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Kepdiaro 5
I'PAMMIKEZX AITEIKONIXEIX

X Tpappikr AlyeBpa 10waitepo evOla@EPOV yioo HEAETN €yl (i €101KY| Katnyopia
AMEKOVICE®V (CLVOPTACEMYV), Ol YPOUUIKES amelkovioels. Ot amelkovicelg avtég
€xovv medio OpIGHOV Kol GHVOAD TIUMV OSLOVUGHOTIKOVG YDPOVG Kol SoTtnpovV Tig

Baoikég TpdEelg TV SOVUGHATIKOV YOPOV.

5.1 T'poppikn arekovion
5.1.1 Opropdg KoL TOPAIELYLATA YPOUPIKIG UTELKOVIGTNG

YrevOopiletor 6Tt akoAovBwg pe F ovpPoriletoar to chvoro TV TPOYUOTIKOV

apBuov R 1 10 chvoro tov pryadikov apdpov C.

Opwopog 5.1

Eotw U, V ovo T —diavoouatixoi ywpor. Mio omeikovion f:U -V ovoualetor
ypauuikij arsikovien ov yio kabe U, U, eU , aeF, igydovv o1 1d10tnTeg:

a. f(u+u)="F)+f(u,)

b. f(au,)=af (u,).

Mapatipnon 5.1 i) Ztov Opoud 6.1, 10 cvpPoro + 610 TpmdTO HéEXOG ™G (8) eivon m
TPAEN TG TPOGheong oTo dtovucpatikd yopo U, evd 10 + 6To de0TEPO HEAOG givar M)
TPAEN ™S TPOGHESNG 6TO SLOVUGHATIKO YDpo V. AvAAoyn Tapatnpnon toyvEL Kot yio
™mv Ttpdén Tov PabumTod ToAATANCIGHOD, TOV onueldveTal oty ot Ta (b).

i) To pndevikd otoryeio tov dovvopatikod xmpov U cvpPolrileton 0, kot yevikd
elvar SopopeTikd amd 1o UNdeVIKO oTolEio TOv dlavvouatikov ympov V, mov
ocvuporiCetar 0, .

Mo pio ypoappikny amewovion f:U -V anodswvoetar ott woyder f(0,)=0,.
[paypartt, exewdn n f eivor ypappukn, oty widmra (b) tov Opopov 5.1, Bétovue
a=0, ondte &povpe : f(0,)=f(0-0,)=0-f(0,)=0,.
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iii) T pio ypappkn anewovion f:U -V woyder f(-u)=—1f(u), yia ks ueU ,
apkei va Bécovpe a = -1 oy W6t ta (b) Tov Opropov 5.1.
iIv) Ot 1810t 1eg (a) ko (b) Tov Opiopov 5.1 propodv va. evorombovv oe pia 1610t TO
g eENg:

f (au, +bu,) =af (u,) +bf (u,) yia kébe a,belF, u,u, U . (5.1)
[paypatt, av oty wotnta g (5.1) Oécovue a=b =1, apokvmtel N 1616 TA (8) TOVL
Opopov 5.1, eved av Bécovpe b =0, npoxvntel n WO™Ta (b). Enopévmg, n wwotnta,
oy (5.1) elvar 1oodvvapun tov 6Ho Wt Tev Tov Optopod 5.1.
OvclooTikd, o YpouuKy omeikdévion omd 1o davuopotikd yopo U oto
Stavvopotikd yopo Vo dev eivan timota dAA0 amd pia amewovion (cvvaptnon), M
omoio og kéBe otoryeio-davuopa tov U avtiotoryel (ametkovilel) éva Kol povo éva
otoyyeio-otvooua tov V. T'a va yapaktnpiobel n aneikdvion ypauukn, Oo tpémnet vo
«atpel» 1T1c oo Pacwég mpa&eic-npocheon kot Pabuwtd moAlomAaciacuo.
Anlodn, eite extedovpe mpaTa TIC MPALels petald tov dtovuopdtowv oto medio
OPIGHOV KOl GTN GLUVEXELD TPOCIIOPILOVIE TNV EIKOVO, TOV GTO GUVOAO TIUMV HUECH
™G amelkoviong eite Oewpoldue mTPAOTO TIG €KOVEC TOV TPOTHI®V UECH® TNG
AMEIKOVIONG KOl KOTOMY EKTEAOVUE TIG aVTIOTOUKEG TTPAEELS GTO GUVOAO TIU®V. To
amotéleopa etvat To 1010 Kot yia Tig 500 TEPUTTMGELS, YEYOVOS OV TAPOLGLALETAL GTO

Zynpa S.1.

f(u)
f(u,)
f(u +u,)=f(u)+f(uy)

» f(au) =af (u)

\ » £(0,)=0,

Zymua 5.1
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Mopdosrypa 5.1
i) H omewcovion f: R —> R pe f(X)=2x eivor ypoppukn. [pdypoart, ot 600 16tTeg
T0v Opiopo?d 5.1 emainOedovrar, 610TL Yo kéOe X, X, € R kau a e R, woyvovv
F X +X,)=2(%+X,) =2X +2%, = F(x)+ F(X,)
f(ax,) = 2(ax) = a(2x,) = af (x).

Me avdroyo tpomo amodeikvoetol 6Tt kabe amewovion f: R —> R pe f(x) =ax
glvat ypopLpuK.
i) H oamewodvion f:R—->R pe f(X)=2x+1 dev givan ypoppukn. [pdypott, yo
a=3, f(3:)=#3f(@), enedn f(3)=2-3+1#3f(1)=3(2-1+1), and Omov eivol
eovepd 0Tt dev 1oyveL 1 1810t Ta (b) Tov Opiopod 5.1.
O¢étovtog a=0, b=1 omv (5.1) éovpe f(0,)=0,, (Bréne xou Iaparipnon 5.1
(if)). Andadn pio ypouuikn amelkdévion avTioTolEl 10 uNdeviko ddvooua Tov
SLVUGLLOTIKOD YMPOL TOL TEGIOV OPIGHLOV GTO UNOEVIKO O1AVUGLLOL TOV SLOVUGLLATIKOV
YOPOL TOV GLVOAOD TIUDV. ZOUPOVA LE TNV TPONYOVLEVT] TOPATHPNOT), LTOPOVLE VO
ovumepdvoupe 6tTL M doopévn f dev etvan ypappua, dtott f(0)=1+0.
i) H omewovion f:R*>R* pe f(xy)=(2x-3y,x+4y) eivor ypoppkn.
Hpdypott, £6to U = (X, Y,), U, =(X,,Y,) € R* ko1 aeR. Kévovrag npééetg, dnmg
opiomkav otig (4.1) ko (4.2), éxovpe :
@ flu+u)=1(0xy)+ (X, ¥.)) = FO0+%, Y +Y,)

= (206 +%,) =3(Y, + Vo), (X, + %) +4(Y; +Y,))

= (2% =3y,) + (2%, =3Y,), (X +4Yy;) + (X, +4Y,))

= (2%, -3y, X +4y,)+(2X, —3Y,, X, +4Y,)

= F00y)+ 106G, y,) = f(u)+ f(uy)
(b) f(au)=f(a(x,.y))= f(ax.ay,)

= (28.X1 —3ay;, ax, + 4ay1) = a(2X1 =3y, X%+ 4y1)
= af (le yl) = af (ul)

Ot 166t teg otig (a) kot (b) emaindevouvv T1g dvo 1010 TEC ToVv Optopov 5.1. Apa, n f
elvol YPOUUIKT OEKOVIOT).
IV) Me oavdioyo tpomo oOmwg oto (i) omodewkvoeton 611 k@Oe oamekovion

f:R* > R?, ue f(x,y)=(ax+by,cx+dy) ko a,b,c,d e R, sivar ypopipuricny.
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v)  Eoxoha  emodnBedeton  OTL 1 OmEKOVION f:R*>R*, pue
f(X,Y,2)=(2x+3y,X+4y—2), eivor ypoppukn.

vi) H amewovion f:R®*—>R* pe f(X,y,2)=(2x+3y+1,x+4y—1z2), dev sivan

ypoapukn. [pdyupatt, govpe f(0,0,0) = (1,0) = (0,0).

vii) ' Eoto AeM, . (F). H anewovion ¢, : M (F) > M, (F) pe c,(X) = Ax etvon
ypoppky, St o kébe X, yeM ,(F), aeF, ocdupova pe tig b0mMreg tov
TPAEEDV TIVAK®V 15XV0VV 01 GYECELS:

(@) co(X+Yy)=A(X+Yy)=AXx+ Ay =c,(X)+C,(Yy) Kot

(b) c,(ax)=A(ax) =a(Ax) =ac,(x)

O1 160tnteg otig (a) kar (b) emainbedovv Tic dVo 1610TNTEG ToL Opiopov 5.1. Apa, M
C, ELVOL YPOUUIKY] OTEIKOVIOT).

viii) 'Eoto 61t Ae M (R). H anewcévion f: M (R) > M (R) pe f(X)=AX eivor

ypoppkn, St ywo ke X,Y e M (R), aeR. Zoppove pe 116 1010TNTES TOV
TPAEEDV TIVAK®V 16YV0VV 01 GYECELS:

@ f(X+Y)=AX+Y)=AX+AY = f(X)+ f(Y) xau

(b) af (X)=a(AX)=A(aX)= f(aX)

Ot w66ttes o116 () ko (b) emaAnbevovv Tig dvo W1otnTEG TOV Optopov 5.1. Apa, n f
elvoll YPOUUIKT OEKOVIOT).

iX) XpNoporoidvtoag 1010TNTEG TV TOPAYDY®OV, OOTIGTOVOVUE OTL 1) OEIKOVION
@R [X] >R [x] pe @(p(x))=(p(x)), 6mov p(X) moAvdvopo, eivor ypapLutiy.

X) AvV egivar évag F — Sravoopatikdg xdpoc, n tavtotikij omewkovion 1, 1V -V pue

1, (v) =V, evkola emainBeveTan OTL VoL YPOLLULIKT. o0

5.1.2 TIvpnvag Kot KOV piog YPORUIKNG OTELKOVICTS
2m ovvéyea opifoviar 00O VTOCLVOAN TV dlvuoUATIKOV yopwv UV |

avTioTolya, To OToio EIVOL OPKETE ONUOVTIKG OTN LEAETN HIOG YPOUMKNG OTEKOVIONG

f:U->V.
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Opwopog 5.2

Eorw U,V ddo F — diavoouatirol yopor kar f:U =V uia ypoyyurn areixovion.

1) To obvolo {u eU: f(u) ZOV}OVOﬂdCETal mopyvag e T rka ooppolieran ue
ker f .

i) To oovoto iuwv e f, fU)={veV: f(u)=v, ueU}, ovoudleror exoéva g

f ko1 ovufolrileron ue Imf .

Mapatipnon 5.2. i) Exedn n anewovion f:U -V eivon ypoppikn, to cvvora
ker f kou Imf elvon vdympot tov davvcpatikdv yodpov U ko V, avtictoyo. H
anodelEn Paciletal otig 1W010TTEG TOV GTOoYEI®V KAOE GLVOLOL (Optopnds 5.2) kot
oV ypapukdémra ™me f, onog avt meprypdpetan amd v wotnta oty (5.1),
TpokeEVoy va emaAnBevbei n opBotnta g [pdtaong 4.5.
e [0 TOV TUPNVOL TNG YPOAUUKNG ATEIKOVIOTG IGYVEL:
‘Eotw u,u, eker f = f(u)="f(u,)=0, kou a,beF. And mv (5.1) érovpe
f (au, +bu,) = af (u,) +bf (u,) =0, +0, =0,
and oOmov mpokvmrer (au, +bu,) eker f . Apa, emoinbedeton m ocvvOKkn g
[Ipotaong 4.5, eropévmg o mopnvag eivatl veodywpog Tov U.
e [la TNV KOV TNG YPOUMIKNG OTEIKOVIONG IGYVEL:
‘Eotw v,v,elmf xam abelF. Zoupova pe tov Opwoud 5.2 (i) vmapyovv
davvopara U, u, eU tétowa dote, f(u)=v, xar f(u,)=v,. And mv (5.1) éovpe
f (au, +bu,) =af (u,) +bf (u,) =av, +bv, eV .
Ankadny, Yoo To Stdvoopa U=au, +bu, eU vrdpyer w=av, +bv, eV, étol dote
f(u) =w, kou cuvenmdg W e Im f . Apa, erodnBedetar n cuvOnin g [pdtaong 4.5,
EMOUEVMG M E1KOVO, Etvan VTOYWPOG Tov U.
i) Tevikd wyder Imf <V . Otav wyder 1 woémro Im f =V, 10t N Ypoppukn

anewovion f:U -V ovopdleton emi.
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Mopdoerypa 5.2
i) Eoto f:R>—>R* pe f(X,y)=(2x-3y,x+4y). H ancikovion f eivon ypopipxy
(Mapaderypo 5.1 (iii)). 'Eoto u=(X,Yy)eker f . Zoppwva pe tov Opopd 5.2 (i)
Exovpe

f(x,y)=0< (2x-3y,x+4y) =(0,0),
amd OOV TPOKVTTEL TO OLLOYEVEG GUGTNUOL

2x—-3y=0
X+4y=0

O mivaKog TOV GLVIEAESTAOV TOL GULOTHUOTOS EIVOL OVTIGTPEYLOG, GULVETMG TO
ovotuo €xel povadikn Aon X =y =0, (ITapatpnon 2.1). Apa, o mtvprvag g f
elvar éva povoovvoro, ker f ={0}.
ii) Eoto f:R?>—>R? pe f(x,y)=(2x+8y,x+4y). H ancikdévion f eivan ypappixy
(Mopaderypa 5.1 (iv)). 'Eva otoryeio u = (x,y) e ker f av kot povo av

f(x,y)=0< (2x+8y,x+4y)=(0,0)
amd OOV TPOKVTTEL TO OLLOYEVEG GUGTNUOL

2x+8y=0
X+4y=0

O wivaxKog TV GUVIEAEGTAOV TOV GLGTIHLOTOS eV Eivol aVTIGTPEYIHOC, ExEl fabud 1,
OGUVETADG LITAPYEL LOVOTOPAUETPIKT amelpio Avcewv. O Aboelg ivarl o doavdouato
u=(x,y)=(-4y,y), yw «dbs yeR. Apa, o mopivag m¢g f givar 10 obvoro
ker f ={(-4y,y):yeR}.
iii) ' Eoto Ae M, . (R). H anewcovion ¢, : M, (R) > M, (R) pe ¢, (X) = AX, 6mov
xeM_ ,(R) eivor ypappwkn (Mopdderypo 5.1 (vii) ).
O mupfvag G YPOUMIKNG OmEWKOVIONG C, €ival T0 GOVOAO T®OV SVUGUATMV
xeM_ ,(R), étor dote Ax =0. Zvvendg, o mupnvag ™G C, eival T0 cHvoro TmV
Moewv tov opoyevodg cvotiuatog AX=0. To mponyovuevo civoro ovopdletol
1OPOG Mosv 1| pndevoywpog tov A, (Iapdderypa 4.2 (iv)). Apa, woydet

ker f =N(A). (5.2)

H gikdva TG ypoppukig anskoviong f eivor 1o covoro dhwv tov b=(b, --- b ),

Yo 0 omoia To cvotnua AX =b €yel Adon. o0
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Ye pio ypoppikn onewovion f:U —V vrdpyet oxéon mov cuvdéel Tig S106TAGELG
tov vroyopov kKer f cU kot Im f <V, n omoia diveton oty [Ipdtoon 5.2. T va

amodeifovpe ot T oYEomn YPelONaoTE TNV EXOUEVT TPOTACT.

IIpoéTaon 5.1
Eorw UV eivau F — diavoouartixoi ywpor kar t: U =V uia ypoyyurn ometkovion. Av

U =span(u,,u,,...,u,), zoze Im f =span(f(u,), f(u,),..., f(u,)).

Am6delln : Eoto 61t velmf V. Zopgpova pe tov Opiopd 5.2 (ii), emedn
velmf ovmipyer dvoopo ueU, téroro wote f(u)=v. And ueU «m
U =span(u,U,,...,u,) ocvumepaivovpe 6tL vdapyovv K, K,,...,k, €, tétoor dote

u=ku +ku,+---+k_ u

U, (Opopdg 4.11). And v televtaio oxéon ko emedn n f
glvot YpOoUHIKY, LTOPOVUE VO YPOWOVLE

v=f(u)=fku+ku,+---+k u )=k fu)+k,fu)+--+k, f(u,).
Apa, kabe Savoopo velmf cV  ypdpetor ®g YPOUUIKOG GLUVOLOGUOS TOV

f(u), f(u,),..., f(u,) ,omote Im f =span(f(u,), f(u,),..., f(u,)). 00

IIpoéTaon 5.2
Eorw f:U >V ypouyurn arcikovion, omov UN eivou F — diovoouatixol ywpor ue
dimU =n xaz dimV =m. Tote ioyder

dimU =dimker f +dimIm f . (5.3)
Anodaln : Emeidnq o mopnvag ker f kar m ewdva Im f eivan vadympot twv
davvouatikov yopov U kot V , avtiotoyo (TTapathpnon 5.2 (i) , ko1 U,V givon
TEMEPOUCUEVIG SLAGTAGTG OLOVVUGUATIKOL X®DPOL, cupemvo. pe v Ilpotaon 4.16 (i)
ovumepaivovpe 6Tl ot voywpor ker f ko Im f givan memepacuévng duiotaong
dravvopatikol ympot, ondte Kabe vdywpog Exel pia Baon (Ilpodtaon 4.11).
‘Eotw {u,,u,,...,u.} pioc Paon tov ker f. Amd to Bedpnuo enéktoong (IIpdtaon

4.14), ocvumepaivoope 6t TO Ypoppkd oveEdptnto cvvoro {u,U,,...,u, } tov ker f
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unopet va enextafei oe pio Paon tov U, éoto B, ={u,u,,...,u,, U ;U ,,...,U }.
‘Etot €povpe,
dimker f =k ko  dimU =n. (5.4)
Enedn ta otorgeia g Pdong tov U mapdyovv 1o S10vuopaTiKd ¥®PO, COUOOVA LE
v IIpdtaon 5.1 woydet
Im f =span(f(u,), f(u,),..., f(u), f(u.,), f(u.,),..., f(u,)). (5.5)
EmmAéov, vy ta otoyeio g Pdong tov ker f  pmopodue va  yphyovue
f(u)="f(u,)=...=f(u)=0, (Opwopds 5.2). Apa yw tov vdYwpo Im f omv
(5.5) é&yovpue
Im f =span(f(u,,), f(u,.,),..., f(u,)). (5.6)
Ioyvpilopaote o6t ta Swvoopora  f(u,,,), f(u,,),..., f(u,) eivar ypoppud
avegaptmra. Apkel va amodeifovpe OTL Yoo &, 8y,,,...,8, €F, N davoopatiky
elowon
a.,f(u,.)+a.,f(u.,)+--+af(u)=0, (5.7)
éyet povadikn Avon @, ,, =4a,,, =---=4a, =0, (Opondc 4.12).
Emeion n f etvon ypoppky anewdvion, cvvovaloviog vy (5.1) pe v Hopoatipnon
5.1 (ii), n e&iowon oty (5.7) ypapetan
f(a U, +a, U, ,+---+au)=0,,
and 6mov cvumepaivovpe o6t a, U, ., +a,,,U, , +---+a,u. €kerf , (Opiopog 5.2 (i)).
Eniong, kéBe didvocpa evog d10vuopaTikoy Ydpov €XEL LOVAOIKO TPOTO YPOONG MG
pog ta otoryeio g Paong tov yopov, (IIpdtaon 4.10). Xvvenmg, v To dibvucpo
A U T3, ,,U,, +---+a.u, vrapyovv povadikol K, k,,...,k, € F, tétolor dote
U +a,,U ., +-+au =ku +ku, +---+ku <
ku +k,u, +---+k.ou, —a, U, —a.,u.,—--—au =0, (5.8)
Enewdry B, eivor Bdon tov U, ta U, U,,...,U, U g, Uy, ., U, ElvaL ypoppike
aveEapTNnTo, EMOUEVMG oo TV 60Tt otV (5.8) mpokhntel
k =k,=---=k =8,,=8,,,=-=2a,=0.
Apa, n dwovocpatikn e&icmon oty (5.7) €xel Lovadikn AVoT TV TETPLUUEVT], OTTOTE

10 oOvoro B, ={f (U, ), F(U.,),..., F(u,)} etvar ypoppikd ave&apnro.
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Amo6 v ypoppkn aveEaptnoio TV SvucpATOV Tov cuvorov B, kot v 1ot Ta
oty (5.6) cupmepaivovpe 6tL T0 cUvoro B, eivon pia fdon g Im f pe
dimimf =n-k. (5.9)

Amo 11g 106tteg otig (5.4) kat (5.9) n wotta (5.3) emainBedetar dueca. o0

Mapaderypa 5.3 i) Zto IMoapdderypa 5.2 (i) amodeiynke 611 0 MLPAVOC TNG
ypappikyg ameikoviong f:R* 5> R* pe f(x,y)=(2x-3y,x+4y) sivar ker f ={0}.
Etvar yvooto 6t oyder dim{0, } =0, (Opiopog 4.15). Apa, woydet 6t dimker f =0.
Enedn dimR? =2, and mv w66tta oty (5.3) cvpmepaivovpe 61t 2=0+dimIm f
oniadn dimim f =2.

i) H ypapuwky omewdvion f:R*> >R upef(x,y)=(2x+8y,x+4y), &gl
ker f ={(-4y,y): yeR}, (ITapaderypa 5.2 (ii)). Apa, woxdel 61t dimker f =1. H
dldoTaon TG EIKOVOG TG amekoviong Ppioketar and v w6dtta otV (5.3) Ko givorn

dimIm f =dimR? —dimker f =2-1=1. o0

Oempdvtog pio omewkovion og ocvvapmon f and to dwovvopotikd yodpo U oto
Stavvopatikd yopo V, vrevBopilovpe 6tL avty ovopdletol KaAd opiopévey, av, yuo
KaPe u,uU, eU pe u, =u,, woyoet f(u)="f(u,).
H anewovion f:U —V Aépe 6t eivan éva tpog éva (1-1), av, yo kéOe u, U, €U pe
f(u)="f(u,), wyger y=u,.
‘Ecto ot dtavvopatikoi ydpotr U,V,W kat ot areikovicerg f:U -V, g:V ->W . H
oovleon tov amewovicewv f kot g opiletor va eivor go f:U ->W e tomo
(go f)(u)=g(f(u)), yakabe ueU .
Eivar yvootd 6t yia pia amewovion f:U =V, mov eivor 1-1 kon emi, vdpyel
avtietpoon amewcovion f:V U,

v endpevn mpoTOcT OOTLITOVOVTOL WOIOTNTEG TOV APOPOVV Tr cLVOEST TV

ypoppik®v oneikovicewv. H anddeién tovg Paciletor otov Opiopd 5.1 kot apnveTon

g doknon.
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IIpoéTaon 5.3
Eotw o1 ypoyyurés ameikovioerg f:U >V xau gV —>W, 6mov U, V, W eivar

[F — drovoouatixol yawpo.

1) Hobovbeon go f:U >W eivar ypouuuxsy arsikovion.
i) Av o1 f, g eivau éva mpog évo, (1-1), téte n go f eivar éva mpog évo (1-1).

i) Av o f, g eivau eri, tote n go f eivou eni.

Opropodg 5.3

Eortw U,V dvo F — diavoouatixol yopor koar f:U -V pia ypoyyurn arcikovion.

1) Av n feiva eni, ontadny f(U)=Imf =V, tdte n fovoudaleran empoppioud.

i) Av n ypoury ameikovion t eivan éva mpoc éva (1-1), tote n T ovoudlerou

HOVOUOPPIGUOS.
i) Av 5 f eivou éva mpoc éva kau eni, tote n t ovoudleron 16opoppiouos. tnv

repintwon ooty ot yapor UV ovoualovrar icépoppor koi ovufoirilovior U =V .

I[potaon 5.4
Eotw ou n ypoyyukn ometwovion f:U >V eivar évag 1o0uoppiouds ovausoa 6tovg
F — Siavoouatixove ydpovg U, V. Térte n aviioipopn omeixéviey TV ->U eivar
ETLONG 1G0UOPPLOLUOG.
Am6oelEn ¢ Emedon n f eivon wopopeiopde, sivar anewkdvion 1-1 ko eni, ondte
opileton 1 avtictpoen ansucovion fV - U .
(@) 'Eoto v,,v, eV ko a,belF. Enewdn n f &ivon eni, vadpyovv u,u, eU tétown
oote f(u)=v,, f(u,)=v,. Emmiéov, ta davdopata U, U, eivar katd povadikd
TpOMo oplopéva, oot n f eivon 1-1, ondte 1oydeL

u=fr(v) xa u,=f7(v,). (5.10)
Eniong and v ypoppukodtta g aneikoviong f ko v (5.1), égovpe :

f (au, +bu,) = af (u,) +bf (u,) = av, +bv,
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Epappolovtag ota 600 péEAN TG TEAELTALOG 1GOTNTOS TNV AVTICTPOPN OTEIKOVIOT KOt
avtcadiotdvtag m ovvleon f o f U U pe v tovtotikn anedvion 1, ot ta
dwavoopata U, U, amd v (5.10), éovpue :

f*(av, +bv,) = f*(f(au, +bu,))=(f "o f)(au, +bu,)

=1, (au, +bu,) = au, +bu, = af *(v,) +bf *(v,)
Apa, yoo v answovion 7 oydel n w6oémTo oty (5.1), MAedy n T sivan
YPOLLHLKT.
(b) Eneidn n f eivan emi, woyver f(U) =V = f(V)=U, apan ™ eivon eni.
(c) Emiong, emedn n f kon n towtotikn 1, etvon 1-1, éxovpe
fv) = (v,) = F(F (V)= F(F(v,) = (fof)(v)=(fof™)(v,)
<1, (v)=1,(v,) v, =V,

Snhadny f(v,) = f(v,) =V, =V,. Ondte, N ypoppkh anewcovion f eivan 1-1.
"Etot y1o Ty amecovion 1 amodeiydniav ot ot : () ypoppukodtra, (b) e,

ko (€) 1-1. Apo n amswcovion ™ eivon isopopeiopds, (Opiopodg 5.3 (iii)). o0

IIpotTaon 5.5

Eotw o611 U, V eivar F — diovoouatixol yawpot.

H ypoyyurn omeikovion f:U >V eivor povopoppiouos (1-1) av ko uévo av
ker f ={0,}.

An6oeidn : ‘Eoto 6min f eivon 1-1 xou éva tuyaio Sivooua u e ker f = f(u) =0, ,
(Opopdg 5.2 (i)). Emiong, omd v IHapotipnon 5.1 (ii), wyder f(0,)=0,.
Yvvovdalovtag v TeAevToio 10OTNTA PE TOV Opopd g  amewkdviong 1-1, sivon
pavepd  ott  wyder  f(u)=0,=f(0,)=u=0,. Apa, ocvurnepaivetonr Ot
ker f ={0,}.

Avtiotpoea, fotw ker f ={0,} wou u,u,eU pe f(u)="f(u,). Andé m
ypappkomta g f éxoope f(u)=f(u,) < f(u)-~(u,)=0, < f(u—-u,)=0,.
Ao v tedevTaio 106t TO KO TNV LITOBESN EYOVLE

f(u-u,)=0,=>u-u,ekerf =>u -u,=0, = u =u,.
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Apa, Yoo ta dwvoopato U, u, €U pe  f(u) = f(u,) coumepaivoope 611 10YvEL

u, =u,,dniadnqn f eivon 1-1. XX

IIpoTaon 5.6
Eotw ou n ypowurn amcikovion f:U >V eivor évag uovouoppiouos twv
F —dovoouonikaov  yopowv U, V. Av S, ={u,u,,...,u} evor éva ypouuxa
aveCaptnro vmoobvoto tov U, wote o S, ={f(u), f(u,),..., f(u)} evar éva
ypouiro. avelaptnto vwoovvolo tov V.
Am6oeln : Ioyopilopoote 6TLywa &, a,,...,a, € F n dwavvopatiky egicwon

af(u)+a,f(u)+---+a f(u)=0, (5.11)
£yl Hovadikn Avom v TeTpupévn, oniodn a =a, =---=4a, =0, (Opopog 4.12).
Tnv woémra oy (5.11), and ™ ypoppkdta g f, propodue va ) ypayovpe

f(a,u, +a,u, +---+a.u,)=0,,
amd 6mov cupmepoaivovpe 6t (U, +a,u, +---+a,u,) e ker f, (Opopds 5.2 (i)).
Enedn n f eivon povopopeiopds, copeova pe myv Ipotaon 5.5, ker f ={0,}. Apa,
&yovpe Ot
au +au,+---+au, =0,. (5.12)

Eniong, and v vmdbeon 10 cvvoro S eivor ypappkd aveEdptnro, omdte M
dravvopartikn e&lomon oty (5.12) €xet povadkn Aon @, =a, =---=a, =0.
2UVETMG, amodelyOnke Kol 0 1YLPIGUOG, d1OTL N drevucpatiky e€icwon oy (5.11)
£xel Lovadikn Avon v TeTptupévn. Apa, ta dStavocpatae f(u,), f(u,),..., f(u,) etvon

YPOUUKA aveEdpTNTOL. X

Xvvovalovtag v [Ipodtaon 5.1 pe v IIpdtaon 5.6, eivar pavepd OtL pio ypoppukn
kot 1-1 amewovion f:U —V arnewovilet kébe Baon tov U og pia Baon g ekdvag
Im f . 2V nepintwon mov n T eivan ent, dpa Im f =V, n Bdon g edvag ivor pia

Béon tov V. Etot, KataAyovpe otny ETOUEVT TPOTUCT.
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IpotTaon 5.7
Eotw on n ypoyyurny ancikovion f:U >V elvar évag 100uoppiouos twv
F — diovoouonikov yopov U, V. Av B, ={u,,u,,...,u.} eivou uio faon tov U, tote

B, ={f(u), f(u,),..., f(u,)} eivar uia féon tov V.

210 epATUA «Eivar duvatd 000 OVLGHOTIKOL YDPOL SLOPOPETIKNG O1UOTACNS VO
elvar wwopopeow, n amdvinon eivar apvnrikn kot Poaciletor oy Ilpdtaon 5.7.
[paypartt, ag vrobécovpe 1L vadpyet Evag woopopeiopog f:U -V pe dimU =m
kot dimV =n=m. Eneidn o davvopatikdg yopog U éxer dimU =m, vrdpyel pio
Bdon pe m otoryeia, omote, cvppwva pe v Ipdtaon 5.7, o davvcpatikdg yopog V
mpémel vo. €xel pio Paom pe m otoyeio. Apo dev givar duvatd va  1oyDEL
dimV =n=m. Enopuévmg, 600 Stavuoopatikoi ydpot SlopopeTikng dtdotaong Oev
UTOPOLV Vo gival 10OHOPPOL. ZVVETMG, 1 O0TOCT TOV JVUGULATIKOV YOP®V

yopoaktnpilel TNV 10opopeia TOVE. ZVYKEKPEVA, IGYVEL 1] akOAOVON TpOTACT).

IIpoTaon 5.8
O1 F - davoouotixoi ywpor U, V merepaouévng o16aotoons ivol 10iopeol av Kol
LOVO av Eyovy THV 1010, O160TA0H, 000N
U=zV < dimU =dimV
Hopaderypo 5.4 i) Eoto n ansucovion f: R® - R? pe
f(x,y,2)=(X+y+2z,x+Y).
Enedn yio U, =(X,Y,,2), U, =(X,,Y,,2,) € R® kou a,b e R &yovpe
Fu +u,) = T(alx, y1,2) +b(%,, ¥,, 2,)) = T (ax +bx,, ay, +by,,az, +bz,)
= (ax, +bx, +ay, +by, + 2(az, +bz,), ax, +bx, +ay, +by,)
= ((a%, +ay, +2az,) + (bx, + by, +2b2,), (ax, +ay,)+ (bx, +by,))
= (ax, +ay, +2az,, ax, +ay,) + (bx, + by, + 2bz,,bx, +by,)
= a(x1+ Yo 22, X + y1)+(X2 +Y,+22,,%, + yz)
= af (le Yis 21) +bf (le Yo 22) = af (u1) +bf (uz)

‘Etot, emraknbedeton n 1ootnta oty (5.1) ko cvvenmg 1 f elvan ypappikn amewovion.
Opwmg ot xdpot, R® ko R?, avépesa 6Tovg omoiovg opiletor 1 anetkovion, dev sivon
16610pPOL, dOTL eivan ydpot drapopetikdv Saotdoenv, dimR® =3, dimR?=2.

Yvvendc, n f dev elvat 1copopiopog.
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i) Ot dwvvopatwoi yopor  R", M ,(R) eivar 1o6popoor, ot
dimR"=n=dimM _,(R), (yio 11g dootdoes PAéne Mopaderypa 4.10 (i) xou (i),
avtiotorya). AMoote, 0 wopopeopds twv xdpov R, M (R) eiye domotwbel

oto Kepdhoio 4 og pia povoouavin oviiotoryio petaéd tov dtovuopdtov R" kot

TV mvékov-ctnAov tov M, (R), (TTapatypnon 4.1 avtictoryio (ii)-(iii)). o0

Me v IIpétacn 5.8 dwmotdvovpe OTL SV VIAPYEL OVTICTPEYIUN YPOLLUIKN
ameKOvIon HETAED 00O SLOVUGUATIKOV YOPOV OOPOPETIKOV dootdoewv. Me v
pdTaoT TOL aKoAovOel Olamot@vovue OTL Ol €VVOLEG, TNG  OVTIOTPEWYIUNG
amEKOVIONG, TOV IGOUOPPIGHOD KOl TOL ETLUOPPIOUOD, €lval €VVOlEG 1G0OVVALLEG,
€QOCOV 1 YPOUUKT omekovion opiletatl avapesa og V0 SLOVUGLOTIKOVG YDPOLS LE

v 010 Temepacpévn ddotaon.

IIpétaon 5.9

Eotw n ypoyyurn oxetxovion f:U >V kou U, V 6o F — diavoouotikoi ywpor ue
dimU =dimV =n. Ta axdlovba eivar 1codovauo.:

1) feivar icopoppiouos

i) feivor avriorpéyiun

i) feivour 1-1

iv) ker f ={0,}

V) feivou empoppronog

Vi) Av to gbvoro S, ={u,,u,,...,u.} eivou pio faon tov U, tét¢ 10 00VOL0O

Sy ={f(w), f(u,),..., f(u,)} eivou uia féon tov V.

ATOdEIEN : Apkel va amoderyfovv ot cuveraymyEg : )= i), 1) = iil) , i) = V),
V)= V), V)= Vi) ko Vi)= i).

I)= ii) Ene1dn f eivon icopopeiopds, n amewkovion f eivan 1-1 ko eni. Apa opiletan n
avtiotpoen anekdvion, emopévac n T elvar avtiotpéyun.

1) = iii) Ene1on f elvar avtiotpéyun, apénet va givan 1-1, dtopopetikd dev opiletar n
avTioTPOQPM ATEKOVION).

1) = iv) Eivat o gv00 pépog oty amodeén g Ipotaong 5.5.
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Iv)= V) Eneidn woyver ker f ={0,}, tote dimker f =0, (Opiopodg 4.15). Ondte, and
mv woémra omv (5.3) éyovpe dimker f +dimIm f =dimU < dimim f =n.
Eniong, n ewodva Im f givor vadywpoc tov V, (ITapatipnon 5.2 (i) kot emmAiéov
woyvel dimIlm f =n=dimV , ondte woyver Im f =V, (IIpdétacn 4.16 (ii)). Apa, 0
ypopkn omewovion eivar ent (Iapatypnon 5.2 (ii)). Zvvendg, n  f egivan
EMUOPPLGOG.
v)= vi) Emedn S, ={u,,u,,...,u} oamoterei Pdon tov U, woyoer  on
U =span(u,u,,...,u,), amd omov mpokvmter Im f =span(f(u), f(u,),..., f(u,)),
(Ilpétaon 5.1). Anoé v vadbeon 1 anewovion f elvon eni, omote Im f =V . 'Etot,
EYovpe :
V =Im f =span(f(u), f(u,),..., f(u,)) (5.13)
Eniong, and vrdbeon 1oydel 6Tt dimV =n kot amod (5.13) eivar @avepd 611 To chHvoro
Sy ={f(w), f(u,),..., f(u,)} mapdyet to dravvopatikd ydpo V , omdte 10 GHVOAO S,
elvar ypappwd aveEaptnro, ([lpdtaon 4.15). Apa, n woétta oty (5.13) ko M
ypopukn avebaptnoio tov S, emaAndevovv Tic 6vo WLWOTNTEG ToL Oplopod 4.14,
ovvenag to S, ={f(u,), f(u,),..., f(u,)} eivon pia Béon Tov V .
vi)= i) Eneidn n f eivor pia ypappukn aneikdvion, yio vo £ivot 160pop@Iopog Tpemet
emmAéov vo amodei&ovue 0t () n feivon 1-1 ko (b) n f elvoun em.
(@) Eoto g,reU pe f(q)=f(r) xat S, ={u,u,,...,u } eivar pio fdon tov U.
Eneidn ta dwevocpata g,r eU pmopodv va ypagoldv og ypappikol cuvovacuol tov
oToryElov ™mg Baong TOV U, VILAPYOVV KATOAANAOL apBpol
KKy K €4, 0,,.... 0, € F, 1éto101 doTE
q=ku +ku, +---+ku, «ot r=lu+l,u,+---+¢.u,. (5.14)
Epapuodlovue m ypoppukn areikovion f oto 600 diavoopoto g (5.14) ko Exovpe :
f(q) = f(ku +ku, +---+k.u )=k f(u)+k,f(u,)+---+k, f(u,) (5.15)
Kol
f(ry=fu+20,u,+---+2¢.u)=0,f(u)+0,f(u)+---+¢,f(u) (5.16)
Ymv vrobeon f(q) = f(r), avrikabiotodue T1g €1kdveg TOV davucpdtov (,r omo

TG 160N TEG 0T1¢ (5.15) Ko (5.16) Kou Taipvovpe
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f@@)=~fr)=kfu)+k, fu)+--+k f(u)=20,F)+0,fu,)+--+7¢,f(u,)
< (k=) fFu)+k,—¢,)fF(u)+--+(k,—¢,)f(u,)=0,.

Enedn S, ={f(uv), f(u,),..., f(u,)} eivor pioc Pdon tov V, 10 Savdcpato
f(u), f(u,),..., f(u,) etvon ypappikd aveEaptnto. Amod TV TEALLTAIN FLOVUGHOTIKN
e&iomon, ovunepaivoope 0tt k-0, =k, -0, =---=k, -/ =0, and 6mov mpokvHnTEL
ot k=4, yio xé0e i=1,2,...,n. Apa, ywo ta dtavdocpora oty (5.14) wyder q=r,
7oV onuaivel 0t N omewkovion fetvon 1-1.

(b) Eoto éva tuyaio Sidvvopa veV . Enewn S, ={f(u), f(u,),..., f(u, )} eivar
Baon tov V, cbppwva pe v [podtaon 4.10, to dbvoopa VeV pmopel va ypagel
KATé HOVOSIKO TPOTO G YPOUUIKOS GUVOLAGHOG TV otolyeimwv g Paong tov V.
AnAadn, vmapyovv  katéAAnior  opOpoli m,m,,....m e€F, tétolor ®ote
v=mf(u)+m,f(u,)+---+m f(u,). E€uriag g ypappukoémrag mg f, v
TEAEVTOLO OYECT TN YPAPOVLLE

v=f(mu +mu,+---+mu,),
and o6mov av Ofcovpe, U=mu, +m,u, +---+mu

npokvztel 6Tt V= f(u). Elvan

n?
Qavepo OTL TO dtavucspa U givorl Ypopputkdg GuVOLOCHOS TMV SOVUGUATOV TG Bdong
tov U. Emopévag, éxovpe UueU . Xvvenwg, yia to toxaio veV Bpédnke ueU,
tét010 wote V= f(U). Apa, n f eivar eni. Aznd (a) ko (b) cvpmepaivovpe ot f givan

IGOLOPPIOUOC. soe

Mapaderypa 5.5 i) Xto [Mapdaderypo 5.3 (i) amodeiydnke 6TL N YPOUUIKY ATEKOVION
f:R* > R?*, upe f(xy)=(2x-3y,x+4y), ée ker f ={0}. Emiong, ot &bo
OLOVOGLLOTIKOTL YDPOL, OVALESH GTOVS OTOioVG OpileTar 1 AmEWKOVIOT], £XOVV TV 1010
diotaon, dimR®>=2. Zvvendg n f sivar évag 1GOLOPPIOHOS Kol VIAPYEL M
avtiotpoen anewovion 1, (IIpodtaon 5.9 (iv)- (i)- (ii)) .

i) H ypappuny omewovion f:R*> > R?, pe (X, y)=(2x+8y,x+4y), é&est
ker f ={(-4y,y) : y e R}, (ITapaderypa 5.2 (ii)). Apa, n f dev eivon 1copopeiopds,

av Kot 1 amekovion opiletol avapesa 6e Yd®POvS Tov EXoVV TNV id1a d1doTocn. **¢
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5.2 ITivokog avomapdoTaoS YPOLPIKIG OTEKOVIGNS

‘Eoto f:U -V pia ypoppxn anewkdvion, 6mov U, V givar dvo F — dwovuopartikol
xopotr menepacpévng ddotoons. ‘Eoto S, ={u,,u,,...,u,} pia féon tov U ko
Sy ={v,,v,,...,V,. } wio  Paon oL V. Oewpodue  ta  oTOUYElN
f(w), f(u,),..., f(u,)eV . Enedn 1o {v,Vv,,...,v, } &ivor Baon tov V, yvepilovpe
o6t kaBe f(u) eV ypldoetor Kotd Hovadikd TPOTO G YPUUUIKOS GUVOVOGHOS TOV
otoyelwv V,V,,...,V,, ™ Paong tov V, (IIpétacn 4.10). Aniodny, vmépyovv
LOVOOLKE, a; € F, tétowa wote

f(u)=a,v,+a,v,+--+a,v,

f (Uz) : apVytayV, +--+a,,v, (5.17)

f(u)=a,v,+a,V,+--+a,V,.
Opwopog 5.4
Eotw pio ypoyyuxy areiovion f:U -V, S, uia faon tov diavoouatikod ywpoo U
ue dimU =n xaz S, pio faon ooV pe dimV =m. Evagc mxn mivokag ovoualera
TvaKag avomapdotacns TS ypopuiks ansikoviens t wg mpog tig paoeis S, S,

av Vol TG HOPPNS

a, &, - a4,
a a .- a

(g5, =| & o, (5.18)
am1 amz amn

omov 10 &,

i=12,....m, j=12,...,n &ivar o1 ovvieleotés twv 1ootitwv oty (5.17).
210 ovppoiopod tov mivaka avorapaotaong, (f)g s » onpedvovtar ot faoes tov

dwvocpatikov yopov UV, €161 ®ote N TpdTn v avagépetal otn Baon Tov mediov
OPIGLOV TNG OTEIKOVIONG KoL 1) dEVLTEPN OTNV E1KOVA TNG omewkovions. Otav 1 Bdon S

o710 medio OPIGUOV KO GTNV EKOVOL TNG amelkoviong sivon idta onpetdveton (f);.
Yopeowva pe tov Opiopd 5.4, og kébe ypappukn anewovion f:U -V kot yo kaOe
emhoyn Baoewv (S, Paon tov U pe dimU =n kot S, Baon tov V pe dimV =m),

avtiotoyet povadikog wivakag (f)g ¢ Tomov mxn.
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Mopatipnon 5.3

i) Hmpdtn othidn tov (f)g ¢ oxmpariCetor amo toug cvviedestés tov f(U) g mpog
™ Baon S, , n dvtEPN GTNAN 06 TOLG cvvteheotés Tov f(U,) ®g mpog ™ Paon S,
KoK. AnAaodn, o mivakoc avoamopdotaong eivalr o mivakag mov €xel OTHAEG TIG
ovvtetaypéveg Tov dtavoopatog f(u) eV, og mpog ) Pdon S, , o kébe U, €S .

if) N doopevn f, o mivakag (f)g, s, eGaptdror amd Tig Paceig Sy, S, . Tyetkd eivan

TO ENOUEVO TOPASELYLLOL.

Hopaderypa 5.6 'Eoto f:R®*—>R? pe f(X,y,2)=(X+yY+2Z,X+Y) 1 ypopukn
anewikovion tov Iapadeiyuarog 5.4 (i).

Inuewdveron 6t S, ={e, =(1,0,0), e, =(0,1,0), e, =(0,0,1)}, S, ={(1,0), (0,1)} eivan
ot kovoviké Paoelg Tov R® kot R?, avtictorya.

I) Emléyovpe tig Bdoeg S;, S, yio Tov vroAoyiopd Tov mivaka avorapdotaons. Ao

T1G 106tNTEG 0NV (5.17) KOt petd amd KatdAANAOVS VTOAOYIGHOVG BPicKOvpE !
f(e,)=1(100)=(@1+0+2-0,1+0)=(11) =1(1,0)+1(0,1)

f(e,) = f(0,1,0) = (0+1+2-0, 0+1) = (L1) =1(1,0) +1(0,1)
f(e,)= (0,0,1) = (0+0+2-1 0+0)=(2,0) =2(L0)+0(0,1)

Apoa, ovppova pe tov Opopd 5.4 kot and v (5.18), o wivakag ovomapdcTtoong

; (11 2
RRCEE

i) Emiléyovpe 10 ovvoroS, ={(2,1,0),(1,11),(0,0,)} wg Baon otov R® wor v

sivo:

kavovikhy Baon S,ctov R*. Me dpoto tpomo, 6mwg oo (i), Bpickovpe 611
f(2,1,0)=(3,3) =3(1,0)+3(0,2)
f(1,1,1)=(4,2)=4(1,0)+2(0,2)
f(0,0,1) =(2,0) =2(1,0)+0(0,1).

Apa, amo v (5.18), o mivakog avamapdotoons stvot

3 4 2
f = o0
(Dss, (3 2 oj
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Ye kaBe doopévn ypapukn oamewovion f:U -V avtictoyel évag mivaxog
(f)s, s, TOmOL Mxn, 6mov S Paon tov U pe dimU =n xor S, Bdon tov V pe
dimV =m.

Ioyvet ko to avtiotpopo, Onhadn oe kabe mivaka, TOTOL MX N, AVTICTOEL akpIfdg
Hia ypopukn aneikdéviorn. O tHmog g aneikdviong tpocdtopileTon omd TIG 160TNTEG
omv (5.17), &govtag TpokaBopIGUEVES TIG BAGELS TV V0 JUVUGUOTIKOV YHPWOV.

Av onlodn Bélovpe va Ppodue v €woOva gvog Olavdopatog ueU, 1ote
npocdopilovpe TIC GLVTETAYUEVEG TOV U ©G Tpog T Paon S, ={u,,u,,...,u,} tov U,
nov &yovpe emAaééet . 'Eoto 01t 10 dtvuopa U ypaeetar: U= XU, + XU, +---+ X U, .
Oewpodpe €vav TIVOKO-CTAAN HE TIC GLVIETAYUEVEG TOL OlVOGUATOS U, £0TM
X=(X X, -+ X.)'. Tolomhaocidlovpe 0 doouévo mivoko, (f)s,s, &m0 X Ko
Bpiokovpe to Sdvvoua  cvvtetaypévov tov  f(X) w©g¢ mpog ™ Pdon
Sy ={v,,Vv,,...,v,} tov V, dntadn

F(X)=YV, + YV, ++ Y V. (5.19)

Mapaderypa 5.7 Ectw dvo Paceg S, ={u, =(1,11),u, =(1,0,1),u, =(0,0,1)} xor n

kavovikh) Béon S, ={e,,e,,e,} 1ov R°. Eotw n ypapuun aneucdvion f:R® —R®

~ O

© U W
Z
S

1
pe mivaka ovomapdotacng o mpog Tl dvo Paces (f)g s =[0
2

vroloywsbei to diavoopa T (1,-3,2).

"Ecto éva didvoopo UeR®. @sopodue 6TL T0 U avikel 6To Tedio 0piopod ™G
ameoviong kot 61t o ydpog R® éyer Paon to ovvoro S, ={u,,Uu,,u,}. Ondte, 10
Stbvoopo. UeR® ypaoetanr  U=(X,Y,2) = YU, +(X=y)U, +(z=X)U;. Amd MV
TpoNyoLUEVN avdAvon eivol eavepd OTL O TVAKOG-GTNAN UE TIG GLVTETOYUEVEG TOL
Stavdopotog U givar X =(y X—Yy z—X)'. IoAamhacialovpe Tov mivaka (f)s,s, eml

1 0 3 y —-3X+Yy+3z
X, (f)gs,X=10 1 5| x=y|=|-4X-y+5Z]|.
2 7 8)\z—x -X—-5y+8z

210 ohvoro TipH®V 1 Baon S, elvar n Kovoviky, omoTe £Xovpe
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f(x,y,2) =(-3x+y+3z)e, + (—4x—y+5z)e, + (—x -5y +8z)e,
=(-3x+y+3z, -4x—-y+5z, —x-5y+82).
To {mtoduevo dudvvoopa mpokvmtel amd tov  TOmo g f oo eivon

f(1,-3,2)=(0,9,30). XX

Ao to wponyovueva givar gavepd Ot o€ KAOE YPOUUIKY ATEKOVIOT UTOPOVUE VoL
vroloyiCovpe évav mivaka, o omoiog kdbe eopd e&aptdrol omd Tig fAoelg Tov Exovpe
EMALEEL GTOVG OLOVUGLOTIKOVG YMPOLG TOV TEGIOV OPIGHOV Kot TNG EKOVAS TNG
YPOUUIKNG amelkoéviong Ko avtiotpoga. ‘Etol, cuvoyiloviag éyovpe v emduevn

TPOTACT).

Mpétaon 5.10
2e kabe ypoyyurn ameikovion f:U >V, ueta my emdoyn twv facewv ortovg dvo
F — diovoouotikovg ywpoog U, V, we dimU=n xoz dimV =m, avuororel

OUPLULOVOCTHUGVTO. EVOG TIVOKAS TOTOD MXN.

Expetaiievopevol v op@ULOVOCTILOVTIN OVTIGTOYIO YPOUUK®V OTEIKOVIGEMY Kol
TvaKoV, Tov Tapovctdletar oty [Ipotaon 5.10, eEetdlovpe ot GLuVEXELD P €101KN
nepintoon ypoppukdv oanewkovicewv f:U —>U, n omoia mapovcialetr 1diaitepo
evdapépov. ‘Eoto S ={u,u,,...,u} pla Baon 1o U ko (f); o mivaxag
avVomapAcTaoNS ™G mpog T Paon S. Amd v (5.18), givar @avepd 6Tl 0 TivaKog

aVATOPACTAOTG EVAL TETPOYOVIKOGS

a, @, - 4,
a a v a

(f)g=| = 2 ™= A, (5.20)
an1 anZ a‘nn

Avtiotpooa, Yo évav tetpayovikd mivakae Ae M (F) kot yo pio yvoot Bdon evog
OLOVOGLLOTIKOD YDPOV, LILAPYEL LOVOOIKY YPOUUKT OTEKOVION, O TOTOG TNG Omoing

Bpioketar petd tov moAlaniactacuo tov mivaka A eni to didvoopa Xg. Aniadn

Axg = (f(X))s, (5.21)
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omov Xy elvon o mivaxag-oTAN pe otoyelon TIC cvvieTayuéveg €VOC TLYOIOV
dovoopatog X og mpog ) Paon S ko (f (X)) eivar o mivakag-oTAn pe ototyeia
TIG GUVTIETAYUEVEG TOV JLOVOGLOTOG TNG EIKOVAG TOV X ¢ TPog TNV 101 Baon (PAEre
v avtictoyn wwotnta oty (5.19)).

Mopadsrypa 5.8 No Ppebel o mivakag avamapdotaons TG YPOUUIKNAG OTEKOVIONG
f:R* > R? pe f(x,y)=@x+y, 2x+4y), oc mpog 11¢ Baceg S, ={(2,1), L, 1)} xou
S, ={@1),@-D}.

I) X710 medio optopov Kot otV 1kOVa TG Ametkoviong Bewpovpe fdon 10 civoro S, .

O1 avtiotoryeg 10otnteg otV (5.17) ypdopovton
f (2’1) = (7’8) = _1(211) + 9(1!1)
f(@1)=(4,6)=-2(2,1)+8(11)

A.

-1 -2
Apa, amd v (5.20) o mivakag avarapdotaong etvon (f)g =( 9 8}

i) 1o medio optopo Kot oty gikdva g answkdviong Bempodue fdon to cvvoro S, .

Me avaroyo tpomo, Onwe Tponyovpeva Bpickovpe 0Tt 1oybEeL :
f (la 1) = (41 6) = 5(1! l) _1(1’ _1)
f(1,-1)=(2,-2)=0(,1)+2(1,-1)

Apa, 0 TIVOKOC ovVamapdoTaoTS (SLopopeTIKOC amd Tov Tponyovduevo 4) gival

5 0
(f)s2 :(_1 ZJ:B-

i) Zto medio optopol g anckdvions Bewpovpe Paon To GHVOAO S, KOt 6TV EKOVOL
70 GOVOAO S, .
Me avaroyo tpodmo, dnwg mponyovueva, Ppickovpe 0Tl 1oydEeL

f@-(.8=20)—5 LD

f (1’ 1) = (41 6) = 5(11 1) _1(1! _1)
Apa, 0 TvaKag avomapdoTaons (SapopeTikodg and Tovg mivakes 4,B) elval

15 5

A =G. XX
_% _

X10 TEAOG OVTNG TNG EVOTNTOG, OVOPEPOVTOL TPES CNUOVTIKEG TPOTAGELS, OV

(f)sl,s2 =

dglyvouv OTL 1 AUEULOVOGTLLOVTY] OVTIOTOLYIO, TTOV VITAPYEL OAVAUESO OTIC YPOUUKEG



Kepdhato 5 — Tpoppikéc anetkovicels 22 am6 40

OTEIKOVIGELS KOl GTOVG OVTIOTOUY0VG TIVOKES avamapdoTaons, aglomoteital otn Avon
ONUOVTIKOV TPOPANUATOV TGOV YPOUK®OV Onelkovicewv. Avtd to mpofAnuarto
avayovtol 6T AVoT TPOPANUATOV aVTIGTOLY®OV TIVAK®V KOODS Kol avTioTPOPaL.

21 TpOTOoT), TOL aKoAOVOEL, diveTar 1 tkavn kot avaykaio cuvOkn Gote va givol
plo  yPOUUIK  OTEIKOVION  OvTIOTPEYUN. Avtd ovvdéeton pe TOV  mivoka
aVATOPACTOONG TNG OMEKOVIONG, ®OTOCGO 1 omddel g mapoAeimetal, O10TL
amoteitor gpappoyn Beopnudtov Aiyeppag, too omoio Oev KpiveTow GKOMUO Vo

avopephoiv.

IIpoéTaon S.11
Eotw S uio poon evog F — diavoouatikod yawpov U ue dimU =n. Mia ypouuixn

ancikovion T :U —U eivar avuotpéyiun ov kot povo av o mivokog avomopaotoons

(f)s = AeM_ (F) eivar avriotpéyuog xou téte woyder (f71) = A,

Mio apketd ypioun ametkovion, mov cuvdéet Toyaio davdopoata X € M (IF) pe

T othAeg evog mivaka Ae M (IF), etvon 1 ametkovion

Ch M (F)->M (F) pe x— AX,
n onoia eivon ypappwn (Tapdderypa 5.1 (vii)). Eoto €, i=12,...,n, 1a dtavdopotoa
™mg Kavovikng Baong tov M, (F). O mivaxag-othAn e, éxet povada oty i—0&omn
Kot OAa ta GAAa givor undév, (Tapdaderypa 4.8 (iv)). Eivor @avepd oti
c,(e)=Ae =c, (5.22)
omov ¢, etvar m i—omAn tov wivaka 4. EmmAéov, emeidn to dwavdopato €,
1=12,...,n, mapdyovv 10 dlavucpotikd yopo M, (F) -og otoyeio Pdonc-,
ocoppowva pe v [pdtaon 5.1 woydet
Imc, =span(c,(e,),c,(e,),....,CA(E,)).
OTOTE KAVOVTOG OVTIIKOTAGTOON HE TS 160tNnTeG amd Vv (5.22) KOTOANYOLUE OTN
oyéon
Imc, =span(c,(e,),cA(e,),...,CA(e,)) = span(c,,C,,...,c,) =C(A), (5.23)
o6mov C(A) o ydpog otnAdv tov 4, (Optopodg 4.13).
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Xy endpevn Tpdtact ypnolonoteital 1 Oewpio TOV YPOULUK®OV ATEIKOVIGE®DV Y10
va mopovctacodv ot amodeiEelg Twv mpoPAnudtov, mov oyetiCovtolr pe TNV
AVTIOTPEYIROTNTA €VOG TETPAY®VIKOD Tivaka 4, to Babud tov, Kabdg Kot pe

ypoppikn avegoptnoio Tov 6TNAGV T0L 4.

IIpoéTaon 5.12

Eotw Ae M, (F). Ta axélovle eivar icoddvoua.:

1) O mivaxag A eivor avtiotpéyiuog

i) r(A)=n, orov r(A) o fabuos tov wivaxa A

1) O1 otijles tov mivaxa A eivau ypoyuixd avelaptnteg, av GewpnBodv w¢ aroryeia

oo M, (IF).

Am6d€IEN : Apkel va amoderyfovv ot cuveraymyEg : 1) = i), 1) = iil) kou 1) = 1).

‘Eoctw n ypoppkny amewovion €, M (F)> M, (F) pe x— Ax, ko e,

nx1 i

i=12,...,n, ta davdopora g kovovikng Baong tov M, (F). And tov opiopod g
ameoOvIonNg C, kot TG 100tnteg oty (5.22) eivar @avepd Ot o mivakag
avamopdoTacng TG C, g Tpog TV Kavovikn Baon S, (S, Pdon tovdiavucpatikod
YOPOL TOV TESIOL OPIGHOV KOl TNG €KOVOC) &ivarl akpipdg o mivakog A4, onAadn
(Ca)s, = A.

)= i) Eoto A4 ovtiotpéyylog, omdte m amekdvion C, &ivor aviioTpéyiun,
(Ipdétaon 5.11). Tdopewva pe T1¢ 1oddvapeg tpotdoelg otnv Ipdtacn 5.9 (ii)-(v)
avTIoTPEYIUN amelkovion €, eivon empopeiopds, apo Imc, =M, (F). Onorte,
ocvvovalovtag tv mponyovuevn ootnto pe v (5.23) ovumepaivoope Ot
Imc, =C(A) =M, (F). Eniong, enedny dimM _,(F)=n, and v terevtaio tavtion
Tov  Swvoopotikdv  yopov  Eovpe  dimImc, =dimC(A)=dimM ,(F)=n.
EmmAéov, woyder dimC(A)=r(A), (BAéne wotnta oty (4.33)), omdte N amoddeén
0AOKANPOONKE.

if)= iii) ' Eoto r(A)=n.Enednq dimC(A)=r(A)=n xa C(A)=span(c,¢c,,...,C,)

(Opropdg 4.13), 1o ovvoro {C;,C,,...,C } eivar ypoppké aveEapTnTo HTOGHVOAO TOV

M. (F), (Ilpétaon 4.15).
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lif)= i) 'Ectw C,,C,,...,C, ot ypappkd aveEaptnteg oTHAEG TOV 4. VUMV e TV
[Ipdtaon 4.15, to svvoro {c,,C,,...,C, }mapdyet T0 xdpo otnAdV C(A) Kot ETOPEVOG
eivan pia Baon tov C(A), pe dimC(A) =n. Emmiéov, and v 6ot oty (5.23)
ovunepaivoope dimimc, =dimC(A) =n. ‘Etot, kGvoviog ovIIKOTACTAOT HE TIG
YVOOTEG SOGTAGELS GTNV 10OTNTA TOV dlaoTdce®V NG (5.3) £yovpe

dimkerc, =dimM,_, (F)-dimImc,=n-n=0,
and omov ocvumepaivovpe Ot kerc, ={0}. Emopéveg, n amewodvion c, eivon
avtiotpéyun, (Ilpodtaon 5.9 (iv)-(ii)) . H avriotpéyiun ypappikn oneikovion €, €xet

avtiotpéyipo mivaka ovomoapdotoons (Ipotaon 5.11). Apa, o mivaxag 4 eivon

OVTIGTPEYILLOG. oo

2 ypoppukr amewkovion €, Paciletor kor M amddeln g mpotoong mov

akolovbel , n omoila avagépeTon 6T0 TANBOG TOV TOPAUETP®V TOV £XEL O YDPOG

Moev (UMdevOX®POC) EVOG OLOYEVODS YPOLLULIKOD GUGTHLOTOG.

IIpoéTaon 5.13

Eotw AeM_  (F). O yapog Looewv, N(A), tov ouoyevovs ovotiuotosc AX =0,

&yel odotaon
dimN(A)=n-r(A),

omov r(A) eivar o fabudg Tov TivaKae TV GUVIEAEGTMOV TOD GOOTHUOTOG.

Anéoeln @ Onwg oty amdoen g I[lpotaong 5.12, Bswpovue 1N ypoppuKn

anewkoviony C,: M (F) > M, (F) pe X - AX kot to dwovocpato €, i=1,2,...,n,

nx1 mx1

™mg kavovikng Paong tov M, (F). O mivaxag avoropdotaons g C, MG TPOG TNV
Kavovikn Paon eivar o mxn mivakog 4. Xto IMopaderypa 5.2 (iii) kot oty (5.2)
amodeiynke

kerc, =N(A).
Enedn amd v woémta oty (5.23) woyvet Imc, =C(A) ko omd v (4.33) oyvet
dimC(A)=r(A), yw tov vndymwpo Imc, cvunepaivoope Ot

dimimc, =dimC(A) =r(A).
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Emmiéov, yo to dwavvopatikd yodpo M., (F) wyoer dimM ,(F)=n. Kavovtoag

nx1
QVTIKOTAGTOOT GTNV 160TNTA TOV JUCTACEDY TOV SLIVUCUATIKOV YOp®V oty (5.3)
¢ [Ipdraong 5.2, £xovpue

dimM_,(F)=dimkerc, +dimimc, < n=dimN(A)+r(A),

GLVETMG 1N amddelEn elvan dpeon). o0

Zvvdvdalovtoag Tig toodvvapieg g [podtaong 5.9 pe avtég twv [potdoswv 5.12, 5.13

Kot 4.9, KAToAYOUE GTNV ETOUEVT EPOPLOTYT.

E@appoyn 5.1

Eotw Ae M, (F). Ta axélovle eivar icoddvoua.:

1) O mivaxag A eivor avtiotpéyiuog

ii) O mivaxag A sivor ypauuoisodiovapoc™ e tov I,

iii) r(A) =n, dmov r(A) o faludc tov mivoxo, A

IV) To ouoyevés abotnua AX =0 Eyer uovo ty undevikn roon

V) O atijles tov mivako A givor ypopikd aveloptntes, av Gewpnbovv w¢ otoryeio
oo M, (FF)

Vi) H didoroon tov ywpov otniav tov wivaka A eivar N

Vi) H diaoraon tov yapov ypouuddv tov mivaxa A givar n

viii) H diaotaon tov yapov Avoewv (undevoywpov) eivar unoév.

W BA&re Tov Opiopo 3.4.
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5.3 Ahrayn Baong — Oporor mivakeg

IV TPONYOLUEVT] €VOTNTO OlOMIOTOCOUE OTL 0 KAOE YPOUUKY OTEKOVION
avTioTolyel évag mivakag avamopdotacns, o omoiog e€aptdtor and TG PAcES TOv
gyovpe emAéEel GTOVG SAVLGLOTIKOVS YDPOVG TOV TTEdIOV OPICUOD KoL TNG EIKOVOS
¢ anewovions (Ilapaderypo 5.6). AxOuo Kol GTNV TEPIMTOON 7OV 1) OTEIKOVION

eivan f:U > U, omdte o mivakag ovamapdotoong eival TeTpaymvikods, TaAL o
nivakog eEaptdtor amd TV emdoyn tov Pdoswv oto dwvucpatikd yopo U
(ITapdoderypa 5.8). To epdtnua mov tibBeton gival «OTAPYEL GYECT TOL GLVIEEL AVTOVS
TOVLG TIVOKEG;».

‘Eoto n tovtotikn anewovion, 1, :U ->U, pe 1, (u)=u, ywa k4 ueU . H 1,
givan ypoppkn omewkovion (IMapdderypo 5.1 (X)). Ag Bewprioovue dvo Pdoelg tov
dtavuopotikod ydpov U, oto medio opiopov 1o cdvoro S, ={u,,Uu,,..., U} Kot otV
EIKOVOL TNG TOVTOTIKNG amewkoviong 1o ovvoro S, ={v,,Vv,,...,v }. Emnedn «dbe
otoeio Tov Sravvopatikov xdpov 1, (U)=U ypdeetor kotd povadikd tpomo g
YPOUUKOS GuVOLACUOG TV oToyeiov V,,V,,...,V,, (IIpétaon 4.10), vrdpyovv
LLOVOAOTKAL a; elF, I,j=12,...,n, 610100 ®OTE

U =1(u1) =ayV +ayV, +--+a,V,

u, .Zl(uz) TR AP PA (5.24)

u,=1u,)=a,v,+a,Vv,+--+a,v,.

Opwopog 5.5
O tetpaywvikog mivaxog avomopaotoons s tavtotikns omekovions 1, :U —U
ovoudletor  mivakag allays pdons amno wm Paon S, ={u,U,,...,u.} oy

S, ={v,,v,,...,V,} ki 1000t0u ue

Q, &, - &,
a a cee a

Pos,=| o+ 0 1, (5.25)
a, a, - q,

Omov T, ;;

i i, j=12,...,n eivou o1 ovvieleotéc twv 1ootitwy atny (5.24).
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‘Eoctw 61t 10 dtdvvopo XeU, og mpog ™ Pdon S;, €xet ovvietaypéveg

t

(X X5 .o X,)
100tnTEG oTNV (5.24) éxovpe

, OAadn X = XU + XU, +---+ X U, . K&vovtog avtikatdotacn and tig

X = XU, + XUy +-++ X U,
= X (@ V) 8V, o8V, )+ X (BVy + 85V, oo+ B,V ) o X (A Vg + 8y, A, V,)
= (X1311 T X8y, +oor Xna1n)V1 + (X1321 T X8yt XnaZn)VZ Tt (Xlanl T X8, +oe Xnann)vn'
Av Bewproovpe 01t 10 dtdvucpo X eU éxet g mpog ) Paon S, cvvretaypéveg

(Y, Y, -.n Yy)' s TOTE M TPONYOVUEVT SIVUGHOATIKY 1GOTNTO, KATOAYEL GTO GOGTNLA
X@yy + X8y, +oot X &y, =Yy
X8y + X8+ + X &y, =Y,
Xlanl + X2an2 toeet Xnann = yn '

TO OTOI0 UE HOPOT| TIVAK®DV YPAPETOL

X Y1
X

Pslvsz :2 = y52 ' (526)
Xn yn

TomoBetovpe T StoviopaTo TOV BACEOV OC GTHAEG TIVAK®OV
K= u, - u) xat L=(v v, - V), (5.27)
omote, and v (5.26) &xovpe
K=LPR . (5.28)
Ov wivokeg K,L épovv omieg ypappikd aveédptmro SwavOopata, dapo  givor
avtiotpéyipor wivakeg (Ipotaon 5.12 (i)-(iii)). Emopévac, and v cdtra otnv
(5.28) &yovpe
P.s, =L'K=(v, v, - V) u, - ou). (5.29)
Enedn n tovtotik oamewodvion givor avtiotpéyun, o mivakag Py oo eivon
avToTpEYIHog Ko ooppovoe pe v [potaon 5.11 oty avtictpoen ypoppkn

OMEKOVIOT AVTIGTOLKEL O aVTioTPOPOG Tivakag Tov Py ¢ -, dnhadt

Psz,sl=Ps:,lszzK_lL=(U1 U, = U)(v, Vv, = V). (5.30)



Kepdhato 5 — Tpoppikéc anetkovicels 28 am6 40

Mapaderypa 5.9 ‘Eoto ot Baceg S, ={(2,1), 1,1} xar S, ={(1,1), (1, -1} tov R?,
onwg oto [Mapdderypa 5.8.

O mivaxog aAlayng PBaong amd ) Paon S, omv S,, cdupava pe v 16dHTMTO GTNV

o (1 17(2 1)_1(3 2
%01 —1) (1 1) 211 0

Kot 0 mivaxag aAlayng Baong amd v S, oy S, cOHE®V HE TNV 16OTNTO TNV

2 1Y'(1 1) (0 2
P52-51: = . XX
11/ \1 -1) (1 -3

‘Eoto pio ypoapukny amewdvion f:U -V, aviueso otovg S10vuGHOTIKOVG

(5.29), eivan

(5.30), eivan

XOpovg memepoacpévng ddotaong U, V , kar 600 Pdoeg S, S, xabog kot ot
TowtoTikéG suvoptoeg 1, 1 U - U ka1, : V =V . Zopewva pe v Ipodtaon 5.3
(), n odvBeon cvvapmoewv 1, o fol,:U -V seivar ypoppikn answovion. Onwg

QaiveTal Kot oo

A

v S f g S
‘r 2 2
IDsl,sz Iy Iy IDsz Sy

f A\ 4

U >V
S, i S

ymua 5.2

TO ZyNua 5.2, Y10 TOuG avTioTOL0VG TIVAKES, GLUTEPAIVOLHE OTL IGYVEL 1] 1I0OTNTA:

A=P, (AP, ¢ (5.31)
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Ymv wepintoon mov dimU =dimV =n, o wivakag avamoapdctacng A ival nxn, kot
emmAéov and v (5.30) eivon gavepod ot woyver By ¢ = Psfsz . ZVVETMOGC, M 100TNTA
omv (5.31) ypapeton A=P% AP, ¢ .

Aivovtog amdvtnon 6to epdTNHa Tov TE0NKE 6TV apyN NG EVOTNTAS, SIMIGTOVOLLE
0Tt ov wivakec avamapdotaong A, A ™mg Ypoppkng amewoviong f:U - U
GLVOEOVTOL LE TN GYEOT

A=P AP,  , (5:32)

onov Py ¢ eivar o mivakag adAayng Bdong omod t Pacn S; oy S,.

Hopdderype  5.10 ‘Eoto 1 ypappik)  amewovion f:R* >R*> e
f(X,y)=0Bx+Yy, 2x+4y) «xor o6t 600 Pdoeg TOL R?* sivar Tt ocvvola
S, ={(2,2),@D} xor S, ={(LD),(L-1)}.
Onwg vroroyicOnke oto Ilapdaderypa 5.8 (i), emréyovtog to cvvoro S, wg Bdon oto

nedio  oplopov kor oty ewodvo ™ f, o wmivakag avamapdotaong eivor

o (1 -2
(1)

Eniong, oto 1610 [Topdaderypa 5.8 (i), emréyovtag og Pdon 1o chvoro S,, 0 Tivakoag

A.

50
avamapaotaons etvon (f)g :( 1 2] =B.

2o Hapdoderypo 5.9 vroloyiCetor o mivakag arroyrg Baong and m Pdon S, oty

s o 5 1(3 2}
,» 0 0motog eivan Py o =— :
w2 2(1 0

H 1oomta oy (5.32) enainbevetor amd Tou mopamive mivakes, O10Tt 1oyOEL
-1 -2\ 1(3/2 2/2\"( 5 0)(3 2
== . XX
9 8) 21/2 0 -1 2){1 O

Opropdg 5.6
Avo tepaywvikol mwivaxes A,B e M (F) Aéyoviar dporor, av vmdpyer avriotpéyipog
nivoxas P e M, (F), téroioc oore

B=P'AP (5.33)

O mivaxag P ovoud{etor mivakxag oporotnrog.
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Mopddoerypa S.11

1 -2 1 2
i) Ot mivokeg A=(O 3}, B =(O 3) givor OpotoL, S10TL Y10l TOV OVTIGTPEYILO

1 2
nivoka P = [O J oyvel N womrta oty (5.33), dniadn
1 -2 L(1 2
=P P.
0 3 0 3
. , 10 0 1 o , S
i) Ot mivaxeg A= 0 ol B= 0 0 dev givan dpowot. [paypatt, €otm 0TL VEGPYEL

a b
avTioTpéyipog mivakag P tétoloc wote, A=P'BP <> PA=BP. Av P =[ dj’
c

& allo o ol oJ[e s ofpeeeee

0 b
amd omov cvumepoivoope 6tt P =(0 o) Etvor @avepd 011 o mivaxog P dgv givon

1018

avTIoTPEYIROG. Apa, dev emainBevetan o Oplopdg 5.6, cuvenmg ot mivakeg A kot B

dev glvai dpotot.

-1 -2 50
iii) O mivakeg avamapdotoong A=( j, B =[ 2), KOl O OVTIOTPEYIOG

9 8 -1
, . s 1(3 2 , , .
mivakag odrayng Baong P ¢ = 21 o enaAnfevovy v wwotnta oty (5.33), dnwg
amodeiyOnke oto IMapddetypa 5.10. Apa, o1 wivakeg A4,B givar dpotot. o0

Me apopuny to Iopaderypo 5.11 (iii), mopotmpovpe OTL 01 OUOIOl TIVOKEG
cuvoéovTat pe T Bewpio TOV YPOUUIKOV OTEKOVIGEDV KOl WOL0HTEPO LE TOVS TIVOKES
AVOTOPAGTOCNG, TOV OVTIGTOLYOVV GE KAOE YPOLLUKTY OTEIKOVIOT).

"Etot, cuvovalovtag tov Opiopd 5.6 pe v wotta oty (5.32), dwumotodvovpe 0Tt

o000 mivakeg A,Be M, (F)eivar duotor mivoxes av xoar péovo ov eivonr mivokeg

AVOTOPAOGTAGNG OV AVTIOTOW OOV otV idta ypoupiky arewovion f:U ->U, og

TPOG OPOPETIKEG  Pdoelg Tov dlavuspatikoy yopov U, (BAEme kol 6OyKpve TOVG
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nivakeg A, A oto Zynua 5.2). Emonuaiveror 6ti, 0tav vmoloyilovtol ot mivokeg
A, B, emAéyovpe Vv 010 fdon ot1o mEdio optopoD KoL GTNV KOV TNG ATEIKOVIONG
f.

Ot opotor mivakeg eivor apketd onuovTikoi, S1OTL YPNOYOTOOVVIOL Yo THV
mopovcioon evog mivoka Pe 0G0 TO SVVOTO MO OTAOTOMUEVI] HOPPT, ONAadN Vo
BpiokeTon 6GO YIvETOL «TTI0 KOVTIO» GE O0LYyDVIOL LOPQY| 1| GE TPLY®VIKT LoPp@Y|. AVvTO
EMTVYYAVETOL [LE TNV EMAOYN ATAOVGTEPNG PAOTG OTO SAVLGUOTIKO YDPO, TAVEO GTOV
omoio opiletar n ypoputkny omewoévion. Ot onuavtikdtepeg WOOTNTEG TOV OpOiV

mwvakov A Be M, (F)eivor :
det A=detB, trA=trB , r(A)=r(B) (5.34)

[lepiocOtepeg 1WO10TTEG HE  TIC AMOOEIEEC TOVG KAOMG KOl Ol CNUOVIIKOTEPES

EQUPUOYES TV OpoimV Tvakwmv divovtot 6to Kepdloto 8 kar otnv E@appoyn 8.9.
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5.4 T'evikG OpOdEIYRATO KOl EQUPNOYES

Mopdoerypa 5.12 Na e€etacbel moteg amod TIg EMOUEVES AMEIKOVIOELS Elval
YPOUHIKES:
i) f:R*>R?, pe f(X,y,2)=(2x+xy,x-3y-2)

i) g:R* > R? pue g(x,y,z)=(Bx+4,2x-5y+3z,x-y—12)
iii) h: R®* > R?, pe h(x,y,z)=(2x+|z|,x-3y-2)

iv) k:R* > R?, pe k(x,y)=(2x,x=3y,x+Y)
Am6deln : 1) Homewovion f dev sivan ypappukn, dott f(2,2,2) =(8,-6) xou

2f(1,11)=2(3,-3)=(6,-6) . Zvvenmg, ocv emaindeveta n wotnTo (b) TOL OpLopon
5.1, emedn wyver f(2,2,2) =21 (L,11).
i) H anewdvion g ogv givar ypappukn, oot g(0,0,0) =(4,0,0) = (0,0,0), dpa dev
emaAn0evetar oot otnv Hoparipnon 5.1 (ii).
i) H amewovion h dev eivan ypapukn, ot h(0,0,-1) = (4,1) ko h(0,0,1) = (1,-1).
Yvvendc, Oev emoAnBedeton - wwwmTo (B) Tov Opiopod 5.1, emewdn oyvEL
h(0,0,-1) #—h(0,0,1) .
Iv) H anewovion K etvor ypoppkn. Ipdypott, éoto ta dtavoopato U, = (X, Y;),
u,=(x,,Y,) eR*, a,beR. Kdvoviag npéteic emaindeveton n 166mta oy (5.1),
OOTL &yovpe
k(a(x,y,)+b(x,,y,)) =k(ax, +bx,,ay, +by,)
= (2(ax1 +bx,), (ax, +bx,) —3(ay, + by, ), (ax, +bx,) + (ay, + byz))
= (2ax,, ax, —3ay,, ax, +ay,) + (2bx,, bx, —3by,,bx, +by,)

=a(2x;, X =3y, X +Y,) +b(2X%,, X, =3Y,, X, + Y,)
=ak(x, y,) +bKk(x,,Y,).

o0
Hopaderypa 5.13 ‘Eoto 1 ansikovion f: R - R?, pe

f(X,y,2)=(x+2y—2, y+2z, Xx+y-12).
1) Na amodeydsi 6t n f elvon ypoppukn onekovion).
ii) No Bpebet pia Baon ko n didotacn tov Ttopiva Ker f .
iii) Na Bpebeti pia fdon ko n didotoon g ekovag Im f e anewoviong f .
Am6o€En : 1) H amewovion f eivar ypappukn, 510t av Bewprioovpe ta dtoavocpoto
U =0x,Y,2), U,=(%,Y,,2,)eR®, abeR, enaknbedetar n w6oémta omv (5.1),

OIS JAMIGTAOVETOL AKOAOVOMG:
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f (au, +bu,)
= f (a(xv Y1, 2) +b(X;, Yy, Zz)) = f (ax +bx,,ay, +by,,az, +bz,)
= (ax, +bx, +2(ay, +by,) —(az, + bz,), (ay, + by, ) + 2(az, + bz,),

(ax, +Dx,) + (ay, +by,) — (az, +1z,))
= (ax, + 2ay, —az,, ay, + 2az,,ax, +ay, —az,) + (bx, + 2by, —bz,, by, + 2bz,,bx, + by, —bz,)
=a(x, +2y,—2,Y,+22, % +VY,—7,)+b(X, + 2y, -2,,Y, +22,, X, + ¥, — Z,)
= af (Xv Yis 21) +bf (sz Yos Zz) = af (ul) +bf (uz)-

i) Zopeova pe tov Optopd 5.2 (i), ywa tov mopiva g f éxovpe
u=(xy,z)ekerf < f(x,y,2)=(0,0,00 = (x+2y-2z, y+2z, x+y-2)=(0,0,0).

Amd OOV TPOKVTTEL TO OLOYEVEG GUOTNUO,

X+2y—-2=0
y+2z=0
X+y —-z=0

O mivakag 4 TtV ovVTEAESTOV TOL ovoTAHoTOg &xel det A=2#0. Xvvenwmg,
oOLEOVA LE TG Iooduvapieg Tov mpotdoemv (i)-(iv) oty Eeapupoyn 5.1, 1o cvotuo
éxel povadikn Avon ™ undevikny. Apa, u=(Xx,y,z)=(0,0,0) = ker f ={0} xor
dldotacmn Tov mopnva givor undév, (Optopdg 4.15).

iii) Enedn n anewovion f elvan ypappkn kot and to gpdtnpa (i) woyvel ker f ={0},
oOLEOVA LE TNV 1oodvvapio TV tpotdoewv (iv)-(vi) g IIpodtaong 5.9, pia Baon g
ewovag Im f eivon to cdvoro S, ={f(e)), f(e,), f(&;)}, 6mov S ={e;,e,,e,} eivan
1 kovoviky Baon tov R,

"Etot éxovpe

f(e,)=1(100)=(01), f(e,)=1(0,10)=(211), f(e;)=1(0,0,1)=(-1,2,-1)

ko dimIm f =3.

Hapotipnon : Otav egivor yvoot| N ypoppukn omekdvion, €vag GAAog TpOTOg
VTOAOYIGHOV TG Pdong g ewovag eivar va Bpebodv mpdta To. SOVOCUOTO TOV
mapdyovov v Imf «xor kotomv,  ypnowomowwvtag Ttovg Alyopibuovg Tov
Kepaiaiov 4, va kotackevaotei pio Bdaon tov vmoydpov Im f. 'Etol, yio
ovykekpuévn amewcovion T, xovue

f(x,y,2)=(x+2y—-1z, y+2z, x+y-2)=x@,0,1)+vy(2,2,1)+2(-1,2,-1),

and omov cuumepaivovpe 6t Im f =span(v,,v,,v,), pe v, =(1,0,1), v, =(2,2,1) ko

v, =(-12,-1).
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To Swovdopata v, V,,V, etvar ypappucd aveEapmra. Ipdypatt, av ta tomodetcovpe
®g oTNAEG o€ évav mivako A= (V, V, V,), t0te det A=2#0, cuvendg, o mivakog 4
eivar  avtiotpéypog. Amd v wwodvvopia (i)-(ill) tg Ilpotacng 5.12 (
gpappolovtag tov Akyopiduo 4.2) eivar @avepd O0tL ta dwovdopoto Vy,V,,V, elvot
YPOLLUIKA aveEapTnTaL.

Apa, pia Baon g wodvag etvar To oovoro S, ={V,,V,,V,}, 0101t emainBevovTan ot

Im f

1010t Teg Tov Opiopov 4.14, pe dimim f =3. 00

Hopaderypo 5.13 ‘Eoto pio ypauuky amewcovion f:R* - R?, tétola dote
f(1,)=(2,3), f(0,2)=(,-1).
i) Na Bpebei 1o diavoopa f(X,y).
ii) Eoto 6t S, ={e,,e,} eivor n xavoviky Baon tov R* war S, ={u,,u,}, ue
U =(2,5), u,=(12). Apod domotwbel 0Tt T0 chvoro S, amotelei pio Baon tov
R?, vo Bpebei o mivakag avamapdotaong mg f og mpog 11g Péoeig S;,S, xar o
TVOKEG avamapdoTaong o¢ mpog T Paon S, kot g mpog t Paon S, (idw Pdon oto
1edio oplopoD Kot 6TV EIKOVA TG ATEIKOVIONC) .
iii) Avn f eivon avtictpéyiun ansikovion, va Ppedei o Tomog g .
Am6o€IEN : 1) Avalntodue Tov TOmO NG amekovions. Lopemva pe to [Hopdaderypo
5.1 (iv), n amekovion i vo. ival YPOoUULKY, TPETEL Va EIval TG LOPONG
f(x,y)=(ax+by,cx+dy), ywa a,b,c,deR.
Kdvovtog aviikatdotacn, pe to SlovucHoTo ToV eKoveov g ' amd v vrdbeon,
€XOVLLE,
f1D)=(23) <= (a+b,c+d)=(2,3) xov f(0,)=(1-1) < (b,d)=(1-1),
amd OOV TPOKVTTEL OTL TO CLOTNUA TOV EEI0MGEMV
a+b=2, c¢+d=3, b=1 kuu d=-1.
H Mon tov mopondve cvotiupotog eivor: a=b=1, ¢c=4 kot d =-1.
Enopévmg, n aneikdvion €yt TOm0
f(X,y)=(XX+y,4x-Y). (5.35)

i) Av tomobetrcovpe ta dovdopata U, U, ®G GTAAEG EVOG TIVOKA, SLOMIGTOVOVLLE OTL
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2 1
det(u, u,)= det[5 ZJ =-120, dpato S, eivar Béon Tov R?, (Iépiopa 4.4).

Amd tov tomo g f omv (5.35) ko t1g 1w6oTTEG TNV (5.17), Bpickovue Tov mivako

AVOTTOPAOTACNC, TOV KOTOoKELALETAL OTT™G avapépetat oty Tapatipnon 5.3 (i) kat

mv (5.18).

= 210 nedio opopov g f Bewpodue Pdon v S, kot oty ewdva g f 10 cHvoro

S,.

[Tpdrta vroAoyilovpe TIG EIKOVEG TNG YPOUUUIKNG ATEIKOVIONG, OO TOV TUTO TNG GTNV

(5.35), ko katdémy exk@palovpe kabéva omd To SLVOCUOTO TV EIKOVOV OG YPOLUUIKO

cLVdLOGHO TV Stavuopdtey g Baong S,. 'Etot égovpe
f(1,0)=(1,4)=2(2,5-3(L2) «xom f(0,)=@1,-1)=-3(2,5)+7(2) .

O mivakog avaropdotaong Kataokevaletol Ommg oty (5.18) ko giva

2 -3
(f)sl,s2 :(_3 7]-

= 210 medio opiopov Kot oty gwkova g f Bewpovpe Baon to ohvoro S, .
Oupoa, &ovpe 0TL

f(1,0=(14)=1,0)+4(0,) «m  f(0,2)=(1,-1)=1(1,0)-1(0,2).
O nivakag avarapdotaong etvon : (f)g = (‘11 ﬂ :
» 210 medio opiopov kot oty gwkdva g f Bewpovpue Pdon to chvolro S, .
Oupoua, &ovpe 0TL

f(2,5)=(7,3)=-11(2,5)+29(L,2) o  f(12)=(3 2)=-4(2,5)+11(12).

-11 -4
O nivakag avaropdotaong etvon : () :( 29 11].

Iil) Gempovpe TivaKo avomTapdoTacng TG YPOUUIKNG arewkoviong f tov mivaka og

1

1
4 1] = A, o onoiog éyel det A=-5, and 6mov

mpog v kavoviky Pacn (f)g :(
, , , . L, 11 1 )

ocoumepaivoope 0Tt eivor ovtiotpéyog pe A :g R 2Ooppove pe v

[Mpotaon 5.11, n ypouukn omewovion f eivar avtiotpéyiun kot o wivakag

avomapdotoong g f eivaro A™, wg mpog v Kavoviky Baon S, .
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Amo v 1ootnta oty (5.21) €ovpue

A’lx—ll 1 X) 1 X+y
y) 5\4 -1)ly) sl4x-y)
. a1 1
Emopéveg, f(X,Y) :E(X+ Y, 4x—Y).

Hopatipnen : O tomoc ¢ ' pmopei vo vworoyiobei and omotovonmote Tivoo
AVOTOPAGTOONG, 0 0T010G VTOAOYILETOL XPNOUOTOIDOVTOS OTOEGONTOTE PACELS GTO
SLOVUGLOTIKO YDPO TOV TEIOV OPIGHOD Kot TNG €KOVAG. ZuvNB®G, ETAEYOVUE TOV
TivoKa  ovomopdoTtaonS Tov  LIoAOYicOnke ®¢ mPoc TNV kKavovikn Pdon yuw

amhonoinon ntpdéemv Kol cuvtopia. o0

3 -1 2 -1
Mopdaderypa 5.14 Ecto o1 mivakeg A= [2 J kol B = (1 2} :

i) No g&etdoete av o1 mivakeg givatl OUoLoL.
i) Av o1 4, B givon 6po1ot, vo entaAndevoete Tic 1010tnTeg ov divovtar otnyv (5.34).

Am6o€IEN : 1) Av ot mivakeg givar 6potol, Tpémel va oyvel n wodémrta oty (5.33),
. , , , a b) . ,
ONAadn Tpémel va vTapyeL avTIGTPEYIOG TTivakag P = 4l TETOL0C DOTE
C

PA=BP. (5.36)
Kavovrag mpaéeig pe toug mivaxeg A,B,P oty (5.36) €yovpe :

a b)3 -1 2 -1\(a b 3a+2b -a+b 2a—c 2b-d
= < =
c d){2 1 1 2){c d 3c+2d -c+d a+2c b+2d
Ao TV teEAevTaio 160TNTO TIVAK®OV TPOKVTTEL TO OLOYEVES GOGTN AL

a+2b+c =0

-a-b +d=0
-a +c+2d=0
-b-c -d=0

O mivakag G tov cvvtedeot®v Tov cvotnuatog £xel r(G) =2, omwg vroAoyiletal

1 210
. , , .01 11 , .
amd Tov mivake KALOKOTNS LOPPNS 000 ol Zopeova pe v [pdtacn 5.13
0 00O

TO OouoYevég ovotnuo &yl dmepeg  Aboelg  pe  mwAnBog  mopapéTpwv
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dimN(G)=4-2=2. Zvven®g, m ADon 710V oOvLOTAHOTOG €lvan a=cC+2d,

b=-c-d, c,d eR. Apa, ot mivakeg P givar tng popeng

c+2d -c-d 1 -1 2 -1
P= =C +d ,c,deR.
c d 1 0 0 1

1 -1
Av 0écovpe c=1, d=0, dwmotdvovpe OTL 0 mivaKog Pl:(l OJ elvan

avtiotpéyipoc. Emiong, svkolo emoindeveton 1 16t A= P 'BP,, dpo ot mivakeg
A, B givai 6potot.

i) T v emodnBevon TV 1010THTOV TOV OHOI®V TIVAK®OV EYOVUE

det A =det 3 -1 =5=det 2 -1 =detB.
2 1 1 2

Ao Tov 0p1opd Tov iyvovug mivoka (Opiopog 1.2), éxovue
trA=a,+a,, =3+1=2+2=b, +b, =trB .
Encidn det A=detB=5=0, ocoppova pe v IIpdtacn 5.12 kot v 1codvvapio Tov

npotdoewv (i)-(ii), &govue r(A)=2=r(B). o0

Eoppoyn 5.2 Na fpefsi pia ypouuxi areicovion f:R®* - R*, téroia dote n emcéva
e f va mapdyeron omo to diavoouoro v, =(1,2,11), v, =(3,1,5,2).
An6oeln : 'Ecto 6t emdéyovpe to cvvoro {€,,€,,e,} va givor n kavovikn fdon tov
R®. Topgwvo pe v Ipoétacn 5.1, vmapyet ypoupiky omewovion f:R°— R
TETOLO0L DOTE

f(e,))=(@1211), f(e,)=(3152) xar f(e;)=(0,0,0,0).
Eivaw govepd 611 n ewdva g f mapdyetor and to V,V, Kot ®G VITOYOPOG TOV
R*mepiéyet 10 pndevikd otoyeio tov ydpov. o va Ppovpe tov tomo g f,
a&lomotovLE TNV 110TNTO TNG YPAUUKOTNTOS KO EYOVLLE

f(x,y,z) = f(xe +vye, +ze;)=xf(e)+yf(e,)+zf (e;)
=x(1,2,1,1)+y(3,1,5,2)+2(0,0,0,0)
=(X+3y,2X+ Y, X+5y,x+2y).

L2 24

Eoppoyn 5.3 Eotw n ypopyuxi oreicovion ue f: R - R*, ue
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f(x,y,2)=(x+y—1z, 2x+Yy, Xx+2y—-3z, 3x+2y+az)
Lo g drapopeg tiués s mopoustpov a€ R, va fpeBodv ot dioordoers , dimIm f
ko dimker f .
Anéoeiln : Eoto ot emdéyovpe to cuvoro {e,,e,,e,} va eivar n kavovikn Bdon Tov
R?. Zoupova pe v Ipotaon 5.1, 1 ewoéva g mapdyston omd ta Stovdcpota
f(e), f(e,), f(e;), Ta omoio vmoroyilovrar amd Tov THmo TG f Ko etva:
f(e,)=1(100))=(213)=v, f(e,)=1(0,1,0)=(1122)=v,,
f(e;)=1(0,0)=(-10,-3,a)=v, .

Avalntovrag pio fdon yw to Im f, odugwova pe tov Ahyopiduo 4.3, oynuotiCoous

12 1 3
TOV Tivaka pe YPOUUEG Ta dtavdopata V,,V,, Vs, dmkady A= 1 1 2 2.
-1 0 -3 a

Metd omd KaTAAANAOVG LETACYNUATIGLOVG YPUUUDV 6TOV A KATAAYOVUE GTNV

KMUOK®TN Hopen

1 2 1 3
K={01 -1 1
0 0 0 a+1

e Av a+1=0, t61¢ 0 mivaxag 4 éget r(A) =2. Apa, to 300 npadTa Stavdcpata V,,V,
amoteAovV o Bdon g ewovag g fue dimim f =2.
A6 T oyéomn TV SoTAGEDV TV YOp®Vv oty (5.3) Bpickovpe

dimker f =dimR*—dimIm f =3-2=1.

1 2 13
e Av a+1=#0, 161e 1 KMpoaxkot) popen tov mivaka K givat K={0 1 -1 1],
0 0 01

and 6mov cvunepaivoovpe 6Tt r(A) =3. Apa, To dvoopata V,,V,,V,; anoteAovv pio
Baon g ewovog g fpe dimim f =3. Ao ) oyéon tov dwotdcemv oty (5.3)
Bpiokovpe o611

dimker f =dimR®-dimIm f =3-3=0. X
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1 —
Egoppoyn 5.4 Eorw A=[2 3J€M2(R) KOL 1  YPOUUIKY]  OTEIKOVION

f 1M, (R) —> M, (R) pe f(X)=AX — XA.
1) Na ppebei pio. foon kar n didoraon tov mopnva Ker f tne aneicoviong f.

i) Na fpebei uio. Boon kar n didotaon ¢ eiovas Im f ¢ ameicovioneg f.

a b
Am6dey : 'Eoto X =( dj e M, (R) . H ypoppkn angucdvion ypdeeston :
C

a-c b-d a+2b -a+3b
f(X):AX—XA:[ j_( J

2a+3c 2b+3d c+2d -c+3d

_ —2b—c a—2b-d (5.37)
2a+2c-2d 2b+c

i) Zopeova pe tov Optoud 5.2 (i), ya tov mopiva g f, &xovpue :

-2b-c =0
-2b-c a-2b-d 00 a-2b -d=0
Xekerf< f(X)=0< = =
2a+2c—2d 2b+c 00 28 +2c-2d =0
2b+c =0
O 7ivaxKog TmV GUVTELEGTAOV TOV OLOYEVODS YPOUUUKOD GUGTILLOTOG Eval
0O -2 -1 O
1 -2 0 -1
B= s 0 2 —o| Metd and 1 ypoppompdiels I <> r,, I, >-=2r+r;,
O 2 1 O

r, = 25, + 1, Kol I, = I, + I, KOTOAYOUUE GTNV KALOK®OTY HLOPO

1 -2 0 -1

0 -2 -1 0
K= .

0O 0 0 O

0O 0 0 O

Ao v KhMpoakot| popon K, Ppickovue 6t r(B) =2. Zopeova pe v Ipodtoon
5.13, to ovotua €xel dmepeg Avoelg pe TAn0oc mapapétpov dimN(B)=4-2=2.
JVVETMG, 1 ADGT TOL OpoYEVOVE cuothuatog eivan - d =a—2b, c=-2b, a,beR.

(@) 'Etot, kéBe otoryeio mov avikel otov mopnve g f ypdeeston

a b 10 0 1
X = =a +b =al,+bE, a,beR.
-2b a-2b 01 -2 -2

Enopévag, ker f =span(l,,E).



Kepdhato 5 — Tpoppikéc anetkovicels 40 amd 40

(b) Emiong, ot nivaxeg 1, E eivon ypoppikd ave&aptnta ototyeio tov M, (R).

[pdypatt, n dtavuopatikny e&icmon

l+a,E=0 < . 0I+a 0 1—0 0
Al +8E= %o 1 2l—2 =2) o o)

and Omov €VKOAO JATIGTAOVOVHE OTL £xel povadikn Avon v @ =a, =0. Omnodre,
emaAnOedetar n ot (4.22) tov Opiopod 4.12. Anrodr), ot mivaxeg 1,,E elvon
YPOUUIKE aveEapTnToL.
Apa, pio Baon tov mupHva g amekoéviong givar o oovoro S, ={l,,E}, dott
emaAn0evovtar ot dvo 1ot reg (), (b) tov Opiopod 4.14, kot axoun dimker f =2.
i) Exewdn dimM, (R) =4, (ITapaderypa 4.10 (ii)), omd v 166TNT0 TOV SOCTACEDV
TOV YOpwV otnV (5.3) &yovue

dimim f =dimM, (R)—dimker f =4-2=2.
Emopévog, yuo va Bpovpe pio Bdaon g ewovag, apkel va Bpodue dVO ypoppukd
aveEapmra otoyyeic tov yopov Imf, (Ilpétaon 4.15). Eivar evroyo va

ava(NTNOOVUE OVTA TO OTOLXEIN OTIC EKOVEC TOV MVAK®V TNG KAVOVIKNG Pdong

10 01 00 00 )
E.= 0 0 E, = 0 0 B, = 10 E,, = o 1 tov M, (R), (Iopaderypo 4.8

(ii1)). Hapatmpodue 611 ot gwdveg TV mvakewv E;,, E, vroloyilovtar omd tnv

(5.37) xou givon

10 01 01 -2 -2
f<En>=f([0 Oj){z 0]=sl, f(E12>=f<(0 Oj){ i 2j=sz.

Ou mivakeg  S;,S, etvar ypappkd ave&dpmra otoyeic tov M,(R), Swott, dmwg

€0UKOAQ SLOTICTMVOLLE, 1) SLVUCUATIKY eEicmON
§+a,5,-0 a| ) Llia 2 ]2 0
al 1 2%2 T ai 2 0 2 O 2 - 0 0 '
éxel povadkn Aon a, =a, =0, (Opiopdg 4.12).

Im f

Tovende, pia Baon g ewovag Im f eivon 1o sovoro S, ={S,,S,}. voe
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