =0 wou 4x, +2X, =0.
AmooeiEn : 1) Eopoppolovpe ™ pébodo molhamiaciactdv tov Lagrange. T'a
oovdpmon = f (X, Xy, %) =—X> =X —x. +12x, +12xX, +8%,—50 , Ogopodue
GUVEPTNGN TOV TEPLOPIOHOD Gy (X, X5, Xg ) =X + X, + X5 . ZOpgove pe mv (9.18)
opilovpe T ovvaptnon Lagrange va givot

F (X0 X0 Xg, A1y Ay ) = =X7 = X5 = X5 +12X +12X, +8%; =50+ 4, (X, + X, +X; ) .

Mo vo vapyet péytoto | eAdyioto ¢ cvvaptnong f mpémel va ikovomolovvTot ot

cuvOnKeg

OF (X, X0, X 20, ) =0, yio k60 i =1,2,3 ko OF (%1%, X, 1) =0.

ox, o,

"Etot dnpovpyeiton to cvotnua

OF (%%, %, 41 )
8)31 : =0 —2% +12+ 4, =0
FOuxxat) ol Ly ipes g
OX, 2
=
FOuX%Xh) ol oy 18440
OX, 3
aF(xl,Xan,%):o X +X,+X% =0
o4

H Abom tov cvotpatog

gtvan X, =X, =3 Xy=——, A= —?2. O mivaxog amo6 (9.19) eivar
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-2 0 0 1

22 4 3Ry |0 -2 0 1
4(5’5"5"?)— 0 0 2 1|

1 1 1 0

Eneidn oto mapaderypa xoope n=3, m=1, ypeialetar va vroroyiobei n opilovoa

TOV Tivako 4(3,2,—i,—£j, n omoio givon det Al(g,g,—i,—gj =-12<0
33 3 3 33 3 3
Kot 1 opifovsa tov mivaka mov TpokvTTEL 0o TN drarypoen e 1™ otRAng ko 1M
QUUNG TOL vk A 224 % Tov gival

YPORUNG 3’33 3 )
22 4 3y [2 01

det(Dz(E’g’_E’_?D: 0 -2 1=4>0. Zopugpwvo pe v Ilpotacn 9.8 ii
1 1 0

, , , , 0 0 0 2 2 4
vronepintwon B ovumepaivovpe 611 6TO ONUELO (X1 Xy Xy ) =l—,—,—=|n f
TOPOVGIALEL TOTKO HEYLOTO.

i) Eeopupolovue ™ pébodo morlamAiaciaoct®dv tov Lagrange. Tt cvvaptnon
=0 %, %) =(x —2)2 +3(X, —1)2 —2(x,—4)(x, +1), Bewpodue TIG CLVAPTAGELG
TOV TEPLOPISROV 0, (X, Xy, X3 ) =3X +2X,, U, (X, Xy, X ) = 4X +2X,

Kol cvpova pe v (9.18) opifovpe ™ cuvdptnon Lagrange va givor

F (%, %, % A Ay ) = (% = 2)° +3(%, =1)" = 2(%, = 4) (%, +1)+ 4 (3%, +2%, ) + 4, (4% +2x,)

Mo va vedpyer péytoto | erdyroto g cvvaptnong f mpémel va kavomolovvtar ot
ouvOnKeg

OF (4% X b y) o OF (%% A )
OX. ’ oA

! ]

=0,y kdbe 1=1,2,3, j=12.

"Etot onpiovpyeiton 1o cuotnua
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OF ( X4y Xps Xg5 A4y A
(% zaxlaﬂi ) _g 2%, — 2%, ~6+34 +44 =0
OF ( Xy, X5, Xg0 Ay A
(%% %0 A 2):0 —2X, +6X,+2+24 =0
oX,
aF ,nya 1
(Xl 2 3212’2):0 <32&2:0
0Xq
a':()(1’)(2’)(3’/11’}“2):0 3%, +2x, =0
04
aF(Xsz’XleJ’Z):o 4x +2%x,=0
04,
H Adom tov cvotpotog
cival Xl:i_i’ XZZ_Z_; st_i_g ,lei—g, A, =0. O nivakog and (9.19) eivan
2 -2 0 3 4
18 27 36 56 20 020
4 _l__v__a_,o = 0 O O O 2 '
43 43" 43 43
3 2 00O
4 0 200

Eneidn oto mapdderypa €povpe Nn=3, m=2, ypedletor va vroloyisbel povo 1

opilovca TOL mivako 4 (% ,— i—; ,— j—g , i—g , Oj , n omoia givan

18 27 36 56 .
det| A, | —,—,—,—,0([=344>0 . Xopoovo pe v Ilpodtaon 9.8 i
[ 1(43 43" 43'43 D HoGVA he Ty LpoTacn

vromepinT®on o cvumepaivove 0Tl 6TO oNueio ( X", %0, X o) _ (18 27 36] 0 f
1Mok ST T T T T
43 43 43

TopoVo1alel TOMKO EAAYIOTO. o0

Egappoyn 9.25 O apiBuog mov delyvel «mdGo KOvia» eivor €vog TETPOy®VIKOS
nivokag 6to va unv givor avtiotpéyinog ovoudletal oeiktng | aprtOpodg KaTaoTaong
(condition number). O deiktng KoTAoTOONG TOV Hovadioiov mivaka givat 1, evd evog

U1 OVTIGTPEYLOL Elvat TOAD PEYAAOG aplOloG.
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A (A'A)

I'o évay mivaxa Ae M, (]R) , 0 0glkTNG Katdotaong opiletal va eivor -
7\‘min (A A)

kot svpforilerar c.n(A). Topemvo pe Tov Opiopd 9.5, ot 1Wotipéc Tov mivaka A'A
etva o1 1W1dlovoeg Tov mivaka A, GUVETMG 0 OEIKTNG KATACTOONG 100VTAL [E

o, (A , . . .
c.n(A) = L, omov o, 20, >...20, 20 eglvar o1 1014lovoeg Tiég Tov mivaka A.
A 1 2 n
n

1 1
Oewpodpue tov wivaka A=| 0 1|. Navroroyicete to deiktn kotdoToong tov A .
-11
. A a2 0), ,
Améoeln : O ovppetpkdg mivokag A'A= 0 3 &yer wotég 4 =2, 4, =3,

enopévag ot wialovoes Tég eivan o, (A) = NERO o, (A) = J2. Yuvendc o deiktng

katdotaong eivar c.n(A) = a(A) = \E =1,2247. 00
o, (A) V2
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Emoaveieg 2°° paOpov

X2 y2 ZZ
?+b—2+g =1
EAAENYOELDEG
2 2 2

a~ b® ¢

HovO®mVo LITEPPOAOEIDES

diymvo vepPoroeldég
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X z
_2_|_y_2__:0
a~ b” ¢
KMVOG
2 2
X
Z:_2+y_2
a“ b

eMemTikd mopaoroeldég

B y2 X2
I="5"77

O
QD

vepPoiko TopaPorogldég

xX*=ay, a>0

TapaPOAKOC KOAVOPOG
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