Kepdraro 2 — Opilovoeg 1 amo6 31
Kepaioro 2

OPIZOYXEZX

Ye k@Be tETpOYOVIKO Tivoke HTOpovuE V' avtiotolyicovue évav  aplBpd, v
opilovcd tov. H opilovca vapyetl aveEaptnta amd TV avIIGTPEYILITITO TOV TIVOKO.
210 keQAAoO avTd pereTdpe TS Pacikéc W10TNTEG TV 0pllovcdv, mov Ppickovv
epoppoyn ot Bewpio TV YopoakTNPoTIKOV peyebmv, kot divovv amdvinon ot
EPOTALOTO TTOL OPOPOVV TNV VIAPEN Kol TOV VITOAOYIGUO avTioTpogov mivaka. Ot

opifovoeg divouy o pnébodo emilvone YPoUUK®Y cuothudtov, (uébodog Cramer).

2.1 "Evvown kat Io10tnteg Opilovoag
Orav AMvovpe €va ypappikd cOoTo 900 E1I6DCEMVY e dV0 0yVAGTOVG TOL gival
™G HopPg

aX+a,y =0

a,X+a,y=Dh,
LEPIKES POPES ypNoLomoovE Ty mocotnta D =a,,a,, —a,,a,, yw v enilvon tov
mopanive cvotnuatoc. Kot pdiota av D # 0, 101e To ohotnua £xel povadikn Avon,

n omoia &ivan X:M, y:M

5 5 . Tov apOué D=a,a, —a,,3a, tOV

ovopdlovpe opifovoa Tov Tivake TOV CLVTEAEGTMOV TOV GLOTHKATOG A= [

a, aﬂj_

21 a22

Awucntikd avtilapPovopocte Ot pHetald €vOG TETPAYMOVIKOD Tivako A Kot Tov
GLVOLOL TOV apPBUOV (E1TE TPAYUATIKOV, €ITE UIYAOIK®OV) LILAPYEL o avTioToLyio-
AmEKOVION, 1 OTolol IKOVOTOlEl KAmOoleg 1WO10TNTEG KOl TNV ONEKOVICY] OLTY

ovopdlovpe opifovca tov Tivaxa.

A

Eotw AeM, (F) pe A= A2 , 6mov A,i=12,...,n onueidvetor N ypaupuy Tov

A

mivoka A.
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Opwopocg 2.1 (opifovoac)
Opilovoa (determinant) eivar wa ameixovion det: M, (]F) —>F:A—>detA, n onoia

IKOVOTEOLEL TIG 1010THTEG:

A A A

a. Av A =AX+uY, ote det A=det| A |=Adet| X |+ pudet|Y

A, A, A,

b. Av dvo ypouuis oo AeM, (F) tavtilovrat, tote det A=0.
c. detl =1.

H opilovca o0 Ae Mn(IF) cuppoAileton |A , Kuplog og mepmtdoelg Omov givat

A ..o &,
YOOl T 6TOYYE R TOV Tivaka A, omote ypdpovpe |A = D, 1 det(A).
a, .. a

nn

a b c a b c
INo mapdaderypa, det| x z  w |=4det| x z w|=0, enedn YPNOYOTOMOALE
4a 4b 4c a b c

otov opopd 2.1a. A=4, u=0 kot xotoAnEape vor EYovpe TV TPAOTN Kot Tpity

ypouun idieg, ondte 1oyvet To b Tov opiopod 2.1.

AmodekvieTat OTL Y10 KAOE TETPAYOVIKO TIVOKO VITAPYEL TAVTA L0 TETOL0 OEIKOVIOT,

1N omoia glval LovadTKY Kot 16o0TaL

det A=g, =Zn:(—1)i+jaij det(A,j), (2.1)

i=1
v k@be j=1,2,...,n, 6mov A givar (n—1)x(n—-1) mivakag, o omoiog mpokHATEL
amd Tov mivako A ov dloypAyouE Ta 6TOotXEID TG | -YPOUUNG Kot TNG | -OTAANG TOV.
To &Bpoopa mov gpeaviletar oto devtepo pérog g (2.1) ovopdletar avarroyua
opiloveas g TPog TV | -GTAAN ToL Tivaka A, kot givar Yvootd ot PifAoypapio
¢ avartoyua kora Laplace og mpog v j -otAn tov mwivaka A, 1 d¢ det(A,j) 7oL
napovotaletar oto dBpowopo ovoudletor eldeoova opilovea Tov Tivaxko A .

Emonpaivoope 6t eoutiog g HOVOOIKOTNTOG TNG OMEKOVIONG Omd TNV Oomoio
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nmpokvntel N (2.1), To avartuypa givol aveEdptnto amd T GTHAN ©¢ TPOG TNV OToin

£Yve 1 avantuén.

Opropig 2.2 (aryefpikéd copripopa Tivaka)
O opibuog (—1)”"det(A,j) ovoudletar alyefpiké ovumiijpoua tov A kor Oa

ovuPolileton ue C; .

"Eto1 ta alyePpikd copmAnpopata evog 2x 2 mivoka A= [aﬂ alzj elvan

a21 a22

Au:(azz), { emedn A, = /i/; /:{ }, Cll:(_l)lﬂdet(Ail):azz

A12:(a21)’ { eneldn A, = % /aé }, Clz=(—l)l+2 det(A12)=—a21

AZl:(aZZ)' {gnelﬁﬁ Ay = /a/l e }v C21:(_1)2+1det(A21):_a12

A22=(a11)’ {SWSISﬁ A, = 5 % }’ 022:(_1)2+2d8t(A22)=a11’

8; 8, a4
Ko Ta oAyePpikd coumAnpopata C;, C,; tov mivaxa A=|a, a,, a, | slvor:
43 83 Ag

. W oK)
Au:(azz ajj emeldn A, = % Ay Ay | C11:(_1) det(Au)
2 3
o Ay g

& a, a,

AZl:(:j ij emed A, =| a5 85 ag |t Cu=(-1)"det(A,).
2 3

5 A, ag

8, 4,
a21 a22

YroAoyilovtag v opilovoca tov mivaka A=[ J HE TNV EQOPLOYYT] TOL

avamtuyRatog TG (2.1) o¢ mpog v Tp®dTN GTHAN EXOVUE
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g|et(ail ain = (1) ay, det(A,)+(-1) " ay det(Ay) =aya, —ad,, (%)

a'21 a22

TO YVOOTO HOG TOTO OV YPNOUYLOTOLOVUE Y10 TOV VITOAOYIGHO oTNG NG opilovoac,

OIS aVaPEPONKE KL TNV EICAYOYT.

&, d, a3
Eniong pe tov (2.1) vmoloyiCovpe v det A=det| a,;, a,, 8, | ©C TPOG TNV TPAOTN
ay 33 A
OTNAN Kot £yovpe
&y Qp A3 . ;
1+1 +1 +1
det| @, a, @y |=(-1) a,det(A;)+(-1)" a,det(A,)+(-1)" aydet(A,)
ay Q3 Ay
a a
_ a“de{ 2 zsj_aﬂ de{au a13J+a31det[a12 aigj
2 3 as 3 2 Qg
=a, (azzass — 83,83 ) —ay (aizass — 8385 ) +ay5 (aizazs - a22a13)
= a11a22a33 - a11a23a32 - a21a12a33 + a21a32a13 + 3313126123 - a31a22a13’
onAadn
det A= anazzas3 - a11a23a32 + a12a23a31 - a12a21a33 + a13a21a32 - a13azza311 (2-2)

OV TO AMOTEAEGHA OVTO £ivot TO 1010 OV KAVOLLE TNV AVATTLEN G TPOG T devTEPN 1)
™V Tpitn 6TYAN (emainbedote 10).

To kputp1lo oL HOG VITOSEIKVOEL Ol €IvVOL 1 KATAAANAN GTHAN Yo TV OVATTLEN
elvar va €yovpe Ayotepeg eddocoveg opilovaseg Yo VITOAOYIGUO, £TGL 1) EVOEOELYUEVT

oTNAN €lval aVTN TOL £YEL TAL TEPIGTOTEPA UNOEVIKA GTOLYELD, (OV LITAPYOLV).

-2 3 -1
INo wapdaderypa, oy det| 4 -1 0 |, 0 vIOAOYIGUOG TNG EIVOL GUVTOUOTEPOG OV
1 5 -2

yiver avamtuEn og mpog v Tpitn otAn. [pdyport,

2 3 -1

4 -1 -2 3 2 3
det| 4 -1 0 [=(-1)"°(-1 ~1)"**.0. 1) (=2
e152<)<>\15\+<> T

-~(45-(-) )+(2)(-2)(-1)-3-4)

=-1.
H opifovoa edikdv HopedVv TvaK®V, OTmG £lval Ol TPIYOVIKOT Tivakeg, vToloyiletan
gbkoAa and tov tomo (2.1). [pdypatt, n avartuén g opilovoag mpayuaTonoleitol

MG TPOG TNV TPMTN CTNAT, OTOTE UEVEL Yo VTOAOYIGUO M eAdocova opilovca tov
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(n—=1)x(n-1) tpryevicod mivakae, TOL kKat ALTAY TV 0pIlOLSA TV AVARTOGCOVUE
®G TPOG TNV TPAOTN OTHAN Ko cvveyilovtag yioo N—1 @opég v 10w dradikacio
teMkd Ppiokovpe v opilovoa Tov TPLYOVIKOD TivaKo OTMG GoiveTon Kol amd TO
EMOUEVO TTOPAOELYHa (AVe TPIYOVIKOD TIVOKOL) KOl SIUTUTIMVETOL O YEVIKOG TOTTOG GTNV

EMOEVT] EQOPLLOYN.

8; &p ... 8y,
a22 aZl a2n
O dvo tpryovikog mivaxkag A= ag, 5 éxel opiCovoa,
O
ann
a‘22 a23 a2
33 a3n a33 a3n
det A= a,, det ° " |=a,a,, det Lo | ==agay,eea .
@ a @ ann

Eappoyn 2.1 (opilovea Tprymvikov Tivaka)

* [0 kaOe (avew 1 kdtw) tprywvikd wivaxo Ae M (IF) 1oy Vel

detA=a,a,--a

nn ?

omov a., 1=12,...,n &lvai 1o d100y@Vio, GTOLYELO, TOV TIVOKO.

* H opilovoa diaymviov wivaxae 1600TaL UE TO YIVOUEVO TV O10YDVIWV GTOLYEIWV.

Onwg elvar @ovepd, o vroroyiopdg e opilovcsag evog Nxn mivako yivetor pe
drdoykd vroPifacpd oe opilovoec vIOTVAK®OV Ol omoieg elvan katd €vo péyebog
pikpotEPo amd v opilovca Tov mponyoduevoy Tivaka, £0¢ 6Tov KataAnEovpe va
éxovpe opilovoeg vomvaK®V ot ortoiot gival TVTTOL 2X 2, Kot TOTE YPNCLLOTOLOVLLE
vy k@B pio omd avTég TOoV YvmoTo pog TOTo Vtoloylopov (*). H dwwdwkacio sivor
W0LTEPO KOTLOGTIKY, Y1 QVTO YPNOUYLOTOLOVUE 110TNTEG, DOTE O Tivakag Vo £l 6GO
70 SVVATOV TTO OTTAY LOPPT.

Apeca omd tov opiopd 2.1 TpokOTTOLV 01 1IO1OTNTES !
I[poTaon 2.2 (1610t TES 0pilOVGOG)

T'ia k6O mivaxka Ae M, (IF) 10Y00VV .

1) Avo mivakac A éyer unoevikn ypouus, totedet A=0.
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i) Av o wivakog AeM, (IF) &yel 000 ypouués ovaioyeg, totedet A=0.

iii) det(AA)=A"(detA).

A A
q
iv) Av A=| A |=| kB, +k,B, +---+kB, |, oniadi A => kB, , tote
p=1
A, A,
A
q
det A=k, det| B,
p=1 ..
A,
A A
Ay ~ | A - ~
V) Av A=|-- | ku A=|--- |, tote det A=—detA, oniaodn, av évag mivoxas A
A B
A, A,

zpoxvmrel amo tov A ue evalloyn 6vo ypouuwy tov A, 10te 01 0pilovoeg TV TVAKWY

sivou avtibeteg.

A A
] A, | AT A

vi) Av A=| - | kou A=

A, A,

A, A,

Anhaodn ota ororyeio uiag ypouuns evog mivaxa A, av mpoclécovue o mollomAdaio

ue p#q, puelk,tote det A=detA.

TV OTOLYEIWV UIOG OAANG OLOPOPETIKNG YPOUUNG, TPOKOTTEL VOGS VEOS TIVOKOG A,

T0TE 01 OPILOVOES TV TIVAKWY EIVOL 10EG.

An(’)ﬁaﬁn(*) 1) Ztov oplopd 2.1a, av 0écovpe A = =0 undeviCetar n A ypopun Kot

TO GLUTEPAG LA ElvOL GUETO.
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Al (A
A AR | .
i) Ztov opiop6 2.1a, yio =0 ko X = A  pe p=i &oope A=|-- |=|- |=A.
AP Ap
A) A
Ot mwivakeg A, A EYouv ypouuég avaloyec, omote cuvovaloviac tov optoud 2.1a, b
A
Ap op 2.1b
éyovpe det A= Adet| -+ = A1-0=0.
Ay
A,
1il) Ztov opiopo 2.1a Bétovpe =0 Kot and TOAUTAACIUGUO TIVAK®OV EYOVUE
AA A
o op.2.1a o
p— —_— o fl o eeees = n
AA=|2A | = det(AA)=2-1 | Adet| A |=2"detA.
N—@opeg
AA, A,
iIV) H oyéon mpoxvmtel edkoia omd tov optoud 2.1a pe emoyyn.
V) Xpnotponoidvrog tov opiopd 2.1a, b éyovue
A A A A A A
A A op.2.1b A A
det A+det A=det| - |+det Al = det| - |+det| - |+det Ab + det Al
Al S 0 I ol B e R
A, A, A, A, A, A,
A A A
op.2.1a A op.2.1a A + op.2.1b
= det| - |+det Aq = det pAq = 0
A+ A, Ap+ A, A+ A
A, A, A,

ovvenmg det A= —det A.
vi) Ztov opiopd 2.1a, av Oécovpe =1 ko X =A,, Y =A, pe p #(, TpoKUTTEL
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A A A A
A A, +u op.2.1a A op. 2.1b A
detA=det| - A = det| - + udet ﬁl = det| =detA,
M . M .
A, A, A, A,
Kot 1 omddeEn oAoKANpmONKE. X
1 1 1
o mapdderypo, m opiovoa tov mivaka A=| a b c vroAoyileTon

b+c c+a a+b
ypnyopo ypnowomnowwvtag v Ilpotaon 2.2v, enedn mpocbitoviag n devTeEPM
YPOUUY OTNV TPitn OMUIOVPYEITOL KOWOG TOPAYOVTOS OMOTE LIAPYOLV YPOUUUES

avaroyeg (ITpotaon 2.2ii), dnAaodn,

1 1 1 1 1 1
det A=det| a b C |=det a b c =0.
b+c c+a a+b a+b+c b+c+a c+a+b

o va moapovcidoovpe TiG amodeiels emmpochetmv otV Bo ypelocbel vo
yvopilovpe opopéva  otoryeion ZVVOLOOTIKNG Yoo TS peTabéoel, To  omoia

Ié r l
TOPOVGIALOVUE GTOL EMOUEVE. .
"Eoto 10 171060VoA0 TV QUOtkdY appdv S, ={1,2,...,n}.
Ké&be o:S, —S,:2—>0(2)=0, OLOIOVOSTIUOVTN OMEIKOVIGT] TOV GLVOAOD AVTOV
OTOV €00TO TOL Aéyetal merdbeon TV QLOIKOV aplBudV kol cvpPforileTon

“:[2(1) i(z) . Z(n)j“:[lal (272 . 2)““:(“1’“2““'“”)'

n

1 2 3 4

3 5 4 1], evar 0(1)=0,=3, o(2)=0,=2,

o mapadetypo, Otav o :(
0(3) =0,=4, 0(4) =0,=1, omdte QLTI ONUELOVETOL KOl O = (3, 2,4,1) . Av
1 2 .. n , i . 4, [0y o, ... O,
o= , N avtioTpopn uetdlbeon sivon o~ = .O1
01 Oy O, 1 2 ... n

duvatég petabéoelg tov S, etvar n!, yio mopdderypa yo 1o Sy €xovpe Tig €€ng 31=6

! Ta otoryeio TuvvacTikhg HEAETOVTOL LOVO av ¥PEtGLoVTaL o8 ETOLEVES AmOdEiEelc.
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petabéoe, (1,2,3), (1,3,2), (2,1,3), (2,31), (3,2,1) xm (31,2), 10 cdvoro TV
petobéocwv tov S, Ba 1o cvpPoiilovpe pe S.

1 2 .. n

j, 10 PoGnuo TG petdbeons, cupPoAileTon
0, O,

‘Eoto 1 petdbeon o =(

n
g(o), opiletar va ivaun :

¢ &(0)=1, avordpyel Gptio Tnbog (i, j) , érolwv dote i< j ko o, > 0.

¢ &(o)=-1, avomapyet nepired nibog (i, J) , €010V MoTE [ < | KU T} > T
lo mopédeypo, n petdbeon o =(2,3,51,4) &gl e(o) =1, apod vrapyer Gptio
mnBog Cevyopidv (1,4), (2,4), (3,4), (3,5) mov woxdet o; >0, evd N petddeon
(2,1,5,3,4) éxet e(o) =—1, agobd vadpyovv tpia Levyapa (1,2), (3,4), (3,5) yw ta

omoia woveL o, > 0.

YopPoriCovrag pe € v I— ypapun tov povadwdov wivaxa |1, , SnAadn

n

e =[O RIS 0], t0te KaOe ypappuy A, v i=12,...,n, tov mivako A

i—0éom
n
yphoetar A :Zaijej .
j=1
XpNoHonomvtag T YAOoso TV petafécemy ot 0pilovseg Kot TOV TPONYOVUEVO

oupfolopd and tov optopd 2.1a, éxovpue

n a..e.
Za . e. op.2.1a _n Z 2k "1
2,7

det A=det| = = Y a det

Z": a e 2.3
Un ~ In

Jn=1

n n e
=Y a, -8, dt| .. == Y a,ay, ..., det ‘2 (2.3)

h=l =1 hodo e in=l
Z ay,©;, &

Amd v Ipdtaon 2.2(V) eivor gavepd OtL omd pio petdfeon Towv Ypouudy Tov mivako
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A mpokbdmTeL dvag véoc mivokog A= Ko oyvet det A= e(0y,0,,...,0,)det A,

GUVETIMG £0M EYOVLE

op.2.1c

. =&(Ju Jprees dn)detly = &(h Qg Jn)-
e e,

AV avTIKATOGTNOOVLE TNV TEAELTAin GYéom otV (2.3) TPoKLITEL

detA= > &(ydoreeer dn)y ), -8y (2.4)
(s Iz Jn)€S

Omov 6‘( s Joseens jn) givol 10 TPOoTHO OAMV TOV SVVUTOV HETOOECEDY TOV JEIKTMOV
TOV GTNA®V TOV Tivaka A.
H oyéon (2.4) amotehel cuyvd Tov KAAGIKO 0ptopd ¢ opilovcag evog Nx N mivaka,
Kol pe faon vt arodetkvuovTal OAEG 01 1O1OTNTEG OPKETH TLO SVGKOAQL.
YmohoyiCovtag v opitovsa tov Ae M, (F) om6 v (2.4) éovpe
detA= > &(jul Js)ay 8,8,

(It J2.Is)eS
= 5(1’ 2, 3) a,8,,85; + 5(1’ 3, 2) a);8,385, + 8(211' 3) ay,8,,85; + 5(2’ 3’1) a,8,385
+¢(3,1,2)aa,as, +£(3,2,1)a,a,a;
= 118853 — 818385, — 81851853 + Ayp8p38ly; + 838,185, — 838,58y,
10 omoio tawTileTon e 1o deVTEPO PELOG TG oyéong (2.2).

[Ma v anddelén Tov dvo erdpevov WTHTOV Oa ypnooromaoovue v (2.4).

Ipotaon 2.3 (1610TNTES OpilovoNg)

T ke mivaxo. Ae M (F) 1oydouvy :
i) det(A')=detA, det(A)=detA xau det(A")=detA.
ii) 4v ABeM, (F), tézc det(AB)=det A-detB

i) det(A*)=(detA)".
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Anodaen” i) Av A= (aij), 1018 A' = (bij ) = (aji ), ondte ypnooroldvrag v (2.4)
Exovpe

det(A')= X &(hpdorerdn)biyyy, - by

(jl,jz,...,jn)ES

= > &y dn)agdg,.--a, (*)

(irdpvnin €S
Av petabioovpe Toug Tapdyovieg Tov Tuxaiov 6pov Tov abpoicuatog (*), 161 doTE
oL JEIKTEG jy, Jprever ]

. Vo mhpovv T QUOIKY Tovg OldTaLn, tote 0 Opoc Ba yivel

e(i dpr-ndn)adyy vay o omov (i e in)=(dps Joreeer ) glvar M
avtioTpoen petabeon g (jl, jos---s Jy ) - Eivon yvooto ot
H H H H H H -1 A !
€( iy preeen jn)zg((jl, joreedn) ):g(h, Joreendn)
emopévog n (*) ypdoetan
det(A)= X &(if Jper d) Ay, ..y = detA.
({05 in)eS
Eneidn n opifovca givar apBpdc n ovluyia ennpedlet pévo ta otoryeio Tov mivako

otV (2.4), étol €yovpe

det A= Z &(Jpr oo Bn) B8y, - 8y

n

S (h by In) By &y, .3y, =det(A)=det(A) =det(A).

(jl!jZ""'jn)ES

A B,

. A, B, | (5 & 5\ . ,

i) Eoto A= ko B = =(Bl B, ... Bn), omov A, B, onpeidvovrar ot
A, B,

I -ypoppés tov mvakov A, B avtictoya kot B, ot i -otieg tov B mivaxa. H i -

ypoupr tov AB mivaka ypagetat
AB=(AB, AB, - AB)

=(ayby +a,h, +--+ayb, ab,+--+ab, - ab,+ah, +--+ab,)

in™~nl in™~n2 in™~nn

:ai1(b11 b12 bln)+ai2(b21 bzz bzn)+"'+ain(bn1 bn2 bnn)
=a,B +3;,B, +---+3;,B,

n
=> B,
=1
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a.. B. op.2.1a B.
Svvendg, det(AB) = det Z TRy a8, det| "

- in
ZanjnBJn
]n:
= z aljl 2], * an (11112; .y det J
(J daewrin)eS
2.4)
= > e(ipdprdn)aay, -8, detB = detB-det A

(i daremrdn)eS
amd 6oL TPOKVTTEL TO {NTOVUEVO.
1) H anddeién sivar dpeon, 6tav EpoproGOvUE TV TPOTYOOUEVT GYECT] Yo TOV 1010

nivaka A K —@opéc. 00

Amd v IIpodtaon 2.3i dueco cuumepaivovpe v 1810TNTO.

Egappoyn 2.4 (1610TNTEG - 0vanTLyRa 0pilovcas oG TPog YPUUNES 1] GTIAES)

Lo kaOe mivoxa Ae MH(F) 0l TPOTACEIS Kal Ol TOWOL OV OVOPEPOVIOL OTIC

YPOUUES THS OPILODOAS TOV, 1GYXDOVY KOl YI0. TIG OTHAES TOD TIVOKA.

Xpnowonowwvtag Tig Wwidtreg mov avapépovtar oty [Ipodtacn 2.2 pmopodvue vo
vroloyiCovpe opilovoeg ywpig ) xpnon tov tHnwv (2.1) kot (2.4), ot omoiot eivan
wwitepa kKomaotikolt O0tav N>3 , kobdG oavaeépbnke Kol oto oyOA OV

mponyndnkav g [pdtaong 2.2.
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-3 -7 -3 4

. 2 5 1 -1
Mopdderypa 2.5 Oewpodue Tov Tivaxko A= 1 4 2 5 Ba vroloyicovue

2 0 6 -3

v opilovca ypnoyoroiwvtag v [pdtacn 2.2 kot 2.3 ( pe T0vg CLUPOAIGLOVS TOV
GTOLEIMOMV LETACYNUATICUAOV, TOV XPNCILOTomOnKay 6to Ke@Aiato 1).

1 4 2 =2 1 2 -3 2
en 2 5 1 =qm.23i |4 5 —7 0|r-=r+C9r

Al =~ = - Cor (2
mp.22v |-3 -7 =3 4 2 1 -3 6 r,—r,+2r
2 0 6 -3 2 1 4 -3
1 4 2 =22 1 4 2 =22 1 4 2 =2
o 3 5 -8,,,.y [0 -3 5 -8w2u (2)0 3 5 -8
o -3 3 2| vor+t 0 0 -2 10/ 0 1 -5
0 3 2 1 0 0 3 -7 3 -7
1 4 2 =2
0 3 5 - . ., .
Lor+(3r =2 0 0 1 . H tehevtaio opifovoa sivar ave tpryovikol mivoka,
0 0 0 8

on6te cvppova pe v Epapuoyn 2.1 éyovpe det A=2-1- (—3) -1.8=-48.
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2.2 "YropEn Ko vroroyiopég avTicTPoPov TivaKa,

Opropdg 2.3 (mpocapTnpévog mivakac)

Eotw AeM, (IF) O mpocaptnuévos mivakag, adjA, tov A eivou o NxN wivokog

mov oty Oéon (i, ]) éxer 1o odyefpixd ovumiipoua C; :(—l)i”det(Aji) o0 A,

oniaon eivor
Cll C21 te Cn1
ade — ClZ CZZ an
C, G .o Cp
1 -1 0
Mo mapddetypa, av A= 0 2 3 |, 1618
-1 1 -2

, 3 1 -1 g
Ah:(l —2) enedn A, =| 2 3|t cy=(-1)"det(A,)=-7

0 3 r -1 g
Af[ j ened A,=| 0 2 3 |b c,=(-1)"det(A,)=-3

r -1 g
0 2 ) 143
A, = 9 J enedn A,=[0 2 % J , Cp=(-1)"det(A;)=2
-1 1 -Z
-1 0 1 0 1 -1
A, = 1 —Zj, Cy=-2, A, :(_1 —2} Cpr==2, Ay :[_1 1 j' Cp3 =0
-1 0 10 1 -1
Ay = 2 3} Cyy =3, Aszz[o 3j' Cyp =3, A33:(O 2]! Cyp=2.
Ch Cp Cy -7 -2 3
Omndte épovpe omd Tov opopd 2.3, adjA=|c, C, Cy, |=|-3 -2 -3

Cis Cp Gy 2 0 2
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Ipotaon 2.6 (6xéon TPOGAPTNNEVOD TIVUKA KL CPYLKOD)

To k6B wivoxo. Ae M, (F) 1oydovy :

i) (—1)p+k L det(Apk ) =0 yiuxd0e q = p.

M=

k=1

i) A-adjA=adjA- A=(detA)-I,

Am')ﬁslé';n(*) i) Av Bswpricovue A Tov mivoKa Tov TPOKVTITEL LE TNV OVTIKOTACTOON
™G P -ypouuns tov mivaka A amd tmv [, 0tov q# P, TPOQAVAOS O A &xel dVO
ypouués ioeg, omodte omd opiopd 2.1b det A=0 . Emmhéov AVOTTOGGOVTOG TNV

opilovca tov A G TPOG TNV P -YPaUUN EYOVUE

0p.2.2

det A=a,,C,, +8,,C,, ++aC Z = Zn: —1)p+kaqkdet(Apk),
k=1

qn~ pn
GUVETHG Zn:(—l)p+k a,, det ( A ) =0.

i) Eoto Az(aij) Ko A-ade=(7/ij). To Swyodvie otoyeio 7; , Yoo k4O
i=12,...,n, givau

0p.22 N i+]

Vi = 8Ciy +8,Cp + o0+ A, G, Za”cIJ = > (-1) aijdet(Aj)(il)detA.

in~in
j=1

‘Eva otoyeio ektdg kvpiog dwyoviov y;, pe i # J, givan

0p.22 J+k 0)

n
Vi = 8uCiy +@,Cjp +-o -+ 85, Cyy = Za,kcJk = > (-1 aikdet(Ajk):O.
k=1

YUVETMG EXOVLE

det A O
A-adjA = dea —diag(detA, detA, ... detA)=detA-l,.
@) | det A
Opota anodeicvoovpe o1t adjA- A= (det A)-1 . X

H endpevn mpdtaon pog mAnpoeopet yio T TpoimohEcELS TOV TPEMEL VO IKAVOTOLEL 1)
opifovoa Tov Tivakae Yyl Vo VIAPYEL O AVTICTPOPOS TOV KOl GE GUVOVOGUO HE TNV

Tponyovpevn tpodtact divet po HEB0dS0 VTOAOYIGHOD TOV AVTIGTPOPOV TIVAKA.
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I[poTaon 2.7 ( kprTipro VTEPENS AVTIGTPOPOL TIVOKAX)

Evag wivakag Ae M (F) eivau ovtiotpéyiuog av kor povo av det A=0.

Av vrépyer o avtiotpopoc mivarxas tov A, téte A = made .
€

Anéoelln 'Eoto 6t o mivakag A elvol avTioTpEYHOS, TOTE LVITAPYEL LOVOOIKOGC
avtictpogog mivakac A, yio tov omoio woydel N oxéon (1.1), 6mov epapudlovtag

opilovoeg Eyoue,

Tp. 2.3ii

AAT=ATA=1 < det(AA")=det(A"A)=detl < detA-det(A™)=1,

op.2.1c

GUVETMG det(Afl) #0 kot det A= 0. E&outiog det A= 0 n oxéon (i) g Ipotaong

A-(Ladej =(Ladej. A=l
det A det A

_ 1 .
A ! :made (25)

2.6 pmopet va ypooeet

Gpa

Avtiotpooa, av Oswpricovpe det A= 0, mpopovdg toydet

AA = A(Ladej Y pada 2 ger&r =
det A det A detA '
opowr k. A'A=1, omd T omoiec cuvumepoivovpe 6Tt 0 TWivokag A eivon
OVTIGTPEYLLLOG. o0

[Ipdypaty, m teievtaion mpoOTOon Olvel TO KPP0 VTOPENG Kot Evav TPOTO
VTOAOYIGHOD TOL AVTIIGTPOPOL Tivaka, To omoio epapuolovpe O6tov o mivakag A
elvar pikpov peyébovg, dpa edkoAia vmoloyilovtor ot opilovoeg kATA GULVETEWD O

TPOGUPTNUEVOS TTivaKag Tov A.

2 6 0
Y10 [Mopdaderypo 1.7, yio va dwomotdcovpe 6tL o mivokag A=|3 9 0 | dgv sivan
0 0 -1

AVTIOTPEYIIOG, YPEWEOTNKAY OPKETOL VTOAOYIGHOL, €PapUOlOVTag OUMG TO KPITNPLo
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op.2.1a

1
g IIpdtaong 2.7 épovue detA = 2-3:|1
0

op.2.1b

0
0| = 0, ondte T0 cCLUTEPACHLA

o w w

glvat Queco.

Hopadsrypo 2.8 No vroloyiohei o avtictpopog mivaxag A, (av vapyst), 6mov

1 -1 2
A=| 2 2 -1|.
1 2 4

O avrtiotpopog mivakag A vrdpyet yori

1 -1 2
2 1 2 — 2 2
detA=|2 2 —1=(-1)" 1) (-1 _1)*.2 =29 =0.
e 124<>24\+<><>_l4+<)_12¢

Kotémy vroroyilovpe Tov Tpocaptnuévo mivako

10 8 -3
adjA=| -7 6 5|,
6 -1 4
10 8 -3

apo. amd Tov Tomo ¢ (2.5) éxovpe AT = ZL -7 6 5
6 -1 4
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Mpotaon 2.8 ( péBodog Cramer)
Av Ae MH(F) elval ovTioTPEYIUOS TIVOKAS, 1] HOVAOIKY AVGH TOV YPOouUIKOD

OVOTHUATOG

Ax=Db,

, , to, n
TV N 1000V pe N oyvwoTovg X = (X1 X, ...Xn) otvetau y1o. kGO dyvawaro

omov k=12,....n, ku A eivar o mivokag mov mpokvmTEL amd Tov A av

avukoraotofei n K—otiln uemyv b.

Améoelln  Apykd mopatnpoOue 0Tl £vol YPOUUIKO CUGTNUO WTOPEL va. Ypapel Le ™
HOPPY TVAK®DV

X 8, X, +oeeta X, =y a, &, ... a,|(%) (b

Ay X + 85X+ + 8, X, =D, - A, 8y ... Ay || X b,

2n""n

ayX +a,X, +--+a,X, =b, a, a, ... a,){X b

nn n n

Enetdn o mivakag A eival ovTiGTPEWIILOC VIAPYEL O OVTIGTPOPOS Tov mivakac A kat
o€ oUTN TNV TEPImTOON 1 ADON TOL CLGTHWHOTOG &ivor povadikn, e&outiog Tng
HOVAOTKOTNTOG TOL OVTICTPOPOL Tivaka, 1 0 Abon givat

Ax=b = A*(AX)=A"b = A"Ax=A"b =>x=A"b. (2.6)

Xmv teAevtaio GYECN OV OVTIKATOGTHCOVUE TOV OVTIGTPOQO mivako amd v

[Ipdtaon 2.6 Kot Tov TpocapTUéEVO Tivaka amd Tov oplopd 2.3 Kot KAVOLUE TPAEELS

KOTOANYOULLE
Ci, Cy ... Cy bl C11b1 + Cz1b2 teet Cnlbn
x=Alh= 1 ade_ b= 1 C%z Cx . Cr.12 b.z _ 1 C12b1 + C22b2.+ et Cn2bn
detA detA| : Lo : detA
Cln C2n Cnn bn Clnbl +C2nb2 +'”+Cnnbn

Emopévac o kébe dyvootog tov cvotipatog K =1,2,...,n givan

X = m(clkbl +Czkbz teeet anbn)

- ﬁ((_l)k+1 det(A, )b +(—1)k+2 det( A, )-b, +---+(—1)k+n det(Aﬂ().bn)_ *)
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Eniong av aviikatactioovpe v K —otAn Tov A pe 1 otAn Tov otobepdv 0pov
b kot To véo mivaxa o cupforicovpue A , maipvovtog To avantuypa Laplace wg mpog

™mv K —otmin anod tov (2.1) épovue

det A, = g(—l)”kbi det(A)=(-1)

k+1 k+n

bl'det(pﬁk)+(_l)k+2 b, 'det(Azk)+"'+(_1) b, 'det(Awk)

det A, ' e
det A

To tehevtaio avdntvyna etvor akpipag avtd g (*), cuvenag X, =

Mapaderypa 2.9 Noa vroroyioBolv ot Tipég tig mopapétpov kK € R, ya tig omoieg 0
GUCTN O
KX, + %, + X; =1
2%, +3X, +4X, =2
SX +8X,+9x, =-1
€xel povadikny ADOTM KOU OTN CUVEXEW YOl OVTEG TIG TUEG TIG TOPUUETPOL VO
vroAoyleBel 1) ADGT TOL GLOTHLATOG.
I'pdpovtac o cHOTNUA GE LOPPT) TIVAKDV EYOVUE
k 1 1Y) x 1
2 3 4| x |=| 2| < Ax=D.
5 4 6)\x -1
Xpnowonowwvrag v [Ipdtaon 2.8, to chotua Ba £xel povadikn Ao av o Tivakag
A givon avtiotpéyipog. Opwg vroloyifovrag v opilovoa pe avantvén wg Tpog TNV

TPAOTN Yoy} £(ovpeE

k 11
3 4 2 4 |2 3

detA=det| 2 3 4|=k|” |- 4| “|=2k—(-8)+(-7)=2k+1.
s 4 g 46150654

Apa o va gtvon 0 Tivakog A avTioTPEYIIOG TPETEL

detA#20 < 2k+1#20 < k;t—%.

Mo ™ Adomn tov cvothpatog xpetdletal va vToAoyicove TG 0pilovoeg
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111
3.4 |2 4 |2 3
detA =det| 2 3 4|= ‘ ‘—1-‘ ‘+1-‘ ‘=2—16+11:—3 ,
4 6 |-16 |1 4
-1 4 6
TN oy p4 p o
detA,=det| 2 2 4|=k- ‘—1-‘ +1. ‘:—4k—(—8)+(—12):—4k—4,
4 6 56 |5 -1
5 -1 6
k 11
3 2| 2 2|, ]2 3
detA =det| 2 3 2 |=k- 1. +1.|” =11k - (-12)+(~7) = -1k +5.
A R LI B

Apa yo k # —%, N povadk Aoon X =(X, X, X, )t sivat

detA -3 detA, —4k-4 detA, -11k+5
= = , X2 = = Ko X3 = = .
detA 2k+1 detA 2k+1 det A 2k +1

Zyoha : E3d o&iCer vo onueidoovpe 6t oty nepintoon tov b=0e M, (R),

onAadn to cvotnua givar g popeng AX =0, av o A eivot avTioTpEYiog, emeldn

detA =0y k=12,...,n, n povadikn A0omn Tov cuoeTHHATOS Efvar 1) IMdeVIKT.
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2.3 T'eviKG TapodEiypaTo Kol EQUPROYES

Mopdaocrypa 2.10 Na vroroyicete T1g 0pilovGES TOV TVAK®V :

1 1 1 1

1 2b 2c a b c 1 1ra 1 1
+
i)A=|1 b-a-c 2C iyB=|b ¢ aj iii)l"=
1 1 1+b 1
1 2b c—-a-b c ab
1 1 1 1+c
l+a 1 1 1 l+a b c d
) l-a 1 1 1 1+b ¢ d
iv) A= V)E =
1 1 1+b 1 1 b 1+c d
1 1 1-b 1 b c 1+d
alo0oo0@o
1 a1 00
viiZz=/0 1 a 1 0
0 01 a1
0 001 a

ATOOEIEN 1) AQPUPOVTOG TO GTOLKELD TNG TPAOTNG YPOUUUNG OO TIG ETOUEVEG dVO
YPOUUES (LE TOVG GUUPBOAIGUOVG TOV GTOXELWIAV LETACYNUOTICUAV glvan I, =T, —1;
Kot I, = I — 1) TPOKLTTEL AV TPLY®VIKOG Tivakoag, omdte cOpeova pe v [Ipdtacn

2.2 xou v Egoappoyn 2.1 &yovpe :

1 2b 2C 1 2b 2C
det A=det|1 b—-a-c 2c =det|0 -b—-a-c 0
1 2b c—-a-b 0 0 —-c—-a-b

=1-(-b—a-c)-(-c—a-b)=(a+b+c)’.
i) [IpocBétovtag otV TPMOT ypappr, T devtepn I — I+, KOl GTI GUVEXEL OTNV
TPAOTN TNV TPl I} = I + I, dnuovpyeitan KOwog TopAyovIag OVALEGH GTO GTOLYELN

QTG THG YPARHNG, dNAadM

a b c a+b+c b+c+a c+a+b 1 11
det|b ¢ a|=det b C a =(a+b+c)detfb c a|.
c ab c a b c awb

2mv tedevtaia opilovsa, aQoapOVINS TNV TPAOTN GTHAN, amd TN devTEPN KOt TPiTN,

TOPVOVLE :
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1 1 1 1 0 0 c b
det|/b ¢ al|=det/b c-b a-b :1-det(a b C]:aCJrab+bc—a2—b2—c2.
c ab c a-c¢c b-c

Ométe detB =(a+b+c)(ab+ac+bc—a’—b*—c?).

1) Apalpdvtog to oTolyEio TG TPMTNG YPOUUUNG OO TO OVTIGTOUYO GTOKELD TV
vroAoinmv ypappdv (dnAadn - —r pe 1=2,3,4) TpoKONTEL AVO TPIYOVIKOG
nivokag, cvvenmg and tv Eeappoyn 2.1 n opifovsd tov 1covtan e 10 YIvOUEVO TV

Slyoviov ototyeiov Tov,

1 1 1 1 11 11
11 1 1 0 00
det /" =det +a =det 2 =1-a-b-c=abc.
1 1 1+b 1 0 0b O
1 1 1 1+c 0 0 0 c

IV) AQoip®vtag o 6Totyeior TG SeVTEPNE YPOUUNG amd TO AVTIGTOL(O. THG TPMTNG
n—>rn—r, xatdmv to otoyela g Tétoptng amd G Tpitng L —>r-1,
oynpotifoviol Kool mopdyovteg otV MPAOTY KOL TNV TPITN YPOUUY, CUVETMG 1

opilovca yiveton 61000y IKA:

l1+a 1 1 1 a a 0 O
1 1-a 1 1 1 1-a 1 1
det A =det =det

1 1 1+b 1 0 0 b

1 1 1 1-b 1 1 1-b
1 1 0 O
1 1-a 1 1

=a-b-det

O 0 1 1
1 1 1 1-b

mv teAevtaio opilovoa, agap®vtag amd TN Og0TEPN OTHAN TNV TPAOTN KOt
aVATTOGoOVTOS TV VEX 0pilovca MG TPOG TNV TPAOTN YPUUU TNG KATOA|YOVUE GE

i 3x 3 opiCovoa. ‘Etot éxovpe:

1 0 0 O
1 1 1 bl 1 1
—-a
det A =ab-det =abdet] 0 1 1 |=ab(-a)-det
0 0 1 1 1 1-b
0 1 1-b
1 0 1 1-b

=ab(-a)(l-b-1) =a’b’.
V) TIpocOétoviog otnv mpdTn 6THAN OAES TIC VIOAOITEC 6THAEG Ko BydlovTog Koo

TOPAYOVTA TPOKVTTEL
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1+4a b C d l+a+b+c+d b c d
1 1+b ¢ d l+a+b+c+d 1+b ¢ d
det E = det =det
1 b 1+c d l+a+b+c+d b 1+c d
1 b ¢c 1+d l+a+b+c+d b c 1+d

1 b c d

1 1+b ¢ d
:(1+a+b+c+d)det *

1 b 1+c d

1 b c 1+d

210V TEAEVTOL0 TTIVOIKO OLPOPOVE TNV TPMTN YPUUUN oo KAOE GAAN Ypapun, ondte
1 b c d

TPOKVITEL O . O tehevtaiog etvar Tprywvikog mivakag Kot epapuolovpe

o O O
o O =
o +— O
— O O

v Epappoyn 2.1. Telkd,

1 b c d
1 1+b ¢ d
detE =(1+a+b+c+d)det *

1 b 1+c d

1 b ¢ 1+d

1 b c d

01 0O

:(1+a+b+c+d)det =1+a+b+c+d.

0 010

0 0 0 1

vi) Egappolovtag v [Ipotacn 2.2v, Vi, &ovpe po evarlhoyn tne 1™ pe m 2" otiin
MOOTE Vo TOPOVCLOcOEl HovAdH MG TPMTO GTOLYEI0 TOL TIVAKO KOl OTN GUVEXELN

K&vovpe I, = —ar, +1,, r, = -1 + I, ondte n opilovoa eivan

al 0=o0@® 0 1 a 000 1 a 000
1 a 100 al 1200 0 1-a®> 1 0 0
detZ=det{0 1 a 1 O|=-det{l 0 a 1 Of=-detf0 -a a 1 O
0 01 al 0 01 al 0 0 1 a1
0 00 1 a 0 00 1 a 0 0 01 a

Ytv tedevtaia opifovoo kavovue ok evodlayn g 2™ pe v 3" otAn katomv
gpappolovpe Tig ypapponpasels r, — —ar, +r;, r, - —r, +r,, cuvenMg

10 a 0 0 1 0 a 0 0
0 1 1-a> 0 0 01 1-a® 0 0
detZ=—(-1)det{]0 a -a 1 O|=det|0 0 a’-2a 1 0.
01 0 a1 0 0 a*-1 a 1
00 0 1 a 00 O 1 a




Kepdraro 2 — Opilovoeg

24 om6 31

ZvveyiCovtog pe v 0o dwdikaoio C, <> C, Ko I, —> —ar,+1r,, I, > -+ Ko

TEMKA C, <> C; UE YPaUUOTPAEELS I, — —ar, + I, KOTOAYOLUE VO VTOAOYIGOVUE THV

opilovoa tpryovikov wivaxa (Eeappoyn 2.1)

1

detZ = —det

o O o o

= —(~1) det

=a’-4a’+3a.

O O O O -

0

o O O B+

0 a 0

0 1-a*> 0

1 a*-2a 0 |=-det
a a’ -1 1

1 0 a

0 0O a

1 00 1-a?
010 a’-2a
0 0 1 -a*+3a°-1
0 0 a -a‘+2a

o O O O B+
o O O+~ O

= det

Mopdderypa 2.11 Na AvBovv ot e§lomoelg :

1) det

D v D X
D D X D
D X D D

X 9 2 O

=0

ii) det

D Y D D X
D D® D X X

D O X X X
xX X X X

a

—a*+3a°-1

© 0 0 o0 FrF oor oo
|
D

o O O —» O

0
0 a’-2a
1
0

a®°—4a*+3a

L 24

xX X X X X
I
o

AmodeEn i) Apyikd mpooBitovue OAeg TIC oTNAeg otV mp®dTN, Pydlovue Kowod

TOPAYOVTO TO X+3a, OTI] GUVEXELDL KAVOLUE TI OTUEIOVUEVES YPOUUOTPAEELS KO

KOTOANYOVUE GE TPLYOVIKO Tivaka, ¢ akolovdwg:

det A = det

v v D X

a

X
a
a

=(x+3a)det

D X v D

1
1
1
1

X 9 9 O

D v X D

= det

QX o @D

X 9 29

X+3a
X+3a
X+3a
X+3a

Ih—>rn-n

—>h-n

Iy —r—1

a a a
X a a
a x a
a a X
1 a a a
(x+3a)det0 x-a 0 0

o
o
(@)
>
|
jsb}

"Etol éyovpe v e€icoon detA=0 < (x+3a)(x—a)3:0 & Xx=-3a1 x=a.

I1) Aeapdvtog Tn devTePN YPAUUY ond TNV TPMOT I, — I, — I, dnpovpyeitor kovog

TOPAYOVTAG KOl KOTOMY OVOTTOGGOLUE TNV 0pilouca mg Tpog TNV YPOLLLTY auTh,
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X X X X X x—a 0 0 0 O
a X X X X a X X X X
detB=det|la a x x x|=det a a X X X
a a a x X a a a X X
a a a a X a a a a x
1 00 0O
X X X X
a X X X X
a x X X
=(x—a)detfa a x x x|[=(x—a)det .
a a x X
a a a X X
a a a X
a a a a X

YvveyiCoopue pe opowo tpoémo otnv opilovca Tov 4x4 mivaka Kot yioo OAOLG TOVG

EMOUEVOLG, ONAOOT,

X X X X x—a 0 0 O 1 0 0 O
a X X X|uoun a X X X a X X X
det = et =(x—a)det
a a X X a a X X a a X X
a a a Xx a a a x a a a X
X X X 1 0 0
X X
(x—a)det|a x x|=(x- ) detla Xx X :(x—a)zdet[ jzx(x—a)s.
a X
a a x a a x
Tovendg detB=x(x-a)'=0 < x=0 | x=a. soe

Mopdderypa 2.12 No amodeilete 4tL TO cGHOTNUA
X+ y+z =1
ax+ by+cz =2
a’x+b’y+c’z =-1
&xel TOvToTE POVOdIK) AOon, N omoia kat vo Bpebet, dtav a,b,c eivar Srakekpipévol
apBpoi.

An6o1EN Apyd mopoaTpoVUE OTL TO GVGTNHO TOV 0OONKE Pmopel vo ypapel pe )

1 1 1)x 1 1 1 1
yAdooo tov mvikeov | @ b c|ly|=| 2 | = Ax=Db,6mov A= a b c |,
a® b* ¢?Jlz) |1 a® b* ¢

X 1
X=|y| xat b=| 2 |. I'evikd, av yvopilovpe 0Tl £vag TeETpay®VIKOG Tivakoag A
z -1
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glvanl avtotpéyipog, amd v [potaon 2.7 Ppickovpe tov avtiotpo@d TOL Tivoko
A kot 16TE M) povadiky ADOT TOL GLGTAULATOS TPOKVTTEL Ald TNV (2.6), 0pov

Ax=b = A(Ax)=A"D = x=A"D.
Ymoloyilovtag v opilovoa Tov mivaxka A €yovpe HETE amd aQaipeon TS TPDOTNG

1 0 0
omAng amd T1c GAleg ovo detA=detj a b-a c—a |, omdte av and 1
a’ b’-a*> c¢*-a’

devtepn oA PydAovpe kowod mapdyovio to b—a kot and v tpitm T0 C—Aa,

1 0 0
TPOKLITEL det A=(b—a)(c—a)det| a 1 1 . Avamtoccoviog TV
a’ b+a c+a

tedevtaio opilovca ®g mTPog TNV TPAOTN YPAUUN Ppickovpe
detA=(b—a)(c—a)(c—h).

Emeidn ov apbpoi a,b,c eivar drokekpyévor, xovpe det A= 0, covenmg o A gival

avToTPEYHoG. O avtioTpopog mivoKag LITAPYEL KOl UTOPEL VO, VTOAOYIOTEL [e T

BonBeia tov mpocaptnuévov mivaka. Metd and npa&elg Ppickovpe

B b ¢ (a ¢ (a b B 1 1 B 1 1
Ail_(bZ CZj’ Alz_(aZ CZ)’ A13_(a2 bZJ’ AZl_(bZ CZJ’ AZZ_(aZ CZJ’
B 1 1 B 11 B 11 _ 11
2 Bonet oY) w2 )

L L detA, —detA, detA,
Alt=—"_adjA=———| —det det —det
det A J det A Az A Ao
detA, —detA,, detA,
bc®—b%c b?-c* c-b
a’c—ac® c*-a’ a-c|.
ab’—a’h a’-b* b-a

1
~(b-a)(c-a)c-b)

Xoppova pe v (2.6), n Ao1 Tov GLCTHLTOG Elval

X bc®—b%c b’-c? c-b)(1
1
= a’c—ac? c?-a®> a-cf 2 |. vee

z (b-a)(c-a)(c-b) ab’-a* a’-b* b-al -1

X =

<
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Mopdoerypa 2.13 'Eoto 611 lvarl yvootol ot mivakes twv mocotntov Q kot Tov

5 8 13
damavov M =PQ, 6mov P o mivakag tov Tinov. O mivokag Q=4 2 5 | deiyvel
6 3 8

TIG TOcOTNTEG MOV avoAoyobv peta&hd 3 atopov kot 3 ayobov, Kor 0 Tivakog

31 21 47

M — 21 16 34 detyver Tig avticTotyieg uetald 4 efSouddmv kot 3 atdumy.
20 21 39
29 20 44

Noa Bpebei o mivaxag towv Tudv P, 0 omoiog deiyvel Tig TIHEG TOV TPLOV ayod®dv Kabe
pio amd T1g téooepic EfOOUAdES.
ATodeiEn Av viapyet o Q', ToTe 0TV VIOBESN UTOPOVLE VO TOAAUTAAGIAGOVE
LE TOV aVTIGTPOPO TTIVOKA KO EXOVLLE

M=PQ =>MQ'=PQQ" =P=MQ™".
"Etot, 0 vmoloyiopdc tov {ntovpevou mivaka sivol apkeTd amiog kot ypetaletal povo
tov Q" Ko ToV TOALUTAAGLAGHO TOV pe Tov M .

Avoantoccovtag v opifovcsa Tov mivaka Q ®g mpog T devTEPN Ypauun Ppickovpe

1 . 1 -25 14
detQ =-11, Gpavmépysto Q*, pe Q' =——adjQ=——| -2 -38 27
detQ 11
0 33 -22
O {nrodpuevog mivokag eival
31 21 47 1 2 3
1 -25 14
4 1121 16 34 1 1 2
P=MQ =-—— -2 38 27 |= . s00
11120 21 39 21 1
0 33 -22
29 20 44 1 3 2

E@appoyn 2.14 Xopoxtnpiote TiG €mOUEVES TPOTACELS av €lval cmotéc N AdOog,
OIKALOAOYDVTOG TNV ATAVTN OGN GOG.

1)  Av A eivan 3x3 mivakag, tote det(5A) =5-det A.

i) Av oo A xou B s&ivar nxn mivakeg pe detA=2 ko1 detB=3 , to1e

det(A+B)=5 xar det(A’)=6.

iii) det(—A)=—det A.
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iv) Av o nxn mivaxog A sivor tétolog dote A'=—A, 161¢ 0 A dev &ivon
OVTIGTPEYLLLOG.

V) Av ot A xat B eivon nxn mivakeg pe 2A*+5AB+21 =0, 1618 0 A &ivon
OVTIGTPEYLLOC.

vi) Av yio tov nxn mivaka A oyder (A+1) =0, keN*, K 161 0 A eivon
OVTIGTPEYLLOC.

vii) Av A*=0, 161 det A=0.

viii) Av o mivakag  Ae M, (R), tote det(A'A)>0.

Améoen

i) AdBoc, yati amd v Ipdtoon 2.2iii pe 1 =5, n=3 &povpe det(5A) =5°-det A.

2 0 2 1
i) AdBog, ywati av Bewpricovue A=(0 lj:detA=2, B=(3 3j:>detB=3,

4 1
npogavog A+ B :(3 4}: det(A+B)=13. Kot n emduevn oyxéon eivar Adbog,

apov amd v IIpdtacn 2.3iii, yio k =3 éyovne det(A®) =2°=8.

i) AdBog, emednq eeopuoloviag v Ilpdtacn 2211 yia A=-1 é&yovue
det(—A) = (-1)" -det A, omdte yu N Gptio apBud 1oydel det(—A) =det A, evd yua n
TePUTTO WoYVEL M| dobeica 16OTNTA.

iii) AdBoc, yiati amd v vrobeon, v Ipdtaon 2.3i ko 2.2 yio. 4 =—1, mpokimTet

det A=det A' (L)det(—A) =(-D"detA.

Ouwg 6tov N aptiog dev vapyel TANPoeopia amd TNV TEAELTOiO 1GOTNTO YO TV
opifovoa Tov mivaka, evd 6tav N meptrtog Exovpe det A=—det A= det A=0, omote
uovo o€ autn TV tepintoon o A dev eivat ovTIGTPEYILOC.
V) Zoot, 516 omb v vrébeon éxovpe 2A°+5AB+21 =0 = A(2A* +5B)=-2lI.
[Maipvovtag opifovoes kat epapuolovrag tig [Ipotdoeig 2.3 kot 2.2, KAToAYOLUE

det(A(2A° +58)) = det(~21) = det A-det (2A” +5B) = (-2)" %0
10 onoio onuaivel 6Tt det A= 0, dnradn o A eival ovToTPEYLLOG.

Vi) Zootn, yoti and
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k k k
A+ =0= A"+(JA“+(2]A“+...+(I< 1JA+I =0

o
N P AN

2mv televtaio 16oTNTO EQaprdlovie 0pilovoeg Kot EXOVLE :

detA-det[—Akl—(ij"Z—KKJAH—...—( K jl]:detl:

1 2 k-1

det A-det| —AT—| " [AZ | T |AE - - | =1 *)
1 2 k-1

Av o A dgv ftav avtiotpéyipog, tote det A=0 kot and v (*) Oa eiyope 0=1,
dtomo.
vii) oo, enedn A’ =0 = det(A3) =detO=0 (**) ko1 and v Ipdtacn 2.3iii
vy k=3 épovue
3 3 (**) 3
(det A) =det(A°) =0 = (detA)’ =0 =detA=0.
viil) oo, oo v [pdtaon 2.31 kot il Eyovpe

det(A'A)=(det A')-det A=det A-det A= (det A)® 2 0. X

Eg@appoyi 2.15 (1010t TES TPOGUPTNNEVOL TTIVAKW) [ 100 KGOE TETPAYOVIKO TIVOKO!
AeM, (IF) Eyovue:

i) adj(A)=adjA, adj(A')=(adjA) xa adj(A")=(adjA),

i) adj(kA)=k""adjA e keF.

n-1

i) Avo A eivar avtiopéyiuog, tote det (ade) =(det A)

iv) Avor ABeM, (F) eivor avtiotpéyiuol, tote adj (AB) = (aij)-(ade).

AT6d€IEN 1) TOpQoVa e ToV 0plopod 2.3 Bempolie ToV TPocapTUEVO TVOKa Tov A

vo, givan adjA = (cji ) = ((—1)i+j det ( A; )) , OTOTE
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Tlp. 2.3(i)

adiA = ((-1)" det (A, )) = (-0 det(A,)) = ((-1)" det(A,)) = aci(A)
ko (adjA) =(c; ) = (-0 det(A,)) =((-1)" det (A, )) = adj(A).

"Eto1 cuvovalovrog Tic 000 TponyoOUEVEG GYECELS £XOVLLE

adj(A") =adj( A') = adj( A') = (adjA)’ = (adjA)".
i) Xpnoonowbvrog v wWiomta ii g Ipdtaong 2.2, otovg (N—1)x(n—1) mivokeg

A ™oL ELEAVICOVTOL GTOV OPLGHO TOV TPOCOUPTNUEVOL Tivaka, Aapfdavovue

adj (kA) = ((-1)""1 det (ka, )) Hp'i'z(m)((_l)”i k"t det (A, )) = k" (-1 det(A,))
= k" "adjA.
i) Eeapuolovtog otnv wootnto g [potacng 2.6ii, tic [Ipotdoeig 2.2iii kou 2.3ii
Kot Aappdvovtog voyn v vrodeon 6t 0 A givan avtiotpéyiuog, apa det A=0,
€yovpe dtodoykd to €N :
TIp. 2.3(ii)

= det(A-adjA)=det((detA)-1) = detA-det(adjA)=(detA)’

Ip. 2.2(iii)

A-adjA=(det A).- I

n

det A=0

= det(adjA)=(det A)

ivV) Enedn ot mivaxeg A, B eivarl avtiotpéyipol amo v IIpotaocn 1.8V mpokidmtet o1t

kot o mivaxkag AB eivor avtiotpéyipog, dpa det(AB) # 0. Xvvenmg oyvel n oyéon

(2.5), Smiadn, (AB)-( adj (AB)J =1, v onofa moAAamhacid{ovpe

1
det( AB)
0pLoTEPH.  |IE (AB)_l KOl HE EQAPUOY] TOV 1810TATOV (AB)_1=B*1A*l Ko

det(AB) =det A-det B (IIpotaon 2.3ii) kabmg kot g [Ipdtaonc 2.7 épovue

(0] gt 88) 1. = ) (h2) | (a0 <)
= In.madj(AB):B‘lA‘l = adj(AB) = det(AB)BA™
= adj(AB)= detA - detB - madja Made

Kol €Tl 1 {nroduevn 16oTNTA £fvon TPOPAVTG. o0
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A B
Epappoyn 2.16 (cvpamjpopa Schur) Eoctew o ovvbetog mivakag K =(r AJ’

omov o mivakog Ae M (F) eivor avtiotpéyuyiog, 4eM, (F), BeM (F) xa
I'eM, . (F). No vroroyicete v opilovsa tov covBetov mivaka K.

Anéoeln Xy woémta mvikov (1.2) spapudlovpe opilovco kot Katdémyv v

[Tpotaon 2.3ii ka1 v Eeoappoyn 2.1, ondte maipvovue

R (O AN e

n

I, O A 0 | A'B
=(det ) -det . |-det
A~ |, O 4-T'A'B 0O |

n
Eg.2.

1
= detl,-detl, -detA-det(4—/"A"B)-detl,-detl,
= detA-det(4-I"A"B). X
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