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Kegdraro 8

KANONIKEX MOPOEYX - ATATQNOINOIHXH

Mo 0o T1G o OAES LOPPES TTIVAK®V EIvVaL 01 S10YMVIOL 1} 01 TPIY®VIKOT TiVaKES. XTO
KEPAANL0 ALTO JATLTIOVOVTOL KPITNple Kot peBodoAoyio Tov Hag TANPOQOpPOvV oV O
TETPAYOVIKOG  TVOKOG  €VOG TPOPANUOTOS OVAYETOL G  OlYOVID  LOPPY.
[Tapovoralovtal apKeETEG EVOLUPEPOVGES EPUPLOYES TNG LOY®VOTOINGONG, LEAETATOL M)
dlymvomoinon  €W0K®V  katnyopldv mvakev. Emiong avamtdccovtor  kovEg
ocuvOnKeg Kot HEBodoL MOTE Vo LETAoNUOTICOEL Evag TETPUY®VIKOG TIVOKOG GE OTAN

Hopon, 6mmg givatl avTn eVOg TPLY®mVIKOD 1) VOGS S10yDVIOL TVOKOL.

8.1 Awywmvomoinon wivaka

Opopog 8.1 (010y®VOTOM 610G TIVOKAC)
Evag mivakag AeM, (F) ovoualetor  Oraywvomonjouos oo F av ovmapyer
avuotpéyiuog wivoxkog P e M | (IF) tét010¢ hote o mivoxas P AP va efvau O10,y®V10G.
Av 1oybel 0 opiopdg tote Aépe OTL epappoletor pia daymvomoinon otov A Kot
YPAQovLE

(i) A=P'AP i woodovapa (i) A=PAP™! (8.1)
OTOoL AeMn(IF) o dwyoviog wivakag. IIpoeavag n (8.1) (i) eivar o opiopog
opoloTNTOS TOV TVAK®OV A, A, YU auTO KOl GUYVA YPNCUYLOTOIOVUE VTOV O OPIOUO
dtymvomoinong wivaka, o d¢ mivaxkag P ovopaleton mivakxag opototyras.

Isodvvapog opiopdg : O AeM, (IF) OVOUGLETOL OLAYVOTTOUGIHOS OV EIVOL OUOLOG

UE OLaYaVIO TIVOKO.

1
[opdaocsrypa 8.1 ¢ O mivaxog A=[5 3} elvar daywvomomoog oto R, doTt

1 1

. J e M, (R) &to1 dote vo 1oydet

VIdpyEL 0 AVTIGTPEYIHOC Tivakag P = (
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B 1 11 1)1 1) (-4 0
PTAP = = -
-5 1) (5 -3){-51 0 2
11
* O mivaxag B = [0 J ogv givau dlayovoromoog oto IF.

[Ipdrypatt, av eival dtoryovomomoipog copemva, pe tov Optopd 8.1, Tpémetl va vdpyet

a b
d

aVTIOTPEYIIOG Ttivakoc, €0t P =[ Je M, (IF‘), Y Tov omoio va woyvel N (8.1).

O P vrohoyileton amd Tyv Epappoyn 1.9, ondte ot mpééeic Tmv mvikmv divovy
- 1 1P— 1 d -b)1 1)fa b} 1 (ad+cd-hc d?
0 1) ad-bcl-c a {0 1)lc d) ad-hc —c? ad—cb—cd )

O televtaiog mivakog gival daydviog poévo oty mepintwon d =c¢=0, oAld 10TE

det P =0, mov elvar advvaro, eneldn Oewpnoape 6tLo P glval avTiotpéyiog.
Mia GAAN anddeiEn, uropodpe vo dovue otnv Eeappoyn 8.24 iv.

0 1
0] . O mivaxoag dgv eivat dlory@vomomcipog otav

*  Ocwpovpue tov mivaka E :[

Bewpnbel otoryeio tov MZ(R). [Ipdypatt, OTOC 610 TPONYOOUEVO TOPASELYUO OV

a b
d

OcpGOVUE £VOV  AVTIGTPEYILO  TIVOKOL P=[ JeMz(]R) , and v (8.1)

TPOKVTTTEL

paf 0 L 1 d -b) 0 1)a b} 1 (ad+cd b*+d?
-1 0) ad-bcl-c a)l-1 o)lc d) ad-bcl-a?-c® -—ab-cd)’

O televtaiog mivakag gival dlaymdviog povo oty mepintwon a=b=c=d =0, aAld

t6te det P =0, mov givon addvarto, encdn Bewpnioope 6tLo P givor avtiotpédyipoc.

(Zta emopevo amodeikvoetar 0Tl 1 dloywvonoinor evog mivako oyetiletoan pe ta
101001vVOHGHOTA TOV, Kot OTmg £xel avaeepbel oto [apaderypa 7.0, o mivakag E dev
€xet 1010TIHéG Ko 1todtavoopato eni tov R, 10 onoio givar GAAN po anddeén yoti

d¢ daywvomoteitan oto R).

Evo o mivakag E  dwaymvomoreitan av Oswpnbei o¢ otoyeio tov M, (C) . Hpdypat,

-i 0 11
gokoAa emainBedeton 1 oyéon P'EP = ( 0 i ), omov P =( . j :
i —i i
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‘Eva edhoyo epdtnpa mov tifevion eival mmG OKENTOUOOTE Kol KOTOOKEVALOVIE TO
ovyKekplpévo mivaka P, dote vo givor avtiotpéyipog kot va emaindevel v (8.1).

Tnv andvnon v divel | emdpeEVN TPOTOOT).

Ipotaon 8.2 ( S10y®VOTOUGLLOG TIVOKAS — LO100LUVOCRATA )
Evag mivaxasc AeM (IF) elval 010)VOTOINTIUOS AV KoL UOVO oV 0 Tivokos A

Exel N YpopUIKG, aveCopTnTo 101001AVOGUOTO.
loodbvaua, évag NxN mivakog A eivar ouolog ue o1oymvio wivako. A av kol uovo

r il I3 I g 14 ,
av o yawpos F™ = F" éyer faon mov amotedeitan omd 101001aviouate tov A.

Am6deiln Oftovpe P tov nxn mivaxa pe othieg ta davocpota X , X, ,..., X, Ko
A 10 Nxn daydvio wivako pe doydvie otoxeio Tig WoTpés A, A,,..., 4, TOVL

nivaka A. Iapatnpodpue ott

AP=A(X X, - X)=(Ax, AX, - AX,) (8.2)
Ko
4 0 0
PA=(x X, - xn)? & . ? =(A% X o X)) (83)
0 0 .. 2

n
YnoBétovpe Ot o mivakag A elvar dwrywvomomoipog, dpo  vmhpyst P
OvVTIGTPEYINOG, 01 OoTe va woyvet 1 (8.1) (ii), A= PAP™, kat moAamhoctalovTdc
mv enl P xatoAnyovope AP =PA, n omoilo @ovepdvel 160TNTA TOV TVAK®V GTO.
TpoOTo PEAN TV (8.2), (8.3). Zuvendg woyvet
(Ax, AX, - AX)=(AX X, - A X)) (8.4)

n

Amo v (8.4) mpoxvmrel

AX, =4 X, ykdfe i=12,...,n. (8.5)
Enewdn) P eivar  avuotpéyipog to X, X, , ..., X, &ivor ypappwd aveEaptnta
(ITpétaon 5.12) kot un undevikd. Xvvenmg 1 (8.5) poavepdvetl 0t X, X, , ..., X, efvon

wodavoopoto TV A, 4,,..., 4, avtictoryov Wotipoy Tov mivaka A.
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Avtiotpoga, av Bswprcovpe 0Tl X, X, ,..., X, €ivor ypappucd dodovocpora, o
nivaxkog P, mov kotaokevdleton pe oTNAES Ypoppukd ave&aptnta dtavocpata, ivot
avtiotpéyipog (Ilpdtaon 5.12), kou emmAéov woyvel 1 (8.5) N 1 1w6odHvaun ot TO
(8.4). Enedn woyvet 1 (8.4) cvumepaivovpe 0T tar TpdTO pEAN TV (8.2) ko (8.3)
glval ioa, GLVETMOC

P—l

AP =PA = A=PAP?, o0

H amddeién g mponyoduevng mpdtaong otnpiletor oty Kataokevn evog mivaka P
pe oTHAEG T 101001vOGaTe Tov A Kot evOg O1ydVIoL Tivako A = (ﬂi, Ayyes, An) ue
otoyeio TIg avtiotoryeg 100THES (AapuPaveTor vTOYN N AAYERPIKN TOAAATAOTNTA).
Avtn givar ko 1 Bacikn W€ Tov enduevov aryopiBuov tov onoio gpappolovpe dtav

xpedletan vo vroloyicovpe pio Stoywvoroinom tov mivaxa Ae M, (IF) .

Ady6pOpog droyovomoineng tov Ae M (F)
1. Ymoloyilovpe 10 Y0pOKINPIOTIKO TOALGOVVUO TOL A, omOTe Ol pileg TOL
etvar ot 1d10TIpég Tov Tivaka A.

2. T ka0e ot 4, vroroyilovpe pio Bdon tov avticToyov WLOYMPOUL,

Movovtag o cvotnpa (A-A41)x=0.

3. Oswpobue 10 GHVOLO {X1 Xy ey Xr} , TO OTmol0 CLYKEVIPMOVEL OAL T
oTolela TV fAce®Y TOL VTOAOYIGTNKAV 6TO Prua 2.
e Avr#n,toteo A d¢ dwyovomoleital.

e Avr=n, t6te o A Swywvonoteitar. Opifoviag P va eivor o mivakog

pe 6TNAES TOL OOSAVOGHATO X, X, ..., X, , EYOVLE

A 0

A=PrAP = ,

omov A, etvou n 610tipn pe avrioctoyo wioddvocua to X, 1<i<n.
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0 2
o mopdderypo, 7y vo  eggtdoovue ov 0 TVAKOG A=[ SJ glvan

dwywvoromoipog, pe Paon tov Opiopd 8.1 kot v amdden g Ilpodtaong 8.2,
apkel va Bpovpe &vav katddinto wivaka P e M, (R), tétolov dote A=PAP.

2Oppova pe Tov ahyopBpo dtaymvomoinong vToloyilov e TPMOTU TO YOPAKTNPIOTIKO

TOAVMVVLUO TOV Tivaka A

A =2
A)=det(Al — A)=det =1°-51+6,
n()=den(ar-a)=da{ -5

and 6mov TPOKVTTOLY Ot WIoTWEG A4 =2 ko 4, =3. [N kaOe pio and 115 1010TYEG
Ba mpocdlopicovpe ToV avTIGTOO 1010XWPO, AVVOVTOG TO GUCTNHA (A—),, | ) x=0,
1=12.

[Na v ot 4 =2, £xovpe 10 GuoTNUA

wamon(3 )

and T0 0moio TPOKVITEL

—2%, +2X, =0 X, =— 1
X 2 - X — x= S T X, % eR.
—3%,+3x, =0 X, €R X, —X -1
Ot un undevikég Aaoelg Tov 1oydpov V (2) gtvat woddvoopa g 4 =2,y X, =1

eméyovpe Wrodvoopa 1o X, = (1 —1)t.

-3 2 0
(A-31)x=0 < o,
-3 2){ X 0
amd OOV TPOKVTTEL

_ _ _3 X 1
2X1+§X2:8}: =Nl x:(xlj: 3 |=x|3] xeR.
—OX t X, = x, R X, Exl 5

INo 4, =3, &ovpe

INa mv wot) 4, =3 kat yuo X, =2, emAéyovue aviicToyo 131001GvUGHO TO

x,=(2 3).
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O P «ortaokevdleton pe otmreg  To  WO00vOGHata, omdte  B€Tovtag

1 2
P=(x X2)=£ ) 3} vmoloyilovpe detP=5#0 , 1o omoio deiyver 6TL Ta

wodvocpata  gtvor  ypoppukd aveCdptnta, dpa o A glvol Sl0y®VOTOUGLOG

3 -2
(Ipoétaon 8.2) kot emmiéov OTL vapyst o P+ = %[1 1 j Evkola emainbevovpe

. . A 2 0
kavovtag mpdéeic v (8.1) () PAP=4= 0 3/

["a TeprocoTEpO TOPAdETYLLATO EQAPLOYNS ALTOV TOL AAYOPIOUOVL TOPATEUTOVLE

oto [Tapdoetyua 8.23.

210 TPONYOLUEVO TOPASELYHO, Ol WOI0TIES TOV Tivaka A MTav SLOKEKPLUEVEG,
00eg Kol To péEyebdc Tov Ko amodsiape 0Tt 0 Tivakog dtymvomomdnke. Avtd dev
glva Tvyaio, cvpPaivel Tavta, o10tL 0 mivakog P, mov Kataokevdletal e oTAES TO
W010dlvOicHOTO, Elval TAVTOTE OVTIGTPEYILOG M0 KOl €YEL OTNAES YPOLLUIKA
ave&aptnta dtvocpata (kepdiaio 4 ). Emopévog oty edkn mepintwon émov dheg
01 W10TIHEG TOL TrivaKa elval OOKEKPIUEVEC UTOPOVLE VO, ATOPOVOOVLE AUECT YOl TN
dlymvomoinomn tov mivako ywpig vo avalnToovue ta 1010010vOGHOTO TOV TIVOKO,

OTMG OTOOEIKVVETAL OTNV EXOUEVT TPATOAON.

Ipotaon 8.3 ( S1ay®VOTOiINGT — SLOKEKPIUEVES 1OLOTINES )
Av évog mivaxas A€ Mn(F) Erel N Olokekpuéves 1010TIUEG, T0TE 0 A glvon
010y VOTOILOLULOG.
Amédeln ‘Eotow ot A4, 4,,..., 4, eivor Sokekpipuéves WO0TéS tov mivaka A pe
X, X, ..., X, 1O 0vTioTOoyo t0dtavocpatd tovg. Xopewva pe v Ipotaon 7.10

aLTA T 1O10010VOGHATO EVOL YPOUUKE aveEdpTnTa, ETOUEVODS 0 A dtaywvoroteital

(ITpdtaon 8.2). 00

INUOVTIKY €QOPUOYT TNG Oly®wVomoinong &vog mivako €ivol 0 LTOAOYICUOG TV

duvdpemv tov.
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Mpotaon 8.4 ( S10y®OVOTOU|GLHOS TIVAKAS — OVVANELS TVAKOYV )
Av évog mivakas AeM (IF) givou draywvoronoiuog ue 1otiués A, 1=12,...,n,
10t€

A =Pdiag (4, 4} ,.... 4 )P, (8.6)
o ke pooko aptduok .

Av 4 #0, 16ze A% =Pdiag (4", 4,%,..., 4, )P, podfle ke N.

An6oeiln Eoto 011 0 mivakag A gival S1ory@vomomoiog, omdte TopoyovIonoleiTol
om popoen (i) e (8.1), A=PAP™, and évav ovtiotpéyipo mivaka P kon évav

A=diag (4, Ao Ay) 5 OTO0 Ay, Ay,

. wwotipés tov A, (vmoloyileton 1

adyefpikn moAdamhdtra). Tote va ypdyovpe

A :(PAP’l)k =PAP-PAP™ ... -PAP™ = PAP™ = Pdiag (4, 4},.... 47 ) P".

k — popég

Xmv mepintwon mov o A €xet A4 #0, 10te givar avtiotpéyog (Ilopopa 7.3),

ovvendg opiletor o A, o omolog éyet Wotwéc A ko o ovticTouya

wodvocpotd tovg X, etvar 0w pe avtéd mov ovrioToyovv ot 4 Tov A,

(ITopropa 7.8), apa vdpyel P avtiotpéyipog, o 1010¢ e avTOV oV Sloy®VOTOLEL TOV
A, tétoloc dote A™ = PA7P™. Opota pe mponyodpeva omodeikvisTat

A*=PA™*P?, keN. XX

Mo mapaderypo, ov evdlapepdpacte vo vmoioyicovpe tov A®® —2A° | otav

0 0 1
A=|1 0 1|, ypedletor vo vmoAroyicovpe Ttic wWwotwég tov A . To
0 -1 0

XOPOKTNPIOTIKO  ToAvdVVpo eivar g, (A)=2°-A*+A-1=(A-1)(A+i)(A1-i) ,
omote ot Swakekpuéveg wotipég tov A eivan 4 =1, A4, =-1 xau A4, =i, dpa o
nivakag A dwyovornoteitar oto C (IIpdtaon 8.3) ko givar Kot avTioTpEYILOG.

1 0 O

An6 ™V (8.6) moipvoope A =P| 0 (—i)k 0 [P, omdte KAVOVTAC OVTIKOTAGTAC
0 O i“
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1 0 0
* v k =2008 égovpe A*®=P[0 (i)™ 0 |P'=PIP"=1,
0 0 i2008
1 0 0
* yok=-8, A®=Pl0 ()" 0 |P'=PIP"=1,
o o0 i’

apo. A% _2A% =1,

H popen tov €loyiotov moAvwvOpov oivel €vo dALO YPNOIUO KPITHPLO Yo, TN
dtayovomoinon 1 Oyt evog mivaka OTMG OVOPEPETOL GTNV TAPAKAT® TPOTAOT).
Ipotaon 8.5 ( dreymvomouoLpog mivakag — ELAYLGTO TOLVOVVNO )
Evog mivoxoac Ae Mn(IF) elvar O10yWVOTOOIUOS OV KOI UOVO OV TO EAGYLOTO
rolvddvouo tov wivaxe A, M, (i) elvar yIvouevo OLaKeKPIUEVWY TPpwTofobuiwy
TOPaYOVImV, Onioon
My (1) =(A-4)(A- ) (2-2,) )

Omov 01 1010TIWEG Ay, Ay, ...y A, EIVAL VG SVO S10POPETIKES.

Av 10 €Mdy10T0 TOAVOVVHO TOL Tivaka A givar g popeng (8.7), and tov Opiopd

TOL gAayioTov ToAv@VLOL 7.4b KoTtaAyovue
My (A)=(A=41)(A=41)—(A-41)=0.
Enopévog yio va eréyEovpe av o mivakag A givol dl0y@vomomcIog opkel va

eetdoovpe av emainBedeTon ) 16dHTTOL
(A—ﬂll)(A—/IZI)---(A—ﬂkI):(O), (8.8)

onov A4, 4,,..., 4, elvar ot dtoakekplpéveg W10TIREG Tov A.

-2 5 2
Mo mapddeypa, o wivaxkog A=| -1 4 -1| 8¢ dwyovonoteitar. Ilpdypatt, T0
0 0 -1

XOPAKTNPIOTIKO TOAVGVLLO givar g, (4)=(A—-3)(4 +1)2 , GUVETAG Ol SIUKEKPULEVES
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(Swpopetikéc) wWwotpég etvar 4 =3, 4, =-1 (n dedtepn Wotun €xer akyePpikn
nolamdotnta 2 ), ko (8.8) dev emainOevetar, d16TL

-5 5 2)\-15 2 0 0 -15

(A—3I)(A+I): -1 1 -1|-1 5 -1(={0 0 -3

0O 0 4){0 0 O 0 0 O
Mopotipnon 8.6 + H Swywvomoinon evog mivaka AeM, (F) mov éxet
OlakeKpUEVEG 1WO10TIEG emtvyydveton mwavtote (IIpdtaon 8.3), av ypedleton va
yvopilovpe tn daymvormoinomn sivol amopoitntog 0 avIIeTPEYIHOG Tivakag P, tov
omoio Bpickovpe cOUP®VA pe TOV 0AYOPOLO dloymVOTOinoTg.
* H dwuymvomoinom evog mivaxa A tov omoiov ot 1010Tipég Tapovstdlovv aiyefpikn
TOALOTAGTNTO OLOPOPETIKN TNG Hovadag, | epapuoyn e IIpotaong 8.5 1 1codbhvapa
n oyéon (8.8) &ivar 10 OULVTOUOTEPO KPUTNPO YL VO ATOGOVOOLUE Yoo TN

dwaywvomoinon M Oyt tov mivaka Ae M, (IF) Av 1 Saymvomoinon eivat QKT 0

avTioTpéYipog mivaxkos P, vroloyiletar cOpeva pe Tov aAyopidpo diaywmvomoinong.

Khetvovtag v mapdypaeo avty|, xpelaletor va avaeepBolpe kot otnv Evvola g
Oly®VOTOINGNG TOV YPOUUIK®OV OTEKOVIcE®Y, KaBMG €miong Kot ota avAaAloyo

KPLTNPLOL TOL YPTGUYLOTOLOVVTOL Y10, QLT V.

Tyoha_ovpBoopod @ To wBodovoopato tov Ae M, (F) eivon otoygeior tov
X

M, (F) dniadf eivar g popeig | : |. T cvvropio B ypagovpe F™ o1 O¢on
X

n

nx1

TOV MM(]F ) Onng simape ko 610 Ke@dlato 4, o ydpog F™ eivar ovolootikd o F"

X
pe T povn dpopd ot ypagovrag F™ cvpforifovpe ta otoryeion oe otideg |

X

n

evd ypagovtag F" ypnotpuomolodue ypoppéc (Xl,...,xn) Axpiéotepa n amelkdvion

X
fiF™ > F", f| 1 [=(X,....X,) elvar &vag 160pop@IopOG Slavuopatikdv xdpay.
X

n

Mécw avtov ToAé @opéc tovtilovpe to F™ pe to F", cvpfoliopd tov omoio

v1oHeTOVUE OTO ETOUEVOL.
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Opopnig 8.2 (draymvomonjoyun YPOppPIKAG OTELKOVIGNC)

Eotw V évog T — oiovvouatikog ywpos rmemepaouévis oiaotacns. Mia ypouarn
ancikovion T :V =V ovoualeror diaywvomorjeiun av vadpyer o faon too V. g
TPOS TNV OMOIO. O OVTIOTOLYOS TIVOKAS OVOTOPAOTOONS THS ONEIKOVIOHS EIVOl

010y VOTOLOLUOG.

Amo tov Opiopd 8.2 mpokHmtel 4Tt 10 TPOPANUA TNG S10ry®VOTOINONG LIOG YPOUUIKNAG
amekoviong €ival 16000vapo pe 1o TPOPANUa  Stywvomoinong evog  mivoka
AVOTOPAGTAONG TNG, TO OTOI0 HEAETNGAUE OVOAVTIKA. Q6Tdc0 a&ilel va avapépovpe
TIC akOAoVOeg mpotdoelg ol omoieg givon avdioyeg towv Ilpotdcewv 8.3 kol 8.5 yw

YPOULKES OMEIKOVIGELG.

IMopopa 8.7 ( dwwywvomoicn YPUPUMIKAG OFTEIKOVIONS - OLOKEKPLUEVES
1010TIHEG)

Eotw V évag dovoouotikog yawpog owdotaons N kor T:V >V o ypowary
ametkovion. Av n f érer N dwokexpiuéves 10otyeg, tote n f elvan

010 VOTOLNTIUN.

To mopddetypo, ov Oswpicovpe v ypappkh omewcovion f iR > R? pe
f(x, y)=(x+y, 5x=3y) , ypnowonowdviag v ocovvibn Paon 100 R’

1

VTOAOYIGOVE TOV Tivako ovorapactaong A= [5 3}. Onoc avagépdnke kot 6to

[Topdoetypa 8.1, o A eivar 81aymvon01ﬁctuog1, omote n f eivan dywvomomoiun,

ooueovo pe tov Optopd 8.2. Mo GAAN amdoelln €ivol avTi TOV OOKEKPIUEVOV

wotipov (TTopiopa 8.7), ot omoieg givar 1d1eC pe QVTEC TOV TIVOKO OVOTOPACTOCNG

™me, dnhadn, A, =—4, 4, =2

! Tpdypatt, 10 xopaxmpiotikd moAvdvopo ov A givar (ﬂ,) =A*+21-8= (/1 + 4) (ﬂ, - 2) ,

GUVETMG 01 1010TIUEG TOL efvarn drakekpipéves kan epapuodlovpe v [pdTaon 8.3.
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IMopropa 8.8 ( Swaymvomoinon ypappikig — EAIYL6TO TOLVMVONO )
Eotw V évag dtavoouotikog ywpog owgotaons N kor f:V =V o ypopuixn
ametkovion. H f eivar diaywvoromoun av ko uovo av to eldyioto moivmvouo

mg T elvor yrvouevo diokexpiuévaov npwrofobuicov ropoyoviwy.

Hopadsrypo 8.9 * H ypopph omeikovion f:R® — R pe
f(xy,2)=(3x+y+2z, 2x+4y+22, X+ Yy+3z),

etvar daryovomromoun. O wivakog avamapdcTacns TS, O TPOG T cuviH N Bacn Tov

311
R® givat A=|2 4 2|. Bpiokovpe T0 yopoKINPIOTIKO TOAGOVOLO TOV, TO OTOi0
1 1 3

gtvon y,(4)=2"-104%+281-36=(1- 2)2 (1—6) . Emopévag ot 1dotipég eivar
A, =2 (duthn pila) ko A, =6. H (8.8) emaAnBedetar, 610Tt kKdvovtog mpatels Exovpe
(A-21)(A-61)=0 , emopévag m,(A)=(1-2)(A-6) seivar 710 ehdyoT0
TOALV®VVUO TOL A, T0 omoio Tawtiletar pe owtd ™G amewkdvione f ko amoteleiton
and TpwtoPadove mapdyovieg, apan f doyovoroteitor (ITopiopa 8.8).
e H ypappw amsikovion f:R® — R® pe

f(xy,2)=(y,—4x+4y,-2x+y+22),

ogv givan daywvomomoyun. O wivakag avarapdcTaons TS, ™G TPOS T cuvion Pdaon

0 10
tov R® givan B=| -4 4 0|. And 10 YOPOKINPIOTIKO TOAMVVLO, TOV &ivor
-2 1 2

25 (1)=2"-642+124-8=(A- 2)3 , onwg oto IMopdderypo 7.23, Bpickovue OtL 1O
eMdyoto ToAvdvLpo givar My (1) =A% -41+4=(A- 2)2 , T0 omoio towtileTon pe

avtd G amewkoviong f kot emedn to my (/1) ogv omoteheiton amd mpwTofadiovg

napdyovieg, n f 8¢ dywvoroeitan (ITopiopa 8.8).
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8.2 Tprymvomoinon

Opwopoc 8.3 (Tprywvomouopog mivakog)

Evag mivaxag Ae M (IF) eivar Tprywvoroowos oo F av eivar ouoiog ue évov
AV TPIywVIKS TIVOKO, ONAGON o DIGpYEl avTioTpéyLuog mivokas S € M | (IF) T€T010G

WOTE 0 TIVOKOG
STAS=T (8.9)

vo. EIVal Avm TPLYOVIKOG.
, , -3 -2 , ,
[No mapaderypo, o nivakag A= 8 & gtvon tpryovoromoiog oto R, emeidn

1 1
-2 0

s 35 2 0 )

0 1
OE :[ 1 Oj tov [Tapadeiypatog 8.1 dgv eivan tprywvomomoilpog oto R, oumg

Y10l TOV OVTIGTPEYIIO TTivaka S :( j 1GYVEL

oto C elvan  1pryovomomolpog, o16tt  kaBe mwivakog Ae Mn(C) elvan

Tprymvomomoipog oto C cdpewva pe ta endpeva omoteréopata (TTopiopa 8.12).

Ytov Opopd 8.3, av o mivaxkag S eMn(IF) elvat opOouovoc&ociogl Aépe OTL O
AeM, (F) eiva opOopovadiaio Tprymvomomoiog, kot TOTE 160l

S’AS=T 1 woddvopa A=STS” (8.10)

Ipoétaon 8.10 ( Oed@pnpa Schur)

Kabe mivokag AeM, (IF) givou opBouovadiaio tprywVOTOINoLOS GE EVay Gve

tprywviko mivaxko T € M (IF) 0 0T0I0G EYEl OLaYD VIO OTOLYELO TIG LOIOTIUES TOV A.

An6oe1En H mpodTtoon amodeikvieTal EnTaymyikd g Tpog Tov THmo N tov mivaka A.

Mo n=1 wydert terpupéva. Eotw 6t 1oydel v omolovonmote mivoko TOTOL

! "Evag mivokag U € Mn((C) Myetor opBopovadwaiog  otav wyoer UU =UU =1, énov

* Tt s . . * -1
U =U". Eivoau mpogavéc amd tov opiopd ottiosyost U™ =U .
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(n-1)x(n-1). Oewpodpe 611 4, X, &ivon o 10mocd o0 A Ko pdMoto 1o

1010014VUG oL TO OlOAEYOLHE Vo givan povadiaio,

X1|| =1. EmAéyovue dwvoouota
Xys Xgy.o0s X, Kot pall pe 1o X, ypnowomowdvtog ™ HéBodo Gram-Schmidt
Kotaokevalovpe o opfokavoviky  Bhon  {X, X, Xs,.... X} tov F' ko
oynuatiCoope  tov  wivaka U, =(%, X, ... X,) . O mivakag U, eivon

opbopovadiaios, Tov onofo SwpepiCovpe U, =(x, U,).
X; X; X; Ax, x; AU
UAU, =| "% A(Xl U2)= \ (Axl AU2)= Lo (8.11)
u; u; U;Ax, UAU,
Hapotnpodpe 61t o mivakag A =U;AU, eivar tomov (n—1)x(n-1), Gpa omd v
vobeon g Emaywyng LVWAPXEL Ve TPLY®VIKOG mivakag T, xar opBopovadioiog
nivaxag U, , étot dote UJAU, =UU;AUU, =T, & A =U;AU, =U,TU; .

Amo 1o 1810mocd Tov A éyovpe X, AX =4 X[ X :/11||X1||2 =4, ku X, U, =0, and

v KabetdotTa v dtovuopdtev, ondte U, AX, = AU, X, =4 ( X, UZ) =0.

Ta tapandve Ta avtikadicotodue otov teAevtaio wivoaka g (8.11) ko Eyovpe

1 1 P '
0 A 0 U,TU,

1 O
®¢étovpue TOVv nNxn opbBopovodiaio mivoka u, :[0 U J KOl UE  OVTOV
3
noAlamAacidlovpe v (8.12), omdTe TPOKLITEL

1 0 AU Y1 O " A
UIUSAUU, = A s AY: A AU g1
0o u;lo utu:jlo u,J lo T

1

omov o T &lvon v tprymvikog mivaxag kot av 0écovpe U =U U, 1 (8.13) ypdoeton
U*AU =T, dnAadn o A eivon opBopovadiaio 6po1og pe avm tprymvikd Tivako.
Emumiéov, and v [Ipdtacn 7.9 mpokdnTEl OTL TO YOPAKTNPICTIKO TOAVMVUUO TOV

mwvokov A kot T tavtiCoval, Emopéveg
n(A)=1: (1) =(A-4)(A=4)-(A-4),

onov A, Ay,..., A, draydvio otorgeia tov T (Egappoyn 7.29 i) kon 4 e o(A). oo
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Xy6Ma : ® To mopamdve amoTéEAECHO 10YDEL KOl Y10 KOTM TPLYOVIKO TIVOKOL.

¢ Onwg mapatmpovpe oty (8.13), o wivakag T e&aptdtor amd TV €TAOYN TOV
opBopovadiaiov mivaxa U, , o onolog emiéxOnke avbaipeta apkel to dwavdopoto
(mov etvar ot oyreg tov U, ) va amoterodv poli pe to povodiaio wdrodiévocpo
avtioctoyo ¢ wWotung A, opbokavovikny Baon. Zvvenmg o mivaxag T dev eivon
HOVOSIKOG, Apa 1] TPIYOVOTOINOT VOGS TTVaKa OV £XEL LOVAOTKT LOPON].

e Xmv omodeln tov Beswpiuatoc Schur mopovoidleton n pébodog yuo TV

TPLYOVOTOINGN €VOG Tivako, Tnv omoiot akoAovBoOUE GTO EMOUEVO TAPAOELYLQL

YPNOCLOTOIOVTAG AKPIPMOG TOV 1010 GVUPBOMGUO.

0 10
Mopadsrypo 8.11 Tw tov mivaka A=|-4 4 0| va Ppedei opBopovadiaiog
2 1 2

nivaxac U dote o UTAU va givar dve tpryovikog. O mivakoag A eivar o mivaxag B

tov Ilopadetypotog 8.9 wou exel eiyope amodeiéer 6Tt 0 mivaxkoag Ogv NTOV
S10y®VOMOMGILOG HE  YOPAKINPIGTIKO TOADOVOLO TO ¥, (/1):(2.—2)3 KO E
povadikn Wiotyn 4 =2 (tpmhy pida). H Mon tov svotipotog (A—21)x =0 givar
0 1816ympoc V(Z):{Xl(l 2 0)t+x3(0 0 l)t DXy, X3eR} . 'Eva povodwaio
wwdbvocpo g 4 =2 elvaw 10 X1=(O 0 1)t . Oeopd TO SvOcUOTO
X,=(1 0 O)t . X =(11 O)t KoL TO X, X,, Xy €lvon ypappwd aveEdptnra,
(enewdn det(x, X, X;)=1#0), dpo amotehovv Paon tov R’. Me tm pébodo
Gram-Schmidt opBoxavovikomowovpe to otoyyeior g Pdong (ta X, , X, seivon
opBopovadiaio, omodTE 0aoyOAOVUOOTE UOVO  UE  TO X; Yy T0 omoio

%,=(1 1 0) (1L 0 0)'=(0 1 0))«korétotégoope Uy =(X X, Xq).

H (8.11) éiver

*)

o o ™
|_\

“A © AU
U;Aulz[xl Xl Xl 2]

U;Ax, UAU,
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0 1

omov o  mivokog A =[ 44

j Exel YOPOKTNPLOTIKO TOAVOVVLLO
In(A)=2°-42+4=(2 —2)2 , Gpa éyer Wty 4 =2 (Guhy pilo) kor £dd
akolovBovpe v O dadikacio pe mponyovpeva ywo tov mivaka A . H Adon tov

ovotipatog (A —21)x =0 givor o WB16xwpog V (2)={X1(1 2)t DX GR} Ko £val

, . . t Y
povodiaio todidvocpa etvat To Yy, = . Mia opBokavoviky Péon tov R? pe

1
f(l 2)
npdto dvoopa 1o Y, eivar {y,,y,} omov v, =%(—2 1)t (eEMEYETE TV YPOUUIKY

ToVG avegapTnoio Kot TNV KaBeTdHTNTO TOV HOVASIAIOV SIVOGLATOV).

1(1 -2
[O): U,=— ,ombte U, =| 0 -2 .
STOD},LS 3 \/g (2 1 J OTToTE 4 }{/g //g

A

2mv (8.13) avtikabiotdvtag v (*) mpokdnTel 0 Tprymvikog mivakag T

1 0 2 2 1)/1 O 0
UU’AUU, =| 0 2 0 0 10 -2
UiAUL, 5 VAIWA:

0—4402
VA VARA:

N

om§§§<o

YA

5 T,
2

o O

kot 0 {nrovpevog opbHopovadiaioc (e6d givar opboydviog) mivakag U eivor
0 -2
1o o | [° e T
0 =2/ _1=]0 7 y
VAR LVAA
0 2 }/ 1 0 0
VAIVAC

Onwg avagépape ota oxdia, kabde katorapaivovpe and v anddelén kot and to

U=uy, =

— O O
o O -
o +— O

TPOTYOVUEVO TOPAdELYLO, M EMAOYN TOV dvuoudtov g Pdaong emnpedlet Tov

opBopovadtaio wivaka U , kabdg kol Tov tpryovikd wivaka T, ektdg BEPaia amd Ta
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dlyovia, ototyeioc tov mov eivor ot WoTéES tov mivake A . I avtd av dev
ava(nToOUE TN HOPPT] TOV TPLYOVIKOD Tivaka aAAd omAd ypetdletal vo amopaviolpe
Yo TNV TPLYOVOTOINGT 1 Ol £XOVE £vOL ELYPNOTO KPLTHPLO TOV GTNPIfETON UOVO OTIC
WOTWES TOL Tivake, ONANOT GTO YOUPUKTNPIGTIKO TOL TOALVMVVLUO Tov A. ATo TO
Bedpnua Schur kot to Bepediddeg Bedpnuo dAyeppag eivar pavepd Tmg Evag Tivakag
AeM, (IF) elvar tpryovnoog oto C, pia Kot 10 y0poKITNPIOTIKO TOV TOAVMVULLO
&xet axpipag N pileg oto C vroAoylopévng Kot TG TOAAATAOTNTAS TOVC.

Mopropa 8.12( Tprymvomoinon TivaKa-YopaKTNPLGTIKO TOAVMVONO )

* Evag AeM, (F) TPIYWVOTOIEITOL OV KAl HUOVO OV TO YOPOKTHPLOTIKO TOD

ToAv@VOUO avaldeTor o€ yivouevo mpwtofauiwy mopayoviwy oo F.

* KaOe nivakag AeM (C) TPIYWVOTOIELTAL.

Tto Mapddeypo 8.11, 10 y, (i)=(ﬂ—2)3 tov mivaka Ae M, (R) eivar ywopevo

TpoTofabuiov mapayoviov oto R, omdte vapyet Lo Tpty@vomoinon tov.

A&onmowmdvtag to Bedpnuo Schur pmopovue vo anodeiEovpe pio GNUAVTIK 1610TNTO

’ r ’ 1 r ’
nov oyetileTon pe TIc WoTEG Kot To {vog™ evOg mivaka.

Ipotaon 8.13( ixvog — wW6roTipéC wivaka )
e kdbe AeM, (F) woyver

trA=4+A4,+-+ 4, (8.14)
omov A, A,,..., A, €F eivau o1 1010T1uéG TOV Tivoko A (VTOAOYIGUEVNG KOl TNG

aAyePPIKNG TOAAATAOTNTAS TOVG).

Anooeiln Emedn kdBe mivaxog etvor opBopovodiaio OLOL0G Pe TPIYOVIKO Tivako e

dwydvio otoryeia Tig W0TIéS Tov A, dpa woydel 1 (8.10), kot emmAéov amd v Tov

opLopo ko TV WotnTa tov ixvoug tr( AB)=tr(BA) (Eeappoyn 1.16, iii), npoximntet

! Baéne Opiopd, oeh. 4, Kepdhowo 1, trA = a,+ay,+--+a,,, omov A:(aij), i,j=12,...,n.

nn?>
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trA:tr(STS*):tr(TS*S):trT:Zn:/?,,. soo
i=1
lNo mapaderypo, éoto évog mivokag AeM,(C) pe 4 =-4+5i, det A=82 km
trA=-5, 6mov 10 y, (/1) Exel TPayPaTIKOUG cuvteAeotés. [ va PpeBodv OAeg ot
Wotipéc Tov A, ypetdletar vo Bsopicovpe 6t 10 A, =4 =—4-5i &ivar 1810tun
SOTLTO Y\ (i) gyl mpaypatikovg cuviereotéc. 'Eotm A;, 4, ot dAdeg Wrotipég Tov A.
Tote amd v [pdraon 7.2 ko v [Ipodtaon 8.13 Exovpe Tig emOUEVES OYETELS
(-4+5i)(-4-5i) 4,4, =det A=82, (—4+5i)+(—4-5i)+ A+, =trA=-5
ot onoieg kataAnyovv oto cvotnua A4, =2 kot A, + 4, =3.

H Abon tov ovotpotog etvan 4, =1, 4, =2 | 4, =2, 4, =1.
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8.3 Awnymvomoinon TvaKko®v 101KNG HOPPNS

H 18w popon daymvomoinong tov Eppitiovedy Kot TV TpoyHaTiK®V COUUETPIKOV
TvlKoV elvar 11dTepO CNUAVTIKN OTIS EQOPUOYES. APevOs Omwg omodei&ape otV
[Ip6taom 7.11, évac Epputiavog 1 évog mporylatikOs GUUIETPIKOS Tivakog £xel LOVO
TPOYLOTIKEG 1O10TIHES, Gpa av dlaymvomoleitol 0 dy®dviog Bo ival TporyloTikog
nivakog, apetépov otny id1a [pdtaocn 7.11 anodeilape 6Tt € SLOKEKPIUEVES 1O10TIUES
To. avtiotorya 1todtavocpate ivor  kdBeta, mANpoeopio 1 omoio pmopel vo

a&lomomn el oTNV KOTAGKELT] TOL OVTICTPEYILOL TTivaKa P .

Aépe 6T évog mivakag Ae Mn(C) glvolr opOopovoodraio oL y®VOTOM|GLHOG OV
e ’ 1 ., ’ e ’

vrdpyer opBopovadiaiog - mivakoag mov Tov dlymvomolel.  Av vmdpyet, OonAadt,

opBopovadiaiog mivaxag U , o omoiog £xet Tnv d16mra U™ =U ™, €161 doTe va 1oydst
n8.1),

UT'AU=A<U'AU=A nioodovapo A=UAU" < A=UAU" (8.15)
Av gfetdlovpe ™V TEPIMTOON OTOVLE TPOUYUOTIKOVG OpOROVE TOTE AEHe OTL O
AeM, (]R) elval opBoyovia day®vomromoipog kot cUUBoAlovEe TOV TPAYLOTIKO

avToTpéYpuo mivoka TG Olaywvomoinong pe Pe Mn(R) , 0 omoiog elval

opﬁoyd)vwg2 omote Exet Ty WOt P = P, ko 1 avéhoyn g (8.15) sivan

P'AP=A < P'AP=A 1fwcodivapo A=PAP" < A=PAP'. (8.16)
6 -2 -1

Mo mopdderypo, o ocoppetpikdg mivakag A=| -2 6 1| €yel xopoKTNPLoTIKO
-1 -1 5

molv@dvVLpo 7, (A) =2 -174% +901-144 =(2-3)(A-6)(A—-8), ondte ot 1r0TIéG
etvor 4, =3, 4, =6 xou 4, =8. T'a kéBe pio omd 15 Wotypég npocsdiopitovpe tov
avtioToro WBioympo, Avovtag 1o cvotua (A-A41)x=0, =123,

[N v ot 4 =3, ko and to choTnua

3 -2 -1\(x 0
(A—3|)X=O < -2 3 -1 x,|=[0],
-1 -1 2 )\x 0
! Biéne, opiopod oeh. 12, mpwv ) oyéon (8.10)
?’Evag nivaxag U € M | (R) Aéyetar opBoydviog, av wyvet UU' =U'U =1, am6 dmov mpoxdmret

nwome U =U1,
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Omd TO OMOi0 TPOKVMTEL O 131OYMPOG V(3):{x1(l 1 l)t L X, ER}, EMALYOVLIE

Wrodévuopa 0 X, =(1 1 1).

lNa 4,=6, £ovpe and ™ Adon tov ovotipatog (A—61)x =0 mpokvmrer o
1310)0poC V(6):{x2 (11 —2)t D X, GR} , OMOTE EMAEYOVUE 131081GVUGHA  TO
x=(1 1 -2).

Ta mv oty 4, =8 mpokdntel o 1810ympog V(8)={x2(—1 1 O)t D X, e]R}
Kkt emAéyovpe avtiotor o wBiodiavuspa 1o X, =(-1 1 O)t :

And v Tlpotaon 7.11 emedn ot WO0THES elval SOKEKPIUEVEG, TO 10100100VOCUATOL
elval kKaBeto peTa&d ToVg, OmOTE AV OPEGOLUE TO KOOEVA LE TO PETPO TOV, KO TO
tomofeToovpe o¢ otNreg atov P, avtdg Ba eivarl opboymviog.

‘Eto1 kotackevdlovpie,

X 1 X, 1 X, 1

p=rt=—"m111), p=r2=-"to11 -2), p=ri=—to
Y Nt A o I A Y RN

KOl TOIPVOLLE TOV
VAP AIA:
P=(p, P, P3)= }{/5 }{/E }{/g mov tvot opBoydviog, omdte P~ = P!,
VA

And Tlpotaon 8.3 éyxovpe 6t 0o A dywvomoleiton kot €0KOAO UTOPOVUE Vo

(-1 1 o)

emaAnOevoovpe petd amd mpaselg ot oyveln (8.16),
P'AP =A=diag(3,6,8),

GUVETMG VILAPYEL SLYMVOTOINGCT TOV GLUUETPIKOV Tivaka A YPNGILOTOIOVTAG EVOV
nivoxka P, o omolog dev eivar HOVO avVTIGTPEYIHOC, OTTMC OmotTel 1 Oly®VOToinon
evog Tuyaiov mivaka, oAAG gtvorl Kot opBoydviog.

To epdTUO TOV HOG OTOGYOAEl €0 €lvarl av avTO YEVIKELETAL, OV ONAdY|, Ot
Epuitiavol 1 mpaypatikol cvppetpikol mivakeg Olory®vomolohvTal TAVTOTE, Kol
UAAoTO XPNOILOTOIDOVTAG £VOV TTivaKa E01KNG Lopeng (opBopovadiaio 1 opBoydvio).

Tnv andvnon t divel To PacpatiKod Bedpnuo.
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IIpotaon 8.14 ( ®acpotiko Ocdpnpa )
Kabe mivokog Ae M, (IF) elvai Ep,ulrlavo'gl ( mpayuoartinog oopuueTpikog) wivoarag
ov Ko uovo av eivar opBouovooiaio (0pBoymvia) ouolOG UE TPOYUATIKO OLOYDVIO
Tivaka.
loodvvopua, kabe mivaxog Ae M, (IF) eivor Epputiavog (mpayuotikos oopueTpicog)
TIVOKOG av Kol povo av  vmapyel opBopovooraios (opboyaviog) mivaxas U (P),
tétoto¢ dote o U AU (P'AP ) va sivar mpayuatiéc dioydvioc.
An6delEn Eotm 611 0 mivakag A eivon Eputtiovoc, amd to Osdpnuo Schur (TIpdtaon
8.10) vmapyer opBopovadiaiog mivakag U €161 dote va toyvet ) (8.15)
A=UTU", (8.17)
omov T dve Tpryovikdg mivakog pe otoryeio TG dorymviov Tov TIG O10TIHES Tov A,
o1 onoieg etvan mpaypatikol apBpoi (Ipdtaon 7.11).
Enedn woyder A" = A ypnowomordvrog kot v (8.17) kataifiyovue
UT'U’ =(UTU") = A = A=UTU",
and Omov mpokvItel OTL Tpénel va oyvel T =T, 1o onoio 1oydel uovo av o T eivar
TPOYLOTIKOG S10ryMVIOG TEVOIKOG.
Avtiotpo@a, ag vmoBécovpe 0tL vdpyel opBopovadiaioc wivakag U €161 dote va
wyoer A=Udiag(a,,a,,...,a,)U" , omov diag(a,,a,,...,a,) eivor mpaypatucos
TivoKog.
Tote

A :(U diag(al,az,...,an)u*)* =U diag(a,,a,,...,a,)U" = A,

oniadn o A eivar Eppitiavog.
2V TEPITTOON TOV TPAYUATIKOV CUUUETPIKOV TIVAK®OV 1) omddeén eivar ida, povo

oL avTIKaBioTavTol 1) AVaSTPOPOSLLVYIN LLE TNV AVAGTPOPT). o0

Xyoha : *  XOpeova pe v Ilpotaon 8.14, oy mepintwon evog Epuitiovod ()
TPOYUOTIKOD GUUUETPIKOV) Tivaka A, pmopovue vo emdéEovpe tov U (avtictoryo

tov P ) va eivar opBopovadwiog (avtictorya opboydviog) mivakog. Xtnv mpaén

'oHeM ((C) ovopdletar Eppiriavég, otav woyver H = H .

n
OHeM, (R) ovopdieton mpaypaTikés copperpikds, 6tav wyvetH' = H .
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owvnBwg katackevalovpe évav tétoto ivoka U (q P ) pe ™ pébodo Gram-Schmidt.
Eme1dn] Ta 1010010vOGUATO TOL OVTIGTOLYOVV GE OLUKEKPIUEVES 1OL0TIUES Elvorl ava 00O
kéBeta (IIpotaon 7.11), epapudlovpe ™ péBodo Gram-Schmidt povo avépeca ota
101000VOGLOLTOL TTOV OVTIGTOLYOVV GTNV 1010, IO10TLU).

e To ®acupatikd Bedpnuo OmTOSEIKVIETOL YEVIKOTEPO Y0 VAV KOVOVIKO TivoKo

AeM, (F), (Epappoyn 8.27).

3 -2 4
Mopddcrypa 8.15 O ovupperpikdg mivakag A=|-2 6 2| dwywvomoleiton
4 2 3

oVUEOVO LE TO QaopaTikd Bedpnua. O opBoymviog wivakag P PBpioketor and to

wodaviopata, to omoio mpémel va eivar kabeta petald tovg kot povadiaio. To
XOPOUKTNPIGTIKO ToAv@VLpO eivar  x,(4)=2°-12A7 +211+98=(1+2)(A - 7)2 ,
ondTE 01 W0TIES TOL Tivaka etvol A, =—2 ko A4, =7 (durhn pila).

H Xdon tov ovomuotog (A+2I )x =0 sivor 1o davdopOTO TOL  1BLOYDPOV
V(-2)= {xz (2 1 —2)t DX, € ]R} EMOUEVOS Yoo A, =—2 emidéyovpe 1810814voGHOL
0 x=(2 1 -2).

H Xdon tov ovomuotog (A—7I ) Xx=0 elvor ta Swvdouato TOL 110YDPOL
V(7) :{xi(l 2 0)+x(0 2 1) :x.,xe ]R} emopdvog i A, =7
eméyovpe Wrodavoopota to X, =(1 -2 O)t kot X, =(0 2 1)‘.

To wWwdwvocpata X, , X, , X, s&lvor  ypoppkd  oveEdptmro,  SOTL

det(x1 X, X3)=—9¢0 (Ilpotoon 5.12 1 IMopopa 4.4), dpo pmopodue vo

ONUIOVPYACOLUE TOV TIVOKO HE OTNAES TO TOPATOVED 1O0OLOVOGHOTE KOl VO

dlyovomomoovpe tov mivake A . Avtd emtuyydvetal pe to vo Bewproovpe

2 1 0 1 -2 -1 2
P=(x X X)=|1 -2 2|xovavroroyicoopetov B'=—|-5 2 -4,
-2 0 1 -4 -2 -5

omdte KAvovtag TG Tpaéels emainevovpe 0Tt woyvel N (1) g (8.1), dnAadn vapyet
pa dtoymvomnoinon tov A mov givat

P AP, =diag(-2,7,7).
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Ouwg pmopotpe gbkora vo erainbevcovpe (fpickovtag To E6mMTEPIKO TOVS YIVOUEVO)
ot ta X, X, Ko X, X, elvanw kdOeta, (IIpotoom 7.11), ko cdupova pe To
TPONYOLUEVA GYOAMA VTLAPYEL Ko GAAog Tivakag P, mov eivar opBoymdviog, pe tov
omoio emrvyydvetar n daywvoroinon tov A. Mo vo KATOGKELAGOVUE AVLTOV TOV

opBoymvio mivako P ypeldleton va gpappolovpe ™ pébodo Gram-Schmidt povo

oo, { X, X3} . Bpiokovpe

%, = h‘ °”X [4 2 1jt KoL KGVOVTS Kol Hovodiaio. GAa o S1vespoTaL
X,
éxovpe
o’ 1 [t 1. 5 % |2
R L e I L R o Pt v

}%

Etot, 0 opBoydviog mivakag P eivar P=(p, p, p,)= }/
7
3
0
ka1 opfoydvia Stayovoroinon tov A sivon P'AP = 0
7

0
0
[Tepiocotepa mapadeiypata yio opfoydvia dtory®vomoinon UmopoOue va. S0VUE OTNV

TOPAYPAPO TETPOUYMVIKEG LOPPES.
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8.5 I'evika mapodeiypato Kol EQUPROYES
Mopaderypo 8.16 E&etdote mowor amd TOLG EMOUEVOLG TIVAKES UTOPOLV V.

dtrywvoronBolv Kot eKTeEAESTE T dloy®vomoinon 6mote avTo givot Suvatov:

4 00 0 -4 -6 2 4 3

) A=| 5 3 2| i)B=|-1 0 -3| i)/ =-4 -6 -3
2 0 2 1 2 5 3 3 1
5 0 -1

iv) E=|0 5 -1
1 -1 5

Am6delEn 1) To yapaktnpiotikd Tolvdvopo tov wivaka A givat
A-4 0 0
2a(A)=det(A1 —A)=det| 5 A1-3 -2 |=(1-2)(A-3)(1-4)
2 0 1-2
and Omov mpokvmTovy ot wWwotipés A =2, A, =3 ko 4, =4, oL onoleg etvon
OlakeKPUEVEG, cuvem®mG 0 A etvan dtaywvoromoipog (IIpotaon 8.3).
Mo xdBe pio omd TG W0TWES OO TPOCIIOPICOVE TO OVTIGTOO 1O10JAVLGHLA,
Movovtag 1o cvotpa (A-A41)x=0, i=12,3, Oa emré€ovpe Tig un pndevikés
AMOGELG TOL G KATO0 1010010VLG A, TO 0moi0 B TPEMEL Vo TOTOOBETHGOVE G GTHAN
otov mivaka P .

INo v wiotn A4, =2, £ovpe 10 GHoTNHA

2 0 0)(x 0
(A-21)x=0< |5 1 2| x |=|0],
-2 0 0){x 0
and T0 0moio TPOKVMTEL
X, 0 0

X =0 X =0
= = X=X |=| 2% |=X| 2|, X, €R,
SX + X, +2X%, =0 X, =—2X,

t

omOTE 0 AVTIoTOLOC 1310X™POC £ivar V(Z):{X3 (0 -2 1) :x e]R}, omd Tov

t

onoio emAéyovpe wg avtictoyo Wioddvooua g 4 =2 10 X, = (0 -2 1)

INo v wiotn 4, =3 €yovpe
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1 0 0)x) (0
(A=31)x=0< |5 0 2| x|= 0]
2 0 -1)lx) (0

w

amd 6oL 1 AHGN TOV GLGTHUOTOG dTVETOL OO TOV 11O W®PO
V(3)= {x2 (01 O)t DX, € ]R} , omdte yw A, =3 emAéyovus avricTor(o

Wiodtévuopa o X, =(0 1 0).

0 0 0)x) (0
Téhog, Y A, =4 égovpe 10 ovompa (A-41)x=0 < |5 -1 2| x |=|0
-2 0 =2){x 0

3
koL N Adon Tov eivon Ta Sravdopata Tov V (4)= {Xl(l 3 —1)t X € R}, omoTE TO
emAéyovpe mg avtioTolyo wBiodvoopa g A, =4 10 X;=(1 3 —1)t.

Ta X, X,, X; elvon ypoppkd aveEdpmra (Ilpoétacn 7. 10) xar Oa amnoterécovv

0 0 1 1 01
omiestov P=(X, X, X)=/-2 1 3 |peP'=|-1 1 2|
1 0 -1 1 00
Az v (i) (8.1) wa dayovonoinon tov A givor
2 00
P'AP=4={0 3 0].
0 0 4
0 -4 -6
i) To yapaxmpiotikd moAvmdvopo tov wivaka B givar B=| -1 0 -3 | Onwg cto
1 2 5

Mopdaderypor  7.23 o mivakog B €yet  yopaxtmpiotikd  mOAVOVOHO  TO
25 (A)=2°-52"+81-4=(2-1)(2- 2)2 , emopévag ot toTipég eivor A =1 kou
A, =2 (bt pila). Emedn], omwg avaeépbnke xar otnv Ilaparipnon 8.6, oty
TEPIMTOON TNG TOAAATANG WOOTIUNG 1] dlarywvomoinon Tov wivaka eEaptdTot amd v
emainfevon N Oyt g (8.8), £ Exovpe

-1 -4 -6)(-2 -4 -6
(B-1)(B-21)=|-1 -1 -3||-1 -2 -3|=0,
1 2 4)l1 2 3
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oVvendg 0 eAdyIoTo ToAVdVVNO givar My (4)=(A-1)(A1—2), 1o onoio amoteAeiton

amd OLOKEKPIUEVOLG TPTOPRABoVS Tapdyovteg, ondte o mivakag B dwaywvomoteitan
(ITp6taom 8.5). ['a va vmoAoyicovpe tov mivako P ypeidletor va Bpovue kot o

wodaviopata, To omoio &ivor ot pn  pndevikég AVCEL TOV  GLGTHUATOG
(B—ﬂ,ll)x:o, i=12.

I'oc v wiotn 4, =1, égovpe to cvoTpa

-1 -4 -6)\(x 0
(B—I)x=0 < -1 -1 3% |=|0
1 2 4 )X 0

3

Ko 1 Ao Tov givat To S1oVOGHLOTO TOV 1310 MPOL
V()= {x3 (-2 -1 1)t DX € R} , omdte  emAEyovPE  TO  dLAVLGO
x=(-2 -1 l)t wg 11081évuopo g A, =4.

['o ) dumAn ot A, =2 £yovpe

2 -4 -6)(x) (0O
(B-21)x=0 < | -1 -2 3| x [=|0],
1 2 3)x) (0

Ao Omov 1 AVGT TOV GLGTNHLATOG SIVETAL OO TOV WOLOYWPO

V(2):{x2(—2 1 0)+x(-3 0 1) :xz,xse]R}, om6te i A, =2 snéyove

ta avtiotoya Wodivocpota X, =(-2 1 0)t kot X, =(-3 0 l)t.

Xoupova  pe tov  aAyoplBuo daywvomoinong Kataokevdlovue TovV  Tivako

2 2 -3
P=(x, X, X3)=|-1 1 0 |«km enewdn detP=-1=0, ta X, X,, X, &ivo
1 0 1

ypappkd aveEapmta (Ipdtaon 5.12). Ipogavmg o wivakag P elvarl avtiotpéyipog

-1 -2 3
pe Pt=|-1 -1 -3 xotomd mv (i) (8.1) po Swyovomoinon tov B sivar
1 2 4

PBP=A=

o O -
o N O
N O O
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i) Amd 1O YOPAKINPIOTIKO TOAVGOVLHO TOL mivake 717, mov  glvan
;(r(/i):/13+3/12—4:(/I+2)2(/1—1), emeldn 1M o ST sivol  TOAAOAN

akolovBovtog ta oyoAa g [apampnong 8.6, Ppickovue 6t dev oyver N (8.8),

-3 -3 0
enedn (I+21)(F-1)=| 3 3 0|#0, emopéveg 10 EAGYIGTO TOAGVORO Efvar
0O 0 O

m,(A)=x,(2)=(A+ 2)2 (A-1) , 10 omoio mpoavhdg BSev amoteheiton omd

TPOTORAdLIOVG TapdyovTes, cuvenmg dev 1oyveL 1 [Ipotaon 8.5, dpa o mivakag /I~ o€
dlwywvornoteital.

[Mopatipnon : Edd 0Oa pmopovoope va epoppdcovpe kot Tov  ohyopBpo

dwymvomoinong. Ipdyuatt, vroroyiloviag to 1610010vOGHATA TOV TPOKVTTOLV Yo
KkdOe ot €yovpe

* Tw mv Wt 4 =-2, Avoviag 10 cvomua (17 +21)x =0 mpokvntel o
WBioywpog V (-2) = {Xi 1 - O)t X € R}, OMOTE EMALYOLE Y10 3I0SIAVVGHOL TO
x=(1 -1 0).
* Tw mv Wotp 4, =1, Avovtag 0 ovompa (77 —1)x=0 mpokvmter o
W¥16y0poc V (1):{X1(1 -1 1)t DX, GR}, omoTE EMAEYOVLE Yo 1310816VOGHAL TO
x,=(1 -1 1).

Eme1o ta 10100tovocuata mov PBpickovpe givor Aryotepa and to péyebog tov mivaxa

I, dev vmdpyel teTpaymvikdg mivakag P, emopévogo 17 o€ diaymvomoteitat.
iv) O mivaxag E &xgl yopoktpioTikd moA®@VOHO TO yp (/1)=(/1—5)3. MOova

eMdyloto. ToALV®OVVUO TIPEmEL Vo €xovv TG 1dteg pileg pe TO  YOPAKTNPIOTIKO
TOAVOVLLO, 0 TTivakag vo To. unoeviCetl kot va eivar Kot pukpotépov dvuvatol Pabpod

(ITpbdtaom 7.22 Ko ovumepAoUATA ™mQg). Onwmg €00 &yovpe

0 0 -1 110
E-51=|0 0 -1|#0, (E-51)’=|-1 1 0|#0 kau povo (E-5I) =0,
1 -1 0 0 00

omote 10 eAdyoTo MOAVGOVLHO eivar o Mg (A)= x¢ (4)= (ﬂb—5)2 . Emeidn 10
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EMIYIGTO TOAVMOVVLO deV lvar Yivouevo TpmToRaduiov S1aKEKPIUEVOV TAPAYOVIOV,

o mivakag E dgv eivar dtayovomomoipog (Ilpdtaon 8.5). o0

Hopaderypa 8.17 E&etdote av o1 emdueves ypappkés ameucoviosic f :R* — R*
elvat S10y®VOTOMGIES :

i) f(xy z,w)=(4x+2y+z-w, 3x+5y—z+4w, 2z+5w, 2w)
i) f(Xy z,w)=(-6x+4y+9wW, —3X+Z+6wW, —Xx—2y+2, —4x+4y+7w)

Anéoelén Emeidon n dtoyovomoinomn HoG YPOUUIKNG OTEKOVIONS e£0PTATAL AT TN
dlaymvomoinom tov avtiotoryov mivaka ovorapactacns g (Optopndg 8.2), yia kdbe
YPOLLUIKY OTTEWKOVIOT| OPKEL VO VTOAOYICOVLE TOV OVTIOTOLYO TIVOKO OVOTOPAGTOONG

NG KOl 0T cLVEXELD Vo eEETAGOVE TN SlOy®VOTOINGCT) TOV.

i) O mivakag avamapdotacnc me f og mpog ) cuvydn Péon tov R sivan

4 2 1 -1

A= 35 14 . Emeidn o mivakog elvar g popeng (Al Asj , TO
0 0 2 5 O A
0 0 0 2

AAPOKTNPLOTIKG TOV TOAVDVORO givor x, (1) = 7, (A) x4 (4) (Egoppoyii 7.30).
To yopakmpioTiké moAvdVLHO ToL Tivaka A elvot

2y (A)= de{/l__; /1__25j =22-92+14=(1-2)(A-T)

KOl TO JOPAKTNPLOTIKO TOAVMOVLHO TOV mivaka A, eivan

A-2 -5

m(ﬂ)zdet( . 1_2}(4_2)2

ovpmepaivovpe 6t y, (A)=(A-7)(A- 2)3 :
Ot wotég tov A givan 4, =7 kot A, =2 (tputAn pila). Xpnopomoumvtog Hovo Tig

OLOKEKPIUEVEG OLOTIHEG Yo v vtodoyicovpe TV (8.8) €xovpe

0 0 -5 16

0 0 5 -16
A-T1)(A-21)= ,
( )( ) 0 0 0 -25 *0

00 0 O
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ocuven®g 0 A dgv eival dy®VOTOMOIUOG, AoV TO EAIYIGTO TOALAOVLUO &ivat

M, (2)= 2, (2)=(2=7)(2-2), wa kat wyHovv
000 -25

(A—7|)(A—2|)2=g 8 8 2 0, ev (A-71)(A-21)’=0.
000 0

Kotd ovvénelo ko np T dev elvar dtoyovomomoiun pio Kot T0 EAGYIeTO TOAVMVUUO
™G 0eV gival YIVOUEVO SLOKEKPIUEVOV TPMTORAO®V TOpayOVI®V.

i) O mivaxoag avomopdotaong g T mg mpog ™ cvvin Paon tov R* sivon

-6 4 0 9

-3 0 1 . , , ,
B= 1 21 ol To yapaktnpiotid Tolvdvopo tov wivakae B etvat

-4 4 0 7

A+6 -4 O -9

4) = det
re(A)=det)

KEVOVTaG TV Ypoppompén f; — (A —-1)r, +r, éxovpe

A+6 -4 0 -9
3 2 -1 -6

2) = det
Zo(A) =0 o 5 A(a-1)+2 0 -6a+6
4 4 0 A-7

KOl ovomTOHoGovVTog O¢ Tpog TV 3" oTthn TpokidmTel

A+6 -4 -9
2s(2)=det| 34-2 A(A-1)+2 —61+6
4 4 A-T

Yv tedevtaia opilovoa mpochHitovue ™ 2" GTAAN oV TPOTN Kot dnuiovpyeiton

oty 1" oA kowog mapdyovrag (A +2), Snhadn

A+2 4 -9 1 4 9
2o (A)=det| 2(1+2) A(A-1)+2 —62+6|=(1+2)det| 1 A(A-1)+2 —61+6
0 4 -7 0 4 -1

Avomtocooviog v opilovoa tov Ttelevtaiov mivako o¢ mpog v 1" omAn

naipvovpe g (4)=(A+2)(4° 42> -=74+10)=(A-1)(21-5)(4+2)" , ométe ol



Kepdraro 8 — Kavovikég popeég 29 am6 49

wotpég tov B etvar A4, =1, A, =5 xou A4, =-2 (dwtAn pila). Xpnopomoidvrog
UOVO TIG OLOKEKPIUEVES OLOTIUES Y10 v vToAoyicovpe TV (8.8) £yovpe
(B—1)(B-51)(B+21)=0, *)
ocuvvenmg o B eivon dtoywvomomoipog, 010t and v (*) mpokvmTel 0TL TO EAAYIOTO
noAvdvopo eivar My (A)=(A-1)(A-5)(A+2) kor eivar yvopevo SlKeKPEVOV

npotofaduiov Tapayoviov, Kotd cuvérela ko f elvor dtaymvoromoun. o0

Egoppoyn 8.18 i) Noa amodeilere o011 o mivokag gA+rl , g,relF eivon

Syovomomotpog, 6tav Ae M, (F) eivon royovomouioog.

ab b b
a b - b
ii) E&etdote av daywvomotgitat o wivokog B = : : |, pe a,bel, ka
b .- b a
b b a

av 1 amdvInon eivat BTk 0GTE TN dlyMdVIO LOPPN TOV.
Amodelln i) Enedn o mivokag A dwayovornoleitar oto F vrdpyet oviiotpéyinog
nivakog P kon dwaydviog mivakag A =diag(4,4,,...,4,) e M (F) étor dote vo
woyveL n oxéomn tov Opiopov 8.1, dnradn,
A=PAP™. *)
O mivakag gA+rl ypnowomoidvrag kot v (*) ypdpetot
gA+rl =qPAP "+ PP =P(qA+rl)P™
= Pdiag (94, + 1,094, +T,...,04, +r)P‘1'

And v (¥*) katadnyovpe 0Tt VIEAPYEL O 1010¢ AVTIGTPEWLLOG Tivakag opodtntag P

(**)

0 omoiog daywvorotei tov gA+rl .

U |

.. 11 ...1
i) Mopotnpoope 611 0 B ypagetar B=bA+(a—-b)l, omov A=|_ | ko

11 .- 1

a,belF. Zoupova pe mv Epapuoyn 7.29 iv, 10 yopaktmpiotikd moAvdvupo tov A
etvar g,(2)=2""(1-n), o Wotpés eivar A =0 (alyePpucs morramhoTrag

n-1) kow A, =N kot 10 eAdyoto MoAvGVLHO givon M, (A)=A(A—n). Ondte o
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nivokag A €xel mpwToPAOUIONS TOPAYOVTES OUKEKPIUEVOVS GTO mA(/l), dpa etvon
owyovomomonog, (Ilpoétaon  8.5), éotw Ot vmapyer P 1é€t010¢  MOTE
A= Pdiag (0,0,...,O, n) P!, Amd 10 TPONYOVLEVO EPMTNIA KO T YPAPH TOV TiVaKa
B mpokvmtel 0t ko 0 B givan dtoywvomomoipog kot pdAiota amo (**) ypaeovpe

B=bA+(a-b)l =Pdiag((a-b),(a-b),....,(a=b), nb+a-b)P?.  ees

2 -1 -4 1

0 2-a a-1 a+1
0 O 1 0 |
0 1 -1 2

E@appoyn 8.19 Atveton o mpaypatikdg mivaxoag A=

Na Bpeite 11g Tipég Tov @a € R yua 116 onoieg o mivakag A dtaymvomoteitat.

Anooeiln To yopaknplotikd ToAv®VLHO Tov A givat

A=2 1 4 -1
2. (2) = det g A (20 a) (j_i) (a0+1)
0 -1 1 A-2
A-(2-a) —(a-1) —(a+1)
= (A-2)det 0 A-1 0
-1 1 A2

=(2-2)(21-1)(4*-(4-a)2+3-3a)
—(A-1)(2-2)(A-3)(2-1+a)
Ot Wotipég tov mivaka etvor A4 =1, 4, =2, 4, =3 xar 4, =1-a.

e YXmv mepimtoon Omov a=0, a=-1 wxor a#-2 ot WoTHéES sivor Oleg

OloKEKPIUEVEG, EMOUEVEMG 0 Tiivakag A dwrywvoroteitat (ITpdtaon 8.3).

2 -1 41
. . 0 2 -11 . .
* T a=0, o nivakag eivor A= 00 10 LE YOPAKTNPLOTIKO TOAVMVULO
0O 1 -1 2

2a(A)= (/1—1)2 (A-2)(A-3). Xpnowomoidvtag povo Tig SLUKEKPILEVEG 1BI0TIMES
v va vroAoyicovpe v (8.8) mapatnpovpe 6Tl 0T ETOANOEVETOL oL KOL OYVEL

(A-1)(A-21)(A-31)=0 , ovvendg T0 €haYI6TO TOAVDVVHO  &ivan
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m,(4)=(4-1)(2-2)(1-3), ondte cvunepaivovpe 6Tt Yo a=0, o mivokag A

dwyovomoteiton (ITpdtaon 8.5).

2 -1 4 1
, , ) ) 0 3 -2 0

e E&etaloviag v mepintwon a=-1, o mivaxag sivon A= 0 0 1 0l 10
0O 1 -1 2

XOPOKTNPLOTIKO TOAMVORS TOL givan y, (A)=(A - 2)2 (A-1)(A-3) ko ot WBro1ipég
etvan 4 =1, 4, =2 pe okyefpuchy moAramrotra v, =2, A, =3
Eneid (A—1)(A-21)(A-31)=0, dev woydeL 1 (8.8), Gpa 10 €AAYIGTO TOAVGVLUO

100 A givar m, (4)= x,(4), cvvendg dev enalnBedetar  Mpotaon 8.5, Gpao A b

dlywvornoteitat.
2 -1 -4 1
. . 0 4 -3 -1| | .
e Tw a=-2, o mivakag sivar A= EYEL YOPOKTNPLOTIKO
0O 0 1 O
0O 1 -1 2

noAvdvopo x,(4)=(4 -3)°(4 ~1)(A-2) xa ov Wotpés sivm A4 =1, 4,=2,
Ay =3 pe akyePpucn modrhamAdTo v, = 2.
Encidn (A—1)(A-21)(A-31)=0, dev wybdet 1 (8.8), Gpa 10 EAGY6TO TOAVGVOO

tov A eivon m, (/1) =X (ﬁ,), ovvendg dev emainBeveton ) [Ipotaon 8.5, Gpa o A ¢

dlwrywvornoteitat. x
-5 b a

Egappoyn 8.20 ‘Ecte o mivakag A=| -4 2 a|, a,beR. Av glvau yvootd 6t
-4 b 0

A, =—1 eivon 6ot Tov A pe adyeBpikn) toAhomAotnto v, =3, t01€

i) va vroloyicete Tic TYpég Tov a,beR .

INo 11 Tipég tov a,b e R mov vroloyicOnkav oto i) va vroloyicete

i) t0o s\dyioto molvdvopo tov A kor va amodeifete ot A*=3A+2l kau
A*=-4A-3I.

Am6oelEn 1) To yopoktnplotikd ToAvdVLHO Tov A gival
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A+5 -b -a
2a(A)=det| 4 A1-2 -a|=1°+31"+(4a+4b—ab-10)21+3ab-8a.
4 -b A

Eneidn 4, =—1 eivon pilotov g, (A1) éxovpe
2a(-1)=0<12-12a—-4b+4ab=0<(3-b)(1-a)=0, *)
emmAfov 1 pila Tov y, (/1) elval tpuAn, dpa undeviletl ko Tig endueVNS TENG
TAPOYDYOLS TOV, ONANON
2n(4)=0<347+61 +4a+4b-ab-10=0< 4a+4b—ab-13=0. (**)
Amd ™) Abon tov cvotuatog tov (¥) ko (**) mpokdnter a=1 kot b=3.

5 31
i) Avtikafiotovrag Tig Tég Tov a,b e R amo i) o mivakog eivar A=| -4 2 1],
-4 3 0

HE YUPOKTNPIETIKO ToAGVVRO 7, (4)=(4 +1)3 ue v, =3.

To ehdyioto moAvmdVLHO €xel TIC 101€g pileC e TO YOPOKTNPIOTIKO TOAVADOVUUO KOl

elvar 10 molvdvopo pkpotépov Pobpod mov emoAnbever o A, emouévog TO
avalnrovpe avipeoa oto My (A4)=A+1, m,(1)=(4 +1)2 Ko 610y, (4).

4 31
Enewi A+l=|-4 3 1|20,eved (A+1)" =0 sivar m,(2)=(A+1)".
4 31

Eriong, m,(A)=0 < (A+1)' =0 & A’ +2A+1=0 < A*=-2A-1 (*).
Epapuolovtag oto Bedpnua Cayley-Hamilton, )(A(A) =0, mv (¥) é&govpe

(A+1Y =0 & A+3A2+3A+1=0 < A’=-3(-2A-1)-3A-1=3A+2I.
Axoun ond v (*) mpoxvmtel

*

A= (A} =(-2A-1)" =4A7 +4A+T = 4(-2A—1)+4A+1=—4A-31. oo

—_
—
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E@appoyn 8.21 (ypoppikd cusTipoto o10QopIK®V eEI6AOGEMV )
1) 'Eoto AeM, (]R) évag Olly®VOTOMOIUOG TIVAKOG KOl TO OUOYEVES YPOUUKO
GLGTNUA OLOLPOPIKDV EEICMOGEDV

x'(t)=Ax(t),
omov X (t) :(Xi(t) X (t) ... X, (t))t, pe teR xar X : R — R mapoyoyiceg
npaypatikég cuvoptioels. Na BpeBodv OAeg ot cuvapthoEeLg X, (t) , 1=12,...,n mwov

KOVOTOL00V TO TTOPOATAVE® GUGTILLO.

I1) Na AvBel 1o opoyevég ypappikd chHotua S10popikdv e£lo®EmY

X (1) =% (t)+2x%, (t)+2x, (t)+3x,(t)

X, (t)= 2X, (t)+4x%; () +x, (1)
% (1)= ~a (1), (1)
X, (t)= —6x, (t)+2x,(t)

omov X (t), 1=12,34, te R mpaypoatikég cuvapticels.
Anooeiln 1) Tha 11 opoyeveic ypoppukég dopopikéc eloM®oelg TPOT™G TAENG
X/ (t)zﬂ,lxi (t) ue 4 €R xar i eN glvor yvootd 61t n yevikn Avon tovg eivar g
HOPONG

x (t)=ce™, ceR. (8.31)
To cvotua Tov 660NKe YpdpeTO [LE TN LOPPN TIVAK®OV

() (an @, ... a,)(x(t) X (t) % (t)
x;.(t) ~ a.21 a.22 = a.2n xz.(t) x;.(t)

X () (ay a, ... a,)(x(t) X: (t) X, (t)
omov A=(a), i,j=12,...,n.
Emeon o wivokag A givol 010y@VOTOmMGIOg, VITAPYEL OVTIOTPEYILOC Ttivakag P étot
dote A=PAP™, pe A=diag(4,4,...,4,) xat A4, 4,,..., 4, 11g 180t1pég T0v mivaka

A (Opwopdg 8.1), kat TOTE T0 TOPOUTAVEO GUGTNHA YPAPETOL

X{(t) % (t) X{(t) X (t)

Xzft) =PAP™ Xz:(t) = P XZ:(t) = AP X{(t) . (832

(0 w0) ko) o
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®¢tovpue

p-t| % :(t) Y2 :(t) (8.33)

«®) Ly,

omote pe aviikatdotaon g (8.33) omv (8.32) mpokvmtet

i (t) w(®) (%) [~ L o () (i) [An()
y;.(t) _ 4 Yz.(t) . yél(t) _ . yz.(t) - y;.(t) _ ﬂzy.z(t)
v o) o) | ° o) o) b

n

H tehevtaio 106t ta v mvdkov péom g (8.31) divel i Avoelg tov Y, yua kébe
i=12,...,n, ot omoieg eivon y, =ce™, 6mov ¢ € R ctadepic.
IMolhamiacialovtag v (8.33) apiotepd ent P kou aviwadiotoviag tig Aoelg VY,

TPOKVTTEL 1] YEVIKT AVOT| TOV S1ALPOPIKOV GLUGTHLOTOC TOV Eivat

% (t) y, (t) ce’

()| _p| V()| _p| ™| (8.34)

X, (t) Yy (t) cnéﬂ"‘

N omoio e&aptdror and TG WIOTWES TOL Tivaka A Kol TOV Tivoka dloymvoToinong

TOVL.
1 2 2 3

. 0 2 4 1

il) O mivakog tov cvothuatog sivor A= 00 -3 1 0 omoiog glval cVVOETOC NG
0 0 -6 2

HopONg [g AJ. Xoupova pe v Eeappoyn 7.30 1o yopaxtnploTikd TOAVMVOLO

tov A givon g, (1) =z, () x4 (1), 6mov

M(z):det(ﬂgl /1__22}:(/1—1)(/1—2), Z&(z):de{lg‘? 1‘_12]24(4“),

owvendg y,(4)=A(1+1)(A1-1)(1-2).
Ot wotpég tov A gtvar 4, =0, 4,=-1, A4, =1 xon 4, =2, Oheg OroKeEKPIUEVEG,

emopévog o A elvan dayovomomowog (Ilpdtaon 8.3). o va vmoloyicovpe Tig
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x(t), 1=1,234, teR mpaypotikés ocvvaptioels, ovppovo pe v (8.34)

ypewdletanr va Bpodue Ko tov mivakoa P, dpa to aviictoya 1010010vOGHATO TWV
TOPOTAVE® WO10TILAOV.

* [ mv Wt 4 =0, Avovtag 1o cvotnuo AX =0, npokdntel 0 WOLOYXWPOGS
V(0)= {Xs (-8 -7 2 6)t DX € ]R} , omdte yio v ot 4 =0 emidéyovpe g
Wodievoopato X, =(-8 -7 2 6).

* Tw myv Wt 4, =-1, Avovtog 1o cdomua (A+1)x=0, mpokvmtel o
WBioywpog V (1) = {X3 (-2 -2 1 2)t DX € ]R} , OTLOTE EMAEYOVE MG AVTIGTOL(O
Wodvuopa o X, =(-2 -2 1 2).

* T v oty A4, =1, Advovtag 10 cOoTHO (A— I ) x=0, mpoxvmtel o
wBioympog V (1)= {Xi(l 00 O)t A= ]R} , OMOTE EMALYOVLUE ©OC OVTIGTOL(O
Wodigvoopato X, =(1 0 0 0).

* Kar téhog, ywo mv ot 4, =2, Aovovtag 10 obdomua (A-21)x=0,
TPOKVNTEL 0 1310XWPOC V(Z):{XZ(Z 10 O)t DX, e]R}, omoOTE EMAEYOVUE MG

avtiotoyo Wiodiavvopato X, =(2 1 0 O)t.

2Oppova pe Tov adyopidpo dtaymvomoinong o mivakag P etvat

-8 -2 1 2
-7 -2 0 1
P:(xl X, X; X,)= > 1 00
6 2 00

kat omd (8.34) ou x (t), 1=1,2,3,4, eivon

% (1) 8 2 1 2)(ce X, (t)=-8c, —2c,e”™ +c,e' +2c,e”

W[ |7 2 0 1|leet| X, (t)=-7c,—2c,e” +c,e” CeR.
()| |2 1 0 0fce X, (t) = 2¢, +c,e” o
x,(t)) (6 2 0 0){ce” X, (t)=6c +2c,e™

O vmoAoyiopog tov ctofepav C € R yiveton epodcov do0ovv apyucés cuvinkesg oto

TPOPAN UL A 4
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Epappoyn 8.22 (PiCec)

i) Eoto Ae Mn(]R) Olly®VOTOMOIHOG TTIVOKAG UE 1OIOTIEG TOLG UN) OPVNTIKOVG
npaypatikovg apiuovg A, 4,,..., 4, . No onodeifere Ot1 vEdpyovv mpaypatikol

’ ’ ’ , ’ 1
mivaxeg X ot omoiot sivan Mon g e€icoong X2 =A™

T 4 -1
i) No vmoloyicete évav mivaka X tétolov dhote X2 = A, dmov A= (2 1)

15 7

iii) Eoto A=
~14 -6

j, VIOLOYIGTE pial TPoypoTiKy AVon ¢ eéicmong X° = A.

Amooelny i) Emed] o Ae Mn(R) JLYOVOTOLELTAL, VTAPYEL OVTIGTPEYILOG
Tpoypotikds mivakog Pkt dtaydviog mpaypotikog mivakag A = diag (ﬂl,ﬂq,...,ﬂn )
omov ot wwtpés A, 4,,..., 4, elvar 6Aot un apvnrucol apdpoi, yio Tovg omoiovg
oyveL 0 Opiopdg 8.1

A=PAP™. *)
®¢tovpue

Y =P'XP (8.35)
dpo oOHEOVO pHE TNV 1WOWOTNTO TOV OLVAULE®V TOV Oly®VOTOUCIU®V TIVAK®V
(Mpoétacn 8.4) kataljyovps oy Y2 =P*X°P, ka omd v vmdbeon X2 =A
éyoope Y2 =P AP <(;)> Y?= F:,l_P,AF:E = A. Zuvenmg

i i

®¢tovtag

X =P-diag (+\/4, ¥ /%, ..., 1[4, )- P (8.36)

dwmot@vouvpe 0Tt ot Tivakeg X givol Tpaypatikol Kot KAvovTag Tic Tpa&ets

X2 =P-diag(£\4, £ /% ... 1[4, )- PP -diag (+\/4, + ..., 2[4, )P = PAP™

cvumepaivovpe 6Tt emaindedeton N eficoon X2 = A, dpo K4mowog omd Toug X ¢
(8.36), amotelel pio tetpaywvikn pila tov A.
A&iler va onueidoovpe 6tL 1 (8.36) divel kdmoleg teTpaywvikég pileg tov A, oyt

OVOYKOGTIKG OAEG.

' "Evag mivakag X € M, (F) ovopdleton tetpayeviki pite oo AeM, (F), av

ool X2 =A.
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[Mopatipnon : H moapandveo pébodog epapuoletor oyt poévo yia teTpayovikés pileg
Tvakov oG mo yevikd ywo eElomoslg g popeng X" =A , omov o A

drayovonoteitar (BAéne kuPikég pilec oto i) EpOTNUO AVTNG TN EPAPUOYNC).

T 4 -1
i) To yopakInPloTIKO TOALVMOVLUO  TOVL  TIVOKQ A=(2 lJ elvat

2a(A)=27-51+6=(1-2)(A1-3). O Wotipés tov A eivar 4 =2 xon 4, =3,

emopévag o A daymvomoteital, enedn £xel owakekpiuéveg wotpég (Ilpotaon 8.3)
Kot pdAioto avtég eivarn Oeticol apbpoi. Xvvendc epapproletal o 1) g EpoproYNG.

Amd  (8.35) emiéyovpe kdmolov amd TOVG TIVOKEG
X =P-diag(i 2, iﬁ)-P-l.

IMa vo vroAoyicovpe akpifmdg Tovg mivakes ovTovs Ypeldletal va VITOAOYIGOVHE TOV

P, Bpiokovtag ta avtiotoryo 1010010vOGLOTO TOV 1O0TILOV Tov A.

* [ v ot 4 =2, n Abon 10v GLGTNTOG (A—2I ) X =0 eivor 0 1010y®pog
V(2)= {Xl(l 2)t DX € R} , OTOTE EMALYOVUE OC OVTIGTOWO 151081GVVGHA TO
x=(1 2).

* T v ot A, =3, n ADon 10V GLGTNNATOG (A—3I )X =0 &ivar 0 WO WpOg
V(3)= {X1 (1 1)t A= ]R} , OTOTE EMALYOLUE MG OVTIGTOWO 131081GVUGHO TO

x,=(1 1.

11
O mivaxkog P etvar P =[2 J , 0 omolog eivor OovTIGTPEYWOG HoL Kol To

-1 1
Wodavoopata sivon ypoppd aveéapmro (Tpodtaon 7.10), apa P~ =( 5 J .

Enopévmg, o1 {ntovpevor mivokeg X elvar g popong

8 P R R SRS O VA Y

7 DY B BT o DA Py
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15 7
i To yapokIPoTIKO TOALVMOVLHO TOV  TivoKa A=( 14 6} glvan

2a(A)=242-92+8=(1-1)(A1-8). Ot dwkexkpyuéves W0tpég o0 A givon 4 =1
kot 4, =8, ovvenwg o A Swywvoroteitar (IIpdtaon 8.3), xar cdugpova pe Opopd

8.1 1 daydvia popen Tov ivar

A=PAP™ *)
omov A =diag (1, 8) kon P o mivokag pe otieg Tor odtaviopato tov A,
* o v Wty 4 =1, n Aon 10V GLGTHHATOC (A— I)X =0 etvar 0 WOY®pPOg
V(1)= {Xi(l —2)t DX € ]R} , OMOTE EMAEYOVUE OC AVTIGTOL(O 1510816VUGHA TO
x =1 -2).
* T mv wotpf 4, =8, n Abon tov cvotipatog (A—81)x =0 eivor o WB1Ox®POS

V(8):{X1(1 —1)t . Xie]R}, omOTE EMAEYOVUE MG OVTIGTOWO 1310314VVCHO TO

1

1
O wivokag P elvar P =( J, 0 omoiog eivar avtiotpéyuog pe detP =1, dapa

pi_ -1 -1
2 1)
@étovpe Y =P IXP émoc oty (8.35), Gpa cOUQOVA PE TV OTNTA TOV SVVANEDY

tov Stoyovoromotpov nvakev (IIpdtaon 8.4) kotoAiqyovpe oy Y =P X3P, kot

*)
and v vrdbeon éxovpe Y =P'AP < Y =P 'PAP'P=A=diag(L8) .
| |

ZUVETMDG
Y = diag (L ¥/8)=diag (1 2), (**)

emeldn  ovalntodpe  mWpoypoTKy AVbon ¢ Yy v eficwon  XP=A
[MoAamhiactalovpe ™ (8.35) el emi P! xon  opiotepd emi P xor oty

TPOKVTTTOVGO. avTiKaO1oTOOE TN (**), 0MOTE GTAdIOKA EYOVLE

« —pypi_ 1 1)(1 0)-1 -1) (3 1 ves
a 2 —1)lo 2)\2 1) |2 o)
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E@appoyn 8.23 (avadpopikég akorov0isg)

i)E v A=| " 2 =| "lpea +b =1,y kibe n=1,2
OT® Ol TTIVOKE Ko s , YO KOWOWE s Ly
g 0,6 0,8 =g o

n

ot omofot wkavomowovv ™ oxéon Y, =AYy, ;. Av b =0,2, va ekppdoete Toug 6povg
tov akorovdudv (&, ) kar (b,) yio kabe ne N,

ii) Eoto 1 axolovdia (a,), n=12,... mov opiletar amd TOV AVASPOUIKO TOTO
a,=2a,,+3a,,, n=34,... ne =1, a,=4. Noa Ppebel o yevikdg 0Opog a,
GLVOPTNCEL TOV 3;,a, Kot N.

Am6oeign i) Ymoloyilovtog tn popeny tov Y, , mn Sobeica 106TTA TIVAKOV

)=

AV €QOPUOGOVLE TNV TPONYOVUEVT] IGOTNTO SLOSOYIKA Y10 TIC SAPOPES TYES TOV N

y, =AYy, yphoetot kot

E&xovpe

9 ) 0 g e b et WG
Amo TV (*) mapatnpovpe 4Tt givor apketd va voloyicovpe tov A", yiati Adym e
100TNTOG TOV TVAK®V B0 UTOPEGOVUE VO EKPPAGOVHE TO SdvucHa Y, :(an b, )t
ocvvaptioel Tov a;, b ko N e N. Exedn to yapakmpiotikd molvdvopo tov A givor
2a(1)=22-1,22+0,2=(21-0,2)(A-1) ko ot Wrompég tov A eivon 4 =0,2 Kkat
A, =1, o A dwyovonowitay, (ITpdtacn 8.3). O wivakag A" vroroyiletor and v
(8.6) ¢ Ilpdtaong 8.4. T kabe pio amd TG WwTéS Ba mpocsdiopicovpe To0
avtiotoro odivocpa, Abvovtag to cbomua (A-Al)x=0, i=12, ku om

OUVEYELDL EMAEYOVTOS MG 1010010VOCUOTO TOL [N UNOEVIKA oTolryeion tov kabe
1010(®dPOV.

* T v ot 4 =0,2, &ovue o chotnUa

(A-0,21)x=0 Q[O’Z O’ZJ()&]{O],
0,6 0,6)\x,) \0
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1 Ao TOL GLGTAMATOC &ival O 1810YMPOS V(O,2):{X1(1 —1)t DX e]R}, omoTE

omv Wt 4 =0,2 emdéyovpe wg avtictoro Wodidvoopa to X, =(1 —1)t :

Mo 4,=1, ¢ (A-1)x=0 < 90602004 [0 A
* T =1, £yovue — = = , VO TOV
? YOOH 0,6 -02)\x) (o) 1N

omofov &ivar 0 W16 wpog V (1) = {X1 (1 3)t DX € ]R} , omoTE Y10 TV oty A, =1

emAEYOVE WG aVTioTOO 131081GvVopa T0 X, = (1 3)t :

O mivaxag P katackevdletor cOpupmva pe Tov aAyopifuo stoyowvomoinong B€tovtag

11
P=(x, XZ):{_1 3],07[(3’[8 Pl:%

ai_p[027 0oy _1(3:02"+1 1-0,2"
0 1 4 3_3_0,2n—1 3+O,2n71 ’

3 -1
(l ! ] Amo v (8.6) £yovpe

Ko amd v (*) mpokvmrel

y :(a”j— 1 (3~O,2”'1+1)611Jr(l—O,Zn_l)bl a1+:bl:1 1[ 1+(3a1—b1)-0,2”—1 }

b,) 4 (3-3-0,2)a, +(3+0,2"%)b, 4(3+(-3a +b)-0,2""

Amd v apywn tun b, =0, 2 vroloyiletar ko & =0,8, omdte pe avrikatdotaon

TOVG GTNV TEAEVTOLO IGOTNTO TIVAK®V TOAPVOLUE TIC aKkoA0LOiEg

1 N 1 .
a“:Z(“Z’Z'O’Z Y, bnzz(s—z,z-o,z "), nx1.

i) A6 Tov avadpoptko THo oL S0ONKE UTOPOVUE VL YPAWYOVUE TO GCVOTIUA

a,=2a,,+3a,, a, 2 3\(a,,
= = ,

a, =a, a, 10 a, ,
2 3

omov av Bécovpe B = (l Oj , T] TPOTYOVLEVT 1GOTNTA TIVAK®OV YPAPETOL

an an—1
=B . (**)
an—l a‘n—2
Av gpappocovpe v (**) dradoykd, yio TG O1IpOPES TIEG TOV N, EYOVUE
(an J:BZ(a"-Zj:BS(a"-?’j:...:B"-Z[azj. (%)
4 &, 3 Ay q

Amd v tedevtaia oydon eivon opketd va vmoloyicovpe tov B"?, yioti Adym g

160 Tag TV Mvakov oty (¥**) Bo pmopéocovpe va ekppdoovpe tov O6po a,
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ocvvaptioel Tov a,a, kot N . To yapaxmpiotikd moAvdvvpo tov B elvan
25(1)=42-22-3=(1+1)(A-3) , ot Wompés tov wivaka B eivar 0o
Swapopetikés (Sraxexpipéveg), 4 =-1 kau 4,=3, omdte o B dwywvomoieita,

(ITpoétaon 8.3). Emopéveoc o B"? vroloyiletar amd v (8.6), (IIpdtaom 8.4).
Mo xdbe pio omd TG W0TWES B0 TPOCIOPICOVIE TO OVTIGTOO 1O10JAVLGHLA,

Advovtog 1o choTua (B -4l ) x=0, 1=12, kot emAéyovtag oG 1010010vOGUATO. TO

un undevikd ototyeia Tov avticTor oV 1310y MPOV.

* T v ot 4, =-1 Advovrog o cvotua

wameo={l L3H0)

Bpickovpe Tov WBioxmpo V (-1) :{Xl(l —1)t DX € ]R} , OMOTE EMAEYOVUE OC

avtictoo Wiodiavuopa g 4 =-1 10 X, =(1 —l)t :

-1 3 0
* Tw 4, =3, é&ovpe (B-31)x=0 < [1 _3}(?]2[0],1]7@(51] TOV givat o
2

wBioywpog V (3) = {X2 (3 1)t DX, € ]R} , OmOTE Y10 TV W0t A, =3 emAéyovpe
OG avTiGTOYO 101001VUCHOL TO X, = (3 1)t :

O mivaxag P katackevdletor cOpupmva pe Tov aAyopifuo stoywvomoinong 0€tovtag

411

1 3 . L, 1(1 3 . .
P=(xX,)= L | omote pt==Z . . Ao v (8.6) éyovpe

B”=P£(_1)n2 ° Jpl_l[(—l)”w“ -3(-1)" 43

0 3 4 (-1t 32 3(-1) 432 )

oToOTE 0o TNV 160TNTA TVAKWOV TNG (***) Tpokvmtel

a, = %{((—1)”2 +3)a, +(-3(-1)"7 +3)a, .

Mo a =1 kot @, =4 &ovpe a, :%[(_1)“ +5-3”’1] n>3. soe

Egappoyn 8.24 Xopokmnpiote TIg €mOUEVEG TPOTACELS MG OMOTEG M AdOoG,

OKOLOAOYDVTOG TNV ATAVTN OGN GOG.
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i) Av évoc mivakag Ae Mn(IF) dlymvomoteiton  (Tprywvomoteitatl), TOTE O

avAoTPOPOC TOV Elval S10y®VOTOMGIIOG (TPTYOVOTOIMGILOG).
i) O wpaypatikog 2x 2 wivakag A pe det A< 0 eivor d1oy®voro|oiLog.
1) Ymapyet pn undevikog 2x 2 d1oy®vomomoipog Tivakag A TET010¢ MOTE

trA=detA=0.

: a b
iv) T kabe ae R, beR", o wivakag (0 J etvat Sty mvomom|GLLoG.
a

V) Av évog mivakog Ae MH(F) elvar opBopovadioio TPIy®wVOTOMGIHOG, TOTE O

avaoTpoPOg Tov elval opbopovadiaio TPry®VOTOCHOG.

Vi) Av évag mivakag Ae M, (F) eivor Eppimiovog, tote tr(A*A>=Zﬂ,,2 , OmoV
i=1

Ay Agreei Ay € 0 (A), (01 0mopaiTnTOL SIKEKPUIEVEG).
Am6delln i) Toot. Enedn coppova pe tov Opiopod 8.1 yio Tov S10y®vomooipuo
nivaka A vdpyel avticTpéyipog mivakac P, tétotoc dote A=PAP™ (*). EmmAfov
1oy 0EL

P{(P) =(PP) =1t =1 = (P) =(P') ", (%)
av epappocsovpe v Wt to B'A" = (AB)t (ITpdtaom 1.3) kot v avtioTpeydtTTo

tov P. H avaoctpoen otnv iodtnta g (*) dfver :

= =Q!

(**) - (P'=Q) (R=Q™)
A =(PAP) =(PE) AP = (P')"APY = QAQ=A'=Q'AQ = RAR
Enopévag, o A" Stoymvomoteital pésm Tov avTioTpéyiov Tivako R .

. a b
i) Zoot). Oswpovpe Evav Tivoko, A=( dj' ue a,b,c,d e R. And v vrdbeon
C

det A=ad —cb <0 (***) kot and 10 YOPAKTNPLETIKO TOAVOVLLO TOV A 7OV givol

2a(1)=2*—(a+d)A+ad —cb katadaBaivovpe 6L ot pileg Tov g, (A) mpénet v
elval TPOyUaTIKEG KOl OLOPOPETIKES, Mo KO 1 SloKPIVOLGO TOL TPLOVOLOL givol
nwhvto etk Adym g (***). Xvvendg ot O0TES Tov A givor TAVTO OLOKEKPLULEVEC.

Iil) AdBoc. 'Eotw 6110 A €xet wotég 4, 4,. And i Ilpotdoeg 7.2, 8.13 kot v
detA=44,=0

vndbeon det A=trA=0 mpokdmtel 10 cvoTNUO , M Aon tov

trA=4+4,=0

getvar 4, =4,=0 . AMAG 1018, apod o A eivar OSwyovomomouog, vmhpyet
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0 0

avtiotpéyipog mivokag P tétolog dote vo oyver A= P(O Oj P'=0, mov

onuaivel 6tLo A mpémel va givor o pndeVIKOS Tivakog.

IV) AdBog. Enedn o mivokoag givat tprymvikog £yl 1I010TIHES TO OTOLYEIR TG dlorymViov

tov (E@appoyn 7.29), dpa ot wiotipég tov mivoka A egivor A =a (duthnq piCa). H

0 b 0
Aoon tov cvotuatog (A—al)x =0, Sivel [0 j[)&]:(

= bx, =0 ko emedn
0\ X, 0

beR" &ovpe X, =0, dpa x=(x, 0)t , nladny o avtictoo 1816ympo ivon
V(a)= {Xl(l O)t IX € R}, éyel Stbotaon 1, emopévag GOPP®VO. LE TOV aAyOptduo
dlymvomoinong o A dg daywvoroteital.

V) Zwotf. T'a évav opBopovadiaio tprymvorooo wivaka A, amd v (8.10),

A=STS", vndpyet opbopovadiaioc wivaxag S, kor T dve Tprymvikoc.

H avaotpopn otnv 1c6tta ¢ (8.10) diver :

t_

Al =(STS*)t =(s*)tTtst =(s) TSt 2 QT'Q = A' =QT'Q" =QTQ".

2mv televtaia 16oTNTO TIVAK®V, 0 Tivakag Q sivol opBopovadiaiog, 016t

QQ=(5)(s) =(s)(s7) ~(s57f =1

koo T, givor kGto Tpryovikoe. Toverdg o A givor opbopovadioia Tpry@vomomoipog

Kot paloto pésm tov ophopovadiaiov mivaka Q = (St )* =S.

vi) Zooti. And to pacpotikd Oeopnua (Ipotaon 8.14), 0 A eivor opbopovadiaio
ouolog pe mpoyuatikd dydvio mivaka, dpo vrapyxet U opbBopovadiaiog mivakog
(UU =1) térolog dote A=UAU", 6mov A mpaypotikds Stoy®dviog Tivakag pe
otoyeia ig Wotipég ov A, dnhadn A =diag (A, 4,,..., 4, ).

INa tov A"A and v IIpdtaon 1.3vi), and to yeyovog o1t A givor mpoypotikog
daydviog émeton A” = A =diag (ﬂl A, ,...,/1n) , KOl Tnv mponyovpevn oyéon

KOTOATYOUUE

% (TIp.1.3vi)
A*A:(UAU*)UAU* = UA'U'UAU=UA*AU* =UAWU".
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Telkd, amd TOV Opopd TOL fxvovg kou v Wotntd tov tr(AB)=tr(BA)

(Epappoyn 1.16) égovpue

tr(A*A)=tr(UA2U*)(E¢‘:6iﬁ) tr(UUA%)=tr(A%)= n A2 soe
=1

E@appoyn 8.25 (1016tnteg opoimv mvakmv)
‘Eoto A BeM,(F) épotot’ mivaxes. Amodeilate 611
i) detA=detB, trA=trB
i) oumivaxeg A' kar B' eivar dpotot,
iii) av 1oyver A> = A, tote B* =B,
iv) ot mivoxeg A€ xon B*, k eN sivou dpoto,
V) 0l 6HO10t TVOKES EYOVLV TaL I810L YAPAKTNPIGTIKGE TOAGOVORA, ¥4 (4)= 25 (4)
Vi) ot 6potot Tivakeg £xovv ta idla EAdyoTe ToAvdVVpE, M, (A)=mg(4).
Vii)dev 1obovv avtiotpopa ot 1010t TeS V) Ko Vi). AdcTte KatdAAn o mapadelypoto.
AT6EIEN 1) ATO TOV OPIGUO TOV OUOI®V TIVAK®V VITAPYEL AVTIGTPEYLILOC TIVOKOG
PeM,(F) této106 Gote va 16y0€L
A=PBP". *)
ATd TV OVTIGTPEYIHOTNTA TOL TivaKo OpotdTNToS P kKot v 1didtnta yvouevo
opilovomv (TTpdtacn 2.3ii) £xovpe
PP =1 < det(PP™)=det| =1< det P-det(P™)=1. (**)

Apo det A J det(PBP ) =det P-detB-det(P™) 7 detB.

ATd TV 1810TNTOL TOV YIvouévou Tov tyvoug (Epappoyn 1.16i11) kot v (*) mpokvmtet:
(*)
trA = tr(PBP*)=tr(BP'P)=1rB
i) And v 1810t avactpo®ng yvopévov mvakwv (Tlpdtacn 1.3vi) ko v (¥)
moipvoope

t

A (:)(PBPl) (P} -B-P :

|
o
il

" Q.B.QY,

‘oo ABeM, (F) ovopdlovtat 6poron mivakeg, av vdpyet aviioTpéyuog tivakag P e M | (F)
tétoto dhote A= PBP ™.
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6mov Q eivan avticTpéyipog wo kot Q'Q = P! (Pt )71 =P (P‘l )t = (P‘lP)t =1.

iii)H (*) w0oddvapo ypdpetor B =P AP | omdte «dvoviag mpafels Kot

avtikafiotdvrag Ty vodeon A? = A maipvovue

*

(1)
B? = (PAP) =P'APPAP=P'A’P = P'AP=B.

—
=

IV) Epapuodlovtac k — @opég v (¥) épovpe
)
A< = (PBP) = PBR*PBP*PBP* ... PBP'=PBB--BP'=P.B".P™.

k—@opég k—gopég

—_

V) H anddeién eivan otnv Ipdraon 7.9.
vi) ‘Eoto® 011 1o eldyloto. moAvdVLOpO TV mwvokeov A, B eivon
my(A)=A"+a,_ A ++ald+a; k<n xow mg(21)=2"+b_ A"+ +bA+by,
r<n.
Eneidn
Mg (A)=A"+b_ A +---+ b A+hyl
(i) rp-1 r-1p-1 -1
=PB'P"+b _PB"P " +.--+b,PBP " +D,l
=P(B"+b, B+ +bB+byl )P
=Pm, (B)P*=0
cvpmepaivovpe 6t To My (4) Swnpei to M, (4).(a)
Eniong, omd v iii £govpe kat tv woétnro. B¥ = PAYP | opoimg mpoxdmtet kat
m,(B)=B"+a B +---+aB+al
(iii)
=P'AP+a_ P A'P+-.-+aP AP +a,|
=P (A +a, A+ +aA+a)l )P=P"'m,(A)P=0

Emopévog m,(A) dwoupel 10 my(A) (B). Zvvendg, omd (o) ko (B) éyovpe

my(4)=mg(4).

0 0 110

2 2|,B={0 2 1| rnapammpodpe 611
01 0 0 2

2
vii) Av Bewpficovpe touvg mivakeg A=| 0
0

©G TPyOVIKOL Tivakeg £xovv ;(A(/l):(/l—l)(l—Z)z, e (ﬂ.):(l—l)(ﬂ,—Z)z, Kol
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vmohoyiCovpe 6T ta  gAhdyota  moAvdvope  eivar m,(4)=(1-1)(1-2) ,

Mg (1) =25 (4), ®ot600 01 A, B 3ev eivan 6potor 1ot m, (A4) = mg (4).

2 00 110
Av Oswpnoovue E={0 2 2|, D=|0 2 0| mopatnpodue OTL ®C TPIYOVIKOL
0 01 0 01

nivokeg ooV g (4)= (/1—1)(/1—2)2 , 2o (4)= (/1—1)2 (A-2), xon vmohoyiCovpe
o eMdyiota moAv@vopa 6t givar Mg (4)=m, (1) =(1-1)(1-2), wotdco ot E,D

Sev etvan opotor 101t ¢ (4) # xp (1) soe

E@appoyn 8.26 (1016TNTES TAVTOOVVAUM®Y TIVAK®OV)

Av yia évav mivaxa Ae M, (F) pe A= 1 oydet A” = A' anodeifate 6tL

i) o(A)={0,1}, detA=0.

i) O wivakag A daywvomoteitat.

iii) trA=r(A)=v,, omov r(A) o Pabpds tov wivaka A, v, M okyepucn
TOALATAOTNTO TG LOVADOG.

IV) yuo kaBe opBopovadiaio mwivaka U € M| (IF) o U"AU eivar tavtodvvouoc.

Am6delEn 1) Av A eivar dotipn tov A Kot X gival To avtioToro 181081vLueud TG,
oyvel AX =X (¥), kon ooppova pe v Ipodtaon 7.6, 4> ko X &ivor 1810m066 Tov
A%, Snrady A% x =A% x (**). ToAomhooaloviac T doopévn oyxéon deéid eml X

KoL Kavovtag ovtikatdotoon pe Tig (*) ko (**) maipvoopue

AN =A= Ax=Ax = Ax=ix =(4"-1)x=0. (***)
Eneidn to X eivor d1061dvoopa givarl pun undevikd dtdvocpa amd (¥**) etvar poavepd
on A°=21=0 = A(1-1)=0, épa o(A)={0,1}. Ano mv Ipétaon 7.2 wydet
detA=A4-4,-...-4, =0, dpao A dev eivar avTioTpEYILOG.
i) Amd v 1) eivor @oavepd OTL TO YOPOKTNPOTIKO TOAV®VVHO  givat

2a(A)=2"(A1-1)", 6mov v, +v, =n. Zovends To EAALOTO TOAVDVULO TPETEL VO,

ava{nmoei avépeca oto molvdvopa M, (/1)=/1k1(/1—1)k2 ue k <v;. Opwg

to TETPAYOVIKOG TVAKOG HE TNV 1310TNTa A?=A ovopaletar Tavtodvvapog wivaxag (idempotent
matrix).
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()
k,=k,=1 xar v vmébeon &xovpe m(A)=A(A-1)=A*-A=0 , omdte
emoAnOevetar n (8.8), amd OmOL TPOKLATEL OTL TO EAAYIOTO TOALAOVLUO Egival
m,(4)=4(4-1), pa o mivakag A Swaywvomoteiton (Ipotaon 8.5).

1il) Amo To i) vdpyet avtioTpéyog tivaxkag P e M, (IF) £T01 OOTE

P1AP—A—diag[l,l,...,l,O,...,OJ—diag(lv 0,).
—_—— — 2 1

V2 Vi
omov v, v, ot aAyePpikés TOALATAOTNTEG TOV WOOTIUOV, OTOC TEPLYPAPOVTAL GTO

Za(24). Ao opropo6 fxvovg kot and 18tnTég Tov (Epappoyh 1.16) wydet
v, =tr(1, )=tr(P"AP) =tr(APP‘1J —trA.
|

Emeon n owrydvia popen tov A givor avnypévn KAMPokot) popen, amd tov Opiopnd

3.5 yia tov Babud tov mivako £yovpe
v, = r(diag(IVZ,@)V1 ))z r(PAP)=r(A),
omote GLVOVALOVTAG TIG dVO TEAEVTAIEG 10OTNTEG TPOKVTITEL trA =T (A) =V,.
iv) AvUeM, (IF) elvan évag opBopovadiaiog wivakog, ToTe
(U*AU)2:U*A UU* AU —U° AU ZU AU soe

[ S
|

Egappoyn 8.27 (kavovikoi wivakec)

) Av T eM, (F) sivor dve tprymvikdg ko kavovikég' mivaxag, tote T e M, (F)
glval dloydviog.

i) "Evog mivakag Ae M, (IF) elvarl kovovikdg av ko povo av givor opBopovadiaio

OLLO10G LE O10YMVIO THVOKOL.

Améoeln

‘o Ae M, (F) ovopdleton kavovikdg mivakag (normal matrix), av wwyoer AA" = A"A.
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tll t12 tl3 tll‘\
t22 t23 . t2n
i) EBoto T={0 0 t; ... t |0 dvo pyovicog mivakag pe t; e F, t; =0 yu
0 0 t,
KGBe i > j. Ao Tov optoud tov kavovikov wivake TT =TT , dnAady,
tll tlZ t13 cee tln El 0 0 tee O El 0 0 tee O til t12 t13
0 t22 t23 th t‘21.2 t22 0 O tl2 t‘22 O O 0 t22 t23
0 0 t33 tSn t13 t’23 t33 tl3 t23 t33 0 0 t33
: o oo . 0 oo 0 | :
0 ce O tnn Eﬂ En En ce ﬂn Eﬂ En gn ce ﬁn 0

moipvovpe, HETE amd TIg TPALelg Kol £EIGMVOVTOC TO OTOLEIN TV TIVAK®OV GTIC

avtioTtotyeg BE0ELS, TIG EMOUEVES 1IGOTNTES

am6 otoyeio 11 0gong ft|* +]t]” |+ ] = lu]” © to =ty ==, =0
o oroyeio om 2,2 0éon |t Hlte + |l = [ta]” © =ty = =1, =0,
o6 otoyeio oty 3,3 0o [ta|” + |t  + ||’ = te]” S tey ==, =0,

ko omd otoyeio (n—1),(n-1) 0ong [t 4y T ‘o to1p =0

(n-1)n

(n-1)(n-1)

Am6 Oheg Tig mapamdve 16odvvopieg npoxvmtel 6t t; =0 yo k6Be 1%, i< ] pe

i=12,...,n-1, emopévago T eivar Swaydviog mivakoag, T = diag (t,t,,...,t, ).

1 nn
i) Eoto A évog kavovikog mivakag, amo to Osdpnuo Schur (IIpdtoaon 8.10) vrdpyet

opBopovadiaiog mivaxkag U 1ol dote va 1oyvet

A=UTU", *)
ﬂl t12 t13 . t1n
0 22 t23 . t2n

omov T=0 0 A4 ... t | avo tpryovikog mivakag pe Tig 0THEG Tov A ©g
0 .. 0 4

dlymvia ototyeia.
Avtikabwotdviag v (*) ommv AA" = A'A ko Aappdavovtog veoyn 6t o U eivon
opBopovadiaioc, UU* =U'U = |, katariyyovue

UTUUTU =UT"UUTU" < UTTU ' =UTTU" < TT ' =T'T,

[C—) [S—]
| |
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onAadn o T eivol Ko Kavovikog mivakag, to omoio amd i) onuaiver 6tL o T &ivar o
Suydviog mivakog T =diag (4, 4,,..., 4, ), 4 OAeg ot dotipés tov A.

Avtiotpoga, ag vrobécovpe 611 vIapyel opBopovadiaiog wivaxkas U étor dote va

wyoer A=UAU", A=diag(a,,a,....,a,),0nov & €F, i=12,...,n,

1018
AA'=UAU" (U AUT) =UAUU AU" =0 44U (**)
|
Kot
AA=(UAJ) UL =UAUU AU =UL A", (*+*)

|
Eneidn A=diag(a,,a,,...,a,) wyoet n ovipetafetikdmia tov mvikov 44" = A°A,
EMOUEVOG OO TNV 160TNTA TOV TIVOK®V oTo dgvuTepa PEAN Tov (**) won (F*%*)

npokvntet AA" = A'A, dnladn o A eivarl kavovikog ivokag. s
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