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Kepdraro 7

XAPAKTHPIXTIKA IMMOXA

Apxetd mpofAnuata v Madnuatikov, g Puoikng, Tov OKoVoUKOV EQOpUOYOV
avtipetonilovtor evkordtepa pe T Oewpio TOV 1010TOCHOV, Ol WOIOTES KOl TO
Wodtovcpato evOg TETPAY®MVIKOD Tivake £ivol To YOPOKTNPIOTIKE TOCH TOV. XTO
KEPOAOMO OoVTO peAeTOUE POOIKEG O10TNTEC TOV YOPUKTNPIOTIKOV TOCMV, TIG
TANPOPOPIEG OV TPOKVATOVV OO TO, YOPOKTINPIOTIKA TOGA TMOV TIVAK®V EOIKNG
HOPONG, TN OLVOTOTNTO OTAOTOINGNG TOAVMVUUIKOV TIVOK®V HE Tn YPON TOL

Bewpnuatog Cayley-Hamilton.

7.1 Baocwoi Opopoi

Fevikd, yw évav mivaka AeM, (F) o petacynuotiopds X — AX pmopei va

LETOKIVOEL TO. SLOVOCHOTOL X G€ TOIKIAES O1eLOVVOELS, cLYVE OU®G TapovsldlovTon
Kémolo OlvOGUHATO TOL 1 OpAcT TOL TIVoKe TAV® TOVG €ival TOAD amAr|, To

avaykalet va kivnodv otny 1d1a dievbuvon, va eivor GuYYPOoLIKA.

5 2
Oewpovtog ToV TivoKa A:( 1 2] Kol TO
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OTm¢ PoiveTol Kol 6To
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dbvoopa X, :(
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dev emmpedlel m 01€vOLVOY TOL, K Ko

AX, elvon axpiog 3X;.

Ax, \
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Opiopdg 7.1 (W6rotipn) — WB0dGvVGHE TiVEKE)

Eoto o tetpaywvikog mivaxas Ae M, (IF) ka1 éva didvooua X € M, (F) TET010 DOTE

VoL 10y Vel

AX=AX, ue X#0 (7.2)
no kamoro A€F. To A ovoudlerou 1ototiun (eigenvalue) tov wivaxa A kor 10 X
10t00tavocua(eigenvector) too A avtiotoiyo g 1010TURG A .
O1 1010TIHES KOl TO. LOLOOIOVDOUATO, OVOUGLOVTaL YOPOAKTHPLGTIKD TOGd 1] 1010mocd. (1]

XOPOKTHPLOTIKG. UEYEDN) TOL A.

5 2

Mo moapddetypo, edkodo emaAnBevovpe OTL Yoo TOV TIvVOKa A:[ ! ZJ 1oYVEL

5 2)\(1 1
( 1 gj( 1]:3( J’ ovvendg po oty tov A givol to 3 kot ovticTorxo

1 -1
wWoddvooud g eivor 1o X, :( J Jwto X, :( . j gyoopue

5 2\(-1) (1 -1 , , )
AX, = = #A =AX,, GUVENOG TO X, dgv eivor 1310818vucal
-1 2){ 2 5 2

tov A, gnewdn 10 AX, dev givon cuyypappkd tov X,, yo Kopd T tov A e,

(BAéme MTapaderyua 7.1).

H (7.1) ypdoetor 1codvvapo Kot AX—ZX:0<:>(A—M)X=O, amd  OTOL

katalofaivoope 0t av yvopilovpe v oty A, givatl e0KOAO va VTOAOYIGOVLE TO

AVTIGTOLYO UM UNOEVIKO 101001VUC LA TG, ADVOVTOG TO OVTIGTOLYO OLOYEVES GVGTN L

(A—/II)X:O, vy X=0. (7.2)

0 1
MMopdosrypo 7.0 Oewpodue 71OV  TivaKa A=( ! O] . Avalntovrog 1o

1B10dvOcHaTd Tov X =( J amd Vv (7.2) KOTOAYOLLE GTO OUOYEVEG CUGTILO

2

—AX +X, =0

1 0 Enedon n  opilovca tOov Tivako TOV OCLUVIEAESTOV  €ivon
=X —AX, =
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det(_)L 1 J=/12 +1#0 7y k&b AeR , o mivakag (_/1 1 ] etvan
-1 -2 -1 4
avTIoTPEWYIIOG, ondte ovuemva pe v [Ipodtaocn 2.8 kot Ta 6Ol TG T0 cHOTN U
£xeL povo T pmdeviki Ao X = (X, X, )t =(0 O)t. AMG and tov Opiopd 7.1 kot T
(7.2), 1w0dtavdopota givar pun undevikd dwovocpata. Apo o A dev €xel 1010TIHEG 1)
Wodovocpata oto R.

AV OpOC EVOLOQEPOLACTE YL LYOOTKES 1O10TIUEG KOL TO, OVTIOTOL(O 1010010VOCUOTA
TOVG, COUUP®VA UE TO KEPAAOMO 5 (?7) TO TOPATAV®D OUOYEVEG GUOTNUO EYEL UN

1 .
TETPUEVT AOon av Kot pdvo av det( ): A+1=0= A==%i. Zvvendg ot

11oTIéC givar 600 ot i .

o A =i, 1o ohotnua givat
—iX +_x2 =0 . X, =1X; |
—x —iX, =0 x, €eC

Ao OmMOV £YOVUE OTL VILAPYOVY  OVTICTOLYO UIYOOIKA 1010010vOGHOTA, TO. OTTolo Eivor

x:(ﬁ], x, € C—1{0.

1%
Mg 6po1o tpoémo Bpickovpe 6Tt otV WB0TUN A =—i aAVTIGTOLXOVV T0, 1310510VOGHLOTO
x:( n ] x, e C—{0}.

A7 10 TpoNyoLEVO TaPAdELY A, KaTaAafaivoupe OTtL Yo va vtoloyicovpe OAES Tig
wotéc A eF evéc tetpayovikod mivaka A 0o mpémer va oyxder n (7.2), kot
ovpeova, pe to kKepdiowo 5 (IIpdtaon ?) 10 mopamave OpOYEVEG GUGTNHO EXEL UM

UNOEVIKY] Abom av Kol Lévo oV

det(A-41)=0. (7.3)
H (7.3) ypaoeton mo ovorvtikd
a,-4 a,
dot| B A F g (7.4)
a a a,, —4

ni n2 nn



Kepdrao 7 — Xapaxtnpiotikd tocd 4 am6 46

onradn OAeg ot wWwtég A € F tov mivako A mpémel vo tkavorolovv v e&icmon
(7.4), n omoia ovopaletol yaparxtypiotikiy e€icman TOL TETPAYOVIKOD TTivaKka A.
Avomtoccovtag v opifovca tov wivake A—Al omv yopaktmplotiky e&icwon

KataAnyovpe o€ €va TOALV®VVUO N-06ToV Bobiod, To 0moio oV TOAAATANGIAGOVLLE
pe (—1)" mpoxdmret o moAvdVLLO

2a(2)=(-1)"det(A-Al)=det(Al —A)=A"+b A" +--+bA+h,, (7.5
0 omoio ovopdleton yapaktypioTiké molvwvopo tov A pe cvvieheotés b, e C,
j=01,...,n=1. To yapoktnpiotikdé moAv®OVLHO pUmopel va avaivBel mavtote og
npwtofdaduovg mapdyovieg oo C Lo v Ypapel otn popoen

23 (A)=(2=2)" (A=&)" (A= 2)",

onov A, 4,,..., 4 etvar ov dwokexpiéveg pileg tov y, (i) oo C kot v;,v,,...,V; N
molhamAdtTnTa TG KABe pilag, M omola ovoudleton adyefipixny moilarxloTyTd NG .
Ipooavis yw évav Ae M, (F) woydet v, +v, +---+v, =n.

Yvvdvdlovtrog v (7.2) pe v (7.4) xotorafaivoope 0Tl OAEG Ol WOOTIHEG TOV
nivaxa AeM (IF) elvar ot pileg tov yapoakTnPLoTIKoH ToALV®VOLOL (7.5), ol omoieg
cOUEMVO pe TV vroonueimon’ av Bsopficovps tov Ae Mn(IF) ®¢ oToLEio TOL
M, (R) , TOTE LIAPYOVV TO TOAD N 1OIOTIHES, KOt oV TOV BE®PCOVLE MG GTOLYEIO TOV
M, ((C) VIAPYOVV akPIP®G N 1W0TEG (Ot Kot ™ avaykn OAeg dlapopeTikég petalhd
t0v¢). To obvoro TtV 1B0TINOY Tov Tivako A ovopdletol @douae (Spectrum) kot
ovpPorileton pe G(A). Avtikobiotovrag kGl plo dakekpipévn wwotipn, A =4,
010 ovotnua (7.2) maipvoupe ®g YEVIKN ADGT] TOL OLOYEVOVS GUGTIILATOG £VOL GUVOAO

dtvuepatov Tov o cupPorilovue V (xl, ) :

Opopog 7.2 (10O POS — YEMUETPIKT] TOAALATAOTITA LOLOTIUNG)

To ocOvolo

V(4)={xeM,(F) : (A-41)x=0}

! Oepehmdec Bedpnua dhyeppag «Kade morvovopkn eéiooon N Badpod éxet axpiPodg N pilec oto
C».
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ovopdletat 1016 wpog mov avTicTolEl oty WoTun A, Kot etvar £vag pn TeTpupévog

voywpog ov M, (IF) Ta pun undevikd otoryeia tov V (ﬂ, ) etvat ta W10dovocpaTa,

OV AVTIGTOLYOVV oTnV Wty 4, n dtdotacn Tov vroyodpov V (l) elvat

dimV (4)=n-r(A-4l),
0 dg apOpog dimV (ﬂ,,) ovopdleton yemuetpirij molianioTnro ™G WOOTWNG A , Ko

QOVEPMVEL TO TANOOG TOV YPOUUKE AveEEAPTNTOV 1O100I0VUGUATOV TOV OVTIGTOL{OVV

otV Wty 4.

Mapatipnoen °* Enedn n ovvOnkm «To odotnua (A—/II)X =0 é&ret un undevikn
Abony givor 16o0dvvaun pe ) cuvOnkn «To odotnuo (M — A) X =0 &yer un undevikn
Jbon», mo ko wyder A=Al =—(Al —A), otov Tpocdiopiopd odvoopdtav dev
éxel onuocic mowd amd To dvo cvoTHUATH Yproipomolovue. Emiong, emeon
det(A—A1)=0< det(Al - A)=0, otov mpocdiopiopd WoTdy dev éxet onuoscio
7oLl Ao TIS OV0 EEICMGELS YPNOUYLOTOLOVLLE.

* Amodesikvidetal 0Tt ioyver 1< dimV (ﬁ,, ) <V, kKo 6tav ot WoTipég ivon amhég pileg

(Snhadh v; =1) 100 YapaKMPLETIKOD TOAWVOHOL ¥, (4), éxovpe dimV (1) =1.

5 2
Hapdderypa 7.1 'Ecto A:( Zj. Ot Wwotég tov mivaka A givar ot pileg Tov

YOPOKTNPLGTIKOD TOV TOAV®VOLOV, TO 0Toio vtoloyilovue amd v (7.5) ko eivarn

zA(A)zdet(il—A)zdet(lIS /1‘_22]:(1—5)(1-2)-(-2):(1-3)(4_4).

Ot woTtég Tov A eivan ot mpaypatikés pileg Tov x4 (/1), ot omoieg etvar A =3,
A, =4. I'o kéBe por omd avtég Ba mpoodiopicovpe ta aviicToyo odavdcuaTo

Aovovtog to cvotnua (7.2).

INa 4, =3:

(A—ﬂl|)xzoj(5_—13 Zfsj&}:@}jﬁztiﬂ:[gj
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j{2x1+2x2:0 N {xzz—xlzﬂ(:(xlj:( X, ]:x{l], x <R,
-X =X, =0 X, €R X, -X -1

To ocvomua (7.2) éxer Aon kdbe d1dvocua TOV 1B10YDOPOV TOL AVTIGTOXEL GTNV
Wty 4, =3, diadny Tov V(3)={X1(1 —1)t :Xle]R} , OUVEMMG kAGOe N

uUNdeviko ddvocspd Tov givar wodtdvocpo Tov A avtictolyo g woTung 4 =3. Qg
YVOGTO HUTOPOVUE VO BempoOvUE TO ( J , mov Pploketon ywo X, =1, og

110dtdvocpa Tov A, T0 0moi0 ivat «Evog avTITpOSmTOg» TG Pdong tov V (3) :

o A, =4 éyovpe

UL G LS e N

+2x,=0 =-2X —2X -2
o [T N yx=| ]| T =X, X, €R.
-X —2X,=0 X, eR X, X, 1
To Wwodvdcpate mov oavtiotoyovy oy Wty A, =4, elvoar g Hopeng
-2 . , , .
X = Xz( L j , X, € ]R—{O} , OnAodn ta pn pndevikd oTokElo TOL  1OOYWPOL

-2
V (4) :{ X, (—2 1)t X, eR } "Eva 1310816vocpio. stvon ( . j, mov PpickeTar yia

X, =1.

2

Xyoho _vmevOimong . ZOpowvo pe to  KeeAhowo 6, av Vo elvar  évag

F — davoopatikog yopog pe dimV =n og kdbe ypoppuky amewovion f:V -V
avtiotoyel évag mivakag avarmapdotaong AeM, (F), étor dote f(x)=Ax *.

Yvvdvdlovtag ™ oyéon (6. ?) kot Tov Opiopd 7.1 pmopovpe vo. opicovpe Tig Evvoleg

TOV 1O10TOCHV KOl Y10 [0 YPOUUIKT) OTEKOVION).

Opopog 7.3 (101071 — 101001AVVGHA YPORMIKN G ATELKOVIONC)

! BAéne 1o oyoMa cupforiopod, kepdhato 8, oeX. 9.
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Eotw NV évag F — diavoouatikog ywpog pe dimV =n kar f:V =V o ypopuuxn
ameikovion. Av vrdpyer un unoeviko X eV térowo wore f (X) =AX ya kamoio A€,

70 A ovoud{etar 0oty s f xai 1o X eivor éva 10t0davoeua s f  aviiororyo
™¢ 1010tiung A .
Or 1010tiuég kar o0 1010010v00uU0To. TG Ypoyukns ameikovions f ovoualovrou

XOPOKTHPIGTIKD, TOGA 1] IO10TOGA. (1] yopoxtnplotika ueyéln) me f .

Oewpmdvtag 10 davucpatikd ydpo V =R" ko 4 € R, n «yeopetpikn» epunveio tov
wodavdopotog g ypapuikng omewkoviong  fiR" > R" givon 611 opilel
dtevbuvon mévo oty omoia 6tav emdpdcern f oe davdopata Ta onoia fpiokovral
ot devBvvon avtn, To amoTéEAEGHA TNG dpdong TS elvan divuoua Tov dtatnpeiton
EMOVD oTOV 1010 Qopéa, amAd civol moAhamlacloouévo ent Tov aptdpud A, oniadn
elval cuyypappkd Tov apykod d1ovHGHATOGC.

And 10 mopamdve oydAle vrevBopiong kot tov Opopnd 7.3 @aivetor 0Tt ot
WOTWES ™G YPoUUKNnG anewkoviong f elvon ot wotipég Tov avtiotoryov mivako
avomapdotaonct A e f . Zto endpeve, OMOTE KOAODUOOTE VO HEAETHCOULE
mpoPAuato  wov oyetiCoviar HE TO  YOPOKTINPIOTIKA TOCH UG  YPOUUKNIG
anewoviong f , Oa vmoloyilovpe tov mivako ovomopdoTaong TG ®G TPOG
omoladnmote PAcn Kot Bo acyOAOVUACTE HE TIC WOI0TIUEG TOV, Ta O€ 1010010VOGLLOTA
™m¢ Ba ta vroroyilovpe and tov Opopd 7.3, ektog €dv Exovpe emAélel T cvvion
Baon y vo vtoAoyicovpe Tov Tivoka owanocpdcswcngz, OTOTE TOL 101001VOGLLATO TG

f etvon axkpBdg avtd Tov Tivaka avaTapdoTaoNG.
Ia nopéderypa, av f:R* >R? pe f(x y)=(5x+2y, —x+2y), vrnokoyiovtag

TOV TvoKo OVOTapAcTOcNG TG MG TPOS TN csnvﬁ@nz (xovoviky) Baon tov R?,

5 2
2), o0 omoiog givon o mivaxkag tov Iapadeiyparog 7.1.

Bpiokovpe 0Tt eivar 0 A= [

Enopévog ta 1domocd g f eivoar ovtd tov wivoka A, onAadr, M YPOULKN

L O mivokag avamapéotaonc éxet oxéon pe ™V enthoyn e BAong 610 SLvuopaTkd ¥Opo. Ot Tivakes
avomapdoTacng mov mPokvmtovy givar peta&d Tovg opotol. Ot Opotot mivakeg €xovv HOVo idteg
Wotiég, Ot idta Wrodtavocpata (IIpdtacn 7.9), yu avtd ot 1d10TIHEG eivat id1ec.

Ortav o mivakog oAlayng Baong eivat o povadiaiog (dpa Exovpe emdééel v ouviOn Baon Tov xdpov

n , r ’ ’ s ’ r
V =F") to 80diovicpate 0Aov v opoinv mvakov givol ta idwo (Tpodtaon 7.9).
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ameucovion f €xer wotpn 4 =3 pe avtictoryo wWodidvoopa (1 —l)t kou A, =4

pe avtiotor o Wodidvucpa (2 —1)t :
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7.2 BaoG1KEG 1O10TNTES YOPUKTNPLOTIKMOV TOCAOV

IMpotaon 7.2 ( opilovoo — 1d10TIHES )
To k6B tetpaywvicd wivaxa Ae M, (F), ue A, 4,,..., 4, 1ot 10yver
det A=A -4, 4, =(-1)"hy, (7.6)

orov by, eivai o otabepoc opog Tov yapaxtnpiotikod Tolvwvouov atny (7.5).

Amédeien Av 0écovpe omyv (7.5) A=0 &ovpe z,(0)=(-1)"det(A)=b, , 1
moAamAac1alovTag TV TEAeVTOiN OYECT LE (—l)n TOIPVOVLE 1GOOVVOLLLOL

det(A)=(-1)"b,. *)
Eniong amd tovg tomovg tov Vieta yvopilovpe 01t OAeg ot pileg TOv YOPUKTNPIGTIKOD
TOAVOVOLOL GYETICOVTOL L€ TOVES GUVTEAECTEC TOVG KO LAMOTO 1GYVEL
A Ay 2y =(=1)"Dby. (**)

Ao (*) ko (**) n amddeEn eivor TApNC. o0

Amo Vv mponyovuevn mpoOToon KatoAofoivoope OTL av KAmowo 1010Tun ivol
4 =0, 16te det A=0, omdte omd v IIpdtaon 2.7 0dNyodUAGTE GTO GUUTEPAGHLC
0tL 0 A dev elvar avtiotpéyiuog kot PBéPota oyder kot to avtiotpopo. Etot
OTOOEIKVOETOL TO £ENG:
IMopropo 7.3 (1O10TIRES — AVTIOTPEWYLHOG TIVOKOGS )
Evag tetpaywvikog mivoxo Ae M, (IF) glval avtioTpEYILOS av Kol UOVO OV OEY

EYEL TO UNOEV WG 1010TIUN.

Yvvovalovrag v Ilpdtaon 7.2, to [Mopoua 7.3 ko v (7.5) KoataAnyovpe oto

EMOUEVO GUUTEPOGLOL.

Lo wotés dev elvan amapaitnta drakekpiéves, otny opilovoa vroAoyiletot kébe WroTiun pe v
alyeBpuc ToAhamAOTNTA TNG.
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Mépiopa 7.4 ( (opaKTNPLETIKO TOAVDVURO — AVIIGTPEYIIOS TIVUKAG )
Evog tetpoywvikog mivoxo A€ Mn(IF) glval avtioTpEéyyog av Kol Uovo ov o

0tafepos OPog TOL YOPOKTHPIOTIKOD TOD TOLDMVOUOD EIVOL OLAPOPOS TOV UNOEVOG.

Ipotaon 7.5 (W6roTIpnéS avaoTpd@ov Tivaka )
T'10. k6Oe tetpaywviko wivoka Ae M, (IF) , LoYDél
o(A)=c ( Al )

oniadn, o avéotpopoc mivakag A" éxel TiC 101eC 1010TILES g TOV TTivaka A.
Am6deEn Topgova pe mig wWiomres (A+ B)t =A'"+B" (Ilpétacn 1.2ii) wou
det ( Al ) =det A (Ilpoétacn 2.3i), yio 10 YOpPOKTNPIOTIKO TOAvAVLLO Tov A
UTTOPOVLLE SLOOOYIKA VO TAPOLLE TO EENG:

7, (1) =det(A1 - A')=det(Al - A) =det(11 - A) = 7, (4).

Yuvenmg ot 000 Tivakeg £govv T {10 YOPOKTNPIOTIKG TOALMOVLUA, Gpa TG 101Eg

1010 TIUEG. A 4

Mpotaon 7.6 (droTipéG duvapsmv Tivoka )
Av A, X elvau ta yopaxtypiotixd wooa evog Ae M | (IF) , TOTE TO. YOPOKTHPIOTIKO,
7006 tov wivaxa A eivar A ka1 X , émov K eN.

Am6oelln Oewpoviag 6Tt A givar 1B10TIUN Kot X TO avTioToro 131001vVUGHA TG
ocvpeava pe tov Opiopd 7.1, woyvern (7.1), AX=1AX.
[MoAamhacidlovtag v (7.1) apiotepd ent A maipvoupe

7.1

A’ x=A(AX) = A(Ax)=2°X. *)
[MoAlamhaoidlovtag ) (*) eni A maipvovue
()
A x=2(Ax) = 22 (Ax)=2°x.
YvveyiCovtog pe Opolo Tpodmo, pmopodue vo vrobiécovpe OtL yloo Kamowo K ioyvet

At x = 2t x, modlamhootaovtag ko T TEkevTaio oygon apiotepd emi A £xovps

)
A x =2 (Ax) z A Ax)=2x,
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£T01 UE EMaywy”n SmoT@vovpe To {nroduevo, yio kébe K @uoikd apBud. o0

2

-2
Moapdoerypo 7.7 'Eoto A=[ 5) , Yo va vmoAoyicovpe v opifovca tov

mivaxa B = A’ —4A7 + 21, yopic va tov Ppodpe, coppava pe v Ipodtacn 7.2 apkei
va vroloyicovpe Tig 100TIHEG Tov B, ot omoleg vmoloyilovtal epappodloviag v
[Ipotaon 7.6. O mivaxoag A €xel YopoKTNPLOTIKO TOAVDVULLO

A-2 2

2 l_5j:(/1_2)(1—5)—2'2=/12—7/I+6=(,1—1)(,1_6)

ZA(l)=det[

EMOUEVG O W0TIHEG Tov glvan A4, =1 kau 4, =6.

Av A, X ta1domocd tov A, 1ote amd v [Ipodtaon 7.6 maipvoupe
Bx=(A°—4A"+21)x = 2° x—42* x+2x = (A°* —44* +2) X,

Miadn A° 447 +2, X eivar to avtiotoryo 1810m06d Tov Tivako B.

INa 4, =1, n Wotun tov B etvan ﬂi(B) =142 +2=-1, xu 6tav A, =6, 1 GAAn
wBlotpf Tov B eivan 4, (B)=6"-4-6°+2=74.

Sovendg omd v Mpotacn 7.2 éxovpe detB =4 (B)-4,(B)=-72. soe

Mopiopa 7.8 (Ww0TIREG OVTIGTPOPOV TiVOKO )

Av A, X elval to Yopaxtnpiotike mood, evog oviiotpéyiuov mivake Ae M (F),

2 _ 2 2 2 2 —k 2
018 A7 Kou X eivau T yopartnpiotikd mood tov mivaxa A, émov k e N.

An6deiEn  Emeidn o A sivon ovtiotpéyipog woyvst ATA=1 xor emmAéov amd
[Topiopa 7.3 OAec ot wotipég tov eivor A # 0. Xpnowonowwvrtag ™ oyéon (7.1),
AX=AX, éovpe
(7.1)

Atx=A(1X) =27 (ATA)x=AAT(AX) = AT (ATAX)= AT X, (%)
dnAadn yuo K =1 €yovpe anodei&etl to (nroduevo.
Eniong omd ™ oyéon (*) ko v Ipdtacn 7.6 pmopodue va ypayovue yio k4be
QLGIKO apOpo K,

Ip. 7.6

A"‘x:(A‘l)kx:(A“)_lx = (ﬂk)_lx:ﬂ,‘kx. soe
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3 2+2i
o mapadetypo, yio va ghéyéovpe av o Eputiavog mivakag! A=(2 i 1 j
-2i

glva ovTIGTPEYIIOG KO Y10L VO VITOAOYIGOVLE TIC 1310TIéC Tov A2 kar A®, coppova
ue to Iopopa 7.3, to [opopa 7.8 kot v [pdtaon 7.6, yperdletor va Ppodpe Tig
WTéS Tov AL To YopakINPloTikd TOAVMVVLO gival

w55 e ansmaeaas)

ot pilec tov y, (/1) gtva ot Wwotég tov A, ovvenadg A4, =—-1 k. A, =5. Zovenmg o
Tivakag avTioTpEPETaL, ETEdN To uNdév dev eivorn 1ot Tov A, o mivoxog A7 £yt
. -2 _ -2 _ -2 _ g2 _ 1 2 2 : 3
wotipég g A7 =(-1) " =1l xu 4,° =5 = (ITopropa. 7.8), téhog o mivaxog A
éreridlotipég A’ = (—1)3 =-1 ko A =5° =125 (Ilpétacn 7.6).
Yoppova pe tov Opopd 6.7, ot mivakeg A,Be M, (IF) glvar Opotot av vrdpyet
avtiotpéyog mivakag P e M, (F) tétotog dote B =P AP. Tty endpevn mpdtaon

STLTTOVETAL 1] GYECT] OVAUESO GTO YOPOKTNPLOTIKA TOGE 6V0 OLOIMV TIVAK®V.

Mpotaon 7.9 (16101066 OpOi®V TIVAK®V )

Ot duoior mivokeg Ae M (]F) kor B=P'AP é&yovv tig idiec 1d10tiuéc. Av A, X

efvau ta yopoxTnplotiké mood. tov A, téte A xar Pt X eivou ta 1d10mocd tov B.

Amédeiln  Afomowwvtog v ootnta 1=det | :det(P’lP):det(P’l)-det P (amd
tov Opiopd 2.1¢c ko v ot rTa ywvopevo oplovemv g Ipdtacng 2.3ii), 10
YOPOKTNPLOTIKO ToAVdVLHO ToL B tovtiletan pe owtd tov A, €meldn pmopove vo
YPOWYOLUE
Zo(4)=det(Al -B)=det(1l —P"AP)=det(1PIP-PAP)
=det(P™ (41 - A)P)=det(P*)det(Al — A)det P =det(P'P)det (4l - A)
— det(A1 - A)= 7, ().

oyver A= A", Bréne Opiopd 1.2.
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SVVENMS 01 OLO10L TVAKES £O0VV TO 1010 YUPUKTNPIGTIKO TOAVMOVULUO, Apa TIG 101€G

1010TLUEG.

Oeopoviog 6Tt A givor Wty tov A e ovTioToyo 1W10dvucHa X , £YOVUE

AX =X, mv onoia moAamhacidlovpe apotepd pe P~ kot moipvoops
P*Ax=AP"x. *)

[MoMamhaciélovrac Se€d ™ oyéon opowdtntog pe P X xou cvvdvalovide T pe

mv (*) KataAnyovpe 6to {ntovpevo dott,

BP’lx:P’lAﬂ:’:x:P’leglP’lx<:> B(P’lx):i(P’lx). soe
|

IMpotaon 7.10 (1010610VOGHATE 6E SLOKEKPLREVES LOLOTINES )

Av X, Xy ,..., X, €lvou  1010010vO0UATO. TOD  OVTIOTOLYOVV OTIS OIOKEKPIUEVES

wotiués A A,,...,A oo Ae M, (IF) TOTE QVTA EIVOL YPOUULKG, OVECAPTNTO.

Amédeiln  Av 1o wwodwvoopato X, X, ,..., X, ivar ypoupkd Eoptmuéva, t0TE

VILAPYEL KATO10¢ OeikTNg M < T TETO0C MOTE TO 1O100AVLGHO X . VO YPAPETAL MG

m+1
YPOUUKOG GUVOVOGUOS TOV LTOAOITOV YPOUUIKA oveEApTNTOV 1310010VUGUATOV,
ONAodN VIAPYOLY KATAAANAOL GUVTEAEGTES TETOLOL DGTE VAL LOYVEL

a X, +a, X,+-+a, X, =X, ;. (7.7)
SOoupova pe tov Optopo (7.1) £xovpe

AXx, =4 X, pe X, 20, yukdbei=12,...,r. (7.8)

[ToAlamAacialovtag apiotepd eni A v (7.7) ko ovvovalovtdg ™ pe v (7.8)
moipvoupe

aAX+a,AX,+-+a AX, =AX, 4

aA X +ad, X,+-+a A X =4 . X

m+1 ““m+l

(7.9)
[MoAhomhaciblovtag v (7.7) ent A, ., ko apopdvtag ™ and v (7.9) katainyovue
& (A = A ) X+ 8, (A, = Ay ) X+ (A — A ) X =0.

Enedn to d00oviopota X, , X, ,..., X, elvar ypapukd aveEaptnta, o1 GUVIEAECTEG
a (A= Apa)=2,(4 — ) =-.. =2, (Ay — Ay ) = 0. A6 v vI6BECT £x0VUE OTL OL

WOTHES glvar dtakekpluéves, apa A,

m+1

#A, v k60 1=12,...,m, enouévag ot
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oLVTEAEOTEG @ =, =---=a,, =0, HE oVTIKATAGTAGT OVTMOV TOV GUVIEAEGTMV GTNV
(7.7), ovumepatvoope 0tL X, =0, T0 omoio elvan advvoro, ot etvar WodGvLGHAL.
Emopévemg dev pmopetl ta X, X, ,..., X, vo gtvan ypappwd eoptnuéva, mpémer vo

elvatl ypoppukd aveEdptnta 1010010V LOTOL. o0

Mpotaon 7.11 (Wrotpég Eppitiavod nivaxa )
Ot iotyés Epputiovod () ovpuetpikon) mivoko. ivol mpoyuatikoi aptuoi kot to
1010010VOOUATO. TOV QVTIGTOLYOVV 0 OLOKEKPIUEVES 1010TIUES €Ival UETALD TOVG
Kabeta.
Ano6oeln 'Eotm 6t o Epuitiavog mivakog
A=A (*)
£xel 10 101001avvopo. X avtiotoryo g WoTung A, dnradn woydern (7.1), AX=A1X.
Egapuolovrtag avactpopocvlvyia otnv (7.1) £xovue
X" A :(Ax)* =1x. (7.10)
Yty (7.10) avtkabiotodpe v (*) kot otn cvvéyeln v Tolhamiactalovpe amod
de€ld eml X, OMOTE KATAAYOVLE GTNV
X'Ax=2X X & X' Ax=2x x&(2-21)x x=0,
Eneidi) 1o Stvoopa X # 0, 1 televtaio 1oo6mTo diver A =4, dnrad AeR.
Oewpovpe por emmAéov wWwotp 1 # A tov A pe avtiotoyo wodvocpo y =0,
omoTE
Ay=py. (7.11)
Ouwg ypnopomowwvtag tg (*), (7.10) wor (7.11), koBdC Kor TO TPONYOLUEVO

amotéleopa A =4 , 0dNYOOUAGTE GTNV EMOUEVY 1GOTNTA

™, . (710 _ . .
0=x (A —A)y i AX y=—uxX y=(A-u)Xy.
Eneidn vmobéoape u= A, korta X,y =0 glvar mpo@avég 6Tl T0 E0MTEPIKO YIVOUEVO

elvar unoév, apa ta 11odvdcpata eivon kaBeTaL. o0
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Mpotoon 7.12 (1O10TIHEG AVTIEPMITLAVOD TIVOKA. )
O1 1010TIUES avTIEpUITIONVOD () OVTIGOUUETPIKOD) Tivaka gival paviootikol apiBuot
Kol Ta. 1010010VOGUOTO. TOD GVTIOTOLYODV O€ OLOKEKPIUEVES LOIOTIUES €IVl UETALD
T00¢ KAOeTO.
An6oelén 'Eoto 011 ylo Tov avTieputiovo mivoko
A=A *)
woyvern (7.1), nAiadn AX =4 X. H avactpoposvluyia g (7.1) kot n (*) divovv tnv
X" A=1X". (**)
[MoAamracidlovpe amd de€id ent X v (¥*), ondte katainyovue otnv

_ 1) _ _
X AX=AX X & -X Ax=41 x*x<:>(/1+/1)x*x:0.

Eneidi} to divoopo X =0, 1 tedevtaio 0ot divet A+ 4 =0, dnhadh o mivakag
A &yel eavtaoTikoOs aplfos ™G 1010TIHES.
Oempovpe pio emmAéov oty 1 # A tov A, énwg oty (7.11).
Ao v (¥), (¥*) ko (7.11) éyovpe

O:x*(A*+A)y:—x* Ay+x Ay=Ax y+ux y:(/T+y)x* y. (***)
Ao 10 TP®OTO 0TASO TNG OMAOEENG, Ol WIOTIHES eivan PavTaoTikol aptBpol, ordte

UrA==-1=u+1#0, oxoun 1 X,y =0, emopévoc amd v (¥**) &yovue

X y=0, dpa ta rodavdcpara sivar kGHeta. o0
0o 2 -1

Mapaderypa 7.13 O mpaypatikog nivakag A=| -2 0 2 | eivol avTIGLUUETPIKOG,
1 -2 0

(emedn woyder —A = A"). To yapoKTNPIGTIKO TOAVAOVLLO TOL A givat &vo TOAVOVVLO
Tpitov PaBLOD pE TPAYNATIKODG GVVTEAESTES, 0mdTE Exet TpEC pilec?, TOV GOUPMVOL
pe v [pdtaon 7.12 npénet va givor poavtaotikol aptdpol. Zuvenmg, ot 000 OI0TIHES
tov A Ba &povv ovluyeic Tég kol M tpitm eivar o pnodév. Ilpdypaty, m

YOPOKTNPLOTIKY e&icmon elval

! @chpnua dhyeppac  «Mia moAvmvLpK eE{GOON HE TPaypaTcoVS GLVTEESTEG av Exet pila Tov
pryadikd apbpd Z;, tote £xet piCa kot tov cvluyn Tov Z; ».

z Oepelddeg Bedpnpa dryefpog  «Eva moivdvopo N Pabuov xet axppdc N to mAnbog pileg oto
C».
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A -2 1
Za(A)=det(Al—A)=det| 2 1 -2 :/13+91=ﬂ,(2.+3i)(ﬂ.—3i)=0.
-1 2 2

Apa, o A éxel tpelg Swakekpéveg wWotpés 4 =3, 4, =-31 xa 4, =0, ondte
CUUPMVO, LE TNV TOPATAV® TPOTOCT TA 1010010vOGHATA Elval avd 000 KaOeTa.
To Wwdbvuopa yoo 4, =3i vroroyiletor and T AVON TOL OUOYEVOVG GUGTNUATOG

32 -1)(x) (0
(7.2), cvykekppéva tov (A-3il)x, =0=| -2 -3i 2 || X, |=| 0|. Zrov mivaka
1 -2 3Bi){x 0

TOV GUGTHHOTOG KAVOVTAG TS YPOUUUOTPAEES I, <> 1, I, > 21 +1,, I, > 3ir +1;,

1 -2 =3
Bpiokovpe |0 —4-3i 2-6i| ko ovveyiCoviag pe r, <>l , I, — LG r, ,
—6i
0 2-6i 8
1 -2 -3
1 B , . 8
r, — 1 3 I, Iy = = + 1, kotadyovue otov mivaka | 0 1 95
0 0 0
Ondte 0 W1OYWpPog voAoyiletat amd T AVGT TOL GLGTHUATOG
; 1+3i )
X, — 2%, —=3ix, =0 :%XS X, 1-3i
& &S X=X, [=X . [, xeC,o
X2+2—6_X3:0 X = — 4 X X2 3 4_3| 3
—6i 2 1-3i 3 3 1
1+3i
omoiog £xet g Paon to dtdvoopa X, =| —4 |, mov Bpioketor o X, =1-3i.
1-3i

Oupoto vroroyilovpe 0 W610dGvVGHE MOV avTiototxel oty A, =-3i kot &ivar To

0 2 -1\x 0
Téhog, yia 4, =0 10 opoyevég cvompa etvan AX, =0=-2 0 2 || X, |=|0],
1 -2 0 ){x 0
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oTOV TVOKO TOV OTOloL OV EQPAPUOCOVUE TIS YPOUHOTPAEES I <> I, I, = 2 +1,,

1 -2 0
r, —>%r2 +1, maipvoope tov mivaka | 0 -4 2 |. Ondte o Widympog V (0) gtvan
0O 0 O
AHoM TOV CLGTHHOTOG
—2X =0 =2X
% ? = % 2L oniodn etvar  Olo  To  drvocpoT
—4x,+2x,=0 X3 = 2X,

X

2
X=X, |=X%X,| 1|, X, e R. Mmopobpe yia X, =1, va emré&ovpe mg €va 1310316vucua
X, 2

t

avtiotoyo g 4, =0 10 X, =(2 1 2)
To ecmtepkd yvopeva X, o X, = X;0 X; = X,0 X, =0, T0 0mOTELEGO ATOSEIKVVEL TNV
KaOETOTNTO TOV WO10YOP®V Kot ExainOevel v [Ipodtoon 7.12.
Mmnopovue emiong vo omavToovUE OTL O TPOYUATIKOS AVTIGUUUETPIKOG 3X 3 TivoKag
A dev glvon avtioTpéypog, emnedn epappolovtag v Ipdtaon 7.4 1| to [lopopa 7.3
gpoope detA=4-4,-4,=0 , ko 7yevikd pmopovpe vo EYOVUE TO EMOUEVO
GUUTEPACLLOL. o0
Moépopa 7.14 ( IpaypoTIKOL OVTIGOUPETPIKOL TIVOKES )
KaBe mpayuotiog ovtioouueTpixog wivaxag tomo (2n +1) X (2n +1) EYEL TO UNOEV

WG 1010TII] KOL OEV EIVOL QVTIOTPEYILOG.

Mpotaon 7.15 (Wrotpég opOopovadiaiov wivaka )

’ ’ 1 .,/ Ja 2 ’ , ’ ’
Or 1010tiués opBouovadiaiov ™ (1 opBoyaviov “) mivaxa Eyovv uetpo ico ue ™
HOVaoa. Kal T0. 1010010V0GUOTO. TTOV OVTIGTOLYOVV O€ OLOKEKPYUEVES 1010TIUES EIVal

UeToco T0VS KAbETO.

Am6deicn ‘Eoto évag opbopovadiaiog nivakag Ae M, (F),

YEvag nivaxog U € M, ((C) Aéyeton opBopovadiaiog(unitary), 6tav wyoet UU =U"U = |
2 "Evag opBoydviog mivaxog eivat opbopovadioiog Tivakag e GTotyelo Tpayatikong aptipons, apa

et UU' =UU =1 .
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AA=AA =1 *)
vy tov omoio woyvel n (7.1), niadn AX=AX. Epapupoloviag avaostpopocvlvyio
omv (7.1) éxovpue

X A*:(Ax)*:/Tx*. (**)
¥t ovvéyela, tolanraotdlovue ) (**) and 6e&id eni AX kot avtikabiotodue o€
avtv v (*), omdte maipvoovpue

X AAX=21X(Ax) & X Ix=1X"Ax < (1-24)x x=0.

Enedn 10 Sidvoopa X # 0, and mv tekevtaio wwodtyta maipvoops AL =1 = |/I| =1.
Oecopovpe o emmAéov WOTWN 4= A oV A pe avtictoyo Wwddvocpa Yy =0,
omote woyveln (7.11), dniadn Ay=puy.
Ouwmg yxpnoporotdvtog v (*), (**) ko (7.11) xotadfyovue oty 160Nt

0=x"(1-AA)y=xXy=-2X Ay=x"y-2x uy=(1-2u)X"y, (***)
omd ™V omoio. av Bswpioovps 6Tl yvel 1—Au =0, moAkamiactalovtog emi A,
eautiag |/1| =1, mpoxomtel A=Ay < A= |/”L|2 U < A= u, 10 omoio eivar advvaro,

apov vroBécape 1 # A. Emopévoc oy (¥**) amopéver X y =0, mov onpaivel 61t

To Wodtovocpata X,y =0 eivor kabeta. o0

‘Evag tetpaymvikog mivokag Ae Mn(IF) ovoudletar kavovikog wivakag (normal
matrix) av ioyvet

AA = A'A. (7.12)
Eivar gavepd amd v (7.12) 611 0 A sivar kavovikdg av kot pévo av o A givon
Kovovikdg.  Xuvovalovtag Tovg  oplopodc  tov  Epputiavdv,  GuppeTtpikav,

OVTIEPULTIOVAV, OVTIGLUUETPIK®V, opbopovadiainv, opfoywviov pe tov (7.12), elvar

QavePO OTL OL TIVOKES 0TO1 Elval KAVOVIKOL.
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IpoTaon 7.16 (1010TIREG KAVOVIKOD TTIVOKO, )

To k6B kavovird mivoxo. Ae M (F) 1oyder

AX=AX avkoiuévoav A X=X,

4 14 4 * 14 I4 4 14
oniaon, ot kavovikoi wivakes A kar A Erovv ta i01a 1010010vOGUOTO, 08 TOLVYELS

1010TIUEG.

Eminléov, av A =a+ib, tote aea[A;A j Kol bea{A;iA J

Am6de1En Eoto A kavovikdg mivaxag, o A— Al sivat eniong kavovikég, di6tt
(A—M)*(A—;u)HP;I'Z(A*—Zl)(A—/u):A*A—zA*—ZA+,T,1|
= AR —TA-AA + 271 =(A=A1)(A=Al1) . *)
ATi6 Tov 0piopd TG vopios (Kepararo 5) kot amd Ty (*) éxoops
[(A= 1) x| =((A=1)x) (A=21)x = X (A=A} (A=21)x
2x (A=A (A= 21} x =((A-21) x)* (A-2l1) x
2

~|(A-21) x

Av A wa wot] tov A kot X#0 1o aviictoro 181001GvucuHd TG, amd TNV

AX =X, N Topandve 16OTNTU TOV VOPUAOV YiveTal
[(A=a1) x| = (A-a1)x] =0,
a6 6mov cvpmepaivovps 6t (A— Al )* Xx=0 & A" Xx=1X.

Avtikofiotdvtag o AX, A X kar A =a+ib éovpe

E(A—FA*)X:iAX—i—lA* x=lﬂx+11x=i(l+Z)X=aX,
2 2 2 2 2 2

1 . 1 1 - 1 =

E(A—A )x:Eﬂ,x—Eﬂ x:E(ﬂ—/I)XZbX,

dnAadn ot mpaypatikoi apdpoi @ kot b eivar Wotiuéc Tov Eppitiavedv mvakov

%(A+ A*) Ko %(A—A*) OVTIGTOTY™G. von
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7.3 Ozopnua Cayley-Hamilton
‘Ecto o tetpaymvikog mivakag Ae M, (]F ) Kot éva Babumtd molvdvouo Padupod k
ne cvvteleotéc amd 1o I,
p(1)=ai +a_ A" ++al+a, pe a #0.
SHUPOVA [LE TIG TPAEELS TOV TIVAK®OV UTOPEL Vo OploTel 0 Tivakog
p(A)=a A +a A+ +aA+al (7.13)

OV OVOUALETOL TOAVOVOUIKOS TTIVOKAG TOV A 1| TOAVOVVUIO TOV TTivaKka A.

1 -2 -5 -10
Mo mapdderypo, av A:(g 4j Ka p(l):/12_3,1_4, eneid A :(15 10 j

TOTE 0 TOAVMOVLKOG Tivakag Tov A elvar

) -5 -10 1 -2 -12 4
p(A):A -3A-41 = -3 -4l = .
15 10 3 4 6 -6

Emedn kb tetpayovikdc mivakog avtipetotifevol pe tov €0vtd Tov, Ol YVOGOTEG
TPAEELS TOV TOALOVOU®V Kol Ot W10TTEG TOLG  UETOPEPOVIOL KOl GTOVG

TOAVOVVUIKOVG Tivakeg Tov 1010V Tivako, onAadt, av BewprcovUE TO TOAVOVLLA
p(A) kv g(4) o mpaterg morvovdp®Y opiovial
p(2)+9(4)=1(2),  p(4)-9(2)=h(2),
P(A)=9(A)-7(A)+v(A), pePabud v(4) < Babpod g(4) (7.14)
EMOUEVOG Y10 TOV TOAVOVVIKO Ttivaka Tov A Ba £xovpe TiG avtioTolyes Tpaselg
P(A)+g(A)=f(A).  p(A)-g(A)=n(A),
P(A)=g(A)-7(A)+v(A), peddvaun v(A) < dovaun g(A). (7.15)
INa éva Babuwtd morlvdvouo p(ﬂ,) Aépe O0TL €vag TeTpaymVIKOg mivakag A elval
pita ov avticTorov MOAVMVVKOD Tivaka, av toxdel P(A)=0.

To yvootd Bedpnuo e dhyepac’ Sev 1oy0eL Yia Evoy TOA@VOLIKG TVOKQL.

INa TopaoEy L, av Bempnoovpe TO Babuwto TOAVDOVVLO
p(A4)=4%+22-3=(1-1)(A1+3), 10 omoio &g piles To —3 xou 1, cppwva pe

TNV avTIoTOlYi0. TOV VTAPYEL UE TO POOUMOTA TOAVOVULUO KOl TOVG TOAVMOVUUIKOVG

mivaxeg, ot mivokeg —3l , | elvar pileg ToL AVTIOTOLXOV TOALVOVLUIKOD TIVAKOQ,

! @epshddec Dedpnua «Kade morvdvopo K -ooton Padpov éxer K pitec oto C .»
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péypott p,(=31)=(=31)° +2(-31)-31=0, xu p,(1)=17+21-31=0, orhé

dev givar povo awtég ot pileg Tov TOAVOVLUIKOD TivOoKa, ETEWN YO TOV TIVOKO

-3
X :( 1) z e R, kdvovtog avTIKOTAGTOCT TOiPVOLLLE
z

9 0 -3 0
p(X)=X*+2X -3l = +2 ~31=0,
-2z 1 z 1

emopévog o X etvar aAAn pia pilo Tov ToAv®VLHIKOD TTivaKa.
To epdua mov TiBevtanr apkeTEC POPEG ivat, av ylo. Kamowov dobévta mivaka A
VILAPYEL TOAVOVL KOG TTVOKaG TOV va Exel o¢ pila Tov mivaka A kot av 1 amdvinon

elvar BeTikn mola lval To TOAVOVLLLE TTOL £YOLV QVTY| TV 1010TNTA,

1 2 2
Mapaderypo 7.17 'Eoto o wmivakag A=[2 1 2| ywn 10 Bobumtd moAvdvLpHo
2 21

p(4)=4°-322-91-5=(2 +1)2 (A-5), ot piles tov givon -1, 5, emopévag ot
mivakeg —1 , 51 elvar pileg T0V TOALVOVLUIKOD Tivaka, (emaAnbevoate OTL
p.(—=1)=0 kor p,(51)=0), emiong o A eivor pila Tov aVTicTOLOV TOAVOVOUIKOD

mivaka, opov

41 42 42 9 8 8 1 2 2
pl(A)=A3—3A2—9A—5I =142 41 42|-3|8 9 8|92 1 2|-51=0.
42 42 41 8 8 9 2 21

Emmléov, av Oeopicovpe to Pabpetd motvdvopo p,(A1)=4°-41-5, o

avTiGTOLY0G TOAV®VVLIKOG Ttivakag Tov A gival

9 8 8 1 2 2
pZ(A):A2—4A—5I =8 9 8|-4/2 1 2|-51=0,
8 8 9 2 21
onradn vrdpyel Pabuwtd molvdvopo yio o omoio o A elvar pila Tov avticTol oL
TOAVOVV KOV TivaKa Kol LAAGTO VITAPYOVY TEPICGOTEPA OO EVOL TETOLN TOAVMVULLAL.
Onm¢ dloutum®dVeTol Kol OTOdEIKVIETOL GTO ETOUEVO Bedpna 0VTO 1GYVEL TAVTOTE

YL €V0L YVOOTO KO CNUOVTIKO TOAVMVULLO, TO XOPOUKTNPLOTIKO TOAVOVLUO Tov A,

g0KOA propodpe va dtomiotdoovpe 6t P (4)= g, (4). Eniong 1o 80 wyder ko
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Y TO €AAYLOTO TOALMOVLHO TOL A, Om¢ B JMCTOCOVUE OTNV EMOUEVN

napbypago 7.4, €36 eiva p,(A)=m,(1).

Oshpnua 7.18 ( Cayley-Hamilton )

To k6B wivoxco. Ae M (F) 1oyder

ZA(A):([D’
omov )(A(/I) T0 YOPOKTHPIOTIKO ToAv@VOUO TOv A, onlodn o mivoxas A

ETOANOEDEL TO YOPOKTHPLOTIKO TOV TOAVDVOLLO.

Am6deicn ‘Eotw AeF xa B=adj(Al —A) o mposaptnpévog mivakag tov Al —A,
ocoppova pe tov Opiopd 2.3, 0 B €xel ) popon

Pa(4) Pa(2) - Pu(4)

B =adj (Al - A)= P (2) P2(4) § pnzz(/i),

Pn(2) Pon(d) oo Pw(A)
omov Py (4), i, j=12,...,n givar Babuwté morvdvopo oo A Babpod o mord n—1.
Enopévmg pmopovpe va dtacmdcovpe tov B kot va tov ypdyovpe otn pLopoen

B=B, A" +B, ,A"*+---+BA+B,, *)

pe B, B,_,,....B,B,eM (F). And tov opiop6é (7.5) T00 YOPOKINPIGTIKOD

n-1? n
TOAVOVOLOL TOV A, €xovpe OTL 1oYDEL

2a(A)=det(Al —A)=2"+b A" +---+bA+by,

emiong woyvetn oxéon (Al —A)-adj(Al — A)=det(Al - A)- 1, and IIpdtaon 2.6 ii.

n
Yuvovalovtog Tic 000 Tehevtaieg oyéoelg Kot avtikafiotoviag oe avtiv Vv (*)

TPOKVTTEL

*

(A1 —A)-adj(Al —A)=det(21 —A)-1, < (A-A)-B=x,(2)1, &

n

(A1 =A)-(B, A" +B, A" 2 4+ BA+B, ) = (A" +b A" +--+bA+by )1, (7.16)

H (7.16) woydel yioo 6ho ta A €F, emopuévog ta 600 molvdvoua eivar ica av ot

avTioTolyol opoPad ol cLUVTELEGTEG TOVG lval 1001, £TG1 KOTOAYOVLE
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B, |
Bn—2 - ABn—l = bn—ll
B .—AB . = |
n-3 ) n-2 n-2 (717)
B,—AB, =bhl
— AB, b,

oMamhaciélovpe Tic w6otnTee (7.17), Tnv Tpdrn emi A", ) devtepn eni A", ...,

v mpoteievtaio ent A kot tnVv televtaia emi | kol ot cvvéyewn TIg TpocHiTovpe
KOTé pEAN, omoTE TPOKHTTEL TO (NTOVUEVO, ONANOT

L2 2 4

0O=A "'bn—lAn_l "'bn—zAn_2 "'+b1A+b0| = lA(A)'

To Bedpnua Cayley-Hamilton éyet apxetég epappoyég 10660 6TOV VTOAOYIGUO TOV

avTiGTPOPOL TIVOKAL,(OV VITAPYEL), OGO KoL GTIV OTAOTOINCT] TOAVMVLUKOV TIVAK®V.

Egpappoyn 7.19 (vworoyiopog avrictpo@ov)

T k6O avaiopéyiuo wivaxo Ae M (F) 1oy0elL -

A= —bi(A”-1 +, A" +b, A"l ), (7.18)
0

otoY Y (/1) =A"+b, A"+ 4B A+, eivo To yaparxtypiotiné molvdvouo tov A.

Andoailn Xopeova pe 1o [Mopiopa 7.4, emedon o A elval aviioTpEYLOG, Yo TO
otafepd OPO TOV YOPAKTNPLOTIKOD TOV TOAVMOVOLOL, OTT®G avTd opiletar oty (7.5),
Za(A)=A"+b A"+ +bA+b, , wyder by#0, emopévag amd T0 Bedpnpo

Cayley-Hamilton mpoxvomtet

A +b A7 4D AT ot BATR =0 &
(A7 b, A A byl Ayl

—b—(An_l+bn,lAn_2+bn,2An_3 +...+bl|)A: |1

0

ko amd Tov Opopd 1.9 ko ) oxéon (1.1) xotodjyovpue otn popen tov A,

L2 24

[ToAAEC POPEG TPOKELUEVOL VO, VTOAOYIGOVLE VOV TOAV®VLIIKS TTivaka Tov A, p( ) ,

Kol pdAoTa apkeTd peydiov Babuov, ypnoipomoovue v (7.14) kot (7.15) kou ot
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0éon tov ¢ (l) OVTIKOOIGTOOE TO YOPOKTNPLOTIKO TOALAOVLUHO TOv A, OmOTE LE
Baon to Bempnua Cayley-Hamilton kot tnyv (7.15) mpokimtet
p(A) :M-E(A)+U(A) < p(A)=0-z(A)+v(A)=v(A).
Eneidn o Bubpdg tov modvavopov v(4) eivar pikpdtepog omé o Babuo tov x4 (1),
etvat eavepd 6Tt 0 TOAV®VVUIKOC TIVAKOG
p(A)=v(A) (7.19)

elvat apKeTA To AmAOTOMUEVOS KOl «EHYPTNOTOG» Old TOV apyIKO.

Hopaderypa 7.20 Na vroroyiohei o mivoxog B =3A*® —6A+ 1, 6mov

1 0 -2
A=0 0 O
3 0 4

To yoapaxtnp1oTikd ToAv®VLpHo Tov A gival
A-1 0 2
(2)=det(Al -A)=detf 0 A 0 |=2-det A2

A= ) ) 3 A+4

-3 0 A+4

=A(A+1)(A+2)=2"+32% +24.
Av Bsopncovpe p (/1) =31 —61+1, ovppova pe v (7.14) vrdpyer Poduwtod
noAvdvopo v(4), troto dote
P(A)=xa(A)-m(A)+0(4), pe v(1)=ai’+bi+c, ab,ceR,
enedn omonteiton o Babuog v(A) < Babpd g, (4).
Koatd cvvéneta, yuo T1g dStapopeg 1010TIHEG TOV Tivake A amd TV 166TTa
3% —6A+1=A(A+1)(1+2)-7(1)+al’ +bA+c

00 TPOGIIOPICOVILE TOVG CLUVTEAEGTEG TOV U(/i). Avtikabiotdvrog dadoywd A =0,

A=-1 ko A =-2 TPOKVTTEL TO GLGTN A
c=1, a-b+c=4, 4a-2b+c=-3-2%+13,
70 omoio &xet povadikn Aon a=3-3-2, b=-3.22 o ¢ =1, xou Gpa

v(4)=(3-3-2")4* =32 1 +1,

emopévag amd v (7.19) égovpue
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B= p(A)=U(A)=(3_3.22004)A2 _3.92004 p |

5 0 6 10 -2
:(3—3.22004) 0 0 01[-3.22%0 0 0 |+1
12.92004 _14 0 _12.2%% 18

18.2%% _27 0 -18.-2%% 131
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7.4 EAG)Y10TO TOAV®OVONLO

Onwg éyovpe dwmotdoet pe 1o [apdostypa 7.17, ekt0¢ 0md T0 YOPAKTNPIOTIKO

TOAVAOVUO OV IKAVOTOIEL TNV 100TNTA ;(A(A) =0, vrdpyovv Ko GAAa TOAVOVLLLOL

mov £yovv pila tov mivako A.

Opopog 7.4 (eELd)16T0 TOADOVLNO)

Eotw o tetpoywvikog mivakos Ae M, (F) To molvcddvouo M A(/l) OV IKOVOTOLEL TIC
1010TNTES

a. 0 ovvtedeotig Tov ueyiotofabuiov Opov gival pHovada

b. m,(A)=0

C. elvar pikpotépov Pabuod ovaueoo oe OAa T0. TOAVOVOUO, TOL EYOVV TIS ODO
TPONYOVUEVES 10LOTNTES,

OVOUGLETOL EAGYIGTO TTOAVMVOUO TOV TIvaka A.

[No va mpocdiopicovpe 10 €AdYI0TO TOALVOVVLUO €vOC Tivaka A, ypelaletonr va
yvopilovpe kol Oplopéveg EMUTAEOV 1OOTNTEG TOV OALTO 1KOVOTOIEL, Ol OTOlEg

TEPLYPAPOVTOL KO OTTOOEIKVOOVTOL GTNV EMOUEVT] TPOTOOT).
Mpotoon 7.21 (1BLOTNTES ELOYIGTOV TOAVOVOHOV)

1) To eAdyioro moivddvopo M, (l) tov wivoka. AeM (IF) VoL LOVOOIKO.

i) l1a 1o eAdyioro moAvddvopo m, (i) oo AeM, (IF) 1o)0él

omov ﬂ(/l) glval T0 TOAV@VOUO TOV TPOKVTTEL OTO TH OLIPETH TOD YA (/1) e T0

mA(/i). loodbvaua, to0 eldyioro moAvwvouo tov A J1aupel 0 YOPOKTHPIOTIKO TOV

ToAv@VVUO.
iil) To elayioro molvdvouo evig tetpaywvikod mivoko, A Eyel Ti¢ i0ieg piles ue 1o
XOPOKTHPIOTIKO TOAVDVOUO.

Am6de1EN i) Eoto Ot ekt0¢ omd 10 €AdyoTO0 MOAvGOVLHO TOL A

ma(1)=2A+c A" ++cd+c, , ovmdpyst kor  GAho  éva TOALGVVHO
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p(A)=2*+d A"+ +dA+d; téroo dote u(A)=0. Téte Y10 10 TOAVGVLHO
v(2), émov
v(A)=m,(A)-pu(A)=(ci—de ) A +(c, —d ) A2+ +(c,—d)) A+¢, —dy,
TPOPAVAG 1GYVEL
v(A)=m,(A)-u(A)=0.

Enopévmg, kataokevdoope éva tpito TOALVMOVLLO v(ﬂ,) oL KavoTolel OAEG TIg
116 Teg Tov Optopod 7.4 ko eivor Babuod k—1, dniadn pikpdtepov Babuod and
avtd oL Bempricope EAAYIGTO TOAVOVLOHO M, (Z) , TO oTtoto &ivon advVTO.
i) Eneidf o Babpog tov m,(4) eivar pikpotepog M foog and to Pabud tov
KOPOKTNPLOTUCOD TOAV®VOROV, 0md TV (7.14) vdpyovv morvdvopa 77 (A) kot v(A)
TETOLO OOTE

Za(A)=m,(1)-7(A)+v(4), ne Pabuo v(A) < Pabud m,(4). *)
Ano v (*) maipvovpe TOLG AVTIGTOTYOVS TOAVMVLUIKOVG TIVOKES, GTOVG OTO10VG
avtikabotodpe x,(A)=0, and 10 Oedpnpa 7.19, xaw m,(A)=0 and mv b
Wt tov Optopo? 7.4, ondte

2AR) = M A) -7 (A)+0(A) = O=0(A).
EmumAéov amd v (*) o Pabudc U(Z) nTpéneL va etvan pukpodtepog and 1o Pabud
m,(4), 10 omoio pmopei va svpPei povo av v(A)=0, 36t 0 erdyioTo TOAVGVLO
100 A vrobéoaue ot eivarto M, (4), omdte n (*) ypopeton g, (A)=m,(1)-7(4).
iii) Ao 7o ii eivar gavepd ot kabe pila tov m,(4) etvon kaw pila Tov g, ().
Amopéver va deifovpe 1o avtiotpopo, dniadn, av Bewpnoovpe A, € G(A), 10T A,
gtvan pila Tov ghayyictov TOAVOVOHOL M, (/1) :
YmoBétovpe 6Tt ya T cvykekpévn ot A, 1oydet
My(A)=(A-4)-7(A)+Vv, 6mov v 0, (**)

Y k@moto katdAinio molvdvopo 7 (). Emewdn mpémer va woyder m,(A)=0,

&xovpe

0=m,(A)=(A-2l)-z(A)+vI,
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Kol oo TNV TEAELTALN 1G0T TA TPOKVITTEL

(A=) 7(A)=vl & (A—%I)-(—E(A)J:I .

1%
Epappdlovtag opilovoa ota 600 pépn tng tedevtaiog oyéone, emeldn vmobécape
Joeo(A) = det(A-4l)=0, éovpe 0=1, 10 omoio eivar advvaro. Emopéveg

v=0, ko étor m, (1) =(1—-4)-7 (), ondte A, eivon pia tov m,(4). so0

Xpnowonowwvtag oamd to Ilapdderypo  7.17 10  Pobuwtd molvdvupo
p,(4)=A4*-42-5=(1+1)(A-5) , ebkoro SwmcTOVOLpE OTL KOVOTOLEL TIG
W0 Teg T0V Optopov 7.4, dpo avtd glvarl T0 EAAYIGTO TOAVOVLIO TOV Tivako A,
p,(A)=m,(4). Emmhéov pmopodpe va eraindedcovpe v Ipdtacn 7.21 iii, St
ot piCeg —1,5 tov M, (ﬂ) glval 1018 e TOL YOPOKTNPIOTIKOD TOALMVOUOL TOv A
2a(A)=2"=322-91-5=(1 +1)2 (A-5) , dwgépouv povo oty oAyePpucn

TOAAOTAOTNTOL.

Ao Vv tedevtaia moapatipnon kot omd v [pdtacn 7.21 cvunepaivoope 0Tt :

Mpotaon 7.22 (oxéon | Hope1] YEPEKTPLETIKOD TOAVMVOIOV KoLl EAIYLGTOV)

Av yra tov tov wivako. Ae M, (F) TO YOPOKTHPLOTIKO TOAVDVOUO EIVaL

Zn(A)=(A=2)" (A=2)" - (A=4)",
TOTE TO EAGYIGTO TOAVDVVOUO EIVAL

My (2)=(A=4)" (A=2)% (A= 4)*, 6mov 1<k, <v;, j=12,...,5.

Mo mopdderypo, ov 1O  YOPOKTNPIOTIKO TOALOVUHO €VOC Tivako givol  To
;(A(/i)=(/1—3)2(/1+2), TOTE Ol SVVATEC MEPIMTMGELS Yol TO EAGYIGTO TOAVDOVLLO
givan my(A)=(A-3)(A+2) q m,(1)=(2 —3)2 (A+2), 8ot avto mpémer va Sroupet

TO YOPOKTNPLOTIKO TOALVAOVLHO Kot vo Exel akplBag Tig ideg pilec pe avto. INa va

emAéEovpe TeMkd, ypedletor vo yvopiloope tov A Kot vo €EETACOVUE OV 1GYVEL

m, (A) =0, ondte t01€ 0 eMdytoTO gfvon To M, (1), dropopetikd o EAdyoTO Elvan
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TO YOPOUKTNPLOTIKO TOAVOVULO, [ Kol YU autd 1oyvel Tavtote 1o Oemdpnua Cayley-

Hamilton, to onoio e€acparilel v devtepn 16106t TAL TOL Opiopov 7.4.

Xoumépaopno @ To gldy1ot0 TOAVOVLUO TO OvA(NTOVUE OVAUESH GTO TOAVMVULLOL

oV €YovV OAeC TG 1B0TIHEC Tov A ¢ pilec, wavomoloby v 1810t ii TOV

Optopot 7.4 kon elvar eloyiotov Babpov, yu awtd Eekivodue omd To HUIKPOTEPOL

Babpov.
1 -3 4 0 1 0
Mapaderypo 7.23 ‘Eotw ot mwivokeg A=|{4 -7 8|, B=|-4 4 0|. To
6 -7 7 -2 1 2

HOPOKTNPLOTIKO TOAGOVLHO Tov A givan g, (A1) =4°—1*-51-3=(4 +1)2 (2-3).
To moivdvopo m,(A4)=(A+1)(A-3) &el tg Bieg pieg pe 0 YAPAKTNPIGTIKG

ToAV®OVVHO Kol givor pikpotepov Pabuov. E&etalovtag ) dedtepn ovvOnkmn tov
Opiopo? 7.4 doametdvovpe 0Tt
2 -3 4\(-2 -3 4 8 -4 0
ml(A):(A+I)(A—3I): 4 -6 8| 4 -10 8|=|16 -8 0(=0,
6 -7 8){l6 -7 4 8 -4 0
EMOUEVMG TO EAAYLOTO TOAVMOVLUO Eivat TO 1010 TO YOPOKTNPLOTIKO TOAVGVLLO TOVv A,
My (4)= 24 (4), Y1070 omoio wyveL g, (A) =0 an6 bedpnpa 7.18.

3

To XopoKTNPIGTIKG TOAVMVVHO Tov B eivar g (4)=4°-64%+121-8=(1-2)
ZOUQOVO UE TO TPOTYOVUEVE, DTOYNPLOL EAGYICTO TOAVOVLLLO gfvat M, (/1) =1-21

m,(4)=(A- 2)2 1] TO YAPOUKTNPIGTIKO TOAVMVLLO. Opmg,

0 10 210
m(B)=B-2l=| -4 4 0|-21=|-4 2 0|20,
212 21

2 1 0)-2 10
m,(B)=(B-21)’=|-4 2 0| -4 2 0[=0,
2 10210

EMOPEVOG EAGYIGTO TOAGVVO Tov B givaw my (A)=m,(4)=(1— 2)2 = —41+4.
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Tmv Ilpéraon 7.22, av v; =1, ya kabe j=12,...,i, mpopavag k; =1 , onodte

ovumepaivove TV akdAoLON TpoHTOOT).

MMopopa 7.24 (YopoaKTNPLOTIKO TOAVOVOROV NE SLAKEKPIPNEVES PILES - EMAYLGTO)
Av o mivakag Ae M, (IF) EYEL OLAKEKPLUEVES 1010TIUES, TOTE TO EAGYIOTO TOAVDVOUO

TOWTICETOL LUE TO YOPAKTHPLOTIKO TOLDWVOLUO TOV TIVOKO.
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7.5 T'evikG TopadElYLOTO KO EQAPROYES

3 -1 1
Nopadewype 7.25 Eoto A=|7 a 1|xm x=(1 1 0).

6 6 2
) Noa BpeBobdv ot Tiég Tov a yia Tig omoieg to X givor éva 1310dtdvucspa Tov A.
i) Mo tig TYwég Tov a mov PPNKOTE GTO TPONYOVUEVO EPMTNLA, VO VTOAOYIGETE

N YEOUETPIKN TOAAATAATNTA TNG AVTIGTOLYNG WOLOTIUNG.

Am6oeén 1) Enedn to X givor 1dodidvocpa tov A amd tov Opiopd 7.1 yia kémolo

A woyoer AX=AX < (A— Al ) X =0. Kavovtag avtikatdotacn EOvE

3-4 -1 1 1 0

7 a—-A 1 1/=/0| & = )
7+(a-4)=0 a=-5
6 -6 2-4)\0 0

Apa a=-5.
3 -1 1

i) Tha a=-5, o wivaxkag eivar A=|7 -5 1|, xou €idape mpwv 611 10 X €lvan
6 6 2

101001V O OV avTIoTolKEl oty Wt A =2. O 1810)®mpog Tov TEPLEYEL TO X

gtvar 0 V(2). Amo tov Opiopd 7.2 g yempetpikig moramhomrag Epovpe 0Tt

1 -1 1
dimV (2)=3-r(A-2l), 6nov A-2l1=|7 -7 1|. H t6&n tov mivaka A-2I
6 6 0

vmoAoyileton omd TV KMUOK®TH TOL HOPON, KAVOVTOS TIG ONUEIOVUEVEG

YPOUROTPAEES T, = —7h 41, , I, > -6+, Kou I, =L —F 1N KMUOKOT] popen

1 -1 1

gvar |0 0 —6 |, ovvendg r(A—21)=2. Apa 1 YEOUETPIKY TOAMATAOTNTO TNG
0 0 O

wBrotyng A =2 eivon dimV (2) =1, vee

1 2 2
Mapaderypa 7.26 'Eoto A=| 1 2 -1|. NavroroyicOovv
-1 1 4
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1) TO YOPOKTNPIOTIKO TOAVMOVLUO TOL A
i) ot 1dtoTuég Kat Ta 1510810vOGHOTH TOV A, 1) AAYEPPIKN KO 1] YEOUETPIKN
TOALOTAOTNTO KAOE 1O10TUNG
Iii) to gldyioto TOAVMOVLO TOL A
iv) sivou avtiotpéyipoc o A; Av vat, vroAoyiots tov A
Amooen 1)  Eivor ypioywo va yvopilovpe 11 pilec 0L XOPOKTNPLOTIKOD
TOADOVOHOVL ¥, (i) , YU avtd 10 Adyo OBa divetor 10 TOALAOVLUO KOU GE
TOPOYOVTOTOINUEVT Lop@T]. ATO TNV (7.5) TO YOPOKTNPIOTIKO TOAVMVLUO Eival
A-1 =2 -2
Za(A)=det(A1 —A)=det| -1 1-2 1 |= AP —TA*+151-9 = (}u—l)(ﬂu—?»)2 .
1 -1 1-4
i) Ot wotyés Tov A eivor ot mpaypoatikés pileg Tov v, (/1), ot omoieg etvan 4, =1,
aiyeBpkrg moAramdotrag 1, 4, =3 akyefpikrc morhanidntog 2. ' kéOe o omod

T1G W10TIHEG B Tpocdiopicovpe Ta avtioToryo 1310010VOGHOTE AVVOVTOS TO GUCTILO
(7.2).

0 2 2)(x) (0
Mo A4, =1 &ovpe (A-A41)x=0=|1 1 -1||x,|=|0|, o wivakog 7OV
-1 1 3)\x 0

OCLOTAUOTOG UETOH OmO TG OOOYIKEG YPOUUOTPAEES I <>, , I; >+, Kot

1 1 -1
r,—>r,—r divet tov KMpakmtd mivaxa |0 2 2 |, oamd tov omoio €xovpe tO
00
cLOTN O
2X
X 4+ X, =X, =0 X, = 2X, & ’
= =S X=X =] =X |, X eR.
2X, +2X%,=0 X, ==X,
XS X3

H Mon tov mapoamdve ovotiuatog eivar kdbe doidvoouo tov 1010Y®POL 7OV
avristoyel oty oty 4, =1, dnAadny tov V(l):{x3(2 -1 1)t L X GR} ,

OLVETMG KAOE Un pndevikod 01vucsud Tov gival 101001dvocua Tov A avTioToro NG

wotpung 4, =1, og yvootdv pmopodue va Oewpficovpe o (2 -1 1)t, OV
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Bpioketan yua X, =1, 1 8¢ Ye@UETPIKT] TOAAATAOTNTA TOV AVTIGTOLXOL 010X WPOV Eivar

dimV (1) =1.
2 2 2)(x) (0

Mo 4,=3 é&ovpe (A-41)x=0=|1 -1 -1|x,|=/0|, o mivakag TOV
-1 1 1)(x 0

3

CLOTNUOTOG HETE amd TG SdOYIKES YPAUUOTPAEeElS I <> 1, , I, > 2I +T1, Kot

1 -1 -1
r,—>n+r, divet tov Khpokotd nivaka [0 0 0 |, and tov omoio éyovpe
0 0 O

povadikn egicwon X, — X, — X, =0 < X, = X, + X;, on0TE 1 ADO™M TOL GLGTNHATOG Efvar

Xl X2 + X3 X2 X3
X=|% =] X |=|X%X [+] 0], X,X eR. Ta wdavocuore mov oviietorodv
X, X, 0 Xy

oty Wt 4, =3 etvor ta un undevikd dtovocupato g PAons Tov 1810xwpov
VE)={e@ 1 0)+x@ 0 1) :x.xeR}.

Ta dwovoopata (1 1 O)t kar (1 0 1)t, givan ypappkd aveEdptnTa Kot mopéyovy

X, + X, X, X, 1 1
tovV (3),emedn | X, [=|X, |+ O |=X,|1|+X] 0|, &pa coykpotodv pia Baon
X, 0 X, 0 1

Tov V (3), OTmOTE UITOPOVUE VO, BE®PNGOLUE MOC 1010010VOGHLATO TO. (l 1 O)t Ko

(1 0 1)t. [Tpogavdg N YE®UETPIKT TOAAATAOTITA TOV AVTIIGTOLYOV 1O10X®POV Eivar
dimV (3)=2.

iii) To eldyoto moAvmvouo tov A, armd v [pdtacn 7.22, mpénet va avalntnbei
avépeca oto moAvdvupe mov €xovv pileg Tig WoTEG Tov A, Kou pdAoto pe
TOAATAOTNTO LUKPOTEPT 1| 1om amd v alyePpikn moAlamAdTnTO KAOE 1O10TIUNC.
Emopéveg ta mbavd moivaovopa mpémer vo €xovv piCo A4 =1, olyePpung
nolomiotntag 1, wxor A, =3 pe moAdamAdtmta  €wg 2, OmAodn  elte
m, (4) =(4-1)(A-3), &fte 10 {810 10 YOpOKINPIGTIKO TOALDVVRO. Enerdn) ot mpateig

TwaKkov divovv
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0 2 2)-2 2 2
m(A)=(A-1)(A-3l)=| 1 1 -1||1 -1 -1|=0,
11 3)(-1 1 1

emoAnOedovtar ot cuvBrikes Tov Opiopot 7.4, eropévag m, (4)=(1-1)(1-3).

IvV) Zouepwvo pe to [Mopiopa 7.4, o mivakoag A gival aviloTpéyipog 610t 0 otabepog
OPOG TOV YOPAKTNPIGTIKOD TOV TOAV®VOLOVL gival d1Popog Tov UNdeVOS, Kot amd T
Epappoyn 7.19, oyéon (7.18), éxovpe

1 8 8 1 2 2 9 6 -6

4 5 —4—11 2 —1+EI:£—3 6 3

9 9 9
-4 4 13 -1 1 4 3 3 0 ) eee

Al :%(AZ —7A+15|)=

©O|

Hapadevypa 7.27 'Eoto o mivakag Ae M, (IF) LE YOPAKTNPIOTIKO TOAVDVULO
)(A(i):ﬂs+iz -A-1.
i) Na exppaoctodv ot mivakeg A™ kar A® cuvapticet tov mvikov A?, A, | Kot va
VTOA0Y1600HV 01 1310TIHES TOVC.
ii) Na amlomom0ei o moAvwvopkdg mivoxog B = AY +2A” —3A% + 21 .
An6d€En 1) To yapaKTPIoTIKO TOAVMOVOUO YPAPETOL
Ia(A)= A+ 27— 2-1=(2+1)°(A-1).

Emopévmg ot wotipég tov A eivon 4, =-1 (ne aiyeBpwn moAhomAdtnto 2 ) Kot
A, =1. Emedn o otobepdc 6pog tov y, (/1) etvar dtdpopog tov undevog (Mopopa
7.4), 0 A sivon ovTIGTPEYLLOC, GUVETAOC VIGPYsl 0 A, Tov omoio vVokoyi{ovpe omd
mv (7.18) ¢ Egappoyng 7.19 kot eivan

A=A+ A (*)
H avtiotpeynodtmta tov A sEacearilel v vmopén tov A™, o omoiog vmoloyileton
molomiacidlovrag emi A Stadoytcd ™V (*) Kot TIC EMOUEVES SUVAELS TOV
AT=AN+A-1 &

A-2=A-1(A2+A—|)=A+|—A-l 2 A+|—(A2+A—|)=—A2+2| N

*
A‘3:A‘1(—A2+2I)=—A+2A‘1 - 2A+ A2 &

%

)
A = A‘1(2A2 +A—2I):2A+ | —2A" = —2A?+3]



Kepdrao 7 — Xapaxtnpiotikd tocd 35 amo 46

onote A =-2A%+3l .

INa tov emdpevo mivaka Bempodpe 10 fabumtd TOALVOVLLO p(/i) =A%, Avalntovpe
roAvdvopa 7 (4) kar v(4), o dote va wydet 1 (7.14), dniadi
P(A)=xa(2)-7(2)+0(A), pePabud v(A) < Babud x,(4).

Eneidn ot Babuoi tov morvovopmv, p(A) xar x,(4) eivar oxetikd pucpoi, eivon
EQIKTN M dlaipeoT TOLG, amd TNV omoia Bpickovpe
z(A)= A° =24 +223-22% +31 -3 ko1 vorOwo v(4)= 427 3. Ondte, dmmg Kat
omv (7.19), ot avtictotyol TOAV®VVUIKOL Tivakeg divovv

A= p(A)= 2kA) -7 (A)+0(A)=0-7(A)+0(A)=v(A)=4A" +3I.
Ot mivoxeg A™, A% éyouv povaduch oty ) povado, S10Tt ot WdloTég Tov ivat

A xon AY (Mopopo 7.8, Tlpdtacn 7.6, avtictoyo), cvvendg A =%=1 Ko

A0 :%—1,1«160'3@((11 A=20=1.

=

ii)  Oswpodpe 10 Babuwtd motvdvopo r(A)=A7+21°-3212+2 . Onog xot

mponyodpeva, xpelalopacte toAvdvopa 77 (A) kot v(1), Térow doTe va 1oyvet
r(4)=2x(2)-7(2)+v(2), *)

6mov v(A)=ai’+bi+c, a,b,ceR. Enewdy n dwipeon tov molvovipmy, (1),

Za () eivan komaoTuen, vroroyiCovpe Tovg cuvTEreoTég ToL L(A) av Bécovpe oV

(*) TG 1B10Tyg, ot omoteg pndeviCovv 1o g, (4). Erot,

* yio A=A =-1, mpokdmter N e&iowon, a-b+c=—-4, (g)

* yio A=4,=1, mpoxvmter a+b+c=2,(¢,)

Xperaldpaote axoun o e&icmon yo va Tpocsdlopicovpe tovg a,b,c e R. Eneon 1o

XOPOAKTNPIOTIKO TOALOVLHO €xel pila oAy, A =-1, avt eivar ko piloe g

TOPAYDYOV TOV, GUVERNMDS OV LVTOAOYIGOLUE TV Topdymyo tng (*) maipvovpe v

16oTNTo

172° 4302 =61 =z, (1) 7(A)+ x4 (2)-7'(2)+ 222 +b,

otV omoia av Bécovpe A =4 = -1, katodyovpe oty e&icwon —2a+b =53, (&,).
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H Mon tov cvetipatog tov e§ichoeav (& ), (&,),(&;) etvar
a=-25, b=3, c=24,
enopévag v(A)=-251%+31+ 24, onbte and (7.19) Kororiyovpe

B=r(A)=v(A)=-25A"+3A+24l voo

Hopaderypo 7.28 ‘Eoto f:R®> > R? po ypoppky amekdvion TéToln OCTE
f(-2,1)=(-21), f(11)=(7,7).

i) Na vroroyioBolv ot 1810TIpéS Kat To 1dtodtovoopoto g f .

ii) Na Bpebet to diavoopa f (X, y).

iii) Etvain f avriotpéyiun; Av va, veokoyiote myv (X, y).

iv) No vroroytofovv ot Wdrotipés tg amekoviong f-° (X, y) KoOADG KO 1) ATEKOVION;
Amodeitn i) Emedn f(-2,1)=(-2,1)=1-(-2,1)=4,-(-2,1) Ko
f(1,1)=(7,7)=7-(1,1)=4,-(11), mpoxdmter 61t ot Wotipés mg f eivon 4 =1, pe
avtioToo 131081avocpa X, = (-2 1)t , kot A, =7 pe avrictoyo 18081Gvucua
x,=(1 1) (Opiopog 7.3).

ii) "Eoto ottvmapyovv a,b,c,d e R, tétowot dote f (X, y)=(ax+by, cx+dy).

Ao Vv vobeon TpokHITEL

f(-2,1)=(-2a+hb, —2c+d)=(-2,1) xam f(L1)=(a+b, c+d)=(7,7),

omoTE S10UOPPDVOVTOL TOL GLGTHLOTOL

-2a+b=-2 -2c+d =1
Kot
a+b=7 c+d=7

to onoia £xovv Abon a=3, b=4, ¢=2 ka d =5.

Tovendg to diavvopa eivon f (X, y)=(3x+4y, 2x+5y).

iii) Axolovbmvtag ™ dadikacio tov Keeoloaiov 6, Ppickovue TOV TivoKo
avamapdotacnc ™¢ ¢ mpoc ™ ovvidn Pdon tov R? kar pécw avtov Oa

amovtioovpe oto emopeva epotnuoata. O mivaxkog avamapdotaong g [ elvon
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3 4
A=(2 5). Ot wWwotég g f elvon 101eg pe 11 1010TIEG TOL Tivakd g A, TO

XOPAKTNPLOTIKG ToAvdVVpo Tov mivake etvor g, (A)=4°-81+7=(1-1)(1-7)
ovvendg det A=A -4, =7 #0 (Ilpdtaon 7.2), Gpa o A eivor avTtioTpéyplog, ondte
kor  f elvan oaviiotpéyyn.  Zopeova pe v Eeappoyn 7.19, oxéon (7.18)

VTOAOYILETO O AVTIGTPOPOG TIVAKOG

L1, o 1(5 -4 .
A= 7(A 8I)—7(_2 3}’ *)

. LX) 1(5 -4)\x) 1( 5x-4y . . )
emopévag A == == , 1 OVTIGTOLYT AMEKOVIOT] Elval
y) 7\-2 3 )\y) 7\-2x+3y
g 1
£ (x, y)=7(5x—4y, —2x+3y).

iv) A6 10 TPONYOLUEVO EPOTNUHA O A €Vl OVTIGTPEYILOC, ETOUEVAOS VTTAPYEL O

nivakag A, o omolog £xet Wotwég g 4, i=12 (IIpdtaon 7.8), cuvenmg ot
. . 3 ] 1 1
wWrotipés g omewoviong (X, y) etvon 1 ko =303

T'a tov vwoloyopd tov A2, émwg kon oto IMapadetypa 7.27, morlamhactaloviag
Sradoyucd et A v (*) éyovpe

A‘lz—%(A—8l)<:>

1 “ 1 8 1
A?——=(1-8AY) = —Z[ 1+2(A=8I) |=—— (571 +8A
H(1-8a7) 7( Sas )j L(s7eam) o

*) —229 228
A= —iz(—sm-l +81) = —%(57A—400| )= —is
7 7 7°\ 114 -115
omoTe 1 {NTOVUEVT YPOUUIKY OTTEWOVIOT £XEL TOTO

f2(x, y):7—13(229x—228y, —114x+115y). voe

Egappoyn 7.29 i) Amodeiote 0Tt o1 1010TIHEG VOGS TPrymViKoD Tivaka Ae M, (IF)

elval Ta dtrydvia oTtotyeia Tov Tivoka.

i1) Na Bpebei n d1d6tacn 100 HOVASKOD 1310YOPOV TOV TIVOK
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A=|0 0 1 - 0|eM,(F).

000 -1

38 and 46

’ r J , , ’ 1
1il) Amodei&ate 0TL 1) S1AGTOOT TOV HOVOIIKOD 1310YDPOV TOV TIVOIKOL

A1 0 -0
0 4 1 0
Jn=1: Lo
0o .. A1
0o .. 0 A4

civor 1.

el\/ln(IF)

IV) Na vtoAoy1o0o0v 10 yopoKTNPIOTIKO KOl TO EAAYIGTO TOAVOVLLO TOV TIVOKQ,

11 ...1
11 -1
B=|. . |-
11 -1

Am6oeen i) Tmv Eeapuoyn 2.1 amodei&ope 0tL yio v opilovco TptymvikoD mivako,

oyvel det A=a,,a,, -3, . Xopig PLAPN ¢ yevikdmTag, ag vrobécovue 6Tt 0 A

etvat ve TPIy®VIKOS, TO YOPUKTNPIOTIKO TOL TOAVMOVLLO ivat

A-ay  —a, o Ty,

0 A- -
aa(A)=det(A1 - A)=det| . %an

0 0 - A-a,

SVVENMG 01 1O10TIHES TOV Elval TOL S10ryMVIK GTOTXELD TOV

o(A)={ay, ay,....a,}.

=(ﬂ“_ail)(ﬂ“_azz)"'(ﬂ“_ann)

i) Enedn o A elvar dve tpry@vikog Tivokag kot to oTotyeio Tng dtaymviov givar 1,

amd 1o 1) mpokvmTEL OTL N povadiky oty sivar A =1, adyePfpikng moAAATAOTNTOG

n, omdte to {nrovpevo eivor 1 Sdidotacn tov V (1).

Amo tov Opopd 7.2 g

YE®UETPIKNG TOA Ao TOG éxovpe ott dimV (1) =n—r(A-1).

o nivoxog J An ovopaletatl 6ToLyELMONG Tivakag Jordan avtictolyog g 0TS 21, GYETIKA

avaQPEPOVTOL 0TO KEQAAOLO 8, Tapdypapog 8.4, yevikevuéva 1310310VOGLOTAL.
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0 a 0
0 0 0

[Mapampodpe 61t A—1={0 0 0 --- 0], ondte SWKPIVOVLLE TIG TEPIMTMOGEL :
000 -0

e Ava=0,1ote I‘(A—I)zO Ko dimV(l):n.
* Av a=0,1ote r(A—1)=n-1 o tote dimV (1)=1.
i) Amo T Tponyovpueva epotpata gtvon pavepd 6tio J, e M, (IF) EYEL LOVADIKNY

wotw 4 pe  aAyefpwn  moAdamidtnta N . Emiong o  mivaxoag

01 0 -0
0 0 1 0
Jyn—Al=|: Lo | e r(JM—A_I)=n—1, CUVETMG 1) YEOUETPIKN
0 ... 0 1
0 ... 0 0

TOANOTAOTNTO, TNG MOVAOIKNG WoTNg 4, dMAadn m O6loTacn Tov HoVaSIKo
wiogdpov V (4 ), etvar dimV (4)=n-r(J, ,~41)=n—-(n-1)=1.

Iv) O mivaxog Al —B ypdoeeton

A-1 -1 ... -1 1-24 1

1l —Be —.1 /1‘—1 —.1 1 1—.2,

-1 -1 - A-1 1 1 - 1-2
["a va vroloyicovpe 10 YapakTnPLoTikd ToALOVLLO Tov B, ypetdletol va kdvoovpue
oplopéveg ypappompaéelg oty opifovsa tov mivaxka Al — B, ot omoieg v apnvouv
avariroiot(IIpdtaon 2.2 vi).
[IpocOétovtag onv Tp®OTN GTHAN TOL TeEAeVTOiOV Tivake KAOE GAAN GTNAN TPOKHTTEL

n-424 1 .. 1

, n-1 1-4 - 1 ,
0 mvokKag — . . . . , OTOTE

n-24 1 .. 1-2
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n-A 1 .. 1 1 1 .. 1
det(A1 —B)=det| - nti 1_,/1 1 (::{:) (—l)n(n—/l)det% 1_:/1 1
mh 1 e 1-2 11 e 12
570V TEAEVTOHO V0K, GOOIPHVTOS TV TPGTN Ypapus ot KGBs 6AN Taipvovps
1 1 ... 1
det(a1 -B)=(-1)' (n-2)det| - 0|2 () (n-a)(-a)
0 0 .

po Ko 0 teElevtaiog wivakag eival Tprymvikog. Telkd
Zs(A)=det(A1-B)=1""(1-n),

Gpa ot woTég etvar 4 =n pe akyefpkn moAramrotnta 1 kar A, =0 pe adyePpicn

moAlomAoTTOL N—1.

To ghdyioto molvwvopo Tov B, mpémel va avalnmOel avapeco oto ToAVGOVLUL TOV

&xovv pilec Tic wWOTWES Tov B, pe morlhamAdtnto pukpdtepn N fon omd Vv

alyePpikn moAloamhdtra kdBe Wwotyng (Ilpdtacn 7.22). Emopévog ta mbavd

noAvdvopo mpénel vo givae  m, (4)=A"(A-n), 6mov 1<r<n-1. Ta r=1 10

TOADOVLLO givarl ml(/i)z/l(/”t—n) KOl Ol TPAEELS GTOV OVTIGTOLXO TOAVMOVUUIKO

Tivoko ditvouv

11 ... 11-n 1 ... 1
ml(A):B(B—nI): 1 1 1 1 1—'n 1
11 -« 1\ 1 1 - 1-n

1-n+1:(n-1) 1-n+1-(n-1) ... 1-n+1:(n-1)

[1-n+1:(n-1) 1-n+1-(n-1) - 1-n+1:(n-1) 0
1-n+1-(n-1) 1-n+1-(n-1) - 1-n+1-(n-1)

emaAnOevovtac ™ b. cvvbnkn Tov Opiouov 7.4% (ot dAAeg ovvOnkeg Tov Opilopov

TPOPaVAGS tkavoroobvtar and to M, (4)), emopévag mg(1)=A(A-nl). von

L0 peyotoBadmoc 6pog éxel cuVTEAESTH TN HOVESE Kat TO TOAAVOLO Eival HIKPOTEPOL SLVOTOD
Babpov éyovrag tig pilec Tov yapaKTNPIETIKOD TOAVMVOLOL.
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A
Az *
Egappoyi} 7.30 i) Avo AeM, (F) eivar g popefic A= N ,

omov A eM, (F),i=12..k, n,+n,+..4+4n =n, 10te

Za(A) =25 (2) 2, (A) 20 (2).
i1) Na vroAoyiocete TG 1010TIHEG KO TO EAAYIOTO TOAVOVOLO TOV VKO,

1 4 6 5
-2 -3 a -2
A=
0O 0 2 3
0O 0 3 -6

Amoderen 1) To i=1,2, o mivakoag mov 800nke eivar oOVBETOG T™C UOPPNG

*
A:(g AJ, OTOTE YPNCIUOTOIDOVTAS G€ aVTOV T omoteréopota TS Eappoyng

2.16 éyovpe 0t det A=det A -det A,. Amodetkvieton e emarymyn OTL TO TPONYOVUEVO

ATOTEAECLO, YEVIKEVETOL KOl Ylo. cLVOETO Tivako Omwg avToOV TG LTOBEoNS, Kot ToTE

oYVEL
det A=det A -det A, ---det A, . ™
To yapoaktnplotikd Tolvmdvopo tov A givol
Al —A
22 (2)=det(A1, — A) = det Mo=fh 7
O Al — A

Kot amo v (*) Exovpue

Za(A)=det(21, — A )-det(21, —A,)-det(21, ~A )=z, (1) za ()~ 74 (A):

EOpOvTOg 0Tl = , = , TOTE = , OTOTE OO
—2 -3 3 -6 0 A

2a(A)= 24 (1) 24, (1) Ta yopaxmpiotikd molvdvopa tov mvikov A, A, og
otoyelo tov M, (C) efvou :
A-1 -4

Za, (ﬂ):det( 5

j:/12+2&+5:(ﬂ+1+2i)(/1+1—2i)
A+3

A-2 =3
A)=det =A% 4+44-21=(1+7)(A-3
R R DR SRS
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Apa x4 (A)=(A+1+2i)(A+1-2i)(A+7)(A-3). Emopévag, ot wwtipés tov A
gvan 4 =-1+2i, 4, =-1-2i, ,,=-7, 4, =3.
Eme1on ot wiotipég etval SlokeKPUEVEC TO EAGYIOTO TOAVMOVLUO TOLTICETOL pE TO

yopaxtnpiotikd (Iopioua 7.24), omote

mA(ﬂ‘)EZA(;L)Z(ﬂZ+21+5)(12+4),—21), XX

Eq@appoyn 7.31 Xoapokmpiote 11 emdOpeveg mpotdoel; o¢ omotéc M AdOog,
JIKOLOAOYADVTOG TNV ATAVINGT GG,
1) Av évag 3x 3 mivakag €yet 10totpég Tig 1,1, 2, 10T€ 0 mivaKog Vot avTioTpEYILOG.

ii) Av ot 1otipég tov mivaka A eivar —1,1,2, t6te det(A™)' = —%.

iii) 'Eoto 0 ovupetpikog mivakag Ae Mg(R) LE HOVI UM UNOEVIKN 1810TIU TO —2

Kot He avtiotoyo 10100tévuso X :(—1 1 O)t. Ot mAnpogopieg mov divovtar dev

OPKOVV Y10 VO VTOA0YIGO0VV TOL YOPAKTNPIGTIKA TOGE TOV Tivaka A.

iIV) Av o A eivan évag 3x3 opbouovodiaioc mivokag, TOTE LVILAPYEL UM UNOEVIKO
. to, ,
Sivoopa X =(X, X, X;) TéT010 hote A’ X = X.

5 2
-13 -5
Am6deen 1) Zootn, yarti coueovo pe v [podtacn 7.2 yia Evav mivaka A 1oydet

detA=A4 4,4, =11.2=2%0.

V) 'Ecto o mivaxag A= ( ], 10Te AZ% 4 AZ000 4 AZ004 |

i) AdBog, ywati dev yvopilovpe v akyePpikn TOAATAOTNTO TOV B10TIHOY —1, 2.
Tevicd ywo évav Ae M (F) woybdet

- _ 1 1 111 111 1 (-D»
det(Al)t:det(A1)=L__1.__1.....__1.1.?....??E ..... Ez(zvz’

V1 V2 V3

omov v, +v, +v,=n .

i) AdBog. Amd tov TOTO TOL TIVaKA KOTOAAPAIVOLLE OTL VITAPYOLY 3 OLOTIUES KOt
EMEWON M UOVN Un UNOEVIKN €lval TO0 —2, LIOYPEMTIKG Ol GAAEG €ivol TO UNdév pe
nollamAdtto 2. And v [pdtaon 7.11 yvepilovpe 6Tt 0 1810010vOCUATO. TOV

AVTIGTOLYOVV GE OlOKEKPLUEVES OOTIHEG eivor kdBeTa, emMOPEVMG Ta 131031VOGHLOTOL



Kepdrao 7 — Xapaxtnpiotikd tocd 43 omo6 46

y= (yl Y, Y, )t 7ov avtietoyobv otnv A =0 mpémel va 1Kavomolovv T cuvOnKn
Xoy =0, and 6mov npokvmtel =y, +Y, =0y, =Y.

, t t t . ,

Apa y=(y, ¥ ¥5) =¥%:(1 1 0)+y,(0 0 1) . Zvvendg ta 180dvocpata

mg wwotng A=0 (umhn oty emAéyovtar vo eivor Y, =(1 1 0)t Kot
y,=(0 0 1).

iv) Zoot). Av A eivor 18otipf Tov A kar X T0 avtiotoyo 1odidvuopa, tote A°
givon ot Tov A?, pe avtiotoyo Wodidvuopa X (Ipdtaocn 7.6). Emiong o A
eivar  opBopovadiaiog, Aapa  1oyvEL |l| =1 (IIpoétoon 7.15), ko emewdn To
YOPOKTNPIOTIKO ToAvdvupo givar meptttod Pabuov, pio amd Tic W0THES gival
TPOYLLOTIKY, GUVETMC Ylo. TNV TPAYUATIKY ovTh 1oty 1oydet A :|2,|2 =1, ondte
A x=1"x=X.

V) Zooth. Ané 10 xopokmpiotcd molvdvopo g, (4)=det(A1—A)=2%+1 kot mv
Tpétaon 7.18 (Bedpnpo Cayley-Hamilton) mpoxdmter g, (A)=0< A>=—1 (*).

Ondte

*

A8y 00 A0t (AT () () = () (1) (1) =

—
=

*o0

Eappoyi} 7.32 Av yw évav mivaka. A wyder A® = A, Sei&te ont o(A)={-10,1}.

AndoaiEn Av A elvar wotun tov A kot X givor 0 avTioToryo 18310d1dvuGud TG,
woyver AX = A X (*), xou copeava pe v Hpodtacn 7.6, A° kot X eivar 1810mocé tov
A%, dmhady A% x =A% x (**). ToAomhacidlovtag T doopévn oyéon delid eni X kot

Kavovtog avtikatdotaon pe Tig (*) ko (**) maipvoope

A=A = Ax=Ax = A°Xx=Ax :>(ﬂ3—/1)x:0,

omd 6mov sivol eavepd 611 A2 -1 =0 = /1(/12—1)=O, Gpa G(A)z{ —ZLO,l}. o0

Egoppoyn 7.33 (undevodvvopog mivakac)
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Avomivakag A eivor pndevedivapog’, Seite ot o (A)={0}.

Am6oeEn Xougwva pe tov Opiopd 7.1, av A eivor 8oty tov A kot X gival to

avtiotoryo odiavocud g, tote AX = A X. EmmAéov 1oyvel ko n TIpodtoon 7.6,

omote A¥ xor X eivon omosd tov A*, dnhady, A* x =A% x . Tvvdvdlovtag v

TPONYOVLEVN GYECT Kol TNV W10TNTO TOL UNOEVOOVVOLOV TTEvaka, EXOVLE
0=A“x=1"x

omd 6oV TPoKHTTEL OTL A =0 = 1 =0. A

Egappoyn 7.34 (cuvodcvmv Tivokag)

Te k60e molvdvopo C(A)=A"+c A"+ +CA4C,, ¢ eF, avuotoysi évag

nivoucocgz
0 0 0
0 1
C=| :
0 0 1
€ -G €2 Gy

Amodei&ate Ot
i) To xapoxmpiotikd morvdvopo tov C e M, (F) eivarto ¢(4).
ii) To ehdyioto Todvdvopo tov C e M (F) givorto ¢(4).

i) Av n A4 ot &yet adyefpikny molhomddtta 1 (amAn), tOte T0 OVTIGTO(O

110dtdvocpa givat g LOpeNS X :(1 A 2,,2 &”_l)t, i=12,...,n.

Am6deén 1) Emedn 1o yapaktnpiotikd molvdvopo tov C eivar

A -10 - 0
0 2 -1 :

2 (2)=det(a1-C)=|: ,
G ¢ - C., ﬂ/+Cn_1

' Evog tetpayevikdg mivaxag Ae M, (F) ovopdletoar undevedivapos (nilpotent),

oTav VIAPYEL EMGYIOTOG PUGIKOS apBpdg K, Tétotog dote A = 0.

20 nivaxag C ovopdletar 6uvodig 1 suvedebwv mivakag (Companion matrix) tov C (Z) .
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noAhamhactalovtag ) 2" otiAn eni A, mv 3" oAy eni A%, ... kou ™V TEAEvLTOiN

ot emi A" ko mpocBétoviag Orec oty 1" 6TAAN TPoKHTTEL

0 -1 0 - 0
0 A -1 :
Xc (’1): : . .
0 ) 1
Co+C A+ +C A"+ A" ¢ - C._, A+C,,

Avomtdccovtog Vv Tedevtaia opilovoa ¢ mpog v 1" 6THAN Kot 6T cLVEKELD TNV

opilovca tov (N—-1)x(n-1) xéTo Tpry®VIKOD TivoKa TOV ATOUEVEL , EYOVUE
b

1 0 --- 0
n+1 1 —1

2o (A)= (1) (e edbe, 272 )det] LT

0 A -1

=(-1)"c(2)(-1)"" =c(2).
i) Ag vmoBécovpe 011 T0 eAdyioTo TOAVOVLUO ToL C givar pikpotépov PBabpod amd
10 YopaKTPIGTIKO molvdvupo, ot Mg (A)=a, A" +a, ,A" +--+ald+a,, pe
a,,#0.To mg (/"t) 0o mpémel va emoin0gdel To b tov Opiopod 7.4, cuvenmg
m.(C)=0 < a,,C""+a,,C"?+--+aC+a,l =0. *)

OewpodVTOS To SloVOCUATOL
glz(l o0 - O), £, =(O 10 - O), ey &, :(O o0 - l)
Ko Kavovtag mpa&elg pe ov C SlomoT®VOLUE TIC OXECELG

£,=¢C, £=6C=¢C? ¢£=6C=£C*=¢C? ..., g =£C"" (**)
[MoAhoamdaciblovtag (aprotepd) ent & v (*) Kot KEvVOVTOS avTiKatdoToon ond (**)
TPOKVTTEL
gl(an_lC“‘l +a _,C"?+...+aC+a,l ) =0 = a &, +a _,& ++aE, +ag =0 .
Eneon ta &,&,,...,&, etvar ypoppkd avegdptnto davdopata, amd v TEAELTALN
wootnta.  cvumepatvoope 0T A, =a, ,=...=a =a,=0 . Apo 710 €ldycTO
TOAVOVVLLO OV VTTOOEGANE Elval TO PUNOEVIKO TOAVMVLLO (OAO1 01 GUVTEAEGTEG Eivan

undév), me (/1) =0, 10 omoio eivar adHvaTo. XVVER®dS T0 EAGYIGTO TOAVMVVLO €ivor N

Babpov Todvdvopo, dndadh me (4) =z (4).
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iii) Exeidn 4 etvon piCatov g (4)=c(4) woyder
c(4)=0 < A" =—c A" ——ck—C,. (**%)

[Tpopavdg To X elvar pn Undevikd S1vucHa Kot KAVOVTOS TPAEELS £XOVLLE

1 y) A 1
A A I

Cx=C| A |= i = |2 =4 A2 =4,
]ﬁnil —Co — Clﬂ’l -t Cn—ljfunil j,l” ﬂflnil

a6 6mov enoinbevetal o Opiopdg 7.1, cvvenmg to X gival 1310010VOGHO AVTIGTOLYO

™G anAng Wiotung 4 yo tov wivoka C . o0
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