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Kepdaiao 4

ATANYXMATIKOI XQPOI

4.1 Awviopata
4.1.1 Baowkég évvoleg kan opropoi

And v Evkieidewn 'eopetpio etvar yvootd 6tL 600 gubeieg éyovv v
oevbovon, Otav egivon moapdAiniec M 6tav ocvumintovv. To cOvoro OAwV TOV
TOPAAAA®V V01OV Tpog o dedouévn gvbeia (€) Aéyeton devBuven g gvbeiog
(g). Avo nuevbeieg, AX, By, Bempobpe 6t xovv TV 1810 popd oV AVKOLV GTNV 1010
evbeio ko  pio nuevbeia mepi€yet v dAAn. To (A,B), dwatetaypévo Levyog TV
onueiov A, B evog emmédov ¢, opilet Eva evBoypappo Tuipa pe apyn to A Kot TEPag
1o B. 'Eva této10 guBuypappo tpufuoa ovoudletal €papprootod dtdvocspa 1 dtdvocpa

kot ovpPorietan pe AB 1y amhovotepo AB . AehBuvon Kat gopé TOL EPUPHLOGTOD

Siovoopatog AB givan 1 SiebBuvon kat 1 popd e avtictoryms nuevbeiog AB. H
apyn A tov dtavoopotog AB ovopdletor enpeio epappoyng tov dtoavicpatog. Avo
epapuootd owvoopata, AB, T'A, mov Ppiokoviow whveo omnv 01 evbeia
ovopdlovior ovyypappikd, v otav Ppiokovior mave oe mapdAinieg evbeieg
ovopdlovtar wapdiinia kot copPolriCovtar AB//TA . EWdikotepa, 600 mopdAinia 1
oLYYpOUKG Owavoopata, AB, TA, ovopalovtor  opdppoma, (ovtioToryo
avtippora), Otav ot nuevbeiec AB, I'A éxovv v 010 @opd, (avtictorya avtiBetn
@opd). Av ot devBdvoelc tov nuievbsiwv AB, T'A givor kdBeteg, T avtictoryo
dwvocpata ovopdalovral kaeta 1) opBoydvie kKot copforilovior AB L TA.

Métpo 1 PKOg TOVL EQUPUOCTOV SLOVOGLOTOG AB ovopaletor To UNKOG TOL

avtiotoryov evbvypdupov tunuatog AB, ®¢ mpog pion povdda URKOLG, Kot
ovupoiiletan ”@” 1 ||AB|| Av ||AB||=1, 10 AB ovopdletar povediaio Siavoopa.

To duvoopa AA ovopdletar pndeviko, 1n oevbuvon Kot 1 eopd Tov dev givar
LOVOGTLLOVTO, OPIGHEVT] KO IGYVEL ||AA|| =0.

Avo dwovoouata AB kot T'A ovoudlovrtal ica av kot povo av ivor opoppomTo Kot
&yovv 10 1010 pétpo. To cvvoAo OA®V TV dlOVLCUAT®V oL &lvarl ico TPOg Eva
dgdopévo davooua AB, ovopdaletarl gErevBepo drdvoopa kot 1o AB Bewpeitar vag
AVTITPOCHOTOS TOV €AgVOEPOL JavOGHOTOC. ANAadN, Hmopel KATOL0G Vo «OEL TO

elevbepo davuopo ®g Eva SAVLGUHO TTOV €YEL TN OLVATOTNTA VO «oAGOaivew
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TOPAAANAQ [LE TOV €0VTO TOV, OLOTNPAOVTAS TNV 101 dtevBuvon, TV 101 Popa Kot TO
1010 HETPO. XTO YOpaKTNPICUO «EAEVOEPO SLAVLCUOY» LOG 00 YNNGV Ol AVAYKES TOV
TPOKVTTOVV KATA TNV €XIAVOT PLGIKOV TPOPANUAT®V. E1d1KOTEPO O YOPAKTNPIGUOG
avtdc aeopd TNV elevbepion mOL £YOvUE OYETIKG pHe TNV EMAOYN TOL onNueiov
EQUPUOYNG TOV OVTITPOSMTOV HAVOGILATOG.

Oewpovrtog Evo otabepd onueio O tov emmédov & eivan pavepo OtTL og kKAbe onueio
A 10V ¢ avtiotoryel éva kol povo éva diavooua, o OA . Xvvenmg vmdpyel o
OLLOULOVOCTLLOVTY]  OVTIOTOlYI0L OVAUEGH OTO onpei A Tov €mmEdoL € Kol Gt
avtictoyo dtavoocuata OA kot avtiotpoa. To divvopo OA cuvimg ovoudletan
owdvoopa 0éong M owwvvopatiky) aktiva tov onueiov A. To otabepd onueio O
ovopdleton onueio epapproyng 1 onueio avaeopag.
Elvar @ovepd 611 0do ta dtavicpota pmopodv va «olchaivouvy mpog to ornueio
avapopds O, omdte o710 €ENG pe TOV Opo €AevBepo dudvucpa Ba gvvoovue To
avtiotolyo owavvopa Béong, to omoio Oa cvuPoAilovpe pe 1o UIKPO YPAUUO TNG
aApafntov a, ypaupo mov 6o LTOINAMVEL TO TEPAG TOL OVTIGTOLYOL SLVOGHOTOG

0éong OA.

4.1.2 Mpa&erg o1ovoopuaTov

Ot optopoi Tov dvo mpdéemv, mTPOcHeoNC OUVUGUATOV KOl TOAAOTANGLUGLOV
otavoopotog emt aplBud (1 Pabuwtod mwoAlamAaciacuov), ommpilovior ot
l'sopetpio. Ag Bewprioovpe 611, 6v0 davicpata, KA ko MN, éyovv avtictoryo

erevBepa davoopata OA=a ko OB=p, omov O eivar éva tuyoio onueio

avaQopdg 6TO EMITENO €.

Opwopoc 4.1

Abpoiwoua  a+B twv Obo  davooudrwv
opileton vo eivor 10 elevbepo  o1avoauo
OrI' =v, 7o omoio &ivau ico ue ™ daywvio O’

00 mopalinioypauuov OAIB kou ypagetal
Y =a+B, (Préne Zynua 4.1).

ympa 4.1
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A

Opwopoc 4.2
T'vouevo ha tov davdouoros a#0 el évay

optbuo A R0} opiletar va eivar évo

otavoouo, ouopporo ue o a, otov A >0, ka

avtipporo oto a, otav A <0. To yvouevo éyel

UETPO ||/ta|| = |/1|||a , (BAéme Zynua 4.2).
2y mepintwon omov A=0 1 a=0, opilera
va eivar 0-a=0 xau A-0=0, aviiororyo.

lNa A=-1, 1o dbvoopo (-Da £xer v 01

ympo 4.2

dtevbuvon kot to 1010 HETPO UE TO VLoD d ,
aAAd  avtifetn o@opd. e tov Adyo awtd
ovopdletor avtifero tTov a kot cvuPolriletar pe —a . Eivon eavepd ot av to AB
glval évog avtmpdcsmmog Tov eAevBepov davoopatog a, tote to BA elvar évag

avVTITPOGMTOG TOV —a . OmoTE Y10 GuvTOopia propovue va onpeiwvoope AB =—-BA.

Mopatipnon 4.1 Edm ypeldleton  va
vrevBopicovpe 011, otov Opiopd 1.2 évag mivaxog

tomov 2x1 ovopaleton mivakoc-oTAAN 1 S1dvuc .

H ovopocio avty dev elvar tuyaio, vrdpyet pio a, | Aa,,a,)
OLLLPILOVOCTLOVTY avTIoToLyio HETAED TV onueimv :
TOV EMMESOL HE TO OTOWEID TOV avIioTOl(®V O a1 >
nwvokov. Onwog avagépape oty evotra 4.1.1,

Zyua 4.3

avaueco oto onueion Tov EMITESOV € KOl OTA
erevBepa dlvocpate  LIhpyEL LLOVOLOIKT)
aVTIOTOLYICL.

Av Bsopnoovpe éva onueio A(a,a,) tov gmmédov, avtd kabopiletar TANpmg
and TG CLVIETAYMEVEG TOL @, &,, N omd To ddvucua Béong OA=a, t0 omoio
avTIoTolKEl 610 A Katd povadiko tpomo, | amd tov 2x1 mivaka-cTnAn pe ototyeia
T cvvtetaypéveg Tov onugiov A(a,a,), dniadf, tov wivaka-ypopuun (3, a,)',
(BAéme Zynua 4.3).
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Eniong, av Bsmwpricovpe 6t Ta  povadiaio dtovocuata eni Tov opfoyoviov afdvov
tov emmédov, R?, eivon €, ko €,, 10 Toyaio divocpo Béong a yploetar Katd
povadiko tpomo a = ae, +a,e,.
> ovvéreln, Ba YPNOIUOTOOVUE CLTAY TNV avVTIoTOWYia, avApeso ©6To onueio
A(a,,a,) tov emmédov R? kot 1o didvoopa Bsong OA=a 1 tov mivaka (8, a,)',
XPNOLLOTOLOVTAS To cvpuPolopd a <> (a;,a,) <> (a, 6\2)t :

Avti 1 180 TG avTioTOyioG emekTeiveton 6To ydpo, R3.
Av Bswpncovpe éva onueio A(a,,a,,a,) tov ydpov R, avtd kabopilerar TAipmg
oo TIG GUVTETOYHEVEG TOL &, &y, 8;, 1] and 1o davvoua Béong OA =a , To omoio
avtioToret 610 A Kotd povadiko tpomno, f omd tov 3x1 mivaka-otidn (8, a, a,),
7oL €xel oTOLYElD TIG GuVTETAYILEVES TOV onpelov A(a,,a,,d,), (BAéne Zynua 4.4).
Eniong, av Bswpnoovpe O0tL tor povadiaio dovocpate eni TV TpLoopboymviov
agovmv Tov yopov etvar €, e, Kot €, To Toyaio divooua Béong a ypapeTar Kol
LOVaOIKO TPOTO a = ae, + a,e, + a,e,.

H napandve aviistoyio meptypdpetar a <> (3,,3,,8,) <> (3, a, a,)'.

A
15
a, (L5)
Ala,a,,8,)
(-113)
a (-3’2) T IS T ] (2’2)
6] 2 : :
o : ' (2)
"""""" 3 2
ympa 4.4 Zymua 4.5

Tevikd, av A(a,,a,,...,a,) givor éva onueio Tov ydpov R", og avtd avrictoyyiCovpe

JLOVOGT|LOVTA.
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1) 70 davuopo Béong OA=a 1

i) ™ dwretaypévn n—ada (a,,a,,...,8,),o0mov & € R, 7

iii) tov nx1 mivaxo-ypoppn (3, a, ... a,)'.

Q¢ ovpPoiro avtiotoryiog ypnowonoteital <> . Onmwg Oa dlomoTd®oovE 6TV EVOTNTO
4.2, n évvowr TOL «OOVOCUATOG» Elval €upUTEPN KOl O TOAAEG TEPUTTAOOCELS
OTTOALQYLEVT] OTTO YEMUETPIKA YOPOKTNPIOTIKA, YU OLTO 1 TOPOTAVE CVTIGTOUY IO Kol
0 ovuPoAopnog TG, <>, 0t Ba ypnowomoteital. AnAadn, otnv evotnro 4.2 kdbe
dvoopa Ba copPorileton a = (&, a,,...,a,) .

INa to dtovdcpota a, B tov ydpov R", aviictoyydviog oe kGbe Sidvuopuo TIg
GULVTETOYLEVES TOV oNUelov, TOV gival TO TEPAG TOL AVTIGTOLYOV SVOGUATOS BEOTG,
o1 mpdEelg, Tpocheon Kol TOAUTAAGIUGUOG el Evay TpayHaTiko aplfuod, -ol omoieg
HE YEWUETPIKO TPOMO opiotnkav otovg Optopovg 4.1 war 4.2-, opilovtor ot
avoAVTIKA va givan

(a, a,,...,a,)+ (b, b,,...b)=(a,+b, a, +b,,...,a, +b,) (4.1)
Ma, a,,..,a,) =(4a, 1a,,..,4a,), L1 eR. 4.2)
Ed®d dnradr|, coupova pe v aviiotoygia (i)-(ii), ta dwavdopoto a, p Oeopovvtot
dotetaypéveg  N—adeg  tov  yopov  R",  dnredn, e« (a, a,,...a,),
B (,Db,....b), ne a,b eR, (Préne [Mopaderypa 4.1(i)).
Av avtiototyicovpe og kdBe O14vLGHA TOV TVOKO LE GTOLXEIN TIG GLVTETAYUEVES TOV
onueiov, 1o omoio eivar To TEPAG TOV dravuopaTog BEong, ot Tpdéels twv Optopmv 4.1

kot 4.2 ypagpovton
(@ a, .. a)+® b, ... b)=(@+b a,+b, .. a +b)  (4.3)
Aa a, .. a)=W1a AJda, .. 1a)', 1eR. (4.4)
Edd 1o Swvdopata a, P avtiotoyodv oe mivakeg tomov Nnx1,  dniadn,
a<>(@, a, ... a),pe® b, ... b),ue a,beR, (Préne avrictoyio (i)-

(iii)).

[No mapdodetypa, éotm ta dStavocpata Oéong a, B, y ne a<> (2,1, p< (-3,2)
kot y <> (2,2) . Epapuolovrag tov Opiopd 4.1, yio ta a, B, Bpickovue og dBpoiopa
(-1,3), mov avtictoyel ot dSydVIO, d, TOL TOPOAANAOYPAUUOV LE TAELPEG TO

avtiotorya owvoopota. Katomv yuo o dwovocpata d, p, epappolovpe mdit tov
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Opopd 4.1, omote 1 dwyodviog (1,5) etvor o dBpoiopa tov tpdv davuopdtov. To
dOpotopa mapovstaleTal Ye®UETPIKE 6TO Zynpa 4.5.
Eniong, amd ™ oyxéon (4.1) pmopodpe cuviopdTEPa Vo SLOTICTOGOVUE OTL
2,D)+(-3,2)+(2,2)=(2-3+2,1+2+2)=(1,5)
Ymv enduevn mPOTOoN TAPOLSIALOVTAL Ol CNUOVTIKOTEPES 1010TNTEC TPHSOEDT|G

SLVUGUATOV KOl TOAATAAGLOGHOD SLoVOGHATOG €Tl aptOUo.

IIpoTaon 4.1

’, ’, , n , , ,
Eotw a,B,y eivai diaviouota otov R" kar K, K, e R. Torte ioydovv ta i

i) a+Pp=p+a v)  k(a+B)=ka+kp
i) (@a+B)+y=a+(PB+y) vi) (K +k,)a=ka+ka
i) a+0=a vii)  (kk,)a =k, (k,a)
iV) a+(-a)=0 viii) la=a,

omov 0 givar To undevikd S14vuo e, TO 0010 AVTIGTOLYEL GTNV APy TOL GLGTHUATOG
aVOPOPEG Kot GTOV UNOEVIKO TIVOKO-GTIAN).

Amodeiln ¢ Ocwpdvrog 0Tl Ta @, B,y civon dtavdcpata Tov ydpov R", cOpemva pe
mv Iapatipnon 4.1 avtiotoyio (i)-(iii), To kabéva and avtd avtiotoryel o Evav
wivako, TOmov Nx1, omdte Eyovpe O6TL

a<>(@ a, ... a),peM® b, ... b))k yo(, oy, ... 7).

H anddeién eivon idwa pe v amdoeén g [podtaong 1.1. o0

4.1.3 Zivn0eg e6MTEPIKO YIVOUEVO OLAVUGUATOV
Opwopoc 4.3
Eotw a, PeR" uc a(a,a,,..,3,), p(b,b,,....b), ya kabe a, b eR,
1=12,...,n. 2¥vnles £6mWTEPIKG PIVOUEVO TOV TPOYUOTIKOV O10VOOUGTOV a , P
opileton vo, elval 0 TPOYUNTIKOS op1OUog

(a,B)=ak +ab,+--+apb, (4.5)
AV YpPNGUYLOTO|COVUE TNV OVTICTOLYiO OVUCUATOV-TIVOK®OV Kot Tn oyéon (4.5)
UTOPOVUE VOL YPAWYOLLLE :

(a,B)=ab +ab, +--+ab =a'p (4.6)
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Av aeR" pe a o (a, a,,...,a,) omd v (4.5) égovpe <a,a>=af+a22 +-.+a2 >0,

Ao OOV 0dNYOVUACTE GTOV EXOUEVO OPIGUO.

Opwopoc 4.4

Mézpo 1 pnrog evog doviouoros a e R" ue a <> (a,, a,,...,8,) opiletar va givor o

UN-opvnTiKog apltOuog

|| = (@) = a7 + 2 +---+a: (A7)

la mapédeypa, ov Osopicovpe to Savdcpato a,peR®, pe a <« (0,1,1),

B> (@L-1-2), ané wmv (45 éovpe (a,B)=0-1+1-(-1)+1-(-2)=-3,
(@,a)=0%+1"+1" =2 xou (B,B) =1 +(-1)* +(-2)* =6.

A6 T (4.7) vrohoyiCoupe 10 pépo tov @ mov sivan [ = @, @) =2, ket tov B

Tov gtvan ||B|| = <B,[5> =6

Eniong and ™ oyxéon (4.1) umopodpe vo vrodoyicovpe 10 divoopo «+p, To omoio

elvan (1,0,-1), omote amod v (4.7) Bpickovpe 61t ||a + B” =1+ 0% +(-1)?* = V2. Me
TOL CUYKEKPIUEVO OLOVOOUOTO €0KOAD, EMAANOEVOVLUE, TNV TPIYWVIKY OVIGOTHTO
(avicdtmra Minkowski)
o+ B] < ]+ [B] (48)
Kabmg Kot TN yvwoth ot Piproypagia avicdtta Cauchy-Schwarz
[ (@.B)|<[e]-I8] (4.9)

IMa ta pun undevikd davdcpota a, B, amd v (4.9) éxovue

e 2By
] e

Xpnoonoumvtag v TeEAevtaio avicwor, omodekvieTar OTL VITAPYEL TAVTO £Vag

Tporypotikds apbpoc 9, pe 0 <9 <, térolog dote

(a.B)
cos9 = . (4.10)
el ]

O apBudc 9 opileton va givar | yovie tov dStovooudtov a , B, (BAéne Zynua 4.6).
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v

ZyMuo 4.6

[popoavae, 6tav ta dwovdopata elvor kabeto, M yovio tovg eivon S:E, Gpa

c0s3 =0. Avtiotpooa, av c0S3 =0, tote amd Vv (4.10) £xovue <a, B> =0.

‘Etol amodewcvieton pior wcoviy kot avaykoio ocvvOnkn yw va givor kdbeto Vo

SLVOGLLOTAL, 1) OTTOT0L SLOTVTTAOVETOL GTV EPAPLOYN TOV OKOAOVOEL.

E@appoyn 4.1
Eotw a,B oiaviouoto tov yapov R".

Ikavn ko1 ovaykoio, oovOnkn kaBetotnrag twv 000 davooudtwy ivor t0 odvnbeg

ETWTEPIKO TOVS YIVOUEVO VO, IGOVTOL UE UNOEV, ONA0OT,

alp < (aB)=0. (4.11)

Mo mopadeypo, ta Swvoopata a,peR®, pe a o (-1,-1,6), B (1L10),
, , 2m
oynpotifovv yovia i
[pdypati, to ochvnbeg ecmtepkd yvopevo amod v (4.5) etvon
(a,B)=(-1)-1+(-1)-1+/6-0=-2,
TO LETPOL TOV OLOVLGHATOV otd TV (4.7) givon
e =(-1)? + (<12 6" =B xon [B|=vELLE 0 =2

Omnote pe avtikatdotaon Tov mapardve oty (4.10), Exovue

<a,[5> = —2 =—l oo OOV TPOKVTTEL 8—2—n
e8] ez 2’ P ED

C0sS9 =
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Eniong, 1o dwavdouata y <> (3,3,3), o> (-12,-1) sivor kdbeto, S0t €Yovv
<y, 5> =3-(-1)+3-2+3:(-1) =0, enopévac woydel n cuvbnkn e Epapuoyng 4.1.

Mo 10 obvnbeg ecmtepcd yvopevo pmopodue va amodeifovpe T 1010TNTEG TOL

SITLVTTOVOVTAL GTNV EXOUEVT TPOTACT], ¥PNCLOTOIDVTAG TOV Optopo 4.3.

IIpoTaon 4.2

Eotw a,B,y diaviouaza tov yapov R" kou K e R. Tote ioydovy ta e

) (a.8)=(p.0) i) ()= (o )=k )
ii) (a+B.7)=(ap)+(B7) iv) (a,B+y)={(a,B)+(ay)
V) <a,a>20 Vi) <a,a>=0 & a=0

omov 0 eivar 1o undeviro diavooua.

4.1.4 EEotepiko yivépevo dwavvspdrmv tov ydpov R*
Opwopoc 4.5
Eéwrtepiné ywouevo tov un undevikdyv diavooudtov a,peR® ovoudleran éva véo

o1gvoauo. vy, ue orevbvvon kabetn oo eximedo Tov ONULOVPYOVY TO d1ovDoLOTO. O, B, e
POPa, EKEIV TOV 0EL1OGTPOPOD Koxiz'al, Kol UETPO ||y|| = ||a||-|||3||-sin S, omov S eivau i
YWVIO TV 010V0oUATOY O .

To efotepikd yvouevo tov Savoopdtov a,peR® onusibvetar axp,

TopoVC1ALeTal YEMUETPIKA 6TO Zynua 4.7.

Aveivar a=0M B=0, t6tc axB=0.

1 0 8ek160Tpopog koyhag kveitar ot S1E0OVVET TOV SIVICHATOS @ X P GTPEPOEVOS KT TN Yovia
amd to a mpog o P .
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axp Mo mapédetypa, éoto  a,peR®  pue
A
a< (3,21, p<(2,-13). Ano mv (4.7)
P T, LETPA TOV OLLVOGUAT®V Eivat :
9 | =3 +2% +1% = V14 ko
a [B]=+2% +(-1)* +3* =+14.
Sy 4.7 H yovia tov Sovvopdtov vroloyileton

and v (4.10), yuo v omoia amonteitan o

ovvn0eg E0MTEPIKO YWOUEVO
(a,p)=3-2+2-(-1)+1-3=7.
<a,|3> _ 7 _
- [B] v14-14

Xopupova pe tov Optopd 4.5, 10 e£mtepikd yvoueEVO T®V O0VOGUAT®V €ival TO

Apa, COS9 =

1 , T
—, GUVENMOG 3 =—.
2 3

dlvocpa a X B, Tov £xel HETPO

o = - 5in & = VT8 T8 - % =T 275,

kot gtvon kdBeto oto eminedo mov Ompovpyodv ta davdcuato  a,P, He POPE avTh
tov de€votpopov koyAla. ' va yvopilovpe akpiBdg ™ Béomn ToL SlavOGHOTOC,
ypewdletor va vroroyioBohv ot cuvtetaypuéves Tov axp. Amno v Hoapatipnon 4.1,
(i)-(ii), To Stévoopa ax P aviiotorei og éva onpueio Tov ydOpov R® pe cvvretaypévec
(X,¥,2) . Eniong to axp npénet va givonr kdbeto oto eminedo twv davvoudtov a,f,
dpa Ba etvar KaBeto og Kabeva and Ta dwvdcpota a kot B. Etol, avikadiotoviog
ot ovvOnkn kabBetdtntog Owvvopdtov, (oxéon (4.11)), kot oto pETPO TOL
Stavoouatog ax B, (oxéon (4.7)), Katahyovpue 6T0 GOGTNLOL

axp La <a><|3,a>=0 3X+2y+2=0
axpLp < (axB,B)=0{ &  2x-y+3z=0

Jlo:x B = 7+/3 e B = 74/3 Xy 422 =73
H Aon tov cvotpatog eivon : (X, Yy, 2,) =(7,—7,-7) 1 (X,, ¥,,2,) =(-7,7,7).
Enéyovpe axp < (x,Y,,2)=(7,-7,-7), emtiag ™ @opds mov vTOJEKVIEL O

0eE106TPOPOC KOYALOG.
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To 1010 amotéAespa vroAoyiletan 6T GLVEYELD, YPNCILOTOLOVTOG TN oYéon (4.13), ue

TPOTO TOAD TO GVUVTOUO.

Egappoyn 4.2

Eotw a,p diaviouaza tov yddpov R*. Ta Siavicuara sivar mapdlinio (ovyypoyyiixd,)

av kot uovo av axfp=0.

Amodeiln 1 Av Beopnoovpe 0Tt ta dwavoouate a,P elvar mapdAinia, 1 yovio
peta&d toug eivar 3=0 1 =1, dnAadn sin3 =0, ondte cOUPwVa pe Tov Opiopod
4.5 mpoxvmntet dpeca axp=0.

Avtiotpoga, av Bemprcovpe OTL Yo To. PN Undevikd dtavocpoto a,f copfaiver
axp =0, rpopavac mpénet va oyvel Sin3 =0 (Opopds 4.5), to omoio oyvEL OTaV

to Sravdopata a, B elvor TopdAANAa 1| CLYYPOLLULKE. 00

["o to e£mTEPIKO YIVOUEVO SLOVUGUATOV 1GYVOVV 01 EMOUEVES 1O1OTNTEG.

IIpotTaon 4.3
Eotw a,B,y diavbouaro tov yapov R® kou K e R . Tére 1oydovy ta efric

i) axBp=-Pxa i) (a+P)xy=(axy)+(Pxy)
i) (ka)xp=ax(kp)=k(axp) V) ax(P+y)=(axp)+(axy)

Ag Bewpnoovpe ta povadiaio dtavoouato ent TV tpoopboymviov aEOvev Tov

R®, mov cvpPorilovron €,, €, Kol €,, Kol Yl To. Omoio, 1XHoVY Ot AVTIGTOUYiES
e, <> (1,0,0), e, < (0,1,0) xou e, <> (0,0,1).
Ao v (4.7) elvan ||el|| :||e2|| :||e3|| =1, yv awt6 ovopdlovror povadiaia. Emumiéov,

ypnowonowwvtag v (4.11), dwmotodvoops 6t o MOpATdve SovOcuaTo givol

KkéOeTo, HETAED TOVG, GUVETMG Yo OAEG TIG YOVIEG TTOL ONUIOVPYOLVTOAL HETOED TOV
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daopeTik®dY  dlavvuoudtov oyder SiINY =1, gvd yw ™ uUndeviKn Yovio, TOL
dnuovpyet To didvuoua pe Tov eovtd Tov, givar SIN0=0.
H yovia peta&d tov mopamdve S10vooudTov SIKoloAoyel TNV ToToBETon Tovg 6To
Tproopfoymdvio cHoTua aEdvmv.
Epappolovtag tov Opiopod 4.5, edkoAia d10moT®VOuUE OTL
e <, =ley x &5 =[le, xe5] =1

e, xe, =€, €,x€ =6,, &,Xe; =€ Kol € xe =e,xe, =e,xe,=0.
(4.12)
Av Bswprcovpe dHo tuyaia Stavdopata a,b € R*, coppova pe v Hapatipnon 4.1
()-(it) éxovpe v avuictorgio a <> (a,,a,,a;) ko b <> (b,b,,b,). Emiong, g mpog
T0  TpIoopfoydVio CUOTNUO GULVIETAYUEVAOV, To OVOGHOTO YPAPOVTIOL KATH
HOVaOIKO TPOTO

a=ae +ae,+a,6,, a €R xau b=Dbe +be,+he,, b eR, i=123.
Apykd epappolovrag tic 1010tnteg g [podtaong 4.3 (iii)-(ii)-(iv)-(ii), axorovBwc Tig
oyéoelg (4.12) ko téhog v 1ot (i) tng [pdTaonc 4.3, naipvovps :
axb = (ae +a,e, +a,e;)xb=((ae)xb)+((ae,)xb)+((ae;)xb)

=a,(e,xb)+a, (e, xb)+a,(e; xb)

=a, (e x(be, +b,e, +be;))+a, (e, x(be, +b,e, +be;))+a; (e, x (be, +b,e, +be;))

=a,b (e, xe;) +ab, (e, xe,) +ab; (e, xe,)
+a,b (e, xe;) +a,b, (e, xe,) +a,b, (e, xe;)
+agh (e, xe;) +a;b, (e, xe,) + 50, (e, x ;)
=ab, (e, xe,) +ab;(e;xe;)+ab (e, xe ) +ab,(e, xe;) +ab (e;xe;) +ab, (e; xe,)
=ab, (e xe,)—ab,(e;xe) —ab (e xe,) +a,b;(e, xe;) +ab (e, xe,) —ab, (e, xe;)
= (azbz - asbz)el + (aGbl - aibs)ez + (a1b2 - a2b1)93

Mmnopobue va Bempnoovpe 0Tt 1 TeAevTaia «aAyefpikn» Ekepacn Tov eE®TEPIKOD

Yworévou 600 SUVUGUAT®V TPOKVTTEL Ad TNV avATTLEY TG «opilovcac»

el e2 e3
axb=la, a, a, (4.13)
bl b2 b3

MG TPOG T GTOLYELD TNG TPAOTNG YPUUUNG TNG.
Mo Tapadetypa, KGvoviog avtikatdotaon oty (4.13) pe ta Stavdopata a,b e R?,

omov a <> (3,2,1), b <> (2,-1,3), katainyovpe 6to didvucua
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el e2 e3 el e2 e3
axb=la, a, a|=|3 2 1li=T7e —Te,—Te,,
b, b, b |2 -1 3

and to omoio, Hetd v avtiotoiyon €, <> (1,0,0), e, <> (0,1,0), e, <> (0,0,1) wou T1g
npaels, -6mmg avtég opionkay otig (4.1) ko (4.2)-, Taipvovpe to didvocpo axb pe
ovvtetaypéves (7,—7,—7). To idwo omotédespa  vmoloyileton av epappocdei o

Opiopog 4.5, aAAd e TOAVTAOKOTEPT O10OIKAGTOL.

T1ov ak6Aovho opiopd kot yio 1o yopo R?, cuvdvalovrar to chvnbec ecmTEpPLKd

YWOLEVO Kot TO EEMTEPIKO YIVOLEVO Y1aL [0l TPLAOQ SLOVUCUAT®V.

Opopoc 4.6
TNo e piado. Siavvoudrov a,p,y o0 R, o mpoyuotixés apiOués <axB,y>
OVOUGLETOL HIKTO YIVOUEVO TV J10VOOUCTOV a, B,y .

To ukto yrvouevo onueiwveror [a,p,y].

Egappoyn 4.3

Eotw a,B,y diavbouata tov yidpov R®. To pixté yvouevo [a,B,y] diverar amd tm

ayéon
a & &
[a.B,7]=[b b, by,
V2 73

omov a<—>(a11a2’a3)1 BH(bl’bzvbs) Ko 7(_)(71’7/2’7/3)'

Anooln : And v (4.13), avartdocoviag v «opilovso» ¢ mTPOg Ta oTOotYElR TG

TpAOTNG Ypoppng, yia @ <> (a;,@,,8;) kon f <> (B;,b,,by) &xovpe

€ € &
axp=la, a, a|=(ab,—ab,)e +(ab —ab)e,+(ab,—-ab)e;,
b, b, b

omoéTe 010 dévuopo axP  aviiotoel To onueio tov R® pe ovvietaypéveg

(ab, —asb,, ab, —ab,, ab, —a,b ). Emnréov, 10 cvvnbeg eootepcd yvopevo tmv
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dovoopdteov axP kot y, pe  p <> (Y4,7,,Y3), vrwohoyiletar amd v (4.5), Ko
1G0VTOL LIE -

[a,B,7]= <a xB, Q’> =1,(a,0;, —ayb,) +v,(a.b, —ah,) +v,(ab, —a,b)
=71,(a,0, —ayb,) —v,(ab, —ab) +v,(a)b, —a,b)

— 'Y aZ a3 _'Y al a3 +'Y a1 a‘2
' b2 b3 ? bl b3 ? bl b2
To 6e&10 péhog g Tedevtaing 10oTTOG Elval akpimdg To avamrtuyua g opilovoag

8 a4 &
b, b, b,| ogmpog v pitn ypauun, omdte N {nrovpevn oxéon amodeiydnke. ¢+
i Y2 Vs

Mo mopddetypa, 10 piktd ywouevo [a,B,y] tov Stwvvopdtov a,B,y e R®, émov
a<(2,3,-2), p(6,-2,3), y & (1,-2,1) givon
a a, a |2 3 -2
[a,B,y]=|b, b, bj=i6 -2 3=19,.
Y, Y, Yo |1 -2 1

[Ma 10 PIKTo yivopevo pumopovpe vo amodeiEovpe TIG 1010TNTEG TOL SLUTLITMVOVTOL
OTNV ENOUEVN EPOPUOYN, YPNOLOTOIDOVTAS WO10TNTEG OPLOVGMY KOl TNV aAYEPPIKN

£KQPOOT) TOL UIKTOV YIVOUEVOD, IOV amodelyOnke otnv Epappoyn 4.3.

E@appoyn 4.4

Eotw a,B,y diaviouaro tov yopov R®. Tote icyvovy ta efhg

) [a.B,7]=[B.7,a]=[y,a B]
“) [a,B,y] = —[B,a,}’]

iii)<a,[ixy>=<ax[3,y>

omov a <> (a,,8,,a;), B> (b,b,,b,) kar y & (7,,7,,73) -
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4.2 Opropog Kol ToPadEYHATO OLOVUGHOTIKOD YDOPOV

TN GUVEELD, EKTOC OO TO GHVOAO TOV S1vVOGHATOV Tov emmédov R, Tov ydpov
R® kat yevikd Tov mpaypatikod ydpov Tov N-dluctdcsmy, R", mov exaindsvovy
OAeg T1g 1010 1EC NG [IpdTaonc 4.1, Ba damictd®oovpe OTL Kot AL cUVOAN £xOVV
avALOYEG 1010TNTES, OPKEL VAL EPOSAGTOVV HE «KATAAANAEG TPAEEISY, OVTIGTOLYES TNG
TPOGOEONG SOVUGUATOV KOl TOV TOAAATANGLOGHOD OlovOGHOTOS €Ml évav aplOud.

Inuewwveton 6Tt akorlovows pe F Ba cupPoAriletor to chvoro R 1 C.

Opwopoc 4.7
Evog F — dtavoeuatikiog yampogs sivor évo, un kevo advoio V' epodioouévo e 0vo
rpoceig :
* v apocbeon N xNVN — V :(U,v) = U+V, orov yia kabe u,v,w eV 1gydovv
01 1010TNTEG:
i) u+v=Vv+u (avuuerobetixin)
i) (U+Vv)+w=u+(V+W) (mpocetoupiorikn)
1) vmapyer ovoérepo ororyeio o 0V 1 u+0=u
IV) 7o kabe U eV, vmdpyet to avtiBeto —u eV : u+(-u)=0.
* 70 faBuwto morloriaciaouo . FxV — V  :(k,v) = kv, omov yia kabe
u,veV ko k,k, € F igydovv o1 1016thteg:
V) k(u+v)=ku+kyv (emuepionixn)
vi) (k +k, ) u=ku+k,u (empuepionxi )
vii) (kk,)u =k, (k,u)
viii) l-u=u.
To F ovopdletal 60VOA0 GUVTEAEGTMOV TOV SLOVOGLATIKOD YDpov V . Av to chHvoro
Tov ovvieheotov F eivar to R 1 C, o davvopatikdg yodpog Vo ovopdleton

TPAYROTIKOS 1 HIYOOIKOG SLOVUGLOTIKOG YDPOS, avTioTotya, To. 0€ oTtotyeia tov V

ovopdlovtol S1avoopaTa.

Mapatipnon 4.2 i) Ztov Opicuod 4.7, n mpaén g npodcbeong eival aviipeTodeTikn,
GUVETMG O 1010TNTES TOL OLOETEPOL Kot Tov avtifétov aroyeiov (Oproude 4.7 (iii)-

(iv)) ypagovtaw U+0=0+u=U kot U+ (-u)=(-u)+u=0, avtioctoyyo.
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i) To ovdétepo oroyeio Tov V , mov gueaviletor otov Opiopod 4.7 (iii), ovopdaleton
pndeviko otoryeio Tov V xar Oa cupuPoiileton O, .

To 0, eivar povadikod, dot av Bewpnoovue O6tL VEAPYEL Ko GAAO €va pNdEVIKO
otoyeio 1o 0], , T0te 06 Tov Opropd 4.7 (iii) ko v [aparipnon 4.2 (i) £xovpe:

0, +0, =0, (Bewpdvtagto u=0,), xou 0, +0, =0, , (Bewpdvragto u=0,).

Amd T1g mponyodpeves 166t TEG £ivat pavepd ot 0, =0 , dpo to 0, eivar povadiko.
i) Emiong, yw kbe ueV, to —U, mov gueaviletor otov Opopd 4.7 (iv), eivan
povaodtkéd kot ovopdaletol avrifeTo Tov U.

IV) Ta otoyeia evdg dtavvopatikod ydpov V, av kot ovopdalovior davdouara,
umopel va punyv €xovv Kapio oyéon e o EAevBepa dlavicaTe TOL YOPOoV, Bewpio TOV
avomTOYONKE OTNV TPOTN EVOTNTA TOL TAPOVTOSG KEPOANIOV, Kot UTOPEl Kot Vo punv
€YOUV  KAMOl0L YEMUETPIKY OVOTAPACTOCY, On®G BHo dlamothoete ond  To
[Mapadeiypatao 4.1 (ii)-(vi) mov akolovbobv. O dpoc «davdouata» yapaktmpilel ta.
otoyEiol TOV CLVOAWV TOL UTOPOVV VA IKOVOTTOLOVY OAES TIG 1010TNTEG TOv Opiouon

4.7. Tavtion TV 6pOV «IOVOGLOTOY Kot «EAEV0EPA OLOVOCLATOY TOPATNPEITOL GTNV

TEPIMTMOON TOL TPAYLOTIKOD SLOVUGHATIKOD Ydpov, PAEe TTapaderypa 4.1 (i).

Mopdaoerypa 4.1
) To obvoro TV datetayuévav N— adov Tpaypatikdv aptudv, R", dniadn,
R" = {(ai, a,,...,a,): & € ]R} etvar epodlacpévo pe v Tpaén g tpdcebeong, Onmg
opileton otV (4.1), dnAadn,

(a, a,,..,a,)+({b,b,,...,b)=(a+b,a,+b,,..,a, +b)
Ko pe v Tpaén Tov Pabuwtod ToAlaTAaclacov, dnwg opiletal oty (4.2),

k(a, a,,...,a,) =(ka, ka,,...,ka,), keR

etvar évag R — S1ovuopoTikOg yMPOgS, 010TL IGYVOVY OAEC Ol IO1OTNTES TOL OTTALTOVVTOL
ano tov Opiopd 4.7, (BAéne kan ovykpive pe v [lpdtaon 4.1). To undevikd otoryeio
sivalr 1o OR” =(0,...,0) «xat 710 ovtibeto 7TOOL (&,d,,...,a,) &lvor 1O
—(a,,a,,...,a,)=(-a,-a,,...,—a,) .
Enedn to R" eivon davvopatikdg yopog, otnyv evotmra 4.1 yopoxtnpilotav ydpog.
Eniong oty 6o evotnto kot iaitepa oty [apatypnon 4.1(1)-(ii) avaeépeton 6Tt

VIAPYEL O CUPULOVOCT)LOVTIT OVTIOTOLYI0L HETOED TV EAEVBEPOV SAVLGUATOV 1
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oV dlovuopdtov 0éong kot tov ototxeiov tov R", yeyovdg mov divel ota ototyeia
tov R" duthn 1B10tta. ‘Etol, dev givan kaBdhov avbaipeto vo «tavtilovpe» Tig
évvoteg otoyeio (a,a,,...,a,) v R" g Swretaypévn N-—dada TPOYULOTIKOV
apBuodv ko onpeto A(a,a,,...,a,) oto x®po Tev dtvvoudtov Béonc. O O6pog
«®pocy» Ba umopovoe emiong vo dikatoloynbei iaitepa oty mEpinTmon h =3,
OOV VIAPYEL KA ETMOMTIKY OVOTOPUGTAGT TOV SLOVUGHOTIKOD Ydpov RP.

i) Katd mapdpoto tpono 1o ovvoro C" koabictator C— dtavoopotikog ydpog,.
i) To cbvoro M, (R) OAOV TOV MXN TPAYUOTIKOV TIVAK®OV, EPOSIACUEVO LE
mv paén g mpocheone mvakwv, 6mwg avty opiotmke otov Opopd 1.5, ko
Babuwtd morhamiacioopd, Ommg avtoc opiotnke otov Opiopd 1.6, eivor évoc R -
OLOVOGLOTIKOG YMPOG, OLOTL 1oYVOVV OAEG Ol WO1OTNTEG TTOV OAMOLTOLVTAL OO TOV

Opwopo 4.7, (Préne anddeén Ipotaong 1.1). To undevikd ototyeio ival o undevIKOg

nivaxkag O, xon o avtibeto tov mivaka A=(g;) e M (R) givorto —A= (—aij ) :

iv)  Katd avéroyo tpomo, 10 covoro M, (C) tov mxn pyedikédv mvikeov
etvan évog € — dtovuopaTikdg ydpoc.
V) Eocto F(A;,R)={f: A, > R}, 10 60VOAO T®V TPAYUATIKOV GUVOPTHCEMV LLE
nedio opiopod A, cR. 1o F(A;,R) opilovpe t1c mpaierc:
(o) mpdcleon = (f +9g)(X) = fF(X)+9(X), yio kéOe X € A,
(B) Pabumto morramhactacpd : (kf)(x) =kf (X), yio kébe xe A, keR.
To F(A,R) eopodwopévo pe tg mpakelgc mpdobeong war  Pobpwtod
moALamAaclacol  givor évag R —davuopatikdg yopog. To pundevikd otoryeio tov
xOpov eivor n undevikn-otabepn cvvéptnon, dniadn 0(x) =0, yua ke X € A, , ko
v v avtifetn cvvaptnon g f oyvet (—F)(x) =—TF(X), yiokébe X € A, .
Vi) To 6hvoro OA®V TV TOAVOVOU®OV [og petafAntc X, fabuod to oAb N, pe
TPAYUOTIKOVG oLvteheotés, onpetdvetor R [X], kdbe otoyyeio tov R [X] €xer
Hopen

p(x)=a,+ax+---+a,x", neN,yiukdbe a R, i=0,1,...,n.
210 R, [X] opilovpe dv0 mpdcers : (o) mpdcbeon, T cvvnOn mpodGheon ToALOVOU®Y,

kot (B) Pobuwtd moAlomiacioaopd, 10 cvVHON TOAAATANGIOGUO TOAV®VOUOL €T
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apBpod. Evkora domotdveton 61t to R [X] efvar évag R —Srovuopartikcog ydpog. To
Hndeviko otoygio, Op 1,1, €ivar 10 INdevIKd TorvdvVpO (N-06T00 Babiov). o0

Xpnoponoumvtag Tig 1010tnTeg ToL Opiopov 4.7 0KOAN ATOSEIKVDOVTOL Ol

EMOUEVES 1O10TNTES, Ol OTTOIES 1GYVOVV Y10 T GTOLYEIN EVOG SLAVLGLOTIKOD YDPOV.

Ipotaon 4.4

Eotw NV évag F — doavvouotikog yapog ue VeV kau ke . Tote ioydovv ta eig:
1) kO, =0,

i) 0-v=0,

i) (=k)v =k(-v) =—(kv)

iv) av kv =0, , tore k=0 7 v=0,
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4.3 AwovoopaTikoi vroympor
Mepikd vToGVUVOAL €VOG S1vOCUATIKOD YDpov V | e Tig TPAEELS TOV opioTnKay
oto V, 1o omoio &Eakolovbovv vo Satnpodv TIC 1OOTNTEC TOL  APYLIKOV

dtovocpatikod yopov V , éxovv Wdwitepn onuacia.

Opopoc 4.8

Eotw V évag F—diavoouatixog yopog kar U V. Oa Aéue ot o U eivou évag
F—ovmoywpog tov V |, av 10 U givou évag F — diavoouatixog yawpos wg mpog v ioio
npocbeon xai tov io10 fabuwto roliamiaciooud too V .

loodvvauo, éva un kevo vmooovolo U =0  tov  TF—diavoouatikod ywpov V-,
ovoudletor F—vmoywpos wov V, av ya kabe uveU xu KelF ioydovv o
1010THTEG:

u+velU «xwu kueU (4.14)

Hopotipnon 4.3 X ocvvéyeln, €pdoov Bempovpe 0Tt dev vmdpyel Kivovvog
oVYyvoNg oYeTIKA pe to F, Ba datumdvovpe vrdywpog avii F —vmdywpog, kabmg

KOl O10VOGUATIKOG YDPOG (8.%.), avti [F — dtavuopotikoc ympog.

IIpoTaon 4.5

Eotw V évag F — dravvouatixog yawpog kor U éva un kevo vwoovvolo tov V .

1) Av U eivor évag F —ovrdywpog tov V , tote 1o 0, €U .

i) To U eivou vomoyawpog tov V' av kar uévo av yia kébe u,v eU xar K, 0 € F 1oydet
ku+/velU.

Amodeen : i) Ilpdypoty, ovppova pe tov Opoud 4.8, 10 vmoocOvoro U
epodlaopévo pe Tig deg mpaelg Tov dlavuopatikod ympov V, mpémel vo givon
dlavuouatikog yopog, Gpo va €xel ovdétepo otoreio (Opopde 4.7(iiN)), éotm
0, €U . To ovdétepo otoryeio eivon povadikd (Iopatipnon 4.2 (ii)), apa 0, =0, .

i) Av U &ivarl vtoympog tov dtavuopatikol yopoov V , ioyvetn (4.14), dpa yio kabe
u,velU ko k,/eF éovue kueU xar /veU, eropévog yi’ avtd ta ctoryeio Tov

U and v npdt oyéon g (4.14) npoxdmter ku+ /v el .
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Avtiotpoa, av yio kabe u,velU xa k,/ eF 1oyver ku+ /v el , avtikobiotdvrog
Tic Tipég K =7 =1, mpokdmrel n mpdTn oxéon g (4.14), ko aviikabistdvrag £ =0

npokvntel KU €U . "Etot, 1oy0et 0 160d0vopog Opiopdg 4.8. o0

H Ipétaon 4.5 eivar apkeTd onUAVTIKY Kot XPHOUUN OTIG EPAPUOYES, O1OTL
e 10 (i) divel éva kprmplo, v va damiotwbei, av évo vrocvvoro U  evig
dtvocpatikov yopov V' dgv amoterel vdywpo tov V, mov cvpufaivel otav

0, ¢U,

e 10 (i) diver wavn ko avaykoioc cuvOAKN Yoo va givar vIdy®Poc, va un Kevo

vrocvvoro U evog dtavuepatikod yopov V.

Mopdaocrypa 4.2

i) H emontiki-yeopetpiky avomapdotacn tov 8.x. R* eivor 1o eminedo (BAéme
Moapatypnon 4.1 (i)-(ii), Hopaderypa 4.1 (i)). Ta odvora U, ={(x,0): xeR},
U, ={(0,y): yeR}, U,={(x,x): xeR} eivor vrdyopor tov d.x. R?. Ipdyuart,
eOKkoAa umopovpe vao. emaAnfedoovpe 0Tt OAA To. GUVOAN €lvar U KEVE [0l KOl TO

otoeio (0,0) avrkel o kabéva amd avtd.

Emmiéov, av Bewpnoovpe u,veU, ko k,/ e R, pe u=(x;,0), v=(x,,0), tpopavdg
ku+ v =Kk(x;,0)+ £(X,,0) = (kx, + #x,,0) eU,, omote and IIpdtaon 4.5 (ii), o U,
etvar voywpog tov 8.y R?*. Me avéroyo tpdmo omodeucviovue 6t 10 U, sivon
vdywpog Tov 8.y, R2.

Av Beopricovpe U, U, €Uy, K, ZeR, pe u, =(X,X), U, =(%,X%,), X, X, €R, 101¢
ku, + fu, =K (X, X))+ £(X,, X,) = (kx, + £X,,kx, + ¢X,) €U,, omote 0 U, givar vwoywpog
tov 8.y, R?, (IIpdtacm 4.5 (ii)).

H yeopetpikn napovsiaon tov vroxdpwv tov emmédov, U,,U,,U,, eivar o dEovog
X'X, 0 GEovag y'y, ko m gvbeio y = X, avtiotoyo.

To oovoro U,={(y): yeR} dev sivar vréywpog tov R?, &dtL 710
0. =(0,0) ¢U,, (IIpotacn 4.5 (i)). AMhwote, av Tpochicovpe dvo ctoyeio Tov U,,

Ly)+@y,)=(2y,+Y,) Bpiokovue é&va otoryeio mov dev avikel oto U, , dntady,
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n mpdcheon dwavvopdtmv dev pog divel po ometkovion g poperg U, xU, - U,.

l'sopetpikd, ot TpoNyoVUEVOL VTTOYWPOL TOV EMTEIOV ATOTLIIMVOVTIOL GTO Zynua 4.8.

Zynpo 4.8

U,

i) To U={(x,y,2)eR®: x—2y+z=0} eivar vroywpoc tovR®, d16T1 10081 M
[Ipdtoon 4.5 (ii). Ipaypar, to U =, enedn o (0,0,0) eU .
‘Eoto u =(X,¥,,2), U,=(X,,Y,,2,), k,/eR, pe u,u, eU. Zoppwva pe v
WO10TNT TOV TPETEL VOL IKAVOTTOL0VV Tal oTotyeia tov U, éyovpe :

uel = x-2y,+2,=0 xar uU,eU = Xx,-2y,+2,=0 (4.15)
Enedn, ku, +2u, =K(X, Y,,2,) +0(X,, Y,, Z,) = (KX + X,, Ky, + 0y, kz, + (Z,) ,
LLE AVTIKOTAGTOOT TOV 1I60THT®V 07td TNV (4.15) kataAnyovpe oty €XOUEVN 1GOTNTO,

kx, + ¢x, —2(ky, + 0y,) + Kz, + (z, =k(x, -2y, + 2,) + {(X, - 2y, + 2,) =0,

amd O6mov etvar pavepd 6t Ku, + fu, eU .
H yeopetpikn mapovcioon tov vroympov U eivar eminedo, 10 omoio diépyetor amd
™mv apyn Tov tpisophoyoviov afovov tov R,
iii) To W ={(x,y,2) eR®: x—-2y+2z=1} dev eivar vmdywpoc tov R*, &otL 10
(0,0,0) dev aviket oto obvoro W , ene1dn dev emainbevel v 1810TNTA TOV GTOVXEI®V

tov W . H yeopetpikn mapovcioon tov W eivon eninedo, 10 onoio givor mapdAinio

010 eninedo Tov mponyovuévov vroydpov U, (IMapdaderypa 4.2 (ii)), 0 omoio de

Siépyeton amd TV apyf ToV aE6vev, oAAd omd o onueio (1,0,0) tov RS,
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eopetpikd, ol vdYWpPOL TOL
e Reivar: R, xon apyf tov dEova to {0},
e R?ceivar: R?, 10 {(0,0)}, xou k6Be gvbeia mov mepvh amd ™V apyn
TOV 0EOVOV.
e R’sivar: R? 10 {(0,0,0)}, k6Be gvbeia mov mepvE amd TV apyn TV
aEOvav, Kot kabe enimedo TOV TEPVA AO TNV OPYN TOV

aEoévov.

iv) Ecto AeM, . (F). To covoro, U, v AcE®V TOL OHOYEVODG GUGTHUATOG
AX =0, epodiacuévo pe tpa&elg mpocbeong kot fabumTod TOAAATAAGIOGHOD, -OTMG
avtég opiotnkav oto IMapdaderypa 4.1 (iii)-(iv)- eivor vToxwPOg TOL J.Y. MM(IF).
[Mpopavdg, o undevikdg mivakos Tov Mnxl(IF) emoAnOever v A-0=0, (ITpétaon
1.3 (v)), apa U = . Eniong av Bewprioovpe o611 K,/ € F ko X,y eU, tote AX=0
kot Ay =0.
EmmAiéov ywo 10 otoyeio kx+ /0y e Mnxl(IF), YPNCLOTOIDVTAG 1010TNTEG TTPAEEMV
mvakov kat 8.y. (IIpdtaon 1.3 (ii)-(iv) kot IIpdtaon 4.4 (i), kot avtikodoTOVTOG
TIC TPONYOVUEVEG IGOTNTES, EXOVULE !

A(kx+2y) =k(AX)+ ((Ay)=k-0+7-0=0
Apa kx+/ly elvar Avon tov opoyevovg cvotinuatog, oniadn kx+/ly eU , omdte
amodeiydnke o woyvpiopog, (Ipotaon 4.5 (ii)).
To obvoro U ovopdleton y@pog AV6e®V TOL OHOYEVOLS GUGTHUOTOC 1)
undevoympog tov A (nullspace) kot cupPoriletar pe N(A).
Eivar poavepd 611 10 6vvoro Aboewv tov cvotiuatog AX=b pe b=#0, dev sivan

vdywpog tov O.x. M. (F), ot 0 pundevikdg mivakag dev amotehel AVon TOL
nx1

GLGTNLOTOG,. o0

X ovvéyela Ba aoyoAnbovpe pe ™ peAETn vEmV vIoydpwv Tov opilovtol omd

dALovg VITOY®POLE N Ao Pio GVLALOYT SLIVUCUAT®V EVOG SIOVUGLOTIKOD YDPO.
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IIpétacn 4.6

Eorw U,W dvo vroywpor evog T — drovoouatixod ywpov V . Ta cdvolia

U+W ={u+w: ueU,weW} (4.16)

UnW={veV: veU,veW} (4.17)
givar ooy wpPo1 TV davvaaTiKod Ywpov V .
Anodaln : [pota amodsikvoovpe 6tito U +W glvar vdoywpog tov V.
Eneidy U,W givor vrdywpotr tov Sovuoopatikod yodpov V , cOpeove pe v
[Ipotaon 4.5 (i) 0, eU,W , ovvendg O, =0, +0, eU +W , onote U +W = .
Emumdéov, av U +W, U, +W, eU +W pe u, eU, w, eW, i=12 ko k,/ €F, t0t¢

K (U, +w, ) +2(u, +w, ) = (ku, +0u, )+ (kw, + w, ) eU +W

enewdn U eU,w eW, i=12 ko UW vrdyopotr tov dtovucpotikod ydpov V .
Soupovo pe v Ipotaon 4.5 (ii) o U +W givar vrdympog tov dtavuouatikon
xopov V .
Amopével va amodeifovpe 6Tt T0 svvoro U MW, dnwg opiletar oty (4.17), sivon
VILOYWPOG TOV JLLVVGUATIKOD YDpov V .
Enedn) U,W eivor vdywpot tov Stovucpaticov xopov V , to otoyeio 0, eU won
0, eW,apa 0, eUnW ,onote U W =J.
Eoto uyweU W xo k,/eF. Ereioq u,weU "W = u,weU . Emmiéov, 10
U eivan vndywpog tov dtavucpotikod yodpov V , emopévog ku+/weU (IIpdtacn
4.5 (ii)).
Me avdroyo tpodmo kotainyovue ku+/w eW . Apa, ku+/weU nW , and to omoio

ocoumepaivoope 6t 10 U NW  glvar vadywpog tov dSavvouatikov yopov V

(ITpodtaom 4.5 (ii)). o0

Hopaderypo 4.3 Osophviac T0 Stovoopatikd ydpo R? kol TOvg LTOYHPOVS
U, ={(x,0): xeR}, U,={(0,y): yeR} tov [apadeiypatog 4.2 (i) umopovue va
SMGTOGOLE OTL:

(i) U, +U, = R? k(i) U,nU, ={(0,0)}
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(i) Opdypartt, enewdy U, +U, eivar vrdxopog tov d.y. R?, (Ilpdtaon 4.6), eivor
cagéc 6Tt U, +U, < R*. Xpnowonotdviag tov opioud g npdcbeong oto 8. R?
(BAéme TTopadetypa 4.1 (i) kou oygon (4.1)), éva toxaio otorysio (X, y) € R® ypdopeton
(X, ¥)=(x,0)+(0,y)eU, +U,. Zvvendg wyver R>cU,+U,. Apa, &xovue
U,+U, =R?.

(i) Emedn U, U, sivan vedyopog tov R? (Tlpdtacn 4.6), mepiéyet 1o pmdevikd
otoyeio tov ydpov (Ilpdtacn 4.5 (i), mov eivan 0, =(0,0). EmmAéov, amd tov
opiopd tov U,, U, dwmotdvovpe Ot dev vrdpyet dAlo xowd otoyeio. Etot
KotaAyovpe oto cvpmépacpa 6tt U, NU, ={(0,0)}.

H yeopetpikn epunveio 1ov mponyovUEVOD OTOTEAEGLOTOS Eivan OTL TO EMimedO, R?,
giva to «dOpotopa» tov 0o cuvibov afovov, XX kat yy', (BAére Tynua 4.8). ¢ee
210 TPOMNYOLUEVO TAPAdEyUa ToapaTnpovpe Otl, €va Tuxaio otolyeio Tov R?
YpapeTal g afpoicpa tav otoxeiov tav vroyopov U,, U,, epdcov ot vrdywpot
é&poov U, nU, ={(0,0)}. Avt n 310t yevikeveTal Yo mePLoGOTEPOVG OO VO
VIOYMOPOVS  €VOC  OLOVUGHOTIKOD  YMOPOV. XTNV  €QOPUOY TOL  aKoAovBet

SLOTLTTOVOVTOL KO ATOOEIKVVOVTOL Ol CLVONKES DOTE, TO «ABpoIoH» 0VO VITOYDPWOV

evog dtavvopatikov yopov V va tovtileton pe Tov 1610 10 xdpo V .

E@appoyn 4.5

Eotw V évag diavoouotikog ywpog kor U, W ddo vmoywpor tov diavoouotikod
xopov V . To axolovBo. sivor 16od0voua :

)V =U+W xa: U W ={0,}

i) kdbe oravoouo VeV ypdpetor katd pwovadiko tpomo V=U+W, orov UeU ko
weW.

Am6deEn : 1) = i) And ™ oyéon V =U +W kot v (4.16) mpoxvmtel Gueca 0Tt
v k@be VeV, vmapyoov uelU xou weW , této10 dote V=U+W. Apkel vo
amodeifovpe OTL M Wpomyovuevr avaivon elvar povadikn. Ag vroBécovpe Ot
vrapyovov U eU xor w, eW, téroun ®ote vo woxder V=U +W,, ETOPEVOG

V=U+W=U +W, 1N 1coddvapo
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Uu—u, =W, —Ww.
To Suvoopo u—u, =u+(-1uy €U, St vroBéoape u,u, €U kot o U eivan
voyopog tov V. (Ilpoétaon 4.5 (ii)). Me avdroyo tpdémo ocvumepaivovpe 0T,
W, —w=w,+(-DweW, ondte omd v 06Tt U—U =W, —W, KOTGANYOLUE
u-u eW. Enedn u-u €U xor u-u eW, copnepaivoope 61t U—-U, eU NnW .
Opote kar W, —w eU NW . Emiong €yovpe amd v vndbeon U "W ={0,}, dpa
u-u, =0, >u=u, koo W, —w =0, = W =W,, ondte n avdivon eivar LOVaOIKT).

i) = 1) Ipogavdg amd Tov Tpdmo Ypoaenc tov dwavdouatog VeV kot v (4.16)
woyvet V =U +W . Anopévet va amodei&ovpe 6tt oyvet U NnW ={0, }.

‘Eoto xeUnNW cV. To cbvoro U "W eivan vtoywpog tov V  (TIpodtaom 4.6),
ovvenmg oyvet 1 Wwiotnta (iii) tov Opiopov 4.7 kol ovpewva pe v Hopotipnon
4.2 (i) propovpe va ypayovpe X =X+0, =0, + X.

Amd tov tpomo ypaeng X = X +0, , cuumepaivoope 6t XelU wan 0, eW

evo and X =0, + X, &xovpe 0, eU kor X eW , kot and tn povadtkdTnTo TG YPOPNS

Kkatadnyoope X =0, . Apa U W ={0,}. 00

Opwopoc 4.9
O vroywpos U +W  ovoudletor alporoua xor o vmoywpos U "W ovoualeror toun
v vroywpwv U kot W evog F — diavoouatikod yawpoo V .
Av woyder pio omo tig 10oovvoues ovvlnkes e Epopuoyns 4.5, o d1avoouotixog yawpog
V' eivar 10 €006 alpoicua v U, W, coupforileron ue V=U W , kot 1016 0
vroywpos U ovouadlerar eoumijpopua oo W w¢ npog to V , kar avtiororya o W
ovoualeror ovurinpowuc too U w¢ mpogcto V .

Onwg amodelydnke, n toun tov vroydpov U kot W gvog dtovoouatikov ydpov
V' eivar vdywpoc, n évoon, U UW ={veV: veU 7N veW}, tov vmoyopwv dev
amoTeELEl TAVIOTE VIOYWPO TOL OLVUCULATIKOD YMPOL, OM®G TPOKLATEL OO TO

EMOUEVO TTOPAOELY LA
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Mapaderypa 4.4 Onwg amodeikvoeton oto [oapadstypa 4.19 (i), kar otnv Epapuoyn

4.7 (i), ta ovvolra
a b
U:{AGMZ(R): A:(O Cj} k. W={AeM,(R): A=A}

1 2

gtvor vmoywpor o0 M, (R). Qotdco, av Bewproovpe Ai:[O A

jeU Kot

1 2
Azz(z 3JeW,npO(powo'Jg and A eU = AcUUW ke A,eW = A, eUUW.

() A+A, L2 + L2 2 4 U uW ot { 2 4 o
()] = = |\ , ETEL O TIVOKO eV
HoG 0 4)7\l2 372 7 M Sl 7

avikel o€ Kovévay omd Toug vroympovs U 1 W . Apa, to sovoro U UW dev givan

KKAELGTO» WG TPOG TNV TPAEN TS TPOGHEGNC, KATA GUVETELN 0PpOV dEV EMAANBeVETON

1 TpdTN cLVONKN TG (4.14), To U UW Sev omotedel vmdympo tov M, (R).  eee

Opropdg 4.10
Eotw V  évag F—davoouatikog yopog kor  Vy,V,,...,V, davoouato oo V. To
ororyeio VeV  Aéyetor évas T —ypaupuikos oovovacuos twv  O10v0OUCTOV

ViV Vs OV OTTAPYOVY kl,kz,...,kp elF, téro101 wote

V=KV, +kVv, + KV (4.18)

Hopatipnon 4.4 Ano tov Opiopo 4.10 ivon eavepod Ot1, pmopel va, vdpyovv ToALOT
TPOTOL, Y10l VO EKQPPUCTEL €vo. SVuGHo V.  €vOG dlovuspatikod yopov V g
YPOLUIKOG GLUVOLOGHOG OOVUCUAT®V, L0 KOL 1 ETAOYT TOV GTOLXEIOV TOL GLVOLOL

TOV cLVTEAESTOV F dgv elval LOVOGTILOVTOL OPIGUEVT).
Mo mopdadetypa, ov Osopricovpe éva dtvocpa v = (3,4) tov 8.x. R? kot 10 cHvolo
dovoopdtov  {v,,v,,v.}={1L1), (0,1), 1,0)}, edxora  emaAnBedovpe  OTL
V=2V, +2V,+V,, oAAd koL V=5V, =V, —2V,.

AmO 1O TPONYOOUEVO TOPAOELYHO, TOPOTNPOVUE OTL, TO Odvuopo V  €yel
TEPLGGOTEPOVG OO £VOV  YPOUUKOVG GLVOLAGHOVS TV SWVUGHATOV V,,V,,V,.
Enopévog, omv (4.18) dev vmdpyovv povodwd ki, k,,....k, €F, éto1 dote éva

dlvocpa €vOg SlovuGHOTIKOD Ydpov V' va ypagel ®C HOVASIKOG YPOLULIKOS
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GLVOLOCHOG TV dtavuopdtov Tov V. Kotd cuvérela yio tig dtdpopeg TYWEG TV
ki Ky,... kK, € F dnpuovpygiton S10popeTikog YpoppKog GuVELAGHOG, Kol KOT™ 0vTOv
tov tpémo opiletar €va GUVOAO YPOUUK®V GLVOLOCU®OV TOL GTOLXEIOL TOL

dtvoopatikod yopov V. Avtd to odvoro opileton ot Guvéxeln, kot Ommg Ha

amodei&ovpe, eival Kot 0TO VITOYMPOG TOL SLUVVGLATIKOD Ydpov V .

Opwopoc 4.11

Eotw NV évag F — diavoopatiog yapog kar K ={V,,V,,...,V } éva g kevo vmogtdvosio
o0 V . To advoro olwv twv F —ypouuikav covovoouwy twv ototyeiowv oo K

{kyv, +kv, +---+kvor kK, K e F}

ovoudletor F —ypappiry Oy oo K ko ovufoliCerar e span(K).

Av K givar to kevo abvolo, n ypopyaxn Onkn onueiwveron span(d) ={0, }.

Av kabe aroryeio tov V' eivor F — ypopyiog avvovaouog otoryeioov tov K léue ot o
vné)(a)pogz span(K) mapdayer o N wovew arno to F 5 ot to V mapaystar ono to
ovvoto K 1 ot to K eivar oobvolo yevvyropwv tov V .

Av 10 TAnbog twv drovooudtwy tov K eivar memepoouévos apifuog, o o10voouaTikog
xopos V' ovoualeton mEmEPAGUEVA TAPAYOUEVOS ILOVOOUOTIKOS YDPOS ATO TO GOVOAO
K.

Zuyva TopaAeirovpe v avagopd oto F amd toug Optopote 4.10 ko 4.11, av sivon

COQEC G OO0 GUVOAO cLVTEAESTOV [ avagepOUaoTE.

Hopdderypa 4.5
i) 'Boto K ={(-1,-2),(5-4,-10),(-3,1,0)} vmocvvoro tov d.x. V=R>. H
ypappkn Onkn tov K givon
span(K) ={ve R®: v=k (1, -1, -2) +k,(5,—4,-10) +k,(-3,1,0), k,k,,k, e R}
={(k, +5k, —3k,,—k, — 4k, +k,,—2k —10k,) e R*: k, k,,k, e R}
o va eléyEovpe av to (—4,3,14) e span(K) mpémer va eEetdoovpe av vrapyovv
KotdAnia K, K,,k, € R dote va woydet 1 iootta (4.18) tov Opiopod 4.10. Aniadn,

Yo moteg TG Tov K, K,, K, 1oy0et

2 To 6bvoro span(K) &ivor vtoxmpog Tov SovuepraTiKoD y®pov V , OTOG amodekvigToL GTNV
IIpétaon 4.7.
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(-4,3,14) =k, (1,-1,-2) +k, (5,-4,-10) + k,(-3,1,0),
Kévovtag Tic mpaeic, omog opiotnkav otov R® (BAéme oyéosic (4.1),(4.2)),
KOTOATYOVLE GTO GUGTNLA
k, +5k, —3k, =—4

-k, -4k, + k; = 3

-2k, -10k, =14
To mopandve ocvomuo €xer povadikny Avon k =8, k,=-3, k;=-1, dpa 10
(-4,3,14) avrkel ot ypoppikn Onkn tov K.
i) 'Eoto E={(10,0),(0,1,0)} vmocvvoro tov 8.x. R®. H ypappxyn 6fxn tov E,
ONA0OT TO GUVOAO TOV YPAUUIKDOV GUVIVACU®V TV 6TolXElmv Tov E, givon

span(E) ={ve R®: v=k (1,0,0)+k,(0,1,0), k., k, e R}
={(k,,k,,0) eR®’: k,k, e R}

Ia va eéetdoovpe av o span(E) mapdyet tov R®, mpémet va eléyEovpe av kébe
ototyeio Tov R? givon £vag ypappikodg ouvdvacpdg tov ototysiov tov E, dnladn, av
Y1 ké0e (X, Y,z) € R® vrapyovv K ,k, € R tét010 ddote

(x,y,2) =k, (1,0,0) +k,(0,1,0) . (4.19)
[Ipopavadc n (4.19) dev 1oyvet Yo kdOe Tuf Tov X, Y,z € R, 610t and v 106t T0
KOTOATYOVUE GTO 1GOOVVALO GUGTILLOL

k=X, k,=y, z=0,
mov onpaivel 61t o E Sev mapdyet tov R® R 611 1o Stvdopata (1,0,0),(0,1,0) Sev
givan yevwitopec tov R®.

a; a,
aZl a22

iii) To MZ(R)z{Az( j: a; €R, 1<i, j<2} eivon évag 8. (Mopdderypa

4.1 (iii)). Enewdn ke otorgeio tov M, (R) ypagpetar

a, a, 10 0 1 00 00
= + +a +a
(an azzj a“[o OJ a”{o o) “l1 0) #lo0 1
(1 0} (0 1) (0 0) (0 0) , v, (R)
TO oTOLYEIN , , , gival YEVVIATOPES TOV )
%0 o) lo o) \1 o) lo 1 YEVVIITOPES ?

Iv) To cvvoro, R, [X], ne otoyeion N— 06100 Pabpod moAvdvupa Lo HETABANTAG 1E

TPOYLOTIKOVG GUVTEAEDTEG, gival d.). (TTapdderypa 4.1 (vi)). Eneldn kébe moivmdvopo
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Babpod <n eivar g popefic a,x" +a, X" +---+a X+ a, , copumepaivovpe 6TL 0 8.y,

n

R, [X] mapdyetor omd ta 1, X, X°,..., X" . o0

Mio oAb Bacikn mTPOTOCT OTOJEIKVOETAL GTI GULVEXELN, 1) OTOl0L OVOPEPETOL GTO

TAN00G TOV VUG UATOV TOL TEPIAAUPAVOVTOL GTN YPOUUKT O KT £VOS GUVOAOL.

I[potaon 4.7
Eotw NV évag TF — diavoopuatidg xwpog kot to. 51avoouoTa Ny, Vs, ...,V .

H ypoyyarcry Oy, span(vy,V,,...,V,), &var o eAdy10tog vméymwpog Tov d1avoouatikob

xowpov V' wov mEpIEYEL TO A1OVDOOUOTOA.

Am6deiln : Av Bewpnoovpe U,V e span(vy,V,,...,V,) , cppova pe tov Opiopo 4.11
vIépyoLV kl,kz,...,kp e, étor wote u=kv, +k,v, +---+kpvp Ko Ly, 0yl el,
ETOLWOTE V=LV + LV, +-+ L V.
[Tpogavmg, to dBpoicua 6H0 YPUUUIKOV CUVOVACUOV Elval YPAUUIKOS GVVOVOGOG
TOV SIVUGLATOV, ETELN

U+V = (k + )V, + (K, + L)V, 4o+ (K + L)V, =My, + MV, +--+mv
omov m =k +/;, i=12,...,p, dpo u+vespan(v,V,,...,v,). Eniong o Babuwtog

TOALOTAAGLOGUOG VOGS YPUUUKOD GLUVOLACHOV £ival YPOUUKOS GLVOVAGIOS, ETEON
yw kdmoov M e [F oydet

mu = (mk v, +(Mk,)Vv, +---+ (MK )V, =2V, +Z,V, +---+ 2V,
omov z; =mk;, i=12,...,p, apa mu e span(v,v,,...,v,).
Enopévag, av U,V e span(v,,V,,...,v,) kor meF, tote enaknbedovrar ot eykhewspol
mg (4.14) tov Opiopoy 4.8, cuvendg T0 6hvoro span(vy,V,,...,V,) eivar voywpog

Tov V.

‘Eoto U évag Sapopetikdg vroympog amd o span(vy,V,,...,V,) TOL TEPEYEL Ta
JVOGHOTA Vi, Vy,...,V, . O deiSovpe 0Tt o) DEL

span(v,,V,,...,v,) cU.
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[Na kabe k,k,,....k, e F wyoer (kyv, +K,v, +---+k v ) espan(vy,v,,...,v,), 60Tt
span(v,,V,,...,V,) e&ivar vrmoywpog tov V  ([Ipdtacn 4.5 (ii)). Emmdéov ta
dlvocpoTo Vy,Vy,..sV, €U kot t0 U eivar vtdywpog, dpa yio kl,kz,...,kp elF
1oy 0eL (kv, +kv, +--+k v )eU  ([lpétaon 4.5 (ii)). Emopévog, av to
kv, +kv, +---+ kv, glvar otoyeio g ypoppkng Ofkng mpokdnter 6Tt givon kon
ototyeio Tov U . Zuvenmg, | ypouukn 0Mkn mepiéyetorl o kabe vdywpo mov mePLéEyel

T S1VOGLATOL Vi Vg,eo Vs s00
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4.4 Tpoppui) aveéaptnoio S1ovoopaTOV

Enewdn kabe otoyeio a=(a,,a,,...,a,) wov d.y. R" unopei va ypapei
a=(a,a,,...,a,)=a,0,...,00+a,(0,1,...,0)+---+a,(0,0,...,1)

(4.20)
=qe +ae, +---+ae,
GOLEmVO pe Tov Optopd 4.11, 1o povadiaio® Stavooparta
e, =@10,...,0), e,=(01...,0),...,e,=(0,0,...,2) (4.21)

givar yevwitopeg tov R". EvkoAo umopovpe va dwomiotdoovps 01l €kTO¢ amd To

ocovoro {e,e,,...,e,} «ot to ovvora {e +e,e,,....,e.}, {e,e+e,e,....e}

nopdyovy tov R" kabdc ko apketd dAla. Apa évag SlovuopaTikdc YDPOG UTOPEL Vo,
&xel meplocdTEPa amd £va chVola yevvntopwv. To epdtnua mov tibevton givan @ [Totog
glvar o eldyotog aplBudg OVUGUATOV TOV OTOUTEITOL (OOTE VO TOPAYETOL O
SLOVOGLATIKOG YDPOG;

H andvinon oyetiletor pe v €vvola g YPOUIKNAG aveEAPTNGLOG TOV GUVOAOD TOV

YEVWNTOP®V.

Opwopoc 4.12

Eotw N évag TF—diavoouonikos ywpog. Ta diaviouoto Vy,V,,...V, tov V

0VOUGLOVTOL YPAUUIKG AVECAPTHTO OV KOL UOVO OV 1 OLAVOOUOTIKY EClOMON

aVv, +a,v, +---+a,yv,=0,, pe a,a,...,a,elF (4.22)

Exel povadiki) Avon v wetpypevy, & =a, =---=a, =0.

Av 5 (4.22) éxer ko dAleg ADoEIS EKTOG TG TETPYUEVNS, TO SIAVOOUATO V1,V ...,V

0VOUGLOVTOL YPAUUIKG, EEAPTHUEVOL.

Moapatipnon 4.5 i) Otav Oéhovpe vo emekTeivoLE TNV €VvOld TNG YPOLUIKNAG
ave&optnoiag (avtiotolyo eEdptmong) oe odvora pe dmepo mANBog otoveiwv, o
Opiopdg 4.12 gpappoletot yuo éva vroovvoro K tov drovucpatikov yopov V e
enePacUEVO TANO0G oToLYEI®V.

‘Etol, éva memepacupévo ocdvoro KV yapaxtmpiletor ypouuixe  avelaptnro
(avtiotorya e€aptnuévo), av ta otoryeion tov K givar ypopuikd ave&dptmra

(avtioTorya e€aptnuévar).

* Ta Stavdoparo yopaktnpilovron povadiaio, eneidh amd Ty (4.7) vrohoyileton 6Tt ||ei || =1,y kGOe
i=12,...,n
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"Eva arelpo vtosvvoro K tov dtavoopatikov yopov V Aéyeton ypouuiko avelaptnto
(avtiotorya elaptnuévo), ov kébe (avtiotoyo VRAPYEL) TEMEPAGUEVO UM KEVO
VTOGVUVOAO TOL S givoar Ypouutkd ave&aptnto (avtiotoryo e£opTnUéVo).

i) To kevd chvoro givor ypappukd ave&aptnro.

Apeoeg ovvéneteg Tov Opiopov 4.12 givar ot akdA0LOES.

IMépropa 4.1

Eotw V évag F — diavoouatixog ywpoc.

1) To undeviko digvooua, O, , eivar ypopyrd eCoaptnuévo.

i) Kdbe un unoeviko ordvooua VeV eivar ypouuixa ovelaptnro.

iii) Av kdmoto omd ta davbouaza V,,V,,...,V, €V &lvar o undevikoé diavoouo, téte
OTO, EIVAL YPOUULKC, ECOPTHUEVAL.

iV) Av 70 abvolo K ={v,,V,,...,v }cV eivor ypogyuré aveléptnro, tdte Kdbe
vToodVolo tov, B, eivou emiong ypopyira oveéoptnro.

V) Eotw B#QD éva ppopyuxd ecaptnuévo obvoio kor K ={v;,v,,...,v }cV pue
Bc K, wte 0 K eivou ypoyyura eCoprnuévo.

Améoeiln : 1) Xvvdvalovtog v woétra 1-0, =0, (IIpdtacn 4.4 (i)), pe tov Opiopd

4.12, elvon @avepd Ot to ddvoopa 0, eivon ypappikd eaptnuévo.

i) H e&iowon (4.22) ypaeeton av =0, , pe v =0, , otdte oOppmva pe mv Ipdtaon

4.4 (iv) mpoxdnrel @, =0, dpo to V eivon ypoppkd ave&aptnro.

Iii) ' Eoto 61t v, =0, yw kdmowo i e€{L,2,..., p}. And myv e&icmon (4.22) £xovpe

V.

Vv, +a,V, +-+a,V,, +1.0, +a,,v,,, +--+av, =0, (4.23)

i+1
omov a,a,,...,a, € F. Ta dwvocpota eivar ypappika egaptnuéva, 810t (4.23) éxet
&va U UNodevIKO GUVTEAESTN.

V) 'Eoto K ={v,,V,,...,V,,V, ...,V ,} SV glvar éva ypoppuxd avedptnto chvoro
kot B={v,,v,,...,v,}c K. Av 10 B fjrav ypappkd eEapmuévo cvvoro, tote Oa
VIPYE TOVALYLOTO EVOG UM UNOEVIKOG CLUVTEAEGTNG 0NV e&lcmon

av,+a,v, +---+ayVv, =0,, pe a,a,,...,a lF.
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Tnv tedevtaio 166TNTO WTOPOVLE VO, TN GUUTANPDOGOVUE UE To dtavoopoto Tov K mg
edng :

Vv, +aV, +-+a Vv, +0-v,  +--+0-v =0, (4.24)
Yvvovalovtag v (4.24) pe tov Opopd 4.12 ocvumepaivovpe 6t1, T dtovdcouaTo
Vi Voo Vi Vi ee, V EBVOL Ypoppukd eSoptnpéva, 0Tt KAmolog cuvtedeostig eivat
un undevikdc, dpa 1o chvoro K eivar ypappikd eEaptmuévo, mov gival dtomo.
V) 'Eotow B éva ypoppkd eEoptnuévo covoro pe B < K. Osmpovpe 6T1 T0 6UVOAO
K &gt otoyeia Vi, V,,..., Vi,V p,..0, v, KoL €0TO OTL ivon £va ypappikd aveEaptnto
obvoro. Xvvemwg, amd (iv) ocvumepaivovpe 611 T0 cOvoro B givor ypoppikd

aveEdptnro, mov givon dtomo. Apa, To K givon ypappikd eEaptmuévo cbvoro. ¢ e

Mopdosrypa 4.6
i) Xto o.x. R", ta povadwia dwvoopata e =(0,...,0,1,0,...,0), i=12,...,n, ta
omoia &yovv o€ OAeG TIC cuvteToyuéves UNdEv kol oty i —0&on ™ povada, (6mwg
otV (4.21)), eivon ypappukd aveEaptnra, 610t 1 (4.22) ypdoeton
ae +ae, +--+ae,=0<(a,a,...,8,) =0,
and OmMov TPOKVTTEL 1| povadkn Abon a, =a, =---=a, =0,
i) Zrov R, ta Siovoopata v, =(3,0,-6), v, =(-4,1,7) kor v, =(-2,1,5) eivan
YPORUIKA aveEdptnTa, 010TL 1) dStavuouatikn eEiocwon (4.22) sivan
aVv, +a,v, +a,v, =0 < a,(3,0,-6)+a,(-4,1,7) +a,(-2,1,5) = (0,0,0)
< (3a, —4a, -2a,,a, +a,,—6a, + 7a, +5a,) = (0,0,0)
Ao OOV TPOKVTTEL TO 1IGOOVVALO GUGTILA
3a,—4a,—-2a,=0
a+ a,=0 » > a=0, a,=0, a,=0
—6a, +7a,+5a, =0
i) Ttov  R®, 1o Siavdopota v, =(1,-2,-3), v, =(-3,5,7) kot v, =(-4,5,6) sivon
ypouutkd eEaptnuéva, 10t 1 dtavvouatiky e&icwon (4.22)
a,(1,-2,-3)+a,(-3,5,7) +a,(-4,5,6) =0 &
(a, —3a, —4a,,—2a, +5a, +5a,,—-3a, + 7a, + 6a,) = (0,0,0)

KOTOANYEL GTO GUGTNUA TOV EEICADGEDV
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a —3a,—4a,=0, —2a +5a,+5a,=0, -3a +7a,+6a,=0,
T0 OmOi0 UTOPOVUE Vo AbGovpe pe TN pnéBodo amarowprig Gauss, ondte Ppickovpe OTL
éxel amepeg Moeig, (8, a, a,) =(-5a, —3a, a,)', a,eR.
AMwoTe, umopovpe va enaAnBevocovpe ot 1oYVEL
—5v, =3V, +V, =0 & v, =5v, +3v,, dnhodn), 10 V, eival YpappKog GuVOLAGHOG TV

VTOAOITTOV.

RN (R W L Y
10 d.x. M, , oL Tivokeg A = , A = kot A, = givoi
31 -1 1 01

ypouukd aveEdptntot. [pdyuatt, av avtikotaotoovue oty e&icwon (4.22) égovue

a1[1 2]+a2[ 3 0j+a{2 1j:@<:>(a1+3a2+2a3 2a, +a, j:{o o]
31 -1 1 01 3a, —a, a, +a,+a, 00

amto OOV TPOKVTTEL TO GVGTILLOL

a +3a,+2a,=0
2a, +a,=0
3a, —a, =0’
a+a +a;=0

70 omoio €xel g Avon v TeTppévn, & =a, =a, =0.

V) Tro 8 M, (R) ) A (1 2j A [3 —1] A (1 —5j )
TO X- 2 , Ol ﬂthOLng = , = Ko = Eval
11 10 2 8 0

ypouutkd eEaptnuévol, 10Tt pe aviikatdotaon oty e&icwon (4.22) £yovpe :

1 2 3 -1 1 -5 +3a, + 2a,—a, -5 0 0
a, +a, ‘a, _0e & +98, +d; L8 8,798 )

11 10 2 8 0 a, +10a, +8a, a, +2a, 00
Ao v teAevTaio 106TNTO TVAK®OV TPOKVTTEL TO GUGTN LA TOV EEIGDCEDY

a+3a,+a,=0, 2a -a,-5, =0, a, +10a,+8a, =0 xar &, +a,=0.

Avvovtag to cvotnua pe ™ péBodo amaroipng Gauss, Ppickovpe OTL £yl Amelpeg
Moeig, (8, a, &) =(-2a, a, —-3a,)', a, R.

Alwote, ebkora emainOeveton Ot oyvel —2A + A - A, =0.

1 0 3 0
vi) Zto 8. My, (R), o mivakeg v, =| -4 |, v,=| 3|, v;=|-5] ko v, =| 2
3 -1 4 -2

etvon ypoppukd eEaptnuévot, 610Tt pe avtikatdotaon otny (4.22) €yovpe :
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1 0 3 0 0 a, +3a, 0
a|—4|+a,| 3|+a|5|+a,| 2|=|0| < | 4a +3a,-5a,+23, |=|0
3 -1 4 -2 0 3a,—a, +4a,-2a, 0

Ao TV 100TNTA TIVAK®OV TPOKVTTEL TO CVLGTN U EEI0MGEMV
a +3a,=0, —4a +3a,-5a,+2a,=0, 33, —a, +4a,—-2a, =0,
10 omoio &yel mepeg Moeig, (3, a, a, a,) =(-3a, —a, a, —2a,)", a,eR.
AXwote, edkola emoinBeveton Ot woyvEL V, =3V, +V, + 2V, .
vii) Zto 8.y R, [X], to otoyeia 1, X, X%,..., X" eivon ypoppiké oveEapnta, S10TL and
mv 160t T0
8, 1+ax+a, X’ +--+ax" =0, 8 eR, pe i=01,...,n

gtvo pavepd otL, 8, =a, =---=a,=0. soe

2V mpOTOoT TOL AKOAOVOEL SlTLITAOVETOL i KAV Kol ovoyKaio cuvOnkn, dote

£€va, 6OVOAO SLOVUGULATOV VO OOTEAEL Eval Ypopkd avedptnTo cHVOAO.

IIpoTaon 4.8

Eotw V évag F — diavoouatixog ywpoc.

Eotw ta pn undevikd diavbouoza Vy,\V,,...,V, €V, ue p=2. Ta diaviouato eivar
YPOLIKG ECopTRUEVE. OV Kau [OVO av Eva. amo avtd, éotw to V,, 1€{L,2,..., p} eivau
YPOUUIKOS GOVOVAGILOS OAWV TWV DITOLOITWY OLOVOGUATDV.

Amodeldn : YmoBéroopue 6Tt to davdopota Vy,V,,...,V, €V givar ypoppikd
eCaptnuéva. Apan (4.22) ypdoetot

Vv, +a,Vv, +---+a_V,; +aV, + 4.,V

i+1

+-+ayv, =0, (4.25)

i+1
omov a,,a,,...,a, € F xon ywpic PAaPN Mg yevikomtag Bewpodue 0TL 0 cuvteheotng
a, #0 yuwkdnow i e{l,2,..., p}.

H e&iowon (4.25) ypdoetar

aVv,+a,v, +---+a v, +a. vV, ++ apr =-a\V;,

Ko enedn Oewpnoape 6Tt @ = 0, v TeEAevTOi0 1IGOTNTA HTOPOVUE VOL TNV YPAYOVHE
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a a . a
_a'l\/l__zv2 ..._'_*1VI71_'_Jrl\/Hl_...__pr:Vi &
al ai ai al i
kv, +Kov, + oo kv + KV o F KV =Y
pe K, =—%. Aniadn, to Vv, elvor ypoppkds cvvovacpos OAmv TV vToAoimwv

dtvvopdtav, (Opiopog 4.10).
Avtiotpoga, og vmoBécovpe Ot TO V, E£lvor ypoppkds cLVOLACHOS OAMV TMV
VTOAOIT®OV SAVUGHATOV, 0TTdTE cLUPWVA LE TNV (4.18) Tov Opiopov 4.10 vadpyovv
K,, kz,...,kp e IF tétolor dote

v, =kv, + KV, + 4K v KVt kv, =

i+17i+1

kv, + KV, +--+ kv, =1V + K,V

i+l

+-+ kv, =0,

i+1
Xy tehevtaio 16OTNTO O GUVTEAESTNG TOL V, &fvar un pndevikdg ywo kdamolo
ie{l,2,..., p}, ENOUEVOS TaL SUAVOOHOTOL Vi, Vy,...,V, ElvaL ypoppika eEapTnuévo, ¢ ¢ ¢

Eoto AeM, . (R). Ké&be omiin tov mivaka A pmopel va Oeopndel g

dbdvvopa-otoyeio tov R™ (BAéne v avtiotoyio (ii)-(iii) oty Hopoatipnon 4.1),

ondte ou N otheg C,C,,...,C, TOL A, pmopel va Bewpnbel otL mapdyovv Evav

vdyopo Tov R™.

Me avéroyo tpémo, ot ypappég I,r,,...,r, tov A, umopovv va Bewpnbodv wg
dravoopoata tov R" ko 611 Topdyovv évay vdywpo tov R".

['a wivaxeg pe otoyyeia omd 10 cvvoro R 1 C, dmov ypnoomolovpe to cvpforo

', umopolpLe vo, YEVIKEDGOVLE TO TAPOTAV® LE TOV ETOUEVO OPIGLO.

Opwopoc 4.13
Eotw AeM, . (F).

o Kdbe ypouusi tov mwivoka A eivar éva otoryeio tov F". O vadywpoc tov F" mov
mopdyovy or M ypopuss 1, 1,,..., I 00 A ovoudletor yapog ypopupudv tov A ko
ONUELDVETOL

R(A) =span(r,r,,...,r,).

o  Kabe otijin tov A eivar éva ororyeio tov F" . O vrdywpog tov F™ mov wapdyovv ot

N otmieg C,,C,,...,C, 00 A ovoudletor yPog GTRAMY T00 A KOl CHUELOVETOL
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C(A) =span(c,,c,,...,C,) .

Av Bcopricovpe, A', Tov aviotpogo mivaka tov Ae M (]R), gtvat eavepod Ott

C(A)=R(A). (4.26)
H 1816tta oty (4.26) emtpénel T UEAETT TOV YMPOV YPOUU®OY TOV A Kol HETOPOPA
QVTOV TOV GLUTEPAGUATOV GTO YHOPO GTNADV TOV, UECH TOV OVACTPOPOV TIVOK(
tov. 'Eto1, otig endpeveg mapaypdpovg 0o SoTUTOVOLE TO OMOTEAEGLOTO Y10, TO

YDOPO YPUUUDV, ®GTOCO Ta {310l AKPPAOG 1GYLOVY KoL Y10 TO YDPO CTNAMV.

IIpétaocn 4.9

Eotw AeM,, (F) .
1) I popuoicoddvopor mivakes Exovy Tov idLo ymwpo YPoUUmV.
i) Eotw BeM, (IE‘) n KAyorxwt) popen tov mivoko, A . Ot un unoevikes ypoués

tov B elvar ypauuixd avelaptnta draviouato tov diavoouotikod ywpov F".

AmOdEIEN : 1) Av gpopprolovtag oToyEImOElg ypoupuonpdtels otov mivaka A Tov
petacynuoticoope otov B (o mivakag B elvar m khpoxmt) popen 1 avnypévn
KMpoKo™ popen tov A) eivar gavepod 6t Kabe ypapun tov B elvan kdmoo ypoppn
tov A (av epappdécOnkoav poévo evorAayEg Ypapu®v) M etvar €vog YPORKOG
GLVOVACUOG TOV YPOUU®DV Tov A. Avtd onuoaivel 0Tt KaOe dtdvuopo To 0moio aviKel
OTO Y®OPO YPOUUOV TOV B avikel kol 610 Ydpo ypopudv tov A, dnAadn o yodpog
ypappov tov B eival vmoshvoro tov ydpov ypappdv tov A. Emedn n dwdikacio
TOV OTOLEIWODV YPUUUOTPAEemV pmopel va axolovOnbel kon pe avtiotpoen mopeia,
oonyovpaote amd Tov mivaka B otov mivaka A, dpa 0 yOpog YPOUU®dV Tov A givol
VTOGVUVOAO TOV YDPOL Ypouumv tov B. Emopévmg, ot ypappoicodvvapor mivokeg
£yovv Tov 1510 YDPo YPaUU®V, dNAadn,

R(A) =span(r,r,,...,r,) =R(B). (4.27)
il) Exedn o B eivon khpoxotoc mivakag (Yo tov KAlpokoto wivaka PAEre Opiopod
3.5), kopio. un pUNdeVIKN ypapun Tov 0V UTOPEL Vo, €ivol YPOUMIKOS GUVOVAGHOG

OA®V TOV VIOAOITOV UN UNOEVIKOV YPOUU®DV Tov. Apa omnd v Ilpotacn 4.8
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OLUTEPOIVOLHE OTL Ol UN UNOEVIKEG YPOUUES Tov B elvan ypoppkd aveEdptnta

ototyeio Tov F". o0

YnevOopiCoovpe 611, 0 Babuoc evog mivaka Ae M (IF) oot PE TOV aplud oV

delyvel To TAN00G TOV PN UNOEVIKAOV YPOUUOV TOL KAMPoK®OToO Ttivake B (Opiopog
3.6). Emmiéov to (i) g IIpotaong 4.9 omodekviel OTL TO GUVOAO OVTOV TMV
ypopu®v stvor ypappkd aveEapmro. Evdoyo eivar to gpdtnua : o Pabudg tov
nwivoka A elvor i6o¢ pe tov aplBud TV CTOLEIMV TOL GLVOAOL TMV YPOLLIKA
aveaptntov ypopupuov tov B; H omdvinon dOivetor ommv emdpevn evotnta

(IMopoatpnon 4.8).

®a Kieicovpe avtnV TV EVOTNTA, TaPoLGSLdovTag 6v0 alkyopiBuovg, Tovg omoiovg
gpappolovue yo va e&etdoovpe av ta dtavoopota V,,V,,...,V, EVOG SVUGHATIKOD
xopov V etvon ypoappkd aveEdptra 1 e€aptmuéva.
H davvopatikn e€icmon oty (4.22)
av, +a,v, +---+a\Vv, =0, ue ayvootoug a;,a,,...,a, €F

KOTOANYEL 68 opoyevég ovotnua M -gélodoemv, K-ayvodotov g popeng Ax =0,
omov AeM,_ (F), x=(a a, ... 3,) €M, (F). Ano mv Hapathpnon 3.5 kabdg
kot Vv IIpdtaon 3.4 yvopilovue 611 10 TOpamdve cvotnuo givar cuuPifacto.
2ZUYKEKPIUEVA
e av r(A)=k, t6te t0 ovoTUO €Yl HOVAOIKT) ADGT TNV TETPYUUEVT, ONAGON,

a=4a,=--=a =0, emopévog ta dwvocpata V,,V,,...,V, Eeivor ypoppkd

ave&aptnta

® Gg SLPOPETIKN TEPITTMOOT), TO GVOTNUA EYEL ATEPES AVCELG

Ewdwotepa :

opgova pe v Ilpotoon 2.4, woyver det A=0 av kot povo av 0 TETPAYOVIKOG
nivoxkog Ae M, (IF) elvatl avToTPEYIHOG, OTOTE TO GUGTNUA UE TIVAKO GUVIEAEGTAOV
tov mivaka A €xet ) pundevikn Avon (Iapatypnon 2.1), cvvendg ta doavdouato
gtval ypoppkd aveEdptnta. Eniong, o Ae M, (IF) etvar avtiotpéyog otav gival

ypoppoicodvvopog pe tov povadwio mivaxa |, (IIpétacn 3.5), emmAiéov eivan
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eavepd Ot 0 povadiaiog mivakag, |, , &xet r(l,) =k. Zvvdvalovrag tig mponyodueves

1000VVOIEG SLOTVTTAOVOVLE TO AKOAOLOO TOPICLLAL.

IMépwopa 4.3
Eotw AeM, (F) . Ta axdlovbo givor icodbvouor :

1) O mivakag A eivar aviiotpéyiuog
i) r(A)=n
iii) det A=0.

2uvovalovTog T TPOoNYoUUEVA GYOAO JLUTVTIMVOVIE TOV EMOUEVO OAYOPLOUO, LLE TOV

onoio eAEyxeTon 1 YpapKn aveéoptnoia Tov V,V,,...,V, €V.

AlyoprOpog 4.1
I'pappucn avegaptnoia swavvopdtov v,,Vv,,...,V, 00 V
Brua 1 Aviikatdotoon dtovoopatov oty e&icoon
av,+a,v,+---+aVv, =0,
Bniua 2 Anuovpyio cvotiuatog Ax =0,
omov X =(3, a, ... a)' € M, (F), AeM_(F)
Biua3 T m=Kk, vmoloyioudg g opilovoag tov wivaka A, det A
1) oav detA=0, w0t V,,V,,...,V, eivor ypapkd aveEapnra
i) av det A=0, tote V,,V,,...,V, eivar ypoppikd eEaptmuéva
Biua4 T m=#k, vroloyiopuog tov fabuov tov wivaka A, r(A)
1) Av r(A)=k,tote V,V,,...,V, givor ypapkd aveEaptnra

I) Awpopetikd, Ta V;,V,,...,V, &ivol ypappkd eEoptmuéva

Mapatipnon 4.6 Tty bk wepintwon, mov e&etaleton 1 Ypopkn aveoptnoio
un TV - SvUeHATOV V), V,,...,V, Tov R", umopodue vo mopotnpricovpe 6Tt 0
mivakog A TOV GUVTEAEGTMOV TOL GLOTHUOTOS, TOV ONUoLPYEiTAL amd TV e&icmaon

aVv,+av,+---+aVv, =0,, elvau o mwivokag mov £xet omiAeg TO davdouaTa
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V;,Vy,...,V,.  Xovem®g, otov  mpomnyoduevo  aiydpiBpo  Bo  yphoovpe
A=(v, v, === v,), omov AeM,_,(R), n-eohoeg kot K-dyvootor tov
GLGTNLOTOG,.

O akydpiBuog, mov akoAovBel, cuvoyilel OAEC TIG TOPATNPNOELS KOl GYOALO Yol TN
AOon evoc opoyevovg cvotiuatog (PAéme IMapamipnon 2.1, 3.3, 3.4, 3.5, 4.6 ko
[Ipotaon 2.4, 3.4 ) kabmg kot tn Oswpia Tov [Mopicpatog 4.3.

AkyoprOpog 4.2
I'pappiki) aveéopmnoia StovoepdTov v,,v,,...,v, Tov R"

Brpa 1 EZympoatiopog tov nxk mivako A=(v, V, --- V,) He OTHAES Ta.
dwavoopata V,,V,,...,V,
Biua 2 Tia k =n, vroloyiopde g opiCovoag tov mivaka A, det A
i) av detA=0,tote V,,V,,...,V, eivon ypappikd aveEapmra
i) av det A=0, 16t V,V,,...,V, €ivar ypoppikd eEaptmuéva
Biua 3 T k<n,vroloyioudg tov fabuod tov wivako A, r(A)
1) av r(A)=k, tote V,,V,,...,V, eivar ypappikd aveEapmra
i) av r(A) <k, tote ta V,,V,,...,V, eivor ypoppkd eEaptnpéva

Bripa4 T k>n,tote ta v,,V,,...,V, givorypapkd egaptmuéva

. 47 i) Ou i A (1 Zj A (3 0) A (2 1] ,
apadeypa 4. L mivaxeg A = , = K A, = gtvon
31 -1 1 01

ypappkd aveEaptnta otoyeia tov M, (R), (ITapdderypa 4.6 (iv)).

Egapuolovue tov AlyopiBuo 4.1. 'Eyovpe kK =3 kot 0 mivakag Tov GOVIEAEGTMV TOVL

1 3 2

o

2 0
ocvotyuatog A= 3 1 éxet r(A) =3, omote r(A)=k =3. Apa, emraindedeton

1

-

0 1oYVPICUOC.
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i) O n AP 2) A (3 ac(t 0) o s ,
1 TTVOKE = , = Ko = €V E1val o KO
g 11 10 2 8 0 TPOHK

aveEaptnrotl (Iapadeiypotog 4.6 (V). Epapuolovtag tov Adyopibpo 4.1, yio k=3,

1 3 1

2 -1 -5
€yovpe OTL 0 TVAKOG TOV GLVTEAECTMV TOL GLOTHHOTOG Elvanr A= 110 8 Kol

1 2 0

woyvet r(A) =2, ondte r(A) =k = 3. Zuvendg ot Tivakeg stvor ypoppkd eEaptnuévot.
iii) Eotw  V,,V,,V, Sovdopato tov R*, pe v, =(1,-2,4,3), v,=(4,-7,9,7) xo
v, =(5,-8,6,5) . Ta dtavdopata eivor ypopptkd eEaptmuéva.

[Mpdypati, epapudloviac tov AkyopiBuo 4.2, yio k=3 ko1 n=4, o wivakag pe

1 4 5
. , -2 -7 -8 , ,
oTNAES T V,,V,,V, efvar A= 4 9 6 pe r(A)=2, ondte r(A) <k. Zvvenng
3 7 5

Ta Stovoopata eivol Ypoppkd eEaptnuéva.

Av emdééovpe dVo and Ta mponyovpeva dtovocpato, K, =2, avtd eivar ypoppikd
aveEapnTa, S10TL 1oYvEL r‘(A1 ) =k, (Bua 3(ii), AkyopiBuov 4.2), 6mov A eivon €vog
am6 Toug mivakeg A =(v, V,), A =V, Vi), A=(v, Vv,). so0

Emonuaiveror 611, o AhydpiBuog 4.2 ypnopomoteitor pévo 6tav to. SlovOGLOTO

eivan otoyeio tov R". e onowadnmote GAAN mepintmon, 0 EAEYYOC TNG YPOLUIKNAG
aveoptnoiag M e&dptong Poaciletar otov Opiopd 4.12 kor ot S10VUCUOTIKY

eElowon (4.22). Emopévmg viomoteitar o AdlyopiBpog 4.1.
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4.5 Bdon Kol 01467061 LOVOGUATIKOD YD POV

2TV TOPOVGH EVOTNTO LEAETAOVTOL Ol KOWEG 1OOTNTEG TOV £YOVV TO SLOPOPETIKA
GUVOAN YEVWNTOP®V €VOG SLOVUGLOTIKOD YMPOL Kot SIVETOL OmAVTNOT GTO EPATNLA,
oL &lye dTLTOEL GTNV TPONYOVLEVT] EVOTNTA, «TO10G €lvarl 0 €Ady1OTOC aplOUOG
SLOVUG ATV TTOV OTOLTEITOL Y10l VO TOPAYETOL £VOG OLOVUGHATIKOG YDPOG;»
Opwopoc 4.14
Evo.  vmoobvoilo B evoc T —diovoouotikod ywpov NV  ovoudletoan fden tov
orovoauotikod yawpov V', av 1gydovy ot 1010THTES:!
a. To B eivar ypouuixa ovelaptnro

b. To B mopayei oV, onlaon, V = span(B)

IMapaderypa 4.8 i) 1o d.x. R", 10 povadwio dovocuota €,e,,...,€,, To omoio

opiotmkav otnv (4.21), amotehodv pioe Bdon tov R", didt sivar ypoppka
aveEdpmta (TTapaderypa 4.6 (1)) ko n oyéon (4.20) amodekviel 0Tt To StovOoUaTO
e, i=12,...,n nopdyovv tov R". H Bdon ovtr ovopdletor kavoviki 1| covijng
Bdon tov d.x. R".
i) Ttov  R®, ta Swwvoopota v, =(3,0,—6), v,=(-4,17) xa Vv,=(-2,15)
amotedovv pio Baon tov R?, epdcov amoderybei Ott 1yvovy ot dVo 110TNTES TOV
Optopod 4.14. Anhadn, mpénet va amodeifovpe 0Tl ta Savdopata V,,V,,V, ivor
ypouutkd aveEdptnto, (nrovuevo mov omodeiydnke oto Ilapaderypa 4.6 (i), ko
gmmAéov Tt mapdyovy tov R®. Topemva pe tov Opiopd 4.11, mpémet va sEETAGOUE
av Yo k40 otoyeio (X,Y,z) eR® vrapyovv kardAinio kK, k, e R, ta omoia
enoAnOevovv v wodtTa (4.18) Tov Opropov 4.10. Anradn,

kv, + KV, +Kvy = (X, Y,2) <k (3,0,—6)+k,(-4,1,7) +ky(-2,1,5) = (X, ¥, 2)

< (3k, —4k, —2k,, k, + k;, -6k, + 7k, +5k;) = (X, Y, 2),
amo OOV TPOKVTTEL TO GVUGTNUA
3k, —4k, — 2k, = x

k,+ k;=y
—6k, + 7k, + 5k, =z
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Emeion n opilovca TV OUVTEAECTMOV TOV GUOTNLOTOG elvan

3 4 2
detf 0 1 1|=6#0,toovotmua éyel povadikn Avon. H Aon umopel va Bpedet
-6 7 5

pe ™ péboodo Cramer i pe tn péBodo amarorpng Gauss kot eivan

_ —X+3y-z
3

_ =2X+Yy-12 _2X+Yy+1

k
! 2

, Kk, o K,

Tvvendg, emoindevetar o Opiopdg 4.11, dniadn, R® =span(v,,v,,V,). Anodeifope
Ot 1oYhoLvV 01 80 1310t TEG TOL Opiopov 4.14 Kot emopévmg 10 GHVOLO

{(3,0,-6), (-4,1,7), (-2,1,5)} anotehei pia Paon tov R®.

Xpnowonowdvtag to (i) Ppickovpe pio GAAn Baon tov R® mov eivon

{e, =(0,0), e, =(0,1,0), e, =(0,0,1)}. [Tapatnpodue 6Tt T0t SVO GVVOAL TV Phoemv

€yovv 10 1010 TANB0¢ oTotYElWV.

ii) Xt0 5.1 M, (R) woro B, ={[~ O] [° L] [0 O (9 %) A&l
0 d.y. , T0 cOvolo B, = , , , amotelel
00X M2 {R), 100 =Yoo o) lo o)1 o) o 2/ “"

pio Baon tov. Edkola pmopodue va eréyEovpe 0Tt 0 chvoro B, eivan ypappkd

aveaptnro, STty a,,a,,8,,8, € R, n (4.22) yphopeton

a{l O}Laz(o 1J+a3(0 0]+a4(0 0]:@’

00 00 10 01

n omoia divel povadikny Avon v teTpiupévn, a =a, =a, =a, =0. Apa ta croyeia
tov B, eivar ypoppkd avegapmro (Opopods 4.12). Emmdéov, oto Hapdadeypa 4.5
(iii) amodeiyBnke 0t1 T oTOYEiR TOV B, €ivon yevviitopeg tov M, (]R) , PO TOPAYOLV
1038.x M,(R).

iv) To cOvoro B = {Eij :1<i<m, 1< j<n } &xel otoyela Tovg Mxn wivaxeg E;, ot
omoiot &yovv to (i, j)-otoyeio ico pe 1 kot to vwéAouwma otoryeion Tovg ica pe 0.
Tevikd, oto 8.y M, (R) (Mapaderypa 4.1 (iii)) to cbvoro B eivon pia Péaon tov
men(R). H amddeién eivon avdroyn pe v anddeiEn tov (i) kot a@ivetor o¢

aoxnon. H faon B ovopaletar kavovikn faon tov M, (R).
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V) Z10 8. R, [X], 1o otorgeio 1, X,X%,..., X" omotelovv pio Béon tov R [X], S16Tt
etvar ypappkd ave&aptnta (Iopaderypo 4.6 (Vii)) kot mopdyovv 10 ydpo R [X]
(Mopadetypa 4.5 (iv)). Av Oswpriicovpe 6Tt N >0, toTE 0 8. SvuPorileton R[X], Ko
1 avtictoyn Paon tov R[x] sivar to ameposivoro {1, X, X*,...}.

Vi) Ecto AeM . (R) kv B={a,,a,,...,8,} pe &, eM, (R), i=12,....,r, r<m,
OnAaodn, 1o cvvoro B €yel otoyela TG Un UNOEVIKEG YPOUUES TNG KALOK®OTNG
popong tov mivoka A. To B eivar pia Bdon tov yopov ypappdv, R(A), oto d.y.
R", 81611 ta oToyeion Tov B givan 0 ydpog ypoupdy kot givat ypoputkd aveEaptnta

(ITpotaon 4.9). o0

10 3.x. R® amodeiybnke ot vdpyovy V0 GUVOAA TOVL amotELOVV PBhon Tov
xdpov, (PAéne Mapaderypa 4.8 (i)-(i1)). Eniong omv Hapatypnon 4.4, éva otoryeio
v Sy R? ex@plotnke ©C SAPOPETIKOS YPOUUKOS GUVSLOCUOC TOV iV
dwvoopdtov, Kot otov Opiopd 4.14, n évvola TV yeEVVNTOP®V £VOG SLOVUGLATIKOD
yopov V elvar pia omd t1g dvo 1d1dtreg yio v vmapén Pdong tov V . Amd avtég Tig
TopatnPNoEl TNYalovy To TOPUKAT® POCIKO EPOTAUATO, TOV OTACYOAOVV TN
I'poppuxn AlyeBpa :

(i) Ta otoyeio gvog SovLoUATIKOD YOPOV TAVTOTE EKEPAlOVTOL (O SOUPOPETIKOL
ypoppikol cvvdvacpoi T@v Wiov SavuopaTov; Aev VIAPYEL HOVOOIKOG TPOTOG
YPOPNG EVOC GTOTYEIOV TOV SAVLGUATIKOD YMDPOL ;

(i) T 6Aovg TOVE SLOVLGUATIKOVS Y MDPOVG VILAPYEL TOLAGYIGTO Lo, Bdon;

(iii) Eivon tuyaio n mapatnpnon mov €ywve oto [opadetypo 4.8 (i), 6Tt dnradn, ot
Baoeig evog dS1avuoHaTIKOD XDPOL £Y0VV TO 1010 TANBOG oTOLYEIWV;

2V emoOUEVT] TPOTOCT] SOTLTMOVETOL L IKOVY KOl avaykoio cuvOnkn, dote to
otoyeion €vOg OVLGUATIKOD YDOPOL VO EKQEPALOVIOL MG HOVAOIKOS YPOUUIKOSG

GLVOVAGOG EVOG GLVOAOD SLOVLGHAT®V, Kot £TGL diveTal andvtnon oto epmtnua (i).
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IIpotaon 4.10

Eotw V évag F — diavoouatixog ywpog. Ta axolovBo givar 1c00dvoua.

i) Eva memepoouévo abvolo B={v,V,,...,V } eivor uia Bdon tov diavoouatikod
xwpoov V

i) Kabe oroiyeio VeV ypdpetor kard povodikd tpomo m¢ ypopuiKos oovovoouos
TV orotyeiwv 00 B .

Am6o€IEN : 1)=1i) Enedn] B Pdon tov dravvouartikod ydpov V , cdhuemvo pe myv

wiotta (b) Tov Opiopov 4.14, kabe ctoyeio VeV pmopel va ypoagel oG YPOUUIKOG

oLVOLACHOG TV atotyeiwv Tov B. Eoctm 611 vdpyovv dVo TpoOmol e Toug 0moiovg

umopei vo Tparypatomoinel n wePypoen Tov YPUUKOD GUVOILAGHOD, dSNANSN £0T®

OTL VITdpyoLV kl,k2,...,kp,€1,€2,...,£p eF, 1étolol wote
V=KV, +KV, ek KV KoL V=00V 0V, e LV

E&iodvovtog ta de&16 LEAN TOV TOPOTAVED 1GOTHTMOV KOTOAYOLUE
(K, =LV, + (K, =L,y +-o+ (k=€ ))v, =0, . (4.28)

Emumiéov ta dtavdopata V;,V,,...,V, &ivor ypopuud aveEapmnto wg otoyeio g

Baong B, omote amd v (4.28) mpoxvmtel

k—¢,=0, k,—¢,=0, ...k —¢ =0,

p p

mradn, k =4y, k,=0,, ...k, =/, and Omov ocvumepaivovpe OTL O YPOUUIKOG
GLVOLAGHOG £XEL LOVOOIKOVS GUVTEAECTEC.

i) =1) Enedn kabe v eV givar ypoppkds cuvovacsog Tv ototyeimv tov B, woyvet
V =span(B). Amopéver va amodeifovpe v 1d0tntar () Tov Opiopov 4.14. Ag
vrobéoovpe 6ty 1o 0, €V vmapyovv a,a,,...,a,€F £&o1 dote
aV, +a,v, +---+a v, =0,. Ereidn yia ke i=12,..., p woyder 0-v; =0, (IIpotaocn
4.4 (ii)), propodpe va ypayovope kon v 16t 0-v; +0-v, +---+0-v, =0, .

Opmg, emedn amd v vadbeon, o ypoppkds cuvovacspds tov ototyeiov 0, eV eivon
povadikog, cvykpivovtag tig 600 16dtTeG Tov ototyeiov 0, €V cvumepaivovpe 0T
a=a,=--=a,=0. Enopévog ta dSwvdopata V,V,,...,V, &ivor ypoppkd

aveEdpnta (Opiopog 4.12). X
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H wov wor avaykoio ovvOnkn, mov Owatvnobnke otnv Ilpdtaon 4.10,
eEacealilel 0Tl kdBe ddvoopa V evog dtavuspatikod yopov V  £€xel éva povadikod
TPOTO AVAALONG GE JLOVOGLOTO, TO OVOCUATO aVTA givanl pdvo ta otoryeio piog
Baonc tov V .

O povadikodg Tpdmog avarvong kdbe otoryeiov VeV egivan

V=KV, + KV, oKV
Anlodn, ot cuvteleotéc TV SvuoudTOV opilovv povadlkn P —ada aplBudv,
(k, ky,..., k), mov e€aptdron 1660 amd v emroyn g Paong B 660 ko amd
oepd mov givorl ypappéva ta ototyeia otn Paon. Ot cuviedeotéc avtoi ovopalovron
GUVIGTMGES 1] GUVTETUYREVEG TOV J10VOCUATOC V ¢ Tpog T Pdon B. Ilpopavag,
aAldlovtag ™ Paon N ™ oepd TtV otoyeimv g Pdong aAldlovv kol ot

GULVTETOYUEVES TOV OVOGHOTOC V.

Mapaderypa 4.9 i) To cvvoro B ={v,,v,,v,}, 6mov v, =(1,1), v, =(0,1), v, =(10),
(wtd To Savdopato avageépbnkav oto mapddetypo g [apatipnong 4.4), dev
amotedel pio Péon Tov R?, S16ti 10 B Sev ivan ypappké oveEdptnto cHvolo.
[payuartt, omd ™ davocpatikn eEicmon (4.22) Exovpe :

a +a,=0
a+a, =0

a(11)+a,(01)+2a,(1,0)=0 < (a, +a,a+a,)=(0,0) <
[Ipopavag, to cvotnua dev €xel HOVadIKy AVGN TN UNOEVIKY], OAAL €YEL AmMELPESG
Moeig (8, a, 8;) =(a —a -a), aeR.
Emopévmg, ta dwovdopato  V,V,,V, etvar ypappucd eaptnpéva, dpo to covoro B
etvon ypapukd e€aptnuévo Kat dev amotelet Bacn. Zvvendg dev epapuodletar to (ii)
g [Ipotaonc 4.10.
ii) To covoro B, ={v,,v,}={(1,1),(0,))} < B omotehei Béon tov 5.y R”.
o Ta davoopata V,,V, sivor ypappikd aveaptnro.
[payuartt, omd v e&icwon (4.22) éyovpe :

a(11)+a,(0,1) =0 < (a,a +a,)=(0,0),

OTOTE TO GUGTILOL TTOV TPOKVITEL EYEL LOVAOTKT] ADCT| TNV TETPYULEVN.

. Eniong oy0et R? = span(v,,V,) .
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[Ma va amodei&ovpe to 0£0TEPO 10YLPIGUO, cVLPwVA pe Tov Opioud 4.11, mpénel va
amodei&ovpe 61t KGOe oToryeio (X,Y) e R? eivon ypappikdg cuvdvacuoc tov Vi, V,,
7oL omnpaivel, 0Tl vIapyovv KotdAAnAa Kk, Kk, e R, ta omoio emaAnBevovv tnv
wootra (4.18) (Oproude 4.10). Anhadn,

v=(XY)=kVv, +k,v,. (4.29)
Avtikabiotdvtag ta davocpato oy (4.29) kol Kavovtag TPAEElS, KATUAYOVUE GE

ocvomua pe ayvootovg K, K, e R, wg e&ng

k, =X
(x,y)=kv, +k,v, =k (1,1) +k,(0,2) = (k;, k; +k,) < { K+ kzl _y
H Adon tov cvoetuatog tvo :
k=x «omt k,=y—X,yokdbe X,yeR. (4.30)

Enopévag, ta V,,V, eivor yevvitopeg tov R?.
Apa, eneldh] 1YoV ot §V0 116TEC ToL Opiopod 4.14, 0 B, sivar Béon tov R?.
Av Beopnoovpe to Otbvoopo VvV =(3,4), oavikabwotoviag omv (4.29) TovLg
oLVVTEAEGTEG, 01 omoiot vtoAoyilovtot amd Vv (4.30), TpokimTEL
v=(34)=3v,+V,. (4.31)

AVt givorl 1 HovadiKn ypaer Tov dtovbopatog V, cbpeova pe to (i) g [pdtaong
4.10, o1 ¢ GVVIGTMGEG TOV V MG TPog TN Pdon B, eivan (3,1).
iii) Eneidn ta otoyeia e, e, € R? amotedovv kavovikn Baon oto 8.y R, cvpemva
pe to IMapdaderypa 4.8 (i), epapuodletar to (i) g [potaong 4.10. I'a to ddvuoua,
v =(3,4) and mv (4.20) £govpe

v =(3,4) =3e, +4e,, (4.32)
0l 0€ GLVIOTMGES TOV V, O TPOG TNV KAVOVIKN PACT, €lvol Ol GUVIETAYUEVES TOV

davooparog, (3,4). X

Yvykpivovtog ta omoteAécpoata tov (4.31) wor (4.32), dwmiot®vovpe 0Tl

aALalovtag T PACM 01 GUVICTMGESG TOV JLAVOGHOTOC EIVOL OLPOPETIKES.

1o Iopaderypa 4.8 (V), kabmg kot otov Opioud 4.14, napatnpodue 0Tt LLAPYOLY
SlVLOGHOTIKOT Y®POL oV Ot PBACELS TOVG AmOTEAOLVTOL Ond TEMEPUCUEVO TANO0G

otolyelmv, kol GAAol Tov ot BAcelg Tovg givar un menepacuévo cbvora. To epdTnua
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(i) oyetiletar pe v dmapén Pdong evog dravvouatikod ydpov aveEaptnto amd To
mmbog twv otoyeimv tov cuvorov. H amdvinon ko oe avtd 10 epdTnUa £ivon
KATOQOTIKY, €M OmOdeKvieTOL OTL Kdbe Savvouatikdg ympog £xel pio Pdon.
Qot6060 N omddeEn amortel papproyn Beowpnudtov Xvvoptnolakng Avdivong, oto
omoio dgv kpivetal okdémpo vao avagpepBodue. H anddeién oto gpotua Ba yiver yuo
SLOVUGLOTIKOVG  YOPOVG Temepacpéva  mapayopevovg (Optopdg 4.11) ko ot
ocuvéyela Oa aoyoAnBobe ATOKAEISTIKA LE SOVUGHOTIKOVS YMPOLS TTOL Ol PACELS

TOVG OMOTEAOVVTOL OO TEMEPATUEVO TANOOG GTOLYEIWV.

[potTaon 4.11

Kabe memepaouévo.  mopoyopevos T —diavvouotikos ywpos V #{0,} oamo éva
vroovvolo K tov V' éyer uio memepoouévn foon.

An6oeign : Eoto K={a,a,,...,a,} 10 cbvolo yevwntdpmv TOL SLVOGLOTIKOV
xopov V , dnaon V =span(K). Av 1o K eivar ypoppikd ave&dptnto, Tpopovas 1o
K amoteAel ko pion Bdon tov davoopatikov yopov V , (Opiopog 4.14). Av to K
etvol ypoppkd egaptnpévo, t0te cvppova pe v Ipotaon 4.8, éva and to &,
1=12,...,n, éotm a,, etvar YpappKog cuvovacuds TV VIOAOIT®V. AQalpavTag T0
a, amd 1o K, oamopéver 1o ovvoro K, ={a,a,,...,a,,}, yio 10 omoio ioyvEL
V =span(K,) =span(K). Epyalopevot pe v idwe pébodo ywe 10 K, 0Omog
TponNyoLHEVO,  KoToANyovpe o€ éva véo oOvoho yevwntopov tov V, 10 K,.
Eravolappdvovtag v idia dtadikacio petd and N—1 Pruota KataAnyovue gite o€
pia Béon tov V eite oe éva ypappucd egoptmuévo otoryeio, éotw a,. To a, v va
gtvon ypoppkd eEaptmuévo, mpémet va tavtiCetar pe to 0, , (Ilopopa 4.1, (i)-(ii)),

omote o avt v mepintoon V ={0, }, dromo, amd v vdOeon. o0

Mapatipnon 4.7 Zwmyv [poétoon 4.11, av V ={0, }, t6te Bspodue wg Pdon tov
SLOVUGLOTIKOD YMDPOL TO KEVO GUVOAO, TO OTOI0 IKOVOTOLEL TIC VO 1010TNTEG TOV
Optopov 4.14, st V =span(J) ={0,} (Opopds 4.11), kow 0 Kevd GVvoro eivar

ypoputkd aveEdptnto, 6Tmg yvopilovue and v Iapatipnon 4.5 (ii).
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Me avéroyo tpdmo, dnwg otV amddelEn g [Ipdtaong 4.11, amodeikvoetal Kot n
npdtacn mov akoAovbel, yvoory ot PipAoypapic ®¢ Mppa avreiroyng Ttov

Steinitz.

IpotTaon 4.12

Eotw V évag F — diavoouotixog ywpog mov wopayeron omo o K ={v,,v,,...,V, }. Av
a,a,,...,a, ypouuikd avesaptnro diovbouata tov V , t0te

1) m<n xa
i) o davvouatikog yapoc NV mopdyetar amd éva ahvoro TS HOPYIC

! !

[ r ! H
{88,835, Vi Vigsen Vit Omov Vi e Ky j=m+1lm+2,...,n.

Yto Mopaderypo 4.8 (i) kobbhg kot oto IMoapaderypa 4.9 (ii)-(iii) amodeiybnke oOtT1
VILAPYOVV JPOPETIKEG PAOEIG TOV 1010V OVLGLATIKOD YDPOoL, LE TO 1610 TANB0C
otoeiwv 1 kaOe pio. Avti 1 Evoeilén eiye odnynoet oty (iii) epdOTNON «TO10 €ivor TO
m0Bog TV oToryeiov TV Bdcewmv £vog dovucUaTiKoy Ydpov;». H amdvinon sivol

SLITLTTOUEVN TNV TPOTOGT TOL OKOAOVOEL.

IIpoéTaon 4.13

Eotw V évag F — diavoouatikos ywpos. Av B={v,,V,,...,V } pio nemepoousvy paon

o0 V , yio kamolo pvoiko apiuo N, tote kabe ailny Paon tov N elvar memepaouévn
Kai Eyel N otoyeio.

Anéoein : 'Eoto K ={a,,a,,...,a,} pla GAAn Baon tov V . Av Beopnbei n Baon K
®G Eval YPUUIKA aveEapTnTo VITOGHVOLO TOL dlavuouaTikoy ydpov V kol 1 fdon B
OTL mopayel To dtavucpatikd yopo V , tote cvpuewva pe v Ipdtaon 4.12, m<n.
Avrtiotpoga, av Bewpnbel 611 T 6TOYKElD TOV GLVOAOL B givan ypappkd avesaptnto
Kot 0Tt ta atoryeio Tov K mapdyovv 1o dtavuopotikd yopo V , tote n<m (IIpodtoon
4.12). Ano 11g 600 aviIo®GEIS TPOKVTTEL OTL M =N, dNAadn ot dvo Pdcelg £xovv Tov

1010 ap1Ouo6 oTotyeiwv. X
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Baoilopevor oty Ilpdtaon 4.13, opiCovpe 1o otabepd apiBud, mov givar o id10¢ ya

O\eg TIG TEMEPAGEVES PAGELS EVOG O1OVUGUATIKOD YMDPOVL, LLE TOV ETOUEVO OPIGLO.

Opwopoc 4.15
Eotw V évog memepaouévo, wapayousvog F — dravoouatikog Xa')pog4. O op1Buog twv
orolyeiwv omoiaconmote Poons B tov V  ovoudleron owaeracy tov Vo ko

ovupolileror e dim,V 1 axid dimV °,

oV ={0,} opidovue dimV =0.

Mopdosrypa 4.10

i) O Swvvopatikdc yopog R" éxer dimR" = n, PAéne [apdaderypa 4.8 (i).

ii) O Swvoopotikog xdpog M (R) éer dimM, (R)=m-n, Bréne Hapaderypa
4.8 (iv).

i) dtavvopatikog xdpog R [X] éxer dimR [x]=n+1, Préne [Tapdaderypa 4.8 (V).

IV) O yopog ypappmv, R(A), éer dimR(A)=r, 6mov r to mARBog T®V un
undevikdv  ypoppdv tov Khpokotod mivaka tov AeM  (F), Préme

[Mapdderypo 4.8 (vi). XX

Hapotypnon 4.8 T évav nivaka AeM (IF) oto mpornyovpevo [Mapaderypo
4.10 (iv), xataAn&ape o0t woyvel dimR(A)=r, 6mov r eivor to mAN0og TV un
UNOEVIKAOV YPAUUGV TOV KAMpokotod mivaka tov A. O apiBudg, mov delyvel to
N0 TOV U UNOEVIKAOV YPOUU®V TOL KALaKk®ToV mivoka tov A, ovopdleton
BaBpoc 1 Taén tov mivaka A, kot cvpPoiiletar r(A) (Opioudg 3.6). Emopévog n
OlIoTOCT TOL YMOPOL YPAUP®dV elvar o Pabudg tov mivaka. Amodeukvoetal 6Tl
dimR(A) =dimC(A), 6mov C(A) o x®poc cTNA®V ToL Tivaka A.
Apa, yw évay tivaka Ae M (F) woybdet

dimR(A)=dimC(A)=r(A), (4.33)
omov r(A) o faduog tov A.

* Otav o Stovoopatikog yodpog Vo €xel pia memepacpévn Paom, 10te Yopoaktnpiletor g yOPOG
METEPAGPEVIG OLdGTAGNG, evd  Otav 1 Pdon tov V'  dev eivarl memepacpév, o xdpog A&yetot
OTELPOOLAGTATOCS 1) YDPOS AmEPNG L GTAGTC.

> Otav dev vdpyet cOyyvon oyeTkd pe o F .
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Xe moAld Bipria Ipappikng AlyeBpoc 1 (4.33) diveton ¢ optopdg yio 1o fabud evog
mivoka A.
Zvvdvdalovtog v (4.26) pe v (4.33) €yovpe
r(A)=dimR(A)=dimC(A)=dimR(A") =r(A").
"Eto1 mpoxumtel Ot 1oyveEL
r(A)=r(A"). (4.34)

O AlkyopiBuog 4.2 vAiomoteitol KATA TOV EAEYYO TNG YPOUUMKNG aveEapTNoiog 1
e£APTNONG TOV SVOGUATOV V,,V,,...,V, Tov R". Apketég popég evolupepopacte va
mnpoeopnbovpe moéco Savoouato gival ypoppkd oveEdpmmta N mow  givon
ypoppikd eEoptnuéva 1 akdun ypetaletat vo viroAoyicovpe pio fAcn Tov VITOYMOPOL
span(v,,V,,...,V,). Ot endpuevol arydptOLol amovTOOV GTO TPONYOVLEVE EPMTHLOTO
vroloyifovtog Ta otoygeia piog Paong tov span(v,,V,,...,V,), XPNCLLOTOOVTAS TNV

[Ipdtaon 4.9 kot ta oyoAa g [Hapatipnong 4.8.

AkyoprOpoc 4.3
Xopov ypoppov
Evpeon paong tov span(v,,V,,...,V,), V;,V,,...,V, € R"

Brpa 1 Zynuotiopdg tov Kxn mivake A pe ypapuuéc V,V,,...,V,

Brua 2  Etoyyeudoelg HETAGYNUOTIGUOL YPOUU®MY GTOV TTivaka, A Kot
VTOAOYIGUOG TOV YPOUUOTCOSVVALOV KALOK®OTOV Ttivaka, B

Brua 3  Ymoloyiouog tov Babuot tov mivaxka A, r(A)

Brua 4 Ot un-pundevikég ypoppés tov B amotehovv ta atoryeio TG
Enrodpevng Paong

e mopdderypa, to  Savdopora Vv, =(1,2,4,-2), Vv,=(2,31-9) o
Vv, =(3,4,-2,-16) 100 R* dnpiovpyovv tov vrdympo U = span(v,,V,,V,), o omoiog
éyer dimU =2. Egapuolovtag tov AAlyopiBuo 4.3 vmoloyilovpe pio Pdon tov

1 2 4 =2

vroy®pov. Oewpovpe tov mivakae A=[2 3 1 -9 | pe ypouuéc to doouéva
3 4 -2 -16
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otovoopata. Metd amd KOTAAANAOVG OTOUXEIMOELS UETACYNUATIOUOVS YPOLUDV

1 2 4 2
katoAnyovue otov mivoka B=[0 1 7 5. Zopupova pe mv Ilpotaon 4.9 o
0 00 O

YOPOG YpapUdV Tov A tavtileton pe 10 xdpo ypouumv tov B. Emopéveog pa Baon

0V TEAEVTAiO VIOYMPOVL givan {U,, U, } = {(1, 2,4,-2), (0,1,7, 5)} , ue didotaon 2.

O Ahy6piBuog 4.3 xataokevdlet pio fdomn, e omoiag Ta otoryeio dev mEPLEYOLV TAL
apywd owvoouata. O AlyopiBuog 4.4, mov axkoiovBel, katackevaler Paom pe
ototyeia ta dedopéva dtavocpata. Eniong, ypetdletor va tovicovpe 61t 0 AhyopiBrog
4.3 ovopdaletar AlyoplOpog y®@pov ypoppdv, 010tL 0 mivaKag EYXEL YPOUUES TO
owavoopata, evd o AlyopiOupog 4.4 ovoudletor AiyopiOpog amofoing, o10T
Slyphpovtol KoTd GTAAES T SLOVOGLOTO, TTOL OEV TTEPIEXOVV 00NYO GTOV KMUAKMOTO

TVOKOL.

AkyoprOpog 4.4
Evpeon Baong tov span(v,,Vv,,...,V,), V;,V,,...,V, € R"

Brpa I Eynuotiopdg tov Nxk mivakae A=(V, v, --- V,) ue ot iec ta
davoopata V,,V,,...,V,

Brua 2  Ztoyelddeig HeTaoyNUATIGHOL YPOUUDY OTOV TTivaka A Kot
VTOAOYIGUOG TOV YPOUUOIGOSVVAIOV KAMUOK®OTOV Tivaka, B

Brua 3 Amofoln T@v 6ThA®V Tov TivaKka A, TOL OVTIGTOLOVV GE GTNAES
tov B, o1 omoigg dev mepiéyovv 0oMyod

Brua 4 H {nroduevn Bdon amoteAeiton amd TiG GTHAEG TOV ATEUEVOV GTOV

A K01 OVTIOTOLY0VV € GTNHAESG LE 00TYOVG

Axoun, vrevBopilovpe 0T, O0TOV VO OAVUGUATIKOG YDPOG TTAPAYETOL Omd £vol
OUVOAO OVLOUAT®V, TOTE TO TANOOC TV oToYEIMV AVTOV TOV GLVOAOL E&ivol
eldyoto (Ipdtaon 4.7). Zuvovalovtag o tponyodevo anotédespa pe v Ipdtaon
4.12, swmotdvovpe Ot pio memepacpévn Paon evog dtavuopotikod yopov Vo éxet

®¢ otoryeior To «UEYIETO» duvaTtd apldud YpouUKd aveEdpTnTomV S1aVOGUAT®V Kot
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TOV «EAAYLoTO» duvaTd 0Pl SLVUCUATOV TOV TOPAYOLV TOV SLOVUCUATIKO Y(DPO,

TPOTAGELS TOV SLOTLTMOVOVTOL GTO EMOUEVO TOPIGLLOL.

[Hopropa 4.2
Eotw V évac F — diovvouatikog yapoc ue dimV =n kau K éva vrooivolo tov V .

1) Av 1o mwlilog twv dovvoudtwv tov K eivor N+ p, yio kabe p=1, tote ta

oroavbouata tov K eivar ypouuura elaptnuéva.
i) Av 1o whbog twv diavvoudrwy tov K eivar Aiyotepa armd N, tote 100 dravdouazo.

ov K dev mapadyovv to V .

An6diln : i) 'Eotw 10 oOvoro K ={a,,a,,...,a,,,} 01t eivan ypoppkd avelaptnro
kow B={v,,v,,...,v,} etvar pia Bdon tov V. Emedn o Swowvvopaticoc yodpog V
mopdyetar and to B, obpupova pe v Ilpodtaon 4.12, mpémer va 1oyvEL
nN+p<n= p<0, mov elvar dtomo omd v vmodbeomn. Emopévoc, 10 K eivon
YPOUUIKE eEapTNUEVO.

ii) Eoto K={a,a,,...,a,} éva ocvvoko yevwniopov tov V pe r<n xot
B={v,,v,,...,v,} pla Bdon tov dravvcuatikod ydpov. And IIpodtacn 4.7 to K eivon
10 g\dyloto TTOL Topayel To V , dpa mpémer dimV <r <n, dromo. Emopévag, o K

dgv mopdyst o V . o0

Mo mopéderypo, To  moAvdvopa  p,(X) =Xx*—3x+9, p,(X) = x> +8x+2,
P, (X) =Xx—4 ko p,(X) = X" —2x+1 sivon ypoppukd sEapmpuéva.

[péypatt, oopemva pe 1o  Iopaderypo 4.10 (iii) wydver dimR,[x]=3, kot ta
doouéva ToAvdvvpa gtvar Teptocodtepa and T didotacn tov 3.y R,[X], (IIopopa

4.2 (i)).

Toa p,(x), p,(x) dev mapdyovv tov R,[x], 10Tt eivan Arydtepa and ) ddoTacn Tov

xdpov (Iopiopa 4.2 (ii)).

Yvveyilovtog T HEALTN TV LTOGLVOAWMYV OV GyeTilovTol e TV Evvola g Pdomng
evOg SVUGLOTIKOD Y®OPoL V , JTUTOVOVUE KOl OTOOEIKVOOLUE TNV EMOUEV
poTaon, 1M omoia mapovotdlel T pebodoroyia kataokevng piog Paong amnd Eva

GUVOAO YPOLUIKA aveEAPTNTOV d1VOGHATOV TOV V .
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[potTaon 4.14

Eotw N  évagc T —odiavoouotikos ywpos  TETEPOOUEVHS — OLAOTOONS KOl
K={a,a,,...,a,} éva ypaura aveldptnro vmoobvolo tov V. Tore vmapyer
wemepoouévn foon B tov V , n omoia wepiéyet o K.

An6deiln : 'Eotw a;,a,,...,a, ypopuwd oveEdpmra davdopote tov Vo kot
B={v,Vv,,...,v,} pia Bdon tov V . Emed| o dtovucpatikodg ydpog V. mapdystot and
0 B, obupova pe v [Mpétaon 4.12 wyver p<n. To ocbHvoro
K'={a,a,,...,a,,V;,V,,...,V, } &tvar ypappwa egapmpévo (Iopopa 4.2 (i)) o
apdyel 1o davvopatikd yopo V , emedn B < K'. AkolovOdvtoc tov 1610 tpdmo,
oV gQapuoOcape oty anodelln g [potaong 4.11, dwypdeovtag amd o chvoro K’
K& drdvooua Tov €lval YPOUUKOS GLUVOLOGUOC TWV TPOTNYOLUEVMV OLOVUGUATOV,
KOTOANYOUUE GE €vo GUVOAO K mov sivat Baon tov V. To K TEPLEYEL T
SVOGHOTO @y,8,,..., 8, , ENELON EIVOL YPOLLIIKE 0VESAPTNTA KO KOVEVOL OTTO 0VTA dEV
umopel vo ypagel g YPOUUKOS GUVOVOGHOG TWV VITOAOITOV, OTOTE OEV GUUUETEXOVV

ot dwdkacio g Oypoens. AKOUN TEPLEYEL KATOLO SOVOGHOTO HEYPL VO

ocvumAnpwbovv Ta N otoyyeio g Paong. o0

H IIpotaon 4.14 eivon yvoot| om PBiploypagic ©¢ @sopnpo exéktaong evog
ouvoLov (aveaptnToV oTolEimV) o€ pia BAon Tov S10VVCUATIKOD YDPOL.
Hopotipnon 4.9 Ened] omv omddelln T0v Bewpruotog eméktaong Oev
amodeiydnke povadlkOg TPOTOC KOTAOKELNG 1TNg Pdong, ot véeg Pacelg mov
Kataokevalovion eivan Teplocotepeg amd pia. Ta SlvOCUOTO, TOV GLUTANPDOVOLY TO
apyKd cHVOLO TOV YPOUUIKE aveEapTNT®OV SOVUCUAT®V, EMAEYOVTOL UE LOVOOIKA
KpLTNpoL

1) vo unv etvon ypoppkodg cuvovaoudc Tmv DITOAOITOV S1aVLCUATOV Kot

i) va amouteiton 0 cLVTOUOTEPOC YPOVOC KATE TOV VITOAOYIGUO TOV TPAEEMV.

Hepddsiype 4.11  Eoto v,v,eR* pe v,=(-2,4,3), v,=(4,-7,9,7).
Epoppolovrog tov AkyopiOuo 4.2 omodewkvoeton Ot T V,,V, Eivon ypoppikd

aveEapnra (TTapaderypa 4.7 (iii)).
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Eneidn pia Baon tov R* eivon n xovoviky {e,e,,e,,€,} xar dimR* =4, punopodpue
va enektetvovpe to ovvoro K ={v,,v,}, copninpdvovtdg to pe ta Stavdcpata e;,e,
og éva véo obvoro S ={v,,V,,e;,€,}, to omoio amotedet pia Baon tov R*.

[pdypatt, and Tov AdkyopiBuo 4.2 éxovpue

1 400
-2 -7 0 0
det(v, v, e, e,) =det =1#0,
10
3 701

Gpa to. dravdopoata V,,V,,e5,€, eivor ypappucd aveEdptnra.
Eniong, 1o Swovdopato  V,,V,,e,,e, mopdyouv tov RY, St yio kéOe
(X, Xy, X5, X, ) € R* vrapyovv katédinia k,k,, ks, k, € R, tétota dote va ioydet
(%) Xy, X5, X, ) = KV, + KV, +Kaes + K e, .
H mapondve 166tto, HETE TNV OVIIKOTACTOON TGOV OVOCUAT®OV Kot TS TPAEELS,
oonyel oto cvoTHUO
k, +k, =X

-2k, — 7k, =X,

4k, +9Kk, +k, =X,

3k +7k, +k, =X,
Etvol pavepo 011 o cvotnuo £l LOVASTKT] AVGOT), ENEWN O TIVOKAG GUVTEAECTMOV TOV
ocvotipatog etvar avtiotpéyyog, éxer det(v, v, e, e,) =1, (Ilpoétacn 2.5-uébodog
Cramer). Emopévmg, 10 S emoinbedet tig 1610t1eg Tov Opiopov 4.14, dpa givar pio

Béon tov R*. x

H gmoyn tov povadioiov S1ovosHatoV, Tov ETEKTEIVOLV TO GOVOAO TOV apYIK®OV
YPOUUIKA  OoveEAPTNTOV  OlOVUCUAT®V OTO TOPAOEIYUD, €YIVE HE KPP0 TNV
AmAOTTOINGCT TOV TPAEEWDV.

Xmv emouevn TPOTACT STLAMOVOVTAL OV0 1GOOVVOUEC TPOTAGELS, Ol OMOlES
TPOoVTOOETOVY TOV EAEYYO HOG HOVO €K T®V dVO WO0THTOV TOV OTOLTEL 0 0PIOUOG TNG
Baong evog davvopatikod yopov (Opiopodg 4.14), dote vo amoeavBovue av Eva

TEMEPOCUEVO GUVOAO AOTEAEL BAoT.
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IIpotaon 4.15

Eotw V évag F — diavoouotikog ywpog ue dimV =n. Ta axélovBo eivar 160d0vouo.:
1) 70 avvoro {V,,V,,...,V, } mapayet o dravvouatixo ywpo V

I) o ovvolo {V,,V,,...,V,} evar ypouuika avelaptnto vmocHVOLo TOV SLOVOOUATIKOD
yowpov V

An6oegn : 1)= ii) 'Eotw 6t wyvet 1o (i) ko 61t 0 {V,V,,...,V, } ivar ypoppikd
eEaptnuévo. Zoppova pe v Ipodtaon 4.8, kamolo amd to oToryeion Tov GLVOAOL
elval YpOppIKOS GUVOVAGHOC TV VITOAOIT®V, dpa 0 Ydpoc V' mapdysTot To TOAD amod
n-1 dwvdcpoto. e aTRV TNV TEPITT®ON KAOE GUVOAO YPOUUUIKA aveEapTnTOV
dwvocpdtov éxet to moAd N-1 dwwvdopoata (Ilpdtaon 4.12), kot GUVET®S
dimV <n-1, dromo omd tv vdOeom.

i)= 1) Enewdn to ovvoro {v,,v,,...,V,} eivoar ypoppkd ove&dptnro, pmopei vo
enektadel o pio Baon B tov V (IIpdtoon 4.14). And vrdbeon dimV =n, omdte
ocoppwva pe v Ipodtacn 4.13 wpénet va woyder dimB=n. Apa, n Bdon B civar

{v,,v,,...,V,}, kou T0 copnépaca TPoKVTTEL dpeca omd Tov Opiopd 4.14. o0

Mopdaoerypa 4.12 Ioyvpllopacte 6T TO TOALOVL LA
1L2X°+1, X3 +2x=1,2x3 +4x* =2

anoteAoVv pia Baon tov 3.y R,[X].
Enedn eivon yvooto 6t dimR,[x]=4 (Ilapdderypa 4.10), yo vo anodei&ovpe tov
TOPOTAV® OYVPOHO Oev amorteital vo amodeifovpe Kot TG 600 1010TNTEG TOL
Opiopov 4.14. Apxel va amodei&ovpe on T0 TOAVDOVVLLOL
L,2x2 +1,x°+2x-1,2x* +4x° =2 sivoan ypoppiké aveEApTNTo. SVOGHOTO  GTOV
R,[x]. Omote, om6 v 1wodvvapio g Ilpdtaong  4.15, 10
1,2x* +1,x° +2x-1,2x* + 4x* — 2 mopéyovv tov R,[X], xar cuvendg amotehovv Béon
TOV.
AvtikafiotdvTog ta dtavisprata-toAvdvopa otny (4.22) égovpe :

a,-1+a,(2x* +1) +a,(x* +2x-1) +a,(2x° +4x* -2) =0, |, &

(a, +a,—a,—2a,)+2a,x+(2a, +4a,)x* + (a, +2a,)x* =0
at+a, - 4 a, 2 4 3 4 R[]
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Onodte, amd TV 160TNTA TOAVOVOUOV KOTUANYOVE GTO GUGTNUA

a+a,—-a,—2a,=0

2a, =0
2a, +4a,=0
a,+2a,=0

70 0moi0 €xel povadik Avon Ty TeTppévn, a8 =a, =a, =a, =0.
Apa, to moAvdvopo 12X +1, X3 +2x—1,2x3 +4x* =2 eivon ypopkd aveEdptnro

otoyeio tov R,[X] (Opiopog 4.12). o0

To [Topopa 4.4 mov axolovbetl, elvar queon ovvénela twv [potdoewv 4.15 kot 4.9

ko Tov [Topiopatog 4.3.

Hopropa 4.4

Eotw V,,V,,...,V, daviouaza tov R" kai o nxn mivaxag A=(V, V, ... V,) ue otijleg
70, O10VOOLUOTO ODTA.

Ta drovbouoza Ny,\V,,...,V,, arotedody fdon tov R" av kou uévo av det A=0.

Ymv endpevn wPOTAoT TOPOLCLALETOL 1| OYECTN TOL VLAWAPYXEL OVAUEGOH OTN

d1aoTaomn £VOG O1VUGUATIKOD YMPOL Kol VOGS LITOXDHPOV TOV.

IIpoTaon 4.16

Eotw V évagc F—odiovoouotikog ywpog memepoousvne owdotaons kor U évag
vroywpog tov V . Tote:

i) dimU <dimV .

i) U=V < dimU =dimV .

An6oegn : i) 'Eotw B pilo Baon tov V ko B, pio Bdon tov vroydpov U .
Oewpovtag o B, éva ypappkd aveEdptmto cdvoro, avtd pnopel vo enektadel o
pia Béon tov V , sopewva pe v Ipotaon 4.14.

Apo, B, < B, and 6mov givar pavepd 6tt dimU <dimV .

i) Av U=V, givor @avepd ot dimU =dimV . Avtiotpoga, £pdcov 1oydel

dimU =dimV, vmépyer pio Baon B, tov U, dpa 10 B, eivor éva ypoppkd
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aveEAPTNTO VTOGVLVOAO KOl TOV SoVUCUATIKOV Ydpov V . Zopeowva pe v [pdtaon
414, 10 B, umopet vo enextobel oe pio fdon B tov V, pe B, <B. Amd
dimU =dimV, ot 600 Pdoeic mpénet va €xovv 1o id10 mANBog otoyeionv, ondte

B, =B, and émov npokimter U =V . oo

H mponyoduevn mpodtaon Ppiokel epappoyn omv  emilvon &vOC OUOYEVOUG
GLGTNLOTOG,.

‘Eoto AeM, . (R) 0 TVOKOG TOV GUVIEAEGTMV TOV OpOoYEVODG cuothiatog AX =0.
Enedn o ydpog Moewv, N(A), eivor vrdympog tov d.x. M, (R), (ITapaderypa
4.2(iv)) kow dimM_, (R)=n (Hapaderypa 4.10 (ii)), coppova pe v Mpdtacn 4.16

woyver dimN(A) <n. Zvykekpyéva, omodeikvoetat 6tt°

E@appoyn 4.6
Eotw to opoyevég ovotnua AX =0, ue AeM_ (]F) . O yaopog Aboewv, N(A), éyet
dimN(A)=n-r(A)’,

omov r(A) eivor o faludc (taln) tov mivake TV GVVIEAEGTOV TOV CVOTHUOTOG.

H endupevn mpdtaom eivar yvoot) o Piploypapio og 0e@pnpa dwwotdosmy,
enedn Olvetar m oxéon mov ouLvOEEl TIC JOTAGES dVvo vrmoywpwv U,W  gvog
dovoopatikod xopov Ve Tig dlaotdoslg v vroydpwv g topune U W kot tov

afpoiocpatog U +W .

IIpotaon 4.17
Eotw V évoag T —diavoouatikos ywpos memepaouéviys owaotaons xor U,W  dvo
vroywpor tov V . Tote

dimU +W) = dimU +dimW —dimU nW). (4.35)

®H anodeitn diverar oto Kepdhato 5, pdtaon 5.2.
" H $166Ta0m 100 3dpov Acev ivat akpipdg 10 TARHOC TOPAMETPOVY TOV GUGTHWATOC.
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Anooeln : Emedn to abpocpa U +W wor n touy U nW givar vdywpot tov V
(ITpotaom 4.6) kot V  givor menepacpuévng dldoTaons S1ovucUATIKOS YOPOG, armd TV
[Tpotaon 4.16 (i) cvunepaivovue 61t ot vadywpor U, W, U +W xouw U "W givon
TEMEPOUCUEVNG OLAOTOCTG YMDPOL, KATO ocvvémewn KAOe vmdywpog €xer pia Paon
(Ilpotaon 4.11). Ocwpodue {v,,V,,...,V,} pia Bdon oo U NW . And tig wbromreg
tv cuvorwv U "W cU, U "W W kot to Beopnua enéktaong (Ilpotaon 4.14),
cvunepaivovpe OtL @) o ypoppkd aveEapmro {V;,V,,...,V } tov U pmopel va
enektofel og pio Baon tov U, {v;,v,,...,v U, U,,..., U}, ko D) o ypappucd
ave&aptnto MV Vye v} oD W pmopei  va  emektafel oy

{Vl,vz,...,vp,Wl,Wz,...,Wr} Baon tov W . ’Etot éyovupte,

dimUnW)=p, dimU=p+q, dimW =p+r. (4.36)
®a amodeiEovue 611 TO {vl,vz,...,vp,ul,uz,...,uq,Wl,Wz,...,Wr} etvar pio Bdon Tov
U+W. Eoto XxeU+W, and tov opiopd tov abpoicpoatoc oty (4.16) vrdapyovv
ueU kar weW é£to1 wote X = U+ Ww. EmimAéov, ta otoysio g faong tov U eival
yvevwntopeg tov U , emopévmg

ueU = u=aVv,+a,v,+---+av, +bu +b,u, +---+bu,.

Opoua, arnd toug yevvitopeg tov W ypdgpovpe

wWeW = w=cV, +CV, +---+C v, +dw, +d,w, +---+d w,,

omov a,,a,,...,a,,b,b,,...,b,,¢,C,,...,C,,d,d,,...,d € F.
[IpocBétovtag Katd PHEAN T TPONYOVUEVES 1IGOTNTESG EYOVLLE
X=U+W=(a +C)V, +(a, +C,)v, +---+(a, +C )V,
+bu +byu, +---+bu, +dw, +d,w, +---+d,w,
and O6mov givar eovepo OTL

U +W =span(v,,V,, ...,V , Uy, Uy, ooy Uy, Wy, Wy, W)

o k;,k,,...,K lylynlyym,m,y,...,m elF YpapovE

9 pl
KV, + KV, ot KoV + U+ 0Uy 40+ £ U +mWw, + MW, +---+mow, =0, (4.37)
S kv, KV, oKV U+ Uy e+ L U = MW, — MW, — - MW, =Y

To ddvvopa

y =KV, +kVv, +---+k v, +0u +0,U, +-+ L U, €U,
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OG YPOUUKOG oLVIVAGUOC TV otoryeiov g Paong tov U . EmumAéov, emeion
w,eW, i=12,...,r, ug¢ W vroéyopo tov V, coppova pe myv Ilpotacn 4.5 (ii)
TPOKVTTEL OTL

y=-mw, -m,w, —---—mw, eW . (4.38)
Eniong, oné yeU xar yeW = yeU W . Emedn to didvoopa y ovikel 6to
U W pmopel va ypagel og ypopptkds cuvovasiog Tov otoyeiov e Baons tov
U W . Ankadn, vrapyouv t,t,,...,t, € F tétoto1 dote

Y=tV +tV, o+t (4.39)
E&iomvovrtog ta mpdta péAn otig (4.38), (4.39) katadyovue ot oyxéon
LV + 5V, + v, MW+ MW, +--+mow, =0,

amd OTOL TPOKVTTEL OTL

t=t,=--=t,=m =m,=--=m =0, (4.40)

e€autiag ¢ ypapukng aveéoptnoiog Tov Slavuspatov g Bdong tov W .
Avtikobotoviogta m =m, =---=m, =0 oty (4.37) £xovpe
kv, +KoVy +-- KoV + 00U +0,U, +--+ L U, =0,

omtd 0oV

ky=ky ==k, =0, =0, ==(, =0, (4.41)

p
JOTL TAL Vy, V.., Vo, Uy, Uy, Uy glvon ypappikd aveapmnta otoyeio mg faong tov
u.
YUVETMG, Ol GLVTEAESTEG otV e&iowon (4.37) €xouv povadtkn Ao TNV TETPLUUE,
Omwg amodekvoetan otig (4.40) ko (4.41).
Apa, T0 cHVOLO {Vl,vz,...,vp,ul, u2,...,uq,Wl,W2,...,Wr} etvan ypoppukd oveEdptnro
kot mopayel Tov vaoyopo U +W . Emouévmg, ta 6toryeio Tov Topamdve GuvoAov
amotelovv pia faon tov U +W kot €0t

dimU +W)=p+q+r.

AvtikafiotdvTog TIG 0106TAGELS oL divovtatl oty (4.36) £yovpe TV 166TNTA

dimU +dimW —dim(U nW) =(p+q)+(p+r)—p=p+qg+r=dimU +W)

70 ontoto emaAnOevel v (4.35). X



KepdAato 4: Atavoopatikol ydpot 61 and 96

YmnevOopiCovpe 611, 610 €06V dbpoopa, U W , wyver U "W ={0,}, (Opiopodg
4.9), kabag emiong dim0, =0, (Opwopodg 4.15). Apeon cvvéneta g [Ipdtoong 4.17

glvol 10 EMOUEVO TOPIG QL.

[Hopropa 4.5
Eotw V évag F—diavoouatikos yawpog memepaouévns owdoroons xor U,W  dvo
vroywpor tov V . Tote

dim(U ®W) =dimU +dimW . (4.42)
To mapéderypa, Ocwpovue to Stavdcpata U,U,,W,W, tov 8. 3. R®, émov
u, =140, u=1-11), w,=(2,1,-1) ko w,=(31L4), ne U =span(u,,u,) kot
W =span(w,,w,). Ta U,W eivor vréympor tov R® (Ilpdtacn 4.7) ko o 3. R®

gtvar ydpog menepacuévng ddotaong, dimR® =3. Eeapuoloviag tov Alyopiduo 4.2
eAéyyovpe Ot To. dwavdopato U, U, efvar ypappikd ovegdptnto, Kol ETOUEVOS
dimU = 2. Mg 6poto tpémo cvunepaivovpe 61t dimW =2. Av R® =U @W , and v

(4.42) maipvovpe dimR®=2+2, dromo. Apa, o 8.x. R® dev ivar o gvBb GOpoiopa

TV 30O vroyvpwv U, W .

IIpotaon 4.18

Eotw V évag F — diovoouorikog ywpog wemepoousvns otaotoons. Kabe vmoywpos U

o0 V' &yel évo, ooumlnpwua.

Anooailn ¢ Ymobétovpe OTL, 0 TEMEPAGUEVNC SACTOONG SOVVUGLOTIKOG YOpog V

éyer dimV =n. Eneidn U eivar vroympog tov V 1oyder dimU = p<n (IIpotaon

4.16 (i), kou €0t 611 pio. Baon tov U amoteheitor and ta Stavdopota U, U,y,..., U, .

H Baon tov U pmopel va BecwpnBel g cuvoro ypappikd aveEdpTnToV S10VOGUATOV
tov V , ondte cvppava pe v [pdtaon 4.14 pnopel va enektabdel 6to GHVoAO

U, Uy,..., U, U, U u

p+l! Pp+21°1 Fn?

10 onoio amoteiel pia PBaon tov V. Xvvenmg, ooupwva pe v [pdtaon 4.10, yo

KGBe v eV vmdpyoov povaducoi K, k,,.... K K ;K .k, eF, této01 dote

p+l? p+21°

v =(ku +k,u, +--+ kpup)+(kp+lup+1 + kp+2up+2 +--+ku)=u+w. (4.43)
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Eneon oy (4.43) n ypapn V=U+W egivol povadikn, (eortiag g HovadtkOTnTog

tov ki), kou U=k, +K,u, +---+k u; eU og ypappikos cuvévacnog tov ototgeiov
g Baong tov U, BEtoopue w=k ,u , +k U, +---+Ku eW, beopdvrag ot W

elvon €vag voywpog tov V , tétotog dote W =span(u,,;, U, 5,...,U,) . ZOpoovae pe
mv Epoappoyn 4.5 (ii), ened] V=U+W ypaQETOL KOTA LOVASIKO TPOTO, UTOPOVLE
va ypayovpe V =U @W , kar 1018 0 vadympog U £€xel éva couminpopo tov

voywpo W (Opiopog 4.9). X

YrevOopilovpe 611 M eméktaon evog ypoupkd aveEdptntov cuvolov e Pdomn oev
elvar povadwn ([Mopatypnon 4.9), enopéveg ko ommv Ilpdtaon 4.18, 710

copummpope ov U ¢ tpog 1o V dev gival povadikdg vedympog tov V .

Mopdaderypa 4.13 'Ectow U =span(v,,v,), omov v, =(-5,3,-2,1), v, =(-3,1,0,2).
Epappolovtag tov AkyopiOuo 4.2 dwmoctovoope Ott, ta dwvdouata V.V, eivor
ypopukd aveEdptnto, eropévog dimuU =2.

Avolntodpe éva dArov vrdywpo W tov R?, éto1 dote R* =U @W .

Epappolovrag v [pdtaon 4.18, npénel va vmoroyicovpe 600 ypapupukd aveEdptnta
ototyeto. W,,w, € R*, tétowa dote to {v,,v,,W,,W,} va etvar pia Béaon tov R*, omdte
10 W = span(w,,w,) Ba £xet ™ {ntovpevn wiotta. Emiéyovtag tuyaio dVo otoyeio
omd TV Kavovikn Baon tov R, eAéyyovpe av 1 cuykekpiuévn emhoy omotelel pia
Baon tov R*, Srapopetid Eavadokipndlovpe.

‘Eoto w, =(1,0,0,0) w, =(0,1,0,0). Epapuodlovtag tov AlyopiOpo 4.2 (Brpa 1 ko

2), égovpe 0Tt k=n=4, ondte yperdletar va vroroyicbei n opilovoa tov mivoko

5 310

A=(v; v, W, w,) mov eivan det 1ol —_4+0.
-2 000
1 2 00

Tvvendg, to Swwvdopato  {v,,V,,W,,W,} amotehodv Bdon 100 RY, dapa

W = span(w,,w,) . X
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4.6 T'eviké TOPUSEIYRATA KO EQOUPROYES

Mopadsrypna 4.14 'Ecto u,veR" pe <u, u) =1, <V,V> =4 kol <u,v> =-1.

No vroAoyloTobV :

1) 10 oVvvNbec ecmTEPIKO YIVOUEVO <4u +6v,2u —5V> ,

ii) to puétpo Tov 2U—V.

iii) n yovio tov dtavooudtov U+V kot 2U—V.

Am6d€IE : 1) Xpnowomoldvrag Ti¢ 11otnteg g [podTaong 4.2 éxovpe drodoyikd

(4u+6v,2u—5v) = (4u,2u—5v)+(6v,2u—5v)

=(4u,2u)+(4u,-5v)+(6v, 2u)+(6v,—5v)
=8(u,u)—20(u,v)+12(v,u)-30(v,v)
=8(u,u)—8(u,v)-30(v,v)
=8-1-8-(-1)-30-4=-104

i1) To pétpo tov dravdcpatog 2U—V divetor omd tov Tomo (4.7) Tov Opropov 4.4 Kot

elvan ||2u—v||:\/<2u—v,2u—v> . IV avto ypetdletor  vo vroloyicovpe mPOTU TO
ovvnlec £o0MTEPIKO YIVOUEVO <2u—v,2u—v>, YPNOLUOTOIOVTOS TIG WO0TNTEG TNG
[Ip6taong 4.2. 'Etot €govpe :
(2u-v,2u-v)=(2u,2u—v)+(-v,2u-v)
=(2u,2u)+(2u,—V)+(-V, 2u)+(-v,~v)
=4(u,u)—4{u,v)+(v,v)
=4.1-4.(-1)+1-4=12

Apa ||2u—v||=\/<2u—v,2u—v> =12 =243.

(u+v,2u-v)

111) Ao ) oyéon oty (4.10) égovpe C0SY = , 0mov 3 eivo  yovia

lu+v|-|2u-v

TOV SIOVUGUATOV U+V kot 2U—V.
Apykd, epappolovrtag tig widtnteg g [podTtaonc 4.2, vroroyilovpue
(u+v,2u-v)=(u,2u-v)+(v,2u—-v)
=(u,2u)+(u,~Vv)+(v,2u)+(v,-v)

=2{(u,u)+(u,v)—(v,v)

=2-1+1-(-1)-1-4=-3,
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Eniong, o0mwc kot oto epdymua (i), and ™ oyéon oy (4.7) vroroyilovue 10 PETPO
TOV U+V , agod TPp®TO LIOAOYicOoLHE TO oOVNOEG €0MTEPIKO YIVOUEVO TOL
Slovoopotog U+V, onAadn

(U+v,u+v)=(uu+v)+(v,u+v)

{
() +(uv) (v, u)+(v.v)
{
1.

u,u)+2(u,v)+(v,v)
142-(-1) +1-4=3

Onodte, and ™ oyéomn Tov pétpov otnyv (4.7) &govpe ||u +V|| =, /<u +V,u +V> =43.

AvtikofloTtdVTag T0 TOpATive omoTeAEsHaTa 6T oyéon (4.10), éxovpe :

059 (u+v,2u-v) -3 1
“Jurd v Va2 2
Apa, N yovia Tov Slovocpatov U+V kot 2U—V givat 8:2—;. A

Mopdoerypa 4.15 Na BpeBodv o Tég g mapapétpov a € R, yio 11g omoieg 10
Siivoopa u=(a,2,-1) aviket otov vmdyopo tov R®, mov mapdyeton amd o
davvopara U, =(1,4,1) xou u, =(2,1,1).
Anooeiln : 'Evag tpomoc Aong Paciletor otov Opiopd 4.11 wor évag dgvtepog
tpomog oty [Ipodtaon 4.8.
[Tpdtog tpdémog: Ao v (4.18) npénet va vdpyovv K, k, € R, tétotot dote

u=ku +ku, < (a,2,-1)=k(141)+k,(2,11).

To 16000V GVGTNLA, TTOV TPOKVTTEL OO TNV TPONYOVLEV 160TNTA, Eivat

k,+2k,=a
4k, +k,=2
k, +k,=-1
1 2 a
O emavénuévog mivakog tov cvotiuatog eivan | 4 1 2 |, ue ypappoicodHvauo
11 |1

1 2 a
tovmivaxe [0 1 |a+1 |. [Ipopovdg, yio va £xel Avon 10 cOoTNO, TPENEL A = —3.
0 0 (3a+9
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Agvtepog Tpomog : Emedn to Sivvopa u =(a,2,-1) avikel oto span(u,,u,), etvon
Qavepo OTL T0 U ex@paletor g Evog YPOUULKOG GLVILOGHOG TV Uy, U, av Kot Hovo
av ta dwvdopato U, U, U, sivar ypoppukd egaptnuéva (Ilpotaon 4.8). Topewva pe

to [T6piopa 4.4, to Stovoopoto ivot YPoppKa EapTNUEVE, oV Kot LOVO oV 1oYDEL

al 2
det(u u, u,)=det| 2 4 1|=0.
-1 11
A7 TV teAevTaio 166TNTO TPOKLITEL OTL & = —3. oo

Mopadewypa 4.16 i) No ekopdoete 10 ddvocpo V=(2,-4,3) , ®G YPOUUIKO
ocvvdvaopd Tov dtovucpdtev v, =(1,-5,6), v, =(L,-57), v, =(2,-4,4).

4 7
i) No exkppdoete Tov mivako A=[7 9

Ay 2 aels b el s

iii) Na skppdoste 10 moAvdvopo p(X) = x> —5X+3, ©¢ YPULUKO GLVSVAGHO TOV

j, ®G YPOUUIKO GLVOLOCUO TOV TIVAK®V

TOAOVOLOV P, (X) = X2 =3X+2, p,(X)=2x*—4x-1, p,(X)=Xx*-5x+7.
Améoeln @ Xoppwva pe tov Opopod 4.10, mpémel va vroloyicovpe (av vdpyovv)
npaypotikovg appovg K, K,, K, , tétotovg dote va woyder n (4.18). Aniadn
V=KV, +K,v, +Kv,,
omov V,V,,V,,V, givol to S1ovOGHOTA TV aVTIGTOL®MV SIVUGLATIKOV XOPOV.
1) E€etalovpe av vrapyovv K, K,,k; € R, tétotor dote
(2,-4,3) =k, (1,-5,6) +k,(1,-5,7) + k;(2,-4,4) .
To 160060vVao cOGTNO, TOV TPOKVTTEL, Efvat :
k, +k, +2k,= 2

—5k, —5k, -4k, =4
6k, + 7k, + 4k, = 3

To mopamdve chotnua XL LOVASIKN AVon

k=1, k,=-1, k,=1.

Apa, 0 {ntodpevog YpapptKog cuvOvacpOg elval V =V, —V, +V;,.
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i) E€etalovpe av vrapyovv K, K,,k, € R, této10t dote

4 7 11 1 2 11
=k, +K, +k, =

7 9 11 3 4 4 5

4 7\ [ k+k+k Kk +2k, +k,

7 9) \k+3k,+4k, k +4k, +5k,

H mponyodpuevn 100 t0 TVAK®V KOTOANYEL GTO GVLGTNUO EEI0DCEDVY :

ki +k, +k; =4, k +2k, +k, =7,k +3k, +4k, =7, k +4k, +5k; =9.

111 |4
N , (12 107 ,
O gnavénpévoc Tivakag Tov GLGTAATOC Elvor 13 4|7 KOt 1] KAMUOK®T
1 45 1|9
111 4
. .01 0 31 . , o
popon eivar 00 1 1 . Etvan pavepd Ot1, vmapyet povadikr| Avon,
0 0O 0

N omoia gival

Apa, 0 {ntodpevog ypappkodg cuvovacpos sivar A=2A +3A, — A;, ko
EMOANOEVETAL KAVOVTAG TIG TPAEELS.
Iii) E&etalovpe av vmapyovv K, k,, k; € R, tétotor dote
x> —5x+3 =k (X* =3x+2) +k,(2x* —4x-1) +k,(X* -5x+7) <
x> —5X+3 = (K, + 2k, +K,)x* + (=3k, — 4k, —5Kk,)x + 2k, —k, + 7k,
ATO ™V 160TNTA TOV TOAV®VOU®OV TPOKVTTEL TO GUCTNUA :
k, +2k, +k, = 1
-3k, —4k, -5k, =-5
2k, -k, +7k; = 3

1 2 1|1
O gmavénuévog mivokag tov cvotnuatog eivan | -3 -4 -5 |5 | kou n KApoxkm)
2 -1 7 |3

1 2 1 |1
popen etvan |0 1 -1 |-1].
0 0 0 |4
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Elvar pavepd Ot1, dev vmapyet Adon, dpa dgv vILdpyeL YPOUIKOS GUVIVAGUOS AVTAOV
TOV TOAVOVOUM®V. soe
Hopadsrypo 4.17 Atvovrar ta vrosHvora tov R?
U, ={(x,y,2) eR®: —2x-3y+2z=0}
U,={(x,y,2) eR®: —2x+3y—-z=1}
U, ={(x,y,2) eR®: —2x+3y-z=2x-y=0}
U, ={(x,y,2) eR®: x>0}
i) Na eetdoste Tolo 0o TO TOPUTAVED VITOGVHVOAN Eivar VTOYmPoL Tov RE.
i) No Bpeite pia Baon kat tn S1AGTOOT TOV VTOYDOPOV TOV EpMTAKATOCS (1).
iii) No enexteivete ka0e Baon Tov epotmparog (i) og pio féon Tov RE.
An6oEn : i) e [ia 1o vroobvoio U, :
To U, ={(x,y,z) e R®: —2x-3y+2z =0} eivar vnéywpog tov R*, Si61t 1oyver 1
[Ipoétaon 4.5 (ii). paypatt, to U, =, enewdn 1o (0,0,0) e U, .
‘Eotw 6tv U, =(X,V,,2,), U, =(X,Y,,Z,), K,/eR pe u,u, eU,. Ano v domto
TOL TPETEL VOL LKAVOTTOL0VV TaL 6Tolyela Tov U, , €xovpe

uel = -2x-3y,+2,=0 xu u,el;, = -2x,-3y,+2,=0. (4.44)
Enewn ku, +2u, =k(x,,VY,,2,)+0(X,, Y,,2,) = (Kx, + X,,Ky, + ¢y, ,kz, + (Z,),
YPNOUOTOLOVTOS TIG 160TNTES 0TNV (4.44), amokTovuE TNV EXOUEVN 1IGOTNTA
=2(kx, +x,) —3(ky, + ty,) + (kz, + (z,) =k(-2x, -3y, + 2,) + £(-2X, -3y, + Z,) =0
Apa, to Ku, +lu, emaAnBedel v W1OTTO TOL TPETEL VO IKOVOTOLOVV TaL oTOtYEl
OV OVLVOAOL. Xvvemdg, Yo Ta U, U, €U, pe k,/eR, woyder ku, +/lu, eU,, kot
coppova pe v Ipdtacn 4.5 (i) o vrocHvoro U, eivar vedympog tov R,
e [0 10 vToobvoio U, :
To oovoro U, ={(X,y,2) e R® : —2x+3y—z =1} dev eivor vndywpog tov R®, d1611
10 (0,0,0) U, , (IIpdtacn 4.5 (i)). Emmiéov, a&lomoumdvtag v dtdtta Tov Tpénet
Vo, Kovomowovy to. otoxeie tov U, , ovtd Oo pmopodoe va meprypagel wan
U, ={(x,y,-2x+3y-1) e R’ : X,y eR}.
‘Ectw dVo otoyeio tov U,, ta U = (X, Y, —2% +3y, -1, u, =(X,,Y,,—2X, +3y, -1),

ne X, X%,, Y, Y, € R. IIpocOétoviog avtd kataAinyovpe 6to ototyeio
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U+ U, = (X X, Yy + Yo, =206+ %) +3(Y, + Y,) - 2),
10 omoio dgv avikel oto U,. Apa, dev emainbeveton o Opiopodg 4.8 g mpog v
Tpascn g tpodcheonc.
e [0 10 vmoobvoio U, :

Ao T1G 1010TNTEG TTOV 1KOVOTTOLOVV T0L 6ToLYElo Tov U,, pmopodue vo éxovpe

—2Xx+3y-2=0 Z=4x
v=(Xy,2)eU, = = = v=(x,2%,4x), xeR,
2x—y=0 y =2X

ondte 10 cvvoro U, meprypdpetar g eéng: U, ={(X,2X,4x) : xR}
Evkola emrainbevovpe 611 10
U, ={(x,y,2) eR®: —2x+3y-z=2x-y=0}={(x,2x,4x) : xeR}
sivar voywpog Tov R2.
[péypatt, to (0,0,0) eU,, dpato U, =T,
‘Eoto Vv, =(x,2x%,4x) €U, , v, =(X,,2X,,4%X,) €U, pe X,Xx,eR wa k,/eR .
Axoun, kavovtag mtpaelg dnmg opiotnkayv otig (4.1) kat (4.2), éxovue

kv, + 0v, = K(X;, 2%, 4X) + 0(X,, 2X,,4X,) = (KX, + £X,, 2KX, + 20X, , 4KX, + 4(X,)
= (kx, + 0%y, 2(kx, + 0%, ), 4(kx, + (X)),

and omov efvon avepd oti, kv, + /v, eU, . Emopévag, wyvet n IIpotaon 4.5 (ii),
ondte 10 U, giva vmoympog tov R®.

e [0 0 vrooHvoio U,

To ovovodo U, ={(X,y,z)eR®: x>0} dev civar vroyopog tov R®, 6t Sev
enoAnOevetan o Opiopog 4.8. Zvykekpiuéva, av Bewpnoovpe to otoyeio (1,0,0)eU,,
10 —(1,0,0) = (-1,0,0), mpopavac, dev avikel oto U, . Zuvenag, nollamhocidlovtog

éva otolyelo Tov GLVOAOVL €ml Evav TPAYHOTIKO 0plOUd dEV TPOKVTTEL GTOXEIO TOV
oLvOAOL. Apa, TO CUVOAO 0gv givan KAEWOTO ¢ mPpog TNV TPAEN Tov Pabuwtol
TOALOTAQGLOGHOD, TOV onuoivel 0Tl 0gv emainbedeton 1 devTEPN CLVONKN OTNV

(4.14).
i) Onwg amodeiydnke oto epdua (i) o1 vdypot tov R® givan To, svuvora U, Ko
U,. Enedn dimR® =3, cdppovo pe mv Ipotacn 4.16 (i) wydver dimU, <3 ko

dimU, < 3. Zvvendg kot ot $V0 VIOYWPOL ival X HPOL TEXEPAGCUEVIG ILAGTACNG, GpaL
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&yovv tovAdyioto pia Pdor. o vo vroloyicovpe pia Baon yio tov KaBe vodYWPO,
apkel va Bpovpe £va VTTOGHVOAO TOV VITOXMPOV TOL TO GTOYEIN TOV Vo ETAANBELOVY
T1G dV0o 1W10TNTES ToV Opropon 4.14.

e [0 tov vmdywpo U, :

Amo6 116 1010TNTEG TOL IKOVOTTO0VV T, 6TotXEla Tov U, , pmopodue va ypoyoupe

—2Xx-3y+2=0 < z=2x+3y. Onote éva tuyaio otoyeio (X,Y,z) €U, avordeton

Olsgay [
(x,y,2) =(x,y,2x+3y) =x(1,0,2) + y(0,1,3), yio. k0 X,y € R (4.45)

Ioyvpriopacte 6t t0 svvoro B, ={(1,0,2), (0,1,3)} eivon fdon tov U, .
(@) Ztnv (4.45) anodeiydnke o1, T0 U, mapdystor and to B;.
(b) Ta dwavvopata G, =(1,0,2), G, =(0,1,3) eivor ypoppkd aveEdpmro. Ipdypar,

av gpapudoovpe tov Alyopiluo 4.2, éyovpe o0t K=2 xor 611 0 mivokog

10 10
A=(G, G,)=|0 1| eivor ypappoicodvvapog pe tov K={0 1|, omd Omov
2 3 00

ovumepaivoope 0t r(A) =2. And tov Alyopipo 4.2, prua 3(i), damictdvovpe Ot
to dravoopata U, O, etvor ypappucd avebdptnro.

Apa, oano (a) xor (b) ocvumepaivoope ot1, emoAnbevoviar ot 60O 1310TNTEC TOL
Optopo? 4.14. Zvvenog to B, ={0, U,} amoteAei fdon tov U, pe dimU, =2.

e [lia tov vmdywpo Uy:

Onwg  amodeiynke  ot1o gpomuo (i), o vrOYWPOg  TEPLYPAPETAL
U, ={(x,2x,4x) : xeR} . Emewdn éva toyaio otoyeio tov cuvorov U, &ivor
v =(X,2x,4x) =X(1,2,4) =x-V;, yur k40 X e R, 10 povocvvoro B, ={V, =(1,2,4)}
woyvpiopacte 0t efvan pio Baon tov U,.

[pdypat,, and tov TpomO Ypapnc tv otoyeimv tov U, eivar @avepd ot
U, =span(V,) kot to Suvooua V, givol ypoppikd oveEaptnto ¢ un pndevikod
dtdvvoua, (IMopopa 4.1 (ii)). Emopévmg, ot dbo 1810tnteg tov Opiopov 4.14

enoAnOevovran, dpo B, ={V,} etvar pia Béon tov U, pe dimU, =1.
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iii) Tn véa PBaon v Katackevdlovue CLUTANPOVOVTAS TO GUVOAO TNG OPYIKNG
Baong pe Stavdopato amd v kovoviky Béon tov R?, éxovioc g kpiTipiol ovTé mov
Sarvovovtol oty [apatipnon 4.9.

e T v enéktaon g Baong B, ={0,, U,} tov vmoydpov U, :

Enedf dimU, =2 xa dimR® =3, amotteiton éva Siévoopa and vy kavoviky Béon
tov R® y1a va copminpdcovpie ta ototyeio Tov cuvorov B,. Eoto 61t emhéyovpe o
ddvoopa e, kat dnpovpyodue to véo ovvoro S, ={G,,U,,e,}.

Tougwvo, e to IMopopa 4.4, 10 covoro S, ={0,,0,,e,} eivar pio Bdon tov R?,

EMELON 10YVEL

100
det(G, G, e;)=det|0 1 0|=1+0.
2 31

[Mapatmpeiote 011, av emALyope 10 € 1| TO €,, YO VO GUUTAT|PMOGOVLE TO GVVOAO
B,, ta véo ocOvola, mov korackevalovron, S, ={0;,0,,e} 1 S, ={0,,0,,e,} eivor
emiong Paoceic Tov R®.

o TV enéxraon g Paong B, ={V,} tov vroydpov U,:

Enewdn dimU, =1, to cbvoro B, 10 cvpuminpdvovpe pe 800 dovdcpato and tmv
kovoviky Baon tov R®.'Ectm 611 emA&youpE ToL €, KoL €.

Topewvo pe to opiopo 4.4, 1o véo cvovoro H, ={v,,e,,e,} eivor Béon tov R?,

EMELON

det(V, e, e,)=det

B DN -
o O
—~ O O
I
[HEN
H
o
*
*
*

Hopaderypo 4.18 i) Na anodeiete 611 10 cvvoro U tmv Stavusudtov tov R?, mov
givon k60eta ot0 V = (1,4, -5), sivan fvog Stavoopotikdg vdympog Tov R,

i) Na Bpebet pia fdon ko n didotoon tov vroympov U .

iii) Na vmoAoyioete £va copumAnpopotikd vdympo tov U .

Am6d£1ln : i) 'Eoto éva toyoio Stvoopa U = (X, Y,z) € R?, 1o omoio sivan kébeto 610

V. ZOppovo pe v ouvonkn kobetdotrag dtovocpdtov (Eeappoyn 4.1), tpénel va
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1oYOEL <u,v> =0« x-4y-52=0. Apa, 10 cVvoro davocudtwv, Tov sivor kdbeta

ot0 V, meptypageton amd to cvvoro U ={(X,y,z) e R®: x—4y -5z =0}.

Enewdn (0,0,0) eU , eivon pavepd 6t U =D .

Emmléov, «dbe otoyeio tov U mpémer vo  wavomolel v 1010TnTO

X—4y—-52=0 < x=4y+5z. Apa 1o chvoro U meprypdpetat 1codbvapa o¢ €ENG:
U={(4y+5z,y,2): y,zeR} (4.46)

Oempovtac Eva Tuyaio otoryeio UeU g popeng (4.46), umopodpe va ypdyooue

u=(4y+5z,y,2)=vy(4,1,0)+2(5,0,1).

And 1tov televtoio ypappkd cvvdvacud cvumepaivoope 6t to U =span(ug,u,) ,

omov U, =(4,1,0) xou u, =(5,0,1).

Topgmvo pe v pétacn 4.7, to U ivor vdympog tov R®.

‘Evag aAlog tpdmog amddeiéne eivar va. Bempnoovpe 600 otoryeio Tov cuvorov U ,

7oL T0 KabEva Exel T LopT| TTOL diveTon oty (4.46), Kot yio avtd va eroinfevcovpe

OTL 1GYVOLVV 01 dVO 116TNTES TOL Oplopov 4.8.

i) Amoé to mpomyoduevo egpdnua €yovpe U =span(u,,u,) . Apa tkavomoteitor m

1ot ta (b) Tov Opropov 4.14.

Emiong, ta dwavdopato U, U, eivor ypoppucd ave&dptnta, S0t 0 mivakog pe oTHAEG

4 5

avtd ta davoopota, A=(U, U,)=1 0] éel r(A)=2, (AlydpBuog 4.2, fuo 3
01

(1)). Emouévamg, wavomotovvtol ot 600 1810ttec tov Opiopod 4.14. Apa 10 ohvoro
B ={u,,u,} eivon pio féon tov U pe dimU =2.

iii) Eneidn o vdywpog U éxet dimU =2 xon dimR® =3, emiAéyovpe éva didvocpua
amd v Kavovikn Baon tov R, yio va enexteivovpe to U . 'Eoto 6Tt smiAéyovps TO
Stvuopa €. To véo oovoro S ={u,,U,,e} anoterel pio Bdon tov R®, 161t 1oydet

det(u, u, e)=det =1#0, (ITopiopa 4.4). Zovenmg, Vo, GOUTANPOUO TOV

o - B~
= O O
o O

U ogmpog tov R® givar o vedympog W = span(e,) pe dimW =1.

"Evag dAlog tpoémog vtoroyiopov tov W mpoteivetat oty evotnta 6.2. o0
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IMMopaderypa 4.19 Aivovtar Ta vrooHvora tov M, (R)
U, ={AeM,(R): detA=1}

U, ={AeM,(R): detA=0}

U3={AEM2(R): A:(a b]}
0 c
) |
U,=1A= eM,(R): a+d=c+b
c d

1) Na egetdoete mowa amd T Tapandve vrocvvora eivar vedympot tov M, (R).

il) Na Bpeite pio fdon kot ) d1dotacn Tev vaoy®pov Tov epotiuatog (i).

Am6deEn : i) e [a 1o vroobvoto U, :

To U, dgv eivan vroywpog tov M, (R), 810t dev woyvet n [Ipodtaon 4.5 (i). [paypartt,
0 Undevikdg mivakog, mov givat to undevikd otoyeio tov d.x. M,(R), £éxer detO =0.
Katd cvvéneion O g U, .

e [0 70 vTOOHVOLO U,

To U, ={AeM,(R): detA=0} dev eivar vadywpog o0 M,(R) . Hpbypat, av

1 3 10
Bewpnoovpe TOVG TIVOKEG Aiz(z 6]’ AZ:(S Oj, WwOYVEL  TPOPOVAS  OTL

det A =detA,=0. Apa A,A €U, . Eni A+A 13+1O 23
= =0. Apa A,A €U, . Eniong, = = ,
P 2 TTHONS 2 6) (5 0/ |7 6
onote det(A+A)=-9=0, dpa A+A ¢U,, dnkadn 10 cvvoro U, dev eivar
KAEOTO G TPOG TNV TTPAEN TG Tpocheons. Katd cuvvémeia dev emainBevetal n mpmt

ovvOnkn Tov Optopov 4.8 otnv (4.14).

e [0 10 vmootbvoio U,

a byl | , , :
To U,=7AeM,(R): A= 0 c gtvar voywpog tov M, (R), ot woyvel N
IIpotaon 4.5 (it). IIpdypatt, 1o O eU,, kot emopévog U, # .
, (&b (& b, , ,
Eoto A = 0 eU,, A= 0 ¢ eU, xav k,/eR. H npé&n tov mvikov

C1 2

otvel
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q b] a, b2 k81 + éaz kb] + sz
kA+€ =k +/ =
A2 (0 Clj (0 Czj ( 0 kCl+fCZJ'

and omov eivar @ovepd o1t kKA + /A, eU, . Apa, woyder n Ilpdétaon 4.5 (ii), xatd
ovvémela o U, etvar vmoywpog tov M, (R).

e [0 70 vTOocHVOl0 U,

Emeon ta otoyeio tov U, mpémer va givorl t€T0100 OGTE VO IKOVOTOLOUV TN GYXECM

a+d=c+b< d=c+b—-a , sivax @ovepd Ot t0 oOVVOAO U, mepryphpeton

b
U4={A=[a j; a,b,cGR} (4.47)
c c+b-a

Evkola emaAnbevovpe 611 10 cOvoro U, oy (4.47) eivan vdympog tov M, (R).

16odvvapa o¢ eENG:

o a=b=c=0, zpogavag, To O eU,, kon enopévarg U, = J.
a b
‘Eoto A = % 5 eU,, A =|° 2 ey,.
G C1+b1_a1 C, C2‘*‘bz_a2

Kdavovtag mpaéeic otovg mivakeg £xovpe

MAZ:[al b Na 3 j:(aﬁaz b +b, J
¢, ¢+b-a c, C,+b,-a, ¢ +c, (¢ +b-a)+(c,+b,-a,)
and onov cvumepaivovpe 6tL A + A, eU,, dpa emaindevetor n TpdOTN GLVONKN TOV
Optopov 4.8 oty (4.14).

Eniong, av k € R, n tpd&n tov moAlamlociocuod tivoako eni apBud divet :

L I O N
Cc, C+b-a ke, k(c,+b -a) ke, ke, +kb, —ka,

Omndte kA €U, , dnhadn 10 ovvoro U, eivar khelotd ©g mpog v mpdasn Tov
Babuwtod morlhamraciocopod. Katd cvvémeia emodnbeveton Kot 1 6e0tepN GLVONKN
tov Opiopo? 4.8 oty (4.14).

i) Onowg amodeiydnke oto epdpa (i) ot vidoywpor tov M, (R) eivar Ta chvora U,
kot U, . O d.x M,(R) é&et dimM,(R)=4, (Ilapaderypa 4.10 (ii)), kot yu tovg
vroxmpovg woyver dimU, <4 xar dimU, <4 (Ilpétacn 4.16 (i)). Zvvendg kot ot
V0 VIoYWPOL etvar ydpot Temepacuévng dldotaons. ' va vroloyicovpe pio faon
Yo tov Ka0e vrdywpo, apkel va Ppodue €va VTOGHVOAO TOL VTOYMOPOL 7OV TOL

otoyeio Tov emaAnfevovv Tig 1W16TNTES TOL Oplopo? 4.14.
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e [lia tov vmdywpo Uy:

‘Eotm éva toyaio AeU,. Tote ya kaBe a,b,c e R pmopovpue vo ypdyovpe

A—a b—a1 0+b0 1+c0 0—aE +bE,, + cE (4.48)
o c¢) oo 0 0 R '

omov E;,E,,, E,, ot mivakeg g kavovikng Baong tov M, (R), (TTapaderypa 4.8 (iii)-
(iv)).

Ioyvpiiopaote 6t 10 cbvoro B, ={E;, E,,, E,,} eivar pia féion tov U,.
2y (4.48) amodeiyOnke 6t 10 U, mapdyetar omd to B;. Emmdéov, elvan povepd ot

and v e&icmon

10+aOl+ OO—(O)<:> =a,=a,=0
3100 2003301— a=a=a=>".

Apa ta Swvdopato tov B, etvor ypappucd avegaptnto. Emopévag, eraindevovron ot
dvo 10tteg Tov Opiopov 4.14, oniaodn to B, amotedel pia Pdon tov U, pe
dimU, =3.

e [ia tov vmdywpo U, :

Onwc anodeiynke oto epdmua. (i), 0 VIOYWPOG TEPYPAPETAL Ad THV 1GOSVVAUN

a b
ékoppaon oty (4.47), dnradf mv U, = {A=(C b {J: a,b,ce ]R}. Eneidn y
+ J—

kae a,b,c e R, éva tvyaio sToryeio Tov cuvorov U, eivar

a b 1 0 01 00
A= =a +b +C , (4.49)
cC c+b-a 0 -1 01 11
. . ) 1 0 01 0 0), |,
woyuplopacte 6Tl T0 cvvoro B, ={X, = 0 1) X, = 0 1) X, = 11 glvan

uio Béon tov U, .
[pdypatt, and v (4.49) cvunepaivovpe 011 0 vrdywpog U, mopdyetor and tovg
nivokeg X, X,, X; . Emiong, omd 1t odwavoopatiky eiomon (4.22) ywo xéOe

a,a,,a, € R, &ovpe

I L A B S RN
a +a, +a, = = = ,
0 -1 01 11 00 a, —a +a,+a, 00
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and omov etvar ovepd ot a =a,=a,=0. Apa, ot mivakeg X, X,, X, &lvan
ypoppikd aveEdptnrol. Emopévmg, emainbedovror ot widtreg tov Opiopov 4.14,

dnAadn, to B, eivou pia fdon tov U, pe dimU, =3. 00

Mopdaoerypa 4.20 'Eocto o TOAVOVLpLO
p(X)=x+x*+x-2, p,(X)=x"-1 war py(X)=x>+X*+3x+2
1) No e&etdoete av to moAvavopa p,(X), P, (X), ps(X) etvar ypappud aveEapmta
otolyeia Tov Sravvopatikov xd®pov R [X].
i) Na exppéoete To moAvdvopo p(x) =ax® +bx® +cx+d  o¢ ypapikd cuvsvocuod
TV TOAOVOR®V P, (X), P, (X), P;(X), 0Tav avtd sivor Suvartd.
iii) Na exppdoste, av sivon Suvard, to molvdvopo g(X) = 2x° +4x*—10 xot
g(x) = x® —8x* —=5X — 2 ¢ YPOUHIKO GUVSVAGLO TOV TOAD VOOV
P (%), P(X), P5(X).
An6oeidn : i) Enedn o Stavvopaticds xdpog R,[X] eivon memepacpévng didotaong ,
pe dimR,[x]=4, (ITapaderypo 4.10 (iii)), kot to TAN00G TV TOAVOVOU®YV TOL
000nKkav elvor Mydtepa amd ) Odotacn tov O.%., 0o eetdoovpe TN YPOUUIKY
aveaptnoia epappolovrog tov Alyopiouo 4.1.
Amd v e&lomon
a, (X" +x* +x=2)+a,(x* 1) +a,(xX’ + X* +3x+2) =0 ,, &
(a, +a,)x* +(a, +a, +a,)x" +(a, +3a,)x—2a, —a, +2a, =0

TPOKVTTEL TO GLOTNO,

a +a,=0
a+a, +a,=0
a +3a,=0
—2a,—a,+2a,=0

O mivakag, Ae M, ;(R), TV GUVTELEGT®V TOL OHOYEVODG YPAUULKOD GUGTHLOTOG,

1 01
, 11 o , .
elvar A= 3| o omoiog €xet r(A) =3. Epopuodlovtag tov AlyopiBuo 4.1,
-2 -1 2

Brpa 4(i), Stomotdvovpe 6t Tar P, (X), P, (X), P;(X) eivon ypappkd aveEapnro.
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i) Zoupova pe tov Opopd 4.10, avalnrodue mpaypoatikods apBpovg K, k,, k; € R
TETOLOVG DOTE
POX) =k, Py (X) + K, Py (X) + k3 Py (X) .
A6 v tedevtaio oxéon £xovpe
ax® +bx? +ex+d =k (X + X+ X=2) + K, (X* —=1) + k, (X* + X* +3x +2)
= (K, + kg ) X% + (K, +K, +k;)x* + (k, +3K;)x — 2k, —k, + 2k,

and OOV TPOKVTTEL TO GUOTNUA.

k, +k;=a
ki +k, +k;=b (4.50)
k, +3k,=c '

-2k, —k, +2k, =d
Avdvoupe to cvomnua pe ™ péBodo amarowpng tov Gauss. Egapudlovpe diadoyikd
OTOV EMAVENUEVO  TIVOKOL TOL  GUGTHUOTOS TOVG HETOCYNUOTIGUOVS YPOUUDV
nL—>r-r, L—-n-r , r,—>r+2r , okolovbwg I, >r,+r, war TELOG
r, —>-=20,+r,.

'Etol, mpokvmtel o mivakag

1 01 |a 1 01 a
1 1 1 |b 010 b-a
(Alb)= e
1 0 3 |c 0 0 2 c—a
-2 -1 2 |d 0 0 0 [3a+b—-2c+d

[Mopatnpodpe 6Tl 0 WVAKOS GLVIEAESTAOV TOV GLOTHUOTOS €ivol 0 Tivakog TOL
epomuarog (i), 6mov anodeiEape ot r(A) = 3. opewva pe mv [pdtaon 3.3 (ii), to
oUOTNHA Yol VO, EXEL ADoM TTPETEL VoL 1Y VEL

r(Alb)=r(A)=3.
Emopévog, m ovvOnkn mov mpémel vo  1Kavomowovv ot {wpoypatikol apBpol

ouvteleotég Tov P(X) eivon :

3a+b-2c+d=0 (4.51)
Av 1oy0eL n wootnto oty (4.51), 10 ovotnua oty (4.50) éxel povadikn Adon
t
kK, k) :(36“‘: b-a %} (4.52)

i) To q(xX)=2x+4x*-10 ypdpetor ©C YPAUMKOS GOLVOVLAGHOS — TOV

p,(X), P, (X), p;(X), 81611 01 GLVTELEGTEG TOV EMANBehoVY T GLVOTKN 6TV (4.51).
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Amd v (4.52) Bpiokovpe TIC CLVTETAYUEVES TOV YPOUUIKOD cuvdvacpoy K, =3,
k, =2 ko K, =—1. Emopévemg 1o mohvdvopo q(x) ypeestot:

q(x) =3p,(X) +2p,(X) = ps(X) -
Eivor pavepo 6t ot cuvtekeotés tov g(X) dev emainbevovv v wodtta oty (4.51)

Kot emopéveog T1o  g(X) Oev  ekppaletor ®G  YPOUUIKOS oLVOLOOUOS TV

P (X), P, (%), Ps(X) . X

Mopdderypa 4.21 Oswpodue 10 dovuopotikd ydpo R,[X] tov molvovopwv
dgLTEPOL PaBLOD pE TPOYUATIKOVG CUVTEAEGTEG KO TOL GUVOAN

P ={x’-1 —2x* -6x—4, X’ +x—2, X’ —~5x—6}

P, ={3x* —x+1, X* +X—2, —4x* + x+5}

P, ={2x* +2, —2x* +2X+6, X’ + X +5}
1) No &fetdoete mowe amd TO TOPATOVEO GOVOAL TOAVMVOUMV EiVal YPOUUIKA
ave&aptnrta ototyeio Tov d.x. R,[X].
I1) No anodei&ete 0Tt T0 Ypoppukd aveEaptnto chvoro tov epotipatog (i) amotedet
pia Baon tov S R,[X], kau vo ekpphoete 10 moAvdVLpo P(X) = X> —2X+4 g
YPOUUIKO GUVOVOGHO TV GTOYKEIMV TNG TapumTdve PAonc.
iii) Na e€etdoete av 1o cOvoro P, ={x* +2x+1, X* +6X+ 7} amotehei pia 4AAN Béon
oV d.x. R,[X].
An6oeidn : i) O dovvopatikog ydpog R,[X] etvon menepacpévog pe dimR,[x] =3,
(Mopaderypo 4.10 (iii)).
2oppova pe 1o Ilopopa 4.2 1o cvvoro P, eivor ypappd eEaptnuévo, 10Tt Exet
otoyelo mepiocoTEpa omd 1t ddotacn tov yopov. Ta cdvora P, xor P, €xovv
mA0Bog otoyeiomv, 660 kol 1 didotaon Tov ydpov. Emopévaoc poévo avtd eréyyooue
G TPOG TN YPAUKY| aveEoptnoio TV oToEiwV TOLC.
e Tw 1 odbvoro P, , pe otoyeia p,(x)=3x"—x+1, p,(X)=x*+x-2 xa

p,(X) = —4x* + X +5, gpappodlovpe Tov Akyopidpo 4.1. And v ekicoon
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a,(3x* —x+1) +a,(X* + x—2) +a,(—4x* + x+5) =0y ,, &
(33, +a, —4a,)x" + (-8, +a, +&,)x+a —2a, +5a, =0

TPOKVMTEL TO GUGTNUAL -

3a,+a,—4a,=0
-a,+a, +a, =0
a, —2a, +5a,=0
3 1 4
Enewon det| -1 1 1 |=23, obuewva pe 1o Prua 3 (i) tov Alyopibuov 4.1, 1o
1 -2 5

moAvadvopa P, (X), P,(X), p;(X) eivon ypappkd aveEaptnra.

* T'o to chvoro P, pe 6poto tpomo 6mmg mponyodpueva yio to P, , amodeucvieton 0Tt
0. TOAGVVHE O, (X) =2X° +2 , 0,(X)=-2X*+2X+6 ko g, (X) =X +X+5 sivar
YPOUUIKE eEapTnUéVa, S10TL 1] SovuGsHaTIKY EEIcmon

a1q1(x) +a,Q, (X) + asqs(x) = ORZ[X] |

2 -2 1
KATOANYEL O€ OHOYEVEC choTNUa e mivako cvviereotov A=|0 2 1], yw tov
2 6 5

onoio woyvel det A=0, (AkyopiBuoc 4.1, Prpa 3 (ii)).
i) To odvoro P, ={p,(x), p,(X), p;(X)} etvan ypappkd aveEdptnrto, ondte mapdyst
Kot 1o 8.x. R,[x], odpoawva pe myv Ipdtaon 4.15. Apa, to P, ={p,(X), p,(X), p;(X)}
etvon pia Baon tov R,[X].
Mo to emdupevo gpodtua, ocoupove pe v [podtacn 4.10, vadpyovv povodikoi
k., Kk,,k; R tétoor wote p(x) =k p,(X)+K, p,(X)+K,p5(X) . And v televtaio
oyéom &xovpe
X2 —2X+4 =K, (3X* =X +1) + K, (X* + X—2) + K, (=4X* + X +5)
= (3k, +k, — 4k, )X? + (=K, + Kk, + k) x+ (k, — 2k, +5k,)

amo OOV TPOKVTTEL TO GVUGTNUA !

3k, +k, -4k, = 1

-k, +k, +k;=-2

k,—2k,+5k; = 4

H povadim Adon tov cvotpatog etvar Kk, = ;—;, k, = —2—2 Ko K, = 23"



Kepéhoto 4: Aavocpoticoi xdpot 79 amd 96

Emopévmg, o {ntovpevog ypauuu«')g csvv&)acsu()g glvan :
P(X)=— pl(x) pz (X) "‘ ps(x)

Iii) To ocvvoro P, dev mapdyet o ydpo R,[x], dott €xer AMydtepa otoygeio and ™
dwdotaon tov yopov, (ITopopa 4.2). Enopévmg, dev pumopetl va amotehel Pdon tov

Y®OPOL enEdN dev emainOevetar ) 1610t (b) ToLV Optopod 4.14. 00

Hopaderypa 4.22 'Eotow N(A) o y®pog AOcew®v TOL OHOYEVOVS YPOUUKOD
GLGTNUOTOG :
X, +2X, —2X; +2X, —5%, =0
X, +2X, —X;+3X,—2X% =0
2X +4X, = 1%, —9%X, +%x, =0
3%, +6X, —6X; +X, —5%, =0

i) No Bpebet pia Baomn ko 1 didotacn tov N (A).

i) No emektabei n faon tov N(A) tov epwtipatog (i) og pia fdon tov M., (R).
AméoiEn : i) O yodpog Acewv, N(A), eivar vrndympog tov d.x M., (R),
(Mapdaderypo 4.2 (iv)) ko ovpeova pe v Eeappoyn 4.6 £xer dimN(A)=n-r(A),
Omov A glval 0 TVOKOG TOV CUVTEAEGTMOV TOV GLOTNHUOTOS , N =5 10 TANB0G TV
ayvVOGTOV ToV cuoTipatog kot r(A) o faduds tov mivaka A. Xvvendg, n {ntovpevn
Baon xor m duwotoon vmoroyiloviar, agov petatpéyovpe Tov mivake A o€
KMUOK®OTN Hopo).

Epapuoloviag Tovg OTOWEUDOE HETACYNUOTICUOVG  YPOUU®OV I, =1, =1

-1
rRL—->r-2r,r—->r-3r, >3+, [ —>—I Kol [, > 50+, otov enavénuévo
10

TIVOKO TOV GUGTAUATOG, KOTOAYOVLE OTNV KALLOK®TY LOPON

1 2 -2 2 510
0 0 1 3 1|0
00 01 -2 |0f
00 00 01O

amd omov gtvor eavepo o0tt r(A) =3. Enopévog, dimN(A)=n-r(A)=5-3=2.
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Avdvoope 10 ovotnuo pe ™ péBodo oamaroipng Gauss, kot amd TNV TOPATAVE

KMUOK®OTH HOPPN TOL EMOLENUEVOL TIVOKO, TPOKVTTEL TO 1GOOVVOUO OHOYEVEG

cvoTNHO
X, +2X, = 2%, +2X, —5%, =0 X, =—2X, —9X,
X; +X, +3%, =0 = X, = —5X,
+X, =2% =0 X, = 2X;

ZUVETMG, 1 ADGT TOL GLGTNUATOG EIVOL TNG LOPPNG

X, —2X, —9X, -2 -9
X, X, 1 0
X=X |=| —5X =X,| O|+X| =5 |=XU+XU,, X,X eR. (4.53)
X, 2Xs 0
Xs Xs 0

Ioyvplopaote 61t B ={u,,u,} eivar pio éon tov vroydpov N(A), 6mov
Uu=(-21000)kuu=(-90-521)".

(@) Ao v (4.53) eivon pavepod 0t Ta Uy, U, mapdyovv to xdpo N(A), dnkadn kabe
nivaxkoc-otoryeio tov N(A) yploeTor MG YPOUUKOS GUVOLAGHOG TWV GTOLEI®MV TOV
B.

(b) Epapuolovtag tov Akyopibpo 4.2, Pripa 3 (i) Swumotdvoovpe o6t ta Uy, U, givor
ypappkd aveEaptnra, S1oti o mivaxkag H =(u,  u,)éxet r(H) =2.

Amd g (a) xar (b) emoAnOevetar o Opiopdg 4.14, emopévog emPePaidvetar o
woyupopos 6t o cuvoro B ={u,,u,} eivar pia féon tov voydpov N(A).

i) Zoppova pe v Ilpdtoon 4.14, 10 ypapukd ove&dptnto cvvoro B tov
gpotporog (i) propet va enektabel oe pia Baon tov .3 M, (R).

Mia Baon tov M, (R) eivou n kavoviky Baon, E ={e,,¢,,¢;,€,,8&}, 0mov o mivakog-
omhn g, 1<i<5, éet oy i Béon 1o 1 kot T vadrowma otoyeion Tov oo pe 0
(IMapaderypa 4.8 (iv)). Apa, dimM, ,(R) =5.

EmAéyovtag tpelg mivakeg amd 10 cOVOAO E GUUTANPOVOLUE TO GUVOAO B kot
ehéyyovpe av o vEo cuVoAo amotelel Bdon tov M., (R).

‘Eoto S, ={u,u,,g,¢&,,&}. Zoppova pe 1o [Iopiopa 4.4, apkel va e&etdoovpe av o

mivakog, pe oTNAES Ta dtovocpato Uy, U,, €, €,, &, Exet det(u, U, € €, €,) #0.
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-2 91 00
1 0010
Enedn det(u, u, € €, g;)=detf 0 -5 0 0 1|=0,1t0cbvolo S, dev anotehel
0 2000
0 0 0O

Baon tov M, (R).
Av copumAnpacovpe to cOvolo B e tovg mivokeg €, €;, €, , OLATIGTOVOVLE OTL, TO

oovoro S, ={u,,u,,¢,,&;,¢&,} amotelei pia Baon tov M, (R), emedn

-2 91 00
1 0000
det(u, u, & g, ¢,)=detf 0 -5 0 1 0|=1#0. so0
0 2001
0 1000

Hopaderypo 4.23 ‘Eoto U kot W vrocivoro tov R*
U={(Xx-V,2Xx+y+22,-2X+2,-X+Yy+4z): X,¥,2eR}
W ={(6x-y,5x—-8y,-5x+3y,-2x+32) : X,y,zeR}

i) Na amodeiéete 611 U xon W eivon vdympot tov xdpov R*.
i) Na Bpeite ) didotaon ko pion Baon yia kabévav amd tovg vrdoywpovg U, W,
U+W ko UNW.
Am6deln : 1) * Enedn, vy kabe X,y,ze R, éva toyoio otoyeio UeU ypapetar
u=(X-Y,2X+y+2z,-2x+z,-x+y+4z)=x(1,2,-2,-1)+ y(-1,1,0,1) + 2(0,2,1,4)

= XU, + YU, + ZU,,
ocvumepaivovpe 61t To obvoro U €xetl ototyeion OAOVE TOVG YPOUUIKODS GUVIVAGHOVG
TOV SLOVUGULATOV

u=002-2-1), u,=(-1101) xa u,=(0,2,14). (4.54)

Apa, &rovpe U =span(u,, u,,u,). Zopueova pe my [potaon 4.7, to cvvoro U etvar
voYmPoc Tov d.y. R*.
H am6oeién pmopel va yiver diapopetikd, oniadn va Poaciotei oty (4.14) tov
Opiopov 4.8. Zvuykekpyéva :
Emedn 1o (0,0,0,0) eU , 10 U givor pun kevd odvoro.

‘Eotow keR, a, =(X, -V, 2X + Y, +22,,-2X +Z,,—% + Y, +4z) €U ko
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a=0X—Y,,2%+Y,+22,,—2X, + 2,,—X, + ¥, +42,) eU ywo «xébe X, V;,z,eR ,
i=12.

Kévovtag avtikatdotoon tov a,,a, Kot tpasels, omog opitovrar otny (4.1) ko (4.2),
ovumepaivoupe 0Tt wyvovv a +a, €U ko ka, eU . Emopévmg, ovpemva pe tov
Optond 4.8, 10 U givor vdywpog tov 8.y, R*.

* Me avéhoyo tpomo amodeucvietar 6Tt To svvoro W sivar vdywpog tov R, apket

VoL YPAYOLLLE, Yio KABe X, Y,z € R, éva tuyaio ototyeio W eW g eéng :

w = (6x—Y,5x—-8y,-5x+3y,-2x+3z) = x(6,5,-5,-2) + y(-1,-8,3,0) + (0, 0,0, 3)
= XW, + YW, + ZW,

OmoL

w, =(6,5,-5,-2), w, =(-1,-8,3,0) xor w, =(0,0,0,3). (4.55)
i) 1o (i) omodeiydnke 6t T U,W eivon vdywpot tov R*, emiong to shvora U +W
kouw U NW  givar vdyopor tov R* (TIpdtacn 4.6). Apo, vidpyet TOLAGYIGTO pio
Baon yio kaBévay and Tovg VITOYDPOVG.
* Ioyvplopaote 61t pion Baon ywo tov vndxwpo U eivan B, ={u,u,,u,}, 6mov
u,u,, U, givon ta dtavdopoata oty (4.54).
(a) Zto epdtnpa (i) amodeiydnke U = span(u,,u,,u,).
(b) O mivaxag, pe omieg ta davdopata Uy, U,, U; OTog ovtd divovtar oty (4.54),

peTd amd KATOAANAOVG UETOCYNUOTICUOVS KATOANYEL GTOV YPOUUOIGOOVVAUO TOV

1 -1 0

0 13 o Cn , , ,

0 0 1/ 0 omoiog £xetl Pabud 3, 6co Kot To OLVOGUATO TOV VITOYMPOL, OTOTE,
0O 0O

ovpemva pe tov Alyopiipo 4.2, frpa 3 (i), to U, U,, U, eivor ypappikd aveEaptnra.
Amnd (a) xar (b) cvumepaivoope 6Tt By ={u,, u,,u,} eivar pia Baon tov U (Opiopde
4.14), ue dimuU =3.

H amddei&n pmopel va yivel kot pe dStoapopetikd 1pomo.

Epappolovtag tov AryopiBpo 4.3, o mivakag A pe ypappés to Uy, U,, U; HeTd amd

KATOAANAES YpOpUOTPAEeLS YiveTat
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1 2 -2 -1 1 2 -2 -1 1 2 -2 -1 1 2 -2 -1
A=-11 0 1|-»|0 3 -2 0|-»|01 -3 -4|->/01 -3 4
0 2 1 4 0 2 1 4 03 -2 0 0 0 7 12
and omov etvar gavepd o1, r(A) =3. Etol Stomotdvoope ott, B, ={u,,u,,u,} etvon
pia Baon tov U (AhyopiBpog 4.3, Pnua 4).
* Mia Baon ywo tov vadywpo W etvan B, ={w,,w,,w,}, 6mov w,,w,,w, eivor ta
davoopata oty (4.55), kot woyver dimW = 3. H anddeién yivetar pe avaroyo tpomo,
OT®G TOPOVGLAGTNKE Yo TOV VTOYwpo U .
* Mia Baon vy tov vaoympo U +W . Zopewva pe v (4.16) o vidywpog U +W
napdyetol omd to Stvdopota U, U, Us, W, W,, W,, 0meg avtd opilovtot otig (4.54)

kot (4.55). H Baon tov U +W vroloyiletan pe epappoyn tov Alyopifuov 4.3.

1 2 -2 -1 1 2 -2 -1
-1 1 0 1 01 -3 -4
O mivaxog 0 2 1 4 £YEL YPOULOIGOOVVALO TOV TTivaka 00 1 10 ,
6 5 -5 -2 00 0
-1 -8 3 0 00 0 1
0 0 0 3 00 0

amd 6mov cvumepaivovpe 6Tt 0 Pabudc sivar 4. Mia Bdorn tov U +W givar to ohvoro
B,.w ={(L2,-2,-1), (0,1,-3,-4), (0,0,1,10), (0,0,0,1)}, pe dimU +W) =4.

‘Evoc dAAog tpOTOC vmoAoylopov PAcnc pHe oToyEion T apyikd  SlovOCUOTO
u,U,, Us, W, W,, W,, otnpiletan otov AryopiBpo 4.4. Anpovpyovpe tov mivaxa K pe
othheg TO.  Sovdopoto U, U, Uy, W, W,, W, , Kot @appolovpe  katdAAniovg

LETAGYNUOTIGLLOVG YPOUUDV, OTTOTE KOTOAM|YOVLE

1 10 6 -10 -106 -1 0

2 1 2 5 -80 0 [ 30 -5 o0
K= > =A

-2 1 5 30 0 0 1 -9/7 0

-1 14 -2 03 0 0 0 0 [2977] 3

Ao ™V KMPoKOT) popen A S1omIGTOVOVUE OTL Ol GTHAEG TOV OEV OVTIGTOLYOVV GE
odnyo eivor n 4" ko n 6" oTAAN, 0MOTE CPALPOVUE OVTA T SLAVOCUOTO-GTAAES OO
tov mivaka K (AkyopiBuog 4.4, friupa 3). Eropéveg, ta dtavdcpato mov amouévoovv
ko avtietoyovy oty 11, 2", 3" kon 5" otAAn amotehodv pio GAAN Baon tov U +W

dnhod éu av ={Up, Uy, Ug, W}
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e Yoppwva pe v Ipotaon 4.17, and ™ oxéon vy T d0oTacT TOV afpoicuaTog
TOV LTOYDPOV
dimU +W) =dimU +dimW —dim(U nW)
é&yoovpe dim(U W) =dimU +dimW —dim(U +W) , ané 6mov cvumepaivovpe Ot
dimU nW)=3+3-4=2.
Apa Yo TOV LTOAOYIGUO piog Baong tov vmoywpov U MW, apkel va vmoloyicovue
dvo dlovocpata, To 0Toio
(a0) Tapdyovv tov voywpo U MW kar (B) sivon ypoappkd aveEdptnra.
* T o (0):
"Eocto éva toyaio dtbvoopa VelU MW, tote velU ko veW .
Otav veU, enedn B, etvar pio Péon tov U, odpewva pe v Ipdtaon 4.10,
vrépyovv povadikol K, k,,k; € R, 1étotor dote
v=Kku +K,u, +K,U,. (4.56)
Opoua, 6tov VeW ko B, eivor pia fdon tov W, vépyovv povadwoi ¢,,7¢,,0, R,
TETOLOL OGTE
V="L>W,+,W, + LW, (4.57)
Amnd 116 (4.56) ko (4.57) ovpmepaivoope 6t vrapyovv K, K,,K;, 4,,7,, ¢, € R, tét0101
OOoTE
v =ku, +Ku, +Ku, = 0,w, +0,W, + £,W,,
amd 6oL YPAPOLLE 1G0OVVALN
Ky, +KyU, +KgUy = £,W, — £,w,) — Wy =0, =0. (4.58)
Amo v (4.58) mpoxdmtel €va OpOYEVEG GUOGTNUA YPOUUIKOV €EICMOEMV e
ayvdotovg tovg apdpovg K, K, Ky, =0, —0,,—¢, ka1 mivaka GUVIEAEGTMV, OTMG
OO TAOVOLLE, TOV TTPOoNYoOUEVO Tivaka K. ATd TNV KMpok®T) popen 4 &xovue Ot
r(K)=4 , omodte 10 ovotMua &xel Amepeg Avoelg pe TANO0G TOPAPETP®V
n—r(K)=6-4=2.H Abon tov cuctiuartog eivor :

45 24 27 21 .
K, =3€1+2—9£3, K, =—3€1+2—9€3, K, =£1+2—9£3, l, =—2—9£3,yux kale (,,/, R

Kévovtog avtikatdotacn otny (4.57) £yovps :
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V=W, + LW, + £,W, = 0,(6,5,-5,-2) —%@(—1, -8,3,0)+/,(0,0,0,3)
= 1,(6,5,-5,-2) +§—;(21,168, —63,87) (4.59)

To dwavdopata, mov moapdyovy tov vadywpo U NW, givan ta w, = (6,5,-5,-2) ko
v, =(21,168,-63,87) . Ilpdypott, oamd v (4.59) eivor @oavepd o611, éva tuvyaio
dtbvoopa VeU MW ypdoeetar og ypoppkds cuvovacrog tav W,V .

. INa to (P) :

Amodei&ape 0t woyder dim(U NW) =2 kou and (o) o WV, TOpAyouv TOV VITOXM®PO
U NW , omdte oopemva pe v Hpdtaon 4.15, ta Wy, Vv, eivon ypoppkd ave&dptnra.

Yvvenmg, and (a) ko (B) ovumepaivoope OtL pioe Baon g toung U MW sivon

By w ={W., v}, (Opiopuog 4.14). soe

Hopadsrypo 4.24 ‘Eoto ot vrdyopot tov R®
U, ={(x,y,2) eR®: x=12}
U, ={(x,y,2) eR®: x+y+2z=0}
Na amodeifete 611 1oy0er R® =U, +U,. Eivor o 40poiopa gvbv;
Am6o€IEN @ ATO TV 1010TNTO TOV TPETEL VO, TKOVOTOLO0VV TOL GTOYELD TV LITOYDPWV,
UTOPOVLLE VO TOVG YPAWOLLLE GT HLOPOT
U, ={(x,y,x): X,yeR} (4.60)
U, ={(X,y,—X-Y): x,yeR} (4.61)
Enedn U, +U, eivarvndympog tov R® (Mlpdtacn 4.6), ivor gavepd 6t
U,+U, cR®. (4.62)
Amnopével va amodeitovpe ot oydver R® cU, +U, .
[Ipémer mpadra vo vroroyicovpe Tovg yevvntopeg tov U, +U, .
And v (4.60) kaBe otoyeio (X,Y,X) €U, , yia kébe X,y e R, ypdopeton
(x,¥,x)=x(0,1) + y(0,1,0) = xu, + yu,.
Apa, o voywpog U, =span(u,,u,) , o6mov u, =(1,0,1) ko u, =(0,1,0).
Ouota, amd v (4.61) kaOe otorgeio (X, y,—X—y)eU,, yia kdbe X,y e R, ypdoeton

(X, y,—x—-y)=x(@0,-1)+ y(0,1,-1) = xv, + yv,.
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Apa, o voywpog U, =span(v,,V,) , omov v, =(1,0,-1) ko v, =(0,1,-1).
Epapudlovtag tov AhyopiBuo 4.4, tomobetodpe otov mivoka A ©¢ OTNAES TO

davoopata U, U,,V,,V, Kot ple KOTAAANAES YPOUUOTPAEELS £XOVLE

10 1 0 (to1o0y (Al o1 o0
A=|0 1 0 1|(->|0 1 0 1|>|0 1] 0o 1
10 -1-1 0021 |0 o0 [ 2

Apa, o vrdywpog U, +U, =span(u,u,,v,) , ot ta dSwvoouota U,U,,V,

=B

aVTIGTOYO0VV GE 001YOVE TOL Tivaka B .
‘Eoto éva toyaio otoreio (X,Y,2) eR®. Avalnrooue kotdiiniovg K, K, k, e R,
TETOLOVG DOTE

(x,y,2) =ku, +k,u, +kv, <
(x,y,2) =k (1,0,1) +k,(0,1,0) +k,(1,0,-1) = (k, + k;, k, .k, —k;),

amd OOV TPOKVTTEL TO GLGTNUOL

k, +k;=xX
k, =y
k, —ky=z2

Metd amd ypapponpaEel; 6ToV EMOLENUEVO TIVOKO TOV GLUGTHLATOG KOTOATYOVUE

1 01 X
otov wivaka. [0 1 O y |, amd omov eivar @avepd OTL M poOvadiKy] AVoT Tov
0 0 2 |x-z2

GLGTNHOTOG Elvart

X+Z X—Z
=25 k=Y ko k==

A X+Z X—1Z L g , ,
pa, (X,Y,2)= Tul +yu, +TV1 eU, +U,, and 6mov cvunepaivovpe 0t

R’cU, +U, (4.63)
Tvvdvalovrag tig (4.62) kar (4.63) éxovpe o {ntovpevo, R® =U, +U,.
‘Eoto (X,Y,2) eU; NU, . Tote, eivan pavepd o1t 1oydovv
(x,¥,2)eU;, = x=2, yeR «xam (X,y,2)eU, = z=-x-Yy

To cvoTp
X=12 X —-z=0
Z=—-X-Y X+y+z=0
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&yl dmepeg Aoeig e poperc (X Yy 2)' =(x —-2x  X)', yio kdOe X eR.
Emopévmg, ta ototyeia tov cuvorov U, NU, eivor tng popong (X,—2X, X) , and 6mov
etvan pavepd ott U, NU, = {0}.

Sougpwvo pe tov Opiopod 4.9 kot v Epappoyn 4.5(i), to dBpoicpa dev givar evbv,
oot U, nU, = {0}.

"Evog dAhog tpomog anavinong otnpiletar oto [Iopiopa 4.5. Ao T S10vOGUATO TOV

vroyopov U,,U,, mov vroloyiotnray mponyovueva, E0KOAN OLOMIGTMOVOVUIE OTL TO
davoopata U, U, €U, xar v, Vv, €U, elvon ypoppkd aveEdptnta, ondte omoTeAOVV
Baoeig twv U,U,, pe dimU, =2, dimU, =2 xo1 dimR® =3. Av to 40poicua sivor
gubV, emalndevetar N 1woéTTO oV (4.42), dNAadh dimR® =dimU, +dimU,. v

TPOKEWEVT TEPITTOON ALTO deV 1oYvEL, Apa TO dBpoispa dev ivar VY. o0

Eogappoyn 4.7 Eotw S :{Ae M (F): A = A} 70 00VOl0 TV NXN GOUUETPIKDV

mvokwv kor T :{Ae M (F) : A :—A} 70 0OVOA0 TV NXN QVIIGUUUETPIKOV

mvakwv. Na arodegiéete otl »

1) taodvola S ko T eivou voywpor oo M (F).

i) S&T =M (F)

iii) Na Bpeite pia fdon ko ) didotacn tov vroydpwv S, = {A eM,(R): A'= A}
ko1 T, :{Ae M, (R): A :—A} o0 M, (R).

IV) Na emexteivete kdbe faon, mov vroloyicote aro epartnue (i), oe pia faon tov
M, (R).

Am6d2iEn ¢ i) Enedn yio 1o undeviko tetpayovikd mivaxo wyder Q' = O, eivon

eovepd 0T1 Qe S, dpa S#I. Eotwo A BeS kar k,/eTF.

Epappolovtag dadoyikd tic ddtreg (ii) ko (iii) g [Ipdtaong 1.2 &yovpe
(kA+B) = (KA)' +(/B)' =KA' + (B' =kA+(B.

Apo kA+/BeS, ondte, obppwvo pe v Ilpdtoon 4.5 (ii), to odvolo S sivar

vroywpog tov M, (F).

Me mopopoto tpodmo amodetkvoeTal 0Tt To cOvoro T elvar voxmpog tov M (IF) :
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ii) Mo vor amodei&ovpe 0t oyoer SOT =M, (F), odpeava pe v Epappoyn 4.5 (ii),
apkel vo amodeifovpe 011 KGBe mivakag Ae M, (]F) ypapeTol Katd povadikd TpoOmTo
®¢ GBpotopo VO GUUUETPIKOD Kol €VOG avTioLppeTpkoy mivaka. Ilpdypott, éva
wyaio otoyeio Ae M, (F) ypapetan

A:%(A+At)+%(A—At),

Omov %(A+ At) glvol GLUUETPIKOG TIvaKOg Ko %(A— At) glvar avTIGLUUETPIKOG,
(BAéme 010N TEC (V), (IV) TG [IpdTacnc 1.2) .

i) Zto (i) amodeiyBnke 6T1 Tao cOHvora S, kar T, eivon vdympot tov M, (]R) . Eneion
dimM, (R) =4, cbpeova pe v Ipdtaon 4.16 (i), wyvet dimS, <4 ko dimT, <4.
JUVETMG Kot ot S0 VIOYWPoL givar ydpor memepacuévng dwdotaons. o va
vrohoyicovpe pio Péomn ywo tov Kabe vdympo, apkel va fpovpe Eva VTOGHVOAO TOL
VITOYMPOV TTOL VoL maAnBevel Tig 1010TNTEG TOLV OpLopov 4.14.

o [lia ) fdon tov vroywpov S, :

a
Emedn éva tuyaio otoyyeio A:( dj TOL GLVOAOL S, mpémel vo wcavomotel TV
C

A=A e ? b _[@ “lab=c
B c d/ \b d -

a b
ocvumepaivovpe 0Tl 0 mivakag A mpémel va etvar T popeng A= [b d ]

woTTa

0 0

01

OTOTEAOVV
0 0 10 j

10 01
Oa amodeitovpe 0TL Ta otoEin A = VA= A=

Béon tov S, .
(@) Ovmivakeg A, A,, A, etvar ypoppkd ave&aprot.

[Tpdrypatt, ebkola SLOTIGTAOVOLLE OTL 1] LOVASIKT AVoT TG £&l6mONG

1o+ao1+ oo_@
%o 0)"%l1 o) ®l0 1)

etvol @ =a, =a, =0, (Opopog 4.12).

(b) Ovmivoxeg A, A,, A, mapayovv to S, , d101t T0 TVYai0 oTOoYElo A€E S, YpapeTar
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a3 D) _ (1 0y, (0 1) (00
o o oy oo oJ-meanean

An6 (a) ko () elvar pavepd 6t To chvoro By ={A, A,, Aj}etvan pia Bdon tov S,
(Opiopog 4.14), pe dimS, =3.
o [ia w poon tov vmoywpov T,

a

Kdabe otoyeio K = ( ] 70V cVvOrov T, , Tpénel va tkavormotet TNV WO TA !

c

SRS 1 X N e N

ATo Vv mponyovpevn odTTo TIVAK®Y, damictdvoops 6t a=d =0 ko c=-b.

0
Apa o mivakag K €T, eivon tng popeng K =( b

b
Oj,ytandes beR.

EmumAéov, n tehevtaio popen tov mivaxke K ypapetot

1
K=( g 2J=b( ?L Oj=bKl,waKd98 beR. (4.64)

loyvpillopaote 6t 10 povocsvvoro B, ={K;} eivar pia Pdon tov T, , omov

K, [ ° 1].
-1 0

Amo6 v (4.64) eivar pavepd 0TL 0 VEOYWPOG T, mapdyeton amd tov K, kot axdun ot
o mivaxag K, etvar ypappd aveEdptnto otoryeio tov T,, o¢ un undevikdg mivakoc,
(Ilopopa 4.1 (ii)). Apa, B ={K} eivar Baon tov T, (Opiopog 4.14), pe dimT, =1.
iv) Zoppova pe my Ipotaon 4.14, kébe ypoppuea avedapmro covoro B , By
umopet va enektabel oe Paon tov d.x. M,(R), apkel to kabéva vo copuninpmbel e
TIVOKEG, MOTE TO VEO GUVOAO vo artotelrel pio Baon tov M, (R). Ot mivakeg, pe Tovg
onoiovg cupmAnpdvovroar to cbvora By ko B, avalnrovviar avipeco oto
otoyeio g Kkavovikng Paong tov M,(R), (Ilapdaderypa 4.8 (iv)). Ta kpurmipuo
EMAOYNG TV TVAK®V avagpépovtal otny [Hapatpnon 4.9.

o Lo my exéxraon e foaons By ={A, A, A} tov vmoywpov S, :
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Enewdn o 6. . M,(R) éxer dim(M,(R)) =4, (Ilapaderypa 4.10 (ii)), =mpéner va

GUUTANPOGOVUE TO YPOUMIKE avegdpmto chvoro By tov epwtipatog (i) pe évav

, , 0 0
nivaka, £oto tov E, = 1 0)

EAéyyoupe av 1o véo ohHvoro l.5>Sz ={A, A, A, E, }anoterel Baon tov M, (R).
() O mivaxeg A, A, AL E, selvar ypappkd aveEdptntot, S10TL M SVUGHOTIKY

eklowon

fo ool ofrelo 1li oJolat 6 o

0 0 10 01 10 a,+a, a, 00

£yl povadkn Avom v tetpupévn & =a, =a, =a, =0, (Opondc 4.12).

(B) Emewn dim(M,(R))=4 kot to cbdvoro BSZ ={A, A, A, E,} eivan ypoppikd
aveEaptmro, coupova pe v Ipodtaon 4.15, ov wivakeg A, A,, A, E,, mapdyovv 10
3. M,(R).

Amo (0) ko (B) ovumepaivovpe 6t emaindevovion o1 W16TNTES Tov Opiouov 4.14,
apa to GHVoLo l.5>Sz ={A, A, A, E, }anoterel pia pdon tov M, (R).

o Na v exéxroon me Pdone B, ={K} o0 vroywpov T,:

Enedn dim(M,(R)) =4, npénet vo. GOUTANPAOGOVUE TO YPAUUKA 0veEAPTNTO GUVOLO

. . 10 0 0 00
B,, e tpeig mivakeg, otm tovg Ey; = 0 0l E, = 10 kot E,, = 0 1)

EAéyyovpe av 1o véo chHvoro I.5»T2 ={K,, E,;, E,;, E,,}omotehei Bdon tov M, (R).
(o) O mivaxeg K, E ,,E,, E,, etvor ypoppkd aveEdptnrot, 8101t 1 SVOGHOTIKY

elowon

01 10 0 0 00 a, a 0 0
al + a2 + a‘3 + a4 = @ = =
-1 0 0 0 10 01 -a,+a, a, 0 O
£yl povodtkn Avom v tetpupévn & =a, =a, =a, =0, (Opondc 4.12).

(B) Emedn 10 ohvoOro |.5>T2 ={K,,E,;,E,;,E,,} givar ypoppikd ave&dptnro, o

nemepoacpévng ddotaong 8.y. M, (R) mapdyetor omd ta oTotyeio Tov Guvorov B, ,

(ITIpoétoom 4.15).
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Amo (0) ko (B) ovumepaivovpe 6t1 emainBevovror ot W10 TEG Tov Opiopov 4.14.

Apa, T0 GOVOLO |.5>Tz ={K,,E,;, E,;, E,, }elvar pia aGAkn Béon tov M, (R). o0

E@appoyn 4.8 Av V,V,,V, elvar  ypopuid.  aveldptnta  oravdouota  €vOg
IF — diavoouotixod yapov V .
1) No amodeilete ot o dravdouaza Uy, U,, U, Evar ypopuird aveloptnra, 0mov

u=Vv,+3v,+2v,, U, ==V, =2V, +V, ka1 U, =2V, + 7V, +8v,.
i) No exppdoete to didvooua V =4V, =3V, + 9V, o¢ ypouuixod covovaouo twv

Uy, U,,Us.
Am6o€IEN : 1) TOopemva pe tov Opiopd 4.12, 1 dtavoucpatikn eEicwmon
a (v, +3v, +2v;)+a,(-v, —2v, +V,) +a,(2v, + 7v, +8v,) =0, (4.65)

onov a,,a,,3, € IF, mpénet va Eyel povadikn AVomn TV TETPLUUEVT.
Ao v (4.65) éyovpe

(a, —a, +2a,)v, +(3a, —2a, + 7a,)v, + (28, +a, +8a,)v, =0, . (4.66)
Emewdn ta Vv,,V,,V, gtvar ypoppkd oavebdptnta, 6Aot o1 cuvieeotés g e&iomong
otV (4.66) sivar undév. ‘Etotl katoAnyovpe 6to opoyevég cOGTNUO.

a —a,+2a,=0
3a,—2a,+7a,=0
2a, +a,+8a,=0

O 7ivaKog TMV GUVTEAEGTAOV TOV GLOTNUOTOG EVOL AVTIGTPEYIIOC, O10TL

1 -1 2
detj 3 -2 7|=1+0.
2 1 8

2oppova pe v MHopatypnon 2.1, to opoyevég cvotnuo £€xel povaodlkny Avom

a=a,=a,=0.Apo, T00 U,U,,U, elvor ypappkd aveEaptnro.

i) Zopewva pe tov Opiopd 4.10, apkel va Bpebodv ki, K, Kk, e R, té€tot101 dote
v=Kku, +k,u, +k,u, &

4v, —3v, +9v, =K (v, +3v, + 2v,) + K, (v, —2v, + ;) + K, (2v, + 7v, +8v,) <

4v, —3v, +9v, = (k, — K, + 2k;)v, + (3k, — 2K, + 7K, )v, + (2k, +k, +8k,)v,

Amd v tedevtaio 160TNTA, €EIGMVOVTAG TOVS OVTIOTOLYOVS GUVTEAESTEG TOV OlV

SLOVUOUATOV, TPOKVTTEL TO GCUOTNUA
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k, =k, +2k, = 4
3k, — 2k, + 7k, =-3
2k, +k, +8k,= 9
2T0 TPOMNYOVUEVO €PAOTNUHO OmodeiyOnke OTL 0 WIVAKOS TOV GLVIEAEGTAOV TOL
OUOTAUOTOS Elvol OVTIOTPEYIUOG, EMOUEVOS TO CLOTNUO EYXEL  UOVAOIKY ADom
(ITpoétaon 2.5), n omoia eivon
(k, k, k) =(-149 -61 46).

Apa, o {ntodpevog ypappikog cuvovacuds eivon v =-149u, —61u, + 46U, . o0

Eg@appoyn 4.9 Eorw B ={v,,V,,V,;,V,} pio paon evog F — diavoouotixod ywpoov V .

1) Na amodgilete 611 to ovvolo U ={u,, u,,U,,U,} eivor uio faon tov V , omov

u =Vv,+2v,-4v,-v,, U, =2v, +5v, +Vv, -v,, U, =3v, +V, -3V, ka1 U, =V, +V, —V,.
i) No exppdoete 10 diavooua N =V, —V, + 2V, ¢ Ypopyiro coVOvOoUO TMV OTOIYEIWY
¢ Paonc U .

Amodelln : i) Enedn 1o ovvolo B eivan PBdon tov 6.y V , ovumepaivoopus 01
dimV =4 kot 6t T Sravdopoara V,,V,,V,,V, sivor ypoppkd aveaptnto (Opiopog
4.14). Zopoovo pe v Ilpétaon 4.15, av 1o ovvoro U ={u,u,,u,,u,} eivor
ypappkd aveéapmro, to U mapdyet 1o 4.y, V . Zvvenwg 1o U Ba amotelel pia dAAn
Baon tov V .

Apxkel v amodeifovpe 6t T dravoopata Uy, Uy, Uy, U, etvar ypoppukd aveEdptnra.

H davvopotikn e€lomon

a, (v, +2v,—4v,—v,)+a,(2v, +5v, +Vv, -V,)

(4.67)
+a,(3v, +v,-3v,)+a,(v,+v,-v,)=0,,
omov a,,a,,3,,8, € I, mpémet va £xel povadikn Aomn ) undevikr.
Amd Vv 166tTo otV (4.67) £yovpe :
(a, +2a, +3a,+a,)v, +(2a +5a, +a,)v, (4.68)

+(-4a, +a, +8,)v; + (-8 —a, —3a, - a,)v, =0,
Ta v,,Vv,,V,;,V, eivoan ypappkd avegdpmro, omdte 6Aot ot cuviedeotés g (4.68)

elvar undév. 'Etot katodnyovpe 6to oo
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a+2a,+3a,+a,=0
2a, +5a, +a,=0
—4a, +a, +a, =0
-a,—-a,-33,—-a,=0

O mivokag T®V GUVTEAEGTAOV TOL GLGTHUATOG EIVOL AVTIGTPEYILOG, O10TL

1 2 3 1
2 5 0 1

det =-110.
4 1 1 0
-1 -1 -3 -1

2oppove pe v MHopatypnon 2.1, to opoyevég cvotnuo £xel povadlkny Avom
a=a,=a,=a,=0.Apa, T00 U,U,,U,,U, tvarypoppkd aveEdptnra.
i) Ereidn to U givon Bdon tov V, kdBe otoryeio tov V ypdpetot pe povadikd tpdmo
OG YPOUHKOS GLVIVACUOG TV dtavuopdtov g Bdong (I1pdtaon 4.10).
2VVETMS, LTAPYOVY povadtkd X,Y,z,W e F, tétoln dote
V = XU, + YU, + zZU, + WU,
=X(v, +2v, —4v, —V,) + y(2v, + 5V, +V, =V, ) + Z(3v, + v, —3V,) + W(V, +V, —V,)
=(X+2y+3z+ W)V, + (2X+5Y + W)V, + (—4X+ Y+ Z)V, + (X -y =3z - W)v,.
Emniéov, t0 V g mpog ta dwvdcpoto tng Pdong B ypheeton V=V, -V, +2v,.
Emopévag e£160vovTag Toug avTiGTOl(0VE GUVTEAECTES £YOVE TO GUCTNUA
X+2y+3z+w= 1
2X+5y +w=-1
—4X+Yy+1 =0
—X-y-3z-w= 2
O Tivokag TOV GUVTEAESTAOV TOV GUGTHHOTOS ivaLl AVTIGTPEYILOGC, (LVTOAOYIGTNKE GTO

epamua (i)). Emopévac to cvomua xet povadikn Aon (Ilpdtacn 2.5), mov givar :
t
20 3 47 —216) '

Xyzw)=|— —
(xyzw (11 11 11

Apa, 0 {nToduevog Ypoppkds cuvdvacuds siva

20 47 216
V=—Uu,+3U, +—Uu,———u,. o0
11 11 11

Egpappoyn 4.10 Eotw K ={v,,V,,...,V } vwocdvoio evog F — diavoouatixod ywpov
V ue V =span(K) xai éva oiavoouo W €V . Na arodeilete oti:

1) To oovoro S ={w,v,,V,,...,V_ } eivou ypopixa eCoptnuévo.
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i) span(v,,v,,...,v, ) =span(w,v,,v,,...,V,).
i) Av v, eivai évag ypouuikos ovovovaouog twv V,,V,,...,V, ;, 1=12,...,m, 16te
V =span(K) =span(v,,V,,...,V, ;,Vi.1,---s V) -

AnéoeiEn : i) Emedn weV ko V =span(v,V,,...,V,) , DTAPYOLUV KOTUAANAOL

9V

K., K,,....,K, €F tétoior dwote , W=KkV, +K,v,+---+k v

WV, » OMAadn TO Sdvucpa
W givor évag YPOUUIKOG GUVOLOGUOG OAMV TV VTOAOITOV SOVUGUATOV TOL S .
Emopévmg, 1o suvoro S eivan ypappukd egoptmuévo, (ITpdtaon 4.8).
i) Eivatl pavepo 011 ioydet
span(v,,Vv,,...,V,,,W) cV =span(v,,Vv,,...,V,,). (4.69)
‘Eoto w eV =span(K). Apa, vrépyovv £,,0,,....0  €F, 1€tol01 ®@oTE
W=l +0 NV, +- 4l v =LV, +L0V,+--+ L v, —W=0,. (4.70)
Eriong, v éva dudvuopo u eV =span(K), vrdpyovv xatdAinior a;,a,,...,a, €,
TETOLOL OGTE
u=av,+a\V,+--+a.\Vv, = aVv,+aVv,+---+a.Vv,—-u=0,. (4.71)
Yvvdvalovtog Tig 160tNTEG 0TIG (4.70) Ko (4.71) €xovpe:
IV, +O N+ 4+l v, —W=0, =aV,+a,V, +---+a,V, —U
u=(a—l)v,+@ =)V, +-+(@, -, )V, +W,
and OOV GLUTEPAIVOLLE OTL 1IGYVEL
u e span(v,,Vv,,...,V,, W),
onAadn 1o dbvuopa U eV gival €vog Ypapkods cuvovacrds OA®mV TV VTOAOIT®V
davuoudtov Tov S, EToUEVMG
V < span(v,,V,,...,V,, W). 4.72)
Yvvovalovtoag Tig oyéoelg otig (4.69) ko (4.72) mpoxvmrel
span(v,,V,,...,v,.) =V =span(v,,V,,...,V,,W).
iii) Eivou @avepd ot woydel
span(vy,V,,...,V, ,V. 4,...,V,) <V =span(K). (4.73)
Amopével va omodeiEov e TOV avTIGTPOPO EYKAEIGUO.
Amo v vmobeon €yovpe Ot vmapyovv t,t,,...,t , eF, vy kdbe i=12,....,m,
TETOL0L OOTE

V,=tv, +tVv, +---+t Vv, ;.



Kepéhoto 4: Aavocpoticoi xdpot 95 amd 96

‘Eoctw ueV =span(K) . Apa vmdpyovv xatdriniot b,b,,....b €F , yua tovg
0moiovg 1oYvEL

V.

u=bv, +bv, +---+b v, , +bv, +b v, +-- 4DV,

i+1

=bv, +bv, +---+b v, +b(tv, +t,v, +--+t v, )+ v DV
=, +th)v, + (b, +t,b)v, +---+ (b, +t b)v, ,+b v,  +--+b.V, .
Amd v tedevtain 1oTNTA GVUTEPAivOLpE OTL IGYLEL
u=span(v,,V,,...,V, ;,Vi.,---, V)
OmOTE,
V =span(K) c span(V,,V,,...,V, ;,Vi,1,..-,V,,) - (4.74)
Yvvovalovtog Tig (4.73) ko (4.74) n amddeEn etvor TApNG. o0

Egappoyq 4.11 Eotw u,veR". Na arodeilete 611 1oydovy :

) ||u +V|| = ||u —V|| , AV ka1 [Lovo av ta oravoouazo, U,V € R" eivau kabeta.

i) |u +V||2 +u —V||2 =2|u ||2 +2|v ||2 (vouog wopailnioypéuuon)
1
i) <u,v>:z(||u+v||2—||u—v||2)

Am6deién : T éva didvoopo ueR", amd tov tono oy (4.7), ||u||=,/<u,u>,
E&yovpe
Jul =u, u). (4.75)
Mo to pétpo tov dwvooupatog U+V, gpapuolovtog tov tHmo oty (4.75) kot Tig
wotnteg (iii),(iv), (i) g [potaong 4.2, e T GEPA TOL AVUPEPOVTOL, EYOVUE
u+v[* =(u+v,u+v)={uu+v)+ (v, u+v)={u u)+{uv)+{v,u)+{v,v
Juvi=¢ )= (U u+v)+(vu+v) = (U U+ (uv)+ (v, u)+ (v, V)
= ul’ +{uv)+(u vy IV = Jul” +2(u,v) + |
Apa,
Ju+v]* =|ul +2(uv)+|v]" (4.76)
Oupota, yio 10 Pé€TPo oL dovicUaTog U—V , TPOKOTTEL
lu=v[f = {u-v,u=v)=(uu-v)—{v,u—v)=(uu)—(uv)—(v,u)+{v,v)
= ul’ = {uv) = {uv)+ V" = Jul - 2{u.v)+ V"
Apa,
Ju=vi =Jul” - 2(u.v)+ " (4.77)
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i) Soppove pe v Eappoyq 4.1, apkel ve amodeifovpis 6Tt 16ybeL
lu+v|=|u-v| < (uv)=0.
Eoto dttwoyder |u+v|=|u-v|| = |u+ v||2 =|u —v||2 . AvtikafiotdvTag otV
TEAEVTOR 166TT0 TIC (4.76) K (4.77) Kt KGvOVTag TPGEELs KaToAYOLHE
4(u,v)=0 < (u,v)=0.
AVTIGTPOQQ, avTKafIGTOVTOE oTIC 166TTES Tov (4.76 ) ko (4.77) 0 Govidec
eowTepikd yvopevo, (U,V)=0, xotadfyovpe oty 1dmTa
Ju+i = Jul” + V] =[lu-v]"
Emnedn ov mocémreg [u+v| , [u-v| etvar pn apvnuicoi apdpoi, amé v
mponyodpevn wotna mpokvmtet |u+ V| =|u-v|.
ii) TpocBétoviag Katé uéA Tic 106TTeg oTic (4.76) Ko (4.77), TPOKOTTEL O VOROC
0V TAPOANAOYPELLLOV.
i) Apaipdviog Kot péh Tic 1bTTec oTiC (4.76), (4.77), &xovpe
o+ —Ju—vf = 4(u)

oo OOV TPOKVTTEL TO {NTOVUEVO. o0
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	Υπενθυμίζουμε ότι η επέκταση ενός γραμμικά ανεξάρτητου συνόλου σε βάση δεν είναι μοναδική (Παρατήρηση 4.9), επομένως και στην Πρόταση 4.18, το συμπλήρωμα του   ως προς το   δεν είναι μοναδικός υπόχωρος του  .


	Chapter4_VectorspacesII
	ii)
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