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Kepdaiaro 3

I'PAMMIKA XYXTHMATA

3.1 T'evikég évvoleg Kot oplopoi
Opwopoc 3.1
Eva obvoio M eliocdoewv kot N ayvaotwy X, X,,..., X, TOv Exel T Hopen

A X taX, + -+ a, X, :bl

Ay X +3,X, + 3y X, :bz (3.1)

a X +a,X +-+a, X =b
OVOUGLETOL YPAUUIKG GVGTHHO M eCloM0E@V 1e N OyvOOTOVS 1 WO OTAG MXN

ypopyaro ovotqua, omov ay, X, b elF, F=R 5 F=C, i=12,...,m, j=12,...,n.

ij 1
Mia n— doa aprBuwmv (Xl,xz,...,xn), mov emalnbeder 6lec g eClomoeic tov (3.1),

Aéyetar AVGNH TOL OCLOTHUATOS KO1 TO GOVOAO OAWV TV ADoE@V YEVIKN AVGH TOL
ovotiuotog. H diadikooio, mov axoiovleitor yio tov éleyyo vmaplng kou v eopeon N
un vmopéng g yeVIKNG ADGNS TOV GVETHUOTOS, AéyeTol EmiAvan Tov ovotiuatog. Otov
T0 YPOUUIKO TOOTHUO. ExEl TOVAGYLoTO pio. ADon Aéyeton Gopufifacto, OLapopeTiKd,
aovvato 1 un coufifacto.

2wy mepimtwon omov by =b,=---=b =0 10 odotqua ovoudletar omoyevés,
O10QopeETIKG AEyeTon uy opoyevés. Eival eavepd Tmo¢ Eva OPOYEVES YPOUUKO GUGTN O
elvar ovppifactod, aeov pion Avon tov eivor 1 pndevikn, n omoio ovoudleTor Kot
TeTpyuuévy Lvon.

Epappolovtag Aoyiopd mvdxmv, 1o cvotnua (3.1), umopel vo ypoeel pe v

TOPAKAT® LOPPN

=| . & Ax=bh.
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Opwopog 3.2

& &, ... G,

ay Ay ... Ay,

O mxn mwivoxog A= OVOUGLETOL TIIVOAKOS TOV GOVTEAEGTOV

a

ml m2 mn
Xl
’ ’ ’ X2 ’ , 4
TOV oLOTHUOGTOG, O TIIVOKOC — O"L'i’]ﬂ,i? X = . 0V0,Lt0!§8‘[0€l TIVOKOG TV aYVWOGTWY KOl
Xn
, b2 , , yor ’
O TIVOKOGC b = . 28))8‘[0” TTIVOKOS TV araﬂgpwv 0PV TOL OVOTHUATOG.

b

m

O mx (n + 1) TIVOKOG

a, a, ... a,|b
a, ay, ... &,|Db,

(Alo)=) ik
a m2 --- @n| B

a

ml

ovoualetor  Emavénuévog mivaxag tov ovotiuotos. O mTivokog (A | b) TPOKOTTEL OO

b,

’ ’ , ’ 2
ov A av emovvayovus e o0TOV Lo ETMTAEOV 0T, T D=

IMo mapddetypa, ov To ypoppiké chotua eivat to
X, +4X, + X, =—6
—2X; +3X, —3%; =5
tOTE Ol avTioTOorYO0l Tivakes tvat

X
1 4 1 ' -6 1 4 1|-6
A= , X=X, |, b= (A]b)= .
-2 3 -3 -5 -2 3 -3|-5
XS
Av pe & ovpPoriCovpe mv i-— e&lowon tov ypappwov cvotiuatog (3.1), eivor
Qavepo OTL :
* av evadAidEovpe dvo efiomoelg & <> &) Tov apykod cvotiuatog (3.1), to véo

ocvotnua, Tov Ba TpokHyel, Oa £xel TV 1010 YeVIKN ADOT LE TO apyIKO,
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* v avtikataothoovpe o e€lowon tov cvotiuatog (3.1) pe moAAamAdo1d g,
g —ag;, a#0, 10 véo cbomua, mov Ba mpoxvyel, Ba £xetl v 1010 yevikn Adon
LLE TO OPYIKO,

* av aviikataotoovpe pa e&iowon tov (3.1) pe po AN Tov TPOoKHTTEL Amd TNV
TPOCHEST] GE VTNV TOV  AVTICTOLYY®V HEA®V piag GAANG e&icmong, 1 onoio £xet

TOAMOTAOGLOGUEVEL TOL LEAT TNG ME TOV {610 un pndeviko apud, &; —> ¢, +as;,

a=#0, 10 véo obotnua, mov Ba mpokvyel, Ba £xel v Ot yevikn Adom pe To

aPYLKO.

MMopatipnon 3.1 Xpnoyonoumviog Tig TapomTdve «Tpa&elc», ol omoieg ovopaloviot
OTOL(ELMOELS TTPALEIS 1] OTOLELMOEIS PETACYNRATIGNOL, KoTaoKevdletal and TO
apyKd cHotnua Eva VEo GUOTNUA, TO 0010 £YEl aKPIP®G T 1810 CUVOAO AVGE®V e

TO 0PYIKO Koty avTo T 6V0 CLGTHHATO OVOUALOVTOL LEOOVVANAL.

Av okeptobpe 0Tl KGOe pio amd TG TpoavapepOeiceg oTOYEIDIES TPAEEIS TOV
YPOUUIKOD GUGTAUOTOC OVTICTOUXEL KOl G€ pior ovOaAoyn «TTpaén» OTIS avTIGTOU(ESG
YPOUUES TOV EMALENUEVOL TOV TIvVaKa, ElHOoTE 08 BE0M VL SIKOLOAOYCOVE OPEVOC
pev tov 6po YPapponpacers, apetépov 10 GLUPOAICUO TTOV YPNCLOTOLEITOL Kot VoL

KOTALVOT|GOVLE TOV ETOUEVO OPIGUO.

Opropodg 3.3

Eotw AeM_ (IF) , F=R 5 F=C . KaOgudé omo tg mopoxdrw diadikooics
OVOUGLETOL GTOLYEIMONS HETAGYNUATIGUOS YPOUUMY TOV Tivoka A 1 mo ocdviouo
YPOUUOTIPAEELS, GUYKEKPUUEVQL

" gvalloyn ovo ypouuav,

" TOAAGTAOOLOGUOS LLOS YPOUUNS TOV A ue éva un unoeviko aroiyeio tov

" mpoobeon o€ Lo Ypouuy T00 TOALOTAAGIO UIGS CAANG YPOUUNG.

Av 1 gtvar m i— ypappu tov A ot avtictoyor GLUUBOMGHOL TV TOPUTAVE
YPOUUOTPAEEWV Elvor

" I, &I, (evodhdocovpe Tig 1, T;)

* I, — ar, (moAlaniacidlovpe Ty I, eni tov apOpd a=0)

" I > +ar; (omypopuun I mpocHitovpe a0 popégmy I;).
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Opwopog 3.4
Eotw o1 mivoakeg A, BeM, (IF) Oa Aéue ot o A elvor ypopupoicoovvauog ue tov
B, av o B mpoxvmrer amd tov A uetd omo pio memepaouévy axolovbio aroryeimomv

UETOTYNUATIOUMDV YPOLUDV.
1 4 1
-2 3 -3

1 4 1 1 4 1) .. . 1 4 1
B= , EMELON Ty .
0 11 -1 -2 3 -3 0 11 1

270 ToPAdELy . TOL 0KOAOVOEL, B EPOPLOCOVILE GTOLXEUDOELS TTPAEELS OTIG EE10ADCELG

o mopaderypa, o A=[ j glvol  ypappoicodOLVOIOS UE TOV  TivVOKo

€vOC GUGTNHOTOC e OKOTO VO, TAPOVUE £VO. ATAOVGTEPO GVGTIUA, 1GOOVVOLO LE TO
apywo. Tic 1dec mpaéelg Ba epappdcove TOVTOHYPOVE KOl OTIG YPOUUES TOV
avtiotoyyov emavénuévov mivaxa, po kKor and tovg Optopovg 3.3, 3.4 kor v
[Mopatpnon 3.1, oeaivetor kabBopd OTL 1G0SVVOUN GLGTUATO OVTIGTOLYOVV GF
YPOUUOIGOIVVOLOVG EMAVENUEVOVG THVOKEG,.
MMopatipnon 3.2 o dievkOALVON HOG, GTI CLUVEXELN Y10 VO EMADGOVUE YPOLLLUIKA
GUOTNLOTO YPTCUYLOTOLOVUE POVO TOV ETAVENUEVO TIVOKO TOV GLUGTHUATOC.
X\ — X+ X+ X, =1

Hapaderypa 3.1 Oewpodpe t0 cvoTpa 3X, — X, — X, +2X, =2.

S5X, —3X, + X, +3X, =5

1 -1 1 1)1
Amd 10 cvoTpa £xovpe ToV avtiotolyo emavénuévo mivaka | 3 -1 -1 2| 2.
5 -3 1 3|5

Xpnowonowodpe v mpd™ €£{0MOOCN TOV GLUGTALNATOS YO VO OTAAEIYOVIE OO T

devtepn kau Tpitn e&icwon Tov X, dyvewoto. Avtd emtuyydveTol:

- av, opywd, moAlamlactdoovpe ent —3 v mTpdTN e€lowon kot TV mpocsOEsove
ot Ogvtepn (&, > &, -3¢, ), M HE TN «YADCGO» TOV YPAUHOTPAEEDV GTOV
emavénuévo nivako (r, —= 1, —3I,), Kot

— av, okoAoVBwg, moAlamiacidoovpe emi -5 v mpot eflcwon kot TNV
npocOicovpe oty Tpitn (& —> & —5¢,), N UE YPOUUOTPAEES OTOV EMALENILEVO

nivako I, = I, =51, To cvomua mov Oa poxdyer etvan :
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X=X +X+ X,=1
2X, —4X, — X, =-1
2X, —4X, —2%, =0

"Etot, 0 apykog emavénuévog mivakog yivetot :

1 -1 1 1|1
(Alb)—ize2si0 2 -4 -1 -1(=(A|b). (3.2)
0 2 -4 2|0

Me v 010 dradikacio, YpNOYLOTOIOVTAS T Oe0TEPT ££I0MON, OMAAEIPOVIE OO TNV

tpitn eflowon tov dyvooto X,. Tovto emtvyydvetar av mollomAiocidcovpe T
devtepn eblowon eni —1 kv mpoobécovpe oty Tpitn & — & +(-1)g, , 1
avtiotoryo omd TovV EMOLENUEVO (A| 6) omv (3.2) kévovtag TN YPOUUOTPAEN

r, = r,+(-1)r, &ovpe

X=X +X+ X =1 1 -1 1 1|1
26 -4x-x=-1 1 (A|b)]—=2Es10 2 -4 -1f-1 E(A‘B).
—x, =1 0 0 0 -1 1

Tékog, ov TOAMATAAGIAGOVUE ETi % ™ devtepn ekicwon (&, —>%gz) ko ent (—1)

mv tpit e&iocwon (& — (—1) &) Ba mhpovpe £va 1600VVOO GUCTNHO LE TO OPYIKO,

AoV 01 LOVEG TPAEELG TTOV YPTCLUOTOMONKAY TOV Ol GTOYEIDMOEIS LETACYNUATIGHOT .

To véo cvotnua TOAD EDKOAN ETAVETAL, L0 KOL £XEL TNV LOPOT

X =X+ X+ X, =1 R
1 _ 1 , ~ |0 r2—>%r2 1 1

X =2 =X =T (A b)T) 0 1 2 —|—| (3
X =-1 0o 0o o 1l7%

[paypatt, av Adoovue to ocvomuo ¢ (3.3) kdvoviog aviikatdotacn omd v
terevtaia e£l6MoN TPOS TNV APYIKT), EYOVUE
X,==1, %,=2%=1 < X,=1+2X;, X —(1+2%)+X+(-1)=1 < x=3+X,,
oToTE M YEVIKN Abom givol To GUVOAO

(%) X0 X5, %) = (34 X;, 142X, X;, -1), X, eR}

N 6mwg cvvnBilovpe va Ypaeovpe T AVOT TOV GLGTHLOTOC LLE LOPPN TVAK®OV
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X, 3+ X,
X, 1+2x,
X= = , ;3 €R
X3 X3
X, -1

H popon tov emavénuévou mivaka oty (3.3) elvol yvootn oG «KALAK®OTA» LOPON

wivoka 1 OTOC OPOPETIKA AELE O TIVOKOG EIVOL KKAILOK®OTOSY.

Opwopoc 3.5
» Evog mivaxas A ovoudletolr KAaKkmTog ov
1) 70 mpdTO UN UNdeVIKO aTotyElo KAOe un uNoevIKNG ypouuns ( 7o omoio ovoudetal
NYETIKO 1 00NYOVY aToiyelo TG Ypouuns) Ppicketon oc Béon oeliotepa amo to
OVTIOTOLYO U] UIOEVIKO OTOLYELO THS TPONYOVUEVHS YPOLUUNG
1) o1 un undevikes ypopués Ppiockoveal mavw amo TG UNOEVIKES YPOES.
" Evog kKAUoKWOTOS TIVOKOAS AEYETOL AVIIYUEVOS KAHAKMTOS OV ETITAEOV 1GYDOVY
iil) 7o nyetikd ororyeio kdbe un unoevikng ypouuns eivar o 1
IV) 70 nyetiko otoryeio 1 eivol 10 HOVAOIKO un Undeviko oToLyelo e oTHANG TOL TO

TEPIEYEL.

[Ma mopddetypa, amd Tovg EMOUEVOVE TIVOKES

1 00 4 1 00 4 1 000
010 -2, |01 1 -2|,|0100
0 01 2 0 00 1 0 001

0 TPATOG Kol TPITOG €val ovyUEVOL KALLOK®MTOL, VM 0 de0TEPOG ival KALAK®TOG,
aAlG Ol avnypévog KMUoK®TOG. EovopPAiémoviag v IHopatipnon 3.1, toug
Opiopovg 3.3, 3.4, 3.5 ko 1o [Mapdderypo 3.1, edkoAo KOTOAYOVUE OTIC EMOUEVECG

TPOTAGELS :

IIpotTaon 3.1

Kabfe mxn wivaxag pe ororyeio amo to F eivou ypopoicoddvouog pe évav mxn

KAuokwto mivakao. pe ototyeio omo o F.
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IIpétacn 3.2

Kabe ypoyyuro ovotnuo eivar 16000VOUO UE EVaA YPOUUIKO TOOTHUO TOD OTOIOD O

ETOVENUEVOS TIIVOKOG EIVOL KALUOKWTOS ) UTTOPEL VoL EIVaL aVIIYUEVOS KAUOKMDTOG .

H =mponyodbuevn mpodtaom eivor onuoviikny Hol Kot OTOC  OVOPEPALE  OTNV
Hopatpnon 3.2, oto €&ng Ba acyorovpacte HOVO pe TOV ETAVENUEVO TTIVAKO TOV
GLOTAHOTOG. XVVETMS Ba dtevkoAbvovue T dadikacioo ETIAVONG TOL YPOUUIKOD
GUOTNHLOTOG, OV O TIVOKOG ival 68 KAMUOK®T LOPPT), aKOUN KAAVTEPO OE, av givat
oe avnypévn khMpokot). [ ovtd, €dod mopovoidlovpe évav  alyopiduo mov

petacynuotiCel évav mivaka e avnypévo KMUoK®To.

AlyopOpog 3.1

MeTooynpraticpnos Tivake 6€ aviiyRévo KMPOK®OTO TivoKa

Brjua 1 Evtonilovpe v mpdtn PN UNdEVIKN GTHAN KOt LETOPEPOVLLE
GTNV TPAOTN YPOLUTY TN YPOUUN EKEIVY TOV TEPLEYEL TO UM
UNoeVIKO 6ToLyEl0 TG GTNANG.

Brjpa 2 MEeToTpEmOLLE TO TPAOTO UM UNSEVIKO GTOYELD TG TPDTNG
ypappng og 1.

Brjua 3 Metatpénovpe o€ 0 OAa o 6TOLXEIQ TOL PpioKovTal 6N
GTNAN TOL TPAOTOV 1 TG TPAOTNG YPOUUNG Kot KAT® Ao
avTo.

Brjuo 4 211 GLVEXELN OYVOOVLLE TNV TPATY GTHAT KOL TV TPOTN
ypoppY| Tov mivako Kot exavoiappdvoope ta fipato 1 — 3
vl TIG ETOUEVES YPOUUES. (AV o1 emdpeves yYpoupéG ivor
OLeg Unodevikécg, Tote mopaAeirovpe To frna 4 Kot Thpe 6To
EMOUEVO PripaL.)

Bnua 5 Metatpémovpe og 0 6ha ta oToryeia mov Ppickovtal o€ KAOe

OTNAN TOV TEPLEYEL TO TPMOTO 1 oG Ypoung

O aAy6p1Bpog oAokAnpavetot 6tav to Tp®To 1 o8 Kdbe ypapun elvan to

LOVOSIKO pUn Undevikd GToyElo TG GTHANG OV TO TEPLEYEL.
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3.2 M£0odoc ararorpns Gauss

Onwg MM €yovpe avaeépel oty Ilpdtaon 3.2 ypnoyomoidvtag tnv AOYIKN| TOL
AlyopiBuov 3.1 pmopodie vo LETATPEYOVE TOV ETAVENUEVO TIVAKO EVOG YPOLLUIKOD
GUOTHLOTOG O€ KMUOKMTO 1) KOl OE OVNYLEVO KALOK®OTO, OTOTE TOTE 1| EMIALGT| TOV
ocvotiuatog omlonoteital. H pédodog amarorpnig tov Gauss meprypdeet akpimg
avT ™ Sdkacio.

BewpPOVUE TO YPOUUIKO CUGTNILO KOl TOV OVTIGTOLXO EMOLENUEVO TOV TTivaKQL

X X, oo taX, = a, &y .. A, b
Ay X+ 35X, -+ Ay X, :bz (A | b)z Ay 8y . By, bz
am1X1+am2X2 +'“—I—a‘mnxn =bm aml amz a‘mn bm

¢ 'Eoto 6mt oy, #0, (av 8¢ ovpPaivel kdvoope evarlayn eElomdcemVy 1 akoun Kot
ayvVOoT®V, ONACON EVOAALOYT OTNAMV, TPOKEWWEVOL VO, £YOVUE TPMOTO GTOLXEIO
OTNV TPMTN YPOUUN U1 UNOEVIKO). XPNOUOTOUDVTIOS TV TPMOTN YPOUUY Kot
K@vovtag ypapponpdéels undeviCovpe dha T GTOLEID TOV EMOUEVOV YPOUUOV
nov Ppiokovtar otnv 10 oTAN pe 10 ;. Méypt €dd éyovpe epapudcet
ovolaeTikd to 1° ko 3° frpe tov Akyopipov 3.1.

¢+ Yuveyiloope ™ SwdKocion MOV TEPLYPAPNKE HE TO oTOElol NG OVTEPNG
ypoppnc. ‘Eoto 6t1 @,, #0 eivar to mpdto pn undevikd otoryeio g devtepng
ypouuns, tote KAvoviag ypappompdéelg undeviCovpe OAo To OTOXEIRL TOV
EMOUEVOV YPapUI®V oV Bpickovtot oty St GTNAN HE TO &, .

¢  Emavoloppdvovpe v idto dtadkacion Tov TEPLYpAPNKE TPONYOVUEVA, Y10, OAEG
TIG YPOUUES TOV YPALLOIGOSVVOL®VY ETOVENUEVOV TIVAK®OV OV TPOKVTTOLV,

OTOTE KOTAANYOVLE GE EVOV YPOUULOTGOOVVOLO UE TOV OPYIKO ETOVENUEVO TTIVOKa TNG

Hop@1ig
a, a, ... &, a, | by
O é4‘22 é’Zr a2n 62
0 O a, a, | b, (3.4)
O O O ~r+1
0 0 -0 0 |b,

2VVENMG TO avtioTotyo cuotnua Ba ivol
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é11Xi1+512)(i2—i_”'—i_éirxir_l_'”_‘_éin in :bl

85y Xip oo+ 8, X+ + 85, %, =D,

2r 2Nir 2n"Min

ax +--+a x =b (3.5)
0 = 6r-¢—l
0=b

omov &, #0, 1=12,---,r.

Ao ™) popen Tov cuoTratog (3.5) TpoxvmTovy To NG

Hoapatipnon 3.3
i) Av r<m kot kémolo and to 5r+1,...,5m #0, to ovomua givolr advvato, apa o
nivaxog (3.4) Ba £xel kdmola ypap | TG LOPONG (0 0-- -O| c), omov c#0.

i) Av r<m ko BM =..= Bm =0, 1o svotua givor cvopprfacto.
Ewwotepa, av r=m kot emmiéov,
o) av =N, 10 cvonuo £xel akPPOS pia. Avoen (sivan cvotuo Crammer, BAéne
[Ipotoon 2.5 kot [Mopatpnon 3.4),
B) av r<n, téte 10 ovomuo £&xel amepeg Avoeig. Ot N—r dyvoortol

Xirsr Xirszre-or Xiron  OplCOvTOn avBaipeta, ko ot vmdlowmor mpocdiopilovron

TP amd T Abon tov cvotiuotog (3.5), Eexwvovtag oamd ™V TeEAevTOin

eElowon mpog TV TPAOTN, aKoAoVOOVTOS TN HEBOJO AVTIKATAGTACTG.

Mopatipnon 3.4 ¢ Zyetka ue v Hapatypnon 3.3 nepintwon ii) B), ot dyvwotot
mov opifoviar avBaipeta ovopdlovtor mapapeTpor 1 £ievdepor dyvoortor 1
erev0epeg petaPfintéc, to o cvomua Aépue OtTL €xel N—r TAN00G TapopéTpOv M
N—TI TOPAUETPIKT ameEpio ADGEDV.

¢ O opBudc, mov 1ovtar pe I otov mivako tov cvothuatog (3.5), niodvel to
Babud tov, 6mwg eaiveror omd tov enOUEVO Oplopd. Zuvendc o Pabuog tov mivaka
moilel onUoVTIKOTATO POAO GTNV VIapén 1 0L AVGEWMV EVOG YPOLUIKOD GUGTHATOC.

i Ewwd omv mepintwon 6mov r=m kot n—r=0 < r=n, §&ovue va

TAPOTNPNCOVUE OTL 1] TEAELTAIN GYEON Ogiyvel OTL OV VILAPYEL KOio TOPALETPOS KO
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enedn to ovotnua givor copPifactd, €xel akpifpog pia Avomn, n omoio pumopel va

Bpebei ue ™ uébodo Cramer, (BAéne [Ipdtoon 2.5).

Opropog 3.6

Eotw AeM, (IF) BabBuos n taén tov A ovoudleton to minbog twv un undevikwv
YPOLUDV TOD KAUOKDTOD (1] ovyyuévov kAyuokwtod ) mivaxa tov A koi ocoufoiiletar
ue r(A) 7 rank(A).

Ipogavag yia tov Pabuod tov mivaka wydel r(A)<min{m,n}.

1 -1 2

govpe r(A)=1, vyl
2_24]xu (A) ot M

Mo mapddetypa, vy tov wivaxo A:(

-1 2
0

o -

1 9
1
KMPoKoOT) popen tov A givat (O J, eved o0 Pabpog tov B=| 0 8 | etvan
0 1

r(B):3, emewdn o mivokag eival NON o KALOK®OTH HOPON KOl LIAPYOLV 3 un

11 9
UNOEVIKEG YPOULES, TEAOG, Yoo Vo vIoloyicovpe 10 Pobud tov /'=|1 2 17 |,
0 0 -3

XPNOLLOTOLOVUE YPAUHOTPAEELS I, = I, — I, 0mOTE O YPAUHOIGOOVVALOG TEVAKAG TOV

11 9
I elvan o mivakag |0 1 8|, o omolog PBpioketar 6e KAMUOK®OTH LOPQOT], CUVETMDG
0 0 -3

r(r)=3.

Xpnowonowwvtag v [apatipnon 3.3 (i), To cvomua givor addvato dtav kot
puoévo 6tav 0 ETOVENUEVOS KAMUOKMTOG TIVOKAG EYEL YPOLLUN TG LOPPNG (O O---O| C)
pe ¢ =0, omote etvar pavepd OTL 0 AVTIGTOLYOG AVITYLEVOG KAUOKMOTOG TTIvaKoG EXEL
YPOLLUT TNG HOPONG (0 0--~O| 1). Emumiéov, amd tov Opiopd 3.6 cvumepaivoovpe Ot
6’ auTv MV TEpinTon wyver I(A) = r(A| b).

Yvvoyilovtog EYovpe :
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IIpoétTaon 3.3

1) Eorw (A| b) 0 EMOVENUEVOS TIVOKOG EVOS Ypopyikod ovotiuotog kor K évag
OVHYUEVOS KALUOKMTOS TIVOKOAS TOV EIVOL YPOUUOITOODVOUOS UE TOV TIVOKOQ
(A| b) . To abotnua eivor ooufifacto av kor uovo ov o K dev mepiéyer ypouun

¢ poppijs (00-:0|1).

i) To abotnua eivor ovufiffacto av kar uoévo av ioyder r (A) =r (A| b) :

Yvvovalovtag ta amoteléopata g [Ipotaong 3.3 ko tov Ilapatnprioemy 3.3 Ko
3.4 KOTOAYOUUE GTO EMOUEVO OLAYPOU, OOV ameEKOVILETOL 1| pon emidvong evog

U1 OpoyEVONS YPOUUKOD GUGTNLOTOG.
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Awdypappa 3.1

m = n

Y

det A=0 detA=0 [—»

r(A)=r(A|b)

70 oot ivor advvaTo

x=A"b l

r(A)=r(A]b)

pe w00 mapapétpov N—1TI ( A)

TOL GUGTNLLOTOG.

70 cvotnpa givar cupPiPacto, €xet M)Gn( )

Me m pébodo avricatdotacng vroloyiletat n Abon

12 am6 35

) Av 10 mMiBoc mapopétpov eivon pndéy, TOTE T0 GHOTNIA TAPOVSIALEL pOVadUKT

AVG1, SLOQOPETIKEG 01 ADGELS Elvan delpeg.
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Mopdadcrypo 3.2 Na Bpebovv ot Tuég Tov a yo T omoieg eivar cvpPPactd 1o
ENOUEVO GVGTN O

X +X, +X; =3

2X =X, + X3 =2

X +X, =X =a

4% +X, —2X; =a

Metd omd 6e1pd GTOUYEIWODY UETACYNUATIOLAOV YPOUUDV, O ETAVENUEVOS

1 1 1|3
) 2 -1 1|2 ) ) )
Tivokog 3 1 -1la TOV GUGTILOTOG TOUPVEL T LOPPT
4 1 -2|a

1 1 1 3

« = 0 3 -1| -4
|0 0 -10({3a-19|

0O 0 0] a-3
Yvumepaivoope 6Tt 0 BaBROC TOL TVAKO TOV GLUVTEAESTOV givan 3. Zouemva pe v

[pdtaon 3.3 1o cHotpa eivar copPipactd av Kot pdévo av r ( K) =3, OnAadn av Kot

novo av n tekevtaio ypapupur tov K eivar undevikn, ondte Oa npénet a = 3.

Mopatypnon 3.5 Ewwkd oty nepintwon mov 10 cvotnua (3.1) eivor opoyevég,

oniadn, b =b,=---=b, =0, n pébodoc twv ypaupompatewv odnyel oce Evav

emavénpévo mivaxo e popeng (3.4), otov onoio 61 = 52 =-b , == 5m =0, ondte

r+1

ovpeova pe v Ilpotaon 3.3 (i) sivar mavra ocopfrfactd, pa kol dev mepiéyst

Ypapn g popeng (00---0| ¢) pe ¢ =0.

e Otav r=m=n, Tpoeavdg N YeVIKN] AV glvar 1 unodeviky, (cuvovace oydia
Mopatpnong 3.4 kot arotedéopata Hapatipnong 2.1).

* Av r<n gel anepeg AGES Le N— T TOPAUETPOVS, OGS TPOKLITEL AUEGA OO
v [apatypnon 3.4 nepintwon (ii) B).

e Xmv mepintwon M <N, ot ACELS Eivol ATEPES, SOPOPETIKEG OO TN UNOEVIKY,
pior ko 0 Pabpog Tov emowénpévon mivaka ivor F<min{m,n}=m.

‘Eto1 £ovpe amodeiEel v emdpevn TPOTOGN TOV OVOPEPETAL GE OLOYEVT YPOLLUIKE

GUGTNLOTA.



Kepdraro 3 — I'pappukd cuotipota 14 an6 35

IIpo6toaon 3.4

Eotw éva opoyeves ypoyyuko aootnuo M ellowocwv, N oyvootwy kai T va givol
0 fabuog tov mivaka TV GOVTEAEGTOV TO.

1) To ouoyevég ypouiko odotnue. Exel T unoevikn Avon otav r=m=n,

i) Av m<n éyer drepeg Aboeis ko 1018 10 WANOOC TOPOUETPWYV 100DTOL UE TH

oropopo. N—r .

Mopdaderypa 3.3 To mAnBoc twv AMbGe®mV TOL OLOYEVOVG GUGTNHLOTOG
X, +2X, —4%X; +3%X, =0
X, +2X, —2X; +2X, =0
2% +4X, —2X%,+3%, =0
vroAoyiletar @G akoAoVOWS: Me TOVG OTOWXEUMOEIS UETACYNUOTICULOVS YPOLU®V

rL—>r—-n xou Ib—>r-2r , o mvoKog TOV GCLVIEAESTOV £xEL Tn  HOpeN

1 2 -4 3
A=|0 0 2 -1|, ondte perd omd TV ypoppompdén r, — r,—3r, €yovpe
0 0 6 -3
1 2 -4 3 L
00 2 -1|=A xu otav EQPapUOCOLHE Kol T, —>er KOTOAYOUUE OTNV
0 0 0 O
1 2 4 3
apakoty poperp |0 0 1 -1/2|=A. O Babudc tov wivaka A sivor
0 0 O 0

r= r(A) =2. Zopoeova pe v [potaon 3.4, to mAn0og TV Aoemv arotedeitat and

N—-r=4-2=2 ocvvoia, a@ol £&yel 2 mapouétpovs. Eogoapuodloviag m pébodo

OVTIKOTAGTOONG GTO GUGTNHO EXOVUE O1O0Y KA

X, +2X, —4%,+3X, =0 X, +2X, — 4%, +3X, =0 X, =—2X, +2X, —3X,
1 A 1 < 1 ,
X3_EX4:O xy,:zx4 XSZEX4

. . , 1 , .
and Omov TEAMKG TPOKOTTEL X, = —2X, — X,, X; = §X4, Yo TG TUYOUEG TOPAUETPOVS

X,, X, eR.
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Ondte 1 AOOT TOL GLOTHLOTOG ETval

—2X, — X

2 4
X
X, X2

X = = 1 » X, X%, eR.

Xs Exa,
X, x

4
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3.3 AvtioTpéynol Tivokeg

Ot ypopllompa&EELS Kot 10104TEPO 1| AVITYUEVT] KAMUOK®OT LOPON EVOS TETPAYOVIKOV
TvaKo (oG TANPOEOPOLY Yio TNV VIapPEN 1 Ol TOL AVTIGTPOPOL TivaKa, £miong
dtvouv Ko pa HEB0S0 VITOAOYIGHOV TOV, OTMG EAIVETAL AtO TNV EXOUEVN TPATACT KO

TOV 0AYOp1B0 TOV TNV akoAovOovV.

IIpoéTaon 3.5
Evag NXN wivokag eival avTioTpeyiyuos av Kol Hovo av eival  YPpouuoicoodVouos

UE TOV povadioio NXN wivaxo.

AkyoprOpog 3.2
Ynoloyiopog Avriotpogov Ilivaxa
Ocwpovpe Tov Tivaka (A| I ) GTOV 01010 EQPAPUOLOVILE CTOLYELMIEIS LETOCYTLOTL-
OHOVG YPOUU®V PE OKOTO Vo petatpanel o A og avnyuévo kKMpakmto mivaka K.
Tote o (A| I ) €xel petatpanet o€ Evav mivako g Lopeng (K | B) .
e Av K=1, t6te0 A givon avtiotpéyipog kar A = B.

o Av K=#1,t6te 0 A d¢ev gival avtiotpéyipoc.

1 4

sival  avTioTpEWILLOGC,
3 12} pEYILOG

o moapdderypo, eEetalovioc av o mivakog A=[

ypPNoomol®vToS tov  AAyopiBpo 3.2, Jwmiotdvovpe OtL avtdg oev  givan

avtiotpEypog. [pdypartt,
3 12|10 1 0 0-3 1

1 4
O mivaxag A dev eivor avtiotpéyipog, ywori o mivaxkog K :(0 O]’ evo glvat

VN YUEVOG KAUOK®OTOS, 0&V €ival 0 Lovadloiog mivakoc.
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3.4 I'evikG TopadEIYRLOTO KOL EQUAPUOYES

Mopaderypa 3.4 Na Ppebel évag avnypévog xhpoxmtdg mivakag mov  givol

YPOUUOIGOSVVOLOG e ToV A=

3
2

1 01
1 2
0 1|

2 10

Anooeiln : Eeappolovrog tov Alyopidpo 3.1 petaoynuatiCovpe tov wivako A otnv

aVNYHEVT KMUOK®OTY] LOPPT] TOV, GUVETMG EXOVLLE:

1 01
3 l 2 rL,—r,-3n
2 01
-2 1 0
1 0 1 1
01 -1 I, 0
4 42 )
0 0 -1 0
01 2 0
1 0 1 1
01 -1 o+, 0
(i RN
0 0 1 0
0 0 -1 0

O rtelevtaiog  mivaxkog  elvon

YPOLUOIGOSVVOLLOG LLE TOV OPYLKO.

1 0 1 1 0 1
0 1 1 Lo>r-21 1 -1 1,0 +2n
2 0 1 0 0 -1
21 0 21 0
0 1 1 0 1
1 -1] Wl |01 1]
CAdZEEN
0 -1 0 0 -1
0 3 0 0 1
0 1 1 01 10
1 -1 Iy, +r; 010 h—h T 01
22hTh — 1713 N
0 1 0 01 0 0
0 0 0 0O 0 0

AVNYUEVOG  KMUOK®TOS — TivaKog Kot

Mopdderypa 3.5 Na AvbBodv ta cuotiuata pe ™ péBodo Gauss:

X, +X, —2X% +3X, =4
) 2X +3X,+3X,—X%, =3
OX +7X, +4X; +X, =5

X + X, +2%, =1
X =X, =X, =2
“l) 1 2 3
X, +2X, +6X; =—1

SX, +2X, +3X; =—6

3%, —3X, —6X, —2X, =1

v)
X, — X, —2X; +5X, =6

X, —4x, =1
i) 2x,—Xx, =4
3%, +2X, =2

4x, —3X,—2%; =0
—2X +3X, +4%x,=0
iv) X +9X, 3
3X =X, =% =0
3X =X, +X, =0
X+ X, = 2%+ X, +3X% =1
Vi) 2X —X, +2X; +2X, +6X; =2
3%, +2X, —4X%, —3X, —9%X, =3

o, O O

sivan

L2 24
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Anooaln :  Ta cvemyuata eivar g popeng AxX =b. Tovg emawénuévoug mivakeg
cvppoiilovpe (A|b) Kot gpapudlovpe ™ péBodo Gauss. Emewdn oe Oha To

cvotiuate givar m=n, akolovbovtog 1o Adypappa 3.1, vroroyilovpe mTpdTU TO

Babud tov avticTolOL YPOLUUOIGOIVVAUOL EMOVENUEVOL KAUOK®OTOD TIVOKO TOV

GLGTNLOTOG.
11 -2 3 |4
1) O emavénuévog TvoKag TOL GLOTHUATOS Eivat (A| b)E 2 3 3 -1 |3
5 7 4 1 |5

Epoppoloviag toug HeTaoynUaTIGHOVS YPAUpOV I, = (=2)1, +1,, I, = (=5)r, + 1, ko
r, = (=2)r, +1;, éovue

11 -2 3 |4 11 -2 3 4 11 -2 3 |4
23 3 -1 |3»01 7 7 S5 (—->|01 7 -7 |-5].
S 7 4 1 |5 0 2 14 -14 |-15 00 0 0 |-5

Amd tov TeElevtodo mivoko TPoKHMTEL OTL r(A| b) =3=r(A)=2, emopévag 10

cvotnua givatl advvaro.

-4 |1
i) O emovénuévog mivakag TOL GLOTNUTOG Eivat (A|b)s 2 -1 |4]. Epappo-
3 2 |2
, 1
fovtog TOLG pPETACYNUATIOHOVS T, — (=2) +T, , R+, Lo 7r2 :
1 , .

r, — I r, kou r; = (=Dr, +r, moipvovue dradoyikd :

1 -4 |1y (1 -4 | 1) |1 -4 | ? 1 4 |t

2 -1 (4|>|0 7 2(—|0 % -0 1 %

3 2 |2 0 14 |-1 0 1 0 5

14 14

Emetdn woyvet r ( A|b)=3#r(A)=2, 10 chompa eivar advvaro.

1il) Epapuolovpe ™ pnéBodo tov d10d0 KOV amololip®V 6ToV ETUVENUEVO TIVOIKO TOV

GULOTNUOTOG KOl £XOVHE TOVG UETACYNUOTIGHOVS I, = (=3)r +1, , I, > (=D +1;,
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. . 1
r,—>(5)r+r,, r, o, katony r, — 4r, +1, ko r, = 3, +1,, 1€A0g I, —>§r3 Kot

r,—>(5)r+r, :

1 1 2 1 1 2 1 1 2 1
3 -1 -1 2 0 4 -7 |-1 4 |2
(A|b) = - -
1 2 6 |-1 0 1 4 |2 0 4 -7 |-1
5 2 3 |-6 0 -3 -7 |-11 0o -3 -7 |-11
1 1 2 1 1 1 2 1 1 1 2 1
01 4 |2 01 4 |2 01 4 |-2
N N N
0 0 9 |-9 0 01 |1 0 01 |1
0 0 5 |-17 0 0 5 |-17 0 0 0 |-12

Amd Tov tedevtaio mivaka &yovpe I ( Al b) =4#r(A)=3, cuvendg 10 GHOTNHN Eivor

adHVOTO.
4 -3 -2 |0
. . . , , -2 3 4 (0
IV) O gmovénuévog mivakog Tov GLGTAHUATOG &ivol (A| O)E 3 1 -1 |0
3 -1 1 |0

EvoALdccovpe TG YPOURES I, <> I, Kol TIG GTNAEG C, <> C;, €101 £X0VUE TOV TivoKo
1 -1 3

4 3 2
-1 -1 3

0

0 , , ,

ol Epoppélovpe Toug HETAGYNUATIGUOVS YPAUUOV T, = (—4)1, +T,,
-2 -3 400

, 1 1 ] 1
rRLo>nL+6, r,—>26+r,, KOtony r2—>7r2, r3—>(—§)r3 Kot TEAOG r4—>(—g)r ,

OTOTE O10O0YIKA EXOVLLE !

1 -1 3 1[0 1 -1 3 |0 1 -1 310

4 3 -2 |0 0 7 -14 [0 0O 1 -2 |0
- -

-1 -1 3 1[0 0 -2 6 |0 0 1 -3 |0

-2 -3 400 0 -5 10 |0 0 1 -2 |0

KotoAyovope oty «Mpok®t) Hopen Tov 7ivoka, OtV KAVOLUE KOl TOVG

petacynuatiopovs r, = (-Dr, +r;, r, > (=Yr,+r, ko r; —> (-Dr,, dnrodn,
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1 -1 310 1 -1 30 1 -1 310
0O 1 -2 10 0O 1 -2 10 0O 1 -2 10
- -

0 1 -3 |0 0 0 -110 0o 0 110
0 1 -2 |0 0O 0 010 0 0 0

Eneidn r(A| O):r(A):S , T0 ovomua &et Adom kot pdAoto pe mARdog

TApOUETPOV N—T ( A) =3-3=0, ondte n Abon eivor povadikn Kot vworoyiletor amnd

TO GUGTNULO
X; =X, +3% =0 X, =0 X, 0
X,—2% =0 < X =0 o x=X,|=|0].
X, =0 X, =0 X, 0

V) O emavénpévog mivakag Tov GLOTHUATOS Elvat (A| b)z

3 3 6 -2 |1
1 -1 -2 5 |6/

Kévovtag tovg petaoynuotiopods I, <> r, ko r, — (=3)1, + 1, TpoKvnTel
1 -1 -2 5 |6 1 -1 -2 5 6
— :
3 3 6 -2 |1 0o 0 0 -17 |-17
Apa to cvoTNUO £YEL AEpES ADGELS, EMEWN 1oYEL r(A| b) = r(A) =2. To mnbog

TOV TAPAUETP®V Elvar N—T ( A) =4-2=2 xoun popen g Avong vroAroyileTon amd
TO GUGTNULO

X, — X, —2X, +5X, =6 - X, =X, —2X%, =1 ©x1:1+x2+2x3.
-17x, =-17 X, =1

X 1+X, +2X,

X X

Tuvendg ot dmelpeg AVoelC eivor X =| © |= ? . X, X eR.
X, X,
X, 1

Vi) O gnavénpévog mivakag Tov GLGTHUATOS Eival

1 1 -2 1 3|1
(Ajb)=|2 -1 2 2 6 |2].
3 2 -4 -3 -9 |3
Epapupolovpe toug HETAGYNUATIGHOVS YPOUUDV [, = (=2)I + T, kou I, —> (=3)1, +1,,

EVOALAGGOVLE TIC YPOUUEG T, <> I, OTOTE £XOVUE
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1 1 -2 1 3 J1) (1 1 -2 1 3 |1
(Ajp)»|0 -3 6 0 0 [0(—>|0 -1 2 -6 -18 [0|=K.
0 -1 2 -6 -18 |0) (0 -3 6 0 0 |0

Eeapupolovtag dSwdoyikd tovg petacynuotiopovs r, — (=Dr, , >3, +1, ko
I —>ir Bpiokovpe:
3 18 3 p pe:

1 1 -2 1 3 |1 11 -2 1 3 |1 11 -21 3 |1
K—-»0 1 -2 6 18 [0|»>/01 -2 6 18 |[0|—»|0 1 -2 6 18 |0
0 3 6 00 |O 0 0 0 18 54 |0 00 01 3 |0

Eneidn r(A| b) =r(A)=3, 10 chomua £xgl dneipeg MoelS pe TA00G TAPAPETPOY

n—r(A)=5-3=2, ot onoieg B vTOLoYI600HV 0 T AHOT TOL GLETAOTOS

X, 1

X\ +X, = 2%+ X, +3%;, =1 X, =1 X, 2X,
X, —2X%; +6X, +18%, =0 S X% =2X S X=X (= X |, X, X%eR

X, +3% =0 X, = —3Xs X, —3X,

Xs X

L X R 4
Moapdoerypa 3.6 "Evag tpanelikog opyaviopog tpoypappatiCel v exévovon 30000
YPNUATIK®OV Hovadwv ce dVO Topels: otov Topéa (o) pe amddoon 6% Kat GTov Topen
(B) pe amddoon 9%. Av 10 OMKO TOGO, TOV TPOEPYETOL OO TOL ETNOLAL £5000 TV
TPOYPOUUOTICUEVOV EMEVOVOE®Y, €ivol To 1010, pe t0 MOoGd mov Ba képdle o
opyaviopdg, av enévove to mocd Tv 30000 ypnpatikdv povadmv pe anddoon 7%, va
VTOA0Y1G00VV TO TOGH ETEVOLONG TTOL AVTIGTOLYOVV GTOVG TOUEIS (o) ko ().

Am6deln : 'Eoto X, vo elvon 10 1066, 10 omoio Oo emevovoel 0 opyaviGpog e

anddoon 6% kat X, va eivor 10 1060, T0 onolo Oa emevdvoet pe anddoon 9%. Tote

X, + X, = 30000 . X +X,=30000
0,06x, +0,09x, = 0,07 -30000 " 2X, +3x, = 70000
O emavénuévog TvaKoS TOL GLOTHUOTOG Elval (A|b) = 11130000 Kavovta,
THEVOG S NHaTOG =12 3 [70000]" S

™ YPOUPOTPEEn T, = (—2)1, + T, TpokvmTEL

1 1 |30000
(Afo) (o 1 ‘10000}
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Enedy 1oyvst I (A| b) =r(A)=2 , 10 7MBog TOV TOPaPETPOV  Eivar
n—r ( A) =2-2=0, dpa to cvoTNUO EYEL LOVAIIKT ADON, 1 otoia vToAoyileTal e ™

péEB0O0 aVTIKATACTOONG, AVVOVTAG TO 1GOSVVALO GUGTILLOL

X, + X, = 30000 X, = 20000 X, 20000
= S X = =
X, =10000 X, =10000 X, 10000
Enopévmg, otov topéa (o) mpémet va emevovfotv 20000 ypnuatiké LOVAOES Kol GTOV
topéa (B) 10000 ypnuatiké LovAdEC.
"Evag dAhog tpdmog amdoeing, sivor 1 Avon tov cvotnipatog pe t puébodo Cramer,
EMELON O TVOKOG TOV GUVIEAEGTAOV gival TETpayVIKOG Kot £xel det A=1=0, (BAéne

[Ipotaon 2.5). o0

Hapaderypa 3.7 No vroroyicBovv ta amoitodpeva Tocd, X, X,, X;, k60e pog and
TG TPOQEC X,Y,Z , ta omoio mpémel vo. mpounOedetonr muepnowe éva dTopo,
TPOKELUEVOD VO TKOVOTOLEL TIG EAAYIOTES PITOUIVOVYES OVAYKES TOV, EXOVTOS LITOYM

TOV EMOUEVO TIVOKOL:

ELdyiom
Tpogn X y z nuepnola
avAyKn
Burapivn A 0,3 0,1 0,4 1,5
Butapivn B 100 40 60 440
Burapivn C 1,6 2,2 1,4 10,6

Am6deln 1 Av X, X,, X; elval To 106 omd TV TPOYN X, Y, Z, 0VIIGTOIY®S, COUPOVA

LLE TOV TTPOTYOVUEVO TIVOKO TPOKVTTEL TO GUGTNUOL :

0,3x,+0,1x, +0,4x, =1,5 3% + X, +4%, =15
100x, +40x, +60x, =440 1 wwodvvapo SX +2X, +3X; = 22
1,6x +2,2x,+1,4x,=10,6 8x, +11x, + 7%, =53
3 1 4 |15
O emovénuévog mivakog TOL GLOTHUATOG  Elvat (A| b) =5 2 3 |22
8 11 7 |53
1 3 4 |15

EvoAldccovtag tig otNAeg C, <> C, £xovpe Tov mivaxko | 2 5 3 |22 E(A| b)
11 8 7 |53
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Epapuodlovtag otov (A| b) TOVG UETOCYNUOTICHOVS YPOUUDV [, = (=2)I +T1, ,
r, = (-1)r, +r;, xatomv r, — (-1r, kor r; — 25r, +r,, TpoKLTTEL

1 34|15 (1 3 4 [15) (13 4 |15
(Alb)=| 2 5 3 |22|>|0 -1 -5 | -8 |>|0 1 5 |8 |=(B|b).
11 8 7 |53) |0 25 -37 |-112) (0 0 88 |88

Amd tov TedevTaio Tivaka (B| b) oLUTEPAIVOVLE OTL
r(A| b) = r(,z\) = r(B | b) =r(B)=3, emopévarg 10 chompa &gt Avon, pe mAfbog
TOPOUETPOV N — r(A) =3-3=0. Zoppova pe 10 Atdypoppo 3.1, n Adon eivar

HOVadIKY| Kot viroloyiletol amd 10 cVoTNUA

X, +3X, +4X, =15 X, =2 X, 3
X, +5%; =8 S X=3 X=X |=|2].
88x, =88 X; =1 X; 1

YVVEMMG, TO ATOUO MUEPNGIME TPEMEL VoL AapPAVEL atd TNV TPOe] X mocoOTTa 3, 0md

Vv Y mocotnTa 2 Kol amd TV Tpopn Z mosotnta 1. o0

E@appoyn 3.1 T 115 dtdpopeg Tipég tov a € R, va AwBovv ta cuotipata

2X, —aX, + X, =1 ax, +X, + X, =1
) X—-X+X =a i) x +ax,+x =1.
3X =X, =X, =2 X +X, +ax; =1
AmooelEn : 1) Onog avapépetoan oty Ilopatipnon 3.2, mpémel mpodta vo

YPNOUOTOUCOVUE CTOLEIMOELS UETOCYNUOTICHUOVS OTOV EMALENUEVO TIVOKO TOL
GLGTNUOTOG Kot KATOTY vo epapupocovpe v Ilpdtaon 3.3 ko to Adypappo 3.1.

"Etol
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2 —a 1|1 1 -1 1la

1 -1 1la|—2% (2 —a 1|1 |—l=e2,

3 -1 1|2 3 -1 1|2

1 -1 1] a 1 -1 1| a

0 -a+2 -1/1-2a|—2%2%0 510 -a+2 -1|1-2a|—22%,
3 -1 -1 2 0 2 —4[2-3a

R | 1| a . (1 -1 1 a

0 2 _4|92_3a =50 0 1 _9 (2—33.)/2 r,—>r+(a-2)r,
0 -a+2 -1|1-2a 0 -a+2 -1| 1-2a

1 -1 1 a

0 1 -2 (2-33)/2 |=(A|b)

0 0 -2a+3|(-3/2)a*+2a-1

2opupova pe v Ilpdtacn 3.3 wor 10 Awdypoppo 3.1, ypeidleton vo mdpovpe

TEPUTTAOGELS Y1 VO eEETAGOVE TO PaBpd Tov Tivako A Kot Tov (A| b)

* 'Eoto —2a+3¢0:>a¢%, ToTE €lvan r(A)=r(A| 5)=3, dpa to cvoTNUO EYEL

Aoon pe mAnboc mopapétpov N— r(A) =3-3=0, to omoio onuoiver OTL £&yel

povadikn Avor, tnv omoio Oa vmoAoyicovpe pe TN HEBODO TOV  SLOOOYIKOV
avTiKataotdoewv. To chotTua Tov avtictolyel 6Tov TeEdevtaio mivako etvat :
X, =X, +X% =a
2-3a
2

X, — 2%y =
3 2
(-2a+3)x, =-7a +2a-1

Ao v tedevtaio e£IGMOOT TOV GLGTHLATOG EYOVLE

3.2
A28l g gaqo
’ —2a+3 4a-6
Avtikafiotdvtog otn 0evtepn eElcmon Exovpe
2-3a 3a°-4a+2 2-3a 5a—2
X, — 2%, = =X, -2 = =X, = :
4a—-6 2 4da—-6

Avtikafiotovrog oty tpatn eElomon X, — X, + X, = a Ppiokovue petd and mpasels

_a’+3a-4
4a-6
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Yuvenmg 1 povadikn Abon elvail

= (x % %) = a’+3a-4 5a-2 3a’-4a+2)
SR 4a-6  4a-6 4a-6 )’

Av woyoel —2a+3=0=a =% , T0TE —gaz +2a-1#0 (pudMota Yo K6Oe

. . . 3 .
Tpaypatikd aplBpud a €yovue —Ea +2a-1#0, po ko mn JSwkpivovoco ToOv

TPL

ovopov givor apvnrikr). Ondte yu azg , &yovpue r(A)=2¢ r(A| 5)=3 .

Yvvendc, To ovotnua givar advvaro, (BAéne IIpodtaon 3.3).

i)  XpNoWOTOIOVTOG CTOWYEIDMOELS UETOCYNUOTIGHOVS YPOUUDY GTOV EMAVENUEVO
TIVOKO TOL GLGTNHOTOG EYOVLLE :
a 1 11 1 a 1|1
1 a 11|—2>»la 1 1|1|——>%5
1 1 a|l 1 1 a|l
1 a 1 1 1 a 1 1
0 -a’+1 -a+l|l-a|—22%%5/0 -a’+1 -a+l|l-a|—>
1 1 a 1 0 1-a a-1| O
1 a 1 1 1 a 1 1
0 —(a-1)(a+1) —(a-1)|-(a-1)|—=2>|0 -(a-1) a-1 0
0 -(a-1) a-1 0 0 —-(a-1)(a+1) —(a-1)|-(a-1)
1 a 1 1
n—oh-(atl)n N _(a_l) a-1 0 E(A|6)
0 0 -(a-1)(a+2)|-(a-1)

Toppova pe v Ipdtacn 3.3, ot fobpoi Tov mvikov A kot (/3\| 5) kaBopilovv v

vrapén (M 6xu) Kot To A0 TV AVGEDY TOL GUGTHIATOG.

Av (a-1)(a+2)=0=a=1ku a=-2, 101€ WyvEL F(A): r(A| 6):3, dpa 1o

cvotnua £xel Avon kot pdAota 1o TAN0oc Tapapétpov givor N—r (A) =3-3=0, 10

omoio Oelyver O0TL M Avon eivar povodwkn (PAéme Awdypappa 3.1), v omoia

vroloyiCovpe pe ™ péBodo avtikardotoons. To cvoTNUO TOL TPOKVTTEL OO TOV

TeAgVTOiO TTivoka elvar :
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X +ax, +x;, =1
—(a-1)x,+(a-1)x, =0
—-(a-1)(a+2)x,=—(a-1)

Amo v tehevtaio eicwomn TOv CLOTAHOTOG EYOVUE X, =—2 , amo TN OevTEPN
a+

Kol o0 TNV TPMOTN UETE amd OVTIKATAGTACT) T®V 0VO TPOTYOVUUEV®V

&ovue X =l-ax,—X; = l

Yuvenwg, 6tav a# —2 ko a#1, n povadikn AVon ToL GLGTNLTOG Elval

X=(X X, x3)t=[ L L L jt.

a+2 a+2 a+2

1 -2 1|1
* Av wyber a+2=0=>a=-2, tote (A| B)E 0 3 -3|0|, anmd o6mov &yovpue
0 0 013

r(A):Z;t r(A| 5):3. Yopeova pe v Ilpotaon 3.3, 6tav a=-2, t0 cHoTUO

sivon 0dvVOTO.

e Av a-1=0=a=1, 16t (A|5 , om0 Omov TPOKVMTEL

)=

o O BB
o O B

1
0
0

o O BB

r(A| 6) = r(A)=1 , omote 1O ovotnua £xel dmepeg Avoelg kol €xel mTANHOC

TOPOUUETPOV n—r(A):3—1:2. Tn popen twv Avoewv Ba ™ Ppodue omd ™

LOVOOIKT) eglomon TOV GLGTNUOTOG OV aTOUEVEL Kol glvan
X +X,+ % =1 = X =1-X, — X;. Zvvenwng, 6tav a=1, o1 Moeig eivar:

t

X=(% % %) =(1-%—% X% X), X, XcR., soe

X, + X, +ax, = a’
Egappoyn 3.2 T'oa nmoteg tipég tov a € R 1o svomua X, +axX, +X; =a
ax, +X, +X; =1

1) éyet akpiPog o Avon kot va Ppebei n Avon avt,

i) eivon advvaro,
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i) éyel anelpec Moelg kat vo 600l 1| TAPAUETPIKT OIKOYEVELL TOV ADCEDV AVTMV.

a2

Ané6oelln : O emavénuévog mivakag Tov CLGTHUOTOG Elval (A| b) =

» e

1
a
1

(I

1

Epoappoélovtag tovg petacynpotiopods r, — —L +r,, > (—a),+r kot f, >, + 1,
Exovpe

1 1 a a’ 1 1 a a?
(Alb)—>|0 a-1 1-a |a-a’|—>|0 a-1 1-a a—a’
0 1-a 1-a* |1-a° 0 0 -a’-a+2 (a+1) (1-a)

Il
o8]

A&mowdvtag ta amotedéopato g IIpotaong 3.3 ko to Awdypoppo 3.1, ot
ATOVTNOELS TOV EPpOTNUATOV oyetilovtol pe Toug Babuovg TV YpappoicooHVaImY
TWVOKOV TOV 0PYLIKOV TIVOKO TV GUVIEAEGTMOV KOl TOL EMOVENUEVOL TIVOKO TOL
GUGTNLOTOG, £TGL EOVLE:

1) Ao tov mivaka B mpokdmtel 6Tt yio va £xel akpiPdg pion Ao To 6VOTNUO TPETEL

r( A| b) =r(A)=3, 10 onoio copPoaivel 6tav a# -2 kar a #1. I'" avtég Tig TIHES TOV

a, m Abon vroAoyiletan pe ™ HEBOSO AVTIKOTAGTACTG GTO GVGTNUA.

_ —(a+1)

2 a+2
X, + X, +ax, = a

(@a-Dx, +(l-a)x,=a-a’ = x2:L

i j ) a+2
(-a*—a+2)x,=(a+1)°(1-a) - (a+1)%(1-a) (a+1)?

* _(a-1)(a+2) a+2

Apa, yioo a# -2 kot a=1, n povadikn Ao Tov GLGTHHATOS Eival

t
—(a+1) 1 (a+D?
X = X, X)' =
b % %) (a+2 a+2 a+2
1 1 -2 |4
i) o a=-2, o nivaxag B yivetor |0 -3 3 |6 [=B,, emopévog
0O 0 0 |3

r(A| b )= r(B,)=3#r(A)=2, onote 10 chotnpa eivar advvaro.

o O -

11 1
i) ' a=1, o wivaxog B yivetoaw |0 0 0 [=B,, cvvenag
00 0
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r (A| b ) =r(B,)=r(A)=1. Zmv nepintoon ovt, 10 cOTNHA ExEL Amelpeg AOOELS,
pe mAnbog mapapéTpov N—r ( A) =3-1=2, ot onoieg vroroyilovtar amd T AHoN TOV
1603VVapOV GLGTNOTOG OV GyNpatileTol omd tov mivaka B, . Etot éyovpe :

X X
X +X+X =l X =1-X - X, & X=X, |= X, ,
X; 1-x X,

X, X, € R s00
Eg@appoyn 3.3 T t1g d1dpopeg Tipég tov a,b € R vo Avbei 1o cvotpa
X +X,+X% =1
X, +ax,+ax; =b .
X, +a’x, +2ax, = ab
Anooeiln @ O emovénuévog mivokag ToL GLGTHATOG Evat

1 1 1 1
(A| b)z 1 a a |b
1 a* 2a |ab

Epoappoélovtag toug petacynuaticpovg r, = () +r,, r; > (1) +r1; ko
r, - (—a-r, +r,, &ovpe :

1 1 1 1 1 1 1 1
(Alb)—>|0 a-1 a-1 |b-1|—>|0 a-1 a-1 |b-
0 a°-1 2a-1 |ab-1 0 0 a(2-a) |a-

B

1
b
* Amnd tov mivako B mpoxdmrel Oti Yo va €xel axpiBdg pion A0on 10 6VGTNI TPETEL
r(A| b ): r(B)=r(A)=3, 1o omoio cupPaiver 6tav a=0, a=1 ko a# 2. Tote,
AOoM TOL aPYIKOD CLGTHUOTOG TPOKVTTEL oo ™ UéBodo avtikatdotaons. 'Etol, 1

AOoN TOV CLGTNHOTOC oYNUaTiCeTol amd TOV 160dVVaUo Tivake B, dniaon,

_(a-b)(2a-a®) a-b
" a(a-1)(2-a) a-1

X +X+X =1

2
(@-Dx+@-Dx=b=1 " = xz=32t()a_a1)tzz_aa_)b ,
a(z_a)xaza—b
_a-b
> a(2-a)

omote Yo a#0, a=1l kot a# 2, pe be R, n Abon tov cuotuatog givar :
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. (a-b 3ab-a’b-a-b a-b )
X:(X1 X2 X3) =
a-1 a(a-1)(2-a) a(2-a)
1 1 1 1
* Xmv mepintwon mov a=0, o wivaxag B yivetr [0 -1 -1 |b-1|=B,.
0 0 O -b

Ano6 tov B, cvumepaivoope Ot
* av b=0,enedy r(A| b ) =r(B,)=3=r(A)=2, 10 cvomua sivar adbdvaro,
* avhb=0,t0ter (A| b ) =r(B,)=r(A)=2, ondte 10 cOOTNNA £xEL ATEIPEG MIGELG,

7oV £ivar TG LOPPAG

1 1 1 1 X 0
X+ X, + X =1 X, =0
0 -1 -1 |-1|= = =S X=X [=|1-X |, Xx;eR
X, + X =1 X, =1-X,
0 0 O 0 X, X,

111
e Xmv nepintoonnov a=1,0 B mivakogeivar ([0 0 0 |b-1|=B,.
0 01

Amo tov B, etvar pavepo ot :
¢ av b#1, enedn r(A| b ) =r(B,)=3=r(A)=2, 10 chotnpa eivon advvaro,
¢ av b=1, 101¢ r(A| b ): r(B,)=r(A)=2, omdte 10 clOTNMO £l GMEWEG

AOoELg, o1 omoleg etvat TNG LOPPTG :

111 |1 X X,
X+ X, + X =1 X, =1-X%
0 00 |0|= }: =>X=|X% |=|1-X | xR
X, =0 X, =0

0 01 |0 X, 0

111 1
* Xy nepintwon mov a=2,0 B mivaxag ypdeeton |0 1 1 |b-1|=B,

0 00 |2-b

Amo tov B, etvar povepo ot :
* av b=2,enedn r(A| b ) =r(B;)=3=r(A)=2, 10 cbotnpa givor adbvaro,
* otav b=2, to1¢ r(A| b ) =r(B,;)=r(A)=2, cvvendg 10 OO £XEL GmEpeg

MOGELS, 01 omoieg elval TG LOPONG :
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111 X, 0
X + X, +X =1 X, =0
= =S X=X =] X |, X €
011 |1 ) ) ,€R
X, +X, =1 X, =1-X,
0 00 |0 X 1-x,

*00

E@appoyn 3.4 Na Avbel to chotua
X +X+X =1
ax, +bx, +cx; =4 .
a’x, +b%x, +c?x, = A°
Anéoeln : O emavénuévog TivaKag ToV GLGTHUATOS Eivat

1 1 1 1
a b ¢ A
a? b* c¢* |[1°

(Alb)=

Ot GTOYEIDSELS  HETOGYNUOTIOHOL YpappdY T, = (—a)f, +T,, I, —> (—a%)r, +T1, ko

r, > (-a-b)r, +r, divovv

1 1 1 1
(A|b)—> a b-a c-a A-a

a’ b’-a?> c?*-a® |A1?-a?

1 1 1 1
—|0 b-a c-a A-a
0 0 (c-a)(c-b) [(4-a)(4-b)

1l
og)

* An6 tov mivaka B mpoxdmrer 6Tt To ocvotnua £xer akppog pio Avon av

r(A|b)=r(B):r(A):3, 10 omoio cvuPaivel 6tav azb=c. Tote 10 chotua

gtvat:
_(4-9(-b)
X +X,+X%X =1 (a-bla-0)
(b-a)x, +(c—a)x,=41-a = Xz=%
(ot (e ) - G=aD)
" (c-a)(c-b)

Apa, yio. @ #b # ¢, 1 Abon tov cuoTHpaTog Eivar
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t
X=(x % x) = (A-c)a-b) (“A-a)(A-¢) (“A-a)a-b)}
(a-b)(a-c) (a—=b)(c-b) (c—a)(c—b)
* Otav a=b#c, omivaxag B yivetou
11 1 1 11 1 1
00 c—a A—-a I (~C+a)ry+iy 0 0 c—-a A-a EBl.
0 0 (c-a)’ [(2-a) 00 0 [(4-2a)4-c)

And tov mivaxa B, givol @avepo Ot :

¢ avAz#akm A#C, 1018 r(A| b)= r(B,)=3=r(A)=2, ovvends 10 oo
gival advvaro,

* ovAil=a,toter (A| b) =r(B,)=r(A)=2, onote 10 choTNNA EYEL MEPEG MOGELS

7oV glval TNG LOPONG :

11 1 1 X X,
X, +X, +X =1 (¢=a) X, =1-X
0 0 c-a |[0|= 0 B =X=|X, |=|1-%x ], xR
(C—a)X3— X3 =
00 O 0 X, 0

* av A=cC,101 I (A| b) =r(B,)=r(A)=2, on6te 10 GOGTNLA EYEL ATEPEG MDOELG,

7oV glval TNG LOPONG :
11 1 1 X, X

+X,+ %X, =1 (c=a) X, =—
0 0 c-a |c-a|= 2 &'h = 7 X1=>X=Xz=—X1’X1€R
(c-a)x,=c-a X; =1
00 O 0 X, 1
1 1 1 1
* Otav a=c#Db, onivakag B yiverar |0 b—a O A-a =B,.

0 0 0 |(2-a)(2-b)
AR Tov Tivaxa B, siven gavepd 6Tt
¢ avAlzakm Azb,tote r(A| b)= r(B,)=3#r(A)=2, cuvendg 1o choTua
gival advvaro,
* oav A=a, 101¢ r(A| b) =r(B,)=r(A)=2, ondte 10 cOoTNHA EXEL MEPES MOGELG

7oV glval TNG LOPONG :
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1 1 1|1 X X,
0 boa 0 |0|= et RELEY x=lmxe 0 R
— = = p— = = y (S
(b-a)x, =0 X, =0 2 %
0O 0 0|0 X, 1-x

* av A=b, to1¢ r(A| b)z r(B,)=r(A)=2, 1o chomua &gl dneipeg AIGEIG TOV

glvorl g Lopoeng :
1 1 1 1
X +X, +%X =1 (b=a) X, =—X & %
0 b-a 0 |b-a|= = =>X=X[=| 1] xeR
(b-a)x,=b-a X, =1
0 0 O 0 X, —X
* Otav b=c=#a, omivakag B yivetot
1 1 1 1
0 b-a b-a A-a =B,.

0 O 0 (1-a)(A-b)
Amné tov mivaxa B, etvor @ovepod Ot :
* ovA#akm Azb, tote r(A| b)z r(B,)=3=r(A)=2, cvvendg 10 cHoTNA
gival advvaro,
* av A=a,1tote r(A|b)=r(B,)=r(A)=2, ombte 10 chomua ExeL GrEtpes Mooelg

7oV glval TG LOPONG :

1 1 1 1 X, 1
X, +X, +X;=1|0=2) x =1
0O b-a b-a [0|= = =>X=|X%|=| X |, X, eR
(b—a)(x,+x;)=0 X; ==X,
0 O 0 0 X; —X,

* av A=b, 1o1¢ r(A| b) =r(B,;)=r(A)=2, 10 chotnua &gt amelpeg AGELG Kat 0

1 1 1 1
TVOKOG GUVTEAEGT®Y TOL cvotiuatog givor |0 b—a b—a |b-a |, and tov
0 0 0 0

0To{0 £YOVUE :

X, 0
X +X, +X% =1 (b=a) x =0
= =X=[X|=| X |, X eR
(b—a)(x2+x3):b—a} X, =1-X, ? 2 2 <
X, 1-x,

* Otav a=b=c, omivaxag B yivetou
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111 1 1 11 1
0 0O A—a o (—A+a)ry+1y 0 0O A—a EB4.
00 0 |(1-ay 0000

Amno tov mivaka B, eival gavepo 0Tt :

¢ av A#a, 118 r(A| b) =r(B,)=2#r(A)=1, ocvvendg 10 cvoTNUA &ivar
advvaro,

¢ av A=a, 101¢ r(A| b) =r(B,)=r(A)=1, onote 10 cOGTNUA EXEL GmEPEG MICELS

7oV glval TNG LOPONG :

11 11 X,
0 0 00 |=x+X+X=1=X=1-X—-X,=> X=X, |= X, , X, X, eR
0 0 0]0 X, 1-x—X,

L2 A4

E@appoyn 3.5 EEetdote o101 010 TOVG EMOPEVOVS TIVUKES EIVAL AVTIGTPEWYLIHOL

1 2 3
1 2
A= , C=(2 5 3
3 a
210

o6mov a € R . No vmoAoylotovv ot avTicTPoPotl OToV QLTOTl VITAPYOVV. XT1 GUVEELD VO

X 1
A0et to cvomua C| X, |=| 2
X, -2

Anooeiln : Oa epapupocovue tov Alyopibupo 3.2, o omoiog vmoroyiler TOV

avTiIoTPOPO TivaKa, £T01 EYOVLLE:

1210y ., (1 2]1 0
R (K[B).
3 a|0 1 0 a-6/{-3 1

* Ava=6,o0 A deveivar avtiotpéyoc, copemva pe v Ipdtaon 3.5 kot tov

AAyopBuo 3.2, apov K # 1.
* 'Eoto 6011 a# 6. Tote umopolje vo. GLVEXIGOVUE TIC YPOUUOTPAEELS GTOV (K | B)

KOl EYOVUE :
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1 0
-3/(a—6) 1/(a——6)]

a/(a-6) —2/(a-—6)]

-3/(a—6) 1/(a-6)

(K[e) A [1 2
0 1

L —n-2r, 10
1 1 2 )
0 1

v wepinton avt) o A givat avTioTpEYILOG Kot 0 ovTioTpoPOg Tov glval 0 TivaKog

a2
a-6 a-=6
8 1
a-6 6
[Na tov C €éyovpe
1 2 3|1 00 1 2 31
2 5 301 0|—=%50 1 -3[-2 1 052624,
2 4 0/]0 0 1 2 4 0] 0
1 2 3100 3 1 0 O
01—3—210& 32 1 0 |4z,
0 0 6/-2 0 1 1{1/3 0 -1/6
1 0 9@ 5 1 0 9/ 5 -2 0
01 -3-2 1 0 |—=2%5010-1 1 -1/2|—"=%2%
0 0 1/1/3 0 -1/6 0 0 111/3 0 -1/6
1 0 0 2 -2 3/2
010 -1 1 -1/2|=(1]c?)
0 0 111/3 0 -1/6
2 -2 3
2
Apa o C eivor avTioTpéyipog kot o avtictpopdg tov sivar C = -1 1 —% :
14 1
3 6
X, 1
I'a va. Aoovpe 1o cvomua C| X, |=| 2 | umopovUE PLOIKE VO EQAPUOCGOVUE TN
X -2

puéBodo amororprg Tov Gauss.
‘Evoc dAlog tpoOmOc eivar va aflomoujoovpe tv mAnpopopio 601t o C egivon
AVTIOTPEYIIOG Kol Vo gpappocovpe ) oyxéon (2.8) tg pebddov Cramer (BAéme

[Ipdtoon 2.5). Onote Eyovpe
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35 and 35
% 1 % 1
Clx [=] 2 < C'C X, =C?| 2
X, -2

X, -2

a6 OMOL TPOKVTTEL OTL N Abon X =(X, X, X;) TOL GLOTApATOG Efvan :

2 o 3
X, 1 21 1) | -5
x=|x|=C* 2 |=|-1 1 -=| 2|=|2
X, ) 2) |2
1, 1 3
3

L2 2 4
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